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I. INTRODUCTION

The nonrelativistic conformal group is the symmetry
group of the free Schrödinger equation.1 On top of the
Galilei subgroup, it includes nonrelativistic dilatations and
one special conformal transformation. Theories invariant
under the (centrally extended) Schrödinger group are
called nonrelativistic conformal field theories (NRCFTs).
Examples of those are nonrelativistic particles with an r−2

potential interaction and fermions at unitarity [1–3].
The name NRCFT can be somewhat misleading, for it

evokes conformal field theory (CFT) suggesting that the
former is a special case of the latter. However, NRCFT is
only (if at all) a distant cousin of CFT. The Schrödinger
group cannot be obtained (at least in the same number of
dimensions [3]) from the conformal group by considering
the nonrelativistic limit. In other words, the relation
between the two groups is not the same as between the
Poincaré and Galilei groups, where the latter is the Inönü-
Wigner contraction of the former.2

Even putting aside the central charge Q corresponding to
the particle number in nonrelativistic theory, the number of
generators for the two groups is different: CFT has as many
special conformal generators as the number of spacetime
dimensions, while in NRCFT there is only one analog of the
special conformal transformation, irrespective of the space-
time dimensionality. Dilatations are also different in the two
theories, since inCFT these do not distinguish between space
and time, while in NRCFT time and spatial coordinates scale
differently; this in turn allows one to have dimensionful
parameters, such as mass, clearly forbidden in CFT.
From an effective field theory perspective, the symmetry

group of NRCFT is an accident of the nonrelativistic limit.
Considering higher order (in inverse powers of the speed
of light) operators would bring in symmetry-breaking
terms revealing that NRCFT originates from a Poincaré
invariant theory rather than from a theory with an enhanced
symmetry such as a CFT.
Despite all the differences there are common features of

conformal field theories and their nonrelativistic counter-
parts, allowing one to draw general conclusions about the
two types of theories. For instance, the operators in both
theories are organized into primaries and descendants, and
the operator product expansions (OPE) are determined by
the corresponding contributions from primary operators. It
can be shown [5,6] that in both theories OPE has a finite
radius of convergence and, which is intimately related to
this fact, that both types of theories possess what is called
an operator-state correspondence. The latter establishes a
one-to-one map between states in the Hilbert space and the
operators of a theory. In particular, the scaling dimensions
of the operators are given by the energies of the corre-
sponding states. One of the consequences of the operator-
state correspondence is the presence of unitarity bounds on
the scaling dimensions.
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1One may argue that it is only natural to take as the non-
relativistic analog of the conformal group the transformations
commuting with the free Schrödinger equation, in view of the fact
that the conformal group corresponds to the symmetries of the
free massless Klein-Gordon operator.

2Actually, by performing the contraction of the conformal
algebra one ends up with yet another type of nonrelativistic
conformal algebra. This has the same number of generators as its
parent. For more details see [4].
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The fact that OPE converges also implies that higher
order correlators can be expressed in terms of two point
functions by applying the OPE repeatedly, in the same
manner as in CFTs. However, developing a bootstrap
program for NRCFT is complicated by the fact that three
point functions are not fixed completely by kinematics
only, as opposed to CFT (see [6] for more details).
Our main objective in this paper is to put forward an

algebraic construction of the operator-state correspondence
for NRCFTs, which parallels the procedure used when
studying CFTs. Specifically, we discuss how the Hilbert
space structure is introduced on the space of Euclidean
fields. This is achieved by finding an automorphism
relating the Minkowski and Euclidean generators of the
conformal group. This way, the operator-state map is a
natural aftermath of the proposed construction.
This work is organized as follows. In Sec. II we set the

stage by rephrasing some well known results of CFTs in a
language which can be used almost verbatim in the
NRCFTs. We first give a brief overview of some basics
about the conformal algebra and its unitary representations.
Then, we turn to the operator-state correspondence and
how this emerges as a consequence of the mapping between
the Minkowski and Euclidean generators of the conformal
algebra and the operator algebra. Section III is devoted to
NRCFTs. Namely, we introduce the Schrödinger group and
discuss the algebra’s representations and action on oper-
ators. Then, we construct the appropriate map between the
generators of the algebra by finding the corresponding
coordinate transformation. Finally, we explicitly demon-
strate that in the nonrelativistic considerations, confining
the theory in a harmonic trap is completely analogous to
putting a CFT on the cylinder. We conclude in Sec. IV.
Various technical details can be found in the Appendixes.

II. CFTS

A. The conformal algebra

We start our discussion by considering the conformal
algebra in a d-dimensional Minkowski spacetime. The
commutation relations among the generators of translations
Pμ, Lorentz transformations Jμν, dilatations D, and special
conformal transformations Kμ read

½D;Pμ� ¼ −iPμ;

½Jμν; Pρ� ¼ iðηνρPμ − ημρPνÞ;
½Kμ; Pν� ¼ −2iðημνDþ JμνÞ;
½D;Kμ� ¼ iKμ;

½Jμν; Jρσ� ¼ iðJμσηνρ þ Jνρημσ − Jνσημρ − JμρηνσÞ;
½Jμν; Kρ� ¼ iðηνρKμ − ημρKνÞ; ð2:1Þ

where

ημν ¼ diagðþ;−; � � � ;−;−Þ; μ;ν¼ 0;…; d−1; ð2:2Þ

is the (mostly minus) d-dimensional Minkowski metric.
It is well known that the conformal algebra is equivalent

to the algebra of SOð2; dÞ acting in a (dþ 2)-dimensional
space endowed with metric

ηAB ¼ diagðþ;−; � � � ;−;þÞ; A;B¼ 0;…;dþ1: ð2:3Þ

To see this explicitly, it is convenient to introduce the
following linear combinations of generators3

MAB ¼

0
B@

Jμν − 1
2
ðPμ − KμÞ − 1

2
ðPμ þ KμÞ

1
2
ðPμ − KμÞ 0 −D

1
2
ðPμ þ KμÞ D 0

1
CA;

ð2:4Þ

or in other words

Mμν ¼ Jμν; Md;μ ¼
1

2
ðPμ − KμÞ;

Mdþ1;μ ¼
1

2
ðPμ þ KμÞ; Mdþ1;d ¼ D: ð2:5Þ

Using the commutation relations (2.1) it is straightforward
to show that the MAB’s indeed satisfy a Lorentz algebra

½MAB;MCD�¼ iðMADηBCþMBCηAD−MBDηAC−MACηBDÞ:
ð2:6Þ

B. Unitary representations of the conformal algebra

The unitary representations of SOð2; dÞ (for which
M†

AB ¼ MAB) are built by considering its largest compact
subgroup which is SOð2Þ × SOðdÞ. These correspond to
rotations in the ð0; dþ 1Þ and ða; bÞ planes, respectively;
here, a; b ¼ 1;…; d. The Cartan generators of SOðdÞ and
Mdþ1;0 can be diagonalized simultaneously; therefore, any
state in the Hilbert space can be labeled by their eigen-
values. For instance, in d ¼ 3, every vector jh; l; mi has the
following properties [7]:4

Mdþ1;0jh; l; mi ¼ hjh; l; mi;
M12jh; l; mi ¼ mjh; l; mi;

MabMabjh; l; mi ¼ lðlþ 1Þjh; l; mi: ð2:7Þ

Let us introduce

M�
a ¼ Mdþ1;a � iMa;0; ðM�

a Þ† ¼ M∓
a : ð2:8Þ

3By construction MAB ¼ −MBA.
4For different dimensions see e.g., [8].
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It is straightforward to show that

½Mdþ1;0;M�
a � ¼ �M�

a ; ð2:9Þ

meaning that the generatorsM�
a act as raising and lowering

operators for Mdþ1;0,

Mdþ1;0M�
a jh; l; mi ¼ ðh� 1ÞM�

a jh; l; mi: ð2:10Þ

Introducing the lowest weight vector jh0; l0; mi, for which

M−
a jh0; l0; mi ¼ 0; ð2:11Þ

allows one to define a representation generated by the
raising operators Mþ

a .

C. Operator-state correspondence and OPE

States in the so-constructed Hilbert space are in one-to-
one correspondence with fields in the theory. To make this
point clear, let us consider a field, say ϕðxÞ, that is inert
under special conformal transformations at the origin
x ¼ 0, i.e., a primary field. We also take it to belong to
an irreducible representation of the Lorentz group. Then,
the action of the conformal algebra on ϕðxÞ can be
constructed as a representation induced from that of the
stability subalgebra generated by Jμν, D, and Kμ. It is
straightforward to show that [9,10] (see also [11,12])

½Pμ;ϕðxÞ� ¼ −i∂μϕðxÞ;
½Mμν;ϕðxÞ� ¼ iðΣμν − xμ∂ν þ xν∂μÞϕðxÞ;
½D;ϕðxÞ� ¼ −iðΔþ xμ∂μÞϕðxÞ;
½Kμ;ϕðxÞ� ¼ −ið2xμxν − δνμx2Þ∂νϕðxÞ

− 2iðxμΔ − xνΣμνÞϕðxÞ; ð2:12Þ

where Σμν corresponds to a finite dimensional (therefore,
nonunitary) representation of the Lorentz SOðd − 1; 1Þ
group and Δ is the scaling dimension. In the above,
summation over repeated indices is assumed. It follows
that at x ¼ 0 the conformal algebra acts on primary fields as

½Pμ;ϕð0Þ� ¼ −i∂μϕð0Þ; ½Mμν;ϕð0Þ� ¼ iΣμνϕð0Þ;
½D;ϕð0Þ� ¼ −iΔϕð0Þ; ½Kμ;ϕð0Þ� ¼ 0;

implying an analogy between the sets of generators
fMþ

a , Mμν, Mdþ1;0, M−
ag acting on the Hilbert space

(see Sec. II B) and fPμ, Jμν, D, Kμg acting on fields.
Therefore, given an automorphism (modulo an analytic
continuation) mapping one set of generators onto the
other, the unitary representation discussed above can be
viewed as the action of the conformal algebra on fields,
where the lowest weight vectors are nothing else but
primary operators.

Since we are interested in finite-dimensional representa-
tions of SOðdÞ generated byMab, the action on fields will be
consistent with unitarity only if we consider the Euclidean
conformal algebra. Indeed, for the Euclidean version, the
corresponding matrix Σ need not be infinite-dimensional
without contradicting unitarity. Similarly, it is clear that the
new generator of dilatations should be identified with
−iMdþ1;0, so it is an anti-Hermitian operator.
To put differently, we are looking for a new set of

generators fP̄a; J̄ab; D̄; and K̄ag,5 whose commutation
relations correspond to that of the Euclidean conformal
algebra, viz.

½D̄; P̄a� ¼ −iP̄a;

½J̄ab; P̄c� ¼ iðδacP̄b − δbcP̄aÞ;
½K̄a; P̄b� ¼ 2iðδabD̄ − J̄abÞ;
½D̄; K̄a� ¼ iK̄a;

½J̄ab; J̄cd� ¼ iðδacJ̄bd þ δbdJ̄ac − δbcJ̄ad − δadJ̄bcÞ;
½J̄ab; K̄c� ¼ iðδacK̄b − δbcK̄aÞ; ð2:13Þ

and whose action on primary (Euclidean) fields ϕ̄ðzÞ is
given by

½P̄a; ϕ̄ðzÞ� ¼ −i∂aϕ̄ðzÞ;
½D̄; ϕ̄ðzÞ� ¼ −iðΔþ za∂aÞϕ̄ðzÞ;

½J̄ab; ϕ̄ðzÞ� ¼ iðΣab þ za∂b − zb∂aÞϕ̄ðzÞ;
½K̄a; ϕ̄ðzÞ� ¼ ið2zazb − δbaz2Þ∂bϕ̄ðzÞ

þ 2iðzaΔþ zbΣabÞϕ̄ðzÞ; ð2:14Þ

with the matrices Σab now corresponding to representations
of SOðdÞ,6

½Σab;Σcd� ¼ δbcΣad þ δadΣbc − δacΣbd − δbdΣac: ð2:16Þ

Note that the automorphism we are after cannot simply
correspond to a Wick rotation. It should be followed by an
additional rotation in the ð0; dÞ plane. Namely, it is clear
that the generators defined according to

M̃AB ¼ iðδA0þδB0ÞMAB ð2:17Þ

have commutation relations identical to that of MAB, i.e.,

5We should stress that a bar over a generator does not stand for
Hermitian conjugation.

6For the vector representation

Σab;cd ¼ δacδbd − δadδbc: ð2:15Þ
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½M̃AB;M̃CD�¼ iðM̃ADḡBCþM̃BCḡAD−M̃BDḡAC−M̃ACḡBDÞ;
ð2:18Þ

but with a different metric

η̄AB ¼ diagð−;−; � � � ;−;þÞ; ð2:19Þ
and, at the same time, modified behavior under Hermitian
conjugation

M̃†
AB ¼ M̃AB; for A;B≠ 0; and M̃†

0B ¼−M̃0B: ð2:20Þ
In other words, the generators M̃AB form a nonunitary
representation of the Euclidean conformal group SO
(dþ 1, 1). Performing a π=2 rotation in the ð0; dÞ plane,
which is achieved by

M̄AB ¼ e−i
π
2
M̃0dM̃ABei

π
2
M̃0d ; ð2:21Þ

and using a relation analogous to (2.5) to define7

M̄ij ¼ J̄ij; M̄0i ¼ J̄di;

M̄d;0 ¼
1

2
ðP̄d − K̄dÞ; M̄d;i ¼

1

2
ðP̄i − K̄iÞ;

M̄dþ1;d ¼ D̄; M̄dþ1;i ¼
1

2
ðP̄i þ K̄iÞ;

M̄dþ1;0 ¼
1

2
ðP̄d þ K̄dÞ; ð2:22Þ

we get the following map between the Minkowski and
Euclidean conformal generators:

D̄¼ −
i
2
ðP0 þK0Þ; J̄ij ¼ Jij; J̄d;i ¼

1

2
ðPi −KiÞ;

P̄i ¼
1

2
ðPi þKiÞ− iJ0i; K̄i ¼

1

2
ðPi þKiÞ þ iJ0i;

P̄d ¼Dþ i
2
ðP0 −K0Þ; K̄d ¼D−

i
2
ðP0 −K0Þ; ð2:23Þ

with i; j ¼ 1;…; d − 1. It is easy to verify that as antici-
pated (see Appendix A for an alternative automorphism in
d ¼ 3)

J̄ab¼Mab; D̄¼−iMdþ1;0; P̄a¼Mþ
a ; K̄a¼M−

a :

ð2:24Þ

These newly defined generators have the following proper-
ties under Hermitian conjugation:

J̄†ab ¼ J̄ab; D̄† ¼−D̄; P̄†
a ¼ K̄a; K̄†

a ¼ P̄a; ð2:25Þ

meaning that such an action defines a nonunitary repre-
sentation of SOð1; dþ 1Þ. At the same time, the fields
ϕ̄ð0Þ furnish a unitary representation of the Minkowski
conformal algebra SOð2; dÞ; in particular, the scaling
dimensions Δ are in one-to-one correspondence with the
spectrum of the “conformal Hamiltonian” Mdþ1;0. Every
field should be viewed as an element of the Hilbert space,
or to put differently, we have the correspondence

ϕ̄ð0Þ ↔ jϕi: ð2:26Þ

We note that the scalar product can be defined by
specifying it for primary operators8

hϕαjϕβi ¼ δαβ; hϕαjPaϕβi ¼ 0: ð2:27Þ

The states corresponding to ϕ̄ðzÞ can be naturally defined as

jϕðzÞi ¼ eiPzjϕi: ð2:28Þ

The form of the operator product expansion, which is
convergent in CFT [13,14] (see also [15]), is heavily
restricted by the conformal symmetry; as an example,
for two primary operators it reads

ϕ̄2ðzÞϕ̄1ð0Þ ¼
X
Δ
Cϕ2ϕ1ϕΔ

ðz; ∂Þϕ̄Δð0Þ; ð2:29Þ

with the sum running over primary fields only and at the
same time the functions Cϕ2ϕ1ϕΔ

ðz; ∂Þ are fixed up to
several structure constants (for more see Appendix B).9

The OPE endows the space of all fields with an operator
algebra, allowing us to define the action of the operators
ϕ̄ðzÞ on the Hilbert space.10 Namely, the expression (2.29)
can also be understood as

ϕ̄ðzÞjϕ1i ¼
X
Δ
Cϕϕ1ϕΔ

ðz; iPÞjϕΔi: ð2:30Þ

This construction also enables us to view the states jϕi as
obtained by acting with the corresponding field ϕ̄ on the
vacuum j0i (which in turn corresponds to the identity
operator), i.e.,

jϕi ¼ lim
z→0

ϕ̄ðzÞj0i: ð2:31Þ

7For simplicity, we introduced generators carrying index d
rather than 0.

8Defined this way, the scalar product is positive definite
provided all primary operators satisfy unitarity bounds.

9The OPE in the context of CFTs is very useful when it comes
to computing correlation functions. The repeated use of (2.29)
breaks down any n-point function to a sum that depends only on
the CFT data.

10This is reminiscent of how the adjoint representations of Lie
algebras are defined.
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D. Hermitian conjugation

We should also demonstrate how the Hermitian con-
jugation of the primary operators constructed this way
works. It is obvious from (2.14) that even for real scalar
fields ϕ̄†ðzÞ ≠ ϕ̄ðzÞ. Instead, in order to preserve the action
of the conformal algebra on the fields,11 we require
that scalars transform as

ϕ̄†ðzÞ ¼ z−2Δϕ̄ðIzÞ; ð2:32Þ

vectors as

ϕ̄†
aðzÞ ¼ z−2ΔIbaðzÞϕ̄bðIzÞ; ð2:33Þ

and rank-l tensors as

ϕ̄†
a1…alðzÞ ¼ z−2ΔIb1a1ðzÞ � � � IblalðzÞϕ̄b1���blðIzÞ: ð2:34Þ

The matrix appearing in the above reads12

IabðzÞ ¼
�
δab −

2zazb
z2

�
; ð2:36Þ

and inversion acts on the coordinates as

ðIzÞa ¼
za
z2

: ð2:37Þ

E. Explicit coordinate transformations

Since (2.23) is an automorphism of the conformal
algebra [cf. (2.21)], it is clear that (modulo the analytic
continuation) it should be given by a conformal trans-
formation of the coordinates

xμ → za; ð2:38Þ

which can be found in different ways, for instance, using
embedding coordinates. However, bearing in mind that
later we will turn to NRCFTs, where we cannot avail
ourselves of embedding coordinates, it is instructive to find
the transformation by comparing the explicit representa-
tions of the conformal generators in terms of differential
operators in different reference frames. Let us illustrate how
that works with an explicit example.

1. One-dimensional “spacetime”

The embedding coordinates in this case [16] correspond
to the coordinates ðξ0; ξ1; ξ2Þ in R2;1 [where the action of
SOð2; 1Þ is naturally defined] constrained to a cone

ðξ0Þ2 − ðξ1Þ2 þ ðξ2Þ2 ¼ 0: ð2:39Þ

Their relation to the coordinate x parametrizing the initial
one-dimensional “spacetime” is given by

x ¼ ξ0

ξ2 þ ξ1
: ð2:40Þ

Performing a Wick rotation [see (2.17)], followed by
another π=2 rotation in the (0, 1) plane [see (2.21)], we get

ðξ0; ξ1; ξ2Þ → ðξ̄0; ξ̄1; ξ̄2Þ ¼ ð−ξ1; iξ0; ξ2Þ; ð2:41Þ

translating into

x → z ¼ ξ̄0

ξ̄2 þ ξ̄1
¼ ixþ 1

ix − 1
: ð2:42Þ

Wewill now derive the same result but in a different way,
which can be employed in NRCFTs too. In (2.23), we
found the relation between the generators of the Minkowski
and Euclidean conformal algebras. Particularizing to the
situation under consideration here, we obtain

D̄ ¼ −
i
2
ðPþ KÞ;

P̄ ¼ Dþ i
2
ðP − KÞ;

K̄ ¼ D −
i
2
ðP − KÞ: ð2:43Þ

Expressing the above as differential operators, acting on the
functions fðxÞ and f̄ðzÞ, namely

P ¼ i∂x; D ¼ ix∂x; K ¼ ix2∂x; ð2:44Þ

and

P̄ ¼ i∂z; D̄ ¼ iz∂z; K̄ ¼ −iz2∂z; ð2:45Þ

we rewrite (2.43) as

z∂z ¼ −
i
2
ð1þ x2Þ∂x;

∂z ¼
i
2
ð1 − ixÞ2∂x;

z2∂z ¼
i
2
ð1þ ixÞ2∂x: ð2:46Þ

This leads to the following relation between x and z:

z ¼ ixþ 1

ix − 1
; ð2:47Þ

which is identical to (2.42), as it should.

11See Appendix C.
12It is easy to check that

IcaðzÞIcbðzÞ ¼ IabðzÞ: ð2:35Þ
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The action of the two sets of generators on fields is
consistent, provided the following identification between
the Minkowski and Euclidean fields is made13:

ϕ̄ðzÞ ¼ ðz − 1Þ−2Δϕ
�
i
1þ z
1 − z

�
: ð2:49Þ

It follows from the above that

ϕ̄†ðzÞ ¼ ðz − 1Þ−2Δϕ
�
−i

1þ z
1 − z

�

¼ z−2Δ
�
1

z
− 1

�
−2Δ

ϕ

�
i
1þ 1

z

1 − 1
z

�

¼ z−2Δϕ

�
1

z

�
; ð2:50Þ

which is precisely (2.32).

2. Generalization to higher dimensions

In general, the coordinate transformation corresponding
to the map (2.23) can be found [17] from (2.17) as follows
(see Fig. 1). First, the Minkowski plane is mapped to the
R × Sd−1 cylinder by the following change of coordinates
(see e.g., [18])14:

x0 ¼ 1

2

�
tan

τ þ θ

2
þ tan

τ − θ

2

�
;

jx⃗j ¼ 1

2

�
tan

τ þ θ

2
− tan

τ − θ

2

�
;

x⃗
jx⃗j ¼ n⃗; ð2:51Þ

where n⃗ is a unit vector parametrizing the points on a
(d − 2)-dimensional sphere. Then, the Euclidean counter-
part of the Minkowski cylinder is obtained by Wick
rotating, i.e., for iτ ¼ η. Finally, the Euclidean cylinder
is mapped to the Euclidean plane by introducing

za ¼ eηðn⃗ sin θ; cos θÞ: ð2:52Þ

For completeness, the line element written in terms of the
different coordinates reads

ds2
R1;d−1 ¼ 1

4 cos2 τþθ
2
cos2 τ−θ

2

ðdτ2 − dθ2 − sin2 θdn⃗2Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Minkowski cylinder

¼ −
1

4 cos2 τþθ
2
cos2 τ−θ

2

ðdη2 þ dθ2 þ sin2 θdn⃗2Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Euclidean cylinder

¼ −
e−2η

4 cos2 τþθ
2
cos2 τ−θ

2

ds2
Rd : ð2:53Þ

F. Radial quantization

We finish the lightning review by commenting on the
radial quantization (2.52). Assuming that all the correlators
are obtained from a path integral with a conformally
invariant action S0½ϕ̄� it is straightforward to derive the
operator-state correspondence [12,19]. It is usually the case
that a conformally invariant, unitary, theory can be put on a
curved manifold in a Weyl invariant way (for examples of
nonunitary theories defying this assumption see [20]). In
other words, the action S0½ϕ̄� capturing the dynamics of a
CFT can be generalized to S½ϕ̄; gab� that also depends on
the background metric

S0½ϕ̄� ¼ S½ϕ̄; δab� → S½ϕ̄; gab�; ð2:54Þ

such that

S½e−ΔWσϕ̄; e2σgab� ¼ S½ϕ̄; gab�; ð2:55Þ

where ΔW is the Weyl weight of the field ϕ̄; if a field with
scaling dimension Δ has nL lower and nU upper indices,
then its Weyl weight is given by

FIG. 1. Minkowski plane to cylinder to Euclidean plane.

13As an example, for translations we find

½P̄; ϕ̄ðzÞ� ¼ ðz − 1Þ−2Δ
�
Dþ i

2
ðP − KÞ;ϕðxðzÞÞ

�

¼ −i
�

2

ix − 1

�
−2Δ

�
Δð1 − ixÞϕðxÞ þ i

2
ð1 − ixÞ2∂ϕðxÞ

�

¼ −i∂ϕ̄ðzÞ: ð2:48Þ
14To be more precise, this maps the Minkowski plane to a

diamond shaped region of the cylinder. Analytic continuation is
implied in extending the map to the whole cylinder.
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ΔW ¼ Δþ nU − nL: ð2:56Þ

Considering a diffeomorphism corresponding to the coor-
dinate transformation (2.52), i.e.,

S0½ϕ̄a…
b…ðzÞ� ¼ S½ϕ̄0a…

b… ðη; n⃗Þ; e2ηðdη2 þ dΩ2
d−1Þ�; ð2:57Þ

followed by a Weyl rescaling with σ ¼ η, leads to

S½ϕ̄0a���
b��� ðη; n⃗Þ; e2ηðdη2 þ dΩ2

d−1Þ�
¼ S½eΔWηϕ̄0a���

b��� ðη; n⃗Þ; dη2 þ dΩ2
d−1�: ð2:58Þ

The fact that the theory is Weyl invariant [cf. (2.55)]
translates into

S½eΔWηϕ̄0a���
b��� ðη; n⃗Þ; dη2 þ dΩ2

d−1�
¼ S½ϕ̂a���

b���ðη; n⃗Þ; dη2 þ dΩ2
d−1�; ð2:59Þ

implying of course the equivalence of the system on the
plane and on the cylinder, i.e.,

S0½ϕ̄a���
b���ðzÞ� ¼ S½ϕ̂a���

b���ðη; n⃗Þ; dη2 þ dΩ2
d−1�; ð2:60Þ

provided we define

ϕ̂a���
b���ðη; n⃗Þ≡ eΔWτ ∂z0a

∂zc � � �
∂zb
∂z0d � � � ϕ̄

c���
d���ðzÞ; ð2:61Þ

and z0 stands for the cylinder coordinates parametrized by η
and n⃗.
It follows from (2.52) that the generator controlling

translations in the cylinder’s “time” η is identical to
dilatations D̄ on the Euclidean plane. Indeed, on the
cylinder we have

½D̄; ϕ̂a���
b���ðη; n⃗Þ� ¼ eΔWη

∂z0a
∂zc � � �

∂zb
∂z0d � � � ½D̄; ϕ̄c���

d���ðzÞ�

¼ −ieΔWη ∂z0a
∂zc � � �

∂zb
∂z0d � � � ðΔW þ ∂ηÞϕ̄cc���

d��� ðzÞ

¼ −i∂ηϕ̂
a���
b���ðη; n⃗Þ; ð2:62Þ

which means that the eigenstates of the Hamiltonian
(controlling the evolution in real time) on the cylinder
are in one-to-one with the dimensions of the fields. There
are other manifolds where Hamiltonians are related to
different generators of the Euclidean conformal algebra.
For instance, in [21] it was shown that for AdSd−1 × S1, the
eigenstates of the Hamiltonian are given by the twists of the
corresponding operators.

III. NONRELATIVISTIC CFTS

In this section we present a similar construction for
nonrelativistic conformal field theories.

A. The Schrödinger algebra

The Schrödinger algebra comprises the generators of
temporal and spatial translations H and Pi, respectively,
spatial rotations Jij, Galilean boosts Ki, dilatations D, and
special conformal transformations S. As usual, the algebra
is also centrally extended by adding the particle number
operator Q commuting with the rest of the generators.
The standard commutation relations for the Galilei

algebra,

½Jij; Jkl� ¼ iðJjlδik þ Jikδjl − Jilδjk − JjkδilÞ;
½Jij; Pk� ¼ iðδikPj − δjkPiÞ;
½Jij; Kk� ¼ iðδikKj − δjkKiÞ; ð3:1Þ

should be supplemented by the way the momenta and
Hamiltonian are transformed under boosts,

½Ki; Pj� ¼ −iδijQ; ½Ki;H� ¼ −iPi; ð3:2Þ

as well as the nonvanishing commutators involving dilation
and special conformal transformations

½D;H� ¼ −2iH; ½D;Pi� ¼ −iPi;

½D;Ki� ¼ iKi; ½D; S� ¼ 2iS;

½S;H� ¼ iD; ½S; Pi� ¼ iKi: ð3:3Þ

Several comments are in order here. From (3.2), we notice
that Pi and Ki (we are in R ×Rd, and the indices i; j;…,
run from 1 to d − 1) are vectors of SOðd − 1Þ. Meanwhile,
inspection of (3.3) reveals that the scaling dimensions ofH,
Pi, Ki, and S are 2, 1, −1, and −2, respectively.

B. Representations

The representations of the Schrödinger algebra can be
built in the following way. We can choose the subalgebra
spanned byQ, E≡H − S and Jij to label any state with the
eigenvalues m, ε, j, and σ of Q, E, and the spins
corresponding to SOðd − 1Þ. For instance, in d ¼ 4 we
have

Ejm; ε; j; σi ¼ εjm; ε; j; σi;
JijJijjm; ε; j; σi ¼ jðjþ 1Þjm; ε; j; σi;

J3jm; ε; j; σi ¼ σjm; ε; j; σi;
Qjm; ε; j; σi ¼ mjm; ε; j; σi: ð3:4Þ

It is straightforward to show that for the following linear
combinations:

F�
i ≡ Ki � iPiffiffiffi

2
p ; G� ¼ 1

2
½D� iðH þ SÞ�; ð3:5Þ
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we have

½E;F�
i � ¼ F�

i ; ½E;G�� ¼ 2G�; ð3:6Þ

and therefore, these operators act as raising and lowering
operators for the eigenvalues of E. Noting also that
ðG−; F−

i Þ and ðGþ; Fþ
i Þ form two Abelian subalgebras,

we can define a lowest weight state as

F−
i jm; ε; j; σi ¼ G−jm; ε; j; σi ¼ 0 ð3:7Þ

and generate the whole Hilbert space by acting on it
repeatedly with ðGþ; Fþ

i Þ. It may be advantageous to
introduce spin eigenstates Fþ

α with α ¼ ðþ; 0;−Þ

Fþ
� ≡ 1ffiffiffi

2
p ðF1 � F2Þ; Fþ

0 ≡ Fþ
3 ; ð3:8Þ

such that

½J3; Fþ
α � ¼ αFþ

α : ð3:9Þ

As a result the Hilbert space is given by a span of vectors of
the form

jm; ε; j; σ; nþ; n0; n−; ki
¼ ðFþ

þÞnþðFþ
0 Þn0ðFþ

−Þn−ðGþÞkjm; ε; j; σi; ð3:10Þ

with nþ, n0, n−, and k integers; the corresponding
eigenvalues of E and J3 are

Ejm; ε; j; σ; nþ; n0; n−; ki
¼ ðεþ nþ þ n0 þ n− þ 2kÞjm; ε; j; σ;nþ; n0; n−; ki;

J3jm; ε; j; σ; nþ; n0; n−; ki
¼ ðjþ nþ − n−Þjm; ε; j; σ; nþ; n0; n−; ki: ð3:11Þ

We note in passing that the four-dimensional Schrödinger
algebra possesses three Casimir operators [22,23]. One of
them is obviously Q, while the others are quadratic and
quartic in the generators of the algebra.

C. Action of the algebra on fields

The way the algebra acts on fields is derived in the
standard way by constructing a representation induced
from that of a subalgebra generated by ðQ; J;D;K; SÞ—
this obviously leaves the origin ðt ¼ 0; x⃗ ¼ 0Þ invariant;
therefore, we can define its action on fields there. Namely,
since the generators Q, J, D commute with each other,
we have

½D;ϕð0Þ� ¼ −iΔϕð0Þ;
½Q;ϕð0Þ� ¼ −mϕð0Þ;
½Jij;ϕð0Þ� ¼ iΣijϕð0Þ; ð3:12Þ

where Δ, m are numbers and Σij is a finite-dimensional
matrix corresponding to an irreducible representation of the
SOðd − 1Þ spatial rotations. Assuming that a subset of
fields is closed under the action of Ki and S, in other words,

½S;ϕð0Þ� ¼ isϕð0Þ; ½Ki;ϕð0Þ� ¼ iκiϕð0Þ; ð3:13Þ

with s and κi matrices, it follows that

½Δ; κi� ¼ κi; ½Δ; s� ¼ 2s; ð3:14Þ

which means that s ¼ κ ¼ 0 and operators S and Ki are
realized trivially,

½S;ϕð0Þ� ¼ 0; ½Ki;ϕð0Þ� ¼ 0: ð3:15Þ

Now from

½H;ϕðt;x⃗Þ�¼−i∂tϕðt;x⃗Þ; ½Pi;ϕðt;x⃗Þ�¼ i∂iϕðt;x⃗Þ; ð3:16Þ

equivalently,

ϕðt; xiÞ ¼ eiHt−iPixiϕð0Þe−iHtþiPixi ; ð3:17Þ

we get15

½D;ϕðt; x⃗Þ� ¼ −iðΔþ 2t∂t þ xi∂iÞϕðt; x⃗Þ;
½Q;ϕðt; x⃗Þ� ¼ −mϕðt; x⃗Þ;
½Jij;ϕðt; x⃗Þ� ¼ iðΣijϕðxÞ þ xi∂j − xj∂iÞϕðxÞ;

½S;ϕðt; x⃗Þ� ¼ i

�
tΔþ t2∂t þ xit∂i −

i
2
mx2i

�
ϕðt; x⃗Þ;

½Ki;ϕðt; x⃗Þ� ¼ iðt∂i − imxiÞϕðt; x⃗Þ: ð3:18Þ

D. Automorphism

To be able to construct the Hilbert space from fields the
way it was done for the case of relativistic CFTs, we need to

15For instance,

½Ki;ϕðt; x⃗Þ� ¼ ½Ki; eiHt−iPixiϕð0Þe−iHtþiPixi �
¼ eiHt−iPixi ½e−iHtþiPixiKieiHt−iPixi ;ϕð0Þ�e−iHtþiPixi

¼ eiHt−iPixi ½Ki þ tPi − xiQ;ϕð0Þ�e−iHtþiPixi

¼ eiHt−iPixiðit∂iϕð0Þ þ ximϕð0ÞÞe−iHtþiPixi

¼ iðt∂i − imxiÞϕðt; x⃗Þ;

where we used Eq. (D3) from Appendix D.
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find an automorphism (up to an analytic continuation) of
the Schrödinger generators

H;Pi; Jij; D; Ki; S → H̄; P̄; J̄ij; D̄; K̄i; S̄; ð3:19Þ
such that the new, barred, ones have the appropriate
conjugation properties.
The commutation relations involving the new generators,

as well as their action on (barred) fields are of course
similar to the ones we presented above. From the “barred
counterpart” of (3.12), we notice that J̄ and Q̄ should be
Hermitian while D̄ should be anti-Hermitian

J̄†ij ¼ Jij; Q̄† ¼ Q̄; D̄† ¼ −D̄: ð3:20Þ

As Q is just the central charge, we can immediately fix
Q̄ ¼ Q. To preserve the structure of the commutation
relations (3.2) and (3.3), one should impose specific
conjugation properties for the rest of the operators. For
instance,

½D̄;H̄†� ¼−½D̄†;H̄†� ¼ ½D̄;H̄�†¼ð−2iH̄Þ† ¼ 2iH̄†; ð3:21Þ
which can be satisfied, provided we identify

H̄† ¼ S̄: ð3:22Þ
This automatically implies

½S̄;H̄�¼−½H̄;S̄�¼−½S̄†;H̄†�¼½S̄;H̄�†¼ðiD̄Þ†¼ iD̄; ð3:23Þ

which is essentially the same as for the relativistic con-
formal group (2.25). The difference comes for Pi and Ki.
Indeed, we have

½D̄; P̄†
i � ¼ −½D̄†; P̄†

i � ¼ ½D̄; P̄i�† ¼ ð−iP̄iÞ† ¼ iP̄†
i ; ð3:24Þ

which is clearly satisfied for

P̄†
i ¼ α1K̄i; ð3:25Þ

with α1 a complex number. Similarly,

½D̄;K̄†
i � ¼−½D̄†; K̄†

i � ¼ ½D̄;K̄i�† ¼ðiK̄iÞ† ¼−iK̄†
i ; ð3:26Þ

for which

K̄†
i ¼ α2P̄i; ð3:27Þ

where α2 is also a complex number. Note that for operators
with Q̄ ≠ 0, the constants α1 and α2 are constrained as16

α1α2 ¼ −1; ð3:29Þ

since

½K̄i; P̄j�† ¼ α1α2½K̄j; P̄i� ¼ iδijQ̄ ð3:30Þ

and

½K̄i; P̄j� ¼ −iδijQ̄: ð3:31Þ

Taking also into account that

P̄i ¼ ðP̄†
i Þ†; K̄i ¼ ðK̄†

i Þ† ð3:32Þ

leads to

α�1;2 ¼ −α1;2; ð3:33Þ

so we choose α1 ¼ α2 ¼ i, i.e.,

P̄†
i ¼ iK̄i; K̄†

i ¼ iP̄i: ð3:34Þ

Now we move to finding the needed automorphism.
Noting that the subalgebra generated by H, S, and D is
identical (modulo the sign of S) to that generated by P0, K0,
and D, we can guess immediately the appropriate trans-
formation. Namely [compare with (2.21)] we consider an
automorphism of the Schrödinger algebra generated by a
linear combination of H and S,

exp

�
π

4
ðH þ SÞ

�
: ð3:35Þ

Using the results of Appendix E we obtain (Q̄ ¼ Q and
J̄ij ¼ Jij)

P̄i ¼
1ffiffiffi
2

p ðPi − iKiÞ;

K̄i ¼
1ffiffiffi
2

p ð−iPi þ KiÞ;

S̄ ¼ 1

2
ðH þ Sþ iDÞ;

H̄ ¼ 1

2
ðH þ S − iDÞ;

D̄ ¼ −iðH − SÞ: ð3:36Þ

Comparing with (3.5) we see that, as we wanted, the newly
constructed generators are in one-to-one correspondence
with those used in Sec. III B to construct the representations
of the Schrödinger algebra

P̄i ¼ −iFþ
i ; K̄i ¼ F−

i ; S̄ ¼ iG−;

H̄ ¼ −iGþ; D̄ ¼ −iE: ð3:37Þ

16For operators with Q̄ ¼ 0 there is no constraint for α1 and α2
except (3.33), and one may choose

P̄†
i ¼ K̄i; K̄†

i ¼ P̄i: ð3:28Þ
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Using expressions completely analogous to the ones
presented in Eqs. (2.28)–(2.31) for the nonrelativistic case
finalizes the construction of the Hilbert space in terms of
local operators.

E. Coordinate transformations

We will now identify the coordinate transformation
that actually corresponds to the automorphism of the
Schrödinger algebra discussed above. Let us denote the
new coordinates by ðs; z⃗Þ. As in Sec. (II E 1), we shall use
the explicit representation of the generators in the two
coordinate systems in terms of differential operators, i.e.,

Pi ¼−i∂x
i ; H¼ i∂t;

D¼ ið2t∂tþxi∂x
i Þ; Ki¼−it∂x

i ;

S¼−iðt2∂tþxit∂x
i Þ; Jij¼−iðxi∂x

j −xj∂x
i Þ; ð3:38Þ

and

P̄i ¼−i∂z
i ; H̄¼ i∂s;

D̄¼ ið2s∂sþ zi∂z
i Þ; K̄i ¼−is∂z

i ;

S̄¼−iðs2∂tþ zis∂z
i Þ; J̄ij ¼−iðzi∂z

j − zj∂z
i Þ: ð3:39Þ

From the above expressions we obtain

is ¼ 1þ it
1 − it

; zi ¼
ffiffiffi
2

p xi
1 − it

: ð3:40Þ

The corresponding transformation of a scalar primary
field can be deduced from (F18) (see Appendix F for the
explicit derivation) and reads17

ϕðt; x⃗Þ ¼ 2Δ=2

ð1 − itÞΔ exp

�
mx⃗2

2ð1 − itÞ
�
ϕ̄

�
−i

1þ it
1 − it

;
x⃗

ffiffiffi
2

p

1 − it

�
:

ð3:41Þ

Given the relation between fields in different frames we can
find how ϕ̄ transforms under Hermitian conjugation18

ϕ̄†ðs; z⃗Þ ¼ ð−isÞ−Δ exp

�
i
mz⃗2

2s
1þ is
1 − is

�
ϕ̄�

�
1

s
;
iz⃗
s

�
: ð3:44Þ

One can check that the so-defined Hermitian conjugation
preserves the action of the Schrödinger algebra on fields
(3.18) and at the same time is consistent with the con-
jugation properties (3.22) and (3.34).

F. NRCFT and geometric data

It is well-known [1,3,24–26] that coupling a nonrelativ-
istic system to a nontrivial gravitational background
(geometry) can be achieved by introducing appropriate
gauge fields (analogs of metric and connection in general
relativity; see Appendix G). Namely, the needed geometric
data are the temporal and spatial parts of a vielbein—nμ, eiμ,
respectively—and a gauge field Aμ corresponding to the
Uð1Þ transformations generated by the particle number
operator.
The nonrelativistic conformal transformations can be

defined similarly to the relativistic ones. Starting from a
trivial (flat) background, corresponding to

nμðt; x⃗Þ¼ δ0μ; eiμðt; x⃗Þ¼ δiμ; Aμðt; x⃗Þ¼ 0; ð3:45Þ

we call conformal those coordinate transformations that
lead to a change of the geometric data by a conformal factor

n0μðt0; x⃗0Þ ≃ f2ðt; x⃗Þδ0μ; ð3:46Þ

e0iμðt0; x⃗0Þ ≃ fðt; x⃗Þδiμ; ð3:47Þ

A0
μðt0; x⃗0Þ ≃ 0: ð3:48Þ

Here “≃” is understood as equality modulo possible gauge
transformations listed in Table (G11). Introducing the
infinitesimal change of coordinates

t0 ¼ tþ ξt; x0i ¼ xi þ ξi; ð3:49Þ

and denoting f ¼ 1þ ψ , we see from (3.46) that ξt ¼ ξtðtÞ
and

ψðtÞ ¼ −
1

2
∂tξt: ð3:50Þ

The temporal (μ ¼ t) component of (3.47) can be satisfied
by using a boost transformation with parameter vi ¼ −∂tξi.
For the spatial (μ ¼ j) components of (3.47) we get

ð1þ ψÞδij ¼ δij − ∂jξi þ rij; ð3:51Þ

where rij is an antisymmetric matrix corresponding
to gauge rotations of the vielbein (see Table (G11).
Symmetrizing the above and using (3.50) we obtain

17For tensor fields the transformation will involve matrix
factors analogous to the ones in Eq. (2.34). The general
form may be found using the results from Appendix F.

18For a closer analogy with the relativistic case we can consider
Euclidean time σ ¼ is and introduce a new field

φ̄ðσ; z⃗Þ ¼ ϕ̄ð−iσ; z⃗Þ; ð3:42Þ
whose Hermitian conjugation

φ̄†ðσ; z⃗Þ ¼ σ−Δ exp

�
mz⃗2

2σ

1 − σ

1þ σ

�
φ̄�

�
1

σ
;
z⃗
σ

�
ð3:43Þ

is reminiscent of its relativistic counterparts (2.32) and (2.50).
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∂iξj þ ∂jξi ¼ δij∂tξt; ð3:52Þ

whose solution is clearly at most linear in xi,

ξi¼
1

2
∂tξtxiþbijðtÞxjþciðtÞ; bijðtÞ¼−bjiðtÞ: ð3:53Þ

Bearing in mind that the Uð1Þ gauge field produced by the
boost transformation with parameter vi ¼ −∂tξi,

At ¼ 0;

Ai ¼−∂tξi ¼−
�
1

2
∂2
t ξtxiþ∂tbijðtÞxjþ∂tciðtÞ

�
; ð3:54Þ

can be eliminated by a Uð1Þ transformation only if
∂2
t ξt ¼ const, ∂tbijðtÞ ¼ 0, and ∂tciðtÞ ¼ const, we

find the following expression for the infinitesimal
transformations:

ξt ¼ ct þ 2λtþ μt2;

ξi ¼ ci þ ditþ bijxj þ λxi þ μtxi: ð3:55Þ

The above correspond to time and space translations,
rotations, boosts, dilations, and special conformal
transformations.

G. The analog of radial quantization

In order to have complete analogy with the rela-
tivistic case, we will show here what happens if one
considers dilatations generated by D̄ as the corresponding
Hamiltonian. It was shown in [26] that with minor
assumptions an NRCFT can be coupled to a nontrivial
background (geometric data) in a Weyl invariant manner;
i.e., one constructs the curved-spacetime counterpart of a
Schrödinger-symmetric action

S0½ϕ� ¼ S½ϕ; 0; δ0μ; δiμ� → S½ϕ; Aμ; nμ; eiμ�; ð3:56Þ

such that it is manifestly invariant under Weyl rescalings

S½ϕΩ−Δ; Aμ; nμΩ2Δ; eiμΩΔ� ¼ S½ϕ; Aμ; nμ; eiμ�; ð3:57Þ

with Ω the conformal factor.
For the case at hand we start from flat space and consider

the following change of coordinates19:

is ¼ e2iτ; zi ¼
ffiffiffi
2

p
yieiτ; ð3:59Þ

which amounts to replacing the temporal and spatial
Kronecker symbols by the corresponding vielbeins (the
relevant transformation properties for the geometrical
quantities can be derived using Table (G11)

nμ ¼ 2e2iτð1; 0⃗Þ; eiμ ¼
ffiffiffi
2

p
eiτðiy⃗; 1Þ: ð3:60Þ

We find that the action becomes

S½ϕ̄ðs; z⃗Þ; 0; δsμ; δiμ� ¼ S½ϕ̄0ðτ; y⃗Þ; 0; nμ; eiμ�; ð3:61Þ

with ϕ̄0ðτ; y⃗Þ ¼ ϕ̄ðs; z⃗Þ. Then, we perform a Weyl rescaling
with Ω ¼ ffiffiffi

2
p

eiτ, yielding

S½ϕ̄ðs; z⃗Þ; 0; nμ; eiμ�
¼ S½2Δ=2eiΔτϕ̄0ðτ; y⃗Þ; 0; δτμ; ðiy⃗; 1Þ�: ð3:62Þ

Next, in order to bring the vielbein to its original
form, we consider a boost with parameter vi ¼ −iyi, such
that

S½2Δ=2eiΔτϕ̄0ðτ; y⃗Þ; 0; δτμ; ðiy⃗; 1Þ�
¼ S½2Δ=2eiΔτϕ̄0ðτ; y⃗Þ; Aμ; δτμ; δiμ�; ð3:63Þ

which results also in the generation of the following Uð1Þ
gauge field

As ¼
y⃗2

2
; Ai ¼ −iyi: ð3:64Þ

Last, performing a Uð1Þ gauge transformation with

parameter α ¼ i y⃗
2

2
we can eliminate the spatial part Ai to

obtain

S0½ϕ̄ðs; z⃗Þ� ¼ S½ϕ̂ðτ; y⃗Þ; Âμðτ; y⃗Þ; δτμ; δiμ�; ð3:65Þ

with

ϕ̂ðτ; y⃗Þ ¼ 2
Δ
2eiΔτe

my⃗2

2 ϕ̄ðs; z⃗Þ; Âτ ¼
y⃗2

2
: ð3:66Þ

Note that the form of the transformed field ϕ̂ is consistent
with (F18). Equation (3.65) is the analog of putting a CFT
on the cylinder. It tells us that the systems with and without
harmonic potential are equivalent.
A straightforward computation—completely analogous

to the one we explicitly carried out in Sec. II F [see
Eq. (2.62)]—reveals that in this frame, dilatation D̄ acts
on operators ϕ̂ as time translations; i.d. it plays the role of
Hamiltonian

19Note that from (3.40) and (3.59), we get

t ¼ tan τ; xi ¼
yi

cos τ
: ð3:58Þ

These coordinates parametrize the so-called harmonic or oscil-
lator frame.

MORE ON THE OPERATOR-STATE MAP IN NONRELATIVISTIC … PHYS. REV. D 105, 065008 (2022)

065008-11



½iD̄; ϕ̂ðτ; y⃗Þ� ¼ 2
Δ
2eiΔτe

my⃗2

2 ½iD̄; ϕ̄ðs; z⃗Þ�
¼ 2

Δ
2eiΔτe

my⃗2

2 ðΔþ 2s∂s þ zi∂z
i Þϕ̄ðs; z⃗Þ

¼ −i∂τϕ̂ðτ; y⃗Þ: ð3:67Þ

Clearly, this means that the spectrum of the Hamiltonian in
the harmonic frame is in one-to-one correspondence with
the spectrum of scaling dimensions of operators.20

IV. CONCLUSIONS

A powerful tool when it comes to studying relativistic
and nonrelativistic conformal field theories is the operator-
state map, in particular, the correspondence between the
scaling dimensions of operators and the “energy spectrum”
of the associated states.
In this paper we introduced an algebraic in nature

perspective on the aforementioned correspondence. The
crucial observation is that the Hilbert space associated with
the conformal algebra may be constructed by Euclidean
fields. This implies that the operator-state map is obtained
by establishing the appropriate relation (automorphism)
between the generators of the Minkowski-space conformal
algebra and their Euclidean-space counterparts together
with the OPE.
Using the derivation in CFT as a guide, we extended the

construction to NRCFTs, for which we recover the well-
known correspondence between the operators in the theory
and states of the system supplemented by an oscillator
potential.

ACKNOWLEDGMENTS

The work of A. M. was partially supported by the Swiss
National Science Foundation under Contract No. 200020-
169696.

APPENDIX A: AN ALTERNATIVE
AUTOMORPHISM IN d = 3 DIMENSIONS

In this Appendix we discuss an alternative to the auto-
morphism discussed in the main text. For clarity, we
confine ourselves to d ¼ 3. As before, we denote with
MAB the generators of SOð2; 3Þ that satisfy the commuta-
tion relations (2.6), i.e.,

½MAB;MCD�¼ iðMADηBCþMBCηAD−MBDηAC−MACηBDÞ;
ðA1Þ

with the five-dimensional metric

ηAB ¼ ðþ;−;−;−;þÞ: ðA2Þ

The automorphism we are after corresponds to introducing
the rotated, “barred generators” M̄AB, which are related to
the original ones via successive π=2 rotations in the (0, 3),
(4, 1), and (0, 2) planes:

M̄AB ¼ e−i
π
2
M02ei

π
2
M41ei

π
2
M03MABe−i

π
2
M03e−i

π
2
M41ei

π
2
M02 : ðA3Þ

Explicitly, the above yields

M̄01¼M43; M̄02¼M30; M̄12¼M40;

M̄30¼−iM32; M̄31¼−iM42; M̄32¼ iM02;

M̄40¼M31; M̄41¼M41; M̄42¼−M01; M̄43¼ iM12;

ðA4Þ

which in turn results in the following map:

D̄ ¼ iJ12; J̄01 ¼ D;

J̄02 ¼
1

2
ðP0 − K0Þ; J̄12 ¼

1

2
ðP0 þ K0Þ;

P̄0 ¼
1

2
½P1 − K1 − iðP2 − K2Þ�;

K̄0 ¼
1

2
½P1 − K1 þ iðP2 − K2Þ�;

P̄1 ¼
1

2
½P1 þ K1 − iðP2 þ K2Þ�;

K̄1 ¼
1

2
½P1 þ K1 þ iðP2 þ K2Þ�;

P̄2 ¼ −ðJ01 − iJ02Þ; K̄2 ¼ −ðJ01 þ iJ02Þ: ðA5Þ

The first thing to note here is that the generators J̄μν are
Hermitian. Therefore, if we want to realize the Hilbert
space on the space of fields, or in other words,

jΦi ¼ Φð0Þj0i; ðA6Þ

the equation

½J̄μν;Φð0Þ� ¼ iΣμνΦð0Þ ðA7Þ

necessitates that Φð0Þ be an infinite-component field
[27–30]. From Eqs. (2.7) we find that its spin is h, therefore
not bound to be half-integer, and at the same time

½D̄;Φð0Þ� ¼ imΦð0Þ: ðA8Þ

20Similar to (3.42), introducing the Euclidean version of the
field

φ̂ðη; y⃗Þ ¼ ϕ̂ð−iη; y⃗Þ; η ¼ iτ; ð3:68Þ
we get

½D̄; φ̂ðη; y⃗Þ� ¼ −i∂ηφ̂ðη; y⃗Þ; ð3:69Þ

which is identical to (2.62).
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The corresponding expressions for the lowering generators
(2.8) are given by

M−
1 ¼ 1

2
½P̄1 − iP̄2 þ K̄1 − iK̄2�;

M−
2 ¼ i

2
½P̄1 − iP̄2 − ðK̄1 − iK̄2Þ�;

M−
3 ¼ J̄01 − iJ̄02: ðA9Þ

Clearly, in this frame the states in the Hilbert space are not
given by primary fields at zero. Instead, the fields should
satisfy the following constraints:

ð∂1 − i∂2ÞΦð0Þ ¼ 0; ½K̄1 − iK̄2;Φð0Þ� ¼ 0;

ðΣ01 − iΣ02ÞΦð0Þ ¼ 0: ðA10Þ

APPENDIX B: CONFORMAL OPE

Here we discuss the constraints conformal invariance
imposes on the OPE. We start from the general expression

ϕ̄2ðz2Þϕ̄1ðz1Þ ¼
X
O

c12Oðz2; z1ÞOðz1Þ; ðB1Þ

without assuming that the sum runs only over primary
fields.
Let us start with translations. Acting with P̄a on both

sides of the above, we immediately find

∂z1
a c12Oðz2; z1Þ þ ∂z2

a c12Oðz2; z1Þ ¼ 0; ðB2Þ

meaning that

c12Oðz2; z1Þ ¼ c12Oðz2 − z1Þ: ðB3Þ

For the Lorentz transformations—generated by J̄ab—the
expansion (B1) gives21

Σ1
ab;fcgfpgc

fpgfdgffg
12O ðzÞþΣ2

ab;fdgfpgc
fcgfpgffg
12O ðzÞ

þΣO
ab;ffgfpgc

fcgfdgfpg
12O ðzÞþðza∂b−zb∂aÞcfcgfdgffg12O ðzÞ¼0;

ðB4Þ

where f·g stands for (possibly multiple) indices corre-
sponding to the SOðdÞ representation of the operators.
This relation implies that if ϕ̄1, ϕ̄2, and O are traceless
symmetric tensors of ranks l, m, and n, respectively, we get
for the function c12O

cfcgfdgffg12O ðzÞ¼ zc1 � � �zclzd1 � � �zdmzf1 � � �zfnAlþmþnðz2Þþδc1d1zc2 � � �zclzd2 � � �zdmzf1 � � �zfnA12
lþmþn−2ðz2Þ

þδc1f1zc2 � � �zclzd1 � � �zdmzf2 � � �zfnA13
lþmþn−2ðz2Þþδd1f1zc1 � � �zclzd2 � � �zdmzf2…zfnA

23
lþmþn−2ðz2Þþ �� � ; ðB5Þ

where � � � stand for all other terms that can be obtained from
contracting indices belonging to the different sets fcg, fdg,
and ffg.
Similarly, acting with D̄ on the OPE, we obtain

ðΔ1 þ Δ2 − ΔÞc12OðzÞ þ za∂ac12OðzÞ ¼ 0: ðB6Þ

In other words, dilatations fix the coefficient functions to be
of the following form:

c12OðzÞ ¼ jzjΔ−Δ1−Δ2FðnaÞ; na ¼
za
jzj ; jzj ¼

ffiffiffiffiffiffiffiffiffi
zaza

p
:

ðB7Þ

Using all the constraints we got so far, we can write
down the OPE of two primary fields with spins l1 and l2
(i.e., two traceless symmetric tensors of ranks l1 and l2,
respectively); this reads

ϕ̄
fagl2
2 ðzÞϕ̄fbgl1

1 ð0Þ ¼
X
O

jzjΔO−Δ1−Δ2 ½λðl1þl2þlOÞ
O na1 � � � nal2nb1 � � � nbl1nc1 � � �nclO

þ λðl1þl2þlO−2Þ
O δa1b1na2 � � � nal1nb2 � � � nbl2nc1 � � �nclO þ � � ��OfcglO ð0Þ;

where the sum still runs over all possible operators.
What remains to be understood is what new information on the OPE we extract once we require that it be consistent with

special conformal transformations. It turns out that the contributions of descendants are intrinsically linked to those of the
corresponding primaries. Schematically, for every λ (their number can be found in [31]), we get

21To keep the discussion maximally clear and without loss of generality, in what follows we take z2 ¼ z, z1 ¼ 0.
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ϕ̄
fagl2
2 ðzÞϕ̄fbgl1

1 ð0Þ ¼
X
ϕ̄

jzjΔO−Δ1−Δ2fλðl1þl2þlÞ
12ϕ̄

na1 � � � nb1 � � � nc1 � � � ½ϕc1���clð0Þ þ aðl1þl2þlÞzc∂cϕ
c1���clð0Þ þ � � �� þ � � �g:

Note that owing to conformal symmetry, all the coefficients
appearing in front of the descendants are fixed. For the OPE
of scalar operators those can be found in [32]. On the other
hand, for operators with nonzero spin we get

aðl1þl2þlÞ ¼ Δ21 þ Δþ l21 þ l
2ðΔþ lÞ ;

Δ21 ¼ Δ2 − Δ1; l21 ¼ l2 − l1: ðB8Þ

APPENDIX C: HERMITIAN CONJUGATION
AND COMPATIBILITY WITH THE

CONFORMAL ALGEBRA

It is instructive to explicitly show that the way we
defined Hermitian conjugation [see Eqs. (2.32)–(2.34)]
does not spoil the action of the conformal algebra on
fields. In what follows we work with vectors, for which

ϕ̄†
aðzÞ ¼ z−2ΔIbaðzÞϕ̄bðIzÞ: ðC1Þ

Before moving on, let us present some useful formulas. We
note that

∂Iz
a ¼ z2IbaðzÞ∂z

b ðC2Þ

and

∂cIabðzÞ ¼
2

z2

�
2zazbzc

z2
− δaczb − δbcza

�
; ðC3Þ

which imply

IdaðzÞ∂cIbdðzÞ ¼
2

z2
ðzaδbc − zbδacÞ ðC4Þ

and

z−2ΔIbaðzÞ∂z
cϕ̄bðIzÞ ¼ ∂cϕ̄

†
aðzÞ þ 2Δ

zc
z2
ϕ̄†
aðzÞ

þ 2

z2
ðzaδbc − zbδacÞϕ̄†

bðzÞ: ðC5Þ

Using the above, we now turn to the action of the generators
on the vector field; the computations are straightforward
but a bit long.
We start from translations, for which

½P̄a; ϕ̄bðzÞ�† ¼2.25 − ½K̄a; ϕ̄
†
bðzÞ�

¼ð2.14Þ
ðC:1Þ

−i
��

2
zazc

z2
− δca

�
z−2Δ

z2
IdbðzÞ∂Iz

c ϕ̄dðIzÞ þ
2

z2
ðzaΔϕδ

d
b þ zcΣd

ab;cÞϕ̄†
dðzÞ

�

¼ðC:2Þ − i

��
2
zazc

z2
− δca

�
IecðzÞz−2ΔIdbðzÞ∂z

eϕ̄dðIzÞ þ
2

z2
ðzaΔϕδ

d
b þ zcΣd

ab;cÞϕ̄†
dðzÞ

�

¼ðC:5Þi∂aϕ̄
†
bðzÞ: ðC6Þ

Moving to Lorentz transformations, it is easy to see that

½J̄ab; ϕ̄cðzÞ�† ¼ð2.25Þ − ½J̄ab; ϕ̄†
cðzÞ�

¼ð2.14Þ
ðC:1Þ

−iΣd
ab;cϕ̄

†
dðzÞ − i

z−2Δ

z2
ðzaIdbðzÞ − zbIdaðzÞÞ∂Iz

d ϕ̄cðIzÞ

¼ðC:2Þ − iΣd
ab;cϕ̄

†
dðzÞ − iz−2ΔðzaIdbðzÞ − zbIdaðzÞÞIecðzÞ∂z

eϕ̄cðIzÞ
¼ðC:5Þ − iðΣd

ab;c þ ðza∂b − zb∂aÞδdcÞϕ̄†
dðzÞ; ðC7Þ

where the spin matrices Σab;cd for vectors are defined in (2.15).
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For dilatations, a completely analogous computation
shows that

½D̄; ϕ̄bðzÞ�† ¼ð2.25Þ½D̄; ϕ̄†
bðzÞ�

¼ð2.14Þ
ðC:1Þ

−iΔϕ̄†
bðzÞ − i

za

z2
z−2ΔIcbðzÞ∂Iz

a ϕ̄cðIzÞ

¼ðC:2Þ − iΔϕ̄†
bðzÞ − izaz−2ΔIcbðzÞIdaðzÞ∂z

dϕ̄
†
cðzÞ

¼ðC:5ÞiðΔþ za∂aÞϕ̄†
bðzÞ: ðC8Þ

Finally, the action of special conformal transformations
reads

½Ka; ϕ̄bðzÞ�† ¼ð2.25Þ − ½Pa; ϕ̄
†
bðzÞ�

¼ð2.14Þ
ðC:1Þ

iz−2ΔIbcðzÞ∂Iz
a ϕ̄cðIzÞ

¼ðC:2Þiz2IadðzÞz−2ΔIbcðzÞ∂z
dϕ̄cðIzÞ

¼ðC:5Þ − i½ð2zazc − z2δcaÞδdb∂c

þ 2ðzaΔδdb þ zcΣd
ac;bÞ�ϕ̄†

dðzÞ: ðC9Þ

Inspection of the commutators (C6)–(C9) reveals that
they are indeed consistent with (2.14).

APPENDIX D: SCHRÖDINGER ALGEBRA

In a d-dimensional spacetime the Schrödinger algebra
satisfies the following commutation relations:22

½Jij; Jkl� ¼ iðJjlδik þ Jikδjl − Jilδjk − JjkδilÞ;
½Jij; Pk� ¼ iðδikPj − δjkPiÞ;
½Jij; Kk� ¼ iðδikKj − δjkKiÞ;
½Ki; Pj� ¼ −iδijQ;

½Ki;H� ¼ −iPi;

½D;H� ¼ −2iH;

½D;Pi� ¼ −iPi;

½D;Ki� ¼ iKi;

½D; S� ¼ 2iS;

½S;H� ¼ iD;

½S; Pi� ¼ iKi: ðD1Þ

In what follows we present the expressions for the
generators of the Schrödinger group away from the origin.
These are useful for obtaining the action of the algebra on
fields; see (3.18). In deriving them, we used the

commutation relations presented above and the Baker-
Campbell-Hausdorff formula for two operators A and B,

e−ABeA ¼ Bþ ½B;A� þ 1

2!
½½B;A�; A� þ � � � : ðD2Þ

(i) Translations (we denote Py ¼ Hy0 − yiPi)

e−iPyJijeiPy ¼ Jij þ yiPj − yjPi;

e−iPyKieiPy ¼ Ki þ y0Pi − yiQ;

e−iPyDeiPy ¼ Dþ 2y0H − yiPi;

e−iPySeiPy ¼ S − y0Dþ yiKi − y20H

þ y0yiPi −
1

2
y2i Q: ðD3Þ

(ii) Angular momentum23

e−iJklαkl=2PieiJklαkl=2 ¼ PjRji;

e−iJklαkl=2JijeiJklαkl=2 ¼ JklRkiRlj;

e−iJklαkl=2KieiJklαkl=2 ¼ KjRji: ðD5Þ

(iii) Boosts (K⃗ a⃗ ¼ Kiai)

e−iK⃗ a⃗HeiK⃗ a⃗ ¼ H − aiPi þ
1

2
a2i Q;

e−iK⃗ a⃗PieiK⃗ a⃗ ¼ Pi − aiQ;

e−iK⃗ a⃗JijeiK⃗ a⃗ ¼ Jij þ Kiaj − Kjai;

e−iK⃗ a⃗DeiK⃗ a⃗ ¼ D − aiKi: ðD6Þ

(iv) Dilatations

e−iDαHeiDα ¼ He−2α;

e−iDαPieiDα ¼ Pie−α;

e−iDαKieiDα ¼ Kieα;

e−iDαSeiDα ¼ Se2α: ðD7Þ

(v) Special conformal transformations

e−iSαHeiSα ¼ H þ αD − α2S;

e−iSαPieiSα ¼ Pi þ αKi;

e−iSαDeiSα ¼ D − 2αS: ðD8Þ

22The commutator of P and K is obtained by central extension.

23We define the rotation matrix Rij as the vector representation
of the rotation group

Rij ¼ ρvecðe−iJijαij=2Þ: ðD4Þ
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APPENDIX E: COORDINATE
TRANSFORMATION

To derive the automorphism relating the two frames, we
used

e−iðH−SÞαPieiðH−SÞα ¼ Pi cos α − Ki sin α;

e−iðH−SÞαKieiðH−SÞα ¼ Pi sin αþ Ki cos α;

e−iðH−SÞαSeiðH−SÞα ¼ S cos2 α −H sin2 α −
1

2
sin 2αD;

e−iðH−SÞαHeiðH−SÞα ¼ H cos2 α − S sin2 α −
1

2
sin 2αD;

e−iðH−SÞαDeiðH−SÞα ¼ D cos 2αþ ðH þ SÞ sin 2α: ðE1Þ

APPENDIX F: NRCFT FIELD
TRANSFORMATIONS

Here we discuss how a primary field behaves under an
arbitrary Schrödinger transformation

ϕðt; x⃗Þ≡ ḡϕ0ðt; x⃗Þḡ−1; ðF1Þ

with ḡ belonging to the Schrödinger group. We note that we
can always write

ḡ ¼ geiωJ=2: ðF2Þ

Since the action of rotations is obvious, we can focus on
transformations that do not involve J.
As usual, in order to find an explicit expression for (F1),

we first consider the action of the element g on the
coordinates, namely

Ω≡ geiHte−iP⃗ x⃗; ðF3Þ

and rewrite it as the action on the coset space

Ω ¼ eiHt0e−iP⃗x⃗
0
e−iσDe−iβ⃗ K⃗eiρSeiψQ; ðF4Þ

with new coordinates ðt0 ¼ t0ðt; x⃗Þ; x⃗0 ¼ x⃗0ðt; x⃗ÞÞ and the
yet to be derived parameters σ ¼ σðt; x⃗Þ, β⃗ ¼ β⃗ðt; x⃗Þ,
ρ ¼ ρðt; x⃗Þ, and ψ ¼ ψðt; x⃗Þ. Equating the Maurer-
Cartan forms Ω−1∂μΩ for both (F3) and (F4), we get

Hδμt−Piδμi ¼He2σ∂μt0 −Piðeσ∂μx0i− e2σ∂μt0βiÞ
−Dð∂μσ− e2σ∂μt0ρÞ
−Ki½∂μβiþ βi∂μσþ ρðeσ∂μx0i− e2σ∂μt0βiÞ�
þSð∂μρ− ρ2e2σ∂μt0 þ 2ρ∂μσÞ

þQ

�
∂μψ þ 1

2
β⃗2e2σ∂μt0 − eσ∂μx0iβi

�
: ðF5Þ

Comparing the coefficients of the various generators in the
above allows one to express the parameters σ, β⃗, ρ, and ψ in
terms of transformed coordinates.
We start fromH, for which we first observe that ∂it0 ¼ 0,

and also

σ ¼ −
1

2
log ∂tt0: ðF6Þ

Moving to Pi, for the spatial derivative we find

eσ∂jx0i ¼ δij; ðF7Þ
which implies that

x0i ¼ xi
ffiffiffiffiffiffiffi∂tt0

p
þ giðtÞ; ðF8Þ

with giðtÞ being an arbitrary function of t. For the time
derivative we obtain

βi ¼
xi
2

∂2
t t0

∂tt0
þ ∂tgiffiffiffiffiffiffiffi∂tt0
p : ðF9Þ

Similarly, from the coefficients of D and Q we, respec-
tively, get

ρ ¼ −
1

2

∂2
t t0

∂tt0
; ðF10Þ

and

∂iψ ¼ βi ¼
xi
2

∂2
t t0

∂tt0
þ ∂tgiffiffiffiffiffiffiffi∂tt0
p ;

∂tψ ¼ β2i
2
¼ 1

2

�
xi
2

∂2
t t0

∂tt0
þ ∂tgiffiffiffiffiffiffiffi∂tt0
p

�
2

: ðF11Þ

The latter two relations are consistent provided that

∂tβi ¼ βj∂iβj; ðF12Þ

which translates into the Schwarzian derivative of t0
vanishing

ðSt0ÞðtÞ≡ ∂3
t t0

∂tt0
−
3

2

�∂2
t t0

∂tt0

�
2

¼ 0; ðF13Þ

and at the same time giðtÞ being subject to

∂2
t gi ¼ ∂tgi

∂2
t t0

∂tt0
: ðF14Þ

The solution to (F13) is an arbitrary Möbius transformation

t0 ¼ atþ b
ctþ d

; ðF15Þ
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while (F14) fixes gi to be a linear function of t0,

giðtÞ ¼ vit0ðtÞ þ ai; ðF16Þ

with vi and ai arbitrary constants.

Knowing that, Eq. (F11) can be integrated to produce

ψ ¼ x2i
4

∂2
t t0

∂tt0
þvixi

ffiffiffiffiffiffiffi∂tt0
p

þv2i t
0

2
þα; α¼ const: ðF17Þ

Collecting everything together, we conclude that

ϕðt; x⃗Þ ¼ Ωϕ0ð0ÞΩ−1 ¼ eiHt0e−iP⃗x⃗
0
e−iσDeiψQϕ0ð0Þe−iψQeiσDeiP⃗x⃗0e−iHt0

¼ e−imψe−ΔσeiHt0e−iP⃗x⃗
0
ϕ0ð0ÞeiP⃗x⃗0e−iHt0 ¼ e−imψe−Δσϕ0ðt0; x⃗0Þ

¼ ð∂tt0ÞΔ=2 exp
�
−im

�
x2i
4

∂2
t t0

∂tt0
þ vixi

ffiffiffiffiffiffiffi∂tt0
p

þ v2i t
0

2
þ α

��
ϕ0ðt0; x⃗0Þ: ðF18Þ

APPENDIX G: NONTRIVIAL GEOMETRY

In this section we quickly recap how nonrelativistic
systems can be coupled to a nontrivial background geom-
etry. This can be done using the so-called coset construc-
tion [26,33]. Considering the Galilei group Gal, we
introduce the following coset representative:

Ω ¼ eiHw0ðxÞe−iPiwiðxÞ: ðG1Þ

The Maurer-Cartan form is given by

Θμ¼−iΩ−1D̃μΩ

≡Ω−1
�
∂μþiñμH−iẽiμPiþiωi

μKiþ
i
2
θijμ JijþiÃμQ

�
Ω;

ðG2Þ

where ñμ, ẽiμ, ωi
μ, θ

ij
μ , and Ãμ are gauge fields corresponding

to time and space translations, boosts, spatial, and Uð1Þ
phase rotations, respectively. Their transformation proper-
ties are meant precisely for canceling the left action of the
group; i.e., for g ∈ Gal we demand that24

Ω−1g−1ð∂μ þ iX0
μÞgΩ ¼ Ω−1ð∂μ þ iXμÞΩ; ðG3Þ

leading to

X0
μ ¼ gXμg−1 þ i∂μgg−1: ðG4Þ

Note that neither ñμ nor ẽiμ transform as vielbeins. In order
to get the latter, the auxiliary fields w0ðxÞ and w⃗ðxÞ should
be absorbed into the new definitions of nμ, eiμ, and Aμ.
Simplifying (G2) we get

Θμ ¼ nμH − eiμPi þ Zμ; ðG5Þ

with

Zμ ¼ ωi
μKi þ

1

2
θijμ Jij þ AμQ: ðG6Þ

The fields nμ and eiμ transform as temporal and spatial
vielbeins, while the transformation of Zμ is that of a gauge
field. Explicitly, we can deduce the transformations of all
fields from the standard transformations of the coset.
Namely, for

gΩ ¼ Ω0h; ðG7Þ

with h being an element of a subgroup of Gal generated by
rotations, boosts, and Uð1Þ transformations, which we
denote by GalnfH; P⃗g, we get

Θ0
μ ≡ −iðΩ0Þ−1D0

μΩ0 ¼ hΘh−1 þ i∂μhh−1; ðG8Þ

while for matter fields ϕðt; x⃗Þ belonging to a representation
ρ of GalnfH; P⃗g (which can be read off the commutation
relations ρðXÞϕð0Þ ¼ −½X;ϕð0Þ�), we obtain

ϕ0ðxÞ ¼ ρðhÞϕðxÞ: ðG9Þ

The covariant derivatives of matter fields are given by

Dμϕ ¼ ∂μϕþ iρðZμÞϕ: ðG10Þ

In Table (G11) we present the transformations of the
geometric data and matter fields under rotations, boosts,
and Uð1Þ phase rotations with parameters αij, vi, and α,
respectively:24The gauge fields are collectively denoted by Xμ.
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e−iJijαij=2 e−iK⃗ v⃗ e−iQα

n0μ nμ nμ nμ
e0iμ Ri

je
j
μ eiμ þ vinμ eiμ

A0
μ Aμ Aμ þ vieiμ þ 1

2
v⃗2nμ Aμ þ ∂μα

ϕ0 ρðRÞϕ ϕ ϕe−imα

ðG11Þ

It should be noted [26] that under boosts the actual transformation of the matter and gauge fields ϕ and Aμ contains an
additional Uð1Þ rotation, which is a pure gauge transformation; therefore, it was dropped.
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