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We study a generalization of the Holst action where we admit nonmetricity and torsion in manifolds with

timelike boundaries (both in the metric and tetrad formalism). We prove that its space of solutions is equal

to the one of the Palatini action. Therefore, we conclude that the metric sector is in fact identical to general
relativity (GR), which is defined by the Einstein-Hilbert action. We further prove that, despite defining the
same space of solutions, the Palatini and (the generalized) Holst Lagrangians are not cohomologically

equal. Thus, the presymplectic structure and charges provided by the covariant phase space method might

differ. However, using the relative bicomplex framework, we show the covariant phase spaces of both

theories are equivalent (and in fact equivalent to GR), as well as their charges, clarifying some open
problems regarding dual charges and their equivalence in different formulations.
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I. INTRODUCTION

The Holst action [1] plays a very significant role in the
study of the Hamiltonian formulation of general relativity
(GR) in terms of real Ashtekar variables. Although pro-
posed in a completely independent way, it has an interest-
ing historical precedent in the work of Hojman, Mukku,
and Sayed (HMS) [2]. These authors constructed an action,

that we denote Sg’;,)ls (9. V), based on the realization that the

metric Palatini action S%) (g, V) for vacuum gravity, which
depends on a Lorentzian metric g and a general metric-
compatible connection v, could be modified, without
changing the field equations, by adding a parity-violating
term built with the help of the g-volume form and the
Riemann tensor determined by V.

Given a gravitational action such as Sﬁ,"f) (9. V), it is
possible to build a new one in terms of a tetrad e’ and a spin
connection @', by taking g = 1,,¢’ ® e’ (here 5, denotes
the “internal” Minkowski metric) and writing the connec-
tion V in terms of ¢/ and @', in an appropriate way. The @;,
are taken to be antisymmetric i.e., @;; = —@;;, a condition

equivalent to the metric compatibility of V. This is the spirit
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of Cartan’s approach to GR (see [3] for an interesting
historical discussion). By proceeding in this way, one gets

the Palatini-Cartan action Sg%(e, @), which has an impor-

tant advantage over ng) (9. V); it allows the coupling of

fermionic matter. When the previous procedure is imple-
mented for Sﬁ";,)[s(g,V), one gets the Holst action

Sﬁ())lst(e, @), which is equal to Sg%(e, @) plus the so-called

“dual term”. As a consequence, the coupling constant that
multiplies the parity violating term of the HMS action is
closely related to the Immirzi parameter 7.

When matter fields are not present, the equations of
motion derived from the Palatini-Cartan and Holst actions
are completely equivalent. This implies that the presence
of the dual term does not change the Palatini space of
solutions in a significant way [4—-14]. When gravity is
coupled to bosonic matter fields, the coupling terms are
independent of the connection and therefore the field
equations remain unchanged (see, for instance, [15]).
However, when coupled to fermionic matter fields, the
critical points of the Holst action are no longer equivalent to
those of the Cartan-Palatini action [16-22] due to the
presence of the dual term. This may have important
consequences. In particular, it is clear that the role of y
in general relativity differs in a significant way from the one
of the 0 parameter in QCD.

The introduction of a connection as a dynamical variable
adds several new geometric ingredients to the formulation

© 2022 American Physical Society
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of gravitational theories because, generically, connections
will have nonvanishing torsion and will not be metric
compatible. The interest in gravitational theories which
allow both for torsion and nonmetricity dates back to the
1970s when Hehl, Trautman, and their collaborators
developed Cartan’s theory of gravitation [23,24]. In their
approach, the field equations do not determine the con-
nection uniquely, and the condition Vg4, = 0 has to be
added. In [25], Sandberg studied from a variational point of
view the situation in which torsion is allowed and in which
the metric compatibility with the connection is not assumed
in general. Latter in the 1990s, Floreanini and Percacci [26]
considered a completely general GL(4)-invariant Palatini
formulation of GR in which the conditions of metricity and
torsionlessness are both obtained as dynamical equations
by adding appropriate terms to the action.

The study of the Holst action in the tetrad formalism with
torsion (but assuming metricity) was done in [27] in the
absence of boundaries. In the presence of boundaries,
significant work has been conducted to understand isolated
horizons [28-31] and general surface terms [32-34]. The
equivalence of the Holst action field theories coupled to
matter with torsion, nonmetricty, and boundaries, remains
an unexplored topic [20]. We will rely on the relative
bicomplex framework [35] although it is worth mentioning
that an alternative approach has been proposed in [36].

From a physical perspective, the presence of the dual
term may modify the conserved charges of GR. The
computation of these “dual charges” has been recently
considered in [12], where the authors relied on symplectic
and cohomological methods. They show that, without
dressing the standard presymplectic potential in a suitable
way, neither the Hamiltonian nor the Noether charges
written in tetrad variables match the corresponding metric
ones. As a consequence, the problem of figuring out which
approach is physically relevant to elucidate if the charges in
the metric and tetrad formalism are equivalent is still open.

In this paper we will study the Holst theory in all
generality, i.e., allowing for torsion and nonmetricity—in
both metric and tetrad variables—and in manifolds with
boundaries. The purpose of the present work is threefold:

(1) Study the solution spaces of the metric-HMS and

tetrad-HMS actions' and compare them with the
ones obtained in other approaches. As we will see,
the presence of the parity breaking terms does not
change the solution spaces with respect to the ones
corresponding to the original Palatini models. In
[37], the metric-Palatini action was proved to give
GR on the metric sector, hence the metric sector of

'"The action S(H"f\)[s(g, V) proposed by HMS [2] was defined
in terms of a metric-compatible connection with torsion. None-
theless, we will refer to its generalization with both nonmetricity

and torsion also as the HMS action Sg’;/)[s (9, ﬁ) and its tetrad
counte: o 0
rpart as Sypq(e, @).

the HMS theory is also necessarily GR. In [38], the
metric and tetrad formulations were proved to be
equivalent, so the same result holds for the tetrad
formulation.

(2) Study boundary terms for the different approaches.
We derive a new boundary Lagrangian that guaran-
tees the equivalence of the models considered. This
is done in metric-connection variables and we show
that, on translating the boundary term to tetrad-spin
connection variables, we recover the one given in
[39] (obtained by assuming nonmetricity).

(3) Study the charges in all the cases (including “dual
charges”) and show that the cohomological ap-
proach provided by the relative bicomplex frame-
work leads to their equivalence.

As mentioned before, this paper will strongly rely on the
relative bicomplex framework [35], which provides a clean,
consistent, and ambiguity-free procedure to obtain the
space of solutions, the presymplectic forms canonically
associated with the actions, and some relevant charges
within the covariant phase space (CPS) framework.

In the following we consider a four-dimensional space-
time manifold M diffeomorphic to X x R, where X is a
three-dimensional manifold with boundary 0% (possibly
empty). We will refer to 0, M =~ 0X x R as the lateral
boundary of M and restrict ourselves to the open set of
metrics making J; M time-like. Greek letters will denote
abstract indices for tensorial objects in M and barred Greek
indices will be used for tensors on 9; M (quite often the
object itself will also carry a bar). The inclusion map will be
denoted as j: ;M & M and its tangent map as j2.

II. THE GEOMETRIC ARENA

Given a connection V, we define its torsion, Riemann,
and Ricci tensors as

Torayy(d¢)(l = _[vll’ vl’}¢’

Riem®,, 7/ == ([V,.V,] + Tor’ V) Z7,

Iiic/,,, := Riem/,, .

If we endow M with a connection V and a metric g, we can
define the nonmetricity tensor, the (g, V)-scalar curvature,
the (g, V)-extrinsic curvature of d; M, and its trace

Maﬁ}, = vagﬁy, R = gaﬁﬁicaﬂ’

- 1 - . ~ o
K&ﬁ = E]g]g(val//)’ + gayv/}l/y), K =g /}K&ﬁ’

where g:= j*g is the metric induced on O M, * the
outward unit vector normal to 9;M, and vg:= gL'

Notice that R and K, p are generalizations of the g-scalar
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R and g-extrinsic curvature K defined by the g-Levi-Civita

(LC) connection V. _
Given two connections V and V, their difference is a

(2,1)-tensor Q = V - V. For a (1,1)-tensor Sﬂy we have

(va - va)Sﬁy = Qﬁaysﬂy - Qﬂaysﬁ/u

and analogously for higher order objects. It is easy to check
that the following equality holds

1
(Toraﬂy Tor,

Q(l/)’y afy — Tor/}ya
+ Torg,, + Torm/} — Tor,,5)
1 - N
+ 5 (Mg, = Mg, — My

+Mﬁy(1_M}/aﬁ+M}/aﬁ)' (21)

From the definition of Q, we have the following relations
between geometric objects associated with V and V

Riem®y,, = V,0%5 + 0%,,0°,5 — (4 <> v) + Riem%,,

+ Tor?,, 0%, (2.2)
TOr}/arﬂ = Tor},(lﬁ + Q},(lﬁ - Q}//}u? (23)

Ricﬂu = Ric/izx + anauﬂ + QaaaQau[}' - quaaﬂ
- Qaangaﬂ + Toraanaaﬂv (24)
M apy — (1/5}/ Q/}ay an/}’ (25 )

R=R+V,(0%; - 0F%) + 0% Q5 — 0770,y

+ Tor" Q. (2.6)

_ iy ,
K&[_f = K; ap EJerB(Qaﬂﬂ - Qﬂaﬁ)y ’ (27)
K=K+~ (Q/’,;” 0,/ W (2.8)

By fixing a fiducial connection, usually the g-Levi-Civita

one V, we can establish a bijection between connections \Y
and (2,1)-tensors Q. Working with the vector space of
tensors is usually easier than working with the affine space
of connections. This is why, in the following, we will use

the variables (g, Q) instead of the equivalent ones (g, V).

In order to describe the solution space and the presym-
plectic form, we will use the CPS algorithm [35], which
essentially consists in introducing a pair of bulk and
boundary Lagrangians, compute their variations, extract
the equations of motion and symplectic potentials, and
get the presymplectic form on the space of solutions.

The power of this method lies in its cohomological nature,
which renders it ambiguity free; we can pick any repre-
sentative Lagrangians and symplectic potentials to describe
the solution spaces and compute the presymplectic form.

III. METRIC-HMS WITHOUT BOUNDARY
A. The action

We consider actions of the form

Sz/L—/ 7
M oM

defined in terms of a locally constructed bulk Lagrangian L
and a locally constructed boundary Lagrangian . In this
section we assume O, M = @, so the second integral
vanishes. In the next section we will consider the case
O M # @. The metric-GR, metric-Palatini, and metric-
HMS actions are respectively defined by the Lagrangians

L](E";[)(g):(l%—ZA)vol, gE.?-"GR ={g|y*gistimelike},
ng> (9.0):=(R=2A)vol. (9.Q)€Fy =Fin x T,

1 -
(9 0): Lpr (g,Q)—z—yvol"/’””Riem vol,

apuv
f‘(m) = f‘(m)
(9.0) € Fyms PT
where, to ease the notation, we denote vol := vol, the
g-volume form. Using (2.2), (2.6), and the first B1anch1

identity, it is possible to split the HMS Lagrangian into the
standard GR term, some coupling terms and an exact form,

m m 7 1. m
Lims(9.0) = L (g) + L9, 0) - ;L;-a(g, 0)

+ d(lA_E‘_F[]’/},VODa (3 1)
where
A%i= gﬁ}’ Qaﬂyy
]()C) (g’ ) (CAAA - Qaﬂ/‘{Qlaﬂ)VOL Bﬂ = Qﬂﬂﬂv
z‘g-lrt%P (g’ Q) = VOlaﬁW Qaﬂa ngﬂVOL CV = Qﬂﬂ}”
qﬂ = Vollmﬂl’ Q(l/)’zw
(3.2)

B. Variations

The variation of each Lagrangian is given by (see
[37,38])
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dL](EWI—lI) _ (C m) )a/}d]g p + d®EH ,
di‘l(’r-nC)P (€ E’C)P)a/jd]gaﬁ + (SE) CP)a ﬁﬂd]Qa
dLiiee = (Clie) Pdgas + (Efe)a" D06,

where
(&lmyas = <f{1c - R 2A)g” >V01,
m 1
(Ce)” =5 (Q” o)~ C,0""
1
+ Ega/}(CﬁA” - Q}/T(FQO-}’T) + (a < ﬂ)) VO]’
" 1
(@;_ép)aﬂ = EVOIW% (5?(Qﬂa6Qm1v - Qﬂquuna)
+ 5;7 Q;téo'Qo—/}u + ga/)’ Q/H]O' Qﬁfu + (a < ﬁ))VOL
(glgTC)P)aﬁﬂ = (66’40 + gﬁaca - Qaaﬁ - Qﬁoa)VOL

(E472p)d = VOl (g2, 0%, = 57Q,,0)vol,
@gg =1y vol, with

W? = (g% g — g* /) V ,dgg,.

Notice that since the coupling terms have no derivatives,
they do not contribute to the symplectic potentials.
Gathering everything together we obtain

cm

m m 1 m a
<Ij]L(Hlv)ls (@EH + @P CP ;@E-IC)TP) ﬁdgap

glm)

m 1 m fed a m
5~ i) a0 + a0l

where the following representative has been chosen as the
symplectic potential (see [37,38])

el = IET)+ dizvol = O] + d(13_¢, 5, vol). (3.3)

C. Space of solutions

The goal of this section is to solve the algebraic equation
of motion £ = 0 for Q. By plugging this solution into

@™ = 0, we will recover the Einstein equations Q‘gﬁ) =0.

This will prove that the space of solutions of Lg';,)ls and Lg@
are the same.

1. Irreducible decomposition of the torsion

In order to solve the first equation of motion, we will use
the irreducible decomposition of the torsion and the

metricity. An irreducible decomposition breaks a tensor
into simpler objects with the same symmetries. Some of
the terms are always built out of traces while the rest are
traceless. For the torsion, which is antisymmetric in the last
two indices, one obtains

Toraﬁg = %aﬁo. —+ ./zlaﬁg —+ ;aﬁg. (34)
The first term is a combination of the trace Tﬁ = Tor“ﬁa,
the second term is the completely antisymmetric part of

Tor, and the last one is the remainder components of the
tensor,

1, =2 (Tpor = T,87). A%, = g Tor),.

HIL»JI*—*

;a/}o_ = OI‘a/}{; — :L:a/,’o. - .;la/}{;. (35)

It is easy to check that 7, A, 7 are all antisymmetric in the
last two indices. Besides, A, 7 are traceless and 7 satisfies

the cyclic identity
;rlﬁﬁ + ;ﬁ(lﬂ + ;ﬂ{f{l =0- ;[a/}o'] =0. (36)

Finally, since the dimension of the manifold M is 4 and Ais
essentially a 3-form, we can define its dual 1-form

T .= 4 AP

dﬂ = 4Aa O-VOl,lﬂo.ﬂ,
Notice that we have the relation * = —8¢* [see Eq. (3.2)].
We have obtained a decomposition of any 3-tensor anti-
symmetric in its two last indices given by (3.5). Conversely,
we have that this decomposition completely characterizes
the tensor:

Remark 3.7. The irreducible decomposition of a
3-tensor antisymmetric in its last two indices is given by
two 1-forms (74, ds) and a 3-tensor 1%, satisfying
taﬂa = _taoﬂv 106 = 0, taﬂa + taaﬂ + tﬂaa =0. (37)

To prove that, notice that a 3-tensor with this symmetry
has n "("2 U components (equal to 24 when n = 4) and the
number of independent components of (T, dy, t%4,) is

1
n+n+§n(n2—n),

which is also equal to 24 when n = 4. This proves, as
intended, that (T, ds.,) is the irreducible decomposi-
tion of Tor"‘ﬂg.

2. Irreducible decomposition of the nonmetricity
The nonmetricity, which is symmetric in the last two
indices, has two traces a, := Maﬂﬂ and by = M%,. Its
irreducible decomposition can be expressed as
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Maﬁo- =) Maﬂa+ (Z)Maﬂa + Saﬂo =+ ﬁ”aﬂm (38)

where

m L
Maﬂa = Z aagﬂm

1 _ ~
% (g/iaélgt - 29(1/)’5!;' - Zg(mé;)(aﬂ - 4bﬂ),

(2>Ma/i(r =

- 1 5 ~
Saﬂa = M(aﬂa) - 1_8 (gaﬂ‘slflf + gaag;;' + gﬂaél:l) (aﬂ + 2[7”),

rha/i(r = M(lﬁﬂ ~) Maﬂ(r ~@ Ma/ia - S{lﬂ(i‘

All these tensors are symmetric in the last two indices and S
and 7 are traceless. Moreover, we have also the cyclicity
condition analogous to (3.6)

maﬁa + rhaa/)’ + ﬁ/lﬂaa =0- m(aﬂa) =0.

We have obtained a decomposition of any 3-tensor sym-
metric in its last two indices given by (3.8). Conversely, we
have that this decomposition completely characterizes the
tensor:

Remark 3.10. The irreducible decomposition of a
3-tensor symmetric in its last two indices is given by
two 1-forms (ag, bs), a completely symmetric and traceless
3-tensor S,4,, and a 3-tensor m, satisfying
’/haa(f =0= ﬁia[)’/}v

Mope = Magp,

ﬁ1(1/30 + fhml/)’ + ﬁlﬁﬂ(z =0.

+

1 (2, - B - ~ " .
5. {_(2T/4 a, = by,)6765 + (A% +17,,)0; —

Since there are three free indices, these are 64 equations
(not all of them independent) in the variables (Tﬂ,dﬁ,

45, Zzﬂ,E/},S(,,;,,,rh,,ﬂﬂ) which, as we mentioned before,
have 64 independent components in total.

4. Solving for T.d.a.b

Consider the following system of equations

=0 2Tﬂ+gav—313”—8—1721”:0,
gPy=0 = 2T“+%a"+l3"—8iy&":0, (3.12)
vol,s, £ =0 td,+4T,+2a,-2b, =0,

(A%, +i%, - 2mma)5g}volﬂﬂﬂv.

To prove that, notice that a 3-tensor with this symmetry
has n@ components, 40 for n =4, and (a/,, bﬁ,

Sapor Myps) has
I 1,
n+n+6n(n—1)(n—|—4)+§n(n —4)

components, also 40 for n =4. Therefore, (Zlﬁ, l;/,,
Saﬁo, rhaﬁ,,) is the irreducible decomposition of Maﬁa.

3. Expressing the equation of motion in terms
of the irreducible decompositions

Once we have decomposed the torsion and nonmetricity,
we rewrite the equations of motion in terms of these
irreducible components. Plugging Egs. (3.4) and (3.8) into
the expression (2.1) of Q in terms of the torsion and
nonmetricity (recall that the torsion and the nonmetricity of
the LC connection are zero) leads to

1 . -
Qaﬁa = g (Tag c Tﬂé;;)
1 ~ ] 7 ~ (l
+ % ((Zba 561 )5/), + (Zb/; - 5(1/3)(36
+ (7a* — 106%)gp,)
1~ 1= -
+ EA(X/M - ES(X/;,, - l‘/)wo.a + ﬁ’laﬂo_. (310)

Meanwhile, plugging this expression into £ (we do
not write the volume to ease the notation) leads to

(3.11)

where we have used that Volaﬂwi"‘ﬁ" = 0, which follows from
(3.6). The solutions to this system of linear equations are

d—8U", B=—au, To=3U%, =0, (3.13)

for an arbitrary vector field U’ on M.

5. Solving for S
Plugging the solutions (3.14) into (3.11) leads to

‘c/‘aﬂ(; _ Saﬁo _ ”l:ﬂ(m 4 ﬁ,la/iﬂ

1 . - —
3 {voriie,  —voloPw (i, —2im,,”)}. (3.14)
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By completely symmetrising this expression, all terms
vanish except for the first one, so

S = 0. (3.15)

6. Solving for m

Plugging (3.15) into (3.14), symmetrizing in (a,0),
using the cyclicity of 71, and imposing it to be zero leads to

(3.16)

1
0 4 (VoI 7 Vol i ?) =,

or equivalently

me = M i, where

|
M 12 = (Vo157 vole, &0).  (3.17)

Applying this equation recursively leads to

A AP apo A MUK apo UK g T
i —Mﬁ,mm” —Mﬁ,m/\/l" g,nmgf’

(3;1) _ %’/haﬂo‘ N ﬁ,laﬂa =0.

4

(3.18)

7. Solving for t

Plugging the solutions (3.15) and (3.18) into (3.14) and
imposing it to be zero leads to

e = T 7%, where

TP = %}/(vol“ﬂmég —vol®“,,&).  (3.19)
Applying this equation recursively leads to
jabo — Topo, jux — Tofo T, Fpe

38 _ 1 jape _, e — g, (3.20)

4

8. Final space of solutions

By solving the equation of motion £ =0, we have
obtaNineEI for the independent variables (T/,v, EZ/,»,?“,;(,,
Gg, by, Sypos Map,) the following necessary conditions,

b’ =-20°,  T°=3U°,
'Z{lﬁﬂ —_ S‘aﬁy _ ’;hu/)’y =0,

a’ = =8U°,

d’ =0, (3.21)
for an arbitrary U°. Plugging these into (3.11) shows they
are also sufficient, so the first equation of motion is
completely solved. Moreover, if we insert (3.21) into
(3.10), the expression of Q over the space of solutions
is given by

0%y, = 82U, (3.22)
Substituting back this result into the other equation of
motion, it is straightforward to check that it vanishes, hence
only the Einstein equations remain,

m m 1 m . m
0= G = Gl + 60, —— 6l el
14

This means that (g, Q) is a solution for metric-HMS action
if and only if 0%, = 63Uy and g satisfies the Einstein
equations

SOlgﬁs = {(gup. 3 Up)|g € Solgrg, Uy arbitrary}

(37]

Soll). (3.23)

This result proves that the metric sector of the metric-HMS

theory is equivalent to the metric-EH theory as explained in
[37,38]. We have the following on shell identities,

Riem®j,, = I(J?iem“ﬁ,w +g3(dU)

>
Ricy, = Ricy, + (dU),,, R=R,
er/}:;(a/’i_%(U/\’/)aﬁ’ K=k,
M 5, =—-2g5,U,, Tor? yy = 83U, ~ 84U,
ig-nép =0, i‘g'-%P =0.

D. Presymplectic form

Taking the d-exterior derivative of (3.3) we obtain
dolm = dol = do).

Thus, the metric-HMS presymplectic form d]?nlz’)ls defined
over the space of solutions Solﬂ";/)ls is the same as the one of
metric-Palatini d]f%ls which, in turn, has the same func-
tional form as the metric-EH presymplectic form d](%g) (see
[37,38]). In fact, if we define the projection T (m) (9.0) =g,

the presymplectic forms canonically associated with the
three actions can be related as

W)’ =y = "oy @my (329

IV. METRIC-HMS WITH BOUNDARY
A. The action

In this section we consider a manifold with nonempty
boundary. The action over the space of fields fgﬁ/ls =
{(g, Q)|s*g Lorentzian} is given by

064066-6
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Sg’lix)ls :=AL£I"11V)[S_/DM2£I’7V)IS’
L

with the same bulk Lagrangian (3.1) and a boundary
Lagrangian

m 1 o *
Lim =L — Tyvolaﬁﬂ”Rlemaﬂﬂyvol,
m 1 %
2 =2+ I igvol (4.1)

where we recall that g# = vol*** Qpy- The first term of the
boundary Lagrangian is the generalized Hawking-Gibbons-
York term introduced by Obukhov in [40] (see also [37])

200 (g, Q) = —2Kvol,, 2 (g) = —2Kvol,,
while the second term is a new one introduced to cancel the
exact terms coming from the variation of the bulk
Lagrangian. It is interesting to note that, using Eq. (2.8),
the HMS boundary term can be written as

s (9- Q) = 28y (9) + I 15, 2, vol,

which, in view of Eq. (3.1), shows why this is a natural
choice of boundary Lagrangian.

B. Variations

From the computations of the previous section, we
obtain the same result in the bulk

dL%‘Inll\/)[S = ((S(m))aﬂd]g{l/)’ + (S(m>)a/}ad]Qa[)’(f

+d(Of + d(15_¢, -/, vol).

Now, following the CPS algorithm [35], we compute on the
lateral boundary
d];ﬂg;\/)ls - J*Gg?v)ls

= A2ty + 4715 5,v0l = 'Opt — 1 d(15_¢:, 5/, vOl)

= d]zggy - ]*91(5’7}1[) = B?ﬁ)d]gaif - dé%\/)ls,

where in the last equality we have the usual quantities of
EH (see for instance [38])

~ 2B °ap
b(,f)(g) = (K

HMS = 91(;:1) = 1pvolg,

- %g&ﬁ)volg,

(4.2)

C. Space of solutions

Although the manifold we are considering has a boun-
dary term, the boundary equations only involve the metric,
and hence we recover the same result (3.23). This implies
that the boundary only plays a role in the metric sector of

the solution space smg’;f (discussed in detail in [38], where
both Dirichlet and Neumann boundary conditions were
considered). The same techniques used here apply if one
considers other boundary terms to impose different boun-
dary conditions.

D. Presymplectic form

We have seen that égﬁs = _1(>"T1) = 9](5%)

with (3.3) leads once again to (3.25).

This together

V. TETRAD-HMS WITH BOUNDARY

A. The action

The tetrad-HMS action is defined as Sg;v[s = Sg;/)ls o
q)HMS where

Dpr(e, @)

(77116 ew EKe(l(

= (g;wv Qﬂ;m)'

Dy (e 5)) =

o K
KJ_a)ﬂ 7))

As usual, eé, are the tetrad 1-forms, E¢ the dual cotetrad
vector fields, #;, the internal Lorentz metric, @'/ is the
generic 1-form connection (no symmetries in the internal
indices), and @'’ is the Levi-Civita 1-form connection
associated with the metric g,, = 17;¢/e]

Dyyvis 1s almost a change of variables from tetrads and
spin connections (e, ®) € fgl)ws to metrics and 3-tensors

(9.0) e F g;,)[s: it is surjective but not injective. In fact,

Dyys (e, @)

= Dyys(e’, @)
e=% ¢

< Jlocal? € SO(1,3) ~I, ! KJ~ L) K qus/
C()II :\PI [0)7¢ ‘PL‘f"PI d‘PK

(5.1)

Moreover, it is not too hard to check that d®yyg is
surjective.

Remark 5.2. Naively, one might think that the fact that
Opvs is almost a change of variables implies that the
results derived in the metric formalism can be easily
transferred into the tetrad formalism. However, this is
not the case since d@HMS involves derivatives of de/,

(due to the variation of a)ﬂ ;= eq V 4E7). These derivatives
will appear in the computation of the symplectic potentials
and charges.

064066-7



J. FERNANDO BARBERO G. et al.

PHYS. REV. D 105, 064066 (2022)

From the aforementioned definition of the tetrad-HMS
action, we choose the following representatives as the
tetrad-HMS Lagrangians

h

Lg%v[s(e’ @) = Lgllv)[S o Py (e,

)7
gl)v[s(e @) = fgx)ls o Dpyys(e, @).

N\

(5.2)

In this case, it is not really useful to write the Lagrangian
as the sum of the EH-term and some coupling terms
[in analogy with (3.1)]. It is better to split the 1-form
connection in its antisymmetric and symmetric parts in its
internal indices,

Oy = b+ i,
and consider the equivalent variables (e, ®, S). Following

[37,38], one obtains the following explicit expressions for
these Lagrangians

1 N A
Lg;\/ls@,é” S) = EHIJKL (F” —gel Ael + Sy A SMJ)

AN
- 1 _
fl(_;%vls(e,d)) —EH]JKL(ZNICINJ—&)IJ) /\éK/\éL
1
——de; n @,
4
where H]JKL = SIJKL +%(5K5L —5L5K), F]J = dd)[] +
o A5, el=grel, @V =@, and N' =%,

Notice that if we set S=0 we recover the Holst
Lagrangian on the bulk

1
LIg())lst + = Hygr STy A SN K A ek,

LI(-;%V[S = 2

while the boundary term is the one defined in [39]
(although in that reference it is derived by working from
the beginning with a Lorentz connection i.e., S =0).
Notice in particular that the tetrad-HMS action can be
interpreted as the generalization of the Holst action for
GL(4) connections.

B. Variations

Computing the variations, one easily obtains

AL\ = G A det + £ A daKL
+ 5,M A dS™M 4 del).

dZ\ — 700 =B A de! —dol) .

where the Euler-Lagrange equations are

A A
@g) = HIJKL <Flj + SIM A SMJ —gel AN ej) A eK,

1.
55?1“ = _ED(HIJKLel ne),
1
E(HIKLJ@IS] + Hixm85)Sgh A ek A et

Egt) = €k (2NKAN" —

) -
5) KL) A é']

2 4
+ 2€MJKLNL(ZEJdéK) A éMNI _—Dél, (53)
14

where Da; = da; + &,/ A ay.
potentials

We take the symplectic

1
H”KLe AN e AN dla)KL

®(P;I>\/IS 2

7 1
eg;\/ls = ey A el ANKANE ——2' Ade;,.  (5.4)

C. Space of solutions

One way to obtain the space of solutions is to prove that
d®pr is surjective. Then, because

d](e.cb)gﬁ%vls = (e.a))(ggﬁs o ®pr)

= dmpT(e.@)Sg;/)[s © d](e,(b)q)PT7 (5-5)
we have
soll) < 2 @stsol P2 risol) ol (5.6)

Although it is not too hard to prove that d®pry is surjective,
here we will use the techniques of Sec. IIIC to solve

53’,2,, = 0. To that purpose let us first expand S;; = S,,;,e™
with Sy;;; = Sy to rewrite the third equation in (5.3) in
the form

exenpH™ " (1 S" 5y = 0,
which is equivalent to

NLP_O

—251(MI5J)P + 2S(MJ)P - ;SNL(MSJ) = (5.7)

We use now the irreducible decomposition (3.8) (notice that
we are allowed to do that despite the different “nature of the
indices”) to write

Sux = VSyx + Bk + Lk + o1k, (5.8)

with
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1

(1>SIJK = ZAInJK’

1
(2>SIJK = 36 ('711(5% - 2'7115% - 2’111(55 ) (AL - 4BL)7

1
Xk =Swik) — 13 (n1s6% + k187 +nyx67) (AL +2By),

OljK *= SIJK - <1)SIJK - <2)SIJK - Z:IJK’ (59)

where all these tensors are symmetric in the last two
indices, X(7;x) = Xy, Xk and oy are traceless and,

finally, 6;;x + ok + 0551 = 0. We now solve (5.8) in
steps. First, by contracting it with &5 we get

SMII _4SIM1 = 0 <> AM _4BM = 0
By symmetrizing (5.8) in the indices MJP we find
1
S(JMP) - SI(MI’7]P) =0 Zyp +8 (A(J - 4B(J)’7MP) =0.

We then conclude that *)S;,x = 0 and X;,x = 0, so that
Sk = ;{Am,K + o1y and (5.8) becomes

_ TUV
opir = Np"Voryy.
1
TUV . UV U v
Npm ‘_2_y(5M€J P87y p)

Now,

_ TUV _ TUV ABC
Opim = NPJM Ooryv = NPJM NTUV OABC

3

= ——50piM>
14

as a consequence of the tracelessness of o;;x and its
cyclicity. We then conclude op;, = 0 for all y € R, and
the general solution for §;; has the form

Si; = nyUgeX,

with Uy arbitrary. Plugging this solution into 5% =0 of
(5.3) removes the dependence in S and the system becomes
the ones studied in [13,41], where we found the solution

&y = wy. Finally, once we plug the solutions for S and @,

e! has to satisfy the Einstein equation coming from @(Lt).

D. Presymplectic form
From (5.4) and [37,38], we have

1
@g%/[s == @g%—i—;e] A €y A d]é)l'],

1

0\) =04 ——2! A de,. (5.10)
y

1J

Alternatively, defining the contorsion CV = & — @', we

can write

1 1 o
Ggl)v[s = Gg%“‘;el Nej N dC“—l—;el Aey A do"

1 1
=0l +=¢; A ey AdCY —=d(e; A del).
y y

The last equality follows from the expression of  in terms

of D and the fact that De! = 0 (since the connection is the
LC one, there is no torsion). Gathering the previous
equations and using the relative bicomplex framework
[35], we obtain

_ _ 1
(Ofs: Piinis) = (O B + (e ey A dC0)

1
——d(e; A de,0). (5.11)
v

Notice that, off shell, the HMS and Palatini symplectic
potentials are not equal in the relative cohomology due do
the term involving dC. Moreover, we see that the relative
cohomology class of the HMS symplectic potentials
depends on y while in the Palatini case, of course, it does
not. However, C = 0 on shell and we obtain, as in the
metric case, the expected equivalence over the space of
solutions and the independence of y.

VI. CHARGES IN THE METRIC FORMALISM

A. The HMS and Palatini Lagrangian pairs
are not equal in relative cohomology

The space of solutions and the symplectic structure of
metric-HMS is the same as in metric-Palatini. However,
the Lagrangians are not the same at all. In fact, they are
not even in the same relative cohomological class so, in
principle, the associated charges computed with the CPS
algorithm may differ. Indeed, from our previous compu-
tations we have that

d(Lipus — Lir)
_ 1

Y
d(Zims — 20y — pr(@fms — ey = o,

) s Do g1
(@1(-1-%13) gy — p (5;_()313){/3 dg, + ;d(d]zqvol)

giving nontrivial equations of motion. This shows that the
HMS Lagrangians and Palatini Lagrangians are not in the
same relative cohomology class.
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B. Definition of é-charges

In this subsection we quickly summarize the definition of
&-charges (we follow the notations, definitions, and results
of [35]). Consider a pair of Lagrangians (L,Z) over the
space of fields F = {¢ tensor field} defining a good
action principle. This means that we have

dL = E A d¢ + dO, dZ — j*© = b A d¢p — do.
Given some vector field &* tangent to 9; M, we define the
¢-currents and the ¢-charge associated with a Lagrangian
pair (L,?) as

d@% = ngﬂz + /

(27

oy (BRI NG6) [ (L~ £5)(60.0)

Jg = LgL - ILX§@

_ - = Q¢ = J,

jg = —LEE — aX59 3 (2 dE) ( & ]5)
where F, do(X¢) = Led, and 2 : (X,08) — (M, 0, M) is
the interior product of F, d¢(X:) = L:p, and

10 (%,0X) & (M,0;,M) is a Cauchy embedding. The

&-charges depend on the embedding off shell but are

independent on shell. Moreover, in general they also

depend on the Lagrangians chosen within the cohomo-

logical class. However, if we only allow Diff-invariant

representatives, the charge does not depend on the choice.
Finally, Lemma II1.54 of [35] shows that

(6.1)

If we have, as we do in our case, diffeomorphism-invariant representatives (0, @), the last integral is zero. Meanwhile, if we
restrict ourselves to the space of solutions 7 : Sol < F, then the first integral vanishes. Thus, we have that X;|g,, is a

Hamiltonian vector field with Hamiltonian Q¢ := 7°Q (Q is said to be integrable).

C. HMS vs Palatini vs GR &-charges
Let us prove that the HMS and Palatini £-charges coincide and that they are both equal to the £-charges of GR after

pulling back to the metric sector.
From (3.3), (4.2), and [37], we have

m alm m alm 1 m
(Bfuts: Orints) = (O, Bp)) + S d(17v0L.0) = (OG- 0%) + d(t5_¢, 5/, v0l. 0), (6.2)
and
m 2lm m) Z(m 1 ~(m 1
(Lipas: Prts) = (LS, 247 — . (Lif'ep.0) + d(iv0l.0)
m m 2 (m 1 2 (m
— (L. P + (Ll = L4 0) + ., 01,0 (63

Then, we have

HMS,:  GRa _ wf, (7m) 7m)
Qe my — Qeom) = /(2782)Z (%(LHMS7€HMS)

_ QXE (@g?lt/}S? 6%‘17711/18) {( (EH),EE%)Y) + [LX (@(C?;L)’ H(m)>)

_ [ (3m) Ll

=/ e (L5 - ;LH_CP) + /@ . 0 (1ed(t 5_ 4 g7, v0L,0) = ke, 8(15_gi, 7,01, 0))

s (3m)  Lam)

=)t (LP—CP - ;LH-CP) + /(2 os)” C(Le —die)y A—C+q/y (vol, 0) — . o (Lx, — d‘ILXg)L/Y—éw/vVOI
_ 2m)  1agm) . _ cm)  Lagm)

T (LP-CP - ;LH-CP> +/EZ (Le = fXg)LE—é+q/7VOI = /EZ g3 (LP cp %LH-CP)

To get the last line we have used the relative Stokes’
theorem together with O(X,0X) =@ and the fact
that 4 =0 over O-forms in the space of fields,
the last equality follows because 5 - +d /yvol does not

|

depend on any background object (over such objects
£X§ = L¢). Finally, [see (3.24)], we use that the coupling
Lagrangians are zero on shell to prove the equality of the
charges.
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Notice that we have written Q??ﬂ’;), instead of simply

@glﬁ;ﬁ)’ to remind the reader that, although they have the
same functional expression, they live in different spaces.
The former lives in the Palatini/HMS space F 1(,"T1) (=F L";}S)

while the latter lives in the GR space F 873 (they are equal
after pullback/projection).
. HMS . * HMS,: _  +~AGR
Since Qg m) = 7' Qe m) = 7" e )
Qs - af,, = G, and all
the charges are equivalent (the particular expression is
given in [38] [III.4] ). Moreover, from (6.1) it follows that
these charges are the Hamiltonian of X,

does not

depend on y, we obtain

HMS _ dQHMS

m) - d‘@g (m) » (64)

= dQFR, .

- - 1
(Lgl)vls’ fgl)vls) = (Lg%fg%) +;<€1 Ne! A(Cryy ANCY 5+ Sy ASM

= (L Zhiov) +
while their symplectic potentials are related by
(CHHNE

- 1
- O T+

1
E(HIJKLe[ AN eJ A\ (CKM VAN CML

VII. CHARGES IN THE TETRAD FORMALISM

A. HMS and Palatini Lagrangian pairs are
NOT equal in relative cohomology
We have seen that (L\")s.Z\")s) and (LM, 2 are
different in the relative cohomology but, as mentloned on
Remark 5.2, this does not imply that the tetrad counterparts
(Ll({ll)vls’ %({ll)vls) and (L 1(3%, Zl(,t%) are different in relative coho-
mology. However, proceeding as in Sec. VI A allows us to
show that they are different in the relative cohomology as well.

B. HMS vs Palatini vs GR &-charges

Let us prove that the HMS and Palatini £-charges are
equal and that they are both equal, after pulling back to the
metric sector, to the {-charges of GR.

To this end first notice that

o
= wr+ Cry+ Spy,

The Lagrangian pairs of the three theories are related by

1
),0) +;Q(€1A€J VAN CIJ,O)

1
—l—SKM/\SML),O)—i—E(_i(H”KLeI/\eJ/\CKL,O), (71)
0 a0y Lo _1 i
(Opt, Opr) +—(e' A&l AdCyy,0) ——d(e; Ade’,0)
/4 /4
1
(HIJKLEI AN e'] VAN d]CKL,O) ——Q(e, AN d]el,()). (72)
14

Using again the relative Stokes’ theorem, the fact that there are no background objects and the relative Cartan’s magic

formula, we get

HMS: _ GGRa _ ol (1 70
Qeiy” — Qe = /(2762)2 (L{(LHMsngMS) -

t) o) o 7 t) 7@

e (Onnss Orvs) — Le(Lpas Cany) + ix (@GRaaGR))

_/ < Lg H[]KLG Ne /\(CK /\CML-l-SK /\SML)+H[]KL(,C§€)/\€ /\CKL>

On shell, C;; = 0 and S’} is proportional to the identity 7.
Thus, on shell, the previous expression vanishes and we
have once again the equivalence of the charges (the
particular expression is given in [38] [IV.8]) and the fact
that these charges are the Hamiltonian of X..

Once again, we have reached the expected equivalence
between the metric and tetrad formalism. However, it is
interesting to note that in the tetrad formalism we have an

I

additional symmetry which is absent in the metric formal-
ism. To introduce it, we need to take a small detour and
speak about Kosmann derivatives, d-symmetries, and gen-
eral charges.

C. Kosmann é-charges

In the metric formalism, g¢-Killing vector fields
& € X(M) satisfy L-g = 0. If the metric is written in terms
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of tetrads as g = ;¢! ® ¢/, the condition L:g=0 is
equivalent to requiring that L:e! = —1',¢’ for some 1"
antisymmetric but nonzero in general. This observation
leads to the introduction of the Kosmann derivative
Kee! = Lee! + 2! ¢’, choosing 2/ so that it vanishes
for every Killing vector field. The Kosmann derivative
has been used, among other things, to study black hole
entropy [42] (see also [43] for a more geometric
discussion).

In the bicomplex formalism, this construction can be
defined as follows: consider a A-dependent vector field Z;

given by KZ& el .= S\IJeJ and such that

Lx iz’ =0 = Leef +Mel =0 (13

for every Killing vector field £. By demanding that (7.3)

holds, we can get the explicit form of 2" in the following
way

AIK K] ,11[1(;11}] — eéEa[Kjl]J — _Ea[l(([fel])a
o o I I o
=-F [K(Vgea] + eﬂ]vaéﬁ)
= eIV EK] — KPPV &,

oK

1 aK pl
= 1:0 _EE EPH(dE) 5,

where V is the Levi-Civita connection. With the previous
choice of A", we have

1
(Lxetz,€")a = §Em(£§9)a5

which indeed vanishes if £ is a Killing of the metric.

I _ I _J
Ly, e = \je’, \

Now we have to prove that Z; is a symmetry and
compute the associated charges.

D. Definition of X-charges

A d-symmetry is a vector field X over F such that £y L,
is exact when no boundary is considered. If we assume that
the base manifold has a nonempty boundary, then we have
to rely on the concept of relative d-symmetry (or
d-symmetry for short) introduced in [35]; a vector field
X over F such that Ly (L, {) is relative exact. That means
that there exists some (Sx, 5x) such that

@X(L,Z) = Q(Sx,gx) = (dSX,]*SX — d§x) .

Now we can define the X-currents and X-charge
(JXan) = (SX’EX) - QX(@vg) )

Qx = 7 (Jx, Jx) -
(2,0%)

The charge QY is independent of the chosen representa-
tives. Moreover, restricting ourselves to the space of
solutions we see that it does not depend on the embedding
and it is the Hamiltonian of X. Finally, a comment is in
order; if we apply these definitions to X, we recover the
ones given in Sec. VIB (although notice that those are
defined even if X; is not a d-symmetry).

E. Definition of A-charges

Now we have to prove that Z; is a d-symmetry. In fact,
we are going to prove something stronger, that Z, is
a d-symmetry for every scalar field A/ antisymmetric in its
internal indices. Let us define the vector field Z; over

fg% by

£Z &\}IJ _ —ﬁAIJ, ‘KZ/\SIJ _ —)\IKSKJ o )\JKSKI

From (5.1) and (5.2), it is clear that Z, is a d-symmetry of (Lgl)vls, Z”&)\AS) and we can take (Sz,,57,) = (0,0). We now

compute the Z,-currents to obtain

1
JZA = _MZAGS%\/IS = §d(H[JKL)\KL€I N €J) — H]JKL)\KLCIR Aelt A e’ ,
_ S(t K . — i
Jz, = _ILZAQ%%\/[S = E[JKLARJGK A BLNINR + §A1J€[ NeEy.

These expressions can be rewritten in a relative form as
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1
= EQ(HIJKLiKLel A e’ 0)

— (HpgrAKEC g A eR A €?,0)

(JZVJZA)

1
+ E (O, SHKL(2N’NR1RJ - ﬂ]‘]>ék A éL)

Finally, notice that the last term is zero as a consequence
of (:‘[IJKLNR]NIAJR@K A EL =0.

We end by computing the Z,-charge (A-charge for short)
as the integral of the Z,-currents

Q?MS’I !:/ (Jz/l,jzx):—\/HI‘]KL/IKLCIR/\ER/\EJ,
(£.0%) z

which is zero on shell (since over the space of solutions

CY = @ — @" vanishes). Moreover, from (7.2) and the
relative Stokes’ theorem, we have

1 1
QM = Q) - */ el Nel ALz, Cry = QT — 5/ Hrjxrel nel ALy, CKL.
v Js >

We see that the A-charges do not coincide off shell in GR,
Palatini, and HMS. However, as expected since there is no
metric counterpart, they all vanish on shell.

VIII. CONCLUSIONS AND COMMENTS

In this paper we have studied in full detail the relation
between the metric-HMS and tetrad-HMS formulations for
general relativity on manifolds with or without boundary.
First we have proven that the spaces of solutions of the
metric-HMS action and the metric-Palatini action are the
same. Then we have studied the correspondence between
the solution spaces in the metric and tetrad formalisms.
Although the simple relationship between them can be
justified on general grounds by relying on the properties of
the transformation @y and its tangent map (in particular,
by the fact that both are onto), we have checked this
explicitly by solving the relevant sector of the field
equations. In order to do this, we have used the irreducible
decompositions of the tensors involved. We would like to
insist on several facts:

(a) We have done this in full generality, i.e., by taking
from the start completely general connections with
torsion and nonmetricity. In particular, in the tetrad
formalism we have the Holst action plus another term
that depends on the symmetric part of the connection.
To the best of our knowledge, this has not been
considered before.

(b) We have derived a new boundary Lagrangian to
recover GR also at the boundary, and used the trans-
formation @y to find its tetrad counterpart. The
latter coincides with the boundary Lagrangian pro-
posed in [39] by Bodendorfer and Neiman (although
they only work with Lorentz connections).

(c) As expected, the equivalence of the solution spaces
extends to the case of manifolds with boundaries.

As far as the (pre)symplectic forms are concerned the
situation is very simple in the metric case as the symplectic
potential corresponding to the different formulations
(Einstein-Hilbert, Palatini, and HMS) differ by a d-exact
term. In fact, they coincide both off shell and on shell. The
tetrad case is more complicated. This is to be expected on
general grounds because the transformation @5 involves
derivatives. As we have shown, the HMS and Palatini
symplectic potentials are not equal on the relative coho-
mology; they are different off shell but coincide on shell as
a consequence of the dynamical vanishing of the con-
tortion Cy;.

Finally, regarding the charges we have shown that they
also differ off shell, but coincide on shell (again as a
consequence of the fact that C;; = 0). A similar analysis
has been performed for the A-charges (which include the
Kosmann charges) proving that, in fact, they all vanish.
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