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Black holes in certain modified gravity theories that contain a scalar field coupled to curvature invariants
are known to possess (monopole) scalar hair while non-black-hole spacetimes (like neutron stars) do not.
Therefore, as a neutron star collapses to a black hole, scalar hair must grow until it settles to the stationary
black hole solution with (monopole) hair. In this paper, we study this process in detail and show that the
growth of scalar hair is tied to the appearance and growth of the event horizon (before an apparent horizon
forms), which forces scalar modes that would otherwise (in the future) become divergent to be radiated
away. We prove this result rigorously in general first for a large class of modified theories, and then we
exemplify the results by studying the temporal evolution of the scalar field in scalar Gauss-Bonnet gravity
in two backgrounds: (i) a collapsing Oppenheimer-Snyder background, and (ii) a collapsing neutron star
background. In case (i), we find an exact scalar field solution analytically, while in case (ii) we solve for the
temporal evolution of the scalar field numerically, with both cases supporting the conclusion presented
above. Our results suggest that the emission of a burst of scalar field radiation is a necessary condition for
black hole formation in a large class of modified theories of gravity.
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I. INTRODUCTION

General relativity (GR) has so far passed all experimental
tests performed to verify its validity in the weak field
regime with Solar System observations and the strong-
field regime with binary pulsar observations [1]. The
detection of gravitational waves by the advanced Laser
Interferometer Gravitational-Wave Observatory and Virgo
[2,3] has allowed for qualitatively new tests in the highly
dynamical, extreme regime of gravity that unfolds in the
late inspiral and merger of compact objects. Testing GR in
extreme gravity will naturally involve testing the nature of
black holes (BHs) and neutron stars (NSs).
BHs are one of the most important predictions of GR, but

they are also one of the simplest macroscopic objects in
nature. As shown in the celebrated no-hair theorems [4–7],
stationary and axisymmetric BHs in GR can be completely
characterized by just three conserved quantities: their mass,
charge, and spin. Several modified gravity theories, how-
ever, predict the existence of BHs with extra “hair” [8].
Understanding the nature of BHs and the charges describ-
ing BH spacetimes in these modified theories will help us
determine how to place constraints on them and how to
search for deviations from the predictions of GR.
Consider then a general class of modified gravity

theories in which a scalar or pseudoscalar field couples
nonminimally to a curvature invariant. Modified theories

that fall in this class include scalar Gauss-Bonnet theory
(SGB) [9,10], dynamical Chern-Simons (DCS) gravity
[11,12] and modified quadratic theories of gravity in
general [13,14].
Within this class of theories, several question then

naturally arise:
(i) What types of BHs are allowed?
(ii) Which of these BHs are the end point of gravita-

tional collapse?
(iii) How does the scalar field behave during gravita-

tional collapse?
(iv) Is the long-range behavior of the scalar field excited

or suppressed during gravitational collapse?
These questions are important for various reasons, as their
answers determine what BHs look like in a large class of
modified theories of gravity, and whether these modifica-
tions are observable.
Some of these questions have been addressed before in

the context of specific modified gravity models. The
answer to question (i) has been searched for in various
theories, both analytically in the small coupling approxi-
mation and numerically in stationary spacetimes. More
specifically, static and slowly rotating BH solutions in the
small coupling approximation were found in [9,15–20] for
SGB theory and in [15,19,19,21,22] for DCS gravity, while
numerical solutions for static and stationary BHs were
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calculated in [16,17,23] for SGB theory and in [24] for
DCS gravity. All of this work has shown that the scalar field
at the event horizon (EH) of a stationary and slowly rotating
BH can either be regular or divergent [9,15,16,21,25], with
the divergent behavior usually discarded through the
imposition of boundary conditions.
Preliminary investigation to answer questions (ii) and

(iii) were initiated in [26,27]. These studies simulated the
evolution of the SGB scalar in the background of the
Oppenheimer-Snyder (OS) collapse. Working in the decou-
pling approximation, i.e., neglecting backreaction onto the
spacetime metric, it was found that the scalar field settles to
the regular solution. For studies which analyze the evolution
of the scalar field inSGBandEinstein-dilationGauss-Bonnet
(EDGB)withoutworking in thedecoupling limit,we refer the
reader to Refs. [28–35]. Some answers to question (iv) were
obtained in [36–39] for SGB theory andDCSgravity,where a
classification of the monopole scalar hair was obtained for
isolated and stationary NS and BH spacetimes.
Although impressive, all of this previous work was not

able to reach general conclusions in a dynamical setting,
which is the focus of this paper. We begin by focusing on
question (i), and thus,

We develop a complete classification of all static and
spherically symmetric BH spacetimes in a wide class of
theories, including but not limited to SGB theory and
DCS gravity.

This classification is based on the behavior of the scalar
field at the EH, which can either be finite (type 1) or
divergent (type 2). This two parameter behavior of the
scalar field in BH spacetimes has been observed in a large
number of modified theories [8], including SGB gravity
[15,16] and DCS gravity [21], and it exhausts all possible
BH solutions in wide class of theories under consideration.
With this classification at hand, we then establish a few

results. First,

We prove that if the scalar field is regular at the EH,
then the BH is nonextremal.

A nonextremal BH is defined by its surface gravity being
nonzero and finite. Our proof does not require an explicit
solution for the field equations; rather, it is based on a novel
argument that relies on the fact that if the cross sections of the
EHof the BHare compact, then theGaussian curvature of the
cross section cannot be zero [40]. This result is important
because extremal BHs have been shown to be unstable to
perturbations by scalar [41,42], electromagnetic and gravita-
tional perturbations [43,44]. We emphasize that this result is
generic, i.e., independent of the specific theory of gravity.
Second,

We show that primary hair is sourced only by a
divergent scalar field at the EH.

In the exterior spacetime, far away from a compact
object, the scalar field can be expanded in powers of 1=r,
where r is a suitable distance measure from the compact
object. The coefficient of the leading 1=r term in the far-
field expansion of the scalar field is called the (monopole)
“scalar hair.” The scalar hair is called “primary” if knowl-
edge of the intrinsic parameters of the spacetime, such as its
mass and spin, is not sufficient to determine the value of
the scalar hair, and it is called “secondary” otherwise. The
existence of hair is important because it controls the
magnitude of dipole scalar radiation in compact binaries
[45] and, consequently, can lead to observable effects in
compact binaries [46,47] or binary pulsars. The fact that the
scalar hair is secondary for solutions of type 1 implies that,
if these are the end state of gravitational collapse, then
observable effects due to dipole radiation will be controlled
by the mass and spin of the compact object, which can then
be in principle constrained.
After these analyses, we address question (ii) by study-

ing whether type 1 or type 2 solutions are the end states of
gravitational collapse.

We prove that the scalar field settles to a type 1 solution
during spherically-symmetric, gravitational collapse.

We arrive at this result by perturbatively expanding the
field equations in the coupling constant of the theory,
neglecting the back reaction of the scalar field onto the
metric, and extending the Kay-Wald theorem [48–50] to
include a curvature source. A similar but fully numerical
analysis was carried out in [26,27] for the particular case of
SGB theory, arriving at the same result. Our results are
important because they extend these numerical results to a
wide class of theories, and they do so with a mathematical
and analytical proof.
Our extension of the Kay-Wald theorem allows us to

address questions (iii) and (iv) to determine the behavior of
the scalar field during gravitational collapse and whether
any long range components are excited.

We show that the scalar field remains regular during
spherically symmetric gravitational collapse, relaxing
to a type 1 solution by shedding any otherwise divergent
behavior through the emission of scalar waves.

As before, we work to first order in an expansion about
small coupling, and thus, neglect backreaction of the scalar
field onto the spacetime. We then employ our extension of
the Kay-Wald theorem, in conjunction with Price’s law
[51,52], to determine how the scalar field and scalar hair
relax to a regular configuration (i.e., through the emission
of scalar waves). Moreover, we develop a corollary to our
extended Kay-Wald theorem to provide covariant formulas
for the scalar hair in the initial and final states of
gravitational collapse, proving that scalar hair before and
after collapse is secondary.
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To close, we consider all of these questions again, but for
the specific case of SGB gravity. In this theory, the scalar
hair of a stationary and axisymmetric NS spacetime is zero
[36,37,39], but it is nonzero for a stationary and axisym-
metric BH spacetime. In the latter, the scalar hair is related
to the surface gravity and the Euler number of the
bifurcation 2-sphere [37,38]. Therefore, during gravita-
tional collapse and BH formation, scalar hair must grow
and transition dynamically from its NS value to its
BH value.
We study these scalar field dynamics to first order in

perturbation theory and in two background spacetime
models: an analytical OS collapse background [53] and
a full numerical relativity simulation of the collapse of a NS
modeled with a perfect fluid stress-energy tensor. Through
this study,

We show that gravitational collapse leads to type 1
solutions in SGB theory, with secondary hair generated
through the radiation of scalar modes that would be
otherwise divergent when the EH crosses the stellar
surface.

We establish this by first finding an exact analytical
solution for the dynamical evolution of the scalar field in
the interior of the star during OS collapse. This solution
explicitly shows that the scalar field is bounded as the
surface of the star crosses the EH, leading to a type 1
solution. Moreover, the solution shows that scalar hair in a
NS spacetime is zero because of the presence of certain
scalar wave modes that would diverge if the stellar surface
were inside the event horizon.
These wave modes, however, begin to be radiated away

when the EH first forms, and are completely radiated away
before the EH crosses the stellar surface, sourcing nonzero
scalar hair for the BH spacetime. All of these results are
then confirmed numerically by simulating the evolution of
the SGB scalar field in the dynamical background of a
collapsing NS, again to first order in perturbation theory,
and we find excellent agreement with our analytical model.
These results are important because they suggest that what
is responsible for scalar hair in SGB theory is not the
change in topology of the background (from a nonpunc-
tured NS spacetime to a punctured BH spacetime), but
rather the emergence of an EH in the spacetime (in
anticipation to the formation of a curvature singularity).
The remainder of this paper presents all of these results

in much more detail, and it is structured as follows.
Section II describes the action and the equations of motion
for the theories we are studying and presents the classi-
fication of BH solutions and their connection to surface
gravity. Section III describes the perturbative approach and
proves that the scalar field settles to a regular solution in a
dynamical collapse. Section IV studies the dynamics of the
scalar field in SGB gravity. Our conclusions and directions

for future work are presented in Sec. V. The signature of
the metric is ð−;þ;þ;þÞ and we use geometric units,
G ¼ 1 ¼ c throughout the paper.

II. BLACK HOLE SOLUTIONS
IN MODIFIED THEORIES

A. Action and field equations

We consider a general class of theories with a scalar or
pseudoscalar field Φ which couples nonminimally to
gravity. The action for the theories we study takes the form

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

16π
Rþ ϵΦF ðg; ∂g; ∂2g;…

�

−
1

2
ð∇μΦ∇μΦÞÞ þ Smatter; ð1Þ

where, g denotes the determinant of the spacetime metric,
R denotes the Ricci scalar, ∇ denotes the covariant
derivative, ϵ is a coupling constant, F is any arbitrary
curvature scalar, and Smatter denotes the action for additional
minimally coupled matter fields. We will require that the
curvature scalar F goes to zero faster than r−4 in asymp-
totically flat spacetimes where r is a suitably defined radial
coordinate. This assumption guarantees the convergence of
certain integrals (see Sec. III B).
We can map the above action to some specific modified

theories. For example, it can be mapped to the action of
SGB theory by choosing the coupling constant ϵ ¼ αSGB,
and the curvature scalar F to be equal to the Gauss-Bonnet
invariant, F ¼ RGB ¼ R2 − 4RμνRμν þ RαβγδRαβγδ. The
scalar field Φ ¼ ϕSGB now represents the dilaton field.
We can also map the above action to dynamical DCS
gravity by choosing, ϵ ¼ αDCS=4 and the curvature scalar
F is equal to the Pontraygin density, F ¼ Rβαγδ

�Rαβγδ.
The scalar field Φ ¼ θDCS now represents the axion
pseudoscalar.
Our analysis also applies to theories whose action

reduces to Eq. (1) when the coupling constant is small.
An example of such a theory is EDGB theory, whose action
is identical to the one above, but with the second term
replaced via

ϵΦF → eγΦRGB; ð2Þ

when the coupling constant is small, γΦ ≪ 1, we can
expand the above equation linearly in terms of γ to find

ϵΦF → γΦRGB þRGB; ð3Þ

where the last term is just the Gauss-Bonnet invariant,
which is topological and therefore does not contribute to
the equations of motion. Identifying γ with ϵ, we see that
EDGB theory reduces to the SGB action for small
coupling, which is of the form given in Eq. (1).
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The equations of motion for the action in Eq. (1) take the
form

Gμν þ 16πϵCμν ¼ 8πðTΦ
μν þ Tmatter

μν Þ;
□Φþ ϵF ¼ 0: ð4Þ

The stress energy tensor for Φ is given by

TΦ
μν ¼ ∇μΦ∇νΦ −

gμν
2

ð∇δΦ∇δΦÞ; ð5Þ

while the tensor Cμν is given by

Cμν ≔
1ffiffiffiffiffiffi−gp δ

δgμν

�Z
d4x

ffiffiffiffiffiffi
−g

p
ΦF ðg; ∂g; ∂2g;…Þ

�
: ð6Þ

The explicit expressions for the Cμν tensor for modified
quadratic gravity theories such as SGB and DCS can be
found in Ref. [13]. The matter stress energy tensor is
defined by

Tmatter
μν ¼ −2ffiffiffiffiffiffi−gp δ

δgμν
Smatter: ð7Þ

B. Black hole solutions

Let us now classify the local behavior of the scalar field
near the EH in static BH solutions for the theories we
described in the previous section and show how this

behavior is related to the surface gravity of the EH. The
theories we are considering reduce to GR when we set the
coupling constant to zero (see Sec. III). More specifically,
we assume that the solution spectrum of the theory is a
deformation of the GR solution spectrum that scales with
ϵp with p > 0, such that the solutions reduce smoothly to
GR as ϵ → 0. Because of the existence of this continuous
limit, we assume that BH solutions exist and the causal
structure of static and asymptotically flat BH solutions in
these theories is similar to that in GR. That is, for static BH
solutions we assume that
(1) Static BH solutions contain an EH that is generated

by a timelike killing vector.
(2) The EH is a stationary null surface.
(3) Cross sections of the EH are compact.
(4) Curvature scalars are regular on and exterior to the

EH (i.e., the singularity is “hidden” behind the EH).
We also assume that the scalar field far tends to zero at
spatial infinity. The conformal structure of this spacetime is
illustrated in Fig. 1. A few comments about the above
assumptions are in order. Assumptions (1) and (2) above
can be shown to hold without using field equations [54].
Assumptions (3) and (4) define BHs as compact objects
without naked singularities.
With these assumptions, we can classify the static BH

solutions in these theories based on the behavior of the
scalar field on the EH as follows:

(i) Type 1: solutions where the scalar field is regular on
the EH.

(ii) Type 2: solutions where the scalar field diverges on
the EH.

These two types of behavior of the scalar field occur in a
wide class of modified gravity theories. We refer the reader
e.g., to Table 1 of [8] for a summary of types 1 and 2
solutions in various theories. This two-parameter behavior
of scalar field solutions was also found in [21] for slowly
rotating BHs in DCS gravity. Similar results were also
obtained for SGB gravity in [15–17].
Assuming BHs in the class of theories described above

exist and respect assumptions (1)–(4), then the metric of a
static and spherically symmetric spacetime takes the gen-
eral form

ds2 ¼ −AðrsÞdt2 þ BðrsÞdr2s þ r2sdΩ2: ð8Þ

We assume that the scalar field respects the symmetries of
the metric, ∂tΦ ¼ 0, and the scalar field equation [Eq. (4)]
in these coordinates takes the form

1

r2s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrsÞBðrsÞ

p ∂rs

�
r2s

ffiffiffiffi
A
B

r
∂rsΦðrsÞ

�
¼ −ϵF : ð9Þ

The coordinates ðt; rs; θ;ϕÞ introduced above are not
well behaved at the EH. To study the local behavior of the

FIG. 1. Penrose diagram for static and spherically symmetric
BHs for theories whose action is described by Eq. (1). We assume
that the conformal structure of BHs in these theories is similar to
the conformal structure of static BHs in general relativity. Note
that we only show the part of the conformal diagram which is
causally connected to the external Universe. In the figure, H�
denotes the future and the past event horizons, I� denotes the
future and the past null infinity, i� denote the future and past
timelike infinities and i0 denotes the point at spatial infinity.
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metric at the EH, it is useful to introduce Gaussian null
coordinates ðv; r; θ;ϕÞ [55,56], in which the metric takes
the form

ds2 ¼ −DðrÞdv2 þ 2dvdrþ KðrÞdΩ2: ð10Þ

This metric is regular at the EH and the latter, in the above
coordinates, is located at r ¼ 0. The function KðrÞ−1
denotes the Gaussian curvature of the 2-sphere parame-
trized by the angular coordinates fθ;ϕg. On the EH, ∂v and
dr are null and this condition is equivalent to

Dð0Þ ¼ 0 ⇒ DðrÞ ¼ r1þpD0ðrÞ; p ≥ 0; ð11Þ

where D0ðrÞ is a smooth function of r and D0ð0Þ ≠ 0.
The surface gravity of the EH can be calculated using the

above metric,

κ ¼ Γv
vv ¼ lim

r→0

D0ðrÞ
2

;

¼ lim
r→0

ð1þ pÞrpD0ð0Þ
2

; ð12Þ

and, therefore, the EH is degenerate (i.e., the surface gravity
vanishes) if p > 0. Degenerate BH spacetimes are known
to be unstable to perturbations, as shown by Aretakis
in [41,42] for perturbations by scalar waves in four-
dimensional BH spacetimes. This result was then gener-
alized to include electromagnetic and gravitational wave
perturbations, as well as higher-dimensional BH space-
times in [43,44]. These results carry through to extremal
BHs in the theories that we consider in this paper.
Moreover, as we show below, regularity of the scalar field
at the EH requires that the BH solution should be non-
extremal. But for the sake of completeness, for now, we
include these solutions in the discussion below as well.
The equations of motion (1) for the scalar field Φ in

Gaussian null coordinates (10) take the form

1

KðrÞ ∂r½KðrÞDðrÞ∂rΦðrÞ� ¼ −ϵF : ð13Þ

This equation can be integrated to yield

KðrÞDðrÞ∂rΦðrÞ − ½KðrÞDðrÞ∂rΦðrÞ�jr¼0

¼ −ϵ
Z

r

0

F ðxÞKðxÞdx: ð14Þ

We now classify the behavior of the scalar field at the EH
and outline how regularity of the scalar field guarantees the
nonextremality of the EH.

1. Case 1: Scalar field and its derivatives are regular
at the event horizon

From Eq. (11), we see thatDðrÞ goes to zero near the EH
because p ≥ 0. Furthermore, recall that K cannot vanish at
the EH, since otherwise the Gaussian curvature of the
2-sphere would diverge at the EH. Therefore, if the scalar
field is regular at the EH, then the second term on the left-
hand side of Eq. (14) must vanish, i.e.,

ϵQ ≔ ½KðrÞDðrÞ∂rΦðrÞ�jr¼0 ¼ 0: ð15Þ

We can rewrite Eq. (14) to read

∂rΦ ¼ −
ϵ

D0ðrÞr1þpKðrÞ
Z

r

0

F ðxÞKðxÞdx: ð16Þ

Expanding around the horizon at r ¼ 0, we can approxi-
mate (16) as

∂rΦ ¼ −ϵr−pF ð0Þ
D0ð0Þ

þOðr1−pÞ: ð17Þ

Therefore, if F ð0Þ ≠ 0, then the regularity of the scalar
field requires that p ¼ 0. In turn, this means that the surface
gravity is nonzero and the BH must be nonextremal. On the
other hand, suppose F ð0Þ is equal to zero. In this case we
need to look at the gravitational equations (1). Studying
these equations shows us that the assumption that the scalar
field is regular and the fact that F ð0Þ ¼ 0 leads to a
contradiction. We present a proof of this statement for the
case of modified quadratic gravity theories [13] and F ðRÞ
theories in the Appendix A. The proof proceeds by
studying the local behavior of the gravitational field
equations and then showing that F ð0Þ ¼ 0 leads to a
contradiction with assumptions (3,4) made above.
Therefore, the regularity of the scalar field implies that
the BH is nonextremal.

2. Case 2: Scalar field or its derivatives diverge
at the event horizon

Let us now go back to Eq. (14). If the scalar field
diverges, then we cannot say whether Q vanishes.
Therefore,

∂rΦ ¼ −
ϵ

DðrÞKðrÞ
Z

r

0

F ðxÞKðxÞdxþ ϵQ
KðrÞDðrÞ ; ð18Þ

where Q can either be zero or nonzero depending on the
rate of divergence of the scalar field at the EH. We note that
in this case there is no restriction on the surface gravity of
the EH, so it can either be zero or nonzero.
Type 2 solutions with regular BH geometry at the EH are

known to exist in a wide class of theories [8]. For example,
Bekenstein found an example in the context of Einstein-
Maxwell-conformal scalar theory [57]. Although the BH
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geometry is regular, components of the Ricci tensor and the
stress energy tensor projected along null directions cannot
remain bounded for this solution. In particular, as argued in
Ref. [58], the stress energy tensor for Bekenstein’s solution
cannot be well defined at the EH because its projections
along null vectors parallel to the EH diverges.
Does this mean that all type 2 solutions are unphysical?

For the class of theories we are considering, naïvely
projecting the gravitational field equations [Eq. (4)] along
null vectors parallel to the EH horizon might suggest that
the components of the Einstein tensor would diverge. But to
analyze this carefully, one needs to study the projection of
Cμν along null vectors parallel to the EH. Analyzing the
properties of this tensor without a specific choice for the
curvature coupling F is not possible. Therefore, we cannot
rule out the existence of type 2 solutions at this stage of the
analysis. As we will show in Sec. III, however, during a
dynamical collapse, the spacetime always settles to sol-
utions of type 1, at least to first order in perturbation theory.
From the arguments above, we see that the generic local

behavior of Φ near the horizon can either be regular or
divergent. The reason for this behavior can be understood by
noting that static wave solutions generically diverge near an
EH [59]. Given the assumptions we have worked with, BH
solutionsmust fall into one of the two possible behaviors we
discussed above. When the scalar field is regular at the EH,
we see that the surface gravity has to be nonzero. Moreover,
it was shown numerically in Ref. [25] that the scalar field
diverges for extremal rotating BH solutions in EDGB
gravity. This example also hints at the claim that if the
BH is extremal, then the scalar field diverges at the EH.

III. BEHAVIOR OF SCALAR HAIR
IN GRAVITATIONAL COLLAPSE

In the dynamical collapse of a NS to a BH, the scalar
field will have to settle down to either a type 1 or type 2
solution. In the following, we will try to answer this
question by considering a perturbative approach to the
gravitational field equations (1). More specifically, we
adopt the following perturbative approach,

gμν ¼ gð0Þμν þ ϵgð1Þμν þOðϵ2Þ; ð19Þ
Φ ¼ Φð0Þ þ ϵΦð1Þ þOðϵ2Þ: ð20Þ

To zeroth order in ϵ, the equations of motion reduce to
those of GR plus a minimally coupled massless scalar field
Φð0Þ. Stationary BHs in this theory cannot support a
nontrivial scalar field if the latter is regular at the EH
and the EH geometry is regular [8,59,60]. Moreover in
dynamical collapse, the scalar field radiates away under
suitably physical conditions on the initial data [61–67]. We
therefore set Φð0Þ to zero.
Equations (4) and (20) then imply that the scalar field Φ

scales as OðϵÞ, and thus Cμν is also of this order. Because

the modification to the metric field equations is propor-
tional to ϵCμν and TΦ

μν ∝ ð∂ΦÞ2, then δgð1Þμν must vanish and
the first corrections to the metric enter at Oðϵ2Þ. Therefore,
to first order in ϵ, the equations of motion become

Gð0Þ
ab − 8πTmatter

ab ¼ 0;

□Φð1Þ þ ϵF ð0Þ ¼ 0: ð21Þ

From the equations above, we see that we have a scalar
field Φð1Þ propagating on a background metric gð0Þμν that
satisfies the Einstein equations, to first order in perturbation
theory. To simplify the notation, we will drop the super-
scripts on the metric and scalar field denoting the order of
perturbation henceforth.
Numerical studies carried out in [26,27] sought to

answer which BH configuration the spacetime settles to
after dynamical collapse, to first order perturbation theory.
These studies tracked the profile of the scalar field in SGB
theory during OS collapse and in a Schwarzschild space-
time (see [68] for an analogous computation in Kerr
spacetimes.). Their results suggested that the scalar field
eventually settles to the regular type 1 solution presented
above. A proof of this observed behavior, however, had not
appeared until now. In the following sections, we prove that
the scalar field settles to a regular type 1 solution during
spherically symmetric gravitational collapse. We then
present covariant formulas for the scalar hair in the initial
and end state of gravitational collapse.

A. The BH end state

We begin by proving that BHs settle to type 1 spacetimes
after dynamical collapse by developing a generalization of
the Kay-Wald theorem [48,49] and a corollary that uses
Price’s law [51,52]. The Kay-Wald theorem [48–50] shows
that spherically symmetric collapse in GR is stable to linear,
scalar field perturbations. The Penrose diagram of the
collapsing spacetime is shown in Fig. 2, where one observes
that curvature scalars only diverge at the central singularity.
The precise statement of the theorem is as follows.
Kay-Wald Boundedness Theorem. See Refs. [48–50].

Let ðM; gÞ be a spherically symmetric spacetime represent-
ing the collapse to a spherically symmetric BH with a
Penrose diagram as shown in Fig. 2. Let Φ be a scalar field
which is a solution to the Klein-Gordon equation,

□Φ −m2Φ ¼ 0; m2 ≥ 0; ð22Þ

with initial data described on a Cauchy surface prior to the
collapse. Assume1 that the initial data decays suitably at i0.
Then, there exists a constant C such that for all points p
exterior to and on the horizon,

1For a mathematically precise statement about the decay of the
initial data, see Sec. 3 of [50].
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jΦðpÞj < C: ð23Þ

With the Kay-Wald theorem stated, we now generalize it
to show that toOðϵÞ the solution to Eq. (21) always remains
bounded in a spherically symmetric collapse.
Theorem 1. Let ðM; gÞ be a spherically symmetric

spacetime representing the collapse to a spherically sym-
metric BH with a Penrose diagram as shown in Fig. 2 in
GR. Let Φ be a scalar field which is a solution to Eq. (21)
with initial data described on a Cauchy surface prior to the
collapse. We assume that the initial data satisfies the
assumptions of the initial data as stated in the Kay-Wald
theorem. Then, there exists a constant C such that for all
points p exterior to and on the horizon,

jΦðpÞj < C: ð24Þ

Proof. Let us follow the same train of thought as in the
proof of the Kay-Wald theorem [49], starting by proving
the theorem in Schwarzschild spacetime. In this spacetime,
one can find a particular solution to Eq. (21). Working in
Schwarzschild coordinates, the particular solution is given
by integrating Eq. (18) with Q ¼ 0,

Φ0ðrsÞ ¼
Z

∞

r0¼rs

�
ϵ

r0ðr0 − 2MÞ
Z

r0

2M
F ðxÞx2dx

�
dr0: ð25Þ

The curvature scalar F is bounded on and outside the
horizon and goes to zero far away from the BH. In particular,

we also require that the curvature scalar goes to zero at least
as Oðr−4Þ. We now rewrite the above equation as

Φ0ðrsÞ ¼
Z

∞

r0¼rs

�
ϵ

r0ðr0 − 2MÞ
Z

∞

2M
F ðxÞx2dx

�
dr0

−
Z

∞

r0¼rs

�
ϵ

r0ðr0 − 2MÞ
Z

∞

r0
F ðxÞx2dx

�
dr0; ð26Þ

the first term on the right-hand side of the above equation
goes to zero at least as fast asOðr−1Þ at spatial infinity and the
second term on the right hand side of the equation falls off at
least as fast asOðr−2Þ. Thismeans thatΦ0 falls off asOðr−1Þ
at spatial infinity. By repeating the local analysis present in
Sec. II B 1, we see that the solutionΦ0 is bounded on the EH
and the bifurcation 2-sphere. Since the curvature scalar is
regular throughout the exterior Schwarzschild wedge,Φ0 is
bounded on the exterior Schwarzschild wedge as well.
Therefore, the particular solution Φ0 is bounded on the
exterior Schwarzschildwedge, theEHandon the bifurcation
2-sphere. Let us denote the maximum value of Φ0 by C1.
We now apply the Kay-Wald theorem to the field

Φ̃ ¼ Φ −Φ0, which satisfies the wave equation,
□Φ̃ ¼ 0. Let C2 be the bound for Φ̃ we obtain from the
Kay-Wald theorem. We now use the triangle inequality,

jΦj ≤ jΦ −Φ0j þ jΦ0j ≤ C1 þ C2: ð27Þ

This gives us a uniform bound on Φ on the Schwarzschild
spacetime.

FIG. 2. Left: conformal diagram for a spherically symmetric collapse of matter into a Schwarzschild BH in GR. In this figure, the
shaded region is the world tube of the stellar interior, Σ1 denotes a Cauchy surface on which we prescribe initial data. Σ2 denotes another
hypersurface to the future of Σ1 used in the proof of Theorem 1. Theorem 1 in Sec. III shows that solutions to Eq. (21) is regular on the
region of spacetime to the future of Σ, on and exterior to the event horizon H. Right: shows a noncompactified version of the figure on
the left.
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We now use the causal propagation property of the wave
equation (see e.g., Proposition 7.4.5 in [69]) in Eq. (21) to
extend our result to the spherically symmetric collapsing
spacetime, ðM; gÞ. To see how this works, suppose that we
specify initial data for the scalar field on the hypersurface
Σ1 as shown in Fig. 2. Draw another hypersurface Σ2 to the
future of Σ1 as also shown in Fig. 2. The solution to
Eq. (21) is well posed [50,69] and in particular propagates
at a finite speed in the volume between these two hyper-
surfaces. By Proposition 7.4.5 of [69], the solution to
Eq. (21) is bounded in this region. The spacetime to the
future of Σ2 and outside the EH is just the Schwarzschild
spacetime. Therefore, we can think of the evolution of
scalar field to the future of this surface as the evolution of
the scalar field in Schwarzschild spacetime, for which we
already showed that the solution is bounded. Therefore, the
solution is bounded on and exterior to the EH in ðM; gÞ. ▪
Corollary 1.1. Let ðM; gÞ be a spherically symmetric

spacetime representing the collapse to a spherically sym-
metric BH with a Penrose diagram as shown in Fig. 2 in
GR. Let Φ represent a solution to Eq. (21). Then, Φ settles
to a type 1 regular and spherically symmetric solution to
Eq. (21) after the BH formation.
Proof. By Theorem 1 established above, the scalar field

is bounded on and exterior to the EH. The spacetime
eventually settles to a Schwarzschild BH. We now use
Price’s law [51,52] which states that the asymptotically flat
solutions to the massless Klein-Gordon equation decay
away in power law tails in Schwarzschild spacetime; for a
mathematically precise derivation of Price’s law, see
[70,71] and references therein. Therefore, the wave modes
present inΦ decay away after a sufficiently long time. After
the wave modes decay away, we are left with a regular static
solution of the scalar field equation in Eq. (21). This then
proves that, to first order in perturbation theory, the
spacetime always settle to a type 1 regular solution. ▪

B. Scalar hair evolution

We now show how the scalar hair behaves in a collapsing
spacetime by developing a second corollary to the above
theorem. Let us begin by defining scalar hair more
precisely. In asymptotically flat spacetimes, we can
describe the spacetime region far away from the source
by using asymptotically Minkowskian coordinates,
xμ ¼ ðt; x; y; zÞ, such that the metric can be expanded as
an asymptotic expansion centered around the Minkowski
metric η,

gμν ¼ ημν½1þOð1=rÞ�; ð28Þ

in this region of spacetime, the components of the curvature
tensor scale as Oðr−2Þ. With this at hand, the equation for
the scalar field can be described to first order in r−1 by

□ηΦ ∼ 0; ð29Þ

whose solution is simply

Φ ¼ c0 þ
μðu; θ;ϕÞ

r
þOðr−2Þ: ð30Þ

In the above equation, c0 is a constant, which we set to zero
for asymptotically flat solutions and u denotes retarded
time and we also assume that there is no incoming
radiation. The scalar hair μ is defined by the above equation
as the 1=r coefficient of the far field expansion of the scalar
field. The magnitude of the scalar hair quantifies the
strength of the scalar field far away from a source and,
thus, it controls the amount of dipole radiation emitted by
accelerated hairy BHs in quadratic gravity [45].
For the BH solutions we considered in Sec. II B, the

explicit formula for the scalar hair can be obtained by
asymptotically expanding Eq. (18),

μ ¼ lim
r→∞

ð−r2∂rΦÞ;

¼ lim
r→∞

�
ϵr2

DðrÞKðrÞ
Z

r

0

F ðxÞKðxÞdx − ϵQr2

DðrÞKðrÞ
�
: ð31Þ

Since the spacetime is asymptotically flat,

lim
r→∞

DðrÞ ¼ 1; lim
r→∞

r2

KðrÞ ¼ 1: ð32Þ

Moreover, in Sec. II, we assumed that the curvature scalar
decays as Oðr−4Þ and this means that the integral,

lim
r→∞

Z
r

0

F ðxÞKðxÞdx ¼
Z

∞

0

F ðxÞKðxÞdx; ð33Þ

is well defined since

lim
r→∞

½F ðrÞKðrÞ� ∼Oðr−2Þ: ð34Þ

Combining Eqs. (31), (32), (33), and (34), we see that

μ ¼ ϵ

�Z
∞

0

F ðxÞKðxÞdx −Q

�
: ð35Þ

Let us now introduce some terminology, which we briefly
touched on in the Introduction. The scalar hair defined in
Eq. (35) is called “primary” if Q is not equal to zero. If
Q ¼ 0, then it is called “secondary” [8]. If the scalar hair is
primary, then knowing only the intrinsic properties of the
compact object, such as its mass, location of the EH and
spin, is not sufficient to determine the scalar charge and,
consequently, the behavior of the scalar field far away from
the compact object. On the other hand, if the scalar hair is
secondary, then the behavior of the scalar field far away
from the compact object as determined by its scalar charge
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is completely determined by the intrinsic properties of the
compact object. As we have shown in Sec. II B, for regular
BH solutions, Q ¼ 0. Therefore, type 1 BH solutions can
only possess secondary scalar hair.
The above expressions can also be generalized to regular

spacetimes, such as those of a NS. Suppose the metric for a
spherically symmetric NS spacetime is given by

ds2 ¼ −ANSðrÞdt2 þ BNSðrÞdr2 þ r2dΩ2: ð36Þ

We assume that functions, ANS and BNS are regular and
nonzero functions at r ¼ 0. Using the coordinates intro-
duced above, the equation for the scalar in Eq. (4) can now
be written as

1

r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ANSðrÞBNSðrÞ

p ∂r

�
r2

ffiffiffiffiffiffiffiffi
ANS

BNS

s
ð∂rΦNSÞ

�
¼ −ϵFNS: ð37Þ

We can now integrate the above equation to get

r2

ffiffiffiffiffiffiffiffi
ANS

BNS

s
ð∂rΦNSÞ −

�
r2

ffiffiffiffiffiffiffiffi
ANS

BNS

s
ð∂rΦNSÞ

�����
r¼0

¼ −ϵ
Z

r

0

FNSðxÞx2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ANSBNS

p
dx: ð38Þ

We know that the scalar field has to be regular at the center
of the star because this is a necessary requirement for
regular stellar configurations to exist. We further know that
the functions ANS and BNS are regular at the center of the
star. This means that

lim
r→0

�
r2

ffiffiffiffiffiffiffiffi
ANS

BNS

s
ð∂rΦNSÞ

�
¼ 0: ð39Þ

Equation (38) can now be simplified to get

∂rΦNS ¼ −
ϵ

r2

ffiffiffiffiffiffiffiffi
BNS

ANS

s Z
r

0

FNSðxÞx2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ANSBNS

p
dx: ð40Þ

Far away from the NS we are in an asymptotically flat
spacetime so we must have that

lim
r→∞

½ANSðrÞ − 1� ¼ 0; ð41Þ

lim
r→∞

½BNSðrÞ − 1� ¼ 0; ð42Þ

lim
r→∞

½r2FNSðrÞ� ¼ 0: ð43Þ

We can now repeat the analysis as in Eqs. (32), (33), and
(34) to find the scalar hair in a NS spacetime

μNS ¼ ϵ

�Z
∞

0

FNSðxÞx2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ANSBNS

p
dx

�
: ð44Þ

Let us pause now to compare the scalar hair for the NS
spacetime obtained in Eq. (44) and that obtained for the BH
spacetime in Eq. (35).We first note that the coordinates used
in these equations are not the same; for the BH spacetimewe
used Gaussian null coordinates [see Eq. (10)], while for the
NS spacetime we use spherical polar coordinates. If we had
used the same coordinates, then the expressions would have
been functionally identical. However, although the func-
tional form of Eqs. (44) and (35) is the same, these charges
do not evaluate to the same result. This is because the NS
spacetime has different metric functions than the BH
spacetime, which is why we identified this through a NS
subscript. The covariant form of Eqs. (44) and (35) are
presented below in Eqs. (45) and (46).
With the concept of scalar hair defined, and the theorem

and corollary established in the previous section, we can
now develop a second corollary.
Corollary 1.2. Let ðM; gÞ be a spherically collapsing

spacetime for theories described by Eq. (1). Let Σinitial and
Σfinal be Cauchy surfaces drawn prior and after the collapse
to a BH, as shown in Fig. 3. We assume that the spacetime
near ft0g × Σinitial and ft1g × Σfinal is static. The spacetime
near ft0g × Σinitial describes the initially static star that
collapses and the spacetime near ft1g × Σfinal describes the
final static BH. Then, to first order in perturbation theory,
(1) The scalar hair μNS prior to the collapse is given by

μNS¼
ϵ

4π
lim
ϵ→0

�
lim
T→0

1

T

Z
½t0;t0þT�×Σinitial

F
ffiffiffiffiffiffi
−g

p
d4x

�
: ð45Þ

(2) The scalar hair in the final BH spacetime is given by

μBH¼
ϵ

4π
lim
ϵ→0

�
lim
T→0

1

T

Z
½t1;t1þT�×Σfinal

F
ffiffiffiffiffiffi
−g

p
d4x

�
: ð46Þ

In particular, scalar hair is secondary before and after
gravitational collapse.
Proof. The formula for the scalar hair in the BH

spacetime is given in Eq. (35). By Theorem 1 and
Corollary 1.1, we know that the scalar field settles to a
regular BH solution after gravitational collapse. This means
that Q ¼ 0 in Eq. (35). Therefore, the scalar hair after
gravitational collapse is given by

μBH ¼ ϵ

Z
∞

0

F ðrÞKðrÞdr: ð47Þ

Equations (47) and (44) can be rewritten covariantly as in
Eqs. (46) and (45), respectively. We now show that Eq. (45)
gives us the correct formula for the scalar hair in the NS
spacetime. We start by writing the scalar field in the NS
covariantly as

∇αð∇αΦNSÞ þ ϵF ¼ 0; ð48Þ
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We now integrate the above equation on a spacetime
volume V ¼ ½t0; t0 þ T� × Σinitial, where T is a small
positive number which we use to denote the length of
the time interval,Z

V
½∇αð∇αΦNSÞ þ ϵF � ffiffiffiffiffiffi

−g
p

d4x ¼ 0: ð49Þ

We now use Stokes theorem on the first term to getZ
V
∇αð∇αΦÞ ffiffiffiffiffiffi

−g
p

d4x ¼
Z
∂V

nα∇αΦ
ffiffiffi
h

p
d3x; ð50Þ

where ∂V denotes the boundary of the volume V, nα

denotes the normal vector on the boundary, and h is the
determinant of the induced metric on ∂V. The spacetime of
a NS has no interior boundary. Therefore, ∂V consists of
three different regions as shown in Fig. 3. The integral over
the upper and the lower constant time hypersurfaces, ft0 þ
Tg × Σinitial and ft0g × Σinitial, vanish because we assume
that the scalar field is independent of time at this stage of
collapse and the normal vectors on these hypersurfaces
point in the opposite directions. Therefore, the only
contribution to the boundary integral comes from the
boundary at spatial infinity. Furthermore, we consider
asymptotically flat spacetime and, thus, the induced metric
and the normal at spatial infinity in asymptotically
Cartesian coordinates is given by

ds2i0 ¼ −dt2 þ r2dΩ2; nα
i0
¼ δαr : ð51Þ

We now simplify Eq. (50) as

Z
V
∇αð∇αΦÞ ffiffiffiffiffiffi

−g
p

d4x ¼
Z

t0þT

t¼t0

lim
r→∞

½r2∂rΦNSðrÞ�|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
−μNS

dtdΩ;

¼ −4πTμNS: ð52Þ

Using the above equation to simplify Eq. (49) one finds

−4πTμNS þ
Z
V
ϵF

ffiffiffiffiffiffi
−g

p
d4x ¼ 0; ð53Þ

which implies that

μNS ¼
ϵ

4π

�
lim
T→0

1

T

Z
½t0;t0þT�×Σinitial

F
ffiffiffiffiffiffi
−g

p
d4x

�
; ð54Þ

where we take the limit of T → 0 because we are in an
initially static configuration which is about to collapse and
the integral over t factors out only over an infinitesimal
interval.
This formula gives the covariant version of NS hair

which we have written down in Eq. (45). Note that in
Eq. (45) we take the limit as ϵ goes to zero because our
corollary only holds to first order in perturbation theory.
Repeating the same line of arguments as above, one can
also rewrite μBH as given in Eq. (46). ▪
For curvature couplings which are topological, such as

the Gauss-Bonnet scalar and the Pontragyin density, the
above integral in Eq. (46) can be converted to an integral
over the EH only using Stokes theorem. Results for the
scalar hair were obtained in [36–39] by using Stokes
theorem and Noether’s theorem for static BH solutions
and NS solutions in DCS and SGB. The above corollary

FIG. 3. Left: conformal diagram of a collapsing spacetime. Σinitial and Σfinal are spacelike hypersurfaces draw prior to and after the
collapse, respectively. We assume that spacetime is static around Σinitial and Σfinal, describing the initially static star which collapses and
settles to a final static BH. Right: the spacetime volume V ¼ ½t0; t0 þ T� × Σinitial is shown in the figure. The boundary ∂V consists of
three regions, ft0 þ Tg × Σinitial, ft0g × Σinitial, and ½t0; t0 þ T� × fr ¼ ∞g. The normals to ft0 þ Tg × Σinitial and ft0g × Σinitial point in
opposite directions.
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shows that these results are valid even during a dynamical
gravitational collapse.

IV. SCALAR GAUSS BONNET THEORY
AND GROWTH OF SCALAR HAIR

The theorem and the corollaries presented in the previous
section state that the scalar field settles to a type 1 solution
and they also provide formulas for the scalar hair in the
initial and final states of gravitational collapse through
Eqs. (45) and (46). For curvature couplings that are
topological, e.g., the Gauss-Bonnet invariant and the
Pontraygin density, these scalar hair formulas can be
integrated exactly and classified based on the topology
of the spacetime. In this section, we work with SGB theory
as an example to illustrate the dynamics of the scalar field
during gravitational collapse. In SGB, the scalar hair takes
on a nonzero value [37,38] for type 1 BH spacetimes and it
is zero in static and regular spacetimes such as that of a NS
[37]. Therefore, the scalar hair grows during gravitational
collapse to a BH, the opposite to what happens in scalar-
tensor theories. The scalar field dynamics will be studied to
first order in perturbation theory in two background
spacetime models: the analytical OS spacetime and a full
numerical relativity-generated collapsing NS spacetime. In
these backgrounds, we find an exact analytical solution and
a numerical solution for the scalar field evolution and use it
to study the dynamics of the scalar field.

A. Oppenheimer-Snyder spacetime

The OS spacetime is one of the simplest GR models of
collapse within the general Tolman-Bondi class and it
describes the spherically symmetric collapse of matter into
a BH [53]. More precisely, the OS model describes the
collapse of an infinitely large 3-ball of pressureless dust due
to its gravitational force, leading to the formation of a BH.
The stellar interior is modeled as a contracting Friedmann-
Lemaître-Robertson-Walker (FLRW) cosmological space-
time with a pressureless dust stress-energy tensor. As a
consequence ofBirkhoff’s theorem, the exterior spacetime is
given by the Schwarzschild spacetime. In this model, there
are no surface energy densities and the metric and its normal
derivative are continuous [72–74] across the stellar surface.
Kanai et al. [73] introduced a global coordinate system to

describe the OS spacetime. These global coordinates are
obtained by using Painleve-Gullstrand (PG)-type coordi-
nates in the exterior Schwarzschild spacetime, and then
gluing these coordinates to the interior spacetime.Themetric
in the global coordinates, xμ ¼ ðt; r; θ;ϕÞ, is given by

ds2 ¼ −dt2 þ ½drþ vðt; rÞdt�2 þ r2dΩ2;

vðt; rÞ ¼
8<
:

2r
3ð−tÞ r < RðtÞffiffiffiffiffi

2M
r

q
r ≥ RðtÞ

: ð55Þ

In the above equation,RðtÞ denotes the surface of the star, an
expression which (together with other important surfaces) is
given in Table I. In these coordinates, the fluid ball starts at
r ¼ ∞ at t ¼ −∞ and it collapses to a singularity at t ¼ 0.
The causal structure of OS spacetime is shown in Fig. 4. The
coordinate transformation between these global coordinates
to Schwarzschild coordinates in the exterior and FLRW
coordinates in the interior is reviewed in Appendix B.
We now describe the dynamics of the scalar field in OS

collapse. In SGB theory, the value for the scalar hair in a
regular static NS spacetime is zero. After the NS collapses
and settles to a static BH, the scalar hair is nonzero. To first
order in perturbation theory, the exterior spacetime is the
Schwarzschild spacetime in both cases. Why does the hair
grow then? To answer this question, we start by finding the
most general spherically symmetric static solution to the
SGB scalar field equation in a Schwarzschild spacetime.
The SGB equation is given by

□Φþ ϵRGB ¼ 0; ð56Þ

and the Gauss-Bonnet scalar in a Schwarzschild space-
time is

RGB ¼ 48M2

r6
: ð57Þ

The scalar equation with a static ansatz in Schwarzschild
coordinates becomes

1

r2
d
dr

�
r2
�
1 −

2M
r

�
Φ0ðrÞ

�
þ 48M2ϵ

r6
¼ 0: ð58Þ

FIG. 4. Penrose diagram of Oppenheimer-Snyder spacetime.
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The most general solution to the above equation consists of
a particular solution and a homogeneous solution,

ΦðrÞ ¼ ϵ

�
2

Mr
þ 2

r2
þ 8M

3r3

�
þ ϵα

M2
log

�
1 −

2M
r

�
: ð59Þ

We can now expand the above solution as r tends to infinity
to get the value of the scalar hair,

ΦðrÞ ∼ 2ϵð1 − αÞ
rM

þOðr−2Þ; ð60Þ

which means that the value of the scalar hair is given by

μ ¼ 2ϵð1 − αÞ
M

: ð61Þ

For a NS spacetime, topological arguments were derived
in Refs. [36,37] to show that the scalar fieldmust be hairless.
The argument begins by noting that for regular spacetimes
such as that of a NS spacetime, there is no interior boundary
or “holes” in the spacetime. For the particular case of SGB,
the right-hand side of Eq. (45) vanishes by the generalized
Chern-Gauss-Bonnet theorem because the spacetime is
connected [37]. This means that μNS must be zero. This
argument can also be generalized to NS spacetimes in DCS
gravity. Because μNS is zero, α ¼ 1 from Eq. (61) for a NS
spacetime. On the other hand, for a BH spacetime, regularity
at the horizonmeans that wemust set α ¼ 0. Thismeans that

ΦNS ¼ ϵ

�
2

Mr
þ 2

r2
þ 8M

3r3

�
þ ϵ

M2
log

�
1 −

2M
r

�
þOðϵ2Þ;

ð62Þ
ΦBH ¼ ϵ

�
2

Mr
þ 2

r2
þ 8M

3r3

�
þOðϵ2Þ: ð63Þ

Therefore, the presence of the homogeneous solution is the
differencebetween the scalar field solution in aNSspacetime
versus a BH spacetime.
From the theorems established in Sec. III, the homo-

geneous mode diverges at the EH, and thus, it must be
radiated away during collapse. To see how this happens, let
us study the evolution of the scalar field in the OS
spacetime with the hairless solution as initial data. In the
OS spacetime, the star crosses its EH at t ¼ −4M=3 (see
Fig. 5), and after this time we cannot support the hairless
initial data because the field diverges at r ¼ 2M. Hence,
studying the evolution of the hairless scalar field just before
the star collapses to a BH will help us answer why and how
the scalar hair is radiated away.
In passing, let us note that in the OS spacetime, the

curvature scalars exhibit a discontinuity at the surface of the
star. This is because the density inside the star is constant
and it drops to zero outside the star. Therefore, the solution
for the scalar field will not be continuous across the surface
of the star. Nevertheless, one can still study the dynamics of
the scalar field inside the star as it collapses and this will
give us valuable insights into the dynamics of the scalar
field during gravitational collapse.
Let us then prescribe the hairless scalar field as initial

data on a null characteristic outgoing surface u ¼ u0, as
shown in Fig. 5 (dashed red line). For the initial data in the
interior of the star, we choose an arbitrary, smooth, and
bounded profile σ2ðvÞ, which matches smoothly to the
exterior hairless data at the surface. For the initial data on
the other characteristic v ¼ v0 (dotted green line in Fig. 5),
we choose an arbitrary smooth and bounded profile σ1,
which matches continuously to the σ2 profile at the point of
intersection of the two characteristic surfaces. The initial
data is then

Φinitialðu; v0Þ ¼ σ1ðuÞ; ð64Þ

Φinitialðu0; vÞ ¼
	
ϵð 2

Mr þ 2
r2 þ 8M

3r3Þ þ ϵ
M2 logð1 − 2M

r Þ; r > Rðtðu0; vÞÞ
σ2ðvÞ; r < Rðtðu0; vÞÞ

: ð65Þ

TABLE I. Important surfaces in the OS spacetime. The equations for the surfaces are given in both global PG coordinates and in the
familiar FLRW coordinates. The coordinate transformation functions between these two coordinate systems in given in Appendix B.

Surface Global coordinates FLRW coordinates

Surface of the star r ¼ RðtÞ ¼ ð9Mð−tÞ2
2

Þ1=3 rc ¼ ð9
2
Þ1=3M

Event horizon r ¼ HðtÞ ¼ 3tþ 3RðtÞ rc ¼ 3M½ð9
2
Þ1=3 − ð−tMÞ1=3�

Apparent horizon r ¼ − 3t
2

rc ¼ 3M
2
ð−tMÞ1=3

Outgoing null geodesics r ¼ 3t − uð−t=MÞ2=3 rc ¼ −3
ffiffiffiffiffiffiffiffi
aðtÞp

− u

Ingoing null geodesics r ¼ −3tþ vð−t=MÞ2=3 rc ¼ vþ 3
ffiffiffiffiffiffiffiffi
aðtÞp
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In the above equation, the radial coordinate r is to be read
as a function of u and v evaluated at v ¼ v0, i.e., rðu; v0Þ.
The transformation relating ðt; rÞ to ðu; vÞ is given in
Sec. IVA 1 and Appendix B. The initial data described
above determines the evolution of the scalar field uniquely
to the future of the characteristic surface and up to the EH,
which is shown as a dash-dotted blue line in Fig. 5. The
future of the characteristic lines up to the event horizon is
shown as a shaded region in Fig. 5.
We prescribe data on characteristic surfaces because this

will enable us to find an exact solution to the scalar field
equation that matches the initial data (see Sec. IVA 1).
But first, we need to find the exact solution for Eq. (56)

inside the star. The most general solution is given by the
sum of a particular and a homogeneous solution. To find the
particular solution, we start by writing down the Gauss-
Bonnet scalar in the OS spacetime, namely

RGB ¼
	 48M2

r6
; r ≥ RðtÞ

− 64
27t4 ; r < RðtÞ

: ð66Þ

The Gauss-Bonnet scalar outside the star is only a function
of the radial coordinate, while inside the star it is only a
function of the time coordinate. Therefore, our ansatz
for the particular solution will respect this behavior.
Denoting the particular solution inside the star by Φ−

1 ðtÞ
and outside the star by Φþ

1 ðrÞ, the solution is then

Φ−
1 ðtÞ ¼ −

32ϵ

27t2
; ð67Þ

Φþ
1 ðrÞ ¼ ϵ

�
2

Mr
þ 2

r2
þ 8M

3r3

�
: ð68Þ

The general solution to Eq. (56) is then

Φ−ðt; rÞ ¼ Φ−
0 ðt; rÞ þΦ−

1 ðtÞ;
Φþðt; rÞ ¼ Φþ

0 ðt; rÞ þΦþ
1 ðrÞ; ð69Þ

whereΦ� is the exterior and interior scalar fields, whileΦ�
0

satisfies the wave equation

□Φ�
0 ¼ 0: ð70Þ

To complete the general solution, we therefore must find
the homogeneous solution, which we do next.

1. Exact solution for the Φ−

Let us first focus on the homogeneous solution and then
the general solution for the scalar modes inside the star. We
begin by performing a coordinate transformation from PG
to double null coordinates, xμ ¼ ðu; v; θ;ϕÞ. The trans-
formation from FLRW coordinates, xμFLRW ¼ ðt; rc; θ;ϕÞ to
double null coordinates is

u ¼ −3
�
−

t
M

�
1=3

− rc; v ¼ −3
�
−

t
M

�
1=3

þ rc: ð71Þ

The transformation from FLRW to PG coordinates is given
in Eq. (B3). The metric in double null coordinates takes the
form

ds2 ¼ −a2ðtÞdudvþ r2ca2ðtÞdΩ2: ð72Þ
With this transformation at hand, we define Ψ−

0 ¼ Φ−
0 rc

so that the wave equation in double null coordinates
becomes

ðuþ vÞ
2

∂u∂vΨ−
0 þ ∂uΨ−

0 þ ∂vΨ−
0 ¼ 0; ð73Þ

whose solution is

⇒ Φ−
0 ¼ 1

rc

�
f0ðuÞ þ g0ðvÞ
2ðuþ vÞ2 −

fðuÞ þ gðvÞ
ðuþ vÞ3

�
: ð74Þ

This is the most general, spherically symmetric solution to
the wave equation inside the star. The solution is para-
metrized by two functions, fðuÞ and gðvÞ, which character-
ize the outgoing and the ingoing modes of the scalar field
Φ−

0 , respectively.
We now match the above solution with the initial data

given in Eq. (64). To keep mathematical expressions short,
we introduce the shorthands

FIG. 5. The surface of the star, EH, and the null surfaces on
which we prescribe initial data is shown in OS collapse. The
shaded region in the above figure shows the spacetime region to
the future of the null surfaces u ¼ u0 and v ¼ v0 up to the EH and
inside the star. The EH forms at t ¼ −9=2M and the surface of the
star crosses the EH at t ¼ −4=3M, after which the star is causally
disconnected from external observers.

HOW DO SPHERICAL BLACK HOLES GROW MONOPOLE HAIR? PHYS. REV. D 105, 064041 (2022)

064041-13



σ̃1ðuÞ ¼ σ1ðuÞ þ
32ϵ

27t2ðu; v0Þ
; σ̃2ðvÞ

¼ σ2ðvÞ þ
32ϵ

27t2ðu; v0Þ
; ð75Þ

where

tðu; vÞ ¼ M

�
uþ v
6

�
3

: ð76Þ

In defining σ̃1;2 we are effectively subtracting the particular
solution Φ−

1 ðtÞ from the initial data in Eq. (64) inside the
star. We can now write down the full solution in the interior
of the star,

Φ−ðu; vÞ ¼ 1

v − u

	
2J2ðu − u0Þðu0 þ vÞ

ðuþ vÞ3 þ 2J1ðv − v0Þðuþ v0Þ
ðuþ vÞ3 þ ðv − u0Þðu0 þ vÞ2σ̃2ðvÞ

ðuþ vÞ2

þ ðu20 − v20Þ½2uvþ v0ðv − uÞ þ u0ðu − vþ 2v0Þ�σ̃2ðv0Þ
ðuþ vÞ3 −

σ̃1ðuÞðu − v0Þðuþ v0Þ2
ðuþ vÞ2




−
55296ϵ2

M2ðuþ vÞ6 ; ð77Þ

where

J1 ¼
Z

u

u0

ðv0 − u0Þσ̃1ðu0Þdu0; J2 ¼
Z

v

v0

ðv0 − u0Þσ̃2ðv0Þdv0:

ð78Þ

Let us now analyze the solution more carefully. We know
that σ1;2 are bounded functions. Therefore, from Eq. (75)
we see that σ̃1;2 are also bounded because t ≠ 0. The full
solution in the interior of the star is constructed from σ̃1;2
and their integrals J1;2, defined in Eq. (78). Therefore, from
Eq. (77), the full solution is also bounded as long as
uþ v ≠ 0. From Eq. (76), when uþ v goes to zero, we see
that t goes to zero, and this is when the curvature singularity
forms (see Fig. 5). We then conclude that the solution is
bounded to the future of the null surfaces u ¼ u0 and v ¼
v0 up until the EH. By continuity, the solution is also
bounded on the EH. The future the of null surfaces u ¼ u0
and v ¼ v0 includes the point where the surface of the star
crosses its EH and, therefore, the solution is also bounded
as the star crosses its EH.
To summarize:
(i) The solution in the interior of the star is determined

by initial data on characteristic surfaces which are
present before the EH forms. The spacetime up to
this point in the collapse process is regular, and the
profiles σ1;2 are bounded.

(ii) Because σ1;2 are bounded, Eq. (77) tells us that the
solution for the scalar field does not diverge to the
future of the characteristic surfaces u ¼ u0 and
v ¼ v0. In particular, the solution on the surface
of the star cannot diverge as the surface of the star
crosses its EH.

Therefore, the only modes that can escape the star as the
star crosses its EH are those that formed before the EH

forms. The boundedness of these modes prevent the scalar
field from diverging.

2. Solution for Φ+

Let us now focus on the homogeneous solution and then
the general solution for the scalar modes outside the star, so
that we can study how the regular modes propagate from
the center of the star out to external observers. The fieldΦþ

0

obeys the wave equation in the Schwarzschild spacetime,
so defining Ψþ

0 ¼ rΦþ
0 and working in Schwarzschild null

coordinates, xμout ¼ ðus; vs; θ;ϕÞ (different from the null
coordinates introduced in the interior), the wave equation
becomes

∂us∂vsΨ
þ
0 þ M

2r3

�
1 −

2M
r

�
Ψþ

0 ¼ 0; ð79Þ

where the effective potential

VðrÞ ¼ M
2r3

�
1 −

2M
r

�
ð80Þ

is strongly peaked at r ¼ 8M=3. Therefore, close to the
spacetime event when the star goes inside its EH, the above
equation can be approximated very well by [51,52]

∂us∂vsΨ
þ
0 ¼ 0: ð81Þ

The solution to the above equation consists of an ingoing
mode and an outgoing mode.
We can now understand how the bounded scalar modes

from the interior propagate out and settle to a regular and
stationary scalar field configuration. The solution in the
exterior region is given by
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Φþðt; rÞ ¼ Ψþ
0

r
þ ϵ

�
2

Mr
þ 2

r2
þ 8M

3r3

�
: ð82Þ

The wave modes in Ψþ
0 propagate from the surface of the

star and reach the peak of the effective potential given in
Eq. (80). Modes with sufficient energy penetrate the
potential barrier and propagate out to Iþ, the lower energy
modes back scatter from the potential. The energy in the
modes that propagate to Iþ decays away as a power law by
Price’s law. The modes that back scatter and propagate to
Hþ also decay away as a power law [52]. Hence, Ψþ

0

decays to zero after sufficiently long time. This means that

Φfinal ¼ ϵ

�
2

Mr
þ 2

r2
þ 8M

3r3

�
; ð83Þ

which is a hairy solution.

B. Collapsing neutron star spacetime

Let us now compare the analytical results obtained in the
previous subsection to the behavior of the scalar field in a
fully dynamical, and fully relativistic, collapsing NS
background. More specifically, we solve the decoupled
SGB field equations [Eq. (21)] in the background of a
collapsing NS, which is obtained by solving the Einstein
equations and the conservation of energy-momentum
equation in the matter sector. All of this is done through
numerical relativity techniques. That is, we foliate the four-
dimensional manifold ðM; gÞ into three-dimensional spatial
hypersurfaces ðΣt; γÞ, labeled by a time parameter t and
with an induced metric γij. By applying this spacetime
decomposition to the field equations [Eq. (21)], we obtain
hyperbolic (time-evolution) equations and elliptic equa-
tions, the latter of which we solve for the initial
configurations.
The collapsing NS background is constructed as follows.

First, we prescribe initial data as a (spherically symmetric)
solution to the Einstein equations. Assuming stationarity
and spherical symmetry, they reduce to the Tolman-
Oppenheimer-Volkoff (TOV) equations [75]

dP
dr

¼ −ðeþ PÞmþ 4πr3P
ð1 − 2m

r Þ
; ð84Þ

dm
dr

¼ 4πr2e; ð85Þ

for which the metric is given by

ds2 ¼ −e2αdt2 þ 1

1 − 2m
r

dr2 þ r2dΩ2; ð86Þ

dα
dr

¼ mþ 4πr3P
r2ð1 − 2m

r Þ
: ð87Þ

Here e and P are the energy density and pressure inside the
NS, respectively. The mass m, denotes the mass contained
within a radius r from the center of the star. In our
numerical simulations we conformally decompose the
spatial part of the metric such that

ds2 ¼ −e2αdt2 þ ψ4½dr2 þ r2dΩ2�; ð88Þ
where ψ4 is the conformal factor. The NS matter sector is
modeled through the H4 equation of state [76], which is
constructed from relativistic mean field theory; it includes
hyperons in addition to neutrons, protons, electrons and
muons, and it makes specific choices for the values of the
incompressibility, the effective mass and the nucleon-
meson coupling. We initialize the central density so that
the solution to the TOV equations lead to a NS with mass
M ¼ 2.02 M⊙. These data are unstable to gravitational
collapse because the density inside the NS exceeds that of
the maximum mass configurations with an H4 equation of
state (MTOV;maxH4 ¼ 2.03 M⊙)

2 We do not add any addi-
tional perturbations, and instead, the collapse is triggered
solely by the initial interpolation error from interpolating
the spherical NS data onto the Cartesian grid.
Given this initial data, we then numerically solve the

equations of general-relativistic magnetohydrodynamics
[77] (in the absence of magnetic fields) and the Einstein
equations to build the dynamical NS spacetime. We employ
the Z4c formulation [78,79] together with the moving
puncture gauge using the Frankfurt/IllinoisGRMHD (FIL)
code [80,81]. FIL has been used extensively to study binary
neutron stars [82–86] and NS-BH mergers [80,87,88],
including effects of finite-temperatures, weak interactions
and magnetic fields. FIL implements highly accurate
numerical methods [89] and has been demonstrated to
achieve beyond second-order convergence of the numerical
solution in simulations of NS spacetimes [80].
This solution provides a numerically generated space-

time background on which we can solve the scalar field
evolution equation in SGB gravity [Eq. (56)]. We evolve
Eq. (56) as a time evolution problem using CANUDA [90],
an open-source software for numerical relativity beyond
GR [26,27,68,91] and to simulate BHs interacting with
ultralight fields [92,93]; see Refs. [26,68] for details on the
implementation of the SGB equations. CANUDA is com-
patible with the EINSTEIN TOOLKIT software for computa-
tional astrophysics [94–96].
The numerical domain is constructed as a series of five

nested boxes with an outer domain size of 128 M and a
finest resolution of 0.05 M. Note, that we work in geo-
metric units, c ¼ 1 ¼ G and measure lengths and evolution
time of the numerical simulation in units of the mass M,

2We point out that the dynamically unstable branch of
equilibrium NS solutions will have masses lower than the
maximum mass, but reaches energy densities higher than
dynamically stable NS.
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with M ¼ 2.02 M⊙. We initialize the scalar field to zero,
but note that given the small initial perturbation, the star
does not immediately collapse, so that the numerical
solution of the scalar field settles to a stationary configu-
ration for a TOV spacetime before the NS begins to
contract.
During the numerical evolution and during postprocess-

ing we compute a number of quantities that aid us in
understanding the behavior of the scalar hair. One of them
is the apparent horizon, which we calculate using the
AHFinderDirect code [97] on every time slice. Another one
is the event horizon, which we calculate using the approach
described in [98], by tracing geodesics back in time post
evolution of the NS background. The last quantity we need
is a spacetime diagram of the scalar field and associated
quantities. We construct this diagram by focusing only on
one of the coordinate axis, because, although our simu-
lations are performed in three spatial dimensions, the
spherical symmetry of all solutions is well preserved during
collapse.
The resulting evolution is shown in Fig. 6 where we

present the relative scalar field amplitude (left panel) and
energy flux (right panel). We mark the surface of the star as
a contour enclosing 99% of the baryon mass,

Mb ¼
Z

dV
ffiffiffi
γ

p
ρBΓ; ð89Þ

where ρB is the baryon density and Γ the Lorentz factor of
the NS material. After an initial transient (not shown), we
can see that a stationary scalar field solution inside the star

develops. As expected from Eq. (83), the exterior of the star
does not contain a r−1 contribution at initial times
(black area).
Around t ≈ 70M the event horizon is first found at the

center of the star, and gradually expands outwards. An
apparent horizon is not found until all the matter has
crossed the event horizon. This happens around t ≈ 90M.
We can see that around the same time the scalar hair begins
to grow (yellow region). The singularity does not begin to
form until t ≈ 100M. This numerically confirms that the
growth of scalar hair is not associated with the formation of
a singularity, or with the formation of the apparent horizon,
but rather with essentially the NS surface disappearing
behind the event horizon.
In order to better understand at which point the scalar

field begins to grow, we also calculate the amount of radial
energy flux contained in the scalar field. We do this by
computing the analogue of the Poynting flux in electro-
magnetism, namely

SrΦ ¼ ∂tΦ∂rΦþ 1

2
gtr∂μΦ∂μΦ: ð90Þ

Since a change in the scalar field will yield an associated
energy flux, we can use this quantity to track the evolution
of the scalar field. The resulting evolution is shown in the
right panel of Fig. 6. Since the dynamical coordinate
evolution in the simulation leads to a tilting of light cones
close to the center of the star, we also show an outgoing null
geodesic (light blue curve), in order to show when changes
inside the star propagate to the surface. We can see that the

FIG. 6. Simulated spacetime diagram of a collapsing NS in perturbative SGB gravity. Shown are the surface (white), the event horizon
(EH, blue) and the apparent horizon (AH, red). The light blue line refers to null geodesic, and the black dot to the time of peak flux. The
time t and radii r shown both refer to individual coordinates. The panels show (left) the value of the scalar field Φ relative to its final
configuration Φfinal [Eq. (83)] and (right) the scalar energy flux SrΦ.
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initial change in the scalar field, measured in terms of an
outgoing energy flux, is caused by the contraction in the
center of the star. However, the main growth phase of the
scalar field does not happen until the event horizon has
formed. This can most easily be seen by the maximum
(outgoing) scalar flux on the horizon, as marked by a black
dot in Fig. 6. We emphasize that, although we are numeri-
cally evolving the interior of the BH, everything within the
event horizon (blue curve) is causally disconnected from
the exterior solution. However, we can also see that this
initial flux does not reach the surface until some time later,
around t ≈ 80M. At this time, the star has not yet
completely collapsed to a BH, and the r−1 term of the
scalar field has not yet grown, as is revealed by a
comparison with the left panel. In terms of the energy
flux, no apparent transition can be seen later on. The peak
of the outgoing energy flux (black dot) is reached only
when the entire star is about to be swallowed.

V. CONCLUSIONS AND FUTURE DIRECTIONS

We have investigated the dynamics of scalar fields
during spherically symmetric gravitational collapse in a
wide class of modified gravity theories. We proved that BH
solutions in these theories generically fall into two different
classes, depending on whether the scalar field they support
is regular at the EH of the BH or not. We also proved that if
the scalar field is regular at the EH, then the surface gravity
of the EH is nonzero. Physically, one expects that the scalar
field will settle to a regular solution during gravitational
collapse. This flow to regularity was investigated numeri-
cally in SGB gravity by simulating the SGB scalar in the
background of the OS collapse [26,27]. We confirm and
greatly extend these results by proving that, during spheri-
cally symmetric collapse, the scalar field eventually settles
to a regular solution to first order in perturbation theory and
in a wide class of modified gravity theories where a scalar
couples to a curvature invariant. As a corollary, we also
show how this flow to regularity affects the scalar hair in
the initial NS state and the final BH state.
To understand the physical reasons behind these results,

we investigated the dynamics of the scalar field evolution in
two background spacetimes and in SGB theory as an
example. In this theory, the scalar hair goes from zero
for a NS to a nonzero value for a BH during gravitational
collapse. We verified that this happens by finding an exact
analytical solution for the scalar field in the interior of the
star during OS collapse. Using this solution, we showed
that the regularity of wave modes before the EH forms
ensures that the scalar field remains regular during collapse.
After the star collapses to a BH, the wave modes decay
away by Price’s law [51,52], leading to a regular static
solution to the SGB equations that is hairy. We confirm
these results in the more realistic scenario by simulating the
collapse of a nonrotating NS in full general relativity. On
top of this dynamical background we solved the decoupled

SGB equations to study the evolution of the scalar field.
In line with our analytical results, we find that escaping
modes of the scalar field form inside the star but outside of
the growing EH. We further confirm that the formation of
scalar hair roughly coincides with the bulk of the matter
disappearing behind the EH, generalizing the results from
OS to realistic NS models.
Our work points to a few natural directions to pursue in

the future. One natural direction to explore is the dynamics
of the scalar field in axisymmetric collapse and thereby
extending studies of the scalar field’s formation around a
Kerr background [68]. The results we established in
spherically symmetric collapse should be extendable to
the axisymmetric case, and this will help us analyze
theories such as DCS gravity which reduce identically to
GR in spherical symmetry. A second direction for future
work is to extend our results to higher orders in perturbation
theory by including the back reaction of the scalar field
onto the metric. This would be complementary to (and
extending) previous simulations of scalar field collapse in
the full theory [28] and studies of the metric perturbations
at second order in perturbation theory [99,100]. Since the
class of theories we consider in Eq. (1) reduce to GR when
the coupling constant goes to zero, the results we have
established here should go through, with small second-
order modifications. Another direction for future work
includes studying the behavior of dipole and higher order
moments of the scalar field during gravitational collapse.
A final natural direction to pursue is to investigate whether
our results can be extended to a wider class of theories that
exhibit other nonlinear deviations from GR in the strong
coupling regime. Examples of these include certain scalar
tensor theories [101] and theories where the coupling
function scales at least as Φ2 instead of the linear coupling
we considered in Eq. (1). These theories are known
to exhibit phenomena such as spontaneous scalariza-
tion, which are intrinsically nonperturbative [101–103].
Understanding the behavior of scalar hair in these theories
will help us determine the best routes to constrain
them.
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APPENDIX A: PROOF OF CONNECTION
BETWEEN NONVANISHING OF SURFACE
GRAVITY AND REGULARITY OF THE

SCALAR FIELD

In this Appendix, we prove that if the scalar field is
regular on the EH then surface gravity of the EH must be
nonzero. As noted in Sec. II B 1, if F ð0Þ ≠ 0, then
regularity at the EH implies that p ¼ 0 and the surface
gravity is finite. IfF ð0Þ ¼ 0, then we have to look at higher
order terms. We show that looking at higher order terms
leads to a contraction if p ≥ 1, i.e., if the surface gravity
vanishes. We prove that this is true for two general
choices for the curvature scalar F. For the first case, we
consider modified quadratic theories of gravity and in the
second case we consider general F ðRÞ theories. The
idea behind the proof uses the fact that if the cross section
of EH is a 2-sphere, then its Gaussian curvature given
by Kð0Þ−1 cannot be zero. This idea is inspired by
Ref. [40], where a similar argument was used to show
that there can be no static BH solutions in GR with a
degenerate EH.

1. Modified quadratic gravity

In case of modified quadratic theories of gravity, the
curvature scalar F takes the form

F ¼ α1R2 þ α2R2
μν þ α3R2

αβγδ; ðA1Þ

and the field equations for this theory are obtained by
replacing

αi → ϵαi; ðA2Þ

β ¼ 1; ðA3Þ

α4 ¼ 0 ðA4Þ

in Eqs. (27)–(28) in Ref. [13]. We now have two cases to
deal with.
Case 1: F ð0Þ ¼ 0, F 0ð0Þ ≠ 0
In this case, the local expansion of Eq. (16) in Gaussian

null coordinates takes the form

∂rΦ ¼ −
ϵF 0ð0Þ
2D0ð0Þ

r1−p þOðr2−pÞ; ðA5Þ

which regularity requires that p ∈ f0; 1g since we assume
that F 0ð0Þ ≠ 0. If p ¼ 0, then surface gravity is finite and
we are done. Now suppose p ¼ 1. Then we need to use the
gravitational equations. Let us denote the gravitational
equations by

Eμν ≔ Gμν þ 16πϵCμν − 8πTΦ
μν ¼ 0; ðA6Þ

E ≔ gμνEμν ¼ 0: ðA7Þ

Taking the trace of Eμν and evaluating it at r ¼ 0, we get

Eð0Þ ¼ 2D0ð0Þ −
2

Kð0Þ ¼ 0 ⇒ D0ð0Þ ¼
1

Kð0Þ : ðA8Þ

We can now look at the value of Evr at r ¼ 0 to get a
contradiction

Evr ¼ −
16πϵΦð0Þ½2α1 þ α2 þ 2α3�

Kð0Þ2 −
1

Kð0Þ
þ 16πϵD0ð0Þ2Φð0Þ½2α1 þ α2 þ 2α3�;

¼ 0; ðA9Þ

from Eq. (A8) we know thatD0ð0Þ ¼ Kð0Þ−1. Using this in
the above equation we get

1

Kð0Þ ¼ 0; ðA10Þ

this is a contradiction because Kð0Þ−1 is the Gaussian
curvature of the 2-sphere at the horizon, which cannot be
zero by assumption (3).
Case 2: F ðmÞð0Þ ¼ 0;F ðmþ1Þð0Þ ≠ 0
Using the definition

F ðmþ1Þð0Þ ≔ ∂mþ1F
∂rmþ1

����
r¼0

; ðA11Þ

the local expansion of Eq. (16) takes the form
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∂rΦ ¼ −
ϵF ðmþ1Þð0Þ
2D0ð0Þ

rmþ1−p þOðrmþ2−pÞ: ðA12Þ

Therefore, regularity requires that p ∈ f0; 1;…; mþ 1g
from Eq. (12). If p ¼ 0, then we see that surface gravity is
nonzero. If p ¼ 1, then we already showed a contradiction
in case 1 above. Now suppose p ≥ 2. The value of E at the
EH now takes the form

Eð0Þ ¼ −
2

Kð0Þ ¼ 0; ðA13Þ

which gives us a contradiction as before.

2. F ðRÞ Theories
For theories where the curvature coupling F is only a

function of the Ricci scalar R, the Cμν tensor takes the form

Cμν ¼ F 1ΦRμν þ gμν□ðF 1ΦÞ −∇μ∇νðF 1ΦÞ − gμν
2

FΦ;

ðA14Þ

where

F 1 ≔
∂F
∂R : ðA15Þ

We now assume thatF can be represented as a power series
in R,

F ¼
XN
n¼0

αnRn; N > 1: ðA16Þ

We also make another regularity assumption. We assume
that the scalar field and the metric coefficients are regular
functions of the coupling constant ϵ at the EH. Note that
this assumption does not mean that we are working in a
small coupling expansion. It means that the theory we are
considering reduces to GRwhen the coupling constant goes
to zero. We now have two cases to analyze as before.
Case 1: F ð0Þ ¼ 0, ∂rF ð0Þ ≠ 0
In this case the local expansion of Eq. (16) takes the form

∂rΦ ¼ −
ϵF 0ð0Þ
2D0ð0Þ

r1−p þOðr2−pÞ: ðA17Þ

Regularity requires that p ∈ f0; 1g since we assume that
F 0ð0Þ ≠ 0. If p ¼ 0, then surface gravity is nonzero and we
are done. Suppose p ¼ 1. Then, we need to use the
gravitational equations. Let us look at the value of E at
the EH,

Eð0Þ ¼ −
2½16πϵF 1ð0ÞΦð0Þ − 1�½D0ð0ÞKð0Þ − 1�

Kð0Þ :

ðA18Þ
Because of the regularity assumption,

16πϵF 1ð0ÞΦð0Þ ≠ 1 ⇒ D0ð0Þ ¼
1

Kð0Þ : ðA19Þ

The local expansion of Evr is gives us

Evrð0Þ ¼ −
1

Kð0Þ − 8πϵΦð0Þ½2D0ð0ÞF1ð0Þ þ Fð0Þ�:

ðA20Þ
We now use the fact that Fð0Þ ¼ 0 and D0ð0Þ ¼ Kð0Þ−1 in
the above equation to get

16πϵF 1ð0ÞΦð0Þ þ 1

Kð0Þ ¼ 0; 16πϵF 1ð0ÞΦð0Þ þ 1 ≠ 0;

⇒
1

Kð0Þ ¼ 0;

which is a contradiction.
Case 2: F ðmÞð0Þ ¼ 0;F ðmþ1Þð0Þ ≠ 0
In this case the local expansion of Eq. (16) takes the form

∂rΦ ¼ −
ϵF ðmþ1Þð0Þ
2D0ð0Þ

rmþ1−p þOðrmþ2−pÞ: ðA21Þ

Therefore, p ∈ f0; 1;…; mþ 1g if the field is regular.
If p ¼ 0, then we see that surface gravity is nonzero from
Eq. (12). If p ¼ 1, then we already showed a contradiction
in case 1 above. Suppose now that p ≥ 2. The local
expansion of Evr now takes the form

Evr ¼ −
1

Kð0Þ − 8πϵF ð0ÞΦð0Þ ¼ 0; ðA22Þ

using F ð0Þ ¼ 0, we end up with a contradiction as before.
We have checked that the above derivation is valid when

the curvature scalar takes the form

F ¼ α1Rþ α2R2
μν þ α3R2

αβγδ: ðA23Þ

APPENDIX B: COORDINATE
TRANSFORMATIONS BETWEEN PG

COORDINATES AND SCHWARZSCHILD
AND FLRW COORDINATES

In this Appendix we give the coordinate transformations
between global PG coordinates introduced in Sec. IVA and
FLRW coordinates inside the star and Schwarzschild
spacetime outside the star.
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1. Interior of the star and FLRW coordinates

We denote the FLRW coordinates by xμ ¼ ðt; rc; θ;ϕÞ.
The metric inside the star in these coordinates takes the
form

ds2 ¼ −dt2 þ a2ðtÞðdr2c þ r2cdΩ2Þ; ðB1Þ

where the scaling factor aðtÞ is given by

aðtÞ ¼
�
−t
M

�
2=3

: ðB2Þ

The coordinate transformation to PG coordinates takes the
form

t ¼ t; rðt; rcÞ ¼ rcaðtÞ; θ ¼ θ; ϕ ¼ ϕ: ðB3Þ

2. Exterior of the star and
Schwarzschild coordinates

The spacetime outside the star is the Schwarzschild
spacetime by Birkhoff’s theorem. The transformation from
Schwarzschild coordinates xμ ¼ ðts; r; θ;ϕÞ to PG coordi-
nates is given by

tðts; rÞ ¼ ts þ 4M

� ffiffiffiffiffiffiffi
r
2M

r
−
1

2
log

� ffiffiffi
r

p þ ffiffiffiffiffiffiffi
2M

pffiffiffi
r

p
−

ffiffiffiffiffiffiffi
2M

p
��

; r ¼ r;

θ ¼ θ; ϕ ¼ ϕ:

ðB4Þ
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in Painlevé-Gullstrand coordinates, Prog. Theor. Phys.
125, 1053 (2011).

[74] R. J. Adler, J. D. Bjorken, P. Chen, and J. S. Liu, Simple
analytical models of gravitational collapse, Am. J. Phys.
73, 1148 (2005).

[75] J. R. Oppenheimer and G. M. Volkoff, On massive neutron
cores, Phys. Rev. 55, 374 (1939).

[76] N. K. Glendenning and S. A. Moszkowski, Reconciliation
of Neutron-Star Masses and Binding of the Λ in Hyper-
nuclei, Phys. Rev. Lett. 67, 2414 (1991).

[77] M. D. Duez, Y. T. Liu, S. L. Shapiro, and B. C. Stephens,
Relativistic magnetohydrodynamics in dynamical space-
times: Numerical methods and tests, Phys. Rev. D 72,
024028 (2005).

[78] S. Bernuzzi and D. Hilditch, Constraint violation in free
evolution schemes: Comparing the BSSNOK formulation
with a conformal decomposition of the Z4 formulation,
Phys. Rev. D 81, 084003 (2010).

[79] D. Hilditch, S. Bernuzzi, M. Thierfelder, Z. Cao, W. Tichy,
and B. Brügmann, Compact binary evolutions with the Z4c
formulation, Phys. Rev. D 88, 084057 (2013).

[80] E. R. Most, L. J. Papenfort, and L. Rezzolla, Beyond
second-order convergence in simulations of magnetized
binary neutron stars with realistic microphysics, Mon. Not.
R. Astron. Soc. 490, 3588 (2019).

[81] Z. B. Etienne, V. Paschalidis, R. Haas, P. Mösta, and S. L.
Shapiro, IllinoisGRMHD: An open-source, user-friendly
GRMHD code for dynamical spacetimes, Classical Quan-
tum Gravity 32, 175009 (2015).

[82] E. R. Most, L. J. Papenfort, V. Dexheimer, M. Hanauske, S.
Schramm, H. Stöcker, and L. Rezzolla, Signatures of
Quark-Hadron Phase Transitions in General-Relativistic
Neutron-Star Mergers, Phys. Rev. Lett. 122, 061101
(2019).

[83] E. R. Most, L. J. Papenfort, V. Dexheimer, M. Hanauske,
H. Stoecker, and L. Rezzolla, On the deconfinement phase
transition in neutron-star mergers, Eur. Phys. J. A 56, 59
(2020).

[84] E. R. Most, L. J. Papenfort, A. Tsokaros, and L. Rezzolla,
Impact of high spins on the ejection of mass in
GW170817, Astrophys. J. 884, 40 (2019).

[85] L. J. Papenfort, S. D. Tootle, P. Grandclément, E. R. Most,
and L. Rezzolla, New public code for initial data of
unequal-mass, spinning compact-object binaries, Phys.
Rev. D 104, 024057 (2021).

[86] E. R. Most and C. A. Raithel, Impact of the nuclear
symmetry energy on the post-merger phase of a binary
neutron star coalescence, Phys. Rev. D 104, 124012
(2021).

[87] E. R. Most, L. J. Papenfort, S. D. Tootle, and L. Rezzolla,
On accretion discs formed in MHD simulations of black
hole–neutron star mergers with accurate microphysics,
Mon. Not. R. Astron. Soc. 506, 3511 (2021).

[88] E. R. Most, L. J. Papenfort, S. Tootle, and L. Rezzolla, Fast
ejecta as a potential way to distinguish black holes from
neutron stars in high-mass gravitational-wave events,
Astrophys. J. 912, 80 (2021).

[89] L. Del Zanna, O. Zanotti, N. Bucciantini, and P. Londrillo,
ECHO: An Eulerian conservative high order scheme for
general relativistic magnetohydrodynamics and magneto-
dynamics, Astron. Astrophys. 473, 11 (2007).

[90] H. Witek, M. Zilhao, G. Bozzola, M. Elley, G. Ficarra, T.
Ikeda, N. Sanchis-Gual, and H. Silva, Canuda: A public
numerical relativity library to probe fundamental physics,
10.5281/zenodo.5520862 (2021).

[91] H. O. Silva, H. Witek, M. Elley, and N. Yunes, Dynamical
Descalarization in Binary Black Hole Mergers, Phys. Rev.
Lett. 127, 031101 (2021).

[92] H. Okawa, H. Witek, and V. Cardoso, Black holes and
fundamental fields in numerical relativity: Initial data
construction and evolution of bound states, Phys. Rev.
D 89, 104032 (2014).

[93] M. Zilhão, H. Witek, and V. Cardoso, Nonlinear inter-
actions between black holes and Proca fields, Classical
Quantum Gravity 32, 234003 (2015).

[94] S. R. Brandt et al., The Einstein Toolkit (2021), to find out
more, visit http://einsteintoolkit.org.

[95] F. Loffler et al., The Einstein Toolkit: A community
computational infrastructure for relativistic astrophysics,
Classical Quantum Gravity 29, 115001 (2012).

[96] M. Zilhão and F. Löffler, An introduction to the Einstein
Toolkit, Int. J. Mod. Phys. A 28, 1340014 (2013).

[97] J. Thornburg, A fast apparent horizon finder for three-
dimensional Cartesian grids in numerical relativity,
Classical Quantum Gravity 21, 743 (2004).

[98] P. Diener, A New general purpose event horizon finder for
3-D numerical space-times, Classical Quantum Gravity 20,
4901 (2003).

[99] M. Okounkova, Stability of rotating black holes in Einstein
dilaton Gauss-Bonnet gravity, Phys. Rev. D 100, 124054
(2019).

[100] M. Okounkova, Numerical relativity simulation of
GW150914 in Einstein dilaton Gauss-Bonnet gravity,
Phys. Rev. D 102, 084046 (2020).

[101] T. Damour and G. Esposito-Farèse, Tensor-scalar gravity
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