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We study the covariant expansion of Einstein-Hilbert action in powers of 1=c2, where c is the speed of
light. We assume arbitrary spacetime foliation, i.e., we separate the tangent index into two groups, which
depend on generic n. This is done first by suitable parametrization of geometry which is called “pre-non-
relativistic” parametrization. This allows us to rewrite the general relativity in a form suitable for the
analytical 1=c2 expansion. Consequently, we can study the expansion of Einstein-Hilbert action up to the
next-to-next-to-leading order.
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I. INTRODUCTION AND SUMMARY

In the recent years there arose new interest in the
nonrelativistic theories, especially the theories founded
on covariant formulation of Newton gravity, known as
Newton-Cartan geometry (gravity) [1,2]. There are a
number of reasons for this interest, such as quantum
Hall effect [3], holography [4–6] or a possible way to
the quantum gravity through the understanding of the
nonrelativistic string theory, for example [7–13]. (Last
but not least reason to the study nonrelativistic theories
could be our everyday experience of only nonrelativistic
physics, with exception of using GPS.)
In this paper we perform expansion of Hilbert-Einstein

action in parameter c−2 with arbitrary foliation of the
spacetime with respect to speed of light c. The first time
when the covariant expansion of the GR was studied was in
[14], more recently the study was done again with the
connection to the Torsional Newton-Cartan geometry [15].
This work mostly follows up [16], where the expansion was
studied in very systematic way, and [17], on which was [16]
based of.
The paper is organized in the following sections: In

Sec. II we present generalities of our approach to the
expansion, specifically we give a form of expansion for
fields with which we work and also we define a “pre-non-
relativistic” parametrization of vielbein which is suitable
for the expansion. We rewrite the general relativity with
usage of this parametrization and also we introduce a new
covariant derivative with nonzero torsion. As a result we get

the Einstein-Hilbert Lagrangian which is analytical in the
parameter 1=c2. At the end of the section we give the
specific expansion of the “temporal” and “spatial” vielbein
which play a central role in the expansion of the
Lagrangian. In Sec. III we start with a general expansion
of the Lagrangian which depends on a parameter. We
expand the Lagrangian up to next-to-next-to leading order.
Then we apply this expansion to the Lagrangian which we
got in the Sec. II. With this procedure we obtain three
different Lagrangians in the three different orders of
expansion. We are most interested in the next-to-next-to
leading order Lagrangian which we also simplify with a so-
called “on-shell” condition at the final part of the section.

II. EXPANSION OF GEOMETRY

In this section we perform the expansion of the under-
lying geometry. We follow [16], for other types of non-
relativistic expansions, see [14,15]. The expansion is
performed in a dimensionless parameter which mimics
inverse square speed of light, therefore our expansion
contains only even powers of speed of light. (For expansion
which also includes odd powers of speed of light see [18].)
First, we will define expansion of a generic field. To be able
to use this ansatz as expansion of every field which we
encounter, we have to define pre-non-relativistic paramet-
rization of a vielbein [16]. We follow with parametrization
of Levi-Civita connection of general relativity. In the zeroth
order in the parametrization we find a new connection
which has a nonzero torsion. This connection will be used
to construct a Ricci tensor which will be used in the
formulation of a nonrelativistic Lagrangian later.

A. Expansion of a field

Our aim is to get a nonrelativistic gravity from the
relativistic general relativity. In other words we are inter-
ested in a expansion of general relativity around “c ¼ ∞.”
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Because speed of light c has a dimension, we need to be
careful about this statement. We rewrite speed of light to the
form

c ¼ ĉffiffiffi
σ

p ; ð2:1Þ

where ĉ has a dimension of the speed and σ is a
dimensionless parameter in which we will expand. We
also choose units in such a way that ĉ ¼ 1.
Our assumption is that all fields depend on speed of light

and coordinates, i.e., a generic field is ϕIðσ; xÞ, where I
stands for any type of indices (spacetime or internal index).
We will work just with fields that are analytic in σ, i.e., they
have Taylor expansion in the form

ϕIðσ; xÞ ¼ ϕI
ð0ÞðxÞ þ σϕI

ð2ÞðxÞ þ σ2ϕI
ð4ÞðxÞ þ � � � : ð2:2Þ

Here we make an implicit statement, that we are interested
just in 1

c2 expansion. If the expansion of the field does not
start with σ0, we multiply the field with a convenient factor.
We are going to apply the ansatz for expansion to the fields
in general relativity.

B. Parametrization of relativistic vielbein

Before we can use the ansatz from the previous sub-
section, we make so-called pre-non-relativistic parametri-
zation, which is very convenient. This parametrization
follows from the scaling between the time and space
directions, which scale with a factor c between each other.
Our starting point is a relativistic vielbein EA

μ and its inverse
Eμ
A which characterize a (dþ 1)-dimensional Lorentzian

manifold. The index μ ¼ 0; 1;…d is a spacetime index and
the index A ¼ 0; 1;…; d is a tangent space index. The key
essence of pre-non-relativistic parametrization is in
choosing an explicit factor of c in the decomposition of
vielbein. Moreover we split the tangent space index into
two groups, i.e., A ¼ ða; a0Þ, where a ¼ 0; 1;…; n and
a0 ¼ nþ 1;…; d. The directions with unprimed index a
will be scaled with speed of light differently than directions
with primed index a0. This splitting is motivated by usage
of Newton-Cartan-like geometries in string theory and M-
theory, for example [7,9,10,12]. Therefore we write the
splitting of vielbein and inverse vielbein as

EA
μ ¼ cTa

μδ
A
a þ Ea0

μ δ
A
a0 ; ð2:3Þ

Eμ
A ¼ 1

c
Tμ
aδaA þ Eμ

a0δ
a0
A : ð2:4Þ

We will call Ta
μ a temporal vielbein and Ea0

μ a spatial
vielbein. Note that fields Ta

μ and Ea0
μ still depend on σ, as all

fields before expansion. We will deal with this dependence
later. The tangent space indices can be risen or lowered with

flat metric ηAB ¼ diagð−1; 1;…; 1Þ hence for the unprimed
indices we will use metric

ηab ¼ diagð−1; 1;…; 1Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
nþ1

ð2:5Þ

and for the primed indices a Kronecker delta δa0b0 . The
relativistic veilbein satisfies

Eμ
AE

A
ν ¼ δμν ; Eμ

AE
B
μ ¼ δBA: ð2:6Þ

From (2.6) and from the parametrizations of vielbeins (2.3)
and (2.4) it follows that

δμν ¼ Tμ
aTa

ν þ Eμ
a0E

a0
ν ; Tμ

aTb
μ ¼ δba; Tμ

aEb0
μ ¼ 0;

Eμ
a0T

b
μ ¼ 0; Eμ

a0E
b0
μ ¼ δb

0
a0 : ð2:7Þ

The relativistic vielbein transforms with respect to the
general coordinate transformations (GCT) generated by a
vector Ξ and with respect to Lorentz transformations with
parameters ΛA

B as

δEA
μ ¼ LΞEA

μ þ ΛA
BEB

μ : ð2:8Þ

The decomposition of parameter ΛA
B of Lorentz trans-

formations has to be

ΛA
B ¼ Λa

bδ
A
aδ

b
B −

1

c
Λa0

aδ
A
a0δ

a
B þ 1

c
Λa

a0δ
a0
B δ

A
a

þ Λa0
b0δ

A
a0δ

b0
B : ð2:9Þ

The factors of c follow from a choice which was made in
(2.3) and (2.4). From decompositions (2.3), (2.4) and (2.9)
we can conclude the transformation relations of temporal
and spatial vielbeins to be

δTa
μ ¼ LΞTa

μ þ Λa
bTb

μ þ
1

c2
Λa

a0Ea0
μ ; ð2:10Þ

δEa0
μ ¼ LΞEa0

μ − Λa0
aTa

μ þ Λa0
b0Eb0

μ : ð2:11Þ

From (2.6) we can deduce that the inverse vielbein trans-
forms as

δEμ
A ¼ LΞE

μ
A − ΛB

AE
μ
B; ð2:12Þ

thus after the decomposition

δTμ
a ¼ LΞT

μ
a − Λb

aT
μ
b þ Λb0

aE
μ
b0 ; ð2:13Þ

δEμ
a0 ¼ LΞE

μ
a0 −

1

c2
Λb

a0T
μ
b − Λb0

a0E
μ
b0 : ð2:14Þ

With help of relativistic vielbein we can define metric and
inverse metric
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gμν ≔ ηABEA
μEB

ν ¼ c2Ta
μTb

νηab þ Ea0
μ Eb0

ν δa0b0 ; ð2:15Þ

gμν ≔ ηABEμ
AE

ν
B ¼ 1

c2
ηabTμ

aTν
b þ δa

0b0Eμ
a0E

ν
b0 : ð2:16Þ

For convenience we define temporal and spatial parts of the
metric

Πμν ≔ δa
0b0Eμ

a0E
ν
b0 ; Πμν ≔ δa0b0Ea0

μ Eb0
ν ;

T μν ≔ Tμ
aTν

bη
ab; T μν ≔ Ta

μTb
νηab: ð2:17Þ

They transform as

δΠμν ¼ LΞΠμν −
1

c2
δa

0b0 ðΛb
a0T

μ
bE

ν
b0 þ Λb

b0Tν
bE

μ
a0 Þ; ð2:18Þ

δΠμν ¼ LΞΠμν − δa0b0 ðΛa0
aTa

μEb0
ν þ Λb0

aTa
νEa0

μ Þ; ð2:19Þ

δT μν ¼ LΞT μν þ ηabðΛb0
aE

μ
b0T

ν
b þ Λb0

bEν
b0T

μ
aÞ; ð2:20Þ

δT μν ¼ LΞT μν þ
1

c2
ηabðΛa

a0Ea0
μ Tb

ν þ Λb
a0Ea0

ν Ta
μÞ: ð2:21Þ

From (2.7) we can find that the temporal and the spatial
metric satisfy the following relations:

T μνΠνρ ¼ 0; T μνΠνρ ¼ 0;

T μνT νρ þ ΠμνΠνρ ¼ δρμ: ð2:22Þ

C. Parametrization of the Christoffel symbol

The next step is an introduction of a covariant derivative.
We use the fact that we defined the relativistic metric in
(2.15). From this metric we can easily construct the
Christoffel symbol as

Γρ
μν ¼ 1

2
gρσð∂μgσν þ ∂νgσμ − ∂σgμνÞ: ð2:23Þ

We proceed further by a decomposition of this Christoffel
symbol (the overscript numbers track the powers of c−1)

Γρ
μν ¼ c2Cρ

μν

ð−2Þ
þ Cρ

μν

ð0Þ
þ 1

c2
Cρ
μν

ð2Þ
; ð2:24Þ

where1

Cρ
μν

ð−2Þ
¼ ΠρληabðTa

ν∂ ½μTb
λ� þ Ta

μ∂ ½νTb
λ�Þ; ð2:25Þ

Cρ
μν

ð0Þ
¼ Cρ

μν þ Sρμν; ð2:26Þ

Cρ
μν ¼ Tρ

a∂μTa
ν þ

1

2
Πρλð∂μΠλν þ ∂νΠλμ − ∂λΠμνÞ; ð2:27Þ

Sρμν ¼ T ρληcdðTd
ν∂ ½μTc

λ� þ Td
μ∂ ½νTc

λ�Þ þ Tρ
a∂ ½νTa

μ�; ð2:28Þ

Cρ
μν

ð2Þ
¼ −ηabTρ

aðΠλν∂μTλ
b þ Πλμ∂νTλ

b þ Tλ
b∂λΠμνÞ: ð2:29Þ

We are interested in transformation with respect to GCT,
because we want to use any of these objects as a connection
for a new covariant derivative. The transformations of
objects (2.25)–(2.29) with respect to GCT generated by a
vector field Ξ are

δGCTC
ρ
μν ¼ LΞC

ρ
μν þ ∂μ∂νΞρ; ð2:30Þ

δGCTS
ρ
μν ¼ LΞS

ρ
μν; ð2:31Þ

δGCTC
ρ
μν

ð−2Þ
¼ LΞC

ρ
μν

ð−2Þ
; ð2:32Þ

δGCTC
ρ
μν

ð2Þ
¼ LΞC

ρ
μν

ð2Þ
; ð2:33Þ

and we see that Cρ
μν transform as a connection. Other

objects transform as tensors. With this in mind we can
introduce a covariant derivative as

∇μAν
ρ ¼ ∂μAν

ρ þ Cν
μαAα

ρ − Cα
μρAν

α; ð2:34Þ

where Aν
ρ is a type (1,1) tensor field. This connection has a

nonzero torsion

Tρ
μν ¼ 2Cρ

½μν� ¼ 2Tρ
a∂ ½μTa

ν� ð2:35Þ

and satisfies

∇μT νρ ¼ 0; ð2:36Þ

∇μΠνρ ¼ 0; ð2:37Þ

∇μT νρ ¼ ΠλðρT νÞα½∂αΠλμ − ∂μΠλα − ∂λΠμα�; ð2:38Þ

∇μΠνρ ¼ T σλT λðνj½∂μΠjρÞσ þ ∂ jρÞΠσμ − ∂σΠjρÞμ�; ð2:39Þ

∇μTa
ν ¼ 0; ð2:40Þ

∇μEν
a0 ¼ Eλ

a0E
ν
b0∂ ½λEb0

μ� þ Πνσδa0b0∂ ½μEb0
σ�

þ ΠνσEλ
a0E

b0
μ δb0c0∂ ½λEc0

σ�; ð2:41Þ

∇μTν
a ¼

1

2
ΠνσTλ

að∂λΠσμ − ∂μΠσλ − ∂σΠμλÞ; ð2:42Þ
1We define an antisymmetrization as B½μν� ≔ 1

2
ðBμν − BνμÞ and

a symmetrization as BðμνÞ ¼ 1
2
ðBμν þ BνμÞ.
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∇μEa0
ν ¼ ∂ ½μEa0

ν� − δa
0c0δb0d0Eσ

c0E
d0
ðν∂μÞEb0

σ

þ 1

2
δa

0c0Eσ
c0∂σΠμν: ð2:43Þ

D. Parametrization of Ricci scalar

The next step is a decomposition of a Ricci tensor
followed by a decomposition of a Ricci scalar. We need a
Ricci scalar for the construction of Einstein-Hilbert action.
We define the Ricci tensor as

Rμν ¼ ∂ρΓ
ρ
μν − ∂μΓ

ρ
ρν þ Γρ

ρλΓλ
μν − Γρ

μλΓλ
ρν: ð2:44Þ

We decompose it as

Rμν ¼ c4Rμν

ð−4Þ
þ c2Rμν

ð−2Þ
þ Rμν

ð0Þ
þ c−2Rμν

ð2Þ
þ c−4Rμν

ð4Þ
; ð2:45Þ

where

Rσν

ð−4Þ
¼ ΠμρΠλτηabηcdTa

νTc
σ∂ ½λTb

ρ�∂ ½τTd
μ�

¼ ΠμρΠλτ∂ ½λT ρ�ν∂ ½τT μ�σ; ð2:46aÞ

Rσν

ð−2Þ
¼ ∇μC

μ
νσ

ð−2Þ
− 2Cλ

½νμ�C
μ
λσ

ð−2Þ
þ Cλ

νσ

ð−2Þ
Sμμλ − Cμ

νλ

ð−2Þ
Sλμσ − Cλ

μσ

ð−2Þ
Sμνλ;

ð2:46bÞ

Rσν

ð0Þ
¼ Rσν þ∇μS

μ
νσ −∇νS

μ
μσ þ 2Cλ

½μν�S
μ
λσ þ SμμλS

λ
νσ

− SμνλS
λ
μσ − Cμ

νλ

ð−2Þ
Cλ
μσ

ð2Þ
−Cμ

νλ

ð2Þ
Cλ
μσ

ð−2Þ
; ð2:46cÞ

Rσν

ð2Þ
¼ ∇μC

μ
νσ

ð2Þ
þ 2Cλ

½μν�C
μ
λσ

ð2Þ
þ SμμλC

λ
νσ

ð2Þ
− SμνλC

λ
μσ

ð2Þ
− SλμσC

μ
νλ

ð2Þ
;

ð2:46dÞ

Rσν

ð4Þ
¼ 4T μτT λα∂ ½τΠλ�ν∂ ½μΠα�σ: ð2:46eÞ

We denote by Rσν the Ricci tensor corresponding to the
connection Cρ

μν. We want to point out the comparison with
[16] where a case with n ¼ 0 was investigated. For that

case, the term Rσν

ð4Þ
is zero and Rσν

ð2Þ
is more simple. The last

object which we need is a Ricci scalar which has the
following decomposition:

R ¼ gσνRσν

¼
�
1

c2
T σν þ Πσν

�

× ðc4Rσν

ð−4Þ
þ c2Rσν

ð−2Þ
þ Rσν

ð0Þ
þ c−2Rσν

ð2Þ
þ c−4Rσν

ð4Þ
Þ

¼ c4 R
ð−4Þ

þ c2 R
ð−2Þ

þ R
ð0Þ

þ 1

c2
R
ð2Þ

þ 1

c4
R
ð4Þ

þ 1

c6
R
ð6Þ
; ð2:47Þ

where

R
ð−4Þ

¼ ΠσνRσν

ð−4Þ
; R

ð−2Þ
¼ ΠσνRσν

ð−2Þ
þ T σνRσν

ð−4Þ
;

R
ð0Þ

¼ ΠσνRσν

ð0Þ
þ T σνRσν

ð−2Þ
;

R
ð2Þ

¼ ΠσνRσν

ð2Þ
þ T σνRσν

ð0Þ
; R

ð4Þ
¼ ΠσνRσν

ð4Þ
þ T σνRσν

ð2Þ
;

R
ð6Þ

¼ T σνRσν

ð4Þ
: ð2:48Þ

After a long calculation we obtain the following parts of the
Ricci scalar:

R
ð−4Þ

¼ 0; ð2:49aÞ

R
ð−2Þ

¼ ΠσνΠμαηac∂ ½μTa
ν�∂ ½σTc

α�; ð2:49bÞ

R
ð0Þ

¼−2Πμα∇μSσσαþΠσνRσν

þ2Πσν∂ ½μTa
ν�∂ ½σTb

λ�ðT μληabþTλ
aT

μ
bþ2Tμ

aTλ
bÞ; ð2:49cÞ

R
ð2Þ

¼ T σνRσν − 2∇μðT μσSαασÞ þ 4T μρTλ
cTν

a∂ ½λTc
ρ�∂ ½μTa

ν�

þ T σνT μρηac∂ ½μTa
ν�∂ ½σTc

ρ�

þ ∂ ½σTc
β�½Tν

cT
β
bη

ab∂νTσ
a − T νβ∂νTσ

c�
− 2ηab∇μðTμ

a∇σTσ
bÞ þ 4Cμ

½μλ�η
abTλ

a∇σTσ
b

− 2Cμ
½μλ�∂νTν

eη
ebTλ

b þ Cμ
μνT νσSαασ; ð2:49dÞ

R
ð4Þ

¼ 0; ð2:49eÞ

R
ð6Þ

¼ 0: ð2:49fÞ

We want to stress that all fields here are analytical in σ
and we will expand them later. In fact, there is still nothing
special about this Ricci tensor, it still leads to general
relativity. The Ricci tensor is just written in a convenient
form for our purpose.
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E. Einstein-Hilbert action

In this subsection we introduce the form of Lagrangian,
equivalent to Einstein-Hilbert Lagrangian, which we later
expand to the second order in the parameter σ. Ordinary
Einstein-Hilbert action is given as

SEH ¼ c4

16πG

Z
ddxdtR

ffiffiffiffiffiffi
−g

p
: ð2:50Þ

We need to discuss powers of σ here, because this
Lagrangian is not analytical in σ. We have already found
that in our parametrization the expansion of the Ricci scalar
starts with power σ−1. Because of this we define the Ricci
scalar which is analytical in σ as

R ¼ σR: ð2:51Þ

It is the same case for the volume element
ffiffiffiffiffiffi−gp

. We find
out that the volume element can be written as

ffiffiffiffiffiffi
−g

p ¼ σ−
nþ1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det ðT μν þ ΠμνÞ

q
: ð2:52Þ

For brevity we denote volume element as

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det ðT μν þ ΠμνÞ

q
: ð2:53Þ

Altogether the Einstein-Hilbert action has the form

SEH ¼ 1

16πGσ3þ
nþ1
2

Z
ddxdtER̄: ð2:54Þ

We denote the integrand as

L̄ ¼ ER̄: ð2:55Þ

In the expansion of the Ricci scalar (2.49) there is a couple
of total derivatives, therefore we can use the following
identity (we assume that all boundary terms are zero):

Z
ddþ1xE∇μVμ ¼

Z
ddþ1xE2Cν

½νμ�V
μ; ð2:56Þ

where Vμ is a vector field, to further simplify the
Lagrangian. We obtain the final Lagrangian which is
analytical in σ:

L̄¼E½ΠσνΠμαηac∂ ½μTa
ν�∂ ½σTc

α� þσðΠσνRσν

þ2Πμα∂ ½μTa
ν�∂ ½σTb

α�ðT σνηabþTσ
aTν

b−2Tν
aTσ

bÞÞ
þσ2ðT σνRσνþT μρT σνT αβCα

½μν�C
β
½σρ�

þ2T νλ∇νC
μ
½μλ� þCν

½σβ�T
β
bη

ab∇νTσ
a

þCρ
½σβ�Π

ασT νβ∇νΠραþ2Cν
½σβ�T

γβCσ
½γν�Þ�: ð2:57Þ

We will expand this Lagrangian to the second order in the
parameter σ in the next section. Moreover, in the special
case n ¼ 0, this Lagrangian can be reduced to a simple
one [16]:

L̄n¼0¼Eð−ΠσνΠμα∂ ½μTν�∂ ½σTα� þσΠσνRσν−σ2TσTνRσνÞ:
ð2:58Þ

F. Expansion of vielbein and other fields

As was already mentioned a few times, the fields in
previous subsections still depend on parameter σ. In this
subsection we address it. We expand the vielbein and other
associate fields like metrics and volume element. Recall
here our assumption that fields possessed the Taylor
expansion (2.2)

ϕIðσ; xÞ ¼ ϕI
ð0Þxþ σϕI

ð2ÞðxÞ þ σ2ϕI
ð4ÞðxÞ þ � � � : ð2:59Þ

For the vielbein we make the following ansatz on the
expansion:

Ta
μ ¼ τaμ þ σma

μ þ σ2Ba
μ þOðσ3Þ; ð2:60Þ

Ea0
μ ¼ ea

0
μ þ σπa

0
μ þOðσ2Þ: ð2:61Þ

The fields τaμ and ea
0

μ represent the leading order terms,
followed by subleading termsma

μ and πa
0

μ . We can introduce
expansion of inverse vielbein

Tμ
a ¼ τμa − στνaðτμbmb

ν þ eμb0π
b0
ν Þ þOðσ2Þ; ð2:62Þ

Eμ
a0 ¼ eμa0 − σeνa0 ðτμbmb

ν þ eμb0π
b0
ν Þ þOðσ2Þ; ð2:63Þ

where the leading order terms satisfy these relations:

δμν ¼ τμaτaν þ eμa0e
a0
ν ; τμaτbμ ¼ δba;

eμb0e
a0
μ ¼ δa

0
b0 ; τaμe

μ
a0 ¼ 0; ea

0
μ τ

μ
a ¼ 0 ð2:64Þ

which follow from (2.7). In the expansion of inversevielbeins
the only degrees of freedom are in the leading term, all other
terms canbededuced from it by anorder byorder calculation.
It is also convenient to expand spatial metric

Πμν ¼ hμν þ σΦμν þ σ2ψμν þOðσ3Þ; ð2:65Þ

where we find the terms in the expansion to be

hμν ¼ ea
0

μ δa0b0eb
0

ν ; ð2:66Þ

Φμν ¼ δa0b0 ðπa0μ eb0ν þ ea
0

μ π
b0
ν Þ: ð2:67Þ

We skip the precise form of ψμν as we will not need to work
with it. Similarlywe can expand the “inverse” spatialmetric as
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Πμν ¼ hμν − 2σhρðμτνÞa ma
ρ − σhρνhμτΦτρ þOðσ2Þ; ð2:68Þ

where we define

hμν ¼ eμa0δ
a0b0eνb0 : ð2:69Þ

It is also useful to label the first term in the expansion of T μν

to be

τμν ¼ τμaηabτνb: ð2:70Þ
Moreover we need to deal with volume element. We define
the nonrelativistic volume element to be

e ¼ Ejσ¼0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det ðτaμηabτbν þ hμνÞ

q
: ð2:71Þ

In the next section we vary the Lagrangian with respect
to τaμ and hμν. From (2.64) it is easy to obtain variation of
the hσρ and τσb with respect to fields with the opposite
position of indices

δhλρ ¼ −hνλhμρδhνμ − 2hνðλτρÞb δτ
b
ν ; ð2:72Þ

δτνb ¼ −hρντμbδhμρ − τνaτ
μ
bδτ

a
μ: ð2:73Þ

And we also need variation of the volume element which
can be obtained from the properties of a determinant

δe ¼ 1

2
eð2τμaδτaμ þ hμνδhμνÞ: ð2:74Þ

III. NONRELATIVISTIC LAGRANGIANS

In this section we expand the Lagrangian, which we
found in the previous section. We begin with a general
analysis of the expansion of the Lagrangian. Then we apply
that to the Lagrangian (2.57), which we expand into next-
to-next-to-leading order (NNLO). This nonrelativistic
NNLO Lagrangian will be the main result of this paper.

A. Expansion of Lagrangian

As all other fields considered here, the Lagrangian has
also expansion in the powers of σ. Our Lagrangian L̄ is a
function of σ, Tμ

a, Ta
μ, Πμν, Πμν and spacetime derivatives.

For clarity we present here the expansion of the Lagrangian
which depends just on one field ϕðσ; xÞ which has the
expansion (2.2). The generalization to the case of more
fields is straightforward. We are interested in the expansion
of the Lagrangian around σ ¼ 0, which is precisely non-
relativistic limit c → ∞. We will denote the total derivative
with respect to σ by a prime and this derivative is given by a
chain rule as

d
dσ

¼ ∂
∂σ þ ∂ϕ

∂σ
∂
∂ϕþ ∂∂μϕ

∂σ
∂

∂∂μϕ
: ð3:1Þ

The expansion of the Lagrangian is then

L̄ðσÞjσ¼0 ¼ L̄ð0Þ þ L̄0ðσÞjσ¼0σ þ 1

2
L̄00ðσÞjσ¼0σ

2 þOðσ3Þ

¼ L̄ð0Þ þ
�∂L̄ðσÞ

∂σ
����
σ¼0

þ ϕð2Þ
δL̄ð0Þ
δϕð0Þ

�
σ þ

�
1

2

∂2L̄ðσÞ
∂σ2

����
σ¼0

þ ϕð4Þ
δL̄ð0Þ
δϕð0Þ

þ ϕð2Þ
δ

δϕð0Þ

∂L̄ðσÞ
∂σ

����
σ¼0

þ 1

2

�
ϕ2
ð2Þ

∂2L̄ð0Þ
∂ϕ2

ð0Þ
þ 2ϕð2Þ∂μϕð2Þ

∂2L̄ð0Þ
∂ϕð0Þ∂∂μϕð0Þ

þ ∂νϕð2Þ∂μϕð2Þ
∂2L̄ð0Þ

∂∂μϕð0Þ∂∂νϕð0Þ

��
σ2: ð3:2Þ

We define here three nonrelativistic Lagrangians:

L̄LO ¼ L̄ð0Þ ¼ L̄ð0;ϕð0Þ; ∂μϕð0ÞÞ; ð3:3Þ

L̄NLO ¼ ∂L̄ðσÞ
∂σ

����
σ¼0

þ ϕð2Þ
δL̄ð0Þ
δϕð0Þ

; ð3:4Þ

L̄NNLO ¼ 1

2

∂2L̄ðσÞ
∂σ2

����
σ¼0

þϕð4Þ
δL̄ð0Þ
δϕð0Þ

þϕð2Þ
δ

δϕð0Þ

∂L̄ðσÞ
∂σ

����
σ¼0

þ1

2

�
ϕ2
ð2Þ

∂2L̄ð0Þ
∂ϕ2

ð0Þ
þ2ϕð2Þ∂μϕð2Þ

∂2L̄ð0Þ
∂ϕð0Þ∂∂μϕð0Þ

þ∂νϕð2Þ∂μϕð2Þ
∂2L̄ð0Þ

∂∂μϕð0Þ∂∂νϕð0Þ

�
; ð3:5Þ

where LO stands for leading order and NLO for next-to-
leading order. It can be shown that the following identities
hold:

δLNNLO

δϕð2Þ
¼ δLNLO

δϕð0Þ
;

δLLO

δϕð0Þ
¼ δLNLO

δϕð2Þ
¼ δLNNLO

δϕð4Þ
: ð3:6Þ

These relations imply that equations of motion for lower
order Lagrangian are reconstructed in higher order La-
grangians by variation with respect to the higher order
fields in the expansion. These relations can be also
generalized to higher order Lagrangians and fields.
The generalization of a situation with more fields on

which the Lagrangian depends is straightforward, the main
difference is presence of mixed derivatives in the NNLO
Lagrangian:

PATRIK NOVOSAD PHYS. REV. D 105, 064051 (2022)

064051-6



L̄LO ¼ L̄ð0;ϕI
ð0Þ; ∂μϕ

J
ð0ÞÞ; ð3:7Þ

L̄NLO ¼ ∂L̄ðσÞ
∂σ

����
σ¼0

þ ϕI
ð2Þ

δL̄ð0Þ
δϕI

ð0Þ
; ð3:8Þ

L̄NNLO ¼ 1

2

∂2L̄ðσÞ
∂σ2

����
σ¼0

þϕI
ð4Þ

δL̄ð0Þ
δϕI

ð0Þ
þϕI

ð2Þ
δ

δϕI
ð0Þ

∂L̄ðσÞ
∂σ

����
σ¼0

þ 1

2

�
ϕI
ð2Þϕ

J
ð2Þ

∂2L̄ð0Þ
∂ϕI

ð0Þ∂ϕJ
ð0Þ

þ 2ϕI
ð2Þ∂μϕ

J
ð2Þ

∂2L̄ð0Þ
∂ϕI

ð0Þ∂∂μϕ
J
ð0Þ

þ ∂μϕ
I
ð2Þ∂νϕ

J
ð2Þ

∂2L̄ð0Þ
∂∂μϕ

I
ð0Þ∂∂νϕ

J
ð0Þ

�
: ð3:9Þ

The fields which we use follow from expansion of
relativistic temporal vielbein (2.60) and spatial “metric”
(2.65) and schematically we can write

ϕI
ð0Þ ¼ fτaμ;hμνg; ϕI

ð2Þ ¼ fma
μ;Φμνg; ϕI

ð4Þ ¼ fBa
μ;ψμνg:
ð3:10Þ

B. Leading order Lagrangian

We begin with the LO Lagrangian (3.7) which is the
cornerstone of the whole expansion. The LO Lagrangian is

L̄LO ¼ L̄ð0Þ ¼ EΠσνΠμαηac∂ ½μTa
ν�∂ ½σTc

α�jσ¼0

¼ ehσνhμαηac∂ ½μτaν�∂ ½στcα�: ð3:11Þ

The variations of L̄LO with respect to fields τaμ and hμν are

δL̄LO ¼ ½eτβbhσνhμαηac∂ ½μτaν�∂ ½στcα�
− 4ehβστνbh

μαηac∂ ½μτaν�∂ ½στcα�

− 2∂μðehσβhμαηbc∂ ½στcα�Þ�δτbβ
þ
�
1

2
ehλτhσνhμαηac∂ ½μτaν�∂ ½στcα�

− 2ehσλhντhμαηac∂ ½μτaν�∂ ½στcα�

�
δhλτ: ð3:12Þ

Note that these equations of motion can be obeyed when
the following condition holds:

hσνhμα∂ ½στaμ� ¼ 0: ð3:13Þ

For case n ¼ 0 this means that there is a foliation of the
manifold by hypersurfaces which have the constant time
coordinate. The geometry which arises from the expansion
with n ¼ 0 is called twistless torsional Newton-Cartan
geometry [4]. The case n ¼ 1 was discussed in [19].

C. Next-to-leading order Lagrangian

For a description of an expansion of L̄NLO it is useful to
make a couple of definitions. Let us start with a Ricci tensor
for σ ¼ 0 which appears in the first term of (3.8),

Rσν ¼ Rσνjσ¼0: ð3:14Þ

This Ricci tensor corresponds to the connection, which
arises from Cρ

σν with σ ¼ 0:

Cρ
σν ¼ Cρ

σνjσ¼0 ¼ τρa∂στ
a
ν þ

1

2
hρλð∂σhλν þ ∂νhλσ − ∂λhσνÞ:

ð3:15Þ

We denote a covariant derivative with respect to C as ∇C.
Due to the presence of vielbein indices we also introduce
for convenience a “torsional matrix,”

Aa
bσ ¼ 2ταb∂ ½ατaσ�: ð3:16Þ

Note that the following relation holds:

2ταbC
λ
½ασ� ¼ τλcAc

bσ: ð3:17Þ

The last object which we define is a generalization of an
extrinsic curvature,

Kμνa ¼
1

2
ðταa∂αhμν þ ∂μτ

α
ahαν þ ∂ντ

α
ahμαÞ

¼ 1

2
ð∂αhμν − ∂μhαν − ∂νhμαÞταa

¼ 1

2
ð∇C

αhμν −∇C
μ hαν −∇C

ν hμαÞταa: ð3:18Þ

For L̄NNLO we also need variations of the above objects
which are

δRμν ¼ ∇C
ρ δC

ρ
μν −∇C

μ δC
ρ
ρν þ 2Cρ

½λμ�δC
λ
ρν; ð3:19Þ

δCρ
σν ¼ τρb∇C

σ δτ
b
ν þ hμρKσνbδτ

b
μ þ hρλCα

½σλ�δhαν

þ hρλCα
½νλ�δhασ þ hρλCα

½νσ�δhλα

þ 1

2
hρλð∇C

σ δhλν þ∇C
ν δhλσ −∇C

λ δhσνÞ; ð3:20Þ

δ2Cρ
½σν� ¼ 2τρb∇C

½σδτ
b
ν� − 2hρλCα

½σν�δhλα; ð3:21Þ

δAa
bσ ¼ 2hματνbC

ρ
½σα�τ

a
ρδhμν − τμbA

a
cσδτ

c
μ þ 2ταb∇½αδτaσ�

þ 2ταbC
ρ
½ασ�δτ

a
ρ: ð3:22Þ

We can proceed further with expansion of the Lagrangian.
We first focus on a part of L̄NLO, which does not follow
from L̄LO, i.e.,
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∂L̄
∂σ

����
σ¼0

¼ EðΠσνRσν þ 2Πμα∂ ½μTa
ν�∂ ½σTb

α�ðT σνηab þ Tσ
aTν

b − 2Tν
aTσ

bÞÞjσ¼0

¼ eðhσνRσν þ 2hμα∂ ½μτaν�∂ ½στbα�ðτσνηab þ τσaτ
ν
b − 2τνaτ

σ
bÞÞ

¼ e

�
hσνRσν þ

1

2
hμαð8Cσ

½σα�C
ν
½νμ� − 4Cσ

½μν�C
ν
½ασ� − Aa

dμA
b
cαη

cdηabÞ
�
: ð3:23Þ

The second part of L̄NLO (3.8) follows directly from
equations of motion of L̄LO.
We can continue with the equations of motion. For

reasons presented in the last subsection of this paper, we
are interested just in the variation of (3.23). For clarity we
separate variations with respect to τaμ and hμν into two
distinct parts. We label ehσνRσν as the “ordinary” part of
(3.23) as it is the only term which appears in the case n ¼ 0.
We will call the “new” part the remaining part of (3.23).
The τ variation of the ordinary part is

δτðehσνRσνÞ ¼ e½τλchσνRσν − 2ðhλσhρν − hλρhσνÞ
× ð∇C

ρKνσc − Ab
cρKνσb þ 2Cμ

½μρ�KσνcÞ
þ 4hλσhαρCν

½σα�ð2Kνρc − τbντ
β
cKβρbÞ�δτcλ;

ð3:24Þ

and the h variation of the ordinary part is

δhðehμνRμνÞ ¼ e
�
1

2
hμνhσλRμν − hσμhλνRμν

þ hνσhραð12Cμ
½μρ�C

λ
½να�

þ 4Cμ
½ρν�C

λ
½μα� þ 2∇C

αCλ
½ρν�Þ

þ ð4Cα
½αν�C

μ
½μρ� − 2∇C

νC
μ
½μρ�Þ

× ðhνσhρλ − hλσhρνÞ
�
δhσλ: ð3:25Þ

This can be compared with [16], where the case n ¼ 0 was
studied. The τ variation of the new part is

δτ

�
1

2
ehμαð8Cβ

½βα�C
ν
½νμ� − 4Cβ

½μν�C
ν
½αβ� − Aa

dμA
b
cαη

cdηabÞ
�

¼ e

�
−4Cρ

½ρμ�C
β
½βα�h

ματλe þ
�
hλμταe −

1

2
hματλe

�
ð4Cβ

½μν�C
ν
½αβ� þ Aa

dμA
b
cαη

cdηabÞ

þ 4ðhματλe − hλατμeÞ∇C
μC

β
½βα� þ ðhναhλρ − hλαhνρÞð4Cβ

½βα�Kνρe − KρνdAb
cαη

cdηebÞ
þ ðhρατλd − hλατρdÞð2Ad

eαC
μ
½μρ� þ 2Cβ

½βρ�A
b
cαη

cdηeb −∇C
ρAb

cαη
cdηebÞ

− 2hβρhλαCμ
½αβ�Kμρe þ 2τβeðhνα∇C

ν Cλ
½αβ� − hλα∇C

νCν
½αβ�Þ þ hματλcðAa

dμη
cdηabAb

eα − Ac
dμA

b
aαη

adηebÞ
�
δτeλ; ð3:26Þ

and finally the h variation of the new part is

δh

�
1

2
ehμαð8Cβ

½βα�C
ν
½νμ� − 4Cβ

½μν�C
ν
½αβ� − Aa

dμA
b
cαη

cdηabÞ
�

¼ e
�
1

4
ðhμαhσλ − 2hμσhαλÞð8Cβ

½βα�C
ν
½νμ� − 4Cβ

½μν�C
ν
½αβ� − Aa

dμA
b
cαη

cdηabÞ − 8hμαhβλCσ
½βα�C

ν
½νμ�

þ 4hμαhβλCσ
½μν�C

ν
½αβ� − 2hμαhσβCρ

½μβ�τ
a
ρτ

λ
dA

b
cαη

cdηab

�
δhσλ: ð3:27Þ

D. Next-to-next-to-leading order Lagrangian

In this subsection we complete the expansion of the Lagrangian (2.57) to the second order in σ. From (3.9) we obtain the
general form of L̄NNLO as
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L̄NNLO ¼ 1

2

∂2L̄ðσÞ
∂σ2

����
σ¼0

þ Ba
μ
δL̄LO

δτaμ
þ ψμν

δL̄LO

δhμν
þma

μ
δ

δτaμ

∂L̄ðσÞ
∂σ

����
σ¼0

þΦμν
δ

δhμν

∂L̄ðσÞ
∂σ

����
σ¼0

þ
�
1

2
ma

αmb
β

∂2LLO

∂τaα∂τbβ
þ 1

2
ΦαβΦγδ

∂2LLO

∂hαβ∂hγδ þΦαβma
γ
∂2LLO

∂hαβ∂τaγ þma
α∂βmb

γ
∂2LLO

∂τaα∂∂βτ
b
γ

þΦαβ∂γma
δ

∂2LLO

∂hαβ∂∂γτ
a
δ

þ 1

2
∂αma

β∂γmb
δ

∂2LLO

∂∂ατ
a
β∂∂γτ

b
δ

�
: ð3:28Þ

Let us begin with the first term in (3.28) which follows
easily from (2.57):

1

2

∂2L̄ðσÞ
∂σ2

����
σ¼0

¼ eðτσνRσν þ τμρτσνταβCα
½μν�C

β
½σρ�

þ 2τνλ∇C
νC

μ
½μλ� þ Cν

½σβ�τ
β
bη

ab∇C
ν τ

σ
a

þ Cρ
½σβ�h

αστνβ∇C
ν hρα þ 2Cν

½σβ�τ
γβCσ

½γν�Þ:
ð3:29Þ

We can write down contraction of the Ricci tensor with
temporal metric

τμνRμν ¼ ηab½−hμλKρλaKμαbhρα −∇C
ρ ðhμλKμλaτ

ρ
bÞ

þ hμνKμνahρλKρλb − 2Cμ
½ρλ�∇C

μ τ
λ
aτ

ρ
b�; ð3:30Þ

which adds up with other terms in (3.29) to obtain

1

2

∂2L̄ðσÞ
∂σ2

����
σ¼0

¼ eηab½hμνhρλKμνaKρλb − hμλhραKρλaKμαb

−∇C
ρ ðhμλKμλaτ

ρ
bÞ − 3Cμ

½ρλ�∇C
μ τ

λ
aτ

ρ
b�

þ eðτμρτσνταβCα
½μν�C

β
½σρ� þ 2τνλ∇C

ν C
μ
½μλ�

þ Cρ
½σβ�h

αστνβ∇C
ν hρα þ 2Cν

½σβ�τ
γβCσ

½γν�Þ:
ð3:31Þ

The second and third terms in (3.28) are equations of
motion of L̄LO which we already obtained in (3.12). The
fourth term in (3.28) is a variation of the part of L̄NLO which
we encountered in (3.24) and (3.25). The same is true for
the fifth term in (3.28) which is calculated in (3.26) and
(3.27). Now we focus on the square bracket in (3.28)
which contains the remaining terms. We denote the whole
bracket with abbreviation ½� � ��. The particular terms in this
bracket are

1

2
ma

αmb
β

∂2L̄LO

∂τaα∂τbβ
¼ 1

2
ema

αmb
βηcd½ταaτβbhσνhμρ − τβaταbh

σνhμρ

− 8τσaτ
β
bh

ανhμρ þ 8τβaτνbh
ασhμρ

þ 4τσaτ
ν
bh

αβhμρ þ 4τνbτ
ρ
ahβσhαμ

þ 4τνbτ
μ
ahβσhαρ�∂ ½μτcν�∂ ½στdρ�;

1

2
ΦαβΦγδ

∂2L̄LO

∂hαβ∂hγδ ¼
1

2
eΦαβΦγδ

�
1

4
hαβhγδhσνhμρ

−
1

2
hαγhβδhσνhμρ − 2hγδhασhβνhμρ

þ 2hασhβνhγμhδρ þ 4hνσhδρhαγhβμ
�

× ηcd∂ ½μτcν�∂ ½στdρ�;

Φαβma
γ
∂2L̄LO

∂hαβ∂τaγ ¼ eΦαβma
γ ηcd

�
1

2
τγahαβhσνhμρ

− ταahβγhσνhμρ − 2τγahασhβνhμρ

− 2τνahαβhγσhμρ þ 4τνahαγhβσhμρ

þ 4ταahγσhβνhμρ þ 4τνahγσhαμhβρ
�

× ∂ ½μτcν�∂ ½στdρ�;

ma
α∂βmb

γ
∂2L̄LO

∂τaα∂∂βτ
b
γ
¼ 2ema

α∂ ½βmb
γ�ηbc½ταahμγhβν

− 2τγahαμhβν − 2τμahαγhβν�∂ ½μτcν�;

Φαβ∂γma
δ

∂2L̄LO

∂hαβ∂∂γτ
a
δ

¼ Φαβ∂ ½γmδ�ηaceðhαβhσδhγρ

− 4hβρhαγhδσÞ∂ ½στcρ�;

1

2
∂αma

β∂γmb
δ

∂2L̄LO

∂∂ατ
a
β∂∂γτ

b
δ

¼ e∂ ½αma
β�∂ ½γmb

δ�ηabh
αδhγβ:

ð3:32Þ
We introduce the following object:

Fc
μν ¼ ∂μmc

ν − ∂νmc
μ þ 2ma

ντ
ρ
a∂ ½ρτcμ� − 2ma

μτ
ρ
a∂ ½ρτcν�

¼ 2∂ ½μmc
ν� þ 2Ac

a½μm
a
ν�: ð3:33Þ
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For the case n ¼ 0, this can be thought of as a field strength
for the field mμ.
Because of introduction of Fc

μν we can rewrite ½� � �� as

½� � �� ¼ −
1

4
eηcdhμρhνσFc

μνFd
ρσ þ ∂ ½στcρ�h

σδhγρXγδc; ð3:34Þ

where Xγδc is a tensor whose explicit form will not be
needed.

E. On-shell condition

In this section we discuss the simplification of L̄NNLO.
Let us begin with recalling the equations of motion for L̄LO:

τbβ∶ eτβbh
σνhμαηac∂ ½μτaν�∂ ½στcα� − 4ehβστνbh

μαηac∂ ½μτaν�∂ ½στcα�

− 2∂μðehσβhμαηbc∂ ½στcα�Þ ¼ 0; ð3:35Þ

hλτ∶ ehλτhσνhμαηac∂ ½μτaν�∂ ½στcα�
− 4ehσλhντhμαηac∂ ½μτaν�∂ ½στcα� ¼ 0: ð3:36Þ

Both equations can be satisfied if the fields obey the
condition

hσνhμα∂ ½μτaν� ¼ 0: ð3:37Þ
This condition is of course on-shell condition. If we could
apply this condition off shell it would greatly simplify our
results. From L̄NNLO we can obtain equations of motion for
NNLO fields Ba

μ and ψμν, which are the same as equations
of motion from L̄LO above. Moreover a lot of the terms in

½� � �� have also a form of (3.37) times some tensor. Those are
the reasons for the following. We variate the on-shell
condition (3.37) times an arbitrary tensor, i.e.,

δðehμρhνσ∂ ½μτaν�XρσaÞ; ð3:38Þ

and analyze what restricts us to apply this condition off
shell. The variation is

δðehμρhνσ∂ ½μτaν�XρσaÞ ¼ −ehαρτμbhνσ∂ ½μτaν�Xρσaδτ
b
α

− ehαστνbh
μβ∂ ½μτaν�Xρσaδτ

b
α

þ ehμρhνσ∂ ½μδτaν�Xρσa: ð3:39Þ

We see that there are few terms that spoil the possibility to
apply the condition directly on the Lagrangian. On the
other hand, we can restrict ourselves only to some special
type of variation. Particularly if we consider only a
variation of the form

δτbα ¼ Ωτbα; ð3:40Þ

where Ω is an arbitrary function of spacetime coordinates,
we find out that whole variation of (3.38) is

δðehμρhνσ∂ ½μτaν�XρσaÞ ¼ 0; ð3:41Þ

and we can apply the on-shell condition (3.37) directly in
the NNLO Lagrangian. After application of the on-shell
condition the particular terms in (3.28) are
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ð3:42aÞ

Bb
β

δL̄ð0Þ
δτbβ

¼ 0; ð3:42bÞ

ψλτ
δL̄ð0Þ
δhλτ

¼ 0; ð3:42cÞ
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�
; ð3:42eÞ

½� � �� ¼ −
1

4
eηcdhμρhνσFc

μνFd
ρσ: ð3:42fÞ

By adding up all terms above and term with the Lagrange
multiplier which enforces (3.37),

ζρσaehμρhνσ∂ ½μτaν�; ð3:43Þ

we obtain the final nonrelativistic Lagrangian, which
concludes the main result of this paper.
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