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We develop a methodology for the computation of the K — £v,¢'"¢'~ decay width using lattice QCD
and present an exploratory study here. We use a scalar function method to account for the momentum
dependence of the decay amplitude and adopt the infinite-volume reconstruction method to reduce the
systematic errors such as the temporal truncation effects and the finite-volume effects. We then perform a
four-body phase-space integral to obtain the decay width. The only remaining technical problem is the
possible power-law finite-volume effects associated with the process of K — zntv, — €v,£'"¢'~, where
the intermediate state involves multiple hadrons. In this work, we use a gauge ensemble of a twisted-mass
fermion with a pion mass m, = 352 MeV and a nearly physical kaon mass. At this kinematics, the zz in
the intermediate state cannot be on shell simultaneously, as 2m, > mg, and the finite-volume effects
associated with the 7z state are exponentially suppressed. Using the developed methods mentioned above,
we calculate the branching ratios for four channels of K — Zv,£'"#'~, and obtain the results comparable to
the experimental measurements and ChPT predictions. Our work demonstrates the capability of lattice

to improve the Standar odel prediction 1n the 2% ~ decay width.
QCD to imp he Standard Model prediction in the K — £v,¢'"¢'~ decay width
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I. INTRODUCTION

Kaon decays, especially some rare kaon decays with
ultrasmall branching ratios, play an important role in current
high-precision tests of the Standard Model, and they provide
excellent channels to probe physics beyond the Standard
Model [1]. The experimental and theoretical studies of kaon
decays are believed to be more and more important nowa-
days, because kaon decays have both theoretically clean
branching ratios in experimental searches and gradually
improved Standard Model predictions [2].

As a typical rare decay, K — £v,£'7¢'~ involves the
second-order electroweak interaction, providing a good
place to test Standard Model predictions. In experiments,
three types of K — £v,£'*¢'~ decays have been observed:
K —ev,ete”, K— pyete”, and K — ev uty~, with
small branching ratios on the order of O(107%) [3,4].
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In theoretical study, the determination of the K —
Cv, '~ decay width is highly nontrivial due to the
nonperturbative nature of kaon internal structure. Since the
phase space of K — £, ¢’ allows the virtual photon to
carry relatively large momentum—e.g., the momentum
close to the kaon mass—understanding the momentum
dependence of the decay amplitude is essential in the
theoretical calculation of the K — £v,¢'"¢'~ decay width.
To be specific, apart from the decay constant which
describes the pointlike interaction, four form factors are
involved to describe the structure-dependent contribution in
K — ¢v,' ¢~ [5]. The momentum dependence of these
form factors is non-negligible. In experiments, it produces
different results by treating the form factors as constants or
considering the relevant momentum dependence through a
simple vector-meson-dominance model [3]. Therefore,
properly including the momentum dependence of the decay
amplitude is important for both theoretical predictions and
experimental measurements.

Theoretical study of the K — £v,£'*¢'~ amplitude and
form factors has been carried out using chiral perturbation
theory (ChPT) [5], where form factors are estimated at the
next-to-leading order (NLO), and predictions close to
experimental results are obtained. However, one should

Published by the American Physical Society


https://orcid.org/0000-0002-0856-0649
https://orcid.org/0000-0003-0806-4183
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.054518&domain=pdf&date_stamp=2022-03-28
https://doi.org/10.1103/PhysRevD.105.054518
https://doi.org/10.1103/PhysRevD.105.054518
https://doi.org/10.1103/PhysRevD.105.054518
https://doi.org/10.1103/PhysRevD.105.054518
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

TUO, FENG, JIN, and WANG

PHYS. REV. D 105, 054518 (2022)

note that the form factors Fy and F, are treated as
constants at NLO [5], and the momentum dependence
only appears at next-to-next-to-leading order (NNLO)
[6,7]. Thus, the theoretical uncertainties due to momentum
dependence have not been estimated thoroughly by the past
ChPT studies, which leads to a difficulty to directly
compare the results between experiments and ChPT.

As a generic nonperturbative approach, lattice QCD can
help to improve the SM predictions of K — v,/ ¢~
decay width. In the past few years, some rare kaon decays
have been studied successfully using lattice QCD, such as
K™ = atvp [8-12] and K — n¢T¢~ [13,14]. Besides
these, other processes involving both weak and electro-
magnetic interactions—e.g., the radiative corrections to
the leptonic and semileptonic decays—have also been
investigated recently [15-24]. It is interesting to have
the lattice QCD study extend its horizon to include the
K — ¢v,'"¢'~ decay, where the final state involves four
daughter particles.

Here we find that a direct lattice QCD calculation of
the K — v, "¢'~ decay width is encountered with the
following technical problems:

(1) General finite-volume effects: In order to calculate the
decay width, one needs to know the arbitrary mo-
mentum dependence of the decay amplitude. How-
ever, through discrete Fourier transformation the
lattice data from a finite-volume box can only access
discrete momenta. This problem appears as finite-
volume effects in the calculation of decay width.

(2) Temporal truncation effects: As is shown in Sec. III,
using the hadronic function in coordinate space, we
perform an integral in Euclidean time to obtain the
hadronic function with an assigned momentum. In
the process of K — K*¢'7¢'~ — v,/ 7¢'~, the K*
in the intermediate state carries nonzero momentum,
and thus the energy of the intermediate state is larger
than that of the initial/final state. As a result, the time
integral converges when the integral range ap-
proaches to infinity. However, in the soft-photon
region, where the four-momentum of the electro-

magnetic current (E, 1_5) is close to zero, the integral
converges very slowly. Since the lattice temporal
extent T is finite, we find that the temporal trunca-
tion effects are not negligible. An extrapolation to
infinitely large time extent is required to achieve a
precise calculation.

(3) Complex calculation procedures: The calculation
of K= fv,'7¢'~ decay width is of particular
complication, because it involves several form fac-
tors and four-body phase-space integral. One needs
to construct a reliable and convenient approach to
calculate the decay amplitude at arbitrary momenta
and perform the phase-space integral.

(4) Specific power-law finite-volume effects associated
with K - zxfv, — v, "¢'~: This subprocess is

essentially a long-distance process involving multi-
hadrons in the intermediate state. When the mo-
mentum of the electromagnetic current is fixed, the
corresponding power-law finite-volume effects have
been studied first by Ref. [25] using the K; — K¢
mass difference as an example, and later by Ref. [26]
for more general cases. When calculating the decay
width, the momentum of the electromagnetic current
runs over the whole allowed phase-space region,
while the finite-volume correction becomes more
complicated and still remains an open problem. This
situation also happens for the K — utu~ decay,
where two off-shell photons are involved [27].

This work is aimed at solving the first three technical
problems, building a convenient calculation procedure,
and presenting the lattice results of K — £v,£'t¢'~ decay
width. The central part of this paper introduces the
following methodologies: (1) a scalar function method to
compute the hadronic function, (2) an infinite-volume
reconstruction (IVR) method [28] to reduce the unphysical
temporal truncation and finite-volume effects, and (3) a
convenient phase-space integration method to obtain the
decay width.

With these developed methods, we calculate K —
Cv,'T¢'~ decay width using a gauge ensemble of
Ny =241+ l-flavor twisted-mass fermion at the
unphysical pion mass m, = 0.3515(15) GeV. The valance
strange quark mass is tuned to make the kaon mass
myg = 0.5057(13) GeV close to its physical value. The
lattice results of the branching ratios are summarized in
Table I and are found to be comparable to experimental
measurements and ChPT predictions. Systematic errors of
our lattice calculation mainly come from unphysical quark
mass, nonzero lattice spacing, and residual finite-volume
effects. Calculation at the physical quark mass together
with the continuum extrapolation will be included in our
future work."

In this paper, we will first introduce in Sec. II the decay
amplitude of K — £v,£'"¢'~ in Minkowski space. This
part follows Refs. [5,30] and is also a necessary part of
lattice calculation. In Sec. III, we will establish a con-
nection between the Minkowski hadronic function and the
Euclidean one, and we will give a more detailed description
of the computational techniques mentioned above, which
is the most central part of this paper. Finally, we present
the numerical results in Sec. IV and reach a conclusion
in Sec. V.

II. DECAY WIDTH OF K — ¢v,0'*¢' -

Our program aims at the calculation of the branching
ratios of K — £v, "¢~ via

'As this paper is under peer review, a parallel lattice study is
being performed to compute the decay width based on the
extraction of the form factors [29].
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TABLE L

Comparison of branching ratios of Br[K — £v,¢'"¢'~] among our lattice-QCD calculation (at m, = 352 MeV), ChPT and

experiments. In order to compare results with ChPT, we choose the same cuts m,, > 140 MeV as those in Ref. [5], where m,, is the
invariant mass of the e*e™ pair. For decays with ee*te™, the cuts are applied to both invariant masses. (The kaon mass mg used in the
lattice calculation is slightly different from the physical kaon mass mg ;.. For the lattice results, we rescale the cuts for m,, as

¢ > 1OMeV ) The experimental results of K — ev,e™e™ and K — pv e e are the extrapolated values from m,, > 150 MeV and

m,( mg phy

145 MeV to m,, > 140 MeV. The extrapolation formulas are given in Ref. [3].

Channels M, CULS Lattice (m, = 352 MeV) ChPT [5] Experiments
Br[K — ev,ete] 140 MeV 1.77(16) x 1078 3.39 x 1078 2.91(23) x 1078 [3]

Br[K — py,ete”] 140 MeV 10.59(33) x 1078 8.51 x 1078 7.93(33) x 1078 [3]
Br[K — ev, u ,4 7] 0.72(5) x 1078 1.12x 1078 1.72(45) x 1078 [4]
Br[K — pw,utp] 1.45(6) x 1078 1.35x 1078

Br[K — v, ¢
1
N 2mKFK

/d<I>4|M(K—> v, ) (1)

where 'y = 5.3168(86) x 1074 MeV is the kaon decay
width from the Particle Data Group [31].2 M(K -
Cvel' ') is the decay amplitude, and [ d®, indicates
a four-body phase-space integral.

Our approach to calculating the K — £v,£' "¢~ decay
width includes three major steps. The first step is to
determine the Minkowski hadronic functions

W(0)[K(g)).
H(p.q) = / e (O[T 1y (2) T (0K (9)),
2)

where the electromagnetic and weak currents in Minkowski
space are defined as J%, ,, = iy*u —{dy*d — L 5y*s and

Hjy(q) = (01,

Sy =50 —ys)u. p=(E,p)and g = (mg.0) are the
Minkowski four-momenta of the electromagnetic current
and initial kaon state. We define the parameters p; and p, as

pr=pimy.  (q—p)* = pymz. (3)
|
Hy(p.q)
F
+~—2((g-p-pg* - (g-Dp)
mg

Using the hadronic function H%,(g), one can construct
the amplitude for the subprocess of K — v, — v, ¢,
as shown in Fig. 1. Using the hadronic function H%,(p, q),

*Note that we do not calculate the total kaon decay width from
the lattice.

P+ fr |9+

In a lattice QCD study, the hadronic functions are generally
calculated in Euclidean space. The connection between
Minkowski and Euclidean hadronic functions is established
in Sec. III

As a second step, the decay amplitude M(K —
v, T¢'7) is constructed by combining the hadronic
function H’%;/(p,q) with the leptonic factor [5]. Here we
target on the determination of the amplitude M with
arbitrary momentum dependence.

As a last step, the decay amplitude is used as an input
in the integral [Eq. (1)] to obtain the decay width. The
definition of the four-body phase-space integral is provided
in Ref. [30], which is originally used for the process of
K — ££¢'¢'. We use the Monte Carlo method to perform
the phase-space integration.

A. Hadronic function in Minkowski space

In the continuum theory, the hadronic function H%;(p, q)
satisfies the Ward identity [5]
puHy (P, q) = frq" (4)

with fx being the kaon decay constant. Using the

Ward identity, H);(p, q) can be written in terms of form
factors [21] as

Fy
= H[p*¢" = p'p*| + Ho[(p- g — p*)p" = p*(q = p)"l(q = P)" = ’m_Ke””“/’p ap

(2¢ - p)*(g - p)

|
the remaining contribution to the decay amplitude of K —
v ' ¢' can be constructed. For the case of £/ = ¢, the
decay amplitude consists of two parts, shown as the
“Direct” and “Exchange” diagrams in Fig. 2. For ¢ # ¢/,
only the “Direct” diagram contributes.

Here we use the case of £/ =7 to introduce the
expressions for the decay amplitudes. The four-momenta
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FIG. 1. Contribution of off-shell photon radiation from the
final-state lepton in K — £v,£'t¢'~. The hadronic part is
described by HY%,(q).

of the final-state leptons are defined as p; withi=1, 2, 3, 4,
as shown in Fig. 2. The decay amplitudes are given as

Gpez‘/:;Y
iMp = —i——=—[fxL*(p1. P2, P3- P4)
V2,

- H’;v;(Plzﬁ )1, (p3. P4)] W(Pl)}’uv(l’z)]’

GFe2Vf”
iMg = +i——=—[fxL"(p1, P4 P3. P2)
V2syy

— Hy (14 @)L (p3. p2)|[a(p1)y,v(pa)l. (6)

where the terms with a factor of f arise from Fig. 1, which
has both the “Direct” and the “Exchange” contribution if
[ =1, and the terms with a factor of H, come from
Fig. 2. Here, Mp and M stand for the amplitudes from
the “Direct” and “Exchange” diagrams, respectively. The
photon momentum is given by p;; = p; + pj, and s;; = p%j
is the momentum squared. The leptonic factors L* and ¥
are defined as

I=(p1)
Jem
I (p2)
K Y
I (pa)
Jw
14 (p3)

Direct

I (p3. pa) = a(p3)r*(1 =ys)v(pa),
L*(py. p2. p3. Pa) = 1"(p3. pa) + L'*(p1. P2. P3. Pa)-
(7)
with
L'*(py, p2, 3, Pa)
_ 2ply + Py
= mgi(p3)(1 +7s) 2 p4). (8)

m2 — (py + p12)?

Note that i and » in Egs. (7) and (8) stand for the spinors of
¢ and v,, which form a charged weak current, while & and v
in Eq. (6) stand for the spinors of #* and #~ from an
electromagnetic current. Finally, V7 is the CKM matrix
element, and G is the Fermi constant.

It should be noticed that, the term fxg* in Eq. (5) can
produce a contribution proportional to f /¥, which exactly
cancels the fg/' term contained by fxL* in Eq. (6). We
find that the f/* term from Fig. 1 would be IR-divergent in
the limit of vanishing lepton mass. In order to maintain the
exact cancellation in the large IR contribution and reduce
the statistical uncertainty, we replace H’, with H} in

Eq. (6), where H'l is defined as

Hy'(p.q) = Hy/(p.q) — fxg"

) Py (p.9)
= () - D g

In this way, the amplitudes M, and M can be written as

I=(p1)
Jem
I*(p2)
K Y
1" (pa)
JW
v (p3)

Exchange

FIG. 2. Contribution of off-shell photon radiation from quarks in K — £v,£7¢~. The hadronic part is described by HY;(p, q).
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GF€2V*
iMp = —i—~EZ 816 L (py, pas P,
D NI kL™ (p1. P2, P3- P4)
—HY (12, )L (3. pa)|[a(p1)r,v(p2)].
Gre V
iMp = it =" kL™ (p1, Pa» P3» P2)
V2syy

— H} (p1a-9)L(p3. p2)l[a(p1)y,v(ps)).  (10)

Using Mp and My as input, the branching ratio of
K — v "¢~ for £ = ¢’ can be calculated through

Br[K — vt t]
1
a 2mer

/ 4D, Mp[> + [ My + 2Re[MpM3)).
(11)

For ¢ # ¢', we only have the |[Mp|? term in the above
equation:

1

Br[K — fv, '] =
2mKFK

[aedmop. (2)

B. Phase-space integral

The definition of the four-body phase-space integral
follows Ref. [30]. In Ref. [30], the formulas are simplified
for the case of the daughter particles with the same masses.
Here, we generalize the formulas to the case in which the
daughter particles have different masses.

The four-body phase space d®, is defined as

Sim%
dd, = 6 K dxjadxssdy adyssdgp. (13)

Here, S is a symmetry factor with S = 1 for the case of
£#¢, and S =1 for £ =¢'". The phase-space variables
X12, X34, Y12, Y34, and ¢ are five independent Lorentz-
invariant quantities, with x;; and y;; defined as

) 834
x12——27 x34——2,

21712 P —2pin- P34512

Yi2 = Jp)
X
2p34 - P12 —2pin- P34534
Y34 = ) (14)
X
where p;; = Pz pj, A= V(L= xp5 — x34) — 4x 1534,

m>—m .. . .
and §;; = —~ f. The indices 1,2,3,4 specify the particles

Sij
in the final state. The quantity ¢ can be expressed as

Amt o .

Eupe P PEDEDS = _l—g (41, = ¥12) (434 = ¥3,) sin &,
(15)

with

m2  m3\?2 m2m?
j’z/: \/<l—s—l—s—]> - ;2 ], 6():2\/)(12)(34.
1 i ij

(16)

To create a Monte Carlo generator, it is useful to assign
each particle a four-momentum in the rest frame of the kaon
in terms of the phase-space variables as

(14+06)(1£61,) £y

Eyp) = mg 7 .
1-6)(1+6:) L4
E3<4> _ mK( )( . 34) y34’

el x A,
Pi) = Fmg f(/ﬁz —yh)i

/1(1j:512) (+5)y125}

’

”74 23, — v34) (F cos % + sin ¢2)

1 + 534 )}’34 N
- 17
4 3, (17)

with § = x|, — x34. The range of the phase-space variables
are adjusted as

2 2

<m1+m2) lezs<1_m3+m4> ’
mg mg
<m) <Xy < (1—/xp)%

mg
— i <yii <A 0<¢<2r. (18)

l]’

III. METHODOLOGIES OF LATTICE
CALCULATION

The K — v, ¢~ decay involves several form fac-
tors, as given in Eq. (5). The classification of these form
factors requires the constraint from the Ward identity. In the
lattice calculation, the Ward identity can be easily violated
either by the lattice artifacts (e.g., due to the usage of local
vector current) or by the finite-volume effects (e.g., due to
the usage of the arbitrary momentum). These systematic
effects significantly affect the precise determination of the
form factors from lattice QCD. Note that our target is to
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calculate the total decay width, and the determination of
each individual form factor is not a necessary step. In this
work, we develop an approach called the scalar function
method, which provides a convenient way to represent
the lattice results for coordinate space matrix elements.
Momentum-space matrix elements can be obtained from
the scalar function representation with automatic rotational
averaging. The IVR method is then applied to make the
corrections of the temporal truncation effects and finite-
volume effects for the decay amplitude. More details of the
methodologies are given as follows.

A. Construction of Minkowski hadronic function
using lattice data

In order to reproduce the Minkowski hadronic function
using Euclidean lattice data, we shall first establish the
relation between the hadronic functions in Euclidean and
Minkowski spacetime.

In Euclidean spacetime,
defined as

the hadronic function is

Hy (x) = (OT{Jen(x)J5 (0)}K(Q)),  (19)
where Q = (img,0) is the Euclidean four-momentum of
the initial kaon state. H% (x) can be extracted from a three-
point correlation function, C* (X, t; AT):

O (%, 1 AT) = { (e 0) 73 (0.0) g (-AT)). 120,
h (J5(0,0)J4m(X, )i (t — AT)), 1 <O0.
(20)

H/w(p q A dtz O|JemM

(P)w{n(P) iy e (0)[K (g))are

We choose sufficiently large AT to guarantee kaon
ground-state dominance. Then the hadronic function
H'{ (%,t) can be determined through

Ny'ZyZajye" 2T CY (X1, AT), 120,
N ZyZyyemsBT-0Ch (X1,AT), 1<0.

(1)

L)uv ;-
HE =

In Eq. (21), we have separated the weak current into
axial-vector-current and vector-current parts by using the
subscript A/V. Z, and Zy, are the corresponding renorm-
alization factors. We use the superscript (L) to emphasize
that this hadronic function is calculated in the finite volume.
The normalization factor Nx = (K|¢k(0)|0)/(2my) and
the kaon mass my can be calculated from the lattice two-
point functions.

For simplicity, let us first consider the infinite-volume
Euclidean hadronic function A%’ (x). In momentum space,
it is given by

T/2 e
HY™ (P, Q) = —i / L / BRI (x)  (22)

with the Euclidean momenta

P=(iE,p), —(Q-P)P=pymy.  (23)

In order to calculate decay width, the Euclidean function
H% (P,Q) should be related to the Minkowski one
H%/(p,q), which is defined in Sec. II. This relation can
be established by inserting the complete set of intermediate
states into H’,(p, ¢) through

2 __ 2
—P*=pmg,

i(E=E,+ie)t

*/_ d’Z 01341 0) 1y (=) 1y (=) 3 (O) K () v

(01 em.1a 0)12(5)) s (n ()T 1y

— (O (Ol

(0)IK(q))m

P ns(=P)emm (0)[K () - (24)

For 1 > 0 and 7 < 0, the intermediate states are denoted as the state |n) with strangeness S =0 and the state |n,)

with § = 1, respectively. The matrix elements (- --),,

carry a subscript M, which reminds us that they are defined

in Minkowski space. The low-lying states for |n) are given by the p-wave zz states, which couple to the p
resonance. The lowest state for |ny) is given by the |K) state. The relevant diagrams for these low-lying states are

shown in Figs. 3 and 4.
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FIG. 3. Low-lying-state dominance for ¢ > 0: zz or p states.
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FIG. 4. Low-lying-state dominance for ¢ < 0: kaon states.

When inserting the complete set of intermediate states into the Euclidean function H% (P, Q), we have

T/2
HY(P,Q) = — / dry (0|4,
( [y
'/0 dry (01740
—1i t Y

-T/2

lzl—e

(E,~E)T/2

(01/em

E-FE,
iz 1 — o—(E+E,,—mg)T/2
— E+E, -

Differently from the Minkowski expression, we have
introduced a time integral range [-7/2,7/2] to define
the Euclidean hadronic function. This is because the state n
consists of a continuous set of zz states. When
E, = E,, < E, the factor e~ (£:=E)T/2 exponentially grows
as T increases. In this case, one needs to use the finite-
volume hadronic function H,(E”'” “(P, Q), where the low-
lying zz states are discrete. When a spatial momentum p
is assigned, one can remove the exponential factor of
e~ (E=E)T/2 by isolating each low-lying 77 state. After that,

the difference between H<EL)'” “(P, Q) and the real part of

(E_En)t

£l (0)[K(Q)) pe

£ (1| em (0)[K(Q)) g #+En )t

ng =

(0)1n) g (n T3 (0)[K(Q))

(0175 (0)[n5) g (s [ Jem (0)| K (Q)) - (25)

|
H"/(p,q) can be taken into account by the finite-volume
correction formula developed in Refs. [25,26]. The imagi-
nary part of Hy;/(p, g) can be reproduced by calculating the
on-shell decay amplitudes K — zz£v and y* — zz, where
the finite-volume technique is mature [32,33]. The timelike
pion form factor from y* — zz has been calculated on
lattice since 2014 [34-36].

In this study, we perform the calculation at the unphys-

ical pion mass m, = 0.3515(15) GeV. Asaresult, E,, — E
is always larger than zero. In this case, one could take the
limit of T — oo and establish the relation between
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Euclidean and Minkowski matrix elements. Due to the
different convention for the J* operator,

P =(p°.p),
Pt = (ipo’ ﬁ)’ (26)

(A[J#(0)|B)yy o (Ply £ Plp).
(A]JF(0)|B) g o (P £ Pg),

where J# can be either electromagnetic or weak current,
one can verify that

HE (P, Q)lroe0 = ¢ Hiy (P, q) (27)
with ¢ = —1, ¢% = ¢ = j and ¢/ = 1. Thus, we have
shown that the Minkowski hadronic function can be
calculated by Euclidean lattice data.

B. Scalar function method

In the following part of the paper, for simplicity we will
omit the subscript E in the Euclidean hadronic function and
use H*(x) and H* (P, Q) to replace H% (x), H (P, Q). It
is straightforward to compute H**(P, Q) using the 4 x 4
Lorentz tensor H*(x) as input:

T/2 s
H"(P.Q) = i / dt / d*XePTTTH (). (28)
-T/2

We call this the direct method.

In a realistic lattice calculation, H**(x) is given by the
finite-volume lattice data H")#*(x). The data depend on
L3xT spacetime coordinates, 4 x 4 Lorentz indices, and
two types of current insertions (V/A). Taking a 243 x 48
lattice as an example, the data size is about 650 MB per
configuration, as shown in Table II. The computation of the
decay width requires integration using H")#*(x) as input
and is thus quite complicated.

In this work, we propose to use the scalar function
method, which could significantly reduce the size of
data input and provide automatic rotational averaging.

TABLE II. Comparison of the size of input data required by the
scalar function method and the direct method. By using the scalar
function method, the hadronic function H**(x) is converted into
six scalar functions 7;(|¥|?, t). The former requires the total data
size of L3xT x4x4x2, while the latter only requires
Faax X T x 6, with 72, =3(L/2)?. As the lattice size L in-
creases, the scalar function method becomes more efficient
compared the direct method.

Scalar function

Method Direct method method

Stored data H(Usﬂ”(x) IEL)(MZs 1)

Space-time (L,L,L,T):24% x 48 (12, T):432 x 48
dimensions

Other dimensions (u,v, V/A):4 x4 x 2 6

Data size ~650 MB /conf ~2 MB/conf

This simplification can be achieved by converting
H"(P,Q) and H"(x) into the Lorentz scalar functions.
For example, H*(P,(Q) can be used to construct the
following Lorentz-invariant quantities:

Li(p1, p2) = =8“mzH" (P, Q),

L(py,py) = Q*Q"H™(P, Q),

73(917,02) = P'QYH"™ (P, Q),

Li(pr.p2) = Q"PH*(P. Q)

Is(pr.p2) = P*PHM(P. Q),

Is(p1.p2) = e*PP*QPHM (P, Q). (29)

Since the momentum Q satisfies the on-shell condition
Q? = —m%, the quantities ;(p;,p,) only depend on two
variables p; and p,, which are defined in Eq. (23). Then we
can write H*(P, Q) as a combination of

6

H®™(P,Q) = Y " (P.Q)Ii(p1.p2).  (30)

i=1

where W4*(P, Q) are analytically known Lorentz factors.
The way to obtain W (P,Q) has been discussed in
Appendix A.

For H**(x), we can also write them in terms of Lorentz-
invariant quantities through

H*(x) = D wi(0)L(IF

i=1

21), (31)

where the /;’s are defined as

L(x]?. 1) = 8" H" (x),

- o'
L(|%]*.1) = —m—zH”"(x) = H"(x),
X
uOv )
I(RR. 1) = S () =22, i),
lmK lmK
L[, 1) = x'H" (x),
. L O\2
Is(|X[*, 1) = x*x*H" (x) —x.—Q(I3 +14) — (Q) I
img img
= x'x/H(x),
I6(|X]%, 1) = e Ox*HM ). (32)

It is more convenient to write /; as the functions of the
variables (|X]2,7) = (x* = (x- Q)*/(img)?, (x- Q)/(img)).
Again, w4 (x) are also the known factors. The choice of the
scalar functions is not unique. Here, we design the scalar
functions using the simple combination of x* and H*(x).

We then put Egs. (29) and (32) into Eq. (28) and obtain a
relation between /,(|X[?, 1) and I;(p;. p):
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71'(/’17;02) :/d4x¢ij(,01,ﬂz§|5f 2,1).

2 01(]x

(33)

X

The detailed expressions for ¢;;(p;. pa; 2.t) are given in
Appendix A. Note that in 7;(|X|?, £), the index j belongs to
1 < j <6, |X|? takes values from [0, r2,, = 3(L/2)?], and ¢
has the range [-7/2,T/2]. Thus, the total data size for
1;(]X|?, 1) is accounted as ~6 X rq, X T, which is signifi-
cantly smaller than the size of H**(x). A comparison is
made in Table II to demonstrate the efficiency of the scalar
function method.

Using I;(|X|*,7) as input and adopting Eqgs. (33) and
(30), the hadronic function H**(P, Q) can be constructed
for arbitrary momentum P. Then the decay amplitude
M(K = £vt’*¢'7) can be determined. Although
1;(]%|%. ) is calculated within a finite-volume and fixed-
boundary condition, it only causes the exponentially sup-
pressed finite-volume effects to 1;(p;, p,) due to the cluster
decomposition property of QCD.

In the continuum theory 1;(p;, p,) for i = 1, ...6 are not
fully independent due to the constraint from the Ward
identity [Eq. (4)]. As aresult, the scalar functions 75(p;., p»)
and I5(py, p,) are both proportional to the decay constant
[k as

73(/’1,,02) = P'Q'H"™ (P, Q) = m%{fk,

L+pi—p
LEO g

Is(p1.p2) = P*PH" (P, Q) = (34)
One can either use both I5(p;.p,) and I5(p;.p,) in the
calculation, or use one of them by treating the other one as
the dependent quantity. [In practice, we replace I (p1,p2)
with I5(py. p,).] In the continuum theory with an infinite
volume, the two setups are equivalent. On the lattice, the
results may disagree due to the violation of the Ward
identity by both lattice artifacts and finite-volume effects.
In Sec. IV B, we calculate the branching ratios using both
setups (denoted as “not using Ward-identity constraint”
and “using Ward-identity constraint,” respectively) and get
consistent results.

C. IVR method

When utilizing Eq. (28) to calculate H*(P, Q) on lattice,
it shall be pointed out that H**(x) needs to be replaced
by the finite-volume lattice data H“)#*(x). As the lattice
simulation is performed with a finite temporal extent 7 and
spatial extent L, the replacement will cause temporal
truncation effects and finite-volume effects.

In this section, we will use the IVR method [28,37] to
perform the correction for both temporal truncation and
finite-volume effects. The idea of the IVR method is that
“infinite-volume data” H**(x) can be reconstructed from
the finite-volume lattice data H")#*(x). This method has

been successfully applied to various calculations such as
neutrinoless double beta decay [38], pion charge radius
[39], radiative decays [40], and two-photon exchange
contributions [41]. In this work, the IVR method is
separated into two steps, namely IVR and &yr. The former
mainly corrects the temporal truncation effects, and the
latter focuses on the finite-volume effects.

For simplicity, we will discuss IVR techniques using
H"(x) and H"(P,Q), and leave IVR formulas for the
scalar functions 7,(|X|?, ¢) and I;(p;.p,) in Appendix A. It
should be noted that the formulas in Appendix A are what
we have actually used in the numerical calculation.

1. Temporal truncation effects

We start the discussion with the temporal truncation
effects. As shown in Eq. (25), when the temporal extent T
increases, the unphysical terms either exponentially
decrease or increase depending on the energy difference
between the intermediate states and the initial/final state.
Since these unphysical effects are dominated by the
ground-state contributions as shown in Figs. 3 and 4, here
we only consider the low-lying states |n) =|zz(I=L=1))
for t > 0 and |n) = |K) for t < 0.

For t >0, since we use the gauge ensemble with
m, = 0.3515(15) GeV and myg = 0.5057(13) GeV, zx
states are always heavier than the kaon state. In our
numerical study, we do not observe any statistically
significant temporal truncation effects, and the unphysical
contribution from e~ (E=~E)T/2 can be safely neglected.

For t <0, the temporal truncation effects are not
negligible, especially in the soft photon region, where
the electromagnetic current carries vanishing momentum

P = (iE,p) =~ (0, 6) As a result, the intermediate kaon
state has an energy E very close to the energy of the initial
state mg. A very large T is required to make the factor
e~ (E+Ex=mx)T/2 gufficiently small. Unfortunately, this
requirement is not satisfied by a typical lattice temporal
extent of a few femtometers. Thus, the exponential term
e (E+Ex=mo)T/2 j5 far from convergence, leading to a large
temporal truncation effect.

In our numerical calculation, we find that even beyond
the soft photon region, the temporal truncation effects are
generally not negligible. This means that we need a
systematic improved method to reduce the unphysical
contamination from e~(E+Exk—mx)T/2,

2. Finite-volume effects

As explained in Ref. [28], the size of the hadronic
function H**(x) is exponentially suppressed at large spatial
separation |X|. The rate of suppression depends on the
energy difference between the intermediate state and
the initial state. If H**(x) does not decrease to zero at
the boundary of the lattice, then the finite-volume effects
are expected to be non-negligible. In other words, the lattice
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data HM#(x) could deviate from the infinite-volume
H"(x) by a sizable difference. These finite-volume effects
propagate into H**(P, Q) and are more enhanced when P is
a nonlattice momentum.

After this explanation of the origin of both temporal
truncation and finite-volume effects, we will start to
describe the IVR method to reduce these unphysical
systematic effects.

3. Step 1: IVR

In the r < O region, the hadronic function H*(X,t) is
saturated by the single-particle states at sufficiently
large |¢f|. We indicate such time separation as |t| > 1.
For t < —t,, the hadronic function can be given by

H*(3,1) ey, = (0]74(0,0)J% (%, 1)|K)

3 -
_ /@:)%El(mm(o, 0)|K(px))

X (K(pi)| (0, 0)| K ) e™Pr e Ex=mi)t

3
= / d Pk Hﬂy(ﬁK’EK)e_iﬁK'}e(EK_mK)t,

(27)*
(35)
with H*(pg, Ex) defined as
. 1 -
H"(pk,Eg) = ﬁ@”ﬁ((ﬁ 0)[K(pk))
K
x (K(pg)|em(0,0)|K). (36)

We can determine H*(pg, Ex) using H* (X, ) at t = —t,
as an input:

A" (py. Ex) —/d3x’H"”(55’,—ts)e"ﬁK"?e@K‘mK)’x. (37)

Using the expression of H*(pg,Eg) in Eq. (37), the
entire hadronic function H*(X,t) with t < —t; can be
reconstructed via

HY (X, 1)] 1<,

3
= /d PK [:[/W([_)'K’EK)e—if’K'fe(EK—mK)t

(27)*

& py N .
:/(2 )3/d?’_x/H/“/(_x/’—ts)elpk'(x—x)e(EK—mK)(erts)‘
T

(38)

As a next step, the time integral [Eq. (28)] with the range
—T/2 < t < 0 can be separated into two parts: —f, < t < 0

and —T/2 < t < —t,. We can extend the lower bound of the
integral from —7'/2 to —oco. By putting Eq. (38) into the
integral, we have

0 -
[t [ @sernie
0 - nxX -
:/ dt/d3er‘_’P'xH"”(x, 1)
—t

_tx R
b [ Tar [ @seresae

0 .
— ["ar [ @serrie
—t

—Et,
+ / dPXe  PYHM (X, —1,)

e
E + E K~ m K ’ (39)
From the second to the third line, the hadronic function
H"(X,t) with t < —1t, is reconstructed using Eq. (38).
Using the hadronic function at some modest value of #,
allows us to perform the time integral analytically in the
whole region of —o0 < t < —t,. Thus, the temporal trun-
cation effects naturally disappear.

In the practical calculation, we use the IVR method to
reconstruct the scalar functions 7;(p;, p,). The treatment is
very similar to that described above. We separate the time
integral into a short-distance part with ¢ > —z, and a long-
distance part with # < —t,, and we obtain 1 E‘Y) (p1,p>) and
71@ (p1,p2) correspondingly. The total contribution is a
combination of

- ~(s (1 .
IMR(p1.p2) =1 (o1 p2) + 1 (p1.p2). i =1,....6.
(40)

The detailed expressions for ZS‘Y) and 75” are given in
Appendix A.

4. Step 2: 6IVR

After making correction to the temporal truncation
effects, the lattice results are still affected by the finite-
volume effects, which are denoted as Jpyr here. In
Ref. [28], such correction has been demonstrated to
be exponentially suppressed as the lattice size L
increases. This exponential behavior is also confirmed
by our numerical analysis in Sec. IV. We can calculate
and correct the leading effect of this already exponen-
tially suppressed finite-volume error. Although exponen-
tially suppressed, oyr can still be very large if a
relatively small lattice (e.g., La = 2.2 fm in this calcu-
lation) is used.

We first introduce the definition of the correction term
Svg as follows. The hadronic function H*(P,Q) is

calculated using H")#(x) as an input:
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|t| A
t IVR
tS
(€] (2)
6IVR 51VR
Lattice

—

L x|
H(L):ﬂv(x) N Hﬂv(x)

FIG. 5. The main idea of the IVR method. In the temporal
direction, H"(x)|,._, is reconstructed by using H"(x) at
t = —t,. In the spatial direction, the finite-volume effects are

corrected by calculating 6&,)]( and 5&,)]{ via the ground-state
dominance.

d4ert—if)')?H/w ()C)

/ d4x€Et—i13-3c’H(L),yv ()C)
_|_

H"(P.Q) =

Vv

d4ert—i"~fc(H;w(x) _ H(L),;w(x))

<

_.|_

/ d4ert—iﬁ~3c’H/w(x)'
>V

3.5 I —— kaon contribution
3 lattice, t=-12

w
o

2.5

+12)/10°

2.0

15

=1 (|X|%, t

1.0

4 6 8 10 12 14 16 18
x|

‘ (Y] VR

|

+ 61VR
‘ Ii(p1, p2) {}
Construct
‘ H,/(p.q)

Construct

Phase
space

integration
(K — Ivil""I"") Tk J

‘ MK = IviI'*1’7)

FIG. 7. Lattice calculation procedures of the decay width.

In the above equation, ||, d*x indicates that the integral is
carried out within a finite spatial volume, while [_, d*x
means that the integral is performed outside the lattice
box in the spatial directions. The second line of Eq. (41)
shows the contribution from lattice data H")#*(x). The
remaining contributions are given by the third and fourth

lines in Eq. (41) and denoted as 51(\1,>R and 5%%,)12, respectively.

Combining 5%,)1{ and 5;%,)}{ together yields the so-called
correction Spyg.

Combining the corrections to the temporal truncation
effects and finite-volume effects, the main idea of the IVR
method is summarized in Fig. 5.

For sufficiently large time separation, H()#*(x) is
saturated by the ground-state contribution:

—— p contribution
{ 3 lattice, t=12

0.10

0.08

0.06

0.04

0.02

0.00

4 6 8 10 12 14 16 18
x|

FIG. 6. The comparison between lattice data I, (|X|?, ) = &*H"*(x) and the ground-state contribution. At large |X|, the lattice data at
t = —12 and 12 are well dominated by the kaon and p states, respectively.
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TABLE III. Information of lattice setup.
Label L3xT a! Neont m, mg AT
cA211b.53.24 243 x 48 2.12 GeV 51 0.3515(15) GeV 0.5057(13) GeV 10
- - 1 - - ~
HOw (3t < —t) = HE™ (7, 1) = FZ}LJ{/I‘;(  1)eiP OrvR R O1vR kT OIVR s
7 ok = | dxeB TN (6) - HE ()
- - . - v
H<L)‘”D(.X,I > t/s) — H(L) lw< ’ t) _ 73 ZH%D< , t)esz -
5 +/ d4ert—lp~XH/I’(V(x)’
(42) >V
OvRy = / d*xe""= P (HY (x) — Hf)L)W(X))
v
Here, the hadronic kernels H’,‘("_ /,( P, t) can be written in + / d* peE-ip % HY(x). (43)
terms of form factors, whose explicit forms are determined >V

from lattice data H")#(%, ). For more detailed discus-
sions, we refer the reader to Appendix B. In Fig. 6, we show
the scalar function 7, (|X|?, t) = #*H"(x) att = +12 as an
example that the lattice data are well dominated by the kaon

Using the approach described above, we can also apply the
finite-volume correction to the scalar functions and obtain

VR (7 ~ SIVR TVR
and p states. The consistency between lattice data and the G (L) ~ i (L) + Sip (L) (44)
ground-state contribution at long distance has also been )
checked for other scalar functions. As a next step, we with
reconstruct the infinite-volume hadronic function H’,‘é » (x) VR SIVR VR
and calculate the correction Spyi through 5i,K/ﬂ(L) = Lik),(prop2) =1, (1 p2i L), (45)
IVR g
20.0
F  use /) (wo.WI) T use /) + 1" (wo. WI)
=0 [ T usel®+ 1" (wo. WI) 17.5 3 usel®+10+5, (wo. WI)
3 3 usel®+ [V +6,+6,(wo. WI)
15.0
o 40 &
5 £y
=1 [ 125{
|
v 30 L 3
E L] 10.0 *EZzzzzaTEEEED
2 L
)
J 20 EEI 75
= Ty k2
Q i} il
g 3
z B 50{% -
iz Iz
10 TZZZEEEEEEEE L ———
2.5 Sy rpmmTTTTEE
0 0.0

12 14 16 18 20
ts

6 8 10

FIG. 8.

data points marked with black squares are compiled using the short-distance contribution I
use both short-distance and long-distance contributions, namely 1

corrections from the kaon state 5, and the p state &} %

10 12 14 16 18 20
ts

6 8

IVR results for K — ev,e"e™ (L, = 72). The constraint from the Ward identity is not used here. In the left-hand panel, the

()

i

+ 755;). The right-hand panel shows that the results shift due to

, while the ones marked with blue triangles
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25 9
[ use /5) (w. WI) Ey use /5 + 10 (w. WI)
[ T use "+ 1" (w. WI) 8 $  use )+ 1046, (w. WI)
20 3 . D usel®+ [ +5+6,(w. WI)
7 []
o 6
—~
»F 15 (] }I III
v £ > IIII
: - Pppgzat
: :
10 [}
U ]
= - 313
T 2
5% % FEEEEEE 73333333
trzz=xE %%%§§§§§§%§%%
1
7% 3 1o 2 1 16 18 20 ° 6 3 10 12 1 16 18 20
ts te

FIG. 9. Similar to Fig. 8, but utilizing the constraint from the Ward identity.

12 12
T wo. WI +6¢(L.) T wo. WI +6¢(72) + 6,(L.)
T w. WI +6k(L.) T w. WI+6¢(72) + 6,(L..)
10 1 10
o 8 8
=]
R
Q
t 6 6
Q
3 i
i 3
X 4 I 4
By
Q
P11 1
1
2 2
S ] I P F o s
0 0
2 3 4 5 6 7 8 2 3 4 5 6 7 8
Lo/fm Lo/fm

FIG. 10. Examination of L, dependence in the 6¥VR corrections. Here we use the K — ev, et e™ decay as an example. In the left-hand
VR

panel, we show the finite-volume correction 8¢ as a function of L. In the right-hand panel, we fix 5 %* at Lo, = 72 and show the
correction 52’}2 as a function of L. When L, = L = 24 (corresponding to 2.2 fm), no correction is made, and g = 0. With
increasing L, 6!'R exponentially converges, and L, = 72 (corresponding to 6.7 fm) is a sufficiently large lattice size to approximate an
infinite one.
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where the subscript K or p is used to indicate the scalar
functions compiled from the ground-state contribution.
A parameter L is introduced to specify the scalar functions
in the finite volume. For scalar functions in the infinite
volume, 7%‘7 ,(p1.p2), it can be approximated by

m K/p(ﬂl»ﬂz;Loo) with a sufficiently large L.

D. Computation of the decay width

In this section, we summarize the procedure to compute
the decay width of K — £v¢’*¢'~. The outline of the main
steps is shown in Fig. 7.

In  our calculation, the kaon mass mg, =
0.5057(13) GeV is slightly larger than its physical value
M phy = 0.493677(16) GeV [42]. This affects the decay
width in two ways: (1) the myg dependence of hadronic
function, and (2) the change of phase space. In order to
reduce the latter, for any dimensional quantities O" with
dimension n, we rescale them as

ol — olgn, g, ="Kty (46)
mK,lat
18
o 161 T use !+ (wo. Wi)
I T use ' +1U 4 5¢ (wo. WI)
E 1: II T use ! +17 4+ 6¢+86, (wo. WI)
| ]
o] *IIrrrIzIITIIZ
3 8
3 6%§
| kil
%’4 §§%§§§§§§§§§§§§
Q 5 T T T T TTTD LT LD
¢ 6 8 10 12 14 16 18 20
20 1
T |1
o 18 1 I
" i
16 1
2 Yirrrrrzzaias
% 11
= 14 %
3
Q 12 §§%
5 3337385113

FIG. 11. IVR results for four channels of K — v, £ ¢'~

For example, the decay constant and the hadronic function
are rescaled as

]_CK:éKfIO

and the decay amplitudes originally defined in Eq. (10) are
rescaled as

Hy(p.q) = ExHy (p.q),  (47)

Mp = EgMp, Mg = Eg M. (48)
As the Fermi constant G is a fixed coefficient, Mp g

are considered here as the dimension- one quantities If

n

and 22 These Varlables take

K lat K lat

the same 1ntegral range as the ones in the phys1cal case.

dimensionless variables —5—

to obtain a

dimensional quantlty.

For the lattice calculation of Br[K — £v,¢'"¢'~| with
¢ =17, we use the Monte Carlo integration. Within
the allowed phase-space range, the five parameters,
(X12, X34, Y12, Y34, ), are randomly generated N times.

2.0
1.8

1.6 E}
vl T TTRITIINNL

1.2

M TR

0.6

Br(K-»eveu*u=)/1078

6 8 10 12 14 16 18 20

o)
%1 H
Mg TTITITTIE

6 8 10 12 14 16 18 20
ts

Br(K-pvyu *u=)/1078

. We do not utilize the Ward identity constraint here. The upper-left figure for

K — ev,e™e™ has been shown in the right-hand panel of Fig. 8. We include it here for the sake of an easier comparison with other three

channels. Through this comparison, we find that the &}

corrections are important for all the channels. The corrections from 6},‘;1‘ ar

S

less significant but still comparable to the size of the statistical errors.
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Given each momentum setup, H';(p1, q) and H'; (p 14, q)
are calculated using the IVR method. In order to get the
decay amplitude in Eq. (48), numerical realization of the
spinor products is utilized. The branching ratio is calculated
as follows:

Br[K — v, ¢
1 v v v \ A *
s [ AP+ L+ 2ReL1 1)
1 S

B 2mglg Ny

N
M Samk - _ -
x 2—2147; (I Mp[? + |Mg> + 2Re[Mp ML), (49)
=1

where S is the hypervolume of the integration range
and mg = mg ppy .

In the practical calculation, we choose N = 10000,
and we confirm that the Monte Carlo error is much less than
the statistical error. Considering the fact that the construc-
tion of the scalar functions is nontrivial, the Monte Carlo
integration thus provides an easily implemented approach
to determining the decay width.

8 T use S 410 (w. wi)
T 7 $ use ! 1D 4 5 (w. WI)
o
26 I T use ! +1" 45 +6, (w. WI)
|
5 N N N Y
R Tyzgzzziid
o 4
%l
! 3
X 2
£ " EErEEIEEEIIE:
6 8 10 12 14 16 18 20
24
T 22
S o1
—
= 20
v 18 * 1
Ay TrgzzrziIiiil
o 16
BNk
T
X 12 % 3 g
.
S 10 TFTEETEETETE
8

6 8 10 12 14 16 18 20
ts

IV. NUMERICAL RESULTS
A. Lattice setup

In the lattice calculation, we use a gauge ensemble with
an Ny =2+ 1 + l-flavor twisted-mass fermion generated
by the ETM Collaboration [43]. The light quark mass is
unphysical, with m, = 352 MeV. We tune the valence
strange quark mass to have the kaon mass close to its
physical value. Parameters of the gauge ensemble are listed
in Table III together with the information of AT, whose
value shall be set sufficiently large to suppress the excited-
state contamination.

In order to calculate the hadronic functions, three-point
correlation functions are calculated on the lattice. The
initial kaon state is created using a Coulomb gauge-fixed
wall-source operator. We place two point-source propaga-
tors and one wall-source propagator at each time slice and
perform a time translation average over all time slices to
obtain the three-point function.

B. Results

In Figs. 8 and 9, we take K — ev,ete™ as an example
to show the results of the branching ratio as a function
of ¢,. In the left-hand panels, the black square data points

are compiled using the short-distance contribution 75”,

2.5
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b ippprrrrIfIEill

15

1.0

Br(K—=eveu*u=)/1078

I T 5553FFEFTLE
0.5
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S
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Br(K-pvyu *u~=)/1078

113355353581338

6 8 10 12 14 16 18 20
ts

14

1.2

FIG. 12. Similar to Fig. 11, but utilizing the constraint from the Ward identity.
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TABLE IV. A comparison of the lattice results when using or
not using the constraint from the Ward identity.

Using Ward
identity constraint

1.77(16) x 1078
10.59(33) x 1078
0.72(5) x 1078
1.45(6) x 1078

Not using Ward
identity constraint

2.18(27) x 1078
10.68(36) x 107
0.80(7) x 1078
1.47(7) x 1078

Channel

Br[K — ev,ete]
Br[K — uy,ete”]
Br(K — evop"u]
Br[K — p,u'p]

while the blue triangular ones use both short-distance
and long-distance contributions. A significant temporal
truncation effect is found, demonstrating the impor-
tance of the IVR correction. The time #; needs to be
sufficiently large to guarantee the ground-intermediate-
state dominance. The figure shows that starting from
ty~ 12, the branching ratio is independent from the
choice of t,.

In the right-hand panels of Figs. 8 and 9, the effects of
8y and 6;'F are shown. These corrections are made with
the choice of L, = 72. We find a large correction from the
kaon state and a relatively smaller correction from the p
state. Given the L = 2.2 fm lattice used in our calculation,
it is essential to include both corrections.

For the results shown in Figs. 8 and 9, the parameter L
is chosen as L, = 72. In Fig. 10, we examine the L,
dependence of the results. The left-hand panel shows that
the corrections of 6!'%* become much smaller when using
the constraint from the Ward identity. The right-hand panel
shows that by including the corrections of 6{‘,’}{, the lattice
results, whether using or not using the Ward identity
constraint, start to converge at large L.,. We also confirm
that as L, increases, the finite-volume effects exponen-
tially suppress, and L., = 72 is an appropriate choice to
approximate the infinitely large spatial extent.

In Figs. 11 and 12, IVR results for all four channels of
K — ¢v, '+ ¢'~ are shown. The final results of the branch-
ing ratio are summarized in Table IV, where we make a
comparison between using and not using the constraint
from the Ward identity. The results are very consistent. As
the former suffers from much smaller finite-volume effects
in the K — ev,ete™ decay, we quote the corresponding
results in Table I for a comparison with ChPT and experi-
ments. All the lattice results are compiled using the fitting
range 7, € [12, 17] and including the corrections from both
Sy and &R, We find that the lattice results are compa-
rable to experimental or ChPT ones. The systematic errors
of our results mainly come from unphysical quark masses,
lattice artifacts, and residual finite-volume effects, which
are left for a future study.

V. CONCLUSION

In this work, we build a lattice calculation procedure to
determine the K — v, "¢~ decay width by solving a

series of technical problems. The IVR method is used to
reduce temporal truncation effects and finite-volume
effects. Other approaches, such as the scalar function
method and Monte Carlo phase-space integration, are
proposed to simplify the calculation. Using these tech-
niques, a practical methodology is developed to compute
the decay width with four daughter particles in the final
state, as summarized in Fig. 7.

Using this methodology, we perform a realistic lattice
calculation of the K — £v,£'"¢'~ decay width using an
ensemble with pion mass 352 MeV and kaon mass
506 MeV, and we obtain branching ratios comparable to
ChPT or experimental results. Through this calculation, we
demonstrate the capability of lattice QCD to improve the
Standard Model prediction of K — £v,'7¢'~ decay
width. By examining the 7, dependence and L., depend-
ence of the decay width, we show that the IVR method
is a vital approach to reducing the systematic effects.
Future work is still required to address the power-law
finite-volume effects in the subprocess of K — zztv, —
v ¢~ and make a full control of various systematic
effects.
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APPENDIX A: FORMULAS IN THE SCALAR
FUNCTION METHOD

1. Infinite-volume case

In Sec. III, the scalar function method is described by
Egs. (30) and (33). In this section, we will give the detailed
expression to calculate I;(p;.p,) and then discuss the
approach to construct H*(P, Q) using the scalar functions.

We start with the relation

H"™(P,Q) = —i / d*xeP= PR (X)), (A1)
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Combining Eq. (A1) with the Lorentz factors given in Eq. (29), we can obtain the relation between I,(p,, p,) and I,(|X

Here we give the detailed expressions of 1;(p;,p,) as

T1(p1.p2) = im / dhxe® o (o), (7. 1),

Ty(p1.p2) = im / dhxeP o (o)L (7 1),

- . . . . J .
I;(py.p2) = lmKE/d4X€EtJ0(fﬂ)12(|x|2»l)—lmK|P|/d4ert—13(|x|2J)’

Lipr.ps) = imiE [ dxein(o)(7

Ts(p1.p2) = iE? / dxe jo(@) L (R 1) + il / dxe

)

o = j ((p = - - -
—ilp| /d4er"|7| [EL(XP. 1) + EL(XP. o) + L (57, 1) = L(XP. 1),

~ e Jile -
To(prop2) = —imil3l [ e 1) 1 (zp ),

x|

Note that in the continuum theory, the scalar functions
1:(p1.p>) do not depend on the direction of p. Thus, in the
derivation of the above equations we have performed an
average over the solid angle of p. After the average, the
factor e~"7% is converted into a spherical Bessel function
Jo(@), with @ = |p||X|. In total, three spherical Bessel
functions appear in Eqs. (A2a)—(A2f). They take the
standard definition as

i sin ¢ . sing — ¢ cos @
Jolp) = . b)) E————,
@ @
, 3 —¢?)sing —3@pcos g
nly) = B2 . (A3)

P

In the numerical calculation, when the variables p; and p,
are given, the values of |p| and E can be determined
through

. 1
Ip|l = EmK\/(l +p1—p2)* —4py.

1
EZEmK(] +p1=p2)- (A4)

Once these scalar functions I,(p,,p,) are available,
H"(P, Q) can be easily constructed using Eq. (30). In
the numerical calculation, w;(P, Q) in Eq. (30) is implicitly
derived using following procedures:

)
(A2a)

(A2b)

= (82)

) = i3] [ atxesr D 1y, (A20)

A
(A2e)
(A2f)

|
(1) A general factorization of H*(P, Q) is used with

H"™(P,Q) = a(py,p2) P Q" + b(py, p2) P* Q¥
+ c(p1,p2) PYPY + d(py, p2) O* Q¥
+ e(py. p2) 3 mi

+ f(p1.p2) e PEQP. (AS)

@) Ti(p1.p2)(i = 1...6) and a(py, p3), ..., f(p1, pp) are
related by a simple linear transformation. We can

then solve the solution for a(py,p,), ..., f(p1,02)
and construct H*(P, Q) using Eq. (A5).

2. Scalar functions with the IVR corrections

In Sec. III, IVR method is proposed to correct the
temporal truncation effects and the finite-volume effects
for the hadronic functions H*(P, Q). In this section, we
show how to apply the IVR method to the scalar functions.

We shall point out first that the calculation of T4(p;, p,)
does not require the IVR correction. It is because I¢(p;, p»)
is projected out by using the Lorentz factor of sﬂmﬁP"Qﬁ .
In this quantity, the intermediate states are given by
the states heavier than initial kaon state, and thus the
temporal truncation effects and finite-volume effects can be
neglected.

In the calculation of 7;(p;, p,), withi = 1, ..., 5, we also
use t = —t, to separate the time integral into a short-
distance part and a long-distance part:
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Ti(p1.p2) = 19(01,p2) + 17 (01, p2). (A6)

For the short- distance part, we replace I ES> (p1. p>) with the lattice data T Es) (p1,p2, L). For the long-distance part, we use the

lattice data of I (|x|2 t) at t = —t, as input. Through the kaon-intermediate-state dominance, I f.f) (p1,p2, L) can be
reconstructed. The detailed expressions are given as

~ im% IR . >
Igf)(m,/)z;L) =M4Km/d3xe_m“]0((ﬂ)lgm( 2 1), (A7a)
K — MK

- im? . , -

B prpil) = g p o / e o (@) y (7P 1), (ATb)
~(¢ im - _ . - _ J =

1 (pr.p23 L) =E+E—KK_mK [E/d%e 2 jo() 15 (1P, +|p|/d3 H 1 L)(IXIQJS)], (A7c)
7O () iy 33 e 19) 0

11 piLl) = ——%5——|E | dFe e jo(p)1 &3 )], A7d

D) =g |E [ @i (5 + 151 [ @res SO0 GR]
) ) — img 2 [ BreEri ()P (172 s

s (p1.p2iL) M(E+ Ex —my) xe™jo(@) " (1%, 1)

- - (@ -
171 [ @rets B [BIORP.) + ELP P 0) 4 10 (77n) = 18 (5P,

1P [ @rer B e . (A7)
The scalar functions calculated through the IVR method are given by
IR (py.py: L) =1 (p1.poi L) + 17 (py. pai L), fori=1....5. (A8)
As a next step, we perform the finite-volume correction by introducing 5!VR(L) for each scalar function:
Li(p1.pa) = IR (p1.p2s L) + 6]YR(L). (A9)

Here, 6VR(L) can be approximated by the kaon- and p-state contributions:

SVR(L) = IR (p1.p2) = IR (1. p2: L)EYR (p1. p2) = IR (py. pai L). (A10)
In practice, 11X (py. p2) and I1VR (py. p,) in the infinite volume can be replaced by 1T (py. p2; Lo,) and 1178 (py.pa: L)

with L > L.

APPENDIX B: ESTIMATING THE FINITE-VOLUME CORRECTION FROM THE KAON AND p STATES
In Eq. (42), the hadronic kernels are defined as

e Ex—mg)t
HY (51) = =5 — OO K (p) (K (pio) n (O)K).
HE.1) = S S O (O)lp(py. ) p(rys A O)IK), (B1)
)

where A is the polarized direction for the vector meson. py = (iEgx,—p) and p, = (iE,, p) are the four-momenta for

intermediate states with the energies Ex = \/p> + m%, o = P’ + mg. We define the momentum transfer between the initial

kaon and intermediate particles as gx = Q — pg and g, = Q — p,,. The relevant hadronic matrix elements are given by
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TABLE V. Momenta used in the determination of the form factors.

£p (0,0,0) 0,0,1) (0,1,1) (1,1,1) (0,0,2)
g% [GeV?] 0 0.055 0.096 0.131 0.161
q,z, [GeV?] -0.129 0.036 0.178 0.305 0.421
TABLE VI. Determination of the parameters for the form factors.

(r¥) v v a; a\ a, a a’
0.32(2) fm? 0.58(2) 2.1(2) 0.482(5) 0.30(7) —-0.09(2) 2.2(1) 534)

OV (O)IK (pi)) = fpl
<0|ng(0)|p(P,,, ’1)> = f/)eﬂ(p/n )“),
(K (p) (O K) = PRI (G)(Q -+ pi)
oy D O)1) = 2L
(e )

+
mK—l—mp

(Q+p,)+

e (p,, A)paQF — (mg + m,)A (q;)€e* (p,. A)

2m,A(gy) (e - Q)

(Q - pp)”’

a,

(B2)

where f and f, are decay constants for K and p. ¢#(p,,., 4) is the polarization vector. F (K) (g?) is the kaon electromagnetic form
factor. V(q?), A1(¢?), A»(¢*), and A(g?) are the form factors for the semileptonic decays, with the convention adopted from
Refs. [44,45]. The form factor A(g?) approaches zero at the limit of ¢* — 0 [44].

Form factors
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FIG. 13. The lattice results of the form factors together with the fitting curve.
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We use the simple parametrization for the above form
factors:

1
FO(P) = —es V(@) = ——
1+ 6K q I+ (m/,erK)2
aj )
Al(qz) = | 7 s AZ(qz) = , 2 ’
1+ a1 G Y P
I 4 ;
Alg) = — e (B3)
14+a e

with (r%) being the square of kaon charge radius and v, v/,
ay, aj, a, a,, d’, and a” as the free parameters.

We calculate the hadronic matrix elements at discrete
lattice momenta listed in Table V. Through the fit to the
forms [Eq. (B3)], we extract the parameters shown in
Table VI. The lattice data together with the fitting curves

are plotted in Fig. 13. Once H’I‘{”/ p( P, 1) are determined, we

can estimate the finite-volume corrections &, . Note that
the parametrization in Eq. (B3) does bring in the model
dependence, but it only affects &}, As long as the lattice

SIVR

size is sufficiently large, &;% I

will vanish exponentially.
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