PHYSICAL REVIEW D 105, 064017 (2022)

Slowly rotating black holes with exact Killing tensor symmetries
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We present a novel family of slowly rotating black hole solutions in four, and higher dimensions, that
extend the well known Lense-Thirring spacetime and solve the field equations to linear order in rotation
parameter. As “exact metrics” in their own right, the new (nonvacuum) spacetimes feature the following
two remarkable properties: (i) near the black hole horizon they can be cast in the, manifestly regular,
Painlevé-Gullstrand form and (ii) they admit exact Killing tensor symmetries. We show these symmetries
are inherited from the principal Killing-Yano tensor of the exact rotating black hole geometry in the slow
rotation limit. This provides a missing link as to how the exact hidden symmetries emerge as rotation is
switched on. Remarkably, in higher dimensions the novel generalized Lense-Thirring spacetimes feature a
rapidly growing number of exact irreducible rank-2, as well as higher-rank, Killing tensors—giving a first
example of a physical spacetime with more hidden than explicit symmetries.
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I. INTRODUCTION

Within the framework of Hamiltonian dynamics one can
distinguish two kinds of symmetries: explicit symmetries,
that induce a nontrivial action on the configuration space,
and, dynamical symmetries, which are the genuine sym-
metries of the phase space. Since the latter “remain hidden”
on the configuration space, they are sometimes referred to
as hidden symmetries.

Perhaps the most familiar example of a hidden symmetry
in the context of general relativity is associated with a Killing
tensor [1]. This is a symmetric rank-p tensor K% % =
K@) obeying the following Killing tensor equation:

v(ﬂKal--'ap) — O’ (1)

which for p = 1 yields a Killing vector. Eq. (1) represents an
overdetermined partial differential equation that imposes
severe restrictions on the background metric, e.g. [2]. Once
present in a given spacetime, Killing tensors give rise to
monomial integrals of motion for geodesic trajectories—the
most famous example being Carter’s constant in the Kerr
geometry [3]. Killing tensors may also give rise to symmetry
operators of the scalar wave equation and underlie its
separability [4].

Killing tensors form a subalgebra of the full algebra of
symmetric tensor fields under an operation called the
Schouten-Nijenhuis (SN) bracket [5,6]. That is, given
two Killing tensors A% % and Bf1-a, their SN bracket
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yields another Killing tensor. In terms of these brackets, the

Killing tensor equation (1) is conveniently expressed
a..a,

as [K.glsy" =

A trivial example of a Killing tensor is the metric itself,
another is obtained by taking a symmetrized product of
Killing vectors. If a Killing tensor cannot be decomposed
into a linear combination of products of lower rank Killing
tensors, it is called irreducible. Reducible Killing tensors
are trivial in the sense that they generate no new conserved
quantities and can typically be excluded from further
considerations. While spacetimes with exact irreducible
Killing tensors are quite rare, the pivotal examples include
the Kerr family of black hole spacetimes in all dimensions
[7,8] as well as various supergravity solutions, e.g. [9,10].

Another, perhaps even more intricate, example of a
hidden symmetry is that of Killing-Yano tensors [11]
which are in some sense the square root of Killing-tensors.
In particular, of special importance for black hole physics is
the principal Killing-Yano tensor [12,13], which is a 2-form
hqp obeying the following equations:

1
vyhaﬂ = 29;/%5(1]7 fa = _gvyhya' (3)

It turns out that starting with one such object, one may be
able to generate a whole tower of Killing tensors. The first
of these (and the only one in four dimensions) is given by
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1
K”[’) = ((*h) : (*h))aﬂ = Qa/} - Ega[)’nya (4)
where Q.5 = hy hy’, and we have defined (o ),z =

O

ah“_ypw/;““-yn for any (p + 1)-form w. Notably, this
construction applies to the Killing tensor of the Kerr
geometry [12] and its higher-dimensional generalizations
[8], where it guarantees the complete integrability of
geodesic motion [3,7,14].

It is the aim of the present paper to construct a new class
of solutions with exact Killing tensors. Namely, we pick up
the threads on the recent observation [15] that an appro-
priately modified Lense-Thirring spacetime [16], which
describes a field of a slowly rotating body, admits the exact
Killing tensor. We show that this result can be extended to
the whole family of (possibly charged) generalized Lense-
Thirring spacetimes with a cosmological constant in four
and higher dimensions.

These spacetimes are “derived” from the corresponding
exact black hole solutions (seeds) in the slow rotation
approximation. As such they inherit the approximate hidden
symmetries of the exact seed solutions. Remarkably, when
these metrics are “appropriately modified,” the approximate
Killing tensor symmetry becomes exact. In addition, the
obtained spacetimes are regular on the black hole horizon and
close to its vicinity can be cast in the Painlevé-Gullstrand
(PG) form, see [17,18].

II. EXACT KERR-NEWMANN-ADS SOLUTION
AND ITS SLOW ROTATION EXPANSION

To start our discussion, let us recapitulate the exact
Einstein-Maxwell-A solution for a rotating black hole—
known as the Kerr-Newmann-AdS (anti—de Sitter) metric
[19], which we write in the “standard Boyer-Lindquist
form” [20]:

asin?@

A z z
dszz—f {dt— d(]ﬁ} —|——dr2—i—§ah92

S'29 2
+ Sl; {adr—r +a d¢]

qr asin’0
-5 (dt - d¢> (5)

where A is the vector potential and F = dA the corre-
sponding field strength, a is the rotation parameter,

A:

a? a?
2 = r? 4 a’cos?6), E=1-7. S:]—pcoszb?,
2
A— (r2+a2)<1 f2> 2mr + ¢, (6)

m and ¢ are the mass and charge parameters, and ¢ is the
AdS radius. One can check that the geometry at the

horizon, located at r =r,, given by the largest root
A(r,) is regular, and in particular, the Kretschmann scalar,

1= Ryp,sR7, (7)

afy
is smooth at r = r,. As written, the solution rotates at
infinity—this rotation can be removed by “going to the
nonrotating frame”: d¢p — d¢p — a/¢>dt.

The metric is the algebraically special type D and admits
a fundamental hidden symmetry, encoded in the principal
Killing-Yano tensor /4, which obeys (3), and is explicitly
given by h = db, where

2b =r? <dt — asin? 0@) — a*cos? 0 <dt - ﬂ) (8)

—

The corresponding irreducible Killing tensor, constructed
from & according to (4), reads

a®cos’ 0 _ a® cos? OA
K =522+ )0, + 020, - 52 0,
2 Sr 2
+ 55y (a sin® 09, + 80,)* + — (89) . 9)

Together with the two explicit symmetries, 9, and 0, it
guarantees the complete integrability of geodesic motion in
these spacetimes [19,21].

Let us now perform the linear in a expansion to the above
exact solution. This yields the following approximate to
O(a) solution of the Einstein-Maxwell-A equations:

2
@ = —fd + dTr +2asin? 0(f — 1)drde.

+ r? sin? 0dgp* + r’do* + O(a?),

A= —g(dt — asin? 0dg) + 0(a?), (10)
r
where
XM
M @ 11
f R (11)

Of course, the spacetime inherits the hidden symmetries
of the full solution to the linear order in a, given by

2b = r?dt — ar’sin®> 0d¢p + O(a?), (12)

K =2ad,0, + (a,,,) +(09)> +0(a?). (13)

Note that since the metric is stationary and axisymmetric,
the first term in (13) is just a product of Killing vectors and
can be excluded.
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A tempting possibility is to truncate the O(a?) terms in
(10), and treat the resultant fields as “exact” (not neces-
sarily a solution of the field equations). However, the
spacetime has several “drawbacks.”” Namely, as exact
metric, it is singular on what would be the black hole
horizon f = 0, noting for example that the Kretschmann
scalar (7) diverges there at O(a?). Second, both [truncated
to O(a)] hidden symmetries (12) and (13) remain only
approximate. Finally, the metric cannot be cast in the PG
form [22].

III. GENERALIZED LENSE-THIRRING METRIC

To fix the above “drawbacks,” let us instead consider
the following modification of the above slowly rotating
solution:

dr? —-1) \?
ds2——fdtz+7r+r2sin20<d¢+a(fr2 )dt) +2de,

A:—%(dt—asinzﬁ [qu—%er, (14)

with metric function f given by Eq. (11). In what follows,
we shall call it the generalized Lense-Thirring solution,
c.f. [22]. Formally, it can be obtained by “completing the
square” in the truncated solution (10) (together with an
appropriate modification of the vector potential A to
achieve regularity of the electromagnetic invariants on
the horizon). As such, it still solves the Einstein-
Maxwell-A system to O(a), as well as admitting the
approximate hidden symmetries (12) and (13).

However, when understood as an exact (filled with
matter) spacetime,’ it is a much better approximation for
a slowly rotating black hole than the above truncated
solution since it is regular on the horizon—the curvature
scalars, such as I (7), no longer diverge at f = 0 and the
metric can be cast (at least in the vicinity of the horizon) in
the manifestly regular PG form, see the Appendix for more
details. It also has an ergosphere and will feature super-
radiant phenomena, e.g. [23]. Most remarkably, the gen-
eralized Lense-Thirring spacetime (14) falls into a class of
the Benenti and Francaviglia metrics [24] (see also [25] for
some recent applications). This means that not only does
the metric posses an exact Killing tensor, the separability of

'One should be a bit cautious about the physicality of the extra
matter supporting the (modified) Lense-Thirring spacetimes. In
particular, when Q = 0 = A, the tetrad component of the Einstein
tensor is G = —IR = —(3aM sin6/r*)?, yielding a negative
energy density [22]. This is partly emended in the presence of the
additional ordinary matter—for example in our case the EM field
dominates near infinity and guarantees there positive energy
density. However, we expect that the generic Lense-Thirring
spacetimes may need to be (at least partly) supported by exotic
matter violating the standard energy conditions.

the scalar wave equation and integrability of the geodesics
are guaranteed.2
The corresponding exact Killing tensor is given by

K p—
sin% 6

(94)* + (9)*, (15)

and can be understood as a slow rotation (truncated)
version of the approximate Killing tensor (13).
Interestingly, this Killing tensor can be written in the
following suggestive form:

K=L}+L2+L2 (16)

where L, = 0, is a Killing vector of (14) and vectors L,
and L, are given by

L, = cot@cos ¢pd, + sin ¢y,
L, = —cotfsin$d, + cos ¢, (17)

which upon recovering the spherical symmetry (a — 0)
would be the remaining two SO(3) Killing vectors. Since
L, and 0, are the only two Killing vectors present in the
spacetime (14), it can be checked that the above Killing
tensor is irreducible.

Moreover, we may define the following 2-form:

RO = db©®  2p0) = P24z, (18)
obtained by the @ — 0 limit of the 2-form (12). While this is
not a principal tensor even to the linear order in a, it yields
the above exact Killing tensor (15) via the formula (4) (with
h = h(©). We also note that

2
5(0):_1v.h(0>:a AL P (19)
3 ’ 34 2)

which is an exact Killing vector when g = 0.

Let us finally mention that the generalized Lense-
Thirring spacetime (14) is, contrary to the exact solution
(5), algebraically general and describes a slowly rotating
charged black hole (or rotating body) that can be assigned
the following asymptotic charges:

2
2a >’ (20)

M =m, J = , = 1+—

m ma 0 q< + 372
and is surrounded by (charged) matter. To linear order in a,
the corresponding first law of black hole thermodynamics

In particular, one can check that Carter’s criterion [4]
Va(ky[“R/’]V) = 0 is satisfied. Interestingly, one can also check
that the criteria required for separability of the conformally
coupled scalar equation are not satisfied, even though this
equation does separate for Kerr-NUT-AdS spacetimes [26].
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coincides with that of the spherical charged AdS black hole,
e.g. [27].

IV. HIGHER-DIMENSIONAL LENSE-THIRRING
SPACETIMES

The above construction becomes even more remarkable
in higher dimensions. To illustrate this, let us start from the
full Kerr-AdS metric in d spacetime dimensions [28]:

2M " agudeg;\ 2
(| Wdt T T
+5 < +; 5

ds? = —W(1 + /%) dP

P tal o, 2 vdr’ 2
+;T(md¢,~+dﬂ,~) Voo T
1 n r2 + alz ) 2
+ W% =) (121: B, uidu; + er ydu) , (21)
where
m M2 m
w=> Lra?  V=r21+22)]](P+a})
i=1 =i i=1
_ 4 _ Z azp; -1 _a_z
1+72/? — rz—ﬁ—a% ’ 2
(22)
Here, € = 1, 0 for even, odd dimensions, m = [%] (where

[A] denotes the whole part of A), and the coordinates y; and
v obey a constraint

Sw+eat=1 (23)
i=1

The metric admits [8,13] a principal Killing-Yano tensor,

h =db,
r +(112
2b=|(r —1—2(1 fz:, dt

r’+a?
+Zaiﬂ% ——dj;. (24)
i—1

—

which generates the towers of explicit and hidden sym-
metries, see [8].

By repeating the procedure above, we arrive at the
following slowly rotating generalized Lense-Thirring sol-
ution (written now in non-rotating at infinity coordinates):

dr? - 2Ma; 2
2 _ 2 2 2 i
s*=—fdr +7+ r ;:1 Hi <d¢i T e dt)

rz(Zdu%wde), f=1-
i=1

2M r?
r2m—2+e + ﬁ .

(25)

As before, the metric is regular on the horizon, f = 0, near
its vicinity admits the PG form (see the Appendix), and
inherits the following approximate principal Killing-Yano
tensor:

2b = rdt+ 2y ayldg;. (26)
i=1

Surprisingly, in addition, we have a fast growing (with
number of dimensions) tower of exact Killing tensors.
Explicitly, let us define the set S = {1, ...,m} and let | €
P(S) where P(S) is the power set of S, then we have the
following objects:

=7 <dl‘+2a,,ul ) D = ap®, (27)

i€l

1
N =__- (I )
f _(|I|+1)!*(h Ao AR, (28)
[7]41 times

where |I| denotes the size of the set /. These generate the
following exact rank-2 Killing tensors:

k= (Ta) 0 s @)

i€l

Note that, this construction “coincides’ with the one for the
full Kerr-AdS geometry [8], replacing the principal Killing-
Yano tensor 4 with its appropriate limits #() at the relevant
order of the small rotation parameters expansion.

Of course, in a given dimension, not all of these are
nontrivial. In fact, it is only K® which exists in all
dimensions d > 4, and is given by our familiar formula (4)
(with i — h©). Explicitly, these Killing tensors take the
following simple form:

m—I+€
KD="%" [(1—%2—2#?) (0-2 ) ﬂiﬂjauiauj}

i¢l Jjel jelu{i}
+Z |: /E]lu./ a{ﬁl) :| (30)
il
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It turns out, however, that >_7* (") of these are reducible,
leaving

irreducible rank-2 Killing tensors in d dimensions.
Contrary to the exact Kerr-AdS spacetimes whose number
of rank-2 Killing tensors grows linearly with number of
spacetime dimensions, in our case the growth is quadratic.
For example, already in d = 8 we have (for distinct rotation
parameters) six irreducible rank-2 Killing tensors and only
m + 1 = 4 independent Killing vectors—that is the num-
ber of hidden symmetries exceeds the number of the
explicit ones (more so once we also count higher rank
Killing tensors obtained by various combinations of SN
brackets—see below). However, this is still much smaller
than the maximum possible number of rank-2 Killing
tensors in a given dimension d, which for rank-p Killing
tensor (p > 1) reads, e.g. [2]:

d+ d+p-1
W)
d\p+1 p

and for d = 8 and p = 2 gives kp,, = 540.

In addition to the above rank-2 Killing tensors, one can
also generate (potentially irreducible) higher-rank Killing
tensors via the SN brackets (2). Our construction thus
provides a physically well-motivated example in the long-
standing search for spacetimes with higher-rank Killing
tensors [29-31]. Of course, these objects are, at the same
time, approximate (to linear order in rotation parameters)
higher-rank Killing tensors for the full Kerr-AdS geometry
(21). We have verified up to d = 13 that the SN bracket of
any two Killing tensors vanishes if the intersection of the
two labels equals the first. That is,

[KU), K1) = 0, (33)

if Iy NI, =1I,. Otherwise, a new Killing tensor is gen-
erated. In particular, in d dimensions this implies (taking
into account explicit symmetries and the metric as well) the
existence of d mutually commuting symmetry objects—a
necessary requirement for complete (and again exact)
integrability of geodesic motion in the spacetime (25).
We expect this to remain true also in higher dimensions.

Finally we close by illustrating the above construction in
d = 6 dimensions. In this case k =3 and we have the
following irreducible rank-2 Killing tensors:

1 1
K@ = —(0y,)* +—5(04,)* + (1 = p3)(9,,,)?
Hi Ha
= 2u112(0,,)(9y,) + (1 = 13)(9,,)7,
(1) 1 _/“‘% 2 2_ .2 2
K'Y =—7—(0p,)" = (1 = pi —13)(9,,)"
M
@) -3 2 2_ .2 2
K'Y = e (0p,)° = (1 = ui = 13)(0,,,)*- (34)
1
Their SN brackets are

[K(ﬂ), K(l)]SN =0 = [K(ﬂ), K(Z)]SN,M — [K(l), K(Z)]Sw
(35)

where M is the new rank-3 Killing tensor with the
following components:

_ At -1
3
_ (it pg—1)
3

MH #2112

= Iu%M¢2¢zll1 ,

MHit#2 — ”%Mr/m/uﬂz‘ (36)
Provided no additional irreducible rank-2 Killing tensors
exist in this spacetime, M is also irreducible. This tensor
further generates rank-4 Killing tensors via SN brackets
with K and K@, and so on.

V. CONCLUSIONS

Starting in four dimensions, we have seen how a “small
modification” of the linear in a expansion of the exact Kerr-
Newmann-AdS black hole solution gives rise to an, in
many ways, preferred slowly rotating geometry. This
generalized Lense-Thirring spacetime is (when taken as
an exact metric) manifestly regular on the black hole
horizon and admits an exact Killing tensor.

This observation fills an important gap in understanding
as to how the exact hidden symmetries of the full Kerr-
Newmann-AdS geometry emerge as the rotation is
switched on. While the nonrotating (spherical) solution
admits an exact principal Killing-Yano and Killing tensor,
these are trivial, the latter being reducible—given by a
product of Killing vectors derived from the rotational
symmetry (and possibly time independence). Adding a
small rotation to O(a) breaks the full rotational symmetry
and the approximate hidden symmetries become nontrivial.
Remarkably a simple modification of the metric at O(a?)
yields a spacetime which in four dimensions is of the
Benenti and Francaviglia class of spacetimes [24] in which
separability of the Klein-Gordon and Hamilton-Jacobi
equations is guaranteed. The exact irreducible Killing
tensor can be understood as a (truncated) version of the
approximate Killing tensor generated from the approximate
principal Killing-Yano tensor. Both these hidden
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symmetries become exact, when the full Kerr-Newmann-
AdS solution is considered.

Naturally, a similar construction also works in higher
dimensions, which we have explicitly demonstrated for
Kerr-AdS spacetimes in all dimensions, however the
structure is much richer. The corresponding generalized
Lense-Thirring spacetimes admit a rapidly growing tower
of exact rank-2 and higher-rank Killing tensors, that is a
“slow rotation seed” of the associated (much smaller) tower
of rank-2 Killing tensors for the full Kerr-AdS geometry.
Although the higher-dimensional Lense-Thiring spacetime
(25) is not explicitly in the Benenti-Francaviglia form, we
have a tower of Killing tensors growing faster than the
number of Killing vectors—providing a first example of a
physically interesting spacetime with larger number of
hidden symmetries than the explicit ones.

We expect this construction to be quite general and apply
to many other rotating black hole spacetimes with hidden
symmetries (e.g. [9,10]). In particular, note that while in our
paper we have focused on negative A, the same construc-
tion would also work for A positive. It remains an
interesting open question whether similar construction
would also work for higher order expansions in rotation
parameters, providing thus even a more complete link
between the generalized Lense-Thirring spacetimes and the
exact black hole solutions.
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APPENDIX: PAINLEVE-GULLSTRAND FORM

In what follows we shall demonstrate that the general-
ized Lense-Thirring spacetimes can, at least in the vicinity
of the black hole horizon, be cast in the PG form [17,18].
As we shall see this can be formally achieved by a simple
coordinate transformation, cf. [15,22].

Let us start in four dimensions, having the solution (14).
The PG coordinates are traditionally associated with a free-
falling observer starting from rest at infinity and moving (at
infinity) radially inward. However, since our metrics have
possibly AdS asymptotics, this is no longer achievable (due
to the AdS “attraction” timelike geodesics do not reach
asymptotic infinity). Formally, however, one can consider
radially infalling observers starting from rest at a finite
radius from the black hole, determined for simplicity by
f(ry) = l—restricting to regions with f <1. (For

asymptotically flat spacetimes r, approaches infinity.)
The corresponding 4-velocity then reads

/T—
U= dt—}——fdr.

; (A1)

Setting the latter equal to dT', where T is the proper time of
the observer, we arrive at the following coordinate trans-
formation:

dt =dT —

V1 f_f dr, (A2)

upon which the solution (14) can be written as

ds® = —dT? + (dr + /1 - fdT)? + r*d6*

~1 —1)/I= 2
LEDPRUES MDY

26in20 dgp + & ar -4
+ r-sin <¢—|— ” r2f

A= —% (dT—asinza[dqurier. (A3)

7
Here we have dropped the pure gauge term proportional to

dr. Formally, one can bring the metric in the PG form by
setting

(f-DvI-f

a
dp = d® + o dr, (A4)

upon which we recover
ds®> =—dT*+ (dr++/1— fdT)* + r*do*
-1 2
+ r2sin29<dq>+“(f—2)dT) :
r

W FI=0) ),

A=_1 <dT — asin?6 {dd) n
r
(AS)

Obviously, the spatial hypersurfaces 7 = const. are all
intrinsically flat, and the metric as well as the vector
potential are manifestly nonsingular for f = 0. The fact
that the Lense-Thirring spacetimes can be brought into the
PG form by a coordinate transformation shows that the
Killing tensor discovered in [15] coincides with the one
studied in this paper for vanishing cosmological constant
and g = 0. At the same time it shows that the metrics (2.3)
and (2.4) in [22] are at least locally diffeomorphic.

Similarly, the higher-dimensional Lense-Thirring space-
times (25) can be cast in the higher-dimensional version of
the PG form close to the horizon, by the following change
of coordinates:
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/1 —
dt =dT — 7 fdr,
2Ma;\/1 —
d¢i = dq)l + ]Mdr, (A6)
r

upon which the metric takes the following PG form:

m m M . )
a7 = =d+ (ar-+ /T Fary + 2 (Y did e ) 42 Y (aey+ Zyiehar )
i=1 i=1

2M r?
f =1- r2m—2+e +ﬁ’

(A7)

which is nonsingular on the horizon f = 0 and whose T = const. slices are manifestly flat.

[1] M. Walker and R. Penrose, On quadratic first integrals of the
geodesic equations for type {22} spacetimes, Commun.
Math. Phys. 18, 265 (1970).

[2] T. Houri, K. Tomoda, and Y. Yasui, On integrability of the
Killing equation, Classical Quantum Gravity 35, 075014
(2018).

[3] B. Carter, Global structure of the Kerr family of gravita-
tional fields, Phys. Rev. 174, 1559 (1968).

[4] B. Carter, Killing tensor quantum numbers and conserved
currents in curved space, Phys. Rev. D 16, 3395 (1977).

[5] J. A. Schouten, Uber differentialkomitanten zweier kontra-
varianter grossen, Proc. Kon. Ned. Akad. Wet. Amsterdam
43, 449 (1940).

[6] A. Nijenhuis, Jacobi-type identities for bilinear differential
concomitants of certain tensor fields, Indagat. Math 58, 390
(1955).

[7] V.P. Frolov and D. Stojkovic, Particle and light motion in a
space-time of a five-dimensional rotating black hole, Phys.
Rev. D 68, 064011 (2003).

[8] V. Frolov, P. Krtous, and D. Kubiznak, Black holes, hidden
symmetries, and complete integrability, Living Rev. Rela-
tivity 20, 6 (2017).

[9] Z. W. Chong, M. Cvetic, H. Lu, and C. N. Pope, General
Non-Extremal Rotating Black Holes in Minimal Five-
Dimensional Gauged Supergravity, Phys. Rev. Lett. 95,
161301 (2005).

[10] D.D. K. Chow, Symmetries of supergravity black holes,
Classical Quantum Gravity 27, 205009 (2010).

[11] K. Yano, Some remarks on tensor fields and curvature, Ann.
Math. 55, 328 (1952).

[12] R. Floyd, The dynamics of Kerr fields, Ph. D. Thesis,
University of London, London, 1973.

[13] V.P. Frolov and D. Kubiznak, Hidden Symmetries of Higher
Dimensional Rotating Black Holes, Phys. Rev. Lett. 98,
011101 (2007).

[14] D.N. Page, D. Kubiznak, M. Vasudevan, and P. Krtous,
Complete Integrability of Geodesic Motion in General Kerr-
NUT-AdS Spacetimes, Phys. Rev. Lett. 98, 061102 (2007).

[15] J. Baines, T. Berry, A. Simpson, and M. Visser, Killing
tensor and carter constant for Painlevé—Gullstrand form of
Lense—Thirring spacetime, Universe 7, 473 (2021).

[16] J. Lense and H. Thirring, On the influence of the proper
rotation of a central body on the motion of the planets and
the moon, according to Einstein’s theory of gravitation, Z.
Phys. 19, 156 (1918).

[17] K. Martel and E. Poisson, Regular coordinate systems for
Schwarzschild and other spherical space-times, Am. J. Phys.
69, 476 (2001).

[18] V. Faraoni and G. Vachon, When Painlevé-Gullstrand
coordinates fail, Eur. Phys. J. C 80, 771 (2020).

[19] B. Carter, Hamilton-Jacobi and Schrodinger separable
solutions of Einstein’s equations, Commun. Math. Phys.
10, 280 (1968).

[20] S. W. Hawking, C. J. Hunter, and M. Taylor, Rotation and the
AdS/CFT correspondence, Phys. Rev. D 59, 064005 (1999).

[21] B. Carter, A new family of Einstein spaces, Phys. Lett. 26A,
399 (1968).

[22] J. Baines, T. Berry, A. Simpson, and M. Visser, Painlevé—
Gullstrand form of the Lense—Thirring Spacetime, Universe
7, 105 (2021).

[23] R. Brito, V. Cardoso, and P. Pani, Superradiance: New
frontiers in black hole physics, Lect. Notes Phys. 906, 1
(2015).

[24] S. Benenti and M. Francaviglia, Remarks on certain
separability structures and their applications to general
relativity, Gen. Relativ. Gravit. 10, 79 (1979).

[25] G. O. Papadopoulos and K. D. Kokkotas, On Kerr black
hole deformations admitting a Carter constant and an
invariant criterion for the separability of the wave equation,
Gen. Relativ. Gravit. 53, 21 (2021).

064017-7


https://doi.org/10.1007/BF01649445
https://doi.org/10.1007/BF01649445
https://doi.org/10.1088/1361-6382/aaa4e7
https://doi.org/10.1088/1361-6382/aaa4e7
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1103/PhysRevD.16.3395
https://doi.org/10.1016/S1385-7258(55)50054-0
https://doi.org/10.1016/S1385-7258(55)50054-0
https://doi.org/10.1103/PhysRevD.68.064011
https://doi.org/10.1103/PhysRevD.68.064011
https://doi.org/10.1007/s41114-017-0009-9
https://doi.org/10.1007/s41114-017-0009-9
https://doi.org/10.1103/PhysRevLett.95.161301
https://doi.org/10.1103/PhysRevLett.95.161301
https://doi.org/10.1088/0264-9381/27/20/205009
https://doi.org/10.2307/1969782
https://doi.org/10.2307/1969782
https://doi.org/10.1103/PhysRevLett.98.011101
https://doi.org/10.1103/PhysRevLett.98.011101
https://doi.org/10.1103/PhysRevLett.98.061102
https://doi.org/10.3390/universe7120473
https://doi.org/10.1119/1.1336836
https://doi.org/10.1119/1.1336836
https://doi.org/10.1140/epjc/s10052-020-8345-4
https://doi.org/10.1007/BF03399503
https://doi.org/10.1007/BF03399503
https://doi.org/10.1103/PhysRevD.59.064005
https://doi.org/10.1016/0375-9601(68)90240-5
https://doi.org/10.1016/0375-9601(68)90240-5
https://doi.org/10.3390/universe7040105
https://doi.org/10.3390/universe7040105
https://doi.org/10.1007/978-3-319-19000-6
https://doi.org/10.1007/978-3-319-19000-6
https://doi.org/10.1007/BF00757025
https://doi.org/10.1007/s10714-021-02795-2

FINNIAN GRAY and DAVID KUBIZNAK

PHYS. REV. D 105, 064017 (2022)

[26] F. Gray, T. Houri, D. Kubiziidk, and Y. Yasui, Symmetry
operators for the conformal wave equation in rotating black
hole spacetimes, Phys. Rev. D 104, 084042 (2021).

[27] D. Kubiznak and R.B. Mann, P-V criticality of charged
AdS black holes, J. High Energy Phys. 07 (2012) 033.

[28] G. W. Gibbons, H. Lu, D. N. Page, and C. N. Pope, Rotating
Black Holes in Higher Dimensions with a Cosmological
Constant, Phys. Rev. Lett. 93, 171102 (2004).

[29] J. Brink, Spacetime encodings II—pictures of integrability,
Phys. Rev. D 78, 102002 (2008).

[30] G. W. Gibbons, T. Houri, D. Kubiznak, and C. M. Warnick,
Some spacetimes with higher rank Killing-Stackel tensors,
Phys. Lett. B 700, 68 (2011).

[31] M. Cariglia and A. Galajinsky, Ricci-flat spacetimes admit-
ting higher rank Killing tensors, Phys. Lett. B 744, 320
(2015).

064017-8


https://doi.org/10.1103/PhysRevD.104.084042
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1103/PhysRevLett.93.171102
https://doi.org/10.1103/PhysRevD.78.102002
https://doi.org/10.1016/j.physletb.2011.04.047
https://doi.org/10.1016/j.physletb.2015.04.001
https://doi.org/10.1016/j.physletb.2015.04.001

