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A general geometric construction of a generic null hypersurface in presence of torsion in the spacetime
(Riemann-Cartan background), generated by a null vector /¢, is being developed here. We then explicitly
define and structure various corresponding kinematical quantities. The dynamics of the null surface,

particularly given by Gabk“ 1%, is also discussed. The later one is constructed under the geodesic constraint
condition. This yields a relation among the rate of change of expansion scalar corresponding to auxiliary
null vector £ and various kinematical entities on the null surface. Using this relation we show that the
Einstein-Cartan-Kibble-Sciama equation (which provides the dynamics of the metric and the torsion
tensor) on this null hypersurface acquires a thermodynamic interpretation. The thermodynamic entities like
temperature, entropy density, energy, and pressure are properly identified. In the whole analysis we adopt
the geometrical field interpretation of torsion and all discussions are done in a covariant manner.
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I. INTRODUCTION AND MOTIVATION

In the context of Einstein gravity, the fascinating analogy
between the well-known laws of black hole mechanics and
classical thermodynamics came about through the works of
Bekenstein, Hawking, and others [1-5] (for a review see
[6-8]). This connection allowed the conception of entropy
and temperature to be assigned to stationary black hole event
horizons. Such possible connections to thermodynamics
have also been explored on stationary event horizons in
modified theories of gravity [9-14]. Generalizations to first
and second laws of black hole mechanics in the context of
dynamical horizons have also been explored [15-21].
Moving away from global event horizons, black hole
thermodynamics for quasilocal horizons have also been
studied [22,23].

A clear indication of the underlying connection between
gravitational dynamics and thermodynamics came about
from the work of Jacobson [24]. He derived the Einstein
field equations from the underlying Clausius identity 6S =
% as applied to local Rindler horizons in equilibrium
constructed at any point in the spacetime. Here, T and 6Q
are interpreted as the Unruh temperature and the energy
momentum flux crossing the Rindler horizon as observed
by the accelerated observer. The entropy change oS is
proportional to the change of the cross-sectional area of the
null curves generating the Rindler horizon. Moreover, it has
been shown by Padmanabhan et al. [25-29] that gravita-
tional field equations near static as well as stationary event
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horizons in general relativity, Lanczos-Lovelock and other
modified theories of gravity assume a thermodynamic
identity 76,S = 6,E + Po,V. For a more complete set of
references towards this thermodynamic identity, see [30].
Such structure of the thermodynamic identity analogous to
the first law of thermodynamics (where the symbols have
their usual meanings) is defined for virtual displacement 64
along an affine parameter A off the event horizon.

It might appear that such connections between field
equations and thermodynamics only applies to special
spacetime solutions having event horizons. However, it
has been shown that any generic null hypersurface con-
structed at any point in spacetime acts as a local Rindler
horizon for a specific accelerated observer [24,27]. The
Unruh effect [31,32] provides a clear concept of temper-
ature assigned to the Rindler horizon by this class of
observers. This renders a thermodynamical structure to
this local null surface [33,34] which may not necessarily be
a black hole horizon. Particularly the same observer-
dependent program (following Jacobson) of deriving the
field equations via the Clausius identity or (following
Padmanabhan) interpreting the gravitational field equations
near the null surface in a thermodynamic form can be
followed. It has also been shown [35,36] that the extrem-
ization of the sum of gravitational heat density and matter
density of a generic null surface in the spacetime produces
the given gravitational field equations.

In fact, it has been shown in the literature that three
particular projections of the Einstein tensor G,, on a
generic null surface H upon use of the gravitational field
equations lead to fluid-dynamical and thermodynamic
interpretations. The relevant projections are G,,[%g",,
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G k1%, and G, 191°. Here [ and k¢ are the null generator
and the auxiliary null vector field respectively of H, while
q“;, is the induced metric on a transverse spacelike cross-
section S, of H. The specific observations are as follows:

(1) It was shown by Damour [37,38] that the projection
component G,,I%q", on a null surface in Einstein
gravity leads to an equation which is similar
to Navier-Stokes (NS) equation, known as the
Damour-Navier-Stokes (DNS) equation. The DNS
equation when viewed from local inertial frames
leads to the nonrelativistic NS equation [39]. This
connection between gravitational dynamics and
fluid dynamical NS equation was also explored
through the extremization of entropy functional
defined on a generic null hypersurface [40].

(i) As mentioned above, Jacobson [24] used the null
Raychaudhuri equation (NRE) [41] in a system of
nonexpanding congruence of null curves to derive
the Einstein field equations from the Clausis identity
oS :% as applied to a local causal horizon in
equilibrium. The NRE relates G,,[“I” with the
evolution dynamics of the outgoing expansion scalar
of the null generators. In fact, this procedure can be
reverse engineered. It has been shown [42,43] that
the field equations for any diffeomorphism invariant
theory of gravity via the component G,,[I” on a
nonexpanding general null surface leads to the
Clausius identity. Jacobson’s formalism was later
extended to local causal horizons in the nonequili-
brium case [44—-46] and also for modified theories of
gravity [45,46].

(ii1)) Padmanabhan and his collaborators [25,28,30] have
shown that the projection component G,,k%1® of the
Einstein field equation on the generic null surface H
leads to a thermodynamic interpretation that is
structurally similar to the first law of thermodynam-
ics. The formalism was later extended to Lanczos-
Lovelock theories of gravity [29,47,48]. However
such interpretational analogy had been done so by
adapting a Gaussian null coordinate system on the
null surface.’ As a result, the thermodynamic
parameters had been coordinate dependent. A com-
pletely covariant approach to the thermodynamic
structure provided by G,,k%l® on the null surface
was given in [50] and was also applied in the case of
scalar-tensor theory of gravity [51]. It was pointed
out in [30] that G ,k%{® is a more natural projection
component than G,,[?l” for the thermodynamic
interpretation. This has to do with the fact that
G,,k%1° is the projection component of the vector
field —G“,,1® along the null generators [* as opposed

lRecently justification on assigning temperature on the generic
null surface was addressed in [49].

to G,,1?1” which represents the projection compo-
nent along the auxiliary null field k%. Hence G ,,k1®
is a quantity intrinsic to  as compared to G, 1I".

These vivid connections of gravitational dynamics with
thermodynamics and fluid equation established in the
context of generic null hypersurfaces form the motivation
for thinking about gravity as an “emergent phenomenon. 2
In a paradigm shift, the ‘“emergent gravity” program
considers gravitational dynamics to be not fundamental.
Rather it considers gravity to be emergent from funda-
mental degrees of freedom associated with the gravitational
field [53-58]. That is, gravity and its dynamics emerge
much like thermodynamics of matter arises as an effective
theory from the statistical mechanics of its constitu-
ent atoms.

Under this point of view, if gravity is indeed emergent (as
seen especially for Einstein gravity), then the connections
between gravitational dynamics and thermodynamics
should indeed transcend to other theories of gravity.
Here, in our case we take the example of Einstein-
Cartan (EC) theory [59]. The EC theory is built in the
geometrical backdrop of the Riemann-Cartan (RC) space-
time. The EC theory is a natural extension of Einsten
gravity obtained by including the intrinsic spin of the par-
ticle(s) in the geometrization of spacetime [60]. The
presence of intrinsic spin causes nonzero torsion in the
spacetime geometry and the relevant gravitational field
equations are the Einstein-Cartan-Kibble-Sciama (ECKS)
equations [61-65] (for textbook expositions and reviews
see [66—71]). The presence of spin allows for a nonzero
spin angular momentum tensor in addition to the energy-
momentum tensor. In the macroscopic classical domain, the
spin degrees of freedom cancel out due to their dipole
nature and hence dynamics of macroscopic bodies are
characterized by the energy-momentum tensor alone.
However, in the microscopic regime, one cannot ignore
the spin angular momentum which actually “sources”
torsion as being a geometric field in the spacetime in
addition to the metric tensor.

In this paper, we aim to address exclusively the question
whether the projection component Gabk‘l I’ on H in the EC
theory can be provided a thermodynamic interpretation in a
completely covariant way. Here, Gab is the analog (not
symmteric) of the Einstein tensor in the RC spacetime. Let
us pause to mention that the component G ,,[%[” is related
to the NRE determining the dynamical evolution of the
outgoing expansion scalar. The evolution equations, cor-
responding to the expansion, shear, and vorticity, for
congruences of both timelike as well as null curves in
spacetimes with torsion (under different assumptions on the
nature of the torsion) have been provided in [46,72-74].

The thermodynamic interpretation for G,,1°1" has been

2Emergent nature of gravity was initially introduced in 1967
by Sakharov [52].
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provided in [46] and hence will not be pursued here. In
absence of torsion, it can be shown [50] that G,,k?[” is
related to the dynamics of the ingoing expansion scalar as
opposed to the outgoing one in spacetimes without torsion.
This can be achieved by taking the trace of the evolution
equation of the transversal deformation rate tensor [75]. In
order to arrive at such a covariant evolution equation, we
would require to foliate the spacetime in the neighborhood
of H by a family of null hypersurfaces. We would then
foliate this null family by a stack of spacelike surfaces in
the spirit of 3 4+ 1 decomposition. This allows us to
unambiguously construct the relevant kinematics and
dynamics of the general null surface [75]. Upon using
the Einstein field equations and combining the evolution
equation of the ingoing expansion scalar with the process of
a virtual displacement leads to a covariant structurization of
the thermodynamics attested to G ,,k“".

Our aim, hence in this paper is twofold. Firstly, under the
framework of the 3 + 1 null foliation of H, we construct all
the relevant kinematics and dynamics of H in the RC
spacetime.3 However, especially while studying the dynam-
ics, we will impose a particular constraint which we name
as the geodesic constraint. The geodesic constraint is the
choice that restricts the null generators of H in the RC
spacetime to be simultaneously autoparallel as well as
geodesic curves. We are hence led to the evolution equation
of the transversal deformation rate tensor and the evolution
equation of the ingoing expansion scalar of H in RC
spacetime under the geodesic constraint. As usual, we will
see that the dynamics of the ingoing expansion scalar is
related to Guhk" I’ in the RC spacetime. Secondly, with the
help of the notion of virtual displacement4 applied to this
evolution equation and the relevant field equations, we
provide a covariant thermodynamic interpretation to
G ke’ In doing so, we will be able to access how the
thermodynamic parameters and their interpretation are
affected by the inclusion of torsion under the geodesic
constraint.

The organization of the paper is as follows. In Sec. 11, we
very briefly discuss the geometric properties of the RC
spacetime and the corresponding ECKS field equations. In
Sec. III, we discuss in detail the structure of a generic null
hypersurface H in the RC spacetime. In Sec. IV and Sec. V,
we explore respectively the kinematics and dynamics of ‘H
in such a spacetime. In Sec. VI, we begin our in-depth study
of the thermodynamic interpretation provided to G ,k*(
and also discuss some special cases. Finally we conclude in
Sec. VII. At the end, in Appendix A we rederive for
completeness, the NRE corresponding to the outgoing
expansion scalar of the null generators in the framework

3As far we know this has not been dealt with explicitly in the
literature.

“In this context the concept of virtual displacement was
initially introduced in [76].

of the 34 1 null foliation. We also provide four other
appendixes for calculational details.

Let us clarify our position on notations and dimensions.
We work in d =4 spacetime dimensions and use the
metric signature (—, +, +, +). We employ a geometrized
unit system where we set ¢, A, and G to unity. The
lowercase Latin alphabets a, b, - - - are for the bulk space-
time and run from O to 3. The spatial coordinate indices on
the transverse two-dimensional subspace S, of H are
denoted by uppercase Latin alphabets A, B,--- and run
from 2 to 3.

II. A BRIEF REVIEW OF SPACETIME
WITH TORSION AND GRAVITATIONAL
FIELD EQUATIONS

Our objective is to provide a thermodynamical inter-
pretation to the ECKS field equations. We are hence
interested in the spacetime with torsion in the background.
Our ambient spacetime (M, g, @) is provided with a metric
compatible affine connection,

A

vagbc =0. (21)

Such a spacetime is designated as the Riemann-Cartan
spacetime.

A. Geometrical properties of (M.,g.V)

Let us now very briefly review the geometrical properties
of such a spacetime. For details refer to [69]. Just to set the
convention straight, we define the covariant derivative of a

(r,s) rank tensor T”‘";‘]'j“b to be
7 drdr ay-d, Bl iy--dy
VT ™y, = 0Ty 1 Ty

-, ay iy _ 1 aydy .
T e, — Dan, T,

_ s ay-ay
F abs T bl s’

(2.2)
where notice that the differentiating index “a” sits at the
first position in the suffix of affine connections. The torsion
tensor is basically defined as

A

Tabc = 1—‘abc - I&‘acbv (23)
implying that the torsion tensor is antisymmetric in the last
two indices. This general metric compatible affine con-
nection is related to the symmetrical Levi-Civita connection
I'*,. via the contorsion tensor K¢,

N

e =145, + K. (2.4)

The contorsion tensor can be expressed in terms of the
torsion tensor as
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Kahc = (Tabc =+ Thcu =+ Tchu)' (25)

| =

The above relation can be obtained by the familiar trick of
setting (—V,gpe + Vipgea + Vegap) = 0 via (2.1) and then
using (2.2). It is quite easy to verify [according to the
convention followed in (2.3)] that the contorsion tensor
K .1 1s antisymmetric in the first and last indices. Here, we
use the metric tensor g, to raise and lower all spacetime
indices of a tensorial quantity. Let us now look at the trace
of the torsion tensor defined via contracting the first and the
third index. The following properties can then be easily
deduced from the definition,

Tb = gaCTabc = Taba = _Taab;
Kaba = O, Kbua = Tb' (26)
Another quantity of interest that comes into play is the
modified torsion tensor S¢;. defined as

Sabc = Tabc + 5(1ch - 5ach, (27)
which like the torsion tensor is antisymmetric in the last
two indices.

In general, the existence of torsion in the spacetime
(M., g. V) can be characterized from the fact that the action
of the commutator of the covariant derivatives V on any
scalar field does not vanish,

N N

[va’ vh]q) = _Tdab(®d¢)' (28)

The corresponding action on contravariant and covariant
vectors are summarized below,

[ﬁaa ﬁb]Ai = RikabAk - Tdab(ﬁdAi); (29)

A A L A
[va’ vb]wc = —R 04 — Tdab(vdwc)' (210)
The Riemann tensor in the spacetime (M, g, @) follows the
usual definition in terms of the affine connection [*%;, and
as per our convention is

Ry =01 — 040 + T 0 gy =TT (2.11)

The following symmetries of the Riemann tensor are then
quite evident,

Rupea = —Rapge  and  Rypeq = —Rpacq- (212)
However, the usual symmetry under pairwise exchange of
the indices does not follow through over here, as R ., =

Rabcd + Qubcd WhCI‘C,

. 3 . . . R
Qubed= _E(v[bT\u\cd] ~VuTpjea) = ViaT \clas) + VieT |ajab)

+ Tae[b Tecd] - Tbe[a re cd] — Tce[dTeah] + Tde[c Teab])‘
(2.13)
In the above equation, || indicates the enclosed index barred

from antisymmetrization. Similarly, the usual first and the
second Bianchi identities do not follow:

Dd v .
R[cah] — V[aTdbC] - Tf[adeC]f’ (214)
" o af
ViR ape) = =TFap R a1 (2.15)
Here, we have used the convention that
1 €
Afieein) = 2D Ay i
1
A(il"'in) = a%Aiﬁ(l)mic(n)’ (216)

where the summation is over all possible permutations {c}
of the set {1,2,---n} and

¢, =0, when cisanevenpermuationof {1,2,---n}

¢, =1, when cisanoddpermuationof {1,2,---n}. (2.17)
The Ricci tensor is no longer symmetric owing to the
presence of torsion,

o 1 - .
Rigp) = =5 (Vi +T)S o

5 (2.18)

In analogy with the Einstein tensor of the usual
Riemannian geometry, we introduce the tensor G“, =
R, — %5“1,1?(’ in the spacetime (M, g, @) As anticipated,
due to the presence of torsion, the tensor G“, fails to be
divergenceless,

N

A A 1 A
VaG”b - —TkabRak + ETkadRadkb- (219)

The Lie derivative of the metric tensor of (M, g, V) along a
given vector field v is

£vgah = @avh + @hva + (Tuch + Thca)vc' (220)

B. The gravitational field equations

The gravitational action in the spacetime (M, g, V) will
henceforth be referred to as the Einstein-Cartan action Agc.
For details refer to [68,69,77]. In this theory both the metric
and the torsion tensors are treated as independent dynami-
cal variables. The total action for the theory is
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1

Atot = -AEC + Am = 167 .

d*x/=gR + A,, (221

where, A, is the corresponding matter action. Obviously,
the above action is extremized by varying with respect to
(w.r.t.) both the metric and the torsion (preferably here the
contorsion tensor) to yield the field equations. The
Einstein-Cartan-Sciama-Kibble field equation (by varying
w.r.t. the metric) is [68,69,77]

A 1 . ) . m
Gab +_(vc + Tc)(_Scab +SabL +Shuc) = 8”T2h>7

> (2.22)

where TE:Z) is the matter stress energy-momentum tensor.

The field equation obtained by extremizing the total action
w.r.t. the contorsion tensor is

Sabc = 877.'Tabc, (223)
where 7¢,,. is the spin angular momentum tensor. Hence
given a matter Lagrangian depending upon the metric, the
matter field and its first derivative, the variation of the
matter action is given as

1 m
SA, = —5/ d4x\/—g[Tib)5g“b + ¢, 6K,.].  (2.24)
v

This indicates that the matter energy-momentum tensor

TSZ) is symmetric whereas the spin angular momentum
tensor 7¢%,. is antisymmetric in the last two indices. In
anticipation of the result we are trying to achieve, let us
state the following identity:

(@aTb - ﬁbTa> + (@: +T)T o = (@z +T,)S . (2.25)

The above result can quite easily be verified by using the
definition of the modified torsion tensor (2.7). Upon using
(2.25) in (2.22), we obtain

Gap + (ﬁaTh - ﬁbTa) + (ﬁi +T)T
A . . .
= 877"T£1b) + 5 (Vi+T)[BS sp + Sa's + Sp'al. (2.26)

Using (2.23), the last term on the right hand side (rhs) of the
above equation can be expressed in terms of the spin
angular momentum tensor. This form of the gravitational
field equation (2.26) will be used later in our analysis.

III. GEOMETRY OF A GENERIC
NULL HYPERSURFACE IN THE
RIEMANN-CARTAN SPACETIME

In the introduction to the structure of a generic null
hypersurface in the RC spacetime (M,g,V) and its
associated kinematics and dynamics (to be introduced in

the next sections), we will stick to the notations and
formalism introduced in [75], which provided the formu-
lation for torsionless spacetime. In fact part of our objective
is to see what modifications do the kinematics and
dynamics of a general null surface incur provided our
ambient spacetime has nontrivial torsion present in it. It is
to this respect that we adopt the formalism introduced in
[75] and follow the notions.

A null hypersurface is basically a surface of codimension
one, such that it can be described by specifying its
corresponding induced metric and second fundamental
form (characterizing the extrinsic curvature). These rel-
evant quantities need to described properly for a null
hypersurface in (M, g,@), i.e., when there is nontrivial
torsion in the spacetime. We consider the existence of a
generic null hypersurface 7 in the spacetime (M, g, V),
defined via the scalar field u(x?) = 0. The surface H is
integrable into a hypersurface-orthogonal null surface such
that its null normal [ is given by

I, = —ePd,u = —e’Vu, (3.1)

where p is some smooth scalar field on H. The coefficient
e’ that relates the null normal /, with the gradient of the
scalar field 0,u is chosen to be negative such that [* is
future pointing. This can be done by a suitable choice of the
scalar field u(x?). Notice that the null normal cannot be
provided a unique normalization on account of the fact that
[-1=0. Next, we postulate the existence of an auxiliary
null foliation in the neighborhood of our null hypersurface
‘H. In order to have well-defined operations valid in the
spacetime (M, g,@) like the covariant derivative @, we
cannot be only constrained on the single null hypersurface
u(x*) = 0. The support of the null vector field I needs to be
extended from the null surface to at least in its vicinity.
Following Carter [78], this is facilitated by considering not
just a single hypersurface u = 0, but by rather a family of
null hypersurfaces u(x*) = ¢, where c is a constant. Hence
the spacetime is foliated by a family of null hypersurfaces
‘H,, of which our particular chosen surface H,_, = H is
just an element with ¢ = 0. This null foliation of (M, g, @)
in the neighborhood of H extends the validity of the scalar
field p and hence I to not just on H, but to an open

neighborhood of (M, g, V) about . This finally allows us
to perform operations that are valid on the ambient
spacetime rather than on the hypersurface. Even though
such a foliation is nonunique, the geometrical quantities of
interest that will be introduced and evaluated on our chosen
hypersurface H does not depend on the choice of foliation.

Next, we proceed to a discussion of the Frobenius
identity on our null surface. The fact that we have been
able to write our null generator in the form of (3.1) means
that the exterior derivative of the null normal to the
hypersurface satisfies

064047-5



SUMIT DEY and BIBHAS RANJAN MAJHI

PHYS. REV. D 105, 064047 (2022)

dl=dp Al

(3.2)

This represents the Frobenius theorem in its dual formu-
lation [79]. The Frobenius identity quantifies the fact that
the hyperplane, normal to [, is integrable into our null
hypersurface H and is hence hypersurface orthogonal. As a
consequence of the dual formulation of the Frobenius
identity we have

Indl=IndpANl=—dp ANINL=0. (3.3)
In the index notation, the above implies
liaOpl) = 0. (3.4)

Converting to the spacetime covariant derivatives, the
above formula translates to

WDype = l[a vb lc]

= _la(Tdbcld) - lb(Tdcald) - ZL‘(Tdabld)‘ (35)

Thus we see that due to the presence of torsion in the

spacetime, hypersurface orthogonality does not imply a
Zero twist @ -

A. Hypersurface orthogonal null geodesic congruence

As a consequence of the Frobenius identity (3.2), we have

aalb - abla = (ﬁalb - ﬁbla) + Tcahlc

= (valb - vbla) = (aap)lb - (abp)la' (36)
Contracting the above formula with /¢, we obtain
19V o1y, + T oapl16 = 19V 1, = (199,0)1,.  (3.7)

The operator V is the covariant derivative of the spacetime
taken w.r.t. the Levi-Civita connection. Defining the direc-
tional rate of change of the scalar field p(x“) along the null
generators [ to be «, i.e., [0,p = k and using the anti-
symmetry of the torsion tensor in its last two indices (2.3), we
hence have

19V, 1, — T 1916 = 19V,1, = kl,,. (3.8)
The above equation indicates that even though the vector
field {“ is the null generator of H, yet it is not an autoparallel
vector field, i.e., [ does not satisfy the parallel transport

equation w.r.t. to the spacetime connection V,
19V, = kly + T, 190 = kl, + T, (3.9)

where T, = T,;,.[*I°. Notice that even though [ is not an
autoparallel vector field in the spacetime (M, g, @), yetlis

extremal in the sense that they are null geodesic curves of
extremal length. This is because the notion of extremal
curves is defined only w.r.t. the Levi-Civita connection.

B. Extrinsic geometry of the null hypersurface

For any hypersurface of codimension one embedded in
the spacetime (M, g, @), the extrinsic curvature captures
the notion of bending of the hypersurface. The extrinsic
curvature is quantified by the Weingarten map (also known
as the shape operator). The Weingarten map at a point P on
the hypersurface measures how its normal changes as we
move along a vector on the tangent space established on the
hypersurface at P. Let us now focus on our null surface H.
For any vector v € Tp(H), we have the definition of the
Weingarten map "¢, as follows:

Py, b =V, 4. (3.10)
Now, since the notion of the Weingarten map involves
taking the covariant derivative of the null generator along a
tangent vector to H, the quantity "%, is independent of
the null foliation. The quantity "%, v” again itself lies on
the tangent space of H established on P as verified via the
following:

1,("y0b) = 1,V, 19 = 1,00V, 19 = 0

= (" 0v")0, € Tp(H). (3.11)

In contrast to Riemannian spacetimes, the presence of
nontrivial torsion in the Riemann-Cartan spacetime forces
the Weingarten map to not be self-adjoint. This can be
shown along the following lines. Consider two vectors u
and v established on the tangent space of H at the point P,
ie., l,u® =0 = [,v° Then obviously the Lie commutator
of these two vectors again lies on the tangent space of H at
P, i.e., [u,v] € Tp(H) as can be verified by showing that
lLy[u,v]* = 1ubV vt = 1,0°V,u — 1,79, ubv°

= —ubvaV, 1, + u vV, 1, — T 1 ubv¢

= ubv"(@alb - @bla) — T4, L uPv°

= Ltb’l}”((aap)lb - (abp)la - Tcablc) - Tubclaubvc

= —1,T¢uv" —1.T uv® = 0. (3.12)

Getting back to our reasoning and using the definition of
the torsion tensor we have the following:

Ma(H)(abvb) = ua(vb@bla) = _lavb@bua
= —L Vv + L[, v]* + T luv°
= Ua(ubﬁbl“) + T ypeléubve

= v,(Myu?) + T g 14ubr” (3.13)
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This shows that the presence of nonzero torsion in the
Riemann-Cartan spacetime accounts for the fact that
u, ", v # v,y u’ and hence the Weingarten map is
in general not self-adjoint.

Let us then move on to the concept of the second
fundamental form of H. The second fundamental form
H@,, is a second rank tensor belonging to the cotangent
space of the hypersurface H defined as the following.
Consider any two vectors u and v belonging to the tangent
space of ‘H, then,

"0 puv” =u, ("yy0")

=M"0,dxQdx"eT(H)®TH(H). (3.14)
Notice that since the Weingarten map is not self-adjoint, the
second fundamental form is not symmetric in its two

indices. It can very easily be verified that
HO v ub = "0, uv” + Ty l?vuc.  (3.15)
Our aim is to finally consider a 3 + 1 induced foliation of
the null family of the hypersurfaces. For that we consider in
our spacetime a stack of spacelike hypersurfaces defined
via X, = t(x%) = constant slices. The timelike normal to

these spacelike slices is defined via
n, = —Nd,t = =NV,t. (3.16)
The timelike normal is normalized, i.e., n,n* = —1 and the
proportionality factor N is called the lapse function. The
orthogonal projection tensor onto the surfaces X, defined as
yab = 5“;, + nanb (317)
projects any vector in (M, g, V) onto the surface Z,. Now
with the help of this spacelike foliation we can introduce an
adapted coordinate system for (M, g, @) Let the indepen-
dent coordinates parametrizing the #(x“) = c(constant)
surface be y*. This allows a locally well-defined coordinate
system to be established in an open neighborhood of
(M,g,V) given via x* = (1,y*). The coordinate time
vector ¢ along its flow basically joins the points having

the same spatial coordinates y* for the different time slices
and is defined as

9

=%

and 10,t=1. (3.18)
This allows an orthogonal decomposition of the time vector
as follows:

t* = Nn® + p°. (3.19)
The vector f is basically the projection of the time vector
onto the #(x*) = ¢ slice and is known as the shift vector.

Now, we finally come to the topic of foliating our family
of null hypersurfaces by a stack of spacelike hypersurfaces.
The reason for doing this is as follows. As of yet, precisely
because of the unique structure of our null hypersurface H,
we do not have any notion of a vector that is transverse to
‘H. Hence we do not have any well-defined projection
tensor onto the null surface. To define a projector onto
7 p(H) we need to have a direction that is transverse to the
hypersurface so that we may define a projector along this
direction. There exists no unique transverse direction to H.
The auxiliary null vector k() € 7 p(M) defined via the
relations

k(au) . k(au) =0 and k(au) A=-1 (320)
defines a notion of a vector transverse to the null surface .
However such a vector is nonunique. Hence the idea behind
foliating our null surface by the family of spacelike ¢#(x) =
constant slices is to provide some extra structure onto H so
that we can unambigously define a unique transverse
direction to our null surface. This extra structure will
provide two immediate benefits. One is that it allows a
unique projection tensor onto H and that we can in a sense
normalize our null generators by choosing a specific
parameter made possible via this extra structure.

The spacelike slices X, cut our generic null surface into a
stack of two-dimensional cross-sections S, defined as

Ss=HNZ,. (3.21)
As we can visualize, the family of these transverse space-
like two-dimensional cross-sections S, provide a foliation
of H. The value of the scalar field #(x*) = constant can be
chosen as a parameter along each null generator [“ of H.
With this (in general) nonaffine parametrization ¢, we can in
essence normalize [75] the null normal by demanding that

1 = (3.22)

dt

Geometrically this means that the 2-surfaces S, can be Lie
dragged along the null generators [ thus forming our null
hypersurface H. It is in this sense that the null vector [ is
called the null generator of H. Thus following (3.21) the
transverse 2-surfaces S, can be defined as level sets of
the scalar field u(x*) = 0 such that it is the set of all the
points P,

S,;={PeM,PeS,:u(P)=0 and #(P)=t}. (3.23)
Let us consider a unit spacelike vector field s belonging to
the tangent space of X, and which is directed outward from

the transverse 2-surface §,. This vector field follows the
properties given as
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n-s =20,

Vv eTpZ),

s-s=1, s0,u < 0,

veTp(S,)es-v=0. (3.24)

Then it can be quite easily shown [75] that, the 3 + 1
decomposition of the null generator is

I=N(n+s). (3.25)
Obviously it can be seen that the projection of the null
generator onto the spacelike slices ¥, given by y%,* = Ns*
with N > 0 points in the exterior direction w.r.t. §,. It is in
this respect that the null generators are outgoing w.r.t. the 2-

surface §,. Using (3.1) and (3.16), it can very easily be
shown that

1 P
e <_> R (e_> Dytt = Nyt + MO,u,
N N

(3.26)

where M = —e” /N. Now once we have provided a null
normal 7, to the spacelike slices Z, and the unit outward
spacelike vector field s, to the transverse cross-sections S,
we can define an orthogonal projection tensor g, onto the
spacelike 2-surface S, as

Qab = Gab + Nallp = S4Sp. (327)
Now let us come to the discussion of the construction of an
ingoing transverse auxiliary null vector field to H. Any null
vector pointing in the direction (r — §) points in the ingoing
direction w.r.t. S,. We can normalize this ingoing auxiliary
null field [75] by taking it as

1

k=—
2N

(n—s). (3.28)

The normalization has been chosen so that k is consistent
with a unique definition of the auxiliary null vector field
thanks to the foliation of the null surface H by the stack of
spacelike slices X,

l- k=-1, k-k=0 and k-e4 =0, (3.29)
where {e4} denotes the set of basis vectors lying on the
tangent space 7 p(S,) of S,. By using Egs. (3.28), (3.26),
and (3.16) we have

M
ka == —8at - (ﬁ) aau.

The unique orthogonal projection tensor onto the transverse
2-surface S, can also be defined in terms of the null normal
[, and the auxiliary null normal &, as

(3.30)

Gab = Yab + lakp + kol (331)
Its trivial to verify that ¢“,I> = 0 and ¢“,k* = 0. Finally,
owing to the foliation of H by the stack of spacelike X, we
have at our disposal both a unique normalized null normal
[, and a unique auxiliary transverse null vector field k,.
This enables us to define a unique projection tensor onto H
as

Hab = 5ab + kalb = qab - lakb. (332)
This projection tensor basically projects any vector belong-
ing to 7 p(M) to only the part belonging to 7 »(H). The
projection tensor satisfies the following properties as can be
easily verified:

o0 =19 Mk =0,

%1, =0 and Ik, = k,. (3.33)

IV. KINEMATICS OF THE NULL
HYPERSURFACE 'H

Following [75], what we imply by kinematical quantities
are all those geometrical entities that have first order
derivatives of the null vector fields I and k, their associated
1-forms I and k and the metric fields g and ¢ as well. By
first order derivatives, we mean spacetime covariant deriv-
atives V as well as the Lie derivatives along I and k. The
extension of such kinematical quantities (to be described in
detail in this section) to the case of the Riemann-Cartan
spacetime (M, g, V) is quite necessary for our analysis. In
doing so, we will keep track of the modifications that arise
in these kinematical quantities when we consider torsion in
the spacetime.

A. The extended second fundamental form

Previously we have defined our Weingarten map or the
shape operator corresponding to vectors constrained only
on the hypersurface H. Now, as we have a unique
projection tensor onto the tangent space of H, we can
extend the definition of the Weingarten map to vectors
living in the tangent space 7 p(M). The extended
Weingarten map y“, is defined for vectors living in
Tp(M) as

24pvt =My, (TP 0¢) = en(v)l“ = (. + kblc)vcﬁcl“,
(4.1)

where contrary to the earlier section, now v € 7 p(M).
From the above, it follows that

2% = Vi + (kY 19)1,. (4.2)
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Then one finds that

a b — bV, 19 = kl® + T,° 1°1° = I + T, (4.3
X'b b b c

24kP =0, (4.4)
where T¢ = T, 1°I°. It is worthwhile to notice that the
action of the extended Weingarten map onto any spacetime
vectorv € 7 p(M) is to effectively map it to another vector
belonging to the tangent space of H. This can quite easily
seen by
. 1 A

la)(ah’l)b = ZHVH(V>ZH = EHabvbva(ldld) =0. (45)
This clearly shows that y,v” belongs to the tangent space
7T p(H) for any vector v € 7 p(M). For this reason the
action of the extended Weingarten map onto any spacetime

vector is the same as its action on the projected part of the
vector onto the tangent space of H, i.e.,

24P ) = y2p0°. (4.6)

Notice that I is not an eigenvector of the extended
Weingarten map exclusively due to the presence of torsion
in (M, g, @) In the same vein, we can extend the notion of
the second fundamental form 7®,, to its action over
vectors living in 7 p(M) rather than 7 p(H). Hence for
any two vectors (u,v) € 7 p(M) x T p(M) we define the
extended second fundamental form ©,, as the following:

C;:)abuavb = H®ab(nacucnbd1jd> = (Hacuc)(nbdyd)ﬁbla
= ((g" = 1%.)u)((g"a = "ka)v") V1,
= (qacqbducvd@bla) - (kdvd)qacuc(’da + —H—a)
+ (keu®) (kgv?)*(xl, + T,)

= (qcaqdbﬁdlc - qcakh-[rc)uuvh' (47)

This naturally allows us to define the extended second
fundamental form as a bilinear,

(:)ab = (qcuqdbﬁdlc) - (qcakb—l]—c>‘ (4~8)

Naturally by inspection it can be observed that

O,,19=0, O,'=¢T,, 0,k=0 and O,,k"=0.

(4.9)

The above Eq. (4.9) very clearly shows that in the
presence of torsion in (M,g,@), the extended second
fundamental form ©,,, is not a second rank tensor lying
only in the space 7*(S;) ® 7*(S,); rather it lies in the
space 7*(H) ® 7*(H). We can compute the trace of this
extended second fundamental form,

(e)
0 = 9“b®ab = gab[(qcaqdbvdlc) - (qcakb—ﬂ—c)] = quvdlc

= (g° + kT + k1) yl, = V1" —k + k, T (4.10)
It maybe noted that if we impose the constraint,

—l]—b = Tabclalc = 0, (411)
in the Riemann-Cartan spacetime, we then have via (3.9)
that the null generators are parallel-transported along
themselves with « being the nonaffinity parameter,

19%,1, ="l

(4.12)

The condition (4.11) will be termed as the geodesic

constraint. Application of the geodesic constraint implies
~ . T,=0

Z“Valb = l“Valb - Kcablalc = lavalb = K'lb, (413)
thus verifying the fact that if the null generators [ of H
satisfy the parallel-transport equation w.r.t. the connection
V, then they also satisfy the geodesic equation w.r.t. the
Levi-Civita connection V. The above geodesic constraint
(4.11) represents the vanishing of the torsion current
T l%1¢. In the context of Killing horizons established
in the spacetime (M, g, @) it has been shown in [46] that
the above condition of the vanishing of such a torsion
current is necessary to establish the zeroth law. This allows
anotion of equilibrium to be defined for such a horizon. We
will have much to say about this later.

Imposing the geodesic constraint, i.e., T¢ = 0, we notice
that the extended second fundamental form lies in the
orthogonal transverse space (to I and k) 7*(S,) ® 7*(S,)
and hence is orthogonal to both [ and k. Note that again due
to the presence of torsion in the spacetime, the extended
second fundamental form is not symmetric in its indices,
ie., O, #0,, For the specific case of the geodesic
constraint T, =0, the extended second fundamental
form being a bilinear established on the two-dimensional
transverse space orthogonal to both I and k can be provided

(e)
an irreducible decomposition into a symmetric trace part él,
a traceless symmetric part “<)s,,, and an antisymmetric
traceless part Y,

(¢)

Ou = EQabél + oy, 4+ Ty, (4.14)

(e) (e)

A Ta=() & y B Te=0 A 1 A
= (Vali=x), oy, =" 0 _E‘Iabel and
0 =" Oy (4.15)
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Note that the trace of the extended second fundamental
form is not to be designated as the expansion scalar
corresponding to the null congruence [ since it does not
quantify the fractional rate of change of the area element
\/q of §; along I. We will soon develop the proper notion of
an expansion scalar corresponding to null congruences in

(M, g, V) for our purpose.

B. The rotation 1-form and the Hajicek 1-form

A quantity of great interest and utility for practical
calculation dealing with this topic is the spacetime covar-
iant derivative of the null normal /,. Now having foliated
the spacetime in the neighborhood of our generic null
surface H by a family of null hypersurfaces and the slicing
of this null family by a stack of spacelike slices %,, we have

now a well-defined notion of @al »- According to (4.7), we
have for any (u,v) € T p(M) x T p(M),
O,,u"v? = (H“Cuc)@n(v)la = (u + (lcu“)k“)ﬁn(v)la
= u (1 )Vl + (L) k¥ L,
(b + (L), + (L ey (r gv)
Vol )uv? + u(Lyv?) (KoV,1,)
+ (Lau® )y (" 4v?).

(4.16)

The rotation 1-form @ € 7}, (M) is defined in such a way
that its action on any vector f € 7 p(M) is given via

W f" = —ka(2"pf").

Then using (4.17) in (4.16), we obtain

(4.17)

O,,u"v’ = (@bla)u“vb + (l,,k"vcla)u“vb — (Lu®)(@p?).
(4.18)

Now, since u“ and »“ are arbitrary, one finds after
rearranging,

Vil = Oy + doly, — 1,(Vily). (4.19)
The above expansion (4.19) of the spacetime covariant
derivative of the null normal is going to be of significant
practical interest to us.

Let us look at some properties of the rotation 1-form.
Using the basic definition (4.17), it can very easily be
verified that

0k =0 and @,0* =Kk —k,T° (4.20)
Combining (4.2) and (4.19), we have
){ab = C:)ab + c?)bl“. (421)

Let us now proceed to obtain an expression of the rotation
I-form. We begin by noticing that for any vector

f € Tp(M), we have
Duf = =kt "p " = =k 1 4f IV 1
= —ka (85 + K2 1y) )V, 1
= —ko(f" + K (Laf )Vl

= —(kyVoI") " = (kp (kY IP) L) . (4.22)
This allows us to have
Bp = —(kpV,1%) = Lk, (Vi I?). (4.23)

The above equation stands as a working definition of the
rotation 1-form. However, we will soon come up with other
expressions of this rotation 1-form that will be useful
later on.

The Hajicek 1-form Q € T%(S,) is defined as the
projection of the rotation 1-form onto the cotangent space
of S,

A

Q,=q",0,. (4.24)

Following the above definition, we have for any vector
v E TP(M)a

A

Qv = (¢ 40" = &*(q"p0"). (4.25)

Using the fact that ¢¢;, = 114, + [“k;,, we have

qua = &)a((nab + lakb)vb) = 6,‘\)a(Habvb) + (é)ala)kbvb
= @D,v" + (k — k,T) (k). (4.26)

In the above, we have used the fact that &, (I1%,v") = @&,

precisely via the property of the extended Weingarten map

as shown in (4.6). This allows us to have a relationship
between the rotation 1-form and the Hajicek 1-form as

Wg = Q, — kky + (k, T?)k,. (4.27)

From the dual formulation of the Frobenius theorem for
the null normal /, we have upon using (4.19),
dl =dp N1 = (0,1, — 0pl,)dx* ® dx”
= (Voly =Vl + T l)dx" @ dx®
= (Opa = Oup + @alyy = dpla + (Vila)ly = (Vi )L
+ Toapl€)dx® @ dxP. (4.28)

Using (4.8), we have the antisymmetric part of the extended
second fundamental form as
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éba - éab = qcaqdb((@cld - @dlc) + (kcha - kaqcb)—l]—c)'

(4.29)

Using the fact on account of the dual formulation of the
Frobenius theorem, i.e., (9,1, —pl,) = (0up)ly,— (Opp)ly),
we have

(:)ha - éuh = qcaqdefdclf + (kcha - kaqcb)—[rc‘ (430)

This allows us to have
= (qcaqdefdclf + (kcha - kaqcb)—ﬂ—c + Tcablc + é\)alb
—aply + (Vil )L, — (Viel,)1)dx" ® dx”. (4.31)

Using the definition of the projection tensor g“, = 6%, +
[%k;, + k%1, and a few lines of simple algebra it can be
shown that

4 aq?sT racl’ + (kg o —kaq p)To + T oapl€
= (T pqal k), — (T gy k).

This finally results in the fact that

(4.32)

=yl + (Vi )1, —
- (Tcdblckd)la)dx“ ® dxb.

(Vilp)ly + (Teqal k)1,
(4.33)

dl = ((ba lb

Provided we define a 1-form T = (T4, [°%k?)dx“, we can
succinctly via (4.33) express the exterior derivative of the
null normal as

dl=d N1+ (Vi) AL+ T AL
=@+ Vi) + )AL (4.34)
The comparison of the above relation with dl =dp A1

provides a relationship between the scalar field p and the
rotation 1-form,
Dup = &y + Vil + T ogalk?, (4.35)
which is arbitrary up to a term proportional to /,.
Let us proceed to derive another expression of the

rotation 1-form. For that, notice that the exterior derivative
of the auxiliary null normal k via (3.30) can be simply

expressed as
1 N
dk = —d(In(— | | AL
2N M

Since the auxiliary null normal k does not satisfy the dual
formulation of the Frobenius theorem it can be interpreted
that the hyperplane orthogonal to the auxiliary null normal
is not integrable. From the definition (4.17) of the rotation
1-form, we have any vector v € 7 (M),

(4.36)

v = =k (") = =k (11 )
= —k Vi) 4 = ko (TP .0°)V,, 14
= 1911 .v°)(V,k,). (4.37)

From the relation of the exterior derivative of the auxiliary
null normal, we have from (4.36),

Dy — Opky = (Vokyy = Vpky + T€ k)

5 (023

A A N
= kaa = Vakb + Tcabkc - W ((9a ln <—> lb

M
~omn (4 )1a).
M

Employing (4.38) in (4.37), we end up having

(4.38)

@, = 1°TIP .v° {@akb + T¢ ok,

(-2

= [9T12 07V gk, + 1°TI 09T, K,
= 19(6%, + KP1) vV ykyy + 19(g%y — 1Pkyg) vITe ok,
= (lhvbku)v“ + Tcdbkcldqdava. (439)

Thus we finally retrieve an alternative and useful expres-
sion of the rotation 1-form @ as

&g = (IPVyk,) + Tpeak? 1%, (4.40)

The above formula allows us very easily to verify the
relations (4.20).

C. The deformation rate tensor

The deformation rate tensor 7, essentially quantifies the
rate at which the metric of the 2-surface S, changes as we
evolve along the null generators. Following [75], the
deformation rate tensor is defined as

o
Xab = quaqjhfl%j' (4.41)

Using the definition (2.20) of the Lie derivative of the

metric tensor g,;, along the null generators /, it is quite easy
to notice that

N 2 Y
Fab =500t s(Vely + Valo + (Tepg + Tap) V). (4.42)

2
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Then using (4.8), the deformation rate tensor can be also be
expressed as

Xab =

1 A A 1
E (®ab + G')ba> + 5 (qcakb =+ qcbka)—l]—c

1
+ E‘I‘aqdb(chd + Typ)V. (4.43)

A point worthwhile to notice is that in the presence of
torsion in (M, g, @), the second fundamental form (:)ab and
the deformation rate tensor y;, are not equivalent. Contrary
to the extended second fundamental form C:)ab, in general
the deformation rate tensor is by definition both symmetric
and orthogonally transverse to the space spanned by I/
and k,

Fapl® =0= 71" and k" =0=j,k". (4.44)
We can in fact perform an irreducible decomposition of the
deformation rate tensor in terms a symmetric trace part and
a traceless symmetric part,

| @

Fab == qap 01 + "oy,

> (4.45)

(@)
where 6, is the outgoing expansion scalar and “9g, is the
traceless shear tensor corresponding to the null congruence
()

I. The reason as to why 6 is called the expansion scalar is
because it represents the fractional rate of change of the
area element of the transverse spacelike 2-surface S, as we
move along the null generators I. We will prove this result
shortly in Sec. VI [see Eq. (6.6)]. The trace of the
deformation rate tensor is given by

(d)

1 1
O = g3y = 54° £zch—2q“’£zgcd
1 ~ A X
= Equ<vcld + Vol + (Tera+ Tape) )
1
E(QCd‘Flckd‘f'kCld)(v ld+vdl +(T cfd+Tdfc)lf)
=V 94 Tl —k =V, 1% k. (4.46)

In the above, we have used (4.41) and (4.42). In the spirit of
(4.19) we will find it beneficial to expand the spacetime
covariant derivative of the null normal /, in terms of the
deformation rate tensor. To that extent using (4.43) and
(4.30), we can provide a relationship between the defor-
mation rate tensor and the extended second fundamental
form,

)?ab = C:)ba =+ kaqcb—l]—c + qcaqdefcdlf' (447)

Finally, upon using (4.19), we get our desired expression
relating the covariant derivative of the null normal /, with
the deformation rate tensor,

(kK'Vil,) =

valb :)?ab + é\)alb - la kaqch—l]—c - qcuqdefcdlf'

(4.48)

D. Transversal deformation rate tensor

Much like the deformation rate tensor we can also look
for the projection (onto the transverse spacelike surface S,)
of the Lie derivative of the metric ¢,,, however now in a
direction transverse to H. This transverse direction is
provided by the auxiliary null vector field k. We define
the transversal deformation rate tensor as

1
ab = chaqdb'fkchd-

Using the properties of the Lie derivative of the metric g,
and the fact that ¢,,1* = g,,k” = 0, the transversal defor-
mation rate tensor can be expressed as

[1]>

(4.49)

[}

= g g g
ab 261 aq b*kYcd
1 .
= EqLaqdb(vckd + Vake + (Topa+ Ty )K).  (4.50)

From (4.36), in the index notation, we have

(aakb - abka) = (ﬁakb
1 N
= Waa <lnﬂ> lb

Using (4.51) for the covariant derivative of the auxiliary
field in (4.50), we have

1 1 N

N :
2N2 8b (ln >la - chdkf + chdkf + Tdfckf:| R

- @bka + Tcabkc)

N
- Wab <1HM> la'

(4.51)

[I])

= qcaq b(vdkc + deckf)' (452)

As is evident from its definition (4.49), the transversal
deformation rate tensor is symmetric and orthogonal to the
space spanned by the vectors / and k, i.e.,
Eplt=0=5,0I" and B, k*=0=E,k'  (4.53)
Just like for the case of the null generators, it would be of
great practical interest for us to calculate the spacetime
covariant derivative of the auxiliary null vector field k. This
quantity is again a well-defined quantity, thanks to the null
foliation of the spacetime (M, g, @) in the neighborhood of
‘H. For this, we will just have to manipulate the part

q°aq" dﬁdkc in the expression (4.52) for éab:
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G aq® sV ake = (84 + 1k + K1) (6%, + 1%y + K21,V gk,

= (64 + k) (V ke + ki (199 g ) + 1, (K9V 4k )

=V ko + ky (195 1k ,) + 1 (k9N g ) + Ko (19V k) + ki 1919V g ) + ko L1 (k7Y k)

=Vyky+ kyldr, = Teark¢19g7 ) + 1y (kIV k) = kok€ (V1) = Kk ke (19V 41,.) + ko 1 (k¥ gk.,)

=V k, + kg + 1y (Viky) = kok€ (O + dple — 1y Viel) = kkyke (k1. +T.) = KoLk (k¥ gl,) = kT ok 147,
= Vyko+ kp@q + 1y (Viky) 4 ka@p + Kk gy — kgkyk T¢ =k Teqrk€ 107 ,

=k + kp@q + 1y (Viky) +koQy — kp T k€ 1997 .

For the above result, we have used (4.40) in the fourth line,
(4.19) in the fifth line, and (4.27) in the seventh line.

Putting the value of ¢¢,q" d@dkc as obtained in (4.54) into
(4.52) and rearranging, we obtain our desired quantity, i.e.,
the covariant derivative of the auxiliary null normal in terms
of the transversal deformation rate tensor,

A

Voky = By = Quky = koo, — 1,(K'V k)

+ kaTcdkaldqfa - qcaqdefcdkf' (455)
In the same way, the transversal deformation rate tensor can
be decomposed into a symmetric trace part and a symmetric
traceless part,

L@
ab = 5 qapOh + ® Doy

[1]>

(4.56)

The trace of the transversal deformation rate tensor is the
expansion scalar corresponding to the auxiliary k congru-
ence. Again, as we will show later that the trace is truly the
expansion scalar in the sense that it quantifies the fractional
rate of change of the area element of S, as we move along k.
The ingoing expansion scalar corresponding to the aux-
iliary null vector field, via (4.52) is then given by

ék = Qabéab = qu(vdkc + deckf)
~ 1
= q“Vake + 5 (g7 + 1Kk + K1) (Tape + Toga)K!

= (q°IV jk,) + Tk = T go k41K . 4.57
f

E. The projected deviation tensor

Till now, we have discussed three kinematical second
rank tensors that are of interest to us. They are the extended
second fundamental form (:)ab, the deformation rate tensor
¥ a» and the transversal deformation rate tensor éab. As we
shall see, all these quantities will be very relevant in the
analysis of providing our advertised thermodynamic inter-
pretation as applied to 7. There also exists another second
rank tensor called the deviation tensor that we wont require

(4.54)

for our thermodynamic interpretation. In Appendix A we
provide a detailed derivation of the NRE corresponding to
the null generators / without the assumption of the geodesic
constraint (4.11). To corroborate our results with the
existing literature [46] we would require the construction
of the deviation tensor and its relation to the extended
second fundamental form. In this section, we end our
discussion of the kinematics of the null hypersurface by
describing the deviation tensor or effectively its projected
part. On the outset, let us mention that the discussion of the

deviation tensor does not require a foliation of (M, g, @)
by a family of null hypersurfaces and their subsequent
slicing by a stack of spacelike surfaces. All we actually
require is a congruence of null trajectories (not necessarily
geodesic or autoparallel) and build upon the premise that
the deviation vector field # is Lie transported along the null
congruence. The deviation vector essentially measures the
deviation between two neighboring null trajectories. The
above condition means

.1 = 0. (4.58)
In index notation this translates to
1“On* — 39,1 = 0,
IV =0/ (V" + T40) =B, (4.59)

Here B¢, is called the deviation tensor which measures the
failure of the deviation vector to be parallel transported
along the null congruence. This is given by

By = Vil, + Tyl (4.60)
The auxiliary null vector field k* to such a null congruence
is as usual defined via the relations [,k = —1 and
k%, =0, with the projection tensor onto a two-
dimensional spacelike cross section of the null congruence
being q., = gup + liky + k1. We can easily verify that
the deviation tensor is not orthogonal to both [* and k“ as
seen from
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Babla == ——l]—b, Bablb == K'la + —l]—a,
Bpkt = =1V k, + Toipk®l'  and

Bpk? = kPN, 1, + T i lTkP. (4.61)

We will project the deviation tensor onto the transverse

spacelike 2-surface of the null congruence to define the
projected deviation tensor 1,

Bab = 449"y Bea- (4.62)

Opening up the projection tensors g%, = (6%, + I“k;, + k“1})
in (4.62), a few lines of simple algebra lead us to

Buy = By + 1,k By + 1,k Bey + Llpk kBey

+ —l]—akb —_ -l]—bka + (lakb - lbka)K'C—l]—C. (463)
Next, using the relation (4.60) and (4.40) in the above, we
obtain

By =Vl + Tt + (Tokp = Tpky) 4 (Loky, — kolp) Tk,
— L@y + Ly (KIVil) + (T k) 1y + 1, Tk 1F
Ly (Ti kTR ). (4.64)

The above relation relates the spacetime covariant deriva-
tive of the null normal with the projected deviation tensor.
Finally using (4.19) in (4.64), we end up deriving a
relationship between the projected deviation tensor and
the extended second fundamental form,

éab = Z’;’ab - Takblk - (—I]—akb - ka—l]—b) - (lakb - kalb)—l]—ckc
_|_

(Toiik V)l = 1,T 0 kP 19", (4.65)
We can again perform an irreducible decomposition of the
projected deviation tensor into a symmetric trace part, a
symmetric traceless part and an antisymmetric part,

. ®

Bap = 5qa 01 + Py, + Flasy,.

5 (4.66)

Computing the trace of the projected deviation tensor we
obtain

@ :
O = 9" Buy = 4" Bay
= (g + FRK) NVl + T ]

=V, I — k4T, (4.67)

(B) (d)
We notice that 6; = 0; and hence the trace of the projected

deviation tensor also quantifies the expansion scalar of the
null congruence.

V. DYNAMICS OF THE NULL HYPERSURFACE ‘H
PROVIDED BY G,,k*I’

Now that we have provided the details for the kinematics
of the null surface H, we will begin discussing the
dynamics of it. The null generator / provides a notion of
evolution in time [75] since [¢ = % and is hence associated
with the time vector £. By dynamics we mean to investigate
the Lie derivative along I of the relevant kinematical
quantities introduced in the previous section. Our aim will
be focused on one particular projection component of the
Einstein tensor analog in (M, g, @), 1.e., Gab. This is
because we will see later that different projections of G,
will lead to dynamics of these kinematic quantities. Let us
decompose the vector G“blb into its subsequent compo-
nents along the basis vectors [, k and e4 of 7 p(M),

Gpl" = 1 + ok + e, (5.1)
with ¢ = =G, Ik, ¢y =G, 11" and  ¢; =
(Gapl”q“,)ec 4. Tt has been shown in the literature, at least
for Riemannian manifolds, that all these three projection
components can be provided physical interpretations. The
projection component G,,lI” is related to the rate of
change of the outgoing expansion scalar along the null
congruence / and is known as the null Raychaudhuri
equation [41,75]. On the other hand, G,,/%¢". leads to
the Damour-Navier-Stokes equation (for Einstein gravity)
under the membrane paradigm [37,80], whereas G,;,[“k”
leads to a thermodynamic identity (structurally familiar to
the first law of thermodynamics) established under a certain
physical process involving the null surface H. It is a
worthwhile exercise to extend the formalism to a spacetime
(M, g, V) involving torsion and study the physical inter-
pretations (if possible) for such projection components. The
case for the NRE corresponding to the null generators / in a
metric compatible, general affine spacetime (M, g, @) has
already been considered in [46]. However, under the
umbrella of this 3 4+ 1 perspective of null foliation we

(d)
also rederive the NRE for the outgoing expansion scalar é,
in Appendix A and compare it with previous results. Here,
we will study only the projection component G,,k“1” and
see what interpretation(s) can be alluded to it.

Let us begin with the projection component Gab 1°kP. In
doing so, we will first derive the evolution equation along /
of the transversal deformation rate tensor. Then we will

(d)
proceed to find the evolution rate of the expansion scalar 6
along the null generators. This will then provide our
starting point towards a thermodynamic interpretation that
can be attributed to the relevant projection component. At
the outset let us establish the fact that the dynamics of
Gabl“k” will be studied entirely keeping the geodesic
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constraint (4.11) in mind. We will use the fact that T = 0
in all subsequent analysis. Under the geodesic constraint, as
we have discussed at the end of section IV A, that the null
generators of H are both autoparallel and geodesic. To
proceed, we start with the Ricci identity established on the
manifold of the transverse spacelike 2-surface (S,,q.D),
where D is the spatial covariant derivative compatible with
q, ie., @ath = 0. So for any spatial vector v € 7 p(S,),

|

[D,. Dy)v* = D,(Dyv?) = Dy(D,v%)

(@)

A A

[Dav Db]va = <2)Rabva - (Z)Tdabf)dva’ (52)

where (Z)Rab and @79, are the two-dimensional Ricci and

torsion tensors established respectively on (S, g, ﬁ) Letus
first take on the left-hand side (lhs) of (5.2). We show (via a
detailed calculation in Appendix B) that

=[(6, - qT o ral ) g™ = 2" + 4 g K pegl’ ] (ks@mvs)

(d)

+ (6 - q“IT . rak” ) g™, — E", + 4 g K o gk | (LY, 0%)

+ 4" 0 q" R 0" + 4<% q" T ca(V,00?).

Looking at the (rhs) of (5.2) we have on account of
(@79, being a tensor defined on the transverse two-
dimensional space §;,

N

(2)Rab v — (2>Tdabf7dﬂa
= (2)Rabva + (Z)Tdbaqmdqas(@mys)
— (Z)Rabvu + qcqua(z)chdquqas(@mvs)

= (2)Rubvu + qcqusqu(z)chd(@mvS)' (54)

Incidentally, it can be proven that the complete projection
of the spacetime torsion onto the two-dimensional trans-
verse space S, is equivalent to the intrinsic torsion estab-
lished in (S,.q.D), i.e.,

a“pq%5q" T’ ca = 4°59%q" VT, (5.5)
For the detailed derivation of this see Appendix C. Upon

equating the lhs and the rhs of (5.2) via the relations (5.3)
and (5.4) respectively, and using (5.5), we end up having

(d)
—[(6, - quchdlf)qmb X"+ qcqumecdlf] (v'V,k,)

expression 1

(d)
- [<9k - quchdkf>qmb —E", + qcqumecdkf] (”avmla)

expression2

+ qmbqlsqpaiesplm v = (Z)Rab v (56)

(5.3)

Let us focus on expression 1. Again as usual using (4.55)
for the covariant derivative of the auxiliary null normal and
simplifying, we obtain

(d)
expression 1 = v¢[§", 5, — (6, — ¢“/T ;4 )Ey,
- qcbéda(Kfcdlf) —)?quda(Kfcdkf)
@
+ (601 = 4T 5l ) g g (K peak”)

+ qcquiqju(Kfcdlf)(Khijkh)]' (5.7)

Analogously, for expression 2, we use (4.48) and simplify
to yield

(d)
expression 2 = p* [émb)?ma - («9k - quchdkf ))? ba
— 47 (K peak?) = Eyq? (K"
(a) o
+ (6 = 4T o1k ) g 57 o (K i 1)

+ qcquiqja(Kfcdkf)(Khijlh)]' (5.8)

Adding up both the expressions (5.7) and (5.8) in (5.6), we
end up having the expression of the two-dimensional Ricci
tensor in terms of the four-dimensional spacetime quan-
tities (since v“ is arbitrary),
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(d)
(2)Rab = qmbqlsqpaRsplm + [()?mbEma + Emb)?ma) - (91 - quchdlf)(Eba - qcquaKfcdkf)
(d)
— Ok — quchdkf)()?ba - qcquaKfcdlf) - (quE‘da + qdaacb)Kfcdlf
— (g3 + ") K peak” + (4°0q" @ 0 + 4407 0" ) (K peal”) (K pijk")). (5.9)
Now, we focus on the term qm,,qlsqﬂaiesp,m of (5.9). After some routine computations (see Appendix D), it can be
shown that
C] hq qp R = thqqurmspkrlS + thqpaiepm + ZQaQb - (Qaézb + ‘A@aél)
- qmbqp I'V,[2 [ - (qimqu + qiqum)(Khijkh)] + qmbqp [(v 0 + vpé\)m> - (vmﬂp + vpf@m)]
- ()( b—‘ru +)( a=—rb ) + (qja)?ib + qu)?ia)(Khijkh) + (q a= h + q ‘bﬁ a)(KfL'dlf)
— (%% + Eq?) (Teral) = [0 a0 + 4° a0’ »a™ (K peal”) (K k")
+ 0% q + @ 1q% g VT e al” ) (Kpijk™). (5.10)

I]> [I]>

In the above, we have defined the quantity éza accordingly as
P, =T,y kb 1q . (5.11)

Obviously, the quantity ﬁ”a is orthogonal to both [ and k“ and hence is defined on the 2-surface S,. Converting the
spacetime covariant derivatives present in the above relation (5.10) to Lie derivatives along the null generator I, we obtain
from the above,
qmbqlsqpaiesplm = qmbqpa Qrmspkr[Y + qmbqpaiepm + ZQaQi) - (Qa 'ézh + c@afzb)

— 4" q" E1128, = (@' + 4 @) (Kiik")] + (20rE ) + 262 )

+ D Q) — P) + Dy(Qu — P,) — 2B + (B g%y + écqua)(chdlf)

- (qca‘édb + qcbé‘da)(Kfcdlf) + [qia (qub _)?jb) + qib(qua _)?ja)}(Khijkh)

- (d'uq?y + qiqua)qjc](chdlf)(Khijkh) + [(¢°.4's + qcbqia)qjd](Kfcdlf)(Khijkh)- (5.12)

We relegate the details of the computation to Appendix D. Now all that remains to do is to put (5.12) into (5.9) to get to the
evolution equation of the transversal deformation rate tensor,

A1 S
q"v4" 1By =54" 04" El(dnd’p + 4 p @' ) (Kpijk")]

1. PO [ A 0\ ~
:_ERab +2q »q" Qrmspk r Eq »q” Rpm+()(ar—‘ b+)(br:‘ a)+§(Da(gb_=@b)+pb(ga_ya))_ (K""_?l)':'ab
(d)
9 A 5 A 4 1 e c
—?)(ab‘i‘Q Qb_i( Pyt Qb@aﬂ‘i[(ﬂ 0% +E5q%) + a8 ) ( Teral”)
19 2 2 2 2
2[9kq 2% =4 a2 — 4“2 = 4“2 = 47 B (K gl
| L
t51d'a(kd s =270) T 40 (k4 =2 a) + 614" 4 a =208 0 =2 s + 4" Zap) (Kpijk")
1 . 1 .
5[( a‘] b +‘Z bq )‘IJC +C]Cd lbq]a}(chdlf)(Khijkh) _E(ql]qcqua>(Tihjkh)(Kfcdlf)
1 c i c i jd ¢ Ldij i jc,d f h
+50a%d's + 44 )a" + 479" ¢ o+ 450" 4 ) (K peal’ ) (Kipijk"). (5.13)
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So we have arrived at the evolution equation for the
transversal deformation rate tensor in the metric compatible
general affine spacetime (M, g,@) under the geodesic
constraint (T* = 0), i.e., the null geodesic generators of H
are parallel transported along themselves. In the absence of
torsion in the spacetime this equation matches with
Eq. (6.43) of [75].
Now that we have derived the evolution equation
of the transversal deformation rate tensor, we proceed to
(d)
study the evolution of the expansion scalar ;. This would
|

(d) (d)

enable us to provide the thermodynamic relation estab-

(@)
lished on ‘H. To get to the evolution equation for ék, all we
need to is to take the trace of the evolution equation
of the transversal deformation rate tensor (5.13). However
this can be avoided to the benefit of a shorter route that
involves taking the trace of (5.9) and (5.10) and then
combining them. The result of the trace computation leads
us to

~ . 1,a A A . A A A A A A ~
(O = " Tik") = |5 DR+ UV, (0 = ¢/ Ty k") = Q.Q + Q2 = D, (Q" = 7)

(@) (d) ()

+ 0, (6, - g Ty k") — (Org? - EY (T oal”) = (Vg = GG (T opa) (K i) k1P

— G+ (@uTh - ﬁhTu) + (@i + T)T k10

All the relevant steps involved in the computation for the
trace leading up to (5.14) has been shown in Appendix E.
The above geometrical relation involves the directional
(d)
derivative of the ingoing expansion scalar 6; along the null
generator I being related to the component G, k*(?. It is in
this sense that the above equation can be referred to as the
(d)
NRE for 6. Let us try to motivate the reason of this
particular choice of arranging the terms in (5.14). This will
be clearer when we proceed to provide a thermodynamic
interpretation to the above equation. Notice that all the
terms in the first squared parentheses for the rhs of (5.14)
(d)

except for 1"V, (6 — ¢/T;,;k") contains geometrical

|

(d) (d)

(@) (d) (@)

(5.14)

|

quantities that are defined on the transverse 2-surface S,.
The terms in the second squared parentheses for the rhs of
(5.14) involves rather quantities defined for the spacetime
(M, g,V) and are not restricted to S,.

VI. THERMODYNAMIC INTERPRETATION
PROVIDED TO THE NRE (5.14) VIA VIRTUAL
DISPLACEMENT 64,

The relation (5.14) is geometrical in the sense that the
dynamics of the gravitational field equations have not made
their way into the relationship. At this junction, we have to
use the ECKS field equation corresponding to the metric
tensor. We will rather use the form given in (2.26). By using
this in (5.14), we have

N A A

A . 1 a AL - A A A oA
—K (O — ql]Tihjkh) = {5 @R + I'V, (0 — qlJTihjkh) - Q,Q" + QP =D, (Q — F)

+ 0 (6 — 4T k") — Ok — BN (T opal’) = (¥ g = GG ) (T epa) (K 43 k1

m 1 - i i i
- |:871'T(b) 5 (Vi t T) (38 + 8.0 + Sya) | K1

a

So finally we have arrived at the equation we desired. This
equation has the interpretation of a dynamical equation
(@)
governing the evolution of the expansion scalar §; along
the null autoparallel (and hence geodesic) generators of an

integrable hypersurface H in the spacetime (M, g, V).

(6.1)

Before proceeding to interpret (6.1) as a thermodynamic

identity established on the generic null surface H, it is
(d)

necessary to convince ourselves that 8, indeed represents

the expansion scalar of the auxiliary null field k. Let us

represent the (in general) nonaffine parameter along the
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auxiliary null vector field to be Ay). Hence we have

@ — _dx

fact that the auxiliary null field k is ingoing as opposed to
the null gnerators  which are outgoing. On account of the
determinant of the transverse metric of the 2-surface S,
being a scalar density, we have

dyg 1 _ .. d 1 g
V- __ - [ KV, a ,b .
7 2\/561 i daB 2\/6_161 i(Gapeae’p)

The crucial negative sign is because of the

Therefore one finds,

1 d
=5, V4
Va4 A
1 A 1 A
=3 q*2gupe’p(k'V;e,) + 3 q*Bgape’a(k'V e’ p)

= q"gape’5(k'Viey). (6.2)
Under the construction of the null hypersurface H, the basis
vectors {e4} of the tangent space established on the 2-
surface S, are Lie transported along the auxiliary null field,
ie., [k,eq] = 0. This results in

k’vie“A = e"Aﬁik“ —+ TahckbecA' (63)

Using (6.3) in (6.2), we obtain

1 d e
- Jg= ) (Vik) + T4 ket
Vi Va = q""gape’p(e'a(Vik®) + Tk e )
= qubﬁakb + qahTacbkb' (64)
In the above, we have used the fact that g*Be“ e’ = ¢?.

Upon using the relation (4.55) in (6.4), we obtain

) e (19 1
- d — (=6, ——q'iT; k" ) |82
A x\/c_l[zﬂ <4 k 4q ihj ﬂ (k)

1 d . (@)
4 =920 — K jeak’ + qT 41k = O

V4 A
(6.5)

Hence we indeed verify that the ingoing expansion scalar
(@)

0, represents the fractional rate of change of the 2-surface
area element /g along the auxiliary null vector field k.
Strictly along the lines of the previous analysis, its quite
straightforward to establish that

1 d , @
= V4= 9w = 01,
Va i r

where 4 = 1 represents the nonaffine parameter for the
outgoing null generators .

Finally, we arrive at the point where we discuss the
physical process under which a thermodynamic interpre-
tation can be alluded. The physical process is a virtual
displacement 64 ;, along the auxiliary null vector field. The
notion of virtual displacement has been adopted from the
analysis in [30]. The virtual displacement basically shifts
our null hypersurface H along k. Consider the foliation of
(M, g, V) in the neighborhood of H by the null family H,,.
Let us suppose that H is stationed at the value of 4y =0
and in the null family, there exists another surface at the
value of Ay = 64 (). Of course, both of these null surfaces
are solutions of the Einstein-Cartan spacetime. The virtual
displacement is the physical process that shifts us from the
null surface at 4x) = 0 to A) = 64(). Let us multiply then
both sides of (6.1) with 64(;) along with a multiplicative

(6.6)

factor of é We integrate the resulting equation on the two-
dimensional spacelike cross-section S, of H. This results in

A N ~

(a)
1l o VA
= / dx\/q - { QR+ 1"V, (0 — 7Ty k") — Q,Q" + Q, 7" =D, (Q* — 7

S, 8r |2
() (d) (d)

+ 0y (O — 7T jk") — (6rq°? = EN(Tpql’) = (g% g

1 JEU A . . :
- A sz\/gg |:8”T§1b) + E(V, + Ti)(3Slab + Salb + Sbla) kalbé/i(k)

- quqij)(chd)(Kaij)kalb 5/1(k)

Let us now focus on the term in the lhs of (6.7). We can rewrite it as

064047-18



KINEMATICS AND DYNAMICS OF NULL HYPERSURFACES IN ...

PHYS. REV. D 105, 064047 (2022)

(d)
1 1 K 1 d .
/dzx\/_[ < k_quTzhjk )}M(k)_l,dzx%f[ 7_d_< >+\/C_]Zq]Tihjkh]5/1(k)

S

Here, we identify the temperature associated with the null
surface under the process of virtual displacement 64y, to be

= (x/2x). We postulate that the variation of the total
entropy density occurs from two contributions. First is the
entropy generation term of the null surface itself. The entropy
density of the null surface H is proportional to the area
element , /g of the 2-surface S, i.e., s,y = \/q/ 4. This part
of the entropy generation is purely due to the variation of
cross-sectional transverse area elements S, as we move in the
transverse k direction under the virtual displacement. But this
not the end of the story. Due to the presence of nontrivial
torsion in the spacetime, there happens to be another entropy
generation term §, o Stor- In order to have an understanding for
the source of it, let us consider the following particular
torsion current 7" ;¢"/. Obviously the quantity "/ T, ;k" is
negative the component of this torsion current along the null
generators [. We here define the entropy variation under the
virtual displacement 64 due to presence of this nontrivial
torsion current 7" ;4 to be 824 Stor

q 1 n
81 St = Bt (f fT,h,k’)

\ (6.9)

Thus we see that there exists two causes of entropy generation
under the virtual displacement 54 ). One arises primarily due
to the variation of the transverse cross-sectional area element
S,. The other arises due to a nontrivial torsion current flowing
along the null generators. We will have something more to say
on this at the end of this section.

Having done this, let us now look at the first term in the
rhs of (6.7). We identify this term to be the variation of
energy o, © E associated with the physical process of virtual
displacement 6/1<k),

1 o @
Oy E = /S d2x\/55/1(k) 87 {5 R+ 1V, (0 - quTihjkh)
Q0+ 0,7 - D, (O -
@@ W
+ 01(Ok — qUT k") — (Org® = E)(T pql")

~ (qliqei - chqff><rcbd><z<m»,»>kazb} .

P

(6.10)

>Same identification of entropy has been done in [81] through
Noether prescription on a Killing horizon.

K d q Va
oo () (o)

= / dsz(éﬂ(k)snull +§A(k)stor)'

(6.8)

We can in principle perform an integration over the non-
affine parameter 4y of the auxiliary null field to provide an
expression of the energy associated with the two surface S,,

@
/dxl /dzx\/_ { R+ IV, — qUT k")

-Q,0+ Q0,7 - D, (" — P
@@ () s

+ 01 (60 — (]”Tihjkh) — (Opg*? - E )(chdlf)
—(q7q" - quqij)(chd)(Kaij)kalb] : (6.11)
Let us reiterate that our aim is to provide a thermodynamic
interpretation to the NRE (corresponding to the auxiliary
null field k) in analogy with the first law of thermody-
namics. That would be complete, if we have the liberty to
interpret the following expression to be the pressure term P:

U o 1 o
P= = (BT 4 S (Vi T (3Sap + S+ 8%) | K0P
T

(6.12)

The force F conjugate to the physical process of virtual
displacement 64(;) is simply then the integral of the
pressure term over the transverse surface S;,

F= /S, d’x\/qP. (6.13)

Now once this interpretation is allowed (we will try to
justify this shortly), the process of virtual displacement of
the null surface H along the auxiliary null field described
via (6.7) can be succinctly restated as

A d2XT<5l(k)snull + 5,1(k)smr) = 5}»(k)E + Fél(k) (614)

The above interpretation is made possible only under a
virtual displacement of the null hypersurface H in the
transverse k direction. For details about the process of
virtual displacement see [30]. The virtual displacement is to
be thought of as a physical process that “virtually” shifts the
position of H from stationed at 4) = 0 to the position at
say Ay = 64 (). The virtual work done under this process is
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Fé&A). As a result of this an amount of energy 5,1(k)E

sweeps through the null surface. The corresponding change
in the heat energy is [g d*xT(8;, Snun + 81, Stor)-

Let us now describe the motivation behind the pressure
term (6.12). The pressure term contains the term —7"2) k¢ [°.
In the case of Einstein and Lanczos-Lovelock gravity, this
particular term has been consistently identified as the
pressure under the process of virtual displacement
[30,48,82]. For static spherically symmetric spacetimes,

this particular term has the value —Ti";)k“lb = T",, which
has the interpretation of being the radial or the normal
pressure [15,82]. However, when dealing with the space-
time (M,g,@), we see that there are necessarily extra
terms in the pressure. Notice that there are quadratic terms
involving the torsion [and hence the modified torsion which
can then be related to the spin angular momentum tensor
via the field equation (2.23)]. For example consider the
following term in the pressure:

11 . . .
- __Ti(3Slab + Salb + Sbla)kalb
8n2

1 . . )
= _8ﬂ_gacTaci(37'-lub + Tulb + Tbla)kalb'

Z (6.15)

In arriving at the above relation, we have used (2.23) and the
fact that T; = § g““S,.; = 5%, Such quadratic terms in the
spin tensor actually represent spin-spin contact interaction
and hence produce a correction to the matter energy-
momentum tensor [69]. Our definition of the pressure
involves such spin-spin interaction terms in addition to the
matter energy-momentum tensor. In addition to the energy-
momentun tensor and the spin-spin contact interaction terms
we also have a derivative of modified torsion tensors in the
_é%vi(&giah + Saib + Shia)kalb =
~IV(Ta + 741 + 7,k In [50], while analyzing
the thermodynamic interpretation provided to a generic null
surface (under virtual displacement) in general spacetimes
without any torsion, the authors described the notion
of a “gravitational pressure” defined as P = —g-G,k“1°.
Hence for a generic null surface in Einstein gravity
P=—2G, k" = —T(a’;’)k“lb, i.e., the field equation gives
rise to the pressure term. In the same spirit, we identify the
pressure as —L[G,,;, + (VT =V T )+ (Vi+T) T k412
Once the ECKS equation (2.26) is used on this it actually
reduces to the value of the pressure (6.12). In addition to the
above motivation, there lies another reason behind the (not so
obvious) definition of energy term (6.10) and the work
function (6.12) under the virtual displacement. As already
mentioned in the end of previous section, we have partitioned
(d)
the NRE (for ;) (5.14) in such a way, that the energy
contribution arises entirely from geometrical quantities
defined on the transverse submanifold S, [in addition to

pressure term, i.e.,

(d)

the scalar field IV, (6 — ¢ T}, 7k")]. Contrary to this, the
pressure term (leading to the work function) is entirely from
quantities defined in the manifold (M, g, @). In fact, it has
been explicitly shown [50] that at least for Einstein gravity
(with zero torsion), the covaraint expression of the energy
(6.11) reduces to expressions of energy for well-known
spacetimes. For example, the computation of (6.11) for the
Scharzschild metric gives us the mass term. It is in this spirit,
that the natural generalization of the energy term for a generic
‘H in RC spacetime follows.

A. Case of completely antisymmetric torsion

Let us now come to the important specific case of the
torsion being completely antisymmetric. Applications of
completely antisymmetric torsion tensor have been dis-
cussed in string and superstring theories [83]. For the case
of a string inspired gravitational theory, the Kalb-Ramond
field is identified with a completely antisymmetric torsion
background [84]. In the case of completely antisymmetric
torsion, the expressions in our thermodynamic analysis
simplify significantly. Firstly, the geodesic constraint (4.11)
no longer needs to be assumed but rather is a consequence
of total antisymmetry of the torsion tensor. Let us focus on
the NRE corresponding to the ingoing auxiliary null vector
field k, i.e., (6.1). The expression simplifies to

@ o
—Kkb = {5 QR+ 1'V,0, - Q0,0+ Q, 7 —D,(Q* — 7

@
+ 0, O, _qujquscbdsaijkulb}

m le i
- |:871'T51b) +§V,-(3S’ab)] kalb. (6.16)

In the above, we have used the fact that for completely
antisymmetric torsion, Sy, = Type and K. = %Tabc.
Proceeding ahead with the process of virtual displacement,
we can attest the thermodynamic interpretation to this
specific case as well. The heat energy associated with the

process now is

L dszéi@Snull, (617)

where s,,; = \/Ta' Obviously, the entropy generation term
81 5tor due to the torsion current component g"/T;,;k"
flowing along the null generators I of H is zero owing to the
total antisymmetry of torsion. Hence under the virtual
displacement process the only change in the entropy
density occurs via the change in the transverse area element
v/q of H. The amount of energy flow along the null
hypersurface under such considerations is
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(d)
111 2) D Rvar) A Aa
51, = A dzx\/c_15/1<k)§{§()R+lV,Gk—QaQ

o L R (@) (d)
+ Qa@a - Da(Qa - 32(1) + 9[ 9k

| R
- 5 qdqulSdeSaijkalb] . (618)

The corresponding identification of the pressure term under
such a process in the case of totally antisymmetric torsion
tensor is

1 m l & i a
P=-c [gﬂrgb> +5Vi(3s a,,)]k b, (6.19)

B. Notion of equilibrium for the null surface H
in (M,g,V)

Now, let us discuss the case of an equilibrium null
hypersurface H,g, i.e., we want a truly stationary descrip-
tion of our null surface/horizon. First of all, we would
require our theory to have nonpropagating torsion. The
Einstein-Cartan action Agc is given by (2.21),

1 .
=—— [ /=gR
Arc 16n/, g
:L/ /—g[R+2V, T =TT, +K"™K,,;]. (6.20)
167 %

We see that this gravitational action does not contain
second derivatives of the torsion term. Hence, in such
theories, the torsion field itself does not propagate.
However the torsion can indirectly propagate through some
other field with which it is coupled. For instance, here the
torsion is carried by the propagation of g,,. In principle,
whatever be the case, for a truly stationary description of
our null hypersurface, we would require any torsion current
flowing along the null surface H to be zero. The first among
such a nontrivial torsion current is 7';,.[¢1¢. Setting this to
zero implies our geodesic constraint (4.11). In fact, when
considering the case of a Killing horizon (a stationary
equilibrium description of the horizon), such a torsion
current needs to be eliminated for removing inequivalent
definitions of surface gravity [46]. The second among such
torsion current that we need to consider for our purposes is
Tihjqif . The component of this torsion current flowing
along the null surface (i.e., along the null generators [ is
precisely ¢/ T}, jkh). We should demand for this component
to vanish in order to have a stationary description of the null
surface/horizon. In fact, the authors of [46] have shown that
only the geodesic constraint (4.11) is required to prove the
zeroth law of black hole mechanics for a Killing horizon
established in (M, g, V). They do not demand specifically
the requirement that ¢*/ T, ;k" be zero as well for the Killing
horizon. In order to prove the zeroth law, the authors

consider the specific case of a Killing horizon having a
bifurfaction 2-surface. However, not all stationary horizons
have a bifurcation 2-surface. Here we postulate that for a
true stationary and hence equilibrium notion of a Kiling
horizon, we require both the conditions 7';,.[*l° = 0 and
q"T;jk" =0 to be simultaneously implemented. These
two constraints represent our equilibrium conditions. For
such a Killing horizon established in the spacetime
(M, g, ﬁ), the surface gravity and hence the temperature
is constant over the horizon. Moreover the outgoing
(d)
expansion scalar 6, of the null generators vanish by
definition for a Killing horizon. Now if we perform a
virtual displacement process for such a Killing horizon,
then the thermodynamic interpretation becomes quite clear.
The variation of the entropy due to the torsion term, i.e.,
0 o Stor is by default zero under our equilibrium conditions.

Since the temperature is constant over the Killing horizon,
while considering (6.14), we can take 7 outside the
integral. We then identify the total change of the entropy
Span of the null surface (Killing horizon) to be
51(,() Snull = fst d2X6/1(k> Shull- We then flnally have the
thermodynamic interpretation established on the Killing
horizon in (M, g, V) under the virtual displacement Ok
to be

T(S,l(k)Snu" = 6/1(1()E + F(Sﬂ(k) (621)

The variation of the energy term is

(d)
1 12 > N7 A A O
81 E= ﬂ dzx\/aé/l(k)g [2< R+1"V,0, —Q,8

N

+Q, 7 -D,(Q" = )

(d)
— (quCd — ECd)(chdlf) - qd]f]” (Tchd)(Kaij)kalb:| :
(6.22)

Similarly the pressure term for the virtual displacement of
the Killing horizon is

a

1 w1 | .
P=—o 8nT(b)+2(V,~+T,~)(3$’ah+Su’b+Sb’a)]k“l”.

T
(6.23)

Now, having discussed the physical interpretation of the
thermodynamic identity as applied to a generic hypersur-
face-orthogonal null surface (satisfying the geodesic con-
straint) in the spacetime (M,g, @) and its relevant
specifications to the case of completely antisymmetric
torsion and the equilibrium case, we delve a little bit more
into the possible origins of the total entropy variation term.
In this regard it helps to compare our results with the
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interpretation provided in [46]. In this paper, the authors in
the context of a local causal horizon established in the

Riemann-Cartan spacetime (M, g, @) assume an area-
entropy law, where they propose that the variation of the
entropy is proportional to the variation of the horizon cross-
section [see Eq. (69) of [46]]. However, as we have seen in
our case, w.r.t. (6.8), that the total variation of the entropy
density is due to the sum of two contributions. One is due to
the variation of the null surface/horizon cross section under
the virtual displacement 64). The other is the entropy
generation term (6.9) due to the nonzero torsion current
q"T;;,j. One can surely think as to why there is no such
entropy generation term due to the torsion current in the
process involving the local causal horizons described in
[46]. To our understanding, this stems from the difference
in the processes involved. Even though there is no mention
of a virtual displacement process in [46], the entropy
variation in [46] as applied to local causal horizons is
surely due to some physical process (here that represents a
local constitutive relation of entropy balance law on the
local causal horizon). This physical process (involving
matter fluxes across the horizon) clearly shifts the local
causal horizon along its null generators I. As a result the
(@)
NRE corresponding to the outgoing expansion scalar é, has
been used to compute the variation of the horizon cross
section.

Clearly, whatever the case may be, under the process of
varying the local causal horizons along their null gener-
ators, there does not arise the need for a torsion current of
the type ¢"/T;;,;. However, the process that we are consid-
ering virtually shifts our null surface along the transverse
auxiliary null field k. The physical processes involved in
both of these considerations are very different. For our case,
as the NRE corresponding to the ingoing expansion scalar
(@)
9Ak suggests, we have to very well take into consideration
the entropy generation term due to the torsion current
q'Ty, j- Setting the component of this torsion current along
the null generators to zero (along with the geodesic
constraint), which we have seen, represents our notion
of an equilibrium horizon.

VII. DISCUSSION AND CONCLUSION

The main aim of the present analysis was to investigate
whether the thermodynamic interpretation of gravitational
dynamics is possible in the presence of torsion in the
spacetime. We found that a particular projection of the
field equation of EC theory of gravity on a generic null
surface indeed provides a thermodynamic structure. The
idea was originally introduced in [30,76] based on an
infinitesimal virtual displacement along the auxiliary null
vector field. Since the original analysis was a noncovariant
one, we here followed the spirit of our earlier work [50] in

order to provide a covariant formalism for a torsion-full
spacetime.

In order to achieve this goal we first needed to visit the
problem of defining in a concrete sense both of the
kinematics and dynamics of the null surface H. Since
we did not find this topic which includes torsion (as far as
we are aware of), the same has been constructed first in this
paper. Here this had been dealt with in details following the
constructions done for the ambient torsionless spacetime
[75]. The case of the null hypersurface in the EC spacetime
is indeed important. The few salient features that separate a
generic hypersurface-orthogonal null surface H in EC
gravity from the one in say Einstein (torsion-free) gravity,
we encountered here, are the following.

(i) Since the ambient connection (@) is not torsion-free,
we see that the connection D compatible with the
spatial 2-metric g of the null surface is also non-
unique and not torsion-free.

(i) Even in spite of the assumption of hypersurface
orthogonality of H in the RC spacetime, we found
that the twist vector does not vanish.

(iii) The relevant kinematical quantities are modified due
to the presence of torsion. In particular, the extended
second fundamental form (not symmetric) has only
k as the degeneracy direction and not I. The
extended second fundamental form and the defor-
mation rate tensor (symmetric) obviously are not
equivalent.

We studied the extrinsic geometry and the kinematics of H
in the RC spacetime in full generality. We obtained
important generalizations of the geometrical quantities in
the RC spacetime, viz. (extended) second fundamental
form, the Weingarten map, the rotation and Hajicek 1-
forms, the deformation and transversal deformation rate
tensors, and the projected deviation tensor. We then
imposed the geodesic constraint on the structure of H
while studying the dynamical evolution laws of the trans-
versal deformation rate tensor and the ingoing expansion
scalar. The geodesic constraint forces the null generators of
"H to be both parallel transported along themselves as well
as extremal geodesic congruences. We precisely saw that
the evolution rate of the ingoing expansion scalar along the
null generators are indeed related to the projection com-
ponent G ,k@1® that we are interested in.

Having extended this framework to the EC theory, we
then incorporated the dynamics of metric tensor through
equation of motion of g,,. This provided one particular
projection of EC equation on our generic null surface. Then
following [30] we provided the process of virtual displace-
ment of H in the transverse auxiliary null vector direction.
This enabled us to interpret this evolution equation “sim-
ilar” to the first law of thermodynamics in a covariant
fashion. We saw the presence of a nontrivial torsion current
T;",q" leading to nonzero torsion current component

T4;4" k" along the null generators. This led to an additional
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entropy generation term under the virtual displacement
process. The amount of energy flow across the null surface
under such process now contains additional terms depend-
ing on the nontrivial torsion tensor.

Similarly, the pressure term is not defined only with
respect to the matter energy-momentum tensor. It contains
suitable spin-spin contact interaction terms as well as
covariant derivatives of the torsion term. We mention that
the present thermodynamic interpretation is strictly based
on the geodesic constraint as our evolution equation was
derived within this condition. All of the analysis we saw
consequently reduces to the familiar form when we set the
torsion to zero, i.e., say for the Einstein gravity [50]. The
special case of the torsion field being completely antisym-
metric and its consequences were also discussed. Finally,
we commented upon the case of null surface H being in
equilibrium in the EC gravity theory.

Let us at this point discuss our approach to the viewpoint
of torsion. There have been predominantly two notions of
torsion. It can be considered either as a geometric field or
that of a background dynamical field. Here, in our analysis,
we have leaned onto the geometrical perspective. This is
quite evident in the way we factored the energy and work
done term under the virtual displacement 64;). In the NRE

(@)
(of the ingoing expansion scalar ék) (5.14), we had factored
out the energy terms on the basis that they contained terms
purely defined on the two-surface S, [along with the term
(d)
'V, (6 — Ty, 7k")]. The work function contained terms
defined entirely on the four-dimensional manifold
(M, g, V). This thermodynamic interpretation provided
to G,,k?I” through the virtual displacement essentially
takes this viewpoint from the very beginning that torsion is
a geometric field. It is only at the end once the dynamics of
the EC theory has been established [letting the torsion be
sourced by the spin angular momentum tensor (2.23)] that
we can also interpret the work function or rather the
pressure (6.12) in terms of the matter energy-momentum
tensor Ti’? and the spin angular momentum tensor z¢,,.
However we can right away begin with the viewpoint of
torsion being a dynamical background field. This viewpoint
lets the torsion terms be a part of an effective stress-energy
tensor T°If. This effective stress-energy tensor is related to
the Riemannian Einstein tensor [see Eq. (2.5.10) of [69]],

Gap = Rap _%gabR = 82(Ty) + Uyy) = 82T, (7.1)
where U,, contains terms quadratic in z%,. and hence
represents spin-spin contact interaction terms.

Obviously owing to the Bianchi identity, the effective
stress-energy tensor is covariantly conserved with respect
to the Levi-Civita connection V. We in our approach did
not proceed with such consideration of an effective

stress-energy tensor [for the Riemannian spacetime
(M, g,V)] and went purely by the geometrical interpre-
tation. We could however have started with the dynamical
equation for ingoing Riemannian expansion scalar &, [50],

. 1
—Kk0) = <_2Da9a - Q,Q + 600 + 'V, + §2R>

— Gpka1b. (7.2)
This equation as usual relates the dynamical evolution of 6
with G,,k?I” and other Riemannian quantities. Using the
(d)

fact that ék = 6, we can certainly use the form of the
ECKS field equation (7.1) in (7.2). Then the process of
virtual displacement would on (7.2) have yielded for us
different energy variation and work done terms. The
pressure, as we can anticipate, would depend on the matter
energy tensor as well the spin-spin contact interaction
terms. The variation of energy term would also be different
from what had been obtained previously. Similarly looking
on the lhs of (7.2), we see that the entropy generation term
is purely due to the change in the cross-sectional area of the
null hypersurface under the virtual displacement. Under
this interpretation, there is no identification of an entropy
generation term due to a nonzero torsion current.

The question then naturally arises as to which interpre-
tation for the torsion field is correct. Is it good to consider it
a geometric field or would it be better if torsion acted as a
background field? This dilemma was also addressed in [46]
where the EC field equations were derived from a gener-
alized Clausius identity 6Q = T(dS + dS;) applied to a
local Rindler horizon. In the paper [46], the authors
discussed that the internal entropy production term dS;
followed quite naturally when torsion was considered as a
geometric field. However if torsion was proposed as a
background dynamical field then such a term had to be
imposed by hand in an ad hoc fashion to recover the EC
equations. We also believe that our analysis is more
structured towards interpretation of torsion being a geo-
metric field. However, our stand on this issue is by no
means definitive and remains open to further scrutiny and
interpretation.

Another obvious projection component in the context of
the EC theory, that is not discussed in the analysis, is
Gpl9q" .. We hope to return to this problem in a future
work [85]. We believe that our foray into this study of the
connection between gravitational dynamics and thermody-
namics in the case of EC gravity is indeed an interesting
one. We hope our present analysis will strengthen and
complement the existing literature on thermodynamic
interpretation of gravitational field equations and thereby
bolstering the emergent nature gravity even in the presence
of torsion.

An interesting question that crops up is whether our
results can be reproduced in the context of Poincare gauge
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theory (PGT) [60,66,86,87]. In PGT, the basic dynamical
variables are the vielbeins and the Lorentz spin connection,
rather than the metric and the general (metric compatible)
connection. Due to the metric compatibility condition, the
Lorentz spin connection is antisymmetric. Under PGT,
the translation field strength is related to the torsion and the
Lorentz field strength is related to the curvature tensor of
the spacetime. Here, both the matter energy momentum
tensor and the spin density tensor source the gravitational
field. Most importantly, PGT is formulated under the
geometrical structure of the RC spacetime. Our central
relationships (5.13) and (5.14), defining the evolution
dynamics of the transversal deformation rate tensor and
the ingoing expansion scalar are completely geometrical
(no use of gravitational field equations) and have been
derived in the backdrop of the RC spacetime. Hence it is
quite expected that these relations can also be exactly
derived in the framework of PGT (using veilbeins and
Lorentz spin connection as dynamical variables). However,
while deriving (5.13), we have used the geodesic constraint
T, = 0 [see Eq. (4.11)]. Since the torsion tensor is related
to the translation field strength in PGT, it would be quite
instructive to understand the geometric, physical, and
thermodynamic conditions the geodesic constraint imposes
on the translation field strength. Therefore the reformula-
tion of the whole discussion, so far we have done here, in
the language of PGT will be very interesting. For the
moment, we leave this for future study. Finally, there exist
many possibilities of the gravitational lagrangian under
PGT. Out of these, the EC and the teleparallel [86,88]
theories are well known and studied. We have here focused
exclusively on the thermodynamic interpretation under the

|

@u (@hlu)

(d)
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(d)
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<
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Let us now proceed with the second term in the rhs of (A1).
Again using the relation (4.19) and (4.46), we can similarly
show that

(d)
V,(V,14) =V, (0, + k= T,l?)
. @ R R
=V, (0, +x) = 14(V,T,) =Ty

= @p(To1%) + 1,(T,(K'V;1)). (A3)

Similarly, using (4.19) for the second term in the rhs of
(A1), we have

@+ 10V iy, + iy (0 + K = T,1%) = 0, (KIV,19) = 1 (@0, (KV,17) =V, (KIV;1)).

ECKS field equations. The EC theory is the simplest of
such cases of possible gravitational Lagrangians under
PGT. Here, torsion cannot propagate outside of matter
sources, i.e., in the absences of spin effects. Thereafter, we
aim to look at the teleparallel theory in a future work
as well.
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APPENDIX A: THE NULL RAYCHAUDHURI
EQUATION VIA THE 3+1 NULL
CONSTRUCTION

We can reap the benefit of foliation of the spacetime
(M, g. V) in the neighborhood of H by the null family of
hypersurfaces to arrive at the NRE. The NRE determines

(d)
the dynamics of the outgoing expansion scalar él along the
null generator . To arrive at the NRE we start from the null
Codacci identity established on H,
Va(Vyl?) = Vy(V,a14) = Ryl = T, (Vy19).  (Al)
Let us proceed to manipulate the first term on the lhs of
(A1) using the relation (4.19) and (4.46),

A A

V0 + 19V, + iy (V1) = (Vb)) (KV;19) = 1,V (K'V;19)

G+ 1N @y 4 @y (O + k= Tol) = (O + @yl — 1, (V1)) (K1) = 1,V (kV;19)

N A

(A2)

|
Tdab(vdla> =T 4y O +T g @&'1° - Tdabld(kj@jla)- (Ad)

Finally, upon using the relations (A2), (A3), and (A4) in the
null Cadacci equation (Al) and simplifying, we end up
having

(d)
V.0, +19V a4 @, (6 + k) — O, (K'V;1%)

L @ . .
—vb(91 +K) + l“(VbTa) + Ta®ab

— L[, (K'Y 1%) =V, (KIV;1) + T, (K'V;1)]
= Rapl* =T p® =T 1@ 1+ Tl (KIV;19).  (AS)

S
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To this end, we simply need to contract the previous equation (A5) with [*. Upon using the following relations,
Dl =k —k,T% Op,l> = 0,0, = ¢¢,T,, and T%¢, T, = TT, + (T°1,)(k"T,) and simplifying the above contracted

(with [?) relation, we have

(d)

(d)

1V,0%, + 1P (19V &) + (k — k,T9)(0; + k) = 1PV, (0, 4 k) + 1P19(V,, T,)) + T9T, + (T°L,) (k" T,,)

= Ropl“1" = Ty @Y 1P + T, (KV,19).

(A6)

Next, we manipulate the term [” @a@“ » in the lhs of (A6). Using the fact that 6 »I? = q°“T,, we have upon using (4.19)

lh@uéab @a(éablb) - é)ab(@ulh)

= @a(qm—ﬂ—c) - éab((:)ba + &)alh - la(kjvjlb))
= V(T + (KT,)1%) = 0,0 — &,6%,1°

(@)

=V, T+ (1V,k )T + (19V, T )k + (kT,) (6; + x) — (T, 1) (k°T,)

- 0,0 — &, T — (k — k,T*)(kT,).

Upon using the relation of the rotation 1-form (4.40) in the
previous relation (A7) and simplifying, we end up with,

1PV ,0%, = (V,T9) = (T k1) T + (1°V, T,k

(d)
+ (kc—l]—c)(él - Tala) + (ka—l]—a)<kh—|]—b) - éabéba'

(A8)

After this, we focus on the term 1°(1V,@,) in the Ths of
(A6) and use the fact that @, = k — k“T,, along with the
implementation of (4.40)

1219V yéop) = 19V, (k — k,T¢) — @, (1°V ,17)
= 19V jk = 20, T + (T o k“1°) TC

— k°(19V,T,) = k2 + k(k,T%). (A9)

Adding (A8) and (A9) leads to, upon simplification,

(d)
I’V 0%, + 119V b, = V, T + (k, T?) (6, — T,1%)

+ (kT4 (ky T?) — 0,0
+ 19V k — 26, T — k2 + Kk(k,T9).
(A10)

Putting the above relation (A10) in (A6) and simplifying,
we get

(A7)
|
. A ()
V, T + (k,T9)(k,T?) — 0,0 — 26, T + 6,
Y .
- 'V, 0, + 1°14(V, T,) + TT,
= Rpll" = Ty @ 1P 4+ T, (KV;14). (A11)

After this, we consider a further manipulation of the term
V,T% using the relation (4.19),

VT =V, (T, 1°1°)
= (VaTp )L + Ty (Vol)I + Ty 1P (V1)
= (Vo T )IPIE + Ty IO + Ty 166
+ 2T, + T (KV,1). (A12)

Putting the above relation (A12) in (All) and further
simplifying leads us to

(VT2 VPI 4 (Tape + Topa + Tpae) O I
o @ @
+ (k,T9) (ky T?) — 6,0 + k0, — IV, 0,

+ 1214V, T,) + T9T, = R 191°. (A13)

We should be careful not to assign (Al3) as being
interpreted as the NRE. This is because we notice the

trace of the extended second fundamental form @, is not
(@)

the true outgoing expansion scalar ;. It would be better to

rewrite any C:)al7 occurring in (A13) by the corresponding
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projected deviation tensor Bab or the deformation rate
tensor %5, since the trace of both of these tensors gives the
(d)
true outgoing expansion scalar él. This can be done by
the virtue of (4.65) or (4.47). However, here we will
progress with the projected deviation tensor in order to
corroborate our results with [46]. Using (4.65) through
some moderate but straightforward algebra, it can be
shown that

N

ézttha = Babfsba - ZBahlchca + (Taibli)(Tbkalk)
+ (—[raka)(Thkb) - z—ﬂ_aTaiblikb.

Using the symmetries of the torsion tensor, similar straight-
forward algebra shows that

(@

I(Tape + Teba + Thac)O®
= ~B1(Taeh + Thea + Teap)
+ T LA (T gep + Toea + Teap) + 2T capl Tk
= 2T, k) (Tyk?) = 2T, kLT (A15)

Combining the last two relations (A14) and (A15), we have
after some simplification,

ZC(TabC + cha + Tbac)(:)uh - C:)ab(:)ba
= _Bab(Tacb - Tbca + Tcab)lc + Taiblilj(Tajb + Tjab)

19V, 0; = =R, 190° + (VT )IPI° + k6; + 1°19(V, T,) + T°T,

As usual using (4.66) we have finally the NRE corresponding to a hypersurface-orthogonal null congruence,

(

N

Y
=

| @
2

19V,0; = =R 191° + (VT o)1 + k0 + 1°19(V, T,) + T°T,

(A14) — BBy, = 3(T k) (Tyk?) = 2TT g k216
— 2T, k410 + 2TPT,, Ik, (A16)
Putting (A16) in (A13), we obtain as a result
(d)
- Bab(Tacb - Tbca =+ Tcab>lc + lileaib(Tajb + Tjab) - BabBba
+ [_Z(Taka)(—l]—bkb) - 2—l]—akblc(Tabc + Tbca =+ cha)]- (A17)
(d)
— P B(T sy = Tpog + Toap)IC + BUT P (T + Tiap)
acb bca cab i ajb jab
(él)z _ (l.B)UZb(lvB)U?zb + (I,B)w;b(l-B)wAab
+ [_2(—|]—aka)(—|]—bkb) - 2-ﬂ—akblC(Tabc + Tbca + cha)]' (AIS)

The above Eq. (A18) represents the evolution of the
(@)
outgoing expansion scalar é, along the null congruence
1. Notice, that as of yet we have not imposed the geodesic
constraint and hence even though the congruence [ is
geodesic, it not autoparallel. The present Eq. (A18) should
be matched with Eq. (66) of [46]. Equation (66) of [46] has
been written down for an affinely parametrized null
congruence (x = 0). Our Eq. (A18) matches exactly with
Eq. (66) of [46] except for the last terms in the squared
parentheses (i.e., the terms containing T,). Even though the
authors of [46] claim that their Eq. (66) represents the NRE
in its full generality, we believe that they have missed the
terms in the square parentheses. Notice that the NRE (A18)
in this generality depends upon the auxiliary null vector
field k. This is somewhat a rather peculiar feature. This is
because, for our construction the auxiliary null vector is
uniquely defined. The auxiliary null field is transverse
to the null generator as well as being orthogonal to the
two-dimensional subspace S,. This necessarily implies that

(d)

the evolution of the outgoing expansion scalar §; along the
null generator / actually encodes information of a direction
that is transverse to the null generators and orthogonal to
the spacelike submanifold of H. It is quite an instructive
exercise to verify that if we decompose (A18) into its pure
Riemannian parts and the pure torsion terms on both sides
of the equation, we end up having the NRE for the outgoing
expansion scalar 9, of H established in the Riemannian
spacetime (M, g, V) (provided with the Levi-Civita con-
nection V). For arriving at the result, we make the following
observations based on the projected deviation tensor. It can
quite simply be established that

A

Buh = Bab + (Kahc - Tuhc)lc
+ [La(Kape = Tape) K1 + 1y (K gge — Tage) K1)
+ Lol (K eap — Teap) KKV

+ (—l]—akb - ka—l]—b) + (lakb - kalb)(ki—l]—i)’ (A19)
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where B,;, = q,/q,’(V,l;) is the projected deviation tensor
as computed for the null congruence / in the spacetime
(M,g,V) endowed with the Levi-Civita connection.
Taking the trace of (A19) on both sides leads to the fact
that the outgoing expansion scalars for the Riemann-Cartan
and the Riemannian versions are the same, i.e.,

(d)

0, =6, =V, —x+T,"=V,—x. (A20)
Similarly, the shear torsions are related by
By = B + Ll (Kegr — Teap) Kk, (A21)

where  “Pls, = B,y =1 qu0. For a hypersurface
orthogonal null congruence H generated by [ in
(M, g, V), we have the antisymmetric part of the projected
deviation tensor Bab to be zero, i.e., B[ab] = 0[41]. Hence,

¢ B)a)ab - B[ab]
= Kuepl + (LK gep, = 1pK geq ) K 1°
+ (-[l—akb - ka—l]—b) + (lakb - kalb)(ki—l]—i)‘ (A22)

Finally we would require the decomposition of the Ricci

tensor in (M, g, V) in terms of the pure Riemannian
counterpart and pure torsion terms, i.e.,

ieab =Ry + ﬁiKiba =+ ﬁbTa + Tiijjia
+ K" K i + TiK' g (A23)
|

f)a(f)bva) = qibqlkvl(qmiqksvmvs)
= q'q' V(6" +

1"k; + k1) (V0 0*) + g7 g V(85 +

Putting (A20), (A21), (A22), and (A23) in (A18), leads
upon simplification to the well-known NRE for 6,

1
19V ,0; = —R,1°1° + k60) — 59,2 — EB)g , WB)gab  (A24)

Finally, if we want to consider a system of hypersurface-
orthogonal autoparallel geodesic null congruence generat-
ing H, then we have to impose the geodesic constraint
T, =0 in (A18). For this particular case then, we have

0,01 = 6 -1 ) -
1V, 0; = =Ry 11" + K6, _5(6’1)2 — B, b

> X
=

i (l,B)w;b(l,B)th _ (I,B)a),;lh(Tacb —Thea + Teap)l€
+ VTP (T iy + Tiap)
+ (VT pa )1+ 1P19(V, T). (A25)

The above equation under the geodesic constraint deter-

(d)
mines the evolution of the outgoing expansion scalar 6,
along I and contains explicitly no knowledge of the
auxiliary null field k.

APPENDIX B: DERIVATION
OF THE RELATION (5.3)

Let us manipulate the first term, i.e., f)a(f)bv“) of (5.2),

kg + K1) (V,0%) + ¢™pq' VY08

= q'pq " (Vik) (Vu*) + ¢! k™ (V, -Wmm+qmbqfkks<@ﬂk><@ D)

+ ¢ q (VI (V%) + ¢7q YV V0

Upon using (4.55) and (4.48) in (B1),we have

j\)a(j\)byu) = qibqlslm[éli - qclqdincdkf](vmvs)
+4'pq' k"R - qczqdincdlf](@mUS)

+q"pq" 1, [é‘lk - qlchkacdka m?®)
+ q" g™k [Zy — Clczqdkacdlf](v ')
+ qmbqlsvlvmvs' (Bz)

The above expression can be very easily expressed as

(B1)
[
f)a(@bva) = [ésh - qcsqdefcdkf](lmvmvs)
+ [Zop — qcsqdefcdlf](kmﬁmys)
(d) R
+ [(6k = ¢““K peak? )™ ) (LY, 0°)
(d) R
+ [(91 - quKfcdlf)qmb](ksvmvs)
+ qmbqlsﬁlﬁm v*. (B3)

Let us now deal with the second term D, (D,v?) of (5.2),

Dy(D,v?) = " q" V(g + @° Vi), (B4)

064047-27



SUMIT DEY and BIBHAS RANJAN MAJHI

PHYS. REV. D 105, 064047 (2022)

Using an exactly similar analysis as was done for
D,(D,v*), it can be verified that

A ~

Dy(Dv?) = [E) - qcqustcdkalmﬁmUS)
+ [Zps — qcqustcdlkam@m”S)
+ " = qcqumecdlf](ksﬁmvs)
+ =", - qcqumecdkf](ls@mvs)

+4",q' \V, V. (B5)
Before proceeding forward let us list a few results
obtained from the properties of the torsion and contorsion
tensor,

(qcqustcd - ququdec)kf = qcqus(Kfcd - dec)kf
= qcqus(chdkf)' (B6)
(qcqustcd - ququdec)lf = qcqus(chdlf)- <B7)
Finally, subtracting (B5) from (B3) and utilizing the
symmetry of the deformation rate and transversal defor-

mation rate tensors along with (B6) and (B7) we have our
desired result (5.3).

APPENDIX C: PROOF OF EQ. (5.5)

Due to the presence of torsion in the ambient spacetime
(M, g,@), the submanifold (S,,q,’f?) is not torsion free
with an intrinsic (279, present in it. For any two vectors
(X,Y) € Tp(S,) ® 7 p(S,), we have from the definition of
torsion as

@T(X,Y) = DyY — DyX — VX, 7], (C1)

where ()[X,Y] = P£4Y is the intrinsic Lie bracket
defined for the manifold (S,, ¢, ﬁ). In index notation, this
translates to

@a, XPye = XD,y — YD, X — Dfyye.  (C2)
Now, since the vectors X and Y lie in the tangent space
established on §,, the Lie bracket of these two vectors also
belongs to 7 p(S,). Following from the Frobenius theorem
[89], we have

PIX. Y] = g, [X. Y. (C3)
Expanding the above relation (C3), we have
XbD,ye — YD, xe — @4, xbye
= ¢ [XV, YP — YV . XP — TP X°Y9]. (C4)

Using the fact that X and Y are spatial tangent vectors on S/,
we have as consequence, g%, XV Y’ = X"ZA?L. Y¢ and
q*, YV Xt = )JC@CX“. Using these relations in (C4)
and simplifying, we obtain the following:
@)e, XY =T X Y + 19kT 4, X" Y€
+ k19T g, XPYC. (C5)
From this, it follows that

OTeq" g i XY = Teq"iq i XY + k' T gpeq”iq° ;XY

+ kT gpeq”iq° XY (C6)
From the above we can have
¢ PT%q"1q¢ XY = ¢/ [ T9%.q"1q° XY (CT)

Since all of the indices of the four-dimensional torsion
tensor have been projected onto the surface S, we have
finally the result,

4°q%5q" ;T ca = <39 q" I, = P, (C8)

APPENDIX D: DERIVATION OF THE
RELATIONS (5.10) AND (5.12)

We begin by noticing that

qmbqlsqpaRXplm = qmbqpa<Rpm + Rsprmlrks =+ Rsprmkrls)'

(D1)
Let us list a few relevant properties involving curvature
tensors in metric affine spacetime (M, g, V). Even though
the Riemann curvature tensor is antisymmetric in the first

two and the last two indices, it is not symmetric under
pairwise exchange,

Regap =Rapea+ Qupea. Where
~ RIS ~ ~ ~
Qubed = ) (VisTiajcq = ViaTipiea) = ViaT |cab) + Ve T jdjab)
+ Tae[b re cd ™ Tbe[a re cd] — Tce[dTeab] + Tde[c Teab])’
(D2)

where || indicates the enclosed index barred from anti-
symmetrization. Using the above property (D2) in (D1), we
obtain

qmbqlsqpaiexplm = qmbqpa (Rpm + lr(Rsprmks)

1 (R pk) + Quspk ). (D3)

Using the Ricci identity (2.10) for the auxiliary vector field
k, we have
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qmbq[sqpaiesplm = qmbqp (Apm lrv v k +lrv v k _erdrm(@dk )
— VN i 4+ UV, V ki = T (Vakin)) + 47567 0 Qs pk ¥
= q"34" o[R = UV, (V k) = IV ,(V k) + NV, (I, k) + Y, (7Y K,y

Ay A7
- (@mlr) (ﬁrkp) - <©plr)(@rkm> - erdrm(ﬁdkp) - erdrp(ﬁdkm)}
A Ay
+ qmbqpa Qrmspkrls' (D4)

Let us build on this calculation step by step. We first evaluate the projection of the quantity A;. Using (4.55) and the
symmetry of the transversal deformation rate tensor we obtain
qmbqpa<_lr©r(@mkp) - lr@r(ﬁpkm)) = _qmbqpalr[zﬁrémp - Qm (ﬁrkp) - Qp(ﬁrknz)
- (ﬁrkm)ﬁ)p - (ﬁrkp)(bm - (ﬁrlm)(kiﬁikp)
- (@rlp)(kiﬁikm) + (@rkm)(Tdepkdle)
+ (@rkp)(Tdemkdle) - @r((qcqup + qcpqdm)Kfcdkf)] (DS)

Upon this present relation (D5), we will use the autoparallel equation under the geodesic constraint, i.e., [” @bl“ =kl as
well as (4.40). Let us further introduce a notation to reduce the clutter of indices,

@a = Tbcdkblcha' (D6)

Finally simplifying (D5), we have

qmbqpa(_lr@r(@mkp) - lr@r(@pkm)) - _qmbqpalrﬁr[zémp - (qcqup + qcpqdm)(Kfcdkf)]
+ 40,0, -32,8, -30,P), +22,2,. (D7)

Proceeding to the next term in (D4), and using l’@,kp =o, - @p, we have

A

qmbqpa(ﬁm(lr@rkp) + ﬁp(lr@rkm» = qmbqpa«@mé\)p + vpé\)m> - (ﬁm@p + ﬁpf@m)) (DS)

Proceeding on to the spatial projection of the term A3, we again as usual use the relations (4.55) and (4.48) and simplify to
have

N A A N

qmbqpa(_(vmlr) (vrkp) - (vplr)(vrkm)) = _)?rbé‘ra _)?raérb - 2Qufzb + (Qa'@b + Qb',\@u)
+ [qja)?ih + qu)?iu}(Khijkh) + [ Caédh + qcbédu} (Kfcdlf)
—14°%q" @0 + @°aq” @ o) (K peal”) (Kpijk"). (D9)

Similar analysis on the spatial projection of term A, leads us to

qmbqpa(_erdrm(ﬁdkp) - erdrp(ﬁdkm)) (& t] b + )(chdlf) - Z‘A@af,\@b
+(Q,2, + Qb«@a) + (49547 4" + 4% 0d’ g ) (T capl’ ) (K pijk"). (D10)
Adding up (D7), (D8), (D10), and (D10) in (D4) and proceeding to simplify, we have our result (5.10).
Notice that in (5.10), there exists the term ¢",q” ,I" \% (2~mp) We will convert the covariant derivative into a Lie

derivative term along the null generator to go ahead towards our construction of the evolution equation of the transversal
deformation rate tensor. It is quite easy to show that
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£lé‘inp — liaiémp + émiapli + éipamli
= lrvrémp é“im(vpli) + é“ip(vmli) + é“Sp( lel ) + :‘m( szpli)' (Dll)

Projecting the Lie derivative along the null generator I of the transversal deviation rate tensor £,5,, » onto the spatial cross-
section S,, we the use (4.48) and simplify to have

24" 4,q" 'V (28,,) = =207 147 £y + 2[E g% + B g (Tosal’)
X Z(J?aiéib +)?biéia> - Z[flcaédb + qcbédaKKfcdlf)' (D12)

There also exists the term thq”al’[ﬁr(q"mqj,, +¢',¢’ ) (Kpijk")] in (5.10). In a similar fashion, following (D11) and
(D12), we want to convert the covariant derivative into a Lie derivative term. After a few lines of simple algebra, we have

059" L'V Gy + @ @) (Kiiik")] = 470" E1(q' oy + 4 p @) (K i fK")]
- [(qjaqdb + quqda)qic + (qiaqdb + qiqua)qjc](chdlf)(Khijkh)
— Wty + 24+ Xt +)?jbqia](Khijkh>
+1(q°ad’s + 4@’ )a" + (4’ + 459" )TN (K peal” ) (K pijk").  (D13)

We have one more transformation to do. We consider the sixth term of the rhs of (5.10), i.e., ¢, q” a[(@mcbp +V D) =
(@m P »+ v » ﬁ”m)] We aim to convert the spacetime covariant derivatives into spatial derivatives. Notice that f@a acts on
the tangent space of S, and hence is spatial 1-form. Hence upon using the relation &, = Q, — kI, under the geodesic
constraint, we have

A A A A A N N N N

qmbqpa[(vmé)p + vpé)nl) - (@m’@p + Vp'@m)] = qmbqpa[(vmép + vps,\zm) - K(vmkp) - K(vpkm)]
— (D, 2, + D, 2,). (D14)

Upon using (4.55) in the above Eq. (D14), we have

hqpuK@m&)p =+ ﬁpé)m) - (@mgzp =+ ﬁpf@m)] = ba(Qb - @b) + bb(Qa - éza) - 2Ké:ab
+ k(g0 0 + q'aq’p) (Kpifk"). (D15)

At the end of this, finally using (D12), (D13), and (D15) in (5.10), we obtain, after some simplification, our desired
result (5.12).

APPENDIX E: DERIVATION OF THE RESULT (5.14)

Let us for the benefit of the reader list the individual traces of the terms in the rhs of (5.10).
(1) 94" 10"« Qumsp k"I = ¢"* Qupeak®I*.
(2) gahqmbqpakpmA: R + (kablakh + Ruhkalb)' R (d)
3) _gabq:nbflpalrvr[géinp_(qimqu+qiqum)(Khijkh)]:_2lrvr(ék_qijTihjkh)'
@) g*(2Q,Q%) = 2Q°Q,.
5) —g?(Q, P, + 2,8,) = -20,9°. (d)
©) 04", q" [(V@p + V) = (V,u 2, +V,2,)] = 2D, (Q — 2°) = 2k(6) — ¢/ T ;k").
(7) _gab rb:ra +)?raérb) = _Zh‘ab)(
®) g (¢ ui’s + qibﬂ?‘a)(Khukh) = 20T k"
) gab(4° Hdb +4q° b~ a)(Kfcdlf) = 28T fdlf
(10) —g*(E g% + Epq%,)(T cral’) = —25T crall.
(11) —g“” 9044 q"’ +q° q]qul](Kfcdlf )(Km]kh) = =2qq" (K ycal” ) (Kpijk").
(12) ¢*°1q’aq" v + 4’9" 0q | (Tesal’ ) (Knijk") =
2qd’q (T epal”) (K k™).
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Adding up the traces we have

(d)
90" 4 54" R pim) = 4" Qabeak®lc + R + (Rypl*k” + R, k*1°) = 2I'V (0 — ¢ T y,;k")
(d)
+20°0, — 20,7 +2D,(Q" — P°) — 2k(6r — qUT iy k") — 287" + 277 T k"
- 2chqdi(K,fcdlf)(ijkh) + zqdqui(chdlf)(Khijkh)- (El)

Now we have to take the trace of (5.9) and put the value of ¢**(¢",q',q" .R* pim) from (E1). That leads us to, upon
simplification,

(d)

~ . 1.~ 1 ~ N “ N A A A A
—k(Op — qUT k") = 3 @R - 5 4" Qupeakl€ — =R — = (R, 19k” + R, k°17) — Q, Q" + Q, P

N[ =
N[ =

L @ R ) (d) (d) - (@) R .
+ IV, (O = ¢T3y k") = Dy(QF = 2) + 01 (O = ¢ Ty k") = [0eq™ = E“)(Tepal’)
— g4 = q“'q")(Teral” ) (Kpisk"). (E2)
Onwards, using the symmetries of the tensor Qabcd, we go on to compute the quantity g®¢ Qabcdk“lc. The tensor Qabcd like
the curvature tensor is antisymmteric in the first and the second pair of indices. We have hence upon using the symmetries of
Qabcd’
" Qupeak®l° = 9" Qupeak1° = Qupeak®k 1. (E3)

From (D2), we see that all the individual terms inside the expression for Qabcd is antisymmetric in either a and ¢ or b and d.
Hence Q. /k“k¢1°1¢ vanishes. Hence,

R _ 3 . . . .
4" Qupeak?l® = —Eghdk“ﬁ (ViuTiajeaq) = ViaTpiea) = ViaTelav) + VT |ajab)
+ Tae[bTecd] - Tbe[a Tecd] - Tce[dTeab] + Tde[cTeab])

3 N N
= _Egbdkulc (_v[aT\bk‘d] + V[CT\d|ab] - Tbe[aTecd] + Tde[cTeab])' (E4)
Upon expanding the antisymmetric parts, we have
3 . N N A .
_Egbdkalc(_v[aT\b\cd] + Vi T\gap) = k1 (VT = V. T, + VT4,),
3 _ :
_Egbdkalc(_The[aTecd] + Tde[cTeah]) = keI (ghd(TbeaTecd - TbecTead) + TeTeac)' (ES)
Hence we have as a result,
qbanbcdkalc = [(@aTb - ®bTa) + ﬁiTiab + (TieaTebi - TiebTeai> + TiTiab]kalb' (E6)
However, owing to the symmetry property of the torsion tensor, it is quite easy to see that
TieaTebi - TiebTeai =0. (E7)
Hence we have

@ Qpeak®lc = KﬁaTb - @bTa) + (ﬁi + T)T k1P (E8)
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Next, we will deal with the term (R,,[%k" + R,,k°I") =
(R, + Ry, )k*I” in (E2). Following simply the definition of
the Riemann-curvature tensor in the spacetime (M, g, @),
we have for the Ricci tensor,

kba = kab + (@aTh - ﬁbTa) =+ (@1 + Ti)Tiab' (Eg)

Using the above relation (E9) and the fact that

N

R = —g,,1°k"R, we obtain

. R 1.
— = (Rupl°k? + R, p,k1%) — SR

[N R

o 1 » o 1 - .
=—|Gyw +§ (VoTp = VT, 4+ = (Vi + T)T! | K17,

[\

(E10)

where as usual we have G, = R, —% R Using the
relations (E10) and (ES8), we have

—_—

s s N 1.,
— 5" Qupeak®lc = 3 (Rapl°kP + R k1) — ER

[\

= —G k1" — [(ﬁaTb - vbTa) + (ﬁi + T)T' k1
(E11)

Let us then rewrite (E2) using (E11) and hence end up with
the relation (5.14).
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