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We consider gravitational lensing under a weak-field approximation and in a strong deflection limit by a
Bronnikov-Kim wormhole with the same metric as the one of a wormhole which has been suggested in
Einstein-Dirac-Maxwell theory. The metric approaches into the metric of an extreme charged Reissner-
Nordström black hole in a black hole limit and it becomes the metric of a spatial Schwarzschild wormhole
in an ultrastatic limit. In both of the black hole limit and the ultrastatic limit, the coefficient of a divergent
term and the constant term of the deflection angle of a light in the strong deflection limit can be obtained
exactly without expanding parameters of the spacetime. Interestingly, in the both limits to the black hole
and the ultrastatic wormhole, we obtain exactly the same coefficient and constant term in the strong
deflection limit.
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I. INTRODUCTION

Gravitational lensing under a weak-field approximation
is a useful tool to find dark and massive objects [1,2].
Recently, the direct observations of gravitational waves
from compact objects have been reported by LIGO
Scientific and Virgo Collaborations [3] and the shadow
image of a supermassive black hole candidate at the center
of galaxy M87 has been reported by Event Horizon
Telescope Collaboration [4]. Gravitational lensing in a
strong gravitational field by compact objects also can
become an important tool to search them in future.
Gravitational lensing in a strong deflection limit [5] can
be used to obtain observables by a light ray reflected by a
photon sphere, which is a sphere formed by unstable
circular light orbits, around a compact object [5–24].
The strong deflection limit analysis in the Schwarzschild
spacetime was investigated by Bozza et al. [16] and its
extensions and alternatives were investigated by several
authors [5,6,20–41,41–46].
A wormhole is a hypothetical spacetime structure with

nontrivial topology in general relativity [47] and it can be a
black hole mimicker [48–50]. It is known that energy
conditions are violated at the throat of any asymptotically
flat, static, and spherically symmetric wormhole, at least if
general relativity without a cosmological constant is
assumed [51]. Many passable wormholes were suggested
after an Ellis-Bronnikov wormhole [52–54] which is
known as the earliest passable wormhole. In 2001,
Dadhich et al. considered wormhole metrics with a

vanishing Ricci scalar [55] and then Bronnikov and Kim
also suggested wormhole metrics with a vanishing Ricci
scalar in a braneworld scenario [56,57]. Gravitational
lensing by a spatial Schwarzschild wormhole with the
vanishing Ricci scalar [55] in the strong deflection limit [5]
has been investigated in Ref. [6].
Recently, a wormhole filled with massless and neutral

fermions in Einstein-Dirac-Maxwell theory was obtained
numerically [58] and the existence of a thin shell at the
wormhole throat was discussed in Refs. [59–62]. Its metric
corresponds with the Bronnikov-Kim wormhole as a
simple and analytical metric case [56,59,60]. Its shadow
size also was investigated by Bronnikov et al. [63] and the
orbit of a star around the wormhole was investigated by
Jusufi et al. [64]. Moreover, Churilova et al. [65] discussed
the shadow or the apparent size of a photon sphere of an
asymmetric wormhole [62] in a small asymmetry case.
In this paper, we consider gravitational lensing under

the weak-field approximation and in the strong deflection
limit by the Bronnikov-Kim wormhole [56,57] with the
same metric as the one of the wormhole which was
suggested in Einstein-Dirac-Maxwell theory [58]. The
metric approaches into the metric of an extreme charged
Reissner-Nordström black hole in a black hole limit and it
approaches into the metric of the spatial Schwarzschild
wormhole [55] in an ultrastatic limit.
This paper is organized as follows. The deflection angle

of a ray in the Bronnikov-Kim wormhole spacetime is
obtained in Sec. II, a lens equation is introduced in Sec. III,
and observables under a weak-field approximation are
obtained in Sec. IV. We review a Schwarzschild spacetime
as a reference in Sec. V. The deflection angle and*tsukamoto@rikkyo.ac.jp
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observables by the Bronnikov-Kim wormhole in the strong
deflection limit are investigated in Sec. VI and then we
discuss and conclude our results in Sec. VII. We investigate
an Arnowitt-Deser-Misner (ADM) mass in the Appendix.
In this paper, we use the units in which the light speed and
Newton’s constant are unity.

II. DEFLECTION ANGLE IN THE
BRONNIKOV-KIM WORMHOLE SPACETIME

The line element of a Bronnikov-Kim wormhole space-
time [56,57] is given by

ds2 ¼ −AðrÞdt2 þ BðrÞdr2 þ r2ðdϑ2 þ sin2 ϑdφ2Þ; ð2:1Þ

where AðrÞ and BðrÞ are defined by

AðrÞ≡
�
1 −

M
r

�
2

ð2:2Þ

and

BðrÞ≡ 1

ð1 − rþ
r Þð1 − r−

r Þ
¼ 1

1 − 2Q2

Mr þ Q2

r2

; ð2:3Þ

respectively, where M and Q are positive constants which
hold 0 < M < Q, and where r� is defined by

r� ≡Q2

M
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q4

M2
−Q2

r
: ð2:4Þ

There is a wormhole throat at r ¼ rþ. Note that M=2 <
r− < M < rþ as shown Fig. 1. In a black hole limit
Q → M, the metric approaches into the metric of the
extreme charged Reissner-Nordström black hole spacetime
and we obtain r� ¼ M ¼ Q. There are time translational
and axial Killing vectors tμ∂μ ¼ ∂t and ϕμ∂μ ¼ ∂ϕ, since
the spacetime has stationarity and axisymmetry, respec-
tively. If the norm of the time translational Killing vector is
a constant, the spacetime is called ultrastatic spacetime.
Notice that a relationM ¼ 2Q2rþ=ðQ2 þ r2þÞ. As shown in
the Appendix, an ADM mass m is given by

m ¼ Q2

M
: ð2:5Þ

If we consider an ultrastatic limit M → 0 under a fixed
ADM mass m, we obtain the metric of a spatial
Schwarzschild wormhole [6,55] in the following form:

ds2 ¼ −dt2 þ dr2

1 − 2m
r

þ r2ðdϑ2 þ sin2ϑdφ2Þ; ð2:6Þ

which has a vanishing Ricci scalar while it has nonzero
components of Ricci tensors. We can assume ϑ ¼ π=2
without loss of generality.

From kμkμ ¼ 0, where kμ ≡ _xμ is a wave number vector
and the overdot denotes a differentiation with respect to an
affine parameter, the trajectory of a ray is given by

−A_t2 þ B_r2 þ r2 _φ2 ¼ 0 ð2:7Þ

and it can be expressed by _r2 þ VðrÞ=E2 ¼ 0, where VðrÞ
is an effective potential defined by

VðrÞ≡ 1

Br2

�
b2 −

r2

A

�
; ð2:8Þ

where b≡ L=E is the impact parameter of the ray and
E≡ −gμνtμkν ¼ A_t, and L≡ gμνϕμkν ¼ r2 _φ are the con-
served energy and angular momentum of the light ray,
respectively. We assume that L and b are positive unless we
focus on negative ones. We assume that the closest distance
of the light ray is at r ¼ r0. Note that V0 ≡ Vðr0Þ ¼ 0
holds. Here and hereinafter, any function with the subscript
0 denotes the function at the closest distance r ¼ r0.
Light rays can exist in a region for VðrÞ ≤ 0. For
1 < Q=M < 2=

ffiffiffi
3

p
, a ray with b ¼ bm ¼ 4M has Vm ¼

V 0
m ¼ 0 and V 00

m < 0 on the photon sphere at r ¼ rm ¼ 2M
and a ray with b ¼ r2þ=ðrþ −MÞ has VðrþÞ ¼ V 0ðrþÞ ¼ 0

and V 00ðrþÞ > 0 on the throat acting as an antiphoton
sphere, which is a sphere formed by stable circular light

FIG. 1. The reduced radial coordinates of a photon sphere
rm=M, throat rþ=M, and r−=M for givenQ=M. A (red) solid line,
a (green) dashed curve, a (blue) dotted curve, and a (black) dash-
dotted curve denote rm=M for 1 < Q=M ≤ 2=

ffiffiffi
3

p
, rþ=M for

1 < Q=M ≤ 2=
ffiffiffi
3

p
, r−=M for 1 < Q=M, and rþ=M ¼ rm=M for

2=
ffiffiffi
3

p
≤ Q=M, respectively.
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orbits, at r ¼ rþ.
1 Here and hereinafter, the prime denotes

the differentiation with respect to the radial coordinate r or
the closest distance r0 and functions with the subscript m
denote the functions at r ¼ rm or r0 ¼ rm. The effective
potentials are shown in Fig. 2. For Q=M > 2=

ffiffiffi
3

p
, a ray

with b ¼ bm ¼ r2þ=ðrþ −MÞ has Vm ¼ V 0
m ¼ 0 and V 00

m <
0 on the throat which works as the photon sphere at r ¼
rþ ¼ rm as shown Fig. 3. For a marginal case
Q=M ¼ 2=

ffiffiffi
3

p
∼ 1.1547, a ray with b ¼ bm ¼ 4M has

Vm ¼ V 0
m ¼ V 00

m ¼ 0 and V 000
m ¼ −4=M3 < 0 on the throat

working as a marginally unstable photon sphere at
r ¼ rm ¼ rþ ¼ 2M. A light ray falls into the throat at
r ¼ rþ for b < bm, it rotates around the photon sphere
at r ¼ rm infinite times for b ¼ bm, and it is reflected by the
throat for b > bm. In this paper, we concentrate on light
rays in the scattered case with b > bm and gravitational
lensing in a usual lens configuration.
From Eq. (2.7), we obtain

A0_t20 ¼ r20 _φ
2
0 ð2:9Þ

and the impact parameter of the light can be expressed by,
as a function of r0,

bðr0Þ ¼
L
E
¼ r20 _φ0

A0_t0
¼ r0ffiffiffiffiffi

A0

p ¼ r20
r0 −M

: ð2:10Þ

From the equation of the trajectory of the ray (2.7), the
deflection angle of the ray is given by

α ¼ Iðr0Þ − π; ð2:11Þ

where Iðr0Þ is defined as

Iðr0Þ≡ 2

Z
r0

∞

bdr

r2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
−VðrÞp : ð2:12Þ

III. LENS EQUATION

We assume that an observer O and a source S are on the
same side of a throat. A light ray with an impact parameter
b is emitted by S with a source angle ϕ, it is reflected with a
deflection angle α by a wormhole as a lens L, and it is
observed by O as an image I with an image angle θ. We
assume small angles ᾱ ≪ 1, θ ¼ b=Dol ≪ 1, and ϕ ≪ 1,
where Dol is a distance between O and L and ᾱ is an
effective deflection angle of the light ray defined by

ᾱ≡ α ðmod 2πÞ: ð3:1Þ

We introduce the winding number N of the light, and we
can express the deflection angle as

α ¼ ᾱþ 2πN: ð3:2Þ

A small-angle lens equation [69] is obtained from the lens
configuration in Fig. 4 as

FIG. 3. Effective potentials V with Q=M ¼ 1.2. Solid (red) and
dashed (green) curves denote effective potentials V with b=M ¼
1.01bm=M ¼ 4.09 and b=m ¼ bm=M ¼ 4.05, respectively.

FIG. 2. Effective potentials V with Q=M ¼ 1.05. Solid (red),
dashed (green), dot-dashed (black) curves denote effective
potentials V with b=M ¼ 1.01bm=M ¼ 4.04, b=M ¼ bm=M ¼
4.00, and b=M ¼ r2þ=ðrþ −MÞ ¼ 4.72, respectively.

1It is a concern that stable circular light orbits may cause
instability of ultracompact objects because of the slow decay of
linear waves [66–68].

GRAVITATIONAL LENSING BY A BRONNIKOV-KIM WORMHOLE … PHYS. REV. D 105, 064013 (2022)

064013-3



Dlsᾱ ¼ Dosðθ − ϕÞ; ð3:3Þ

whereDls andDos ¼ Dol þDls are the distances between L
and S and between O and S, respectively.

IV. GRAVITATIONAL LENSING UNDER
A WEAK-FIELD APPROXIMATION

Under a weak-field approximation rm ≪ r0 or bm ≪ b,
since M ≪ r and Q2=M ≪ r must be satisfied, the line
element (2.1) can be expanded as

ds2 ∼ −
�
1 −

2M
r

�
dt2 þ

�
1þ 2γM

r

�
dr2

þ r2ðdϑ2 þ sin2ϑdφ2Þ

¼ −
�
1 −

2M
r

�
dt2 þ

�
1þ 2Q2

Mr

�
dr2

þ r2ðdϑ2 þ sin2ϑdφ2Þ; ð4:1Þ

where γ is given by γ ≡Q2=M2. From Eq. (8.5.8) in
Ref. [70] and r0 ∼ b, the deflection angle under the weak-
field approximation is given by

α ∼
4M
b

�
1þ γ

2

�
¼ 2

b

�
M þQ2

M

�
¼ 2ðM þmÞ

b
: ð4:2Þ

Note that the winding number N vanishes under the weak-
field approximation.
From Eqs. (3.2) and (4.2), N ¼ 0, and θ ¼ b=Dol, the

lens equation (3.3) can be written as

θ2 − ϕθ ¼ θ2E0; ð4:3Þ

where θE0 is defined as

θE0 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðM þmÞDls

DosDol

s
: ð4:4Þ

The positive and negative solutions of the lens equa-
tion (4.3) are obtained as θ ¼ θ0� ¼ θ0�ðϕÞ, where

θ0� ≡ 1

2

�
ϕ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2 þ 4θ2E0

q �
: ð4:5Þ

Here and hereinafter, the upper (lower) sign is chosen
for the positive (negative) image angle with a positive
(negative) impact parameter. In a perfect-aligned case with
ϕ ¼ 0, a ring-shaped image, which is called an Einstein
ring, can be observed. The radius of the Einstein ring is
given by

θ ¼ θ0þð0Þ ¼ −θ0−ð0Þ ¼ θE0: ð4:6Þ

The magnifications for the images are given by

μ0� ≡ θ0�
ϕ

dθ0�
dϕ

¼ 1

4

�
2� ϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ϕ2 þ 4θ2E0
p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2 þ 4θ2E0

p
ϕ

�
ð4:7Þ

and its total magnification becomes

μ0tot ≡ jμ0þj þ jμ0−j

¼ 1

2

� jϕjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2 þ 4θ2E0

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2 þ 4θ2E0

p
jϕj

�
: ð4:8Þ

V. GRAVITATIONAL LENSING IN
A STRONG DEFLECTION LIMIT

A. Deflection angle in a strong deflection limit

We investigate the deflection angle of a ray in a strong
deflection limit b → bm in the following form:

FIG. 4. Lens configuration. A source S with a source angle ϕ
emits a light ray with an impact parameter b. It is reflected by a
lens L with an effective deflection angle ᾱ on a lens plane. An
observer O sees it as an image I with an image angle θ. Note that
S and O are the same side of a wormhole throat. The distances
between O and S, between L and S, and between O and L are
denoted by Dos, Dls, and Dol, respectively.
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α ¼ −ā log
�

b
bm

− 1

�
þ b̄

þO

��
b
bm

− 1

�
log

�
b
bm

− 1

��
; ð5:1Þ

where ā and b̄ are obtained from the line element.2

1. For 1 < Q=M < 2=
ffiffiffi
3

p

In the case of 1 < Q=M < 2=
ffiffiffi
3

p
, the photon sphere

of a light ray with b ¼ bm ¼ 4M is at r ¼ rm ¼ 2M.
We introduce a variable [38]

z≡ 1 −
r0
r

ð5:2Þ

and we rewrite Iðr0Þ as

Iðr0Þ ¼
Z

1

0

Rðz; r0ÞFðz; r0Þdz; ð5:3Þ

where Rðz; r0Þ is given by

Rðz; r0Þ≡ 2
ffiffiffiffiffi
M

p
r0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M½r20 þQ2ð1 − zÞ2� þ 2Q2r0ðz − 1Þ
p ð5:4Þ

and Fðz; r0Þ is defined by

Fðz; r0Þ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðz; r0Þ

p ; ð5:5Þ

where fðz; r0Þ is given by

fðz; r0Þ≡ r40
b2ðr0Þ½r0 þMðz − 1Þ�2 − ð1 − zÞ2: ð5:6Þ

We expand fðz; r0Þ around z ¼ 0 and obtain

fðz; r0Þ ¼ c1ðr0Þzþ c2ðr0Þz2 þOðz3Þ; ð5:7Þ

where c1ðr0Þ and c2ðr0Þ are given by

c1ðr0Þ≡ 2ð2M − r0Þ
M − r0

ð5:8Þ

and

c2ðr0Þ≡ 2M2 þ 2Mr0 − r20
ðM − r0Þ2

; ð5:9Þ

respectively. Here, we have used Eq. (2.10). From c1m ≡
c1ðrmÞ ¼ 0 and c2m ≡ c2ðrmÞ ¼ 2, Fðz; r0Þ diverges and
the leading order of the divergence is z−1 in the strong
deflection limit r0 → rm.
We expand c1ðr0Þ and bðr0Þ around r0 ¼ rm as

c1ðr0Þ ¼ c01mðr0 − rmÞ þOððr0 − rmÞ2Þ; ð5:10Þ

where c01m ¼ 2=M, and

bðr0Þ ¼ bm þ 1

2
b00mðr0 − rmÞ2 þOððr0 − rmÞ3Þ; ð5:11Þ

where b00m ¼ 2=M since we use them later.
We separate I into a divergent part ID and a regular part

IR. The divergent part is defined by

ID ¼
Z

1

0

Rð0; rmÞFDðz; r0Þdz; ð5:12Þ

where Rð0; rmÞ is given by

Rð0; rmÞ ¼
4Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4M2 − 3Q2
p ð5:13Þ

and FDðz; r0Þ is defined by

FDðz; r0Þ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1ðr0Þzþ c2ðr0Þz2

p : ð5:14Þ

We can integrate ID as [5,38]

ID ¼ 2Rð0; rmÞffiffiffiffiffiffiffiffiffiffiffiffi
c2ðr0Þ

p log

ffiffiffiffiffiffiffiffiffiffiffiffi
c2ðr0Þ

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1ðr0Þ þ c2ðr0Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffi
c1ðr0Þ

p : ð5:15Þ

By using Eqs. (5.10)–(5.15), ID in a strong deflection limit
r0 → rm or b → bm is obtained as

ID ¼ −ā log
�

b
bm

− 1

�
þ ā log 4; ð5:16Þ

where ā is given by

ā≡
ffiffiffi
2

p
Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4M2 − 3Q2
p : ð5:17Þ

The regular part IR is given by

IR ¼
Z

1

0

Gðz; r0Þdz; ð5:18Þ

where Gðz; r0Þ is defined as

Gðz; r0Þ≡ Rðz; r0ÞFðz; r0Þ − Rð0; rmÞFDðz; r0Þ: ð5:19Þ
2We should read the order of a following term Oðb − bmÞ in

Ref. [5] as Oððb=bm − 1Þ log ðb=bm − 1ÞÞ as discussed in
Refs. [33,35,38].
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We expand Gðz; r0Þ in the power of r0 − rm as

IRðr0Þ ¼
X∞
j¼0

1

j!
ðr0 − rmÞj

Z
1

0

∂jG

∂rj0

����
r0¼rm

dz ð5:20Þ

and we consider the first term, in which we are interested,

IR ¼
Z

1

0

Gðz; rmÞdz: ð5:21Þ

We can obtain b̄ as

b̄ ¼ ā log 4þ IR − π: ð5:22Þ

The parameters ā and b̄ are shown in Fig. 5. In the extreme
charged Reissner-Nordstr. In the extreme charged Reissner-
Nordström black hole limit Q → M, the parameters are
obtained analytically as ā ¼ ffiffiffi

2
p

∼ 1.41 and b̄ ¼ffiffiffi
2

p
log ½32ð3 − 2

ffiffiffi
2

p Þ� − π ∼ −0.733 as obtained in
Refs. [37,38].

2. For Q=M > 2=
ffiffiffi
3

p

In the case of Q=M > 2=
ffiffiffi
3

p
, there is a photon sphere

with b ¼ bm ¼ r2þ=ðrþ −MÞ on the throat at r ¼ rm ¼ rþ.
Since the factor Rð0; rmÞ diverges at z ¼ 0, we rewrite I as

Iðr0Þ ¼
Z

1

0

Sðz; r0ÞHðz; r0Þdz; ð5:23Þ

where Sðz; r0Þ and Hðz; r0Þ are defined by

Sðz; r0Þ≡ 2
ffiffiffiffiffi
M

p
r0½r0 þMðz − 1Þ� ð5:24Þ

and

Hðz; r0Þ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðz; r0Þ

p ; ð5:25Þ

respectively, where hðz; r0Þ is given by

hðz; r0Þ≡ fðM − r0Þ2 − ðz − 1Þ2½Mðz − 1Þ þ r0�2g
× fM½Q2ðz − 1Þ2 þ r20� þ 2Q2r0ðz − 1Þg:

ð5:26Þ

Here, we have used bðr0Þ ¼ r20=ðr0 −MÞ. We expand
hðz; r0Þ around z ¼ 0 as

hðz; r0Þ ¼ c̄1ðr0Þzþ c̄2ðr0Þz2 þOðz3Þ; ð5:27Þ

where c̄1ðr0Þ and c̄2ðr0Þ are given by

c̄1ðr0Þ≡ 2ð2M2 − 3Mr0 þ r20Þ½MðQ2 þ r20Þ − 2Q2r0�
ð5:28Þ

and

c̄2ðr0Þ≡ −14M3Q2 þ 6r30ðM2 þQ2Þ −Mr40

−Mr20ð6M2 þ 29Q2Þ þ 38M2Q2r0; ð5:29Þ

respectively. Since we get c̄1m ≡ c̄1ðrmÞ ¼ 0 and

c̄2m ≡ c̄2ðrmÞ ¼
4Q2ðQ2 −M2Þ

M3

× ½2M4 − 7M2Q2 þ ð4Q2 − 5M2Þ
×Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 −M2

p
þ 4Q4�; ð5:30Þ

Hðz; r0Þ diverges in order of z−1 at z ¼ 0. We expand c̄1
and b around r0 ¼ rm as

c̄1ðr0Þ ¼ c̄01mðr0 − rmÞ þOððr0 − rmÞ2Þ; ð5:31Þ

where c̄01m is given by

c̄01m ¼ 2ðM2 −Q2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 −M2

p
þ 3M2Q − 2Q3

M2

× 4QðM2 −Q2Þ; ð5:32Þ

and

bðr0Þ ¼ bm þ b0mðr0 − rmÞ þOððr0 − rmÞ2Þ; ð5:33Þ

where b0m is given by

b0m ¼ Q2 − 2Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 −M2

p
M2 −Q2

; ð5:34Þ

respectively, to use them later.

FIG. 5. Solid (red) and dashed (green) curves denote the
parameters ā and b̄ in the deflection angle, respectively.
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We separate I into a divergent part Id and a regular part
Ir. The divergent part is defined by

Id ≡
Z

1

0

Sð0; rmÞHdðz; r0Þdz; ð5:35Þ

where Sð0; rmÞ is obtained as

Sð0; rmÞ ¼
2Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 −M2

p
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 −M2

p
þQÞ2

M3=2 ð5:36Þ

and Hdðz; r0Þ is defined by

Hdðz; r0Þ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c̄1ðr0Þzþ c̄2ðr0Þz2

p : ð5:37Þ

The divergent term Id can be integrated as [5,38]

Id ¼
2Sð0; rmÞffiffiffiffiffiffiffiffiffiffiffiffi

c̄2ðr0Þ
p log

ffiffiffiffiffiffiffiffiffiffiffiffi
c̄2ðr0Þ

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c̄1ðr0Þ þ c̄2ðr0Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffi
c̄1ðr0Þ

p : ð5:38Þ

From Eqs. (5.31)–(5.38), Id in a strong deflection limit
r0 → rm or b → bm is given by

Id ¼−ā log
�

b
bm

−1

�
þ ā log

8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2−M2

p
−4Qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q2−M2
p ; ð5:39Þ

where ā is obtained as

ā¼ ðQþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2−M2

p
Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2M4−7M2Q2þ4Q4þð4Q2−5M2ÞQ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2−M2

pq :

ð5:40Þ

We define the regular part Ir as

Ir ≡
Z

1

0

gðz; r0Þdz; ð5:41Þ

where gðz; r0Þ is given by

gðz; r0Þ≡ Sðz; r0ÞHðz; r0Þ − Sð0; rmÞHdðz; r0Þ ð5:42Þ

and it can be expanded in the power of r0 − rm as

Irðr0Þ ¼
X∞
j¼0

1

j!
ðr0 − rmÞj

Z
1

0

∂jg

∂rj0

����
r0¼rm

dz: ð5:43Þ

The first term in which we are interested is given by

Ir ¼
Z

1

0

gðz; rmÞdz: ð5:44Þ

Thus, we can express b̄ as

b̄ ¼ ā log
8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 −M2

p
− 4Qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q2 −M2
p þ Ir − π: ð5:45Þ

Notice that ā and b̄ are shown in Fig. 5. The ultrastatic limit
M → 0 under a fixed ADMmassm, the deflection angle of
the ray has ā ¼ ffiffiffi

2
p

∼ 1.41 and b̄ ¼ 2
ffiffiffi
2

p
log ½4ð2 − ffiffiffi

2
p Þ� −

π ¼ ffiffiffi
2

p
log ½32ð3 − 2

ffiffiffi
2

p Þ� − π ∼ −0.733 as obtained by
Tsukamoto and Harada [6]. We notice that the parameters
ā and b̄ are coincident with the ones in the case of Q → M.

B. Observables in the strong deflection limit

We introduce an angle θ0N defined by

αðθ0NÞ ¼ 2πN ð5:46Þ

and we expand the deflection angle αðθÞ around θ ¼ θ0N to
obtain

αðθÞ ¼ αðθ0NÞ þ
dα
dθ

����
θ¼θ0N

ðθ − θ0NÞ þOððθ − θ0NÞ2Þ: ð5:47Þ

In the strong deflection limit b → bm þ 0, the deflection
angle is expressed by

αðθÞ ¼ −ā log
�

θ

θ∞
− 1

�
þ b̄

þO

��
θ

θ∞
− 1

�
log

�
θ

θ∞
− 1

��
; ð5:48Þ

where θ∞ ≡ bm=Dol is the image angle of the photon
sphere, and θ0N is obtained as, from Eqs. (5.46) and (5.48),

θ0N ¼ ð1þ e
b̄−2πN

ā Þθ∞ ð5:49Þ

and we obtain, from Eq. (5.48),

dα
dθ

����
θ¼θ0N

¼ ā
θ∞ − θ0N

: ð5:50Þ

The effective deflection angle for the positive solution θ ¼
θN of the lens equation with a positive winding numberN is
given by, from Eqs. (3.2), (5.46), (5.47), (5.49), and (5.50),

ᾱðθNÞ ¼
ā

θ∞e
b̄−2πN

ā

ðθ0N − θNÞ: ð5:51Þ

By substituting the effective deflection angle (5.51) into the
lens equation (3.3), we obtain the positive solution of the
lens equation or the image angle for the positive winding
number N as
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θNðϕÞ ∼ θ0N −
θ∞e

b̄−2πN
ā Dosðθ0N − ϕÞ
āDls

; ð5:52Þ

the radius of an Einstein ring with the positive winding
number N as

θEN ≡ θNð0Þ ∼
�
1 −

θ∞e
b̄−2πN

ā Dos

āDls

�
θ0N; ð5:53Þ

and the difference between the image angle withN ¼ 1 and
the innermost image angle s̄ as

s̄≡ θ1 − θ∞ ∼ θ01 − θ0∞ ¼ θ∞e
b̄−2π
ā : ð5:54Þ

The magnification of the image with θNðϕÞ for each
positive winding number N is given by

μN ≡ θN
ϕ

dθN
dϕ

∼
θ2∞Dosð1þ e

b̄−2πN
ā Þeb̄−2πN

ā

ϕāDls
; ð5:55Þ

the sum of the magnifications from N ¼ 1 to∞ is given by

X∞
N¼1

μN ∼
θ2∞Dosð1þ e

2π
ā þ e

b̄
āÞeb̄

ā

ϕāDlsðe4π
ā − 1Þ ; ð5:56Þ

and the ratio of the magnification of the image with N ¼ 1
to the others r̄ is given by

r̄≡ μ1P∞
N¼2 μN

∼
ðe4π

ā − 1Þðe2π
ā þ e

b̄
āÞ

e
2π
ā þ e

4π
ā þ e

b̄
ā

; ð5:57Þ

where
P∞

N¼2 μN is

X∞
N¼2

μN ∼
θ2∞Dosðe2π

ā þ e
4π
ā þ e

b̄
āÞeb̄−4π

ā

ϕāDlsðe4π
ā − 1Þ : ð5:58Þ

VI. SCHWARZSCHILD SPACETIME

We consider a Schwarzschild spacetime to compare
observables with ones in the Bronnikov-Kim spacetime.
The line element in the Schwarzschild spacetime is
given by

ds2 ¼ −
�
1 −

2mS

r

�
dt2 þ dr2

1 − 2mS
r

þ r2ðdϑ2 þ sin2ϑdφ2Þ;

ð6:1Þ

where mS is its ADM mass.
Under the weak-field approximation, the line element

can be expressed by

ds2 ¼ −
�
1 −

2mS

r

�
dt2 þ

�
1þ 2mS

r

�
dr2

þ r2ðdϑ2 þ sin2 ϑdφ2Þ: ð6:2Þ

If we read the parameters Q, M, and m in the Bronnikov-
Kim spacetime as mS, we obtain the deflection angle and
the observables under the weak-field approximation in the
Schwarzschild spacetime. The deflection angle of a ray
under the weak-field approximation is given by

α ∼
4mS

b
ð6:3Þ

and the radius of the Einstein ring is given by

θE0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4mSDls

DosDol

s
: ð6:4Þ

In the strong deflection limit b → bm ¼ 3
ffiffiffi
3

p
mS, the

parameters ā and b̄ in the deflection angle are obtained as
ā ¼ 1 and b̄ ¼ log½216ð7 − 4

ffiffiffi
3

p Þ� − π ∼ −0.40, respec-
tively [5,16].

VII. DISCUSSION AND CONCLUSION

We have investigated the gravitational lensing by the
Bronnikov-Kim wormhole under the weak-field approxi-
mation and in the strong deflection limit. The Bronnikov-
Kim wormhole metric is the same as the one of a wormhole
suggested in Einstein-Dirac-Maxwell theory3 in a simple
case [58,59]. The metric becomes the one of an extreme
charged Reissner-Nordström black hole in a limit Q → M
and the one of a spatial Schwarzschild wormhole [55] in an
ultrastatic limit M → 0 under a fixed ADM mass m. The
parameter b̄ of the Bronnikov-Kim wormhole has been
calculated numerically partly while b̄ of the extreme
charged Reissner-Nordström black hole [37,38] and
the spatial Schwarzschild wormhole [6] are obtained
analytically. Interestingly, in both cases of the extreme
charged Reissner-Nordström black hole and the spatial
Schwarzschild wormhole, we obtain exactly the same
parameters ā ¼ ffiffiffi

2
p

and b̄ ¼ ffiffiffi
2

p
log ½32ð3 − 2

ffiffiffi
2

p Þ� − π.
Recently, in Ref. [64], Jusufi et al. have discussed

shadow images under an assumption that a supermassive
compact object at the center of our Galaxy is the
Bronnikov-Kim wormhole. From observational data on
the orbit of S2 star [71], they have concluded that the
parameters of the metric are Q ∼ 8 × 106 M⊙ and
M ∼ 4 × 106 M⊙. Note that a Schwarzschild black hole
with an ADM mass mS ¼ 4 × 106 M⊙, which matches the
observation of orbit of S2 star, can form an Einstein ring
with a diameter 2θE0 ∼ 2.86 arcsecond and a photon sphere

3A thin shell at the throat is discussed in Refs. [59–62].
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with a diameter 2θ∞ ∼ 51.58 μas if we set distances
Dos ¼ 16 and Dol ¼ Dls ¼ 8 kpc. On the other hand, the
Bronnikov-Kim wormhole with the parameters Q ¼ 8 ×
106 M⊙ and M ¼ 4 × 106 M⊙ has 2θE0 ∼ 4.52 arcsecond
and 2θ∞ ∼ 85.56 μas as shown in Table I. Therefore, we
would distinguish the Schwarzschild black hole with ADM
mass mS ¼ 4 × 106 M⊙ from the Bronnikov-Kim worm-
hole with the parameters Q ∼ 8 × 106 M⊙ and M ∼ 4 ×
106 M⊙ at the center of our Galaxy if lensed images under
the weak-field approximation and Dos are observed or if
lensed images in the strong deflection limit are observed.
The qualitative features of the gravitational lensing by the

Bronnikov-Kim wormhole in the strong deflection limit are
the same as the ones in the Schwarzschild spacetime because
both cases follow general features of lensing by a photon
sphere. Distinguishing the Bronnikov-Kim wormhole from
the Schwarzschild black hole with only the images with
winding numbers N ¼ 1 and N ≥ 2 is a challenging future
work since the difference of their observables in the strong
deflection limit is small. The ratio of themagnifications of the
imagewithN ¼ 1 to the others r̄ and s̄=θ∞ ∼ eðb̄−2πÞ=ā can be
used for careful verifications of the spacetimes in the future
since they are not affected by the details of the lens
configuration. Table II shows the observables of a super-
massive object at the center of galaxy M87 with the

parameters mS ¼ 6.5 × 109 M⊙ and Dol ¼ 16.8 Mpc esti-
mated in Ref. [4]. We set the parameters M and Q of the
Bronnikov-Kimwormhole so that θ∞ of thewormhole is the
same value as θ∞ of the Schwarzschild black hole by using
4M ¼ 3

ffiffiffi
3

p
mS forQ=M< 2=

ffiffiffi
3

p
∼1.15 and r2þ=ðrþ−MÞ¼

3
ffiffiffi
3

p
mS for Q=M > 2=

ffiffiffi
3

p
.

In this paper, we do not treat the gravitational lensing by
the marginally unstable photon sphere on the throat with
Q=M ¼ 2=

ffiffiffi
3

p
since the deflection angle would diverge

nonlogarithmically as discussed in Ref. [22].

APPENDIX: ARNOWITT-DESER-MISNER MASS

We calculate an ADM mass [72] of the Bronnikov-Kim
wormhole. Under the weak-field approximation, the line
element can be expressed as

ds2 ∼ −
�
1 −

2M
r

�
dt2 þ

�
1þ 2Q2

Mr

�
dr2

þ r2ðdϑ2 þ sin2ϑdφ2Þ

¼ −
�
1 −

2M
rðr�Þ

�
dt2

þ
�
1þ 2Q2

Mr�

�
½dr2� þ r2�ðdϑ2 þ sin2ϑdφ2Þ�: ðA1Þ

TABLE I. Parameters ā and b̄, the diameters of the photon sphere 2θ∞ and the outermost image 2θE1, the difference of their radii
s̄ ¼ θE1 − θ∞, the magnification of the pair of the outermost images μ1totðϕÞ ∼ 2jμ1j, and the ratio of the magnification of the outermost
image to the others r̄ ¼ μ1=

P∞
N¼2 μN in the strong deflection limit for given Q=M are shown. The diameter of an Einstein ring 2θE0

under the weak-field approximation is also shown. As a reference, the ones of the Schwarzschild spacetime also are considered. We set
the parameters M ¼ mS ¼ 4 × 106 M⊙, distances Dos ¼ 16 and Dol ¼ Dls ¼ 8 kpc, and the source angle ϕ ¼ 1 arcsecond.

Q=M 1 1.1 1.2 1.5 1.8 2 2.2 2.5 3 Schwarzschild

ā 1.41 2.33 3.84 1.89 1.66 1.60 1.56 1.52 1.48 1.00
b̄ −0.733 −3.312 −6.150 −0.820 −0.698 −0.689 −0.690 −0.696 −0.705 −0.400
2θ∞ (μas) 39.71 39.71 40.15 52.30 70.84 85.56 102.0 129.7 184.1 51.58
2θE1 (μas) 40.00 40.35 41.72 53.51 71.91 86.64 103.1 131.0 185.7 51.65
s̄ (μas) 0.14 0.32 0.76 0.60 0.53 0.54 0.57 0.61 0.82 0.03
μ1totðϕÞ × 1017 3.8 5.4 8.3 17 22 29 37 55 100 1.6
r̄ 85 14 4.3 28 43 51 56 63 69 535
2θE0 (arcsecond) 2.86 3.01 3.16 3.65 4.17 4.52 4.89 5.45 6.40 2.86

TABLE II. In the case of the parameters mS ¼ 6.5 × 109 M⊙, distances Dos ¼ 33.6 and Dol ¼ Dls ¼ 16.8 Mpc, and the source angle
ϕ ¼ 1 arcsecond is shown. The parametersM and Q are set so that θ∞ of the Bronnikov-Kim wormhole is the same value as θ∞ of the
Schwarzschild black hole.

Q=M 1 1.1 1.2 1.5 1.8 2 2.2 2.5 3 Schwarzschild

ā 1.41 2.33 3.84 1.89 1.66 1.60 1.56 1.52 1.48 1.00
b̄ −0.733 −3.312 −6.150 −0.820 −0.698 −0.689 −0.690 −0.696 −0.705 −0.400
2θ∞ (μas) 39.91 39.91 39.91 39.91 39.91 39.91 39.91 39.91 39.91 39.91
2θE1 (μas) 40.19 40.56 41.47 40.84 40.51 40.42 40.36 40.31 40.27 39.96
s̄ (μas) 0.14 0.32 0.78 0.46 0.30 0.25 0.23 0.20 0.18 0.025
μ1totðϕÞ × 1017 3.9 5.4 8.2 9.7 7.1 6.2 5.7 5.2 4.7 0.97
r̄ 85 14 4.3 28 43 51 56 63 69 535
2θE0 (arcsecond) 2.87 3.02 3.15 3.19 3.13 3.09 3.06 3.02 2.98 2.52
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We consider a hypersurface Σt which is the surface of
constant t. A unit normal to the hypersurface Σt is given by
nμ ¼ −ð1 −M=rÞ∂t and an induced metric on the hyper-
surface is given by

habdyadyb ¼
�
1þ 2Q2

Mr�

�
½dr2� þ r2�ðdϑ2 þ sin2ϑdφ2Þ�:

ðA2Þ

Its boundary St is a two-sphere r� ¼ R� and its unit normal
is given by

r�a ¼
�
1þ Q2

Mr�

�
∂r� ðA3Þ

and an induced metric on the boundary St is given by

σABdθAdθB ¼
�
1þ 2Q2

MR�

�
R2�ðdϑ2 þ sin2ϑdφ2Þ: ðA4Þ

The ADM mass m is obtained as

m≡ −
1

8π
lim
St→∞

I
St

ðk − k0Þ
ffiffiffi
σ

p
d2θ ¼ Q2

M
; ðA5Þ

where the extrinsic curvature of St embedded in Σt is
given by

k ¼ ra�ja ¼
2

R�

�
1 −

2Q2

MR�

�
; ðA6Þ

the extrinsic curvature of St embedded in a flat space is
given by

k0 ¼
2

ð1þ 2Q2

MR�
Þ1=2R�

¼ 2

R�

�
1 −

Q2

MR�

�
; ðA7Þ

and the leading term of σ is given by σ ¼ R4� sin2 ϑ.
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