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Gluon gravitational structure of hadrons of different spin
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The gravitational form factors (GFFs) of hadrons encode the matrix elements of the energy-momentum
tensor of QCD. These quantities describe how energy, spin, and various mechanical properties of hadrons
are carried by their quark and gluon constituents. We present the gluon GFFs of the pion, nucleon, p meson,

and A baryon as functions of the squared momentum transfer ¢ in the region 0 < —t < 2 GeV?, as
determined in a lattice QCD study with pion mass m, = 450(5) MeV. By fitting the extracted GFFs using
multipole and z-parameter expansion functional forms, we extract various gluon contributions to the
energy, pressure, and shear force distributions of the hadrons in the 3D and 2D Breit frames as well as in
the infinite momentum frame. We also obtain estimates for the corresponding gluon mechanical and mass
radii, as well as the forward-limit gluon contributions to the momentum fraction and angular momentum of

the hadrons.
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I. INTRODUCTION

Understanding the internal dynamics of hadrons in terms
of their fundamental quark and gluon constituents has
been a goal of particle and nuclear physics since the first
experimental probe of proton substructure at SLAC [1] and
the subsequent development of the theory of quantum
chromodynamics (QCD) [2-4]. However, many aspects of
hadron structure have not yet been fully constrained from
theory or experiment, including the gravitational form
factors (GFFs) [5] of hadrons, defined from matrix ele-
ments of the QCD energy-momentum tensor (EMT). These
form factors describe how energy, spin, pressure, and shear
forces are distributed within hadrons [6]; therefore, their
determination is of fundamental significance.

The off-forward hadron matrix elements of the sym-
metric' EMT 7%, with i € {q. ¢} indexing the gluon or
quark component, can generically be decomposed into N/,
terms with distinct Lorentz structures as

(h(p.s)|T%|h(p'.s") ZK“‘”“” P.A)G (1), (1)

'In general the QCD EMT does not need to be symmetric, and
its matrix elements for hadrons of spin > 0 include additional
GFFs associated with antisymmetric Lorentz structures [7]. Here
we only consider the symmetric part.
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where |h(p,s)) denotes a hadronic state with four-

momentum p and polarization s, and Kif,”}’h‘j are
kinematic coefficients symmetrized over their Lorentz
indices as ay,b,, = (a,b, + b,a,)/2, written in terms of

= (p+p')/2 and A = p’ — p. The GFFs G!"/(1) are
functlons of the Mandelstam variable t = A?, and j indexes
the different GFFs in the decomposition for hadron h.
An analogous decomposition of the total conserved
EMT 7% =3 T, + Ty yields the total GFFs

G"I(1) = 32, Gq” (1) + G (1),

The GFFs associated with the symmetric traceless part of
the EMT correspond to the second Mellin moments of
the corresponding generalized parton distributions (GPDs)
[8—10], which allows them to be constrained by experimental
data from deeply virtual Compton scattering (DVCS)
[11-13] and meson production [14,15]. For example, data
from the Belle experiment at KEKB [16,17] has been used to
constrain the pion quark GFFs [18], while the nucleon quark
GFFs have been studied from DVCS with the CLAS detector
22-19]] at the Thomas Jefferson National Accelerator
Facility (JLab). The PANDA experiment at the Facility
for Antiproton and Ion Research (FAIR) [23], as well as
future experiments at SuperKEKB, the International Linear
Collider (ILC), the Japan proton accelerator complex
(J-PARC) [24] and the nuclotron-based ion collider facility
(NICA) [25] will further constrain the quark GPDs and thus
GFFs of various hadrons.

There has also been significant progress in the theoretical
determination of quark and total GFFs, in particular
through lattice QCD, phenomenology, and models. For
example, the total and quark GFFs of the pion [26] and the
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nucleon [27-31] have been studied via chiral perturbation
theory, chiral quark models like the spectral quark model
and the Nambu-Jona-Lasinio (NJL) model have been used
to constrain the pion [32,33] and the p GFFs [33], the bag
model to investigate those of the nucleon, p meson, and A
baryon [34], the Skyrme model those of the nucleon
[35,36] and A baryon [37], the chiral quark-soliton model
[38—45] instanton model [46] and light-cone QCD sum rule
formalism [47] those of the nucleon, and the light-cone
constituent quark model [48] and AdS/QCD model [49]
those of the p meson. Lattice QCD has also been used to
study the quark GFFs of the pion [50,51] and nucleon
[52-56], and these quantities have been studied within the
large-N . approach [57].

The gluon contributions to the GFFs, on the other hand,
are far less well constrained and have so far only been
studied in an extended holographic light-front QCD frame-
work for the pion and nucleon [58], in lattice QCD
calculations for the pion [59], nucleon [52,56,59-62],
and ¢ meson [63], in almost all cases at larger-than-
physical values of the quark masses. While no experimental
constraints on the gluon GFFs of any hadron have been
achieved to date, the gluon GFFs of the nucleon are
accessible via photo- or leptoproduction of J/y and YT
[64-66]; J/w production is studied in experiments that are
ongoing at JLab [67], while T production studies are
planned at the electron-ion collider (EIC) [68]. Improved
QCD constraints on the gluon GFFs of the nucleon and
other hadrons are particularly valuable at the current time as
they can inform the target kinematics for these experiments
and provide theory predictions to test against future
experimental results.

In this work, we present a lattice QCD calculation of
gluon GFFs of the pion and nucleon at unphysically
heavy quark masses, incorporating additional data cor-
responding to spin-nonconserving channels and an
improved statistical analysis compared with the previous
study of Ref. [59]. We further undertake a first study of
the complete set of gluon GFFs of the p meson and A
baryon, which are stable at these quark masses, to
investigate the gluon radii and gluon energy, pressure,
and shear force distributions of hadrons of higher spin.
In Sec. II we outline the lattice QCD calculation and
analysis, discussed more extensively in Appendix A, and
show the extracted renormalized GFFs for all hadrons
considered. In Sec. III, we present our results for the radii
and densities in different frames. In Sec. IV, we provide a
summary and outlook.

II. GRAVITATIONAL FORM FACTORS
FROM LATTICE QCD

In this section we discuss the decompositions of had-
ronic matrix elements of the gluon EMT into gluon GFFs
for the pion, nucleon, p meson, and A baryon, and present
the results of our lattice QCD extraction of these quantities.
We use a single ensemble of 2820 configurations of lattice
volume 32% x 96 with N, =2+ 1 quark flavors, with a
heavier-than-physical pion mass of m, = 450(5) MeV and
lattice spacing a = 0.1167(16) fm [69]. The ensemble was
generated using the Liischer-Weisz gauge action [70] and
clover-improved Wilson quarks [71] with clover coefficient
set to the tree-level tadpole-improved value and constructed
using stout-smeared links [72]. The specifics of the
ensemble are summarized in Table I [73,74]. Our results
for the nucleon and pion GFFs are consistent with but more
precise than those of Ref. [59], which studied those states
on a subset of the data used in this work, including only
spin-conserving channels.

Our methods are similar to those of Ref. [59], but with an
improved statistical analysis and with the necessary exten-
sions to treat hadrons of higher spin. The calculation
proceeds independently but analogously for each hadron,
in several stages detailed in Appendix A:

(i) Compute (hadron-independent) measurements of
the symmetric traceless gluon EMT, discretized
and projected to irreducible representations (irreps)
of the hypercubic group that are protected
from mixing with lower-dimensional operators
(Appendix A 1).

(i) Compute hadronic two-point correlation functions
(Appendix A 2) and three-point correlation functions
(Appendix A3) including insertions of the
gluon EMT.

(iii) Extract hadronic matrix elements of the gluon EMT
by fitting ratios of three- and two-point correlation
functions (Appendix A 4).

(iv) Extract the renormalized gluon GFFs by fitting the
constraints defined by the measured matrix elements
and Eq. (1) (Appendices A 5, A 6), incorporating the
renormalization factors for the different irreps com-
puted using a nonperturbative RI-MOM prescription
and a one-loop perturbative matching to MS at
u =2 GeV. We neglect effects due to mixing with
the quark GFFs under renormalization, which are
expected to be O(10%) [56,75] and thus small
compared with the statistical uncertainty of the
calculation.

TABLE 1. Specifics of the ensemble used for the lattice QCD calculation. An average of N, sources are measured on each of N

configurations. For more information see Ref. [73].

L/a T/a p am,; am a (fm) L (fm)

T (fm)

my (MGV) mg (MeV) an mnT chgs Nmeas

32 9% 6.1 —0.2800 —0.2450 0.1167(16) 3.7

11.2 450(5)

596(6) 85 256 2820 235
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FIG. 1. AZ(1) (a) and D% (1) (b), renormalized at 4 = 2 GeV in the MS scheme. The bands correspond to the multipole form [Eq. (2)]
with n = 3 and the modified z-expansion [Eq. (3)] with k,, = 2, with fit parameters shown in Table II.

Our lattice calculation yields the GFFs at a set of discrete
values of the squared momentum transfer ¢ but, as dis-
cussed in Sec. III, subsequent extrapolations to the forward
limit and derivations of densities and radii require models
of the r dependence of the GFFs. We consider two different
ansitze, a multipole and a modification of the z-parameter
expansion or “z-expansion” [76,77]. The multipole form is
defined as

a

G, (1) = =Ny (2)

TABLE II.  Fit parameters of the multipole [Eq. (2)] withn =3
and the modified z-expansion [Eq. (3)] with k., =2 and n =3
models for the ¢ dependence of the renormalized pion GFFs. For
all GFFs, the parameter A of the z-expansion fit is consistent with
the prior provided by the tripole fit and is thus not shown. The
parameters « and «;, are renormalized at 4 = 2 GeV after fitting
the bare GFFs as described in Appendix A 5.

Tripole a A (GeV) y?/d.of.
Aj(1) 0.537(45) 2.561(43) 0.9
Di(1) ~0.793(84) 1.90(11) 1.3
z-expansion o a a y?/d.of.
Ag(t) 0.540(45) 0.14(10)  0.70(52) 0.8
D1 (1) ~0.793(70)  021(75)  2.0(7.3) 1.1
TABLE III. The forward-limit values of the gluon momentum

fraction and the gluon D-term, obtained from the tripole and
modified z-expansion fits to the pion GFFs, renormalized at y =
2 GeV in the MS scheme, with parameters shown in Table II.

Tripole z-expansion
A7(0) 0.537(45) 0.544(46)
D5(0) —0.793(84) —0.74(21)

where a and A are free parameters and we set n =3
(tripole) in order for all the integrals that define the energy,
pressure, and shear force densities discussed in Sec. III
to converge. As introduced in Ref. [77], the modified
z-expansion we consider is

1 kmux
G, (1) = M= oAy 2 ™ [z(1)], (3)
where
Z(Z‘):\/l‘cut_l‘_\/tcut_tO (4)

\/tcut_t+\/tcut_t0’

a; are free parameters, and A is constrained as described
below. This functional form can be interpreted as a series of
corrections to the envelope defined by the multipole form,
which coincides with Eq. (3) when k., = 0. The multipole
envelope is necessary for convergence of the density integrals
discussed in Sec. III. Following Ref. [77], we set k., = 2,
to = tew(l = /1 4+ (2 GeV)?/toy), and t, = 4m2, using
m, = 450 MeV. For each GFF, we use A obtained from the
multipole fit to the same GFF as a prior for the parameter A in
the z-expansion, retaining correlations between the prior and
the data,” thereby reducing the number of free parameters
to prevent overfitting and explicitly enforcing the notion of
the modified z-expansion as a correction to the multipole
envelope. As detailed in Appendix A, we fit the models to
bare GFFs and renormalize afterwards to circumvent the
d’Agostini bias [79]; in this section we present the resulting
renormalized parameters a and «;.

A. Pion

The pion matrix element of the symmetric gluon or
quark contribution to the energy-momentum tensor can be
decomposed as

*Compare with the discussion of “chained fitting” in Ref. [78].
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(x(p!) [T 2(p)) = 2PHPHAZ(1) + 225 (1) g
+ 3 (8 — g DE(1)
= O [AF(1). DF(1)] + trace, ()

where i € {q. g}, g, is the Minkowski space-time metric,
and we have defined the traceless piece (9?‘,’[’) for later

convenience. A7(0) is the traceless contribution to the
momentum fraction carried by the quarks or gluons and
must satisfy A7(0) = >, A7(0) = 1 because of Poincaré
symmetry. D7 (1) is related to the mechanical properties of
the pion. In the forward and chiral limits, the total D"(0),
also called the D-term or Druck term, is predicted to be —1
up to chiral-symmetry breaking effects [26,80,81]. ¢7(¢)
appears due to the nonconservation of the separate quark
and gluon contributions and vanishes for the total EMT,
ie., ¢&7(t) = ¢j(t) + >, ¢q(t) = 0.

Our results for the two renormalized traceless gluon
GFFs of the pion, A7(¢) and Dj(t), are shown in Fig. 1.
The fit parameters for the two ansétze, Egs. (2) and (3), are
shown in Table II, and the predicted forward-limit gluon

0.5 tripole
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momentum fraction and D-term are shown in Table III.
We note that the sum of our gluon D-term with the value
D7, ,(0) = —0.264(32) (extrapolated to the physical pion
mass) from Ref. [51] is statistically consistent with the
chiral prediction, although this may be a coincidence that

does not survive a chiral and continuum limit extrapolation.
B. Nucleon
For the nucleon, the GFFs of the symmetric gluon or

quark parts of the EMT are defined by

(N(p'.o))ITT*IN(p, 0))

iPg,0,0,A7
= a(p'.0') | Py AY (1) + 5 = BY (1)
my
i AA, — g, A2
g () + 25 DY) | u(p, o)
my

=u(p'. o) O, [AN (1), ...]Ju(p, o) + trace, (6)
where my denotes the nucleon mass, o,, = £[y,.7,], and
u(p, o) is the Dirac spinor, which satisfies
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FIG. 2. Al(¢) (a), D) () (b), and BY (1) (c), renormalized at 4 = 2 GeV in the MS scheme. The bands correspond to the multipole
form [Eq. (2)] with n = 3 and the modified z-expansion [Eq. (3)] with k_,, = 2, with fit parameters shown in Table IV.
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TABLE IV. Fit parameters of the multipole [Eq. (2)] withn =3
and the modified z-expansion [Eq. (3)] with k., =2 and n =3
models for the ¢ dependence of the renormalized nucleon GFFs.
For all GFFs, the parameter A of the z-expansion fit is consistent
with the prior provided by the tripole fit and is thus not shown.
The parameters a and «; are renormalized at 4 =2 GeV after
fitting the bare GFFs as described in Appendix A 5.

Tripole a A (GeV) y?/d.of.
AN (1) 0.429(39) 1.641(43) 11
Bﬁjv(t) 0.097(26) 4.02.5) 1.4
ng(t) —1.93(53) 1.07(12) 2.0
z-expansion a a a y%/d.of.
AY(1) 0426(38) -0.22(22) -12(12) 09
BY(r) 0.108(16) —0.19(20) -29(32) L.
Dy(l) —2.09(35) 18.0(7.9) 132(58) 1.0

> u(p.o)i(p.o) = p+ my, (7)

(o2

where 6 € {—1/2,+1/2}. Equation (6) is often expressed
in terms of the form factor J¥(7) = (AN(¢) + BN(1))/2
instead of BY (t), where the total JV(0) = 1/2 is the spin of
the nucleon. As for the total GFFs for spin-O states,
AN(0) = 1 and &"(¢) = O for the GFFs of spin-1/2 states.
The new form factor BM(¢) that appears for hadrons of
spin > 0 must obey BY(0) =0 due to the vanishing of
the anomalous gravitomagnetic moment of spin-1/2 fer-
mions [5,11,82-88]. The are no a priori restrictions on the
D-term of a spin-1/2 hadron, but for a free fermion
DN(0) =0 [89].

Our results for the three renormalized traceless gluon
GFFs of the nucleon are shown in Fig. 2, the tripole
and modified z-expansion fit parameters are shown in
Table IV, and the predictions for the forward-limit gluon
contributions to the momentum fraction, D-term, and
angular momentum are shown in Table V. Note that the
increase order-by-order of the parameters in the modified
z-expansion fit for the D-term are not of concern, as we
consider here a modification of the standard z-expansion
for which the guarantees of convergence for the standard
form do not apply.

These results are based on a superset of the data
presented in Ref. [59], including a larger number of
sources per configuration and all four nucleon

TABLE V. The forward-limit values of the gluon contributions
to the momentum fraction, D-term, and angular momentum of the
nucleon, obtained from the tripole and modified z-expansion fits
of the nucleon GFFs renormalized at y =2 GeV in the MS
scheme, with parameters shown in Table IV.

Tripole z-expansion
A(0) 0.429(39) 0.414(40)
DY (0) —1.93(53) 0.4(1.2)
JQ’(O) 0.263(26) 0.211(57)

polarization channels, rather than only the two spin-
conserving ones. The additional data allows a nonzero
functional fit for BY(¢) to be resolved. Additionally, the
behavior of A} () and D () in the lower half of the —r
region studied is shifted slightly compared to what was
found in Ref. [59]. These updated results show a quali-
tative difference between the low-|z| behavior of the model
obtained for DY) () with the tripole functional form (that is
by definition monotonic), and the modified z-expansion
fit (that is allowed to be nonmonotonic). In general,
monotonically increasing behavior is universally expected
for the total D-term of any stable mechanical system [90];
however, no such prediction exists for the individual quark
and gluon contributions. It is not clear whether the
suppression of the lowest-|¢| point of D (z) is physical
or due to a statistical fluctuation or unquantified system-
atic uncertainty. If physical, it would imply a qualitatively
different ¢ dependence of the gluon GFFs compared with
that typically assumed for the quark GFFs, and suggest
that the multipole functional form often used by default
for these quantities is not a good model at low |¢. If the
first data point is considered an outlier and excluded from
the z-expansion fit, the resulting error bands do not
exclude nonmonotonicity but encompass both monotonic
and nonmonotonic forms.

Our predictions for AY(0) and J(0) are statistically
consistent with the equivalent quantities found in a lattice
QCD calculation at quark masses corresponding to the
physical value of the pion mass [56].

C. p meson

Following the conventions of Ref. [91], the matrix
elements of the gluon or quark contribution to the sym-
metric EMT for the p meson can be decomposed as

054509-5
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parameters shown in Table V1. No fit is shown for D{(¢) because the corresponding data is not well described by either functional form.
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= 3 (0. 2 )eu (P VO (A (1), A8 (1), D (1), DA (). J20). E (1), 5 (1) + trace, (8)

where m, denotes the mass of the p meson, and €,(p. 1) is
the polarization 4-vector for a massive spin-1 particle,
which satisfies

PaP
D ealp.A)eyp(p2) = ~gap + 5" = A} (p)  (9)
A

14

with 4 € {1,0, —1}. Note that the subscript p in m, and the
superscript p in the GFFs such as Af) ;(¢) is a label for the
p meson and not a Lorentz index.

The momentum sum rule constrains the total momentum
fraction to be A”(0) = Aj(0) =1, and the forward-limit
angular momentum must be equal to the spin of the hadron,
i.e., J?(0) = 1. The interpretation of the D-term of the p
meson is more complicated than those of the pion and the

TABLE VI. Fit parameters of the multipole [Eq. (2)] withn =3
and the modified z-expansion [Eq. (3)] with k., =2 and n =3
models for the ¢ dependence of the renormalized p GFFs. The
signal for Df (1) is not well described by either functional form
and therefore no fit is shown. For all GFFs that have been fit, the
parameter A of the z-expansion fit is consistent with the prior
provided by the tripole fit and is thus not shown. The parameters
a and oy are renormalized at y = 2 GeV after fitting the bare
GFFs as described in Appendix A 5.

Tripole a A (GeV) y?/d.of.
A (1) 0.485(41) 2.205(41) 0.8
A7 (1) —0.281(84) 1.97(43) 0.5
D} (1) 1.16(14) 2.01(14) 1.9
Jo(1) 0.491(42) 2.327(44) 0.6
ES(1) 0.295(41) 2.33(25) 0.7
]_”’g)(t) —0.178(15) 3.63(22) 0.8
z-expansion a a a y?/d.of.
Ap (1) 0.485(41)  —0.04(11) —023(66) 0.7
A’l’,g(t) —0.276(42) —0.10(71) =2(11) 0.5
D} (1) 1.19(11)  —0.86(85) —12(12) 1.6
VAG! 0.494(42) —0.105(69) —1.01(66) 0.4
E(1) 0301(29) —0.11(24) -17(3.8) 06
Q) —-0.179(15)  0.005(54)  0.04(37) 0.7

nucleon, since there are three such terms [48,91], one of
monopole and two of quadrupole order, corresponding to
frame-dependent linear combinations of D{j(0), D/ (0), and
E’(0). Here we focus on the forward limit of the form
factor that is the coefficient of the same Lorentz structure
corresponding to the D-term GFFs of the nucleon and
pion, namely D’(0) = —D{(0), which is unconstrained
from theory. There are two GFFs that arise from the trace
of the EMT, &} (¢) and ¢, (r), and their contribution to the
total EMT must be equal to zero. In contrast to the pion and
the nucleon GFF decompositions, the traceless piece of
the EMT matrix element for hadrons of spin-1 gives rise to
a nonconserved GFF, ff’(t) which we can access in our
calculation and vanishes when summed over the quark and
gluon contributions.

Our results for the seven renormalized traceless gluon
GFFs are shown in Fig. 3. Model fit parameters are
tabulated in Table VI, excluding for the GFF D’f!g(t),
which is not well described by either model ansatz. The
conserved gluon predictions of these quantities are pre-
sented in Table VIL

We find that approximately half of the angular momen-
tum of the p meson is carried by gluons. Interestingly, the
NJL model [33] predicts that half is carried by the quark
spin. Just as in the nucleon case, we find a significant
difference between the forward limit of the D form factor
resulting from the tripole fit and the z-expansion (see
Table VI) which can be traced to the difference of the
two fits in the low momentum region of D‘& q(t) as seen in

TABLE VII. The forward-limit values of the conserved gluon
contribution to the momentum fraction, D form factor, and
angular momentum of the p meson, with definitions provided
in the text. The values are obtained from the tripole and modified
z-expansion fits of the p GFFs, renormalized at 4 = 2 GeV in the
MS scheme, with parameters shown in Table VI.

Tripole z-expansion
A5(0) 0.485(41) 0.482(42)
D50 ~1.16(14) —0.81(38)
J5(0) 0.491(42) 0.469(42)
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FIG. 4._F1A(;g(t) (@), F1(1) (0), Fai’ (1) (), Foi (1) (d), F3i?(1) (e), F3i’(1) (£), F5;(1) (2), and Fgi’(¢) (h), renormalized at y = 2 GeV
in the MS scheme. The bands correspond to the multipole form [Eq. (2)] with n = 3 and the modified z-expansion [Eq. (3)] with
kmax = 2, with fit parameters shown in Table VIII. No fit is shown for the four GFFs that are not resolved from zero.
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TABLE VIII.  Fit parameters of the multipole [Eq. (2)] with
n =3 and the modified z-expansion [Eq. (3)] with k., =2
and n = 3 models for the # dependence of the renormalized A
GFFs. Only four of the eight GFFs are fit, as the others are
not resolved from zero as seen in Fig. 4. For all GFFs that
have been fit, the parameter A of the z-expansion fit is
consistent with the prior provided by the tripole fit and is
thus not shown. The parameters a and a; are renormalized at
u =72 GeV after fitting the bare GFFs as described in
Appendix AS.

Tripole a A (GeV) & /d.o.f.
FlAOg(t) 0.393(36) 1.788(66) 1.2
FzAO(/(t) —1.80(69) 1.10(17) 2.3
Fﬁdg(l‘) 0.587(78) 1.421(78) 2.0
Fgo-g(t) 0.0492(89) 2.26(38) 2.1
z-expansion o o a y*/d.of.
Faa(r) 039535) —0.19(21) —12(1.4) 1.0
FZA(;‘(](I) —2.36(42) 18.8(8.4) 153(68) 1.3
Fio) 0.623(62) —0.56(49) —-7.0(60) 1.6
FAo) 0.0554(69) —0.154(97) —1.49(93) 1.5

(A(p", )T |A(p, &)

PrPY AZA”

=iy (p'.¢) [— <—9W/F1Adi(f) + M”fii(f)) +

LN
o
ATAY

s (= 0+ G P 0) +
A

mu

iPHgr A

ma

TABLE IX. The forward-limit values of the conserved gluon
contribution to the momentum fraction, D form factor, and angular
momentum of the A baryon, obtained from the tripole and
modified z-expansion fits of the A GFFs, renormalized at y =
2 GeV in the MS scheme, with parameters shown in Table VIIL

Tripole z-expansion
Aﬁ (0) 0.393(36) 0.378(38)
DgA(O) —1.80(69) 0.9(1.5)
JgA(O) 0.588(78) 0.41(18)

Fig. 3(c). Here the first data point again suggests non-
monotonic behavior that cannot be captured by a multipole
form, but it is unclear whether this is a physical effect or
due to a statistical fluctuation or underestimated systematic
uncertainty. In Ref. [48], the total D{(7) from the light-front
constituent quark model was found to be nonmonotonic, in
contrast with the prediction from the NJL model [33].

D. A baryon

For the A baryon, the matrix element of the quark or
gluon symmetric EMT can be decomposed as [37]

, ; AaAa’ ;
(—g"“ F5(t) + = F3; (t))

2
2my

AHAY — g/wA2
4mA

. A(z’Aa .
2 (a3 + 50 P
A

2 / / / 7 / 7
+—— (Al HEAT — AN — g U le AT FG (1) = 27 Mg N m s F, ?dl(f)} uy(p. &)

= i1y (', &) O(6) " [F16 (1) Fii* (1), Fog (1), Fai' (1), Fig (1) Fi' (1), F5g' (1), o' (0)]ug(p. &) + trace, (10)

where m, denotes the mass of the A baryon, and u,(p, &) is
the Rarita-Schwinger spin-vector satisfying

> u,(p. &)t (p. &)
:

:_ﬁ_‘_mA q _lyy _2p6p1+p67/1_p1y6
2my T2 3my 3my
=AY (p) (1)

with £ € {3/2,1/2,-1/2,-3/2}.

The total momentum fraction A*(0) = F4,(0) is con-
strained to equal 1. As with the p, there are three total
D-terms of different order and we again focus our dis-
cussion on the form factor that is the coefficient of the
same Lorentz structure as the nucleon and pion D-terms,
namely D*(0) = F5,(0). The total forward-limit angular

momentum, J2(0) = F4,(0), is constrained to be equal to
3/2 [37]. Just as in the case of the p meson, there are
nonconserved GFFs related to the trace piece, F3; () and
F2(t), that we do not have access to in this calculation,

and one nonconserved GFF Fg'(1), that arises from the
traceless EMT and that we are able to constrain.

Our results for the eight renormalized traceless gluon
GFFs of the A baryon are shown in Fig. 4. Only four of
them are resolved from zero, and their fit parameters are
shown in Table VIII. The conserved gluon contributions to
the forward limit quantities obtained from the tripole and
z-expansion fits are shown in Table IX.

III. DENSITIES AND RADII FROM GFFs

In the decomposition of the matrix element
(h(p',s")|T¥|h(p,s)), the GFFs are Lorentz scalars but
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Traceless gluon contributions to the pressure (a-b), shear force (c-d), and energy (e-f) distributions of the pion in the 3D BF, 2D

BF, and in the IMF. The figures in the left (right) column correspond to densities computed from the tripole (modified

z-expansion) fits, with fit parameters given in Table II.

their coefficients depend on the reference frame. The spatial
energy, pressure, and shear force densities of hadrons are
related to Fourier transforms of the momentum space
matrix elements, and therefore are also frame dependent.
In this work we consider these densities in two frames,
namely the Breit frame and the infinite momentum frame.

Breit frame (BF).—The “brick-wall” frame in which
there is no energy transfer to the system, A° =0, and
additionally P = 0. This is the frame traditionally used to
define spatial distributions, such as the charge distribution

in terms of the electromagnetic form factors [92]. The
equivalent 3D density for the EMT in the BF (the BF3
density) is

yv dSAe_iA.r /oo HY
Ti,BF3<r> = 42})0(2”)3 <h(P , S )|Ti |h(P, S>>|P=O’
(12)

where PY = \/m7 + A%/4, while in a 2D plane, the (BF2)
density is equal to
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. dZA e—iArr »
oear) = [ S (BT Ao

(13)

It is known that the Fourier transform of a form factor in
the BF is not a relativistically correct way to define the
corresponding spatial distributions [93,94] since one is free
to multiply the distribution by a boost factor that cannot
be uniquely defined in relativistic quantum field theory.
However, following the phase-space approach introduced
in Refs. [95,96], Egs. (12) and (13) can be interpreted as
quasidistributions instead of densities, and there is no
ambiguity with respect to the boost factor.

Infinite momentum frame (IMF).—The elastic frame in
which A-P =0 and P, = oo. In this frame there is
Galilean symmetry in the transverse plane and thus 2D
Fourier transforms of the momentum tensor matrix ele-
ments can be interpreted as spatial densities.” The expres-
sion for the EMT density in this frame is

v JZAJ_E_iALr v P.—>oc0
() = [ St 0 ITE N )

(14)

where Py = \/m7 + A%/4 + P2. We note that for the case

of the pressure and shear forces of spherically symmetric
hadrons, it was recently shown that the densities in the two
frames are related by Abel transformations [101].

A. Pion

The expressions for the various EMT distributions of
the pion in terms of the corresponding GFFs are listed in
Appendix B 1. In Fig. 5, we present our results for the
gluon contribution to the energy density (r), the pressure
p(r), and the shear forces s(r) in the 3D and 2D BF, and
in the IMF. The definitions of the energy and pressure
densities of the individual constituents include the non-
conserved GFF ¢(t), which cancels between the quark and
gluon contributions. Since we cannot constrain this term
from our calculations, the results shown in Fig. 5, and for
the rest of the hadrons in the sections below, include only
the traceless gluon contribution to the densities.

? Another frame that can be considered is the front-form Drell-
Yan frame, in which A_ = 0 and A, = 0. 2D Fourier transforms
in the Drell-Yan frame can be correctly interpreted as spatial
distributions [33,95,97-99], since in the light-cone transverse
boosts are Galilean [100]. We choose not to discuss this frame
here, since the energy density corresponds to a different compo-
nent of the energy momentum tensor and is thus not directly
comparable with the instant-form energy density. The pressure
and shear forces for the pion and the nucleon are identical in the
infinite momentum frame and the Drell-Yan frame.

From the pressure density, it is interesting to test whether
the 3D and 2D von Laue stability conditions [102] for the
total pressure of a composite particle

/ d’””ZPBF3(”) =0,

A /0 dUHPBFz/IMF(’l) =0

(15)

hold for the traceless gluon piece alone. Indeed, by
numerical integration we find that the pressures are con-
sistent with the von Laue condition in all frames and using
both multipole and z-expansion functional forms to model
the ¢ dependence of the GFFs. Another important stability
condition first shown in Ref. [88] and recently extended in
Ref. [98] is that for the total D-term

D(0) <0, (16)

which is satisfied by the gluon contribution to the pion
D-term in Table II. We also find that the hadron stability
conditions [88,99]

2
per3(7) +§SBF3(”) >0
1
Per2/vE(7L) + ESBF2/IMF(rL) >0 (17)

hold for the traceless gluon piece of the pion pressure
and shear force, which allows us to define a partial gluon

TABLE X. Conserved gluon contributions to the mechanical
and mass radii of the four hadrons, as defined in Eq. (B5) and
Appendix B. For the A and p, the contributions from GFFs that
were not fit in Sec. II are neglected. Only the mechanical radii
corresponding to frames and models for which the mechanical
stability requirement of Eq. (17) is satisfied are shown.

/<”;2z.g> [fm] BF3 BF2 IMF

Mechanical tripole 0.465(19) 0.380(16)  0.294(16)
Mechanical z-expansion  0.42(36) 0.34(29) 0.305(30)
Mass tripole 0.435(25) 0.355(20) 0.1594(74)
Mass z-expansion 0.452(68) 0.369(56)  0.215(17)
1/<r12\,,g> [fm]
Mechanical tripole 0.631(68) 0.517(57) 0.517(57)
Mass tripole 0.382(33) 0.312(27) 0.213(14)
Mass z-expansion 0.27(11) 0.217(91) 0.238(38)
(rzA.g> [fm]
Mechanical tripole 0.588(96) 0.471(81) 0.503(77)
Mass tripole 0.387(33) 0.289(28) 0.239(16)
Mass z-expansion 0.20(15) 0.16(23) 0.235(12)
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mechanical mean square radius for the pion (r2 ) [see
Eq. (B5)]. Our results for the mechanical radii as well as the
mass radii, defined in Appendix B 1 as appropriate aver-
ages of the distance from the center of the hadron weighted

by the energy density, are presented in Table X.

B. Nucleon

The BF and IMF densities of the nucleon EMT have
been studied previously [19,77,88,95] and are defined in
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Appendix B 2. We note that the 2D Breit frame pressure
and shear force coincide with their IMF equivalents. Our
results for the symmetric traceless gluon contributions to
the densities are shown in Fig. 6. The difference between
the results based on tripole and z-expansion fits to the GFFs
is due to the difference between the two fits of D} (¢) in the
low —f region, as discussed in Sec. I B. A nonmonotonic
gluon D) (r) causes the traceless gluon pressure to have
two nodes, which is different than the form of the quark
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FIG. 6. Traceless gluon contributions to the pressure (a-b), shear force (c-d), and energy (e-f) distributions of the nucleon in the 3D BF,
2D BF, and in the IMF. The figures in the left (right) column correspond to the tripole (z-expansion) fits, with fit parameters in Table V.
The expressions for the pressure and shear force are identical in the 2D BF and the IMF.
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FIG. 7. Traceless (partial) gluon contributions to the lowest-order pressure (a-b), shear force (c-d), and energy (e-f) distributions of the
p meson in the 3D BF, 2D BF, and in the IMF. The figures in the left (right) column correspond to the tripole (z-expansion) fits, with fit
parameters in Table VI. The BF2 contribution to the energy density is not constrained within the range of the figure axes.

pressure distribution as found in Ref. [19]. Future lattice,
experimental, and phenomenological extractions of Dﬁ;’ (1)
and D} (¢) will help to clarify the picture.

From the nucleon density results, we find that the
pressures in all frames and models are consistent with
the von Laue condition (15); however, Eq. (17) is only
satisfied for the tripole fit. Moreover, the D-term fit by the
z-expansion is not strictly positive within uncertainty, and
thus we only present the mechanical radius of Eq. (B5) for

the tripole fit. The mass radii definitions are shown in
Appendix B 2, and the corresponding numerical results of
all radii are presented in Table X.

C. p meson

Beyond the lowest-order energy, pressure, and shear
force densities of the pion and the nucleon, the structure of
hadrons of spin =1 or higher depends on additional
quadrupole densities. The BF3 densities and mass radii
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Traceless (partial) gluon contributions to the quadrupole order pressure (a-b), shear force (c-d), and energy (e-f) distributions of

the p meson in the 3D BF. The figures in the left (right) column correspond to the tripole (z-expansion) fits, with fit parameters in

Table VI.

of the p meson were derived in Refs. [48,91] and are listed
in Appendix B 3. We also derive expressions for the lowest-
order BF2 and IMF distributions.

Our numerical results for the lowest-order (Fig. 7) and
higher-order densities (Fig. 8) are partial and exclude terms
depending on D/?(z), since its signal is not well modeled
by the ansitze considered here, as discussed in Sec. 11 C.
We note that almost all of the quadrupole densities are
poorly constrained, and therefore we only consider the
mechanical stability conditions for the lowest-order

densities. In particular, Eq. (17) only holds for the BF3
and BF2 from the tripole GFFs fits. The corresponding
mechanical radii of Eq. (BS) and the mass radii are shown
in Table X.

D. A baryon

The BF3 distributions for the A baryon were first
presented in Ref. [103] and extended in Ref. [36],
and are listed in Appendix B4, along with our derived
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FIG. 9. Traceless (partial) gluon contributions to the lowest-order pressure (a-b), shear force (c-d), and energy (e-f) distributions of the
A baryon in the 3D BF, 2D BF, and in the IMF. The figures in the left (right) column correspond to the tripole

(z-expansion) fits, with fit parameters in Table VIII.

lowest-order BF2 and IMF contributions to the densities.
The higher-order densities are not well constrained, and we
limit our mechanical stability check to the lowest-order
densities only. We find that Eq. (17) only holds for the
tripole fits to the GFFs. Our estimates for the accessible
gluon mechanical and mass radii are shown in Table X.
As discussed in Sec. I D, we were able to model only four
of the A gluon GFFs with the tripole and z-expansion fits,

and therefore our results for the gluon densities shown in
Figs. 9 and 10 and the radii in Table X are partial.

IV. SUMMARY AND CONCLUSION

In this work, we present a lattice QCD extraction of the
gluon GFFs of the pion, nucleon, p meson, and A baryon
at quark masses corresponding to a pion mass m, =
450(5) MeV in the range 0 < —t <2 GeV2. All of the
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pion and nucleon GFFs, along with six of seven of the p
and four of eight of the A GFFs, are fit using the
multipole and modified z-expansion models of Eqgs. (2)
and (3). Most of the GFF fits are consistent between
the two models considered, with the most significant
exception being the nucleon D} (r) which, while consis-
tent within error, shows a qualitative difference in
behavior between the (monotonic) tripole fit and (non-
monotonic) z-expansion fit. Further calculations with
different ensembles are needed in order to determine
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whether this nonmonotonicity is physical, or the result of
poorly quantified systematic uncertainties or a statistical
fluctuation in the data. This inconsistency, however,
brings to attention the importance of considering a variety
of models when studying the GFFs of hadrons at different
values of the energy transfer.

In Figs. 12, 13, and 14 we provide a summary of the
gluon contributions to the momentum fraction form factor
A" (1), angular momentum form factor J” (), and the D" ()
form factor. In all cases, the meson GFFs fall off more
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FIG. 10. Traceless (partial) gluon contributions to the lowest-order pressure (a-b), shear force (c-d), and energy (e-f) distributions of
the A baryon in the 3D BF. The figures in the left (right) column correspond to the tripole (z-expansion) fits, with fit parameters in

Table VIII.
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FIG. 11. Results for the gluon momentum (a) and spin (b)

fractions of the pion, p meson, nucleon, and A baryon as listed in
Tables III, V, VII, and IX.

slowly as functions of —¢ than the baryon GFFs. It will be
important for future work to study them at higher magni-
tudes of energy transfer in order to fully quantify their
behavior. In Fig. 11, we summarize the forward limit results
for the gluon momentum and spin fractions, with the gluon
spin fraction defined as the ratio J%(0)/J"(0) of the gluon
contribution to the forward-limit angular momentum J(0)
and the total spins J(0) of the corresponding hadrons.
The gluon momentum fraction is larger for the mesons
and smaller for the baryons, decreasing with increasing
hadron mass.

Additionally, for each model of the # dependence of the
GFFs we compute the gluon contributions to the hadron
energy, pressure, and shear force spatial densities and mass
radii, as well as their mechanical radii given stability
conditions are satisfied. We consider both the Breit frame
and the infinite momentum frame of the densities and the
radii. The estimates made using each model are consistent
with each other, with the exception of a discrepancy in the

2GeV)

Al (MS,

0.0 1

0.60 0.'25 0.'50 O.'75 1.60 1.'25 1.'50 1.'75 24'00
—1[GeV?]

FIG. 12. Tripole fits to the Al(¢) form factor, corresponding in
the forward limit to the gluon contribution to the momentum
fraction, for the four hadrons, with fit parameters shown in
Tables II, IV, VI, and VIII. The equivalent figure showing
z-expansion fits is indistinguishable.

nucleon gluon D-term and energy, pressure, and shear force
densities between the two ansitze, that can be traced to the
nonmonotonicity of the DY () z-expansion fit.*

For the aforementioned hadronic quantities that addi-
tionally depend on trace or antisymmetric GFFs, or on the p
and A GFFs that are not consistent with our fit models, we
provide partial contributions from only the GFFs that we
have constrained. In order to better understand in what
ways the gluons and quarks separately contribute to the
gravitational structure of hadrons, it will be important to
constrain all of the GFFs in future studies. Moreover, our
renormalization procedure for the gluon EMT does not
include mixing with quark operators. Due to the small
magnitude of the mixing renormalization coefficient
[56,75], the effect is expected to contribute at the level
of a few percent, which is negligible compared to the
current statistical uncertainties of the calculation.

This study uses heavier-than-physical quark masses at a
single lattice spacing and volume, and therefore our results are
subject to unquantified systematic uncertainties that need to
be addressed in future studies. For the pion and nucleon,
repeating the calculation of the gluon GFFs using different
ensembles is critical in order to control the effect of systematic
uncertainties for comparisons with future experimental data
from J/y and Y production processes. For unstable hadrons
like p and A, lattice QCD methods are the only known way to
access their gluon GFFs; studying them at lighter quark
masses, where they are not stable, will require more computa-
tionally involved Liischer method analyses [104—107].

“The IMF energy density does not depend on DY () and is
consistent between the tripole and the modified z-expansion fits.
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FIG. 14. Tripole (z-expansion) fits in the left (right) panel to the Df]‘(t) form factor for the four hadrons, with fit parameters shown in
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APPENDIX A: NUMERICAL AND
ANALYSIS DETAILS

1. Symmetric traceless gluon EMT
and renormalization

The symmetric traceless part of the EMT, T, can
be obtained via the Belinfante-Rosenfeld process5 [125]
and can be decomposed into gluon and quark terms,
™ =T+, Ty, where

. 1
Ty =2t |FF Y+ ¢ FF ).

T = ip, Dy, — i¢"ip, Py, (A1)

where F* is the gluon field-strength tensor of QCD, D,, is

<~ - -
the covariant derivative, D = (D' =D")/2, y* are the
Dirac matrices, the repeated indices are contracted with
the Minkowski space-time metric ¢"*, and the trace is over
the color indices.

The gluon field-strength tensor F*¥ can be defined up to
finite lattice spacing corrections on a Euclidean spacetime
lattice as

i
o (P uv (x)

800 (A2)

Fpo(x) = ~ Plu(x)).

where ¢, is the bare gauge coupling, the label E denotes
Euclidean spacetime, and P, (x) is the clover term defined
in terms of gauge links U, (x) as

(A3)

The momentum-projected traceless symmetric piece of the
gluon EMT in Euclidean space can be defined as

= Ze_iA'xT/gtf(X, 7p)

X

= S| x50 .7
X

T;gf(A’To)

5FF] (A4)

4 e apt ap
where the repeated indices are contracted with the

Euclidean metric O (i.e., the Kronecker delta in four
dimensions) and the trace is over the color indices. In

>See e.g., the Appendix E of Ref. [124] for a review.

continuous spacetime, a traceless symmetric tensor trans-
forms in the (1, 1) representation of the Lorentz group.
However, Lorentz symmetry is reduced to hypercubic
symmetry on the lattice and therefore lattice operators
transform in irreps of the symmetry group H(4). There are
two choices of irreps that are safe from power-divergent

mixing with lower-dimensional operators, namely T§3> and

6) [126]. We thus project all operator measurements of
T ,Zf to particular bases for these two irreps,

A 1 N

196 =2 (9 + 195 - 74 - 1),
1.1

A 1 . . | N A

95 = —= (T8 -T9F), 1% =—=(T% -T%),
TQ 3 ( 2z 28 ) 532) \/E( XX yy )

T =— (T + 10, wve {xy,xz.xt,yz. yt. zt}.
73,i={1.....6) 2

(AS)
We compute all operators in the 153) and réG) irreps for all
lattice momenta satisfying |A|> < 18(2z/L)?. To suppress
gauge noise, we improve the operators by constructing
them from gauge links that have been subjected to Wilson
flow [127-129] to flow time #/a* = 1 (with integrator step
size ¢ = 0.01). Different choices of flow time, as well as
use of hypercubic smearing instead of Wilson flow, have

been shown to give consistent results [63,130].

At finite lattice spacing, the two irreps r<13) and 7§6)

renormalize differently and only coincide in the con-
tinuum limit, but all operators within each irrep share the
same renormalization factor by symmetry. Reference [59]
carried out a nonperturbative RI-MOM calculation
[131,132] of the renormalization factors of these operators
on a smaller-volume ensemble for the same parameters
as those used in this work. With a one-loop perturbative
matching to the MS scheme [133], this yielded the
renormalization coefficients’

Z( (u =2 GeV) = 0.9(2),

) ?(u =2 GeV) = 0.78(7). (A6)

which renormalize the lattice operators multiplicatively
s [T9EIMS = Z[T9] where R indexes the irrep. The
renormalization factors were computed for the same
flowed definition as used in this calculation [59]. The

Note that these values correspond to 1/g3 = /4N, with
p = 6.1, corresponding to the bare lattice operator definition used
in this work. For the tadpole-improved Liischer-Weisz gauge
action, this differs from the continuum normalization which is
B(1 —2/5u3)/2N,, where u, is the tadpole factor. The renor-
malized operator is independent of this choice.
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uncertainties on these quantities are dominantly system-
atic and, because they were computed on a different
ensemble, uncorrelated with the rest of the data. We
choose to model their distribution as uncorrelated
Gaussians. As in Ref. [59], we neglect mixing with the
quark operators under renormalization, which is expected
to contribute at the few-percent level [56,75].

2. Two-point correlation functions

As detailed in the main text, we use a single lattice
ensemble in this work; parameters for this ensemble are
listed in Table I. Using matching valence and sea quark
actions, we compute two-point functions for varying
numbers of light-quark sources on each configuration,
using an average of 235 randomly chosen locations
(240 for 80% of the configurations, 2200 for 90%). As
described below, our analysis accounts for differing
numbers of sources by weighting configurations propor-
tionately when drawing bootstrap ensembles. For each
source position, we invert from a smeared source (S) and
construct propagators for both a point (P) and smeared
sink (S), with matching source and sink smearing for
the SS propagators, using APE smearing [134] with 35
steps of gauge-invariant Gaussian smearing with width
p =4.7. From each propagator we construct two-point
correlation functions for each hadron using the interpolat-
ing operators

(x) )
I (%) = [y () Crswa(x)Jw, (x)
H0(x) = 7, (Orwa(x),
X (%) = [ () Cr i () (x) (A7)

where all gamma matrices are Euclidean, C is the charge
conjugation matrix, and color and spinor indices are left
implicit.

The interpolating operators overlap with the lowest-lying
hadronic states as

(Oly" (x)|m(p)) = Zge™™,
(Ol (x)IN(p. o)) = Zyu(p. o)™,
(Olra(x)lp(p. 4)) = Zyeq(p. A)e™™.
(Olz (x)|A(p. £)) = Zpua(p. §)e™™, (A8)

where Z, is an overlap factor, €,(p,4) is a spin-1
polarization vector with 4 € {1,0,—1} and in a spherical

basis a € {+, —,0} such that
1 le.(p,A) £ ie,(p.2)]. ==
eu(p’ﬂ):{ﬂ[ (p.2) % ie,(p. 2)] (49)
e.(p,4), a=0,

u(p.o) witho € {1, -1} is a Dirac spinor, and u,(p,&)isa
Rarita-Schwinger spin vector with ¢ € {3, 2, -1,-3},
written in the same spherical basis as ¢,(p, 4) in Eq. (A9).

The momentum projected two-point correlation function
of the pion can be expressed as

Cr2P(p. ' X. o)

= 3 ety (x, )y (g 1)) =S

e_Egt, ~
2ET Zp
p

(A10)

Z

P

where Ej is the energy of the lowest-lying state with
momentum p, and Zp # Z, when the source and sink are

smeared differently. The two-point correlation function of
the nucleon for spin channel ¢ — ¢’ is

CP(p, 73X, 1)

_ Ze—lp X—Xg) tr <)(N(X l) (XO’ t0)>]
o e—Ef,’t’
=S __ 25 Z,Zptt[Cp, (P + my)], (ALL)

where 7 = y'y,, traces are over Dirac indices, and I, is a
2 x 2 block matrix that projects the four different spin
channels of the nucleon [135], i.e.,

Py (r.+ im)) (A12)
P+(1 _Yny) o'/o"

where P, =1(1+7y,) is a posmve energy projector. We
use all four poss1ble channels 0,6’ € {+1/2,-1/2}, add-
ing significant additional data over the analysis in Ref. [59]
where only the two spin-conserving channels were used.
The two-point correlation function of the p meson, in the
spherical basis of one of the 9 spin channels a — «’, can be
expressed as

r o < P+(1+}/xyy)
7\ Purre—iry)

o (B, 15 X0 1o)

_ Ze—zp X—X) (;/’ (x, t))(" (x0.19))

_E’¢
- € EP
—

AN

ZE/) PP aa(p) (A13)

where A ( )=, ex(p,A)es(p, A) [cf. Eq. (9)]. Finally,
we compute the two-point correlator of the A baryon for the

10 spin channels & — & where & > &,
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FIG. 15. Effective mass functions for all four hadrons, with the

results obtained using the SP (SS) correlation functions shown in
solid (translucent) color. The dashed line indicates the numerical
values used to compute kinematic coefficients, as listed in
Table XI.

A2
Cff/ pl(p, t/; X0, to)

= Y eI DL DY, T (5 (%, )78 (X0, 10))]

—EAt'
{00 € "P° 4 A
= g Z,Z,t[D5.u D, Ty AL (), (Al14)
p

where repeated indices are summed over, Afl,Aa) (p) =
Doty (P, &g (p, &) [ef. Eq. (11)], and the coefficients
D,‘fm are defined such that

D32

1/2,+ =1

_ D:3/2 _ Dl/2,0 _pl2 (A15)

1/2.— 1/2 -1/2.0

and wa = 0 for all other choices of {¢, o, a}.7
We average over sources to obtain per-configuration

h’ZPt(P,tf =1 —1y) for each hadron A,

measurements C,
|

Cp,3pt

TABLE XI. For each hadron: the mass used to calculate the
kinematic coefficients of the GFFs in lattice units, the number of spin
channels incorporated, the number of squared momentum transfer
bins (7 bins), and the number of ratios before and after combining
ratios with kinematic coefficients related by an overall sign.

Number spin Number Number Number
State  am;  channels Ry ;(P*,A*) tbins Rp,.
7 0.266 1 24086 26 672
N 0.724 4 175244 17 1940
p 0.534 9 385182 22 8084
A 0.878 10 453868 17 17839

weighting this average by the number of sources on each
configuration when forming bootstrap ensembles as dis-
cussed below. The effective mass for each hadron £ is
defined as

h,2,
5,0, 1))
S, CE (0.1, + 1)

() = g ) @

and constructed from the spin-averaged (over diagonal spin
channels for states with spin # 0) two-point functions.
The results for each hadron are shown in Fig. 15, along with
the numerical values that we use for the hadron masses m,
throughout this work, which are obtained via single-state
correlated fits to Eq. (A16), in regions in which the excited-
state contamination is smaller than the statistical uncer-
tainties of the effective mass function. The numerical
values are given in Table XI.

3. Three-point correlation functions and ratios

We construct hadronic three-point functions of the gluon
EMT operator, which are defined as

C%i’pt(p’ pir, X, ty) = Ze_ip/'(X_XU)eiA'(y_XO) o (x, t/)T%E,i(y’ T+ 10)7" (X0 1)), (A17)
Xy
Corii (PP T X0, 1) = D _e P Ol SNl (N (x, TR (y. 7+ 0)7V (0. 00)]. (AI8)
Xy
(DB 75X, 1g) = Y e PN MO0 (0 (x )T (v, 7 + 1)l (o, 10)), (A19)
Xy
(A20)

Com /(P P51 TiXg o) = Y e P00 D DF T8 (rA(x. )T, (y. T+ 1)1 (X0 10))).

X.y

"For the +3/2 — —1/2 channel we instead computed correlation functions corresponding to D

32 oN—1/2
124 — D1/2.— =1
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where repeated indices are summed over, (X, #y) and (x, ¢')
are the source and sink positions, (y,z) is the operator
insertion position, p and p’ are the three-momenta of the
hadron at the source and sink, A = p’ —p is the three-
momentum injected by the operator, and TRI is a gluon
EMT operator projected to irrep R and basis element i as
defined in Eq. (AS5). These three-point functions are
entirely disconnected and so may be computed by correlat-
ing two-point functions with measurements of the gluon
EMT, i.e., by computing

h 3pt

where T?g :(A,7) is the gluon EMT operator projected to

momentum A as in Eq. (A4). We average measurements
of the three-point correlation functions over sources
(translating appropriately) to obtain per-configuration mea-

g;i%i(p,p’; t; =1t —ty,7). Given
per-configuration measurements of the two- and three-point
functions, we draw 1000 bootstrap ensembles, weighting
the probability of drawing each configuration by the
number of sources measured on that configuration. To
improve signal-to-noise as discussed in Ref. [63], we

perform a vacuum subtraction of each three-point correla-

surements, denoted by C

m Rl(p p ’t 7 Xo,to)
—iA- h,2 ~gE
e iA XOCSS;pt(p/,ZJ;X(),Z())T%J-(A,T—Fto),

tion function
(A21)
|

(58 (0Bt ) = (C8 (b D17, )) — (C2 (), t>>< ! (A22)

N eTANTR (A T+ t0)>
src

(xo.t0)

within each bootstrap ensemble, where (...) indicates an ensemble average and the explicit sum is an average over sources.
We form ratios of two- and three-point functions to isolate the matrix elements of interest. For all hadrons the appropriate
ratio is the same, and is constructed as

(CF (.5 17.7))

(€. 1)

) (C (P 1 )HCR (P 7))
) (CR (p. 1)) (C (p. 7))

(¥ (p,ty -

(P (o1, = (A23)

Rss/;R.i(pﬁ p/; tf» T) —

within each bootstrap ensemble. We have suppressed dependence on the source and sink smearing, but we carry out this
computation separately using correlation functions constructed from SS- and SP-smeared propagators, yielding separate SS and
SP measurements of each ratio.

4. Coefficients, binning, and ratio fits

The ratio in Eq. (A23) is chosen such that the leading-order 7, 7 dependence and the overlap factors between the hadronic
ground state and the interpolating operator cancel. Thus, for sufficiently large separation between the source, sink,
and operator insertion times, the ratio asymptotically approaches a value proportional to the matrix element
(h(p',s)|T9,|h(p,s)) with exponentially suppressed excited state contamination. Specifically, for the four states of
interest h € {x, N, p, A}, the computed ratios are related to the matrix elements of interest as

@) (o0 . P20 )y ey L E(n)
Ryi(p.p's17.7) "— Rypi(P! AVY) = ——=0g7", (A24)
2, JERE",
P
50 tr[T + my) O +m
RErIZ’)-Ri(p’p/;tf,T) tfi>)> RE,IZ/)-RZ(Pﬂ A” [ (ﬁ N) R.i (ﬁ )} (AZS)
o | ’ 4\/ENEN (EY + my)(EN + my).
0 A(I/’), /OE(/’)““ a)
RY) - . (p. pitt) = RY) o (P AR) = ao(P') (7;) ()(p> (A26)
2\ B By AL ()AL (8,
>0 t[DE D5, T8 AD) (p)OE D AL
Rl (0. R's17.0) "= Rigle (P A) = DooPoalocted POk MtV

2\/EAEAtr[D§ Di b’FKKAEJ’)( )]tr[Dé Di’ ’F}%AAEC)( )]
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where P = (p + p')/2, A = p’ — p, the repeated Lorentz
indices a and & are contracted with the Minkowski metric,
and other repeated indices are summed over besides the
external spin indices o, ¢’ in Eq. (A25), a, a’ in Eq. (A26),
and &, & in Eq. (A27).

The matrix elements (’)féi’) are constructed as the

Euclidean analogs of the decompositions of O,(f,’,) =

O™ into GFFs in Egs. (5), (6), (8), and (10), projected
to the hypercubic irrep bases R, i defined in Eq. (AS). The

free Lorentz indices on O%(h) are Euclideanized using the
Euclidean-to-Minkowski matching relation
(M = OulxE, [OMF = (=) [OF]F, (A28
where % generates a factor of i on the temporal compo-
nent. It follows directly from F,, «[D,,D,] that the
Euclidean and Minkowski matrix elements of the gluon
EMT are related as
O — _jou ou O (A29)
Each ratio is associated with a different set of momenta
A* and P*, operator basis element R, i, and spin channel
s — s, all of which define a set of kinematic coefficients

KSS RI(P” A*) for the bare GFFs for irrep R in the
decomposition

R

TN
\\RIP A

ZKH (PR ANGE (7). (A30)

The GFFs are real, but the kinematic coefficients and
ratio measurements are generically complex, so the real
and imaginary parts of each ratio measurement provide
independent constraints on the GFFs; we thus treat each
part as a separate real-valued ratio associated with
real coefficients. We discard any ratio for which all
kinematic coefficients are zero. Energies appearing in
the expressions for the kinematic coefficients of each
hadron and ¢ = A? are set using the dispersion relation
E} = \/mj, + p°. Although the kinematic coefficients and
values of t+ = A? associated with each ratio are functions
of the hadron mass m; and lattice spacing a and so in
principle are only known up to some uncertainty (corre-
lated with the ratios), these errors are subdominant, so we
neglect them and evaluate the coefficients using a =
0.1167 fm and the numerical values of m, listed in
Table XI, obtained from single-state fits to the effective
mass as shown in Fig. 15.

We associate each ratio with a “z bin” so that we can
estimate model-independent values of the GFFs at discrete
values of 7. Bins are defined by grouping together any two
ratios associated with values of ¢ that differ by less than
0.03 GeV?, with no additional restriction on the maximum

width of each bin.® We define the value of  for each bin
as the average over t for all ratios in the bin. Figure 16
illustrates the resulting associations for each hadron. There is
a one-to-one correspondence between ¢ bins and values of
|A|? in the case of the baryons, but not in that of the mesons,
which is due to the smaller masses of p and 7 compared to N
and A. Within each ¢ bin, we average any ratios associated
with kinematic coefficients related by an overall sign within
each bootstrap draw, with each ratio multiplied by the
appropriate sign. We do not combine ratios from different
irreps, as they are renormalized differently, and we continue
to keep SS and SP ratios separate. This additional averaging
helps to compensate for gauge noise, providing clearer
signals for subsequent fitting. The resulting averaged ratios
Ry (t7.7) in momentum bin ¢ for irrep R are no longer
associated with specific momenta, irrep basis elements, spin
channels, or real/imaginary parts, and are instead associated
simply with some particular set of kinematic coefficients
indexed by c. The resulting reduction in data volume is
significant, as tabulated in Table XI.

To extract the 7, > 7 > 0 asymptotic values of the ratios
Rg(t7.7), which we denote by Rg,. with no argument, we
perform correlated y? fits of a constant to each ratio for
every triangular connected region in the (z;,7) plane that
satisfies 1, < 25,7 > 4, and t; — 7 > 4. The minimum cuts
on 7 and 7, — 7 guarantee a transfer matrix exists between
the source and operator insertion, and the insertion and
sink. 7,~8 is the approximate time after which the
effective masses are consistent with a single state for all
hadrons, momenta, and smearings, and the upper bound
tr =~ 25 removes the bulk of the noise-dominated region.
To combine the separate SS and SP ratios, we simulta-
neously fit the same region in each to a single value of Ry,
We combine the results of fits to different regions of (¢,,7)
using a scheme inspired by Bayesian model averaging
[136]. Denoting by r,, the values of R found by fits to each
region m, we associate each fit with a weight [137]

Wy & Py (875) 72, (A31)
where for the fit to region m, S is the statistical
error found by the fit and p,, = Prob(yy, ~<xz)=1-
CDF.py, .. (x2,) is the p-value of the fit. Normalizing the
welghts such that Y, w,, = 1, we obtain the mean value as

=3, W7, and the total variance (6R)? as the sum of
statlstlcal and systematic contributions defined as [136]

E stat
5tat Wm 'm Ild
syst E W

(A32)

¥This binning algorithm is identical to the one used in Ref. [59].
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(a) t binning for w
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(c) t binning for p
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(b) t binning for N
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(d) t binning for A

FIG. 16. For each of the states 7, N, p, and A, the figure shows how different combinations of the discretized momenta p, p’, and
A = p’ — p used in this calculation are associated with discrete ¢ bins as described in the text. Each marker represents a collection of
different momentum combinations that result in the same value of —¢. Colors correspond to different values of |A|>. The area of each
marker is proportional to the number of associated momentum combinations. Gray bands indicate each ¢ bin, and markers are associated
with the band that contains their central point. Table XI lists the number of bins for each state.

We find that typically SRy ~ 5R5yst. In practice, we
perform “central-value fits” to the median of R(z;,7) over
bootstraps, from which we compute a set of weights w}, and
averaged error 6R*. For subsequent error propagation, we
compute bootstrapped fit results by averaging over fits
within bootstraps b using the central-value weights wy,,
then rescaling to obtain a set of results whose spread
reproduces SR*. In detail, we fit all R;(¢;,7) to obtain ry,,
for only the subset of highest-weight regions making up
99% of the total weight, which reduces the computational
cost by excluding the bulk of fit regions. We then average to
obtain R, = > o WinToms With wi, suitably re-normalized
to account for the exclusion of low-weight fits. The spread
in R, obtained in this way only reproduces SR, so we
rescale each set of R, around their mean by SR*/6R%,.

Note that we use the same covariance matrix for both
the central-value fits and bootstrap fits, computed over
Ry(t;.7) using an outlier-robust 1 percentile definition
of the error.’” As shown in Figs. 17 and 18, the ratios
typically exhibit plateaus in 7, suggesting that excited-state
contamination will not significantly affect the results. To
check this, we perform a simplified version of this analysis
for the pion, nucleon, and rho using a two-state ansatz

Based on the percentile method for confidence intervals
[138,139] and as implemented in the GVAR package [120], this
procedure computes the error for each dimension as the maxi-
mum of the differences between the median and the percentiles
corresponding to 16 in a Gaussian distribution, then rescales the
(Pearson) correlation matrix by these errors to construct the
covariance matrix.
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FIG. 17. Examples of averaged ratios Ry, as a function of operator insertion time 7, with one binned ratio at two different sink
times per figure, along with the p-value-averaged fit bands. In the left (right) column are examples of ratios at squared
momentum transfer —t = 0 GeV? (=t = 2 GeV?). The solid (translucent) points correspond to results computed with SP (SS)
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Examples of averaged ratios R as a function of sink-operator separation ¢, — 7, with one binned ratio at two different

operator insertion times 7 per figure, along with the p-value-averaged fit bands. In the left (right) column are examples of ratios at
squared momentum transfer —t = 0 GeV? (=t = 2 GeV?). The solid (translucent) points correspond to results computed with SP (SS)

smeared propagators.
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and only bootstraps from the highest-weight fits; the
resulting GFFs are consistent within uncertainties in all
cases. The precision of the ratio data for the delta baryon
does not admit two-state fits.

The results of this fitting and averaging procedure are
generically robust against varying the lower bounds on fit
regions, but increasing the upper bound on 7, results in
sudden catastrophic increases in error and destabilization
of central values. This effect can be traced back to fits to
pure-noise regions which are excluded by the 7 cut. These

fits are apparently good, as measured by their y?/d.o.f. or
p-values, but the loss of Gaussianity in noise regions (the
onset of which occurs at 7, = 25 in the nucleon two-point
correlator as diagnosed using both cumulant expansions
[140] and Shapiro-Wilk testing [141]) renders these
metrics of fit quality meaningless. Noisy regions must
thus be excluded using a 7, cut to prevent them from
dominating the averages. We chose to use the ad hoc
weight definition described above because we found it to
be practically more robust against this effect (due to the
inverse variance factor) than the better-motivated AIC
weighting of Ref. [136].

In the analysis described above, the choice to rescale
the bootstraps around their means amounts to an
assumption that systematic errors due to the choice of
fit range have the same correlation structure as the
statistical errors. This is different from the typical
assumption of uncorrelated systematics [59], but both
are strong assumptions. To check that this choice does not
bias our results, we applied the subsequent analysis to the
nucleon data with all correlations between ratios either
artificially scaled down by overall factors or completely
neglected, as well as using best fits or fits to a fiducial
(t7.7) region rather than averaging, and found no sys-
tematic shift in the results. Further work is needed to more
gracefully reconcile frequentist resampling techniques
with Bayesian model averaging methods and avoid the
need for such ad hoc constructions. For further analysis,
we take the median over (rescaled) bootstraps for the
central value of each Ry, and construct their covariance
matrix using the outlier-robust estimator noted above.
Parametrizing the fit results as central values and a
covariance matrix amounts to modeling their distribution
as a multivariate Gaussian. We check this assumption by
examining the bootstrap distribution of fit results, and find
that histograms of marginal distributions are either con-
sistent with or contained in their Gaussian approxima-
tions. We have also checked that bootstrapping through
the further analysis detailed below produces marginal
distributions consistent with or narrower than the ones

presented in the main text, which are obtained using linear
error propagation from this Gaussian model.

S. Constraint fitting

To compactify notation, throughout this section we use 1
for 1(13> and 2 for ’L'(16) whenever an irrep label appears in a
subscript, and switch to vector notation for the kinematic
coefficients and GFFs, ie., K;,G; & K, G.

The procedure described in the previous section yields a
set of measurements which constrain the bare GFFs of each

irrep R € {r(13), 156)} separately as

Kth : GRI = Rth’ (A33)
where K and G are N,-element vectors over the set of
different GFFs, ¢ indexes the discrete ¢ bin, and ¢ indexes
the different combined ratios with shared kinematic
factors as described in Sec. A 4. Extracting the renormal-
ized GFFs from these constraints, as well as subsequent
model fitting of the GFFs, requires careful treatment to
avoid the d’Agostini bias [79]. This bias is an effect
caused by violation of implicit Gaussianity assumptions in
correlated y? fitting by non-Gaussianity arising from
multiplication by the renormalization factors. To circum-
vent it, we use a Bayesian version of the “penalty trick”
[79], performing combined fits of data from both irreps to
estimate the bare GFFs G, and update the renormaliza-
tion factors Z, Z, — Z|, Z,. The updated renormalization
may be applied immediately to obtain the renormalized
GFFs G, = Z|G,,, or deferred until after subsequent
model fitting to again circumvent the bias as discussed
below. We defer detailed discussion of the bias and the
derivation of the fitting procedure presented here to
Sec. A 6.

Our procedure estimates a Gaussian approximation of
the posterior distribution

p(G1. 21, Z5|R, . R)
1 o
:fl/ R ,R
P(Ry.Ry) ( ?
(3)

where G, are the #-bin-dependent bare GFFs for irrep 7,7,
Z' and Z/, are the updated renormalization factors which
are shared across all ¢ bins, R, and R, represent the full set
of ratio fit results Ry, the factor p(R, R,) is the usual
uninteresting data normalization factor in Bayes’s theorem,
the prior p(Z, Z}) is the multivariate Gaussian defined by
Eq. (A6), and the likelihood L is multivariate Gaussian,

!

Z
G 2 p(21.20). (34
2
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L<R1,R2

2 RicR't' ¢

Ane(Gy.Z1/2)) = {

defined in terms of the measured means Ry, and covari-
ance matrix Xz} ... of the ratio fit results Ryg,.. Equa-
tion (A34) should be read as one overall distribution for all ¢
bins and not a set of separate equations for each bin.
The data only constrain the ratio of the Z’ factors and not
their overall magnitude, which corresponds to a flat
direction in the likelihood function that is only regulated
in the posterior by p(Z), Z}). Note that we have left implicit
the uniform prior over G, to emphasize that, although our
analysis is phrased in Bayesian language, it involves no
informative priors.

t

which, after evaluating the ¢ functions, provides a new
merit function which we can refit (i.e. minimize and expand
about) to estimate the parameters of the Gaussian posterior.
This second stage of fitting incorporates the measured
distribution of Z factors [Eq. (A6)] and the constraint that
the ratio Z| /Z), is the same for all 7 bins. We again estimate
the covariances of this distribution using linear error
propagation.

For the pion and nucleon, y?/d.o.f.~ 1 and p > 0.1 for
all first-stage fits to individual ¢ bins; for most ¢ bins, p =~ 1.
The second-stage fits are of similarly high quality.
However, for the p and A, we observe that p < 1 in fits
to ¢ bins with more than ~600 constraints. We trace the
source of this effect to finite-statistics limitations, which we
circumvent by combining constraints. When more than 600
constraints are present in a ¢ bin, we apply a “pair binning”
procedure to that bin to reduce the number of constraints
before fitting. To choose which pairs of constraints are
binned together in a way that heuristically minimizes loss
of orthogonality in the set of constraints, we use a greedy
algorithm which repeatedly associates the two unpaired
constraints K and K’ with the least angle cos™ (K - K’/
|K||K'|) between them until all constraints are paired (with
possibly one left unpaired, which is retained). Paired
constraints are combined by taking weighted averages at
the per-bootstrap level, using weights proportional to the
number of ratio measurements averaged into each con-
straint. For the p, no ¢ bin requires more than one
application of this procedure, while for the A, some bins
require two applications. After applying this procedure,

Rth - Kth : Gln
~ 6 ’
Rpie — (Z/1/Z/2>Kth ‘81, R= Tg )

/|:Hd(2/1/2/2>t5<(zll/zl2)t —(Z1/23)) | (R, RotlG 1 (21/23),) P (21, 25)

Z/
Gl,,Z—,‘> anP{ Z Are(G,, 21 /252G pive AR (Gre, 24/ Z5)

o)
R —
f (A35)

We estimate the parameters of the posterior distribution
using two stages of fitting. In the first stage, we introduce a
separate ratio (Z /Z}), for each ¢ bin, defining an extended
version of the likelihood which we approximate as a
Gaussian distribution around the maximum likelihood
parameters G}, and (Z)/Z));. We obtain these parameters
by fitting each ¢ bin separately, using linear error propa-
gation to obtain covariances between the parameters (both
within and between ¢ bins). The posterior of interest
can then be written in terms of this extended likelihood
function as

(A36)

[
first-stage fits to the pair-binned constraints for the p and A
satisfy p > 0.1 for all bins, with p ~ 1 for most; second-
stage fits are also of high quality. This procedure could have
instead been applied to combine the (¢, 7)-dependent ratios
before fitting, and less naive clustering algorithms than the
one used here may allow more effective use of the data;
we did not explore either direction in this study, but they
are interesting topics for future work. To check that pair
binning does not bias the results, we instead discard
random subsets of the data to equivalently reduce the
number of constraints and find consistent but noisier
results. The statistical limitations addressed by pair binning
may be artificial and due to the limited number (B = 1000)
of bootstraps, as we observe similar failures in the fits for
the pion and nucleon when using B = 200 that are resolved
when using morelo; however, we find that our results do not
depend significantly on the number of bootstraps B, after
pair binning or discarding constraints to ensure all first-
stage fits are of good quality.

The renormalized GFFs are distributed as the product
under the posterior distribution of the bare GFFs Gy, and

OThe simple solution of drawing more bootstraps is not
guaranteed to solve this problem: regardless of the number of
bootstrap draws B taken of an N-sample dataset, one needs ~N?
independent samples to estimate an N x N covariance matrix
[142] and N ~ O(10%) for this study, insufficient for the larger
bins. It is also logistically prohibitive as, before sign-averaging,
the ratios occupy O(10s) of TBs of storage with B = 1000, and
storage as well as the computational cost of fitting the ratios
scales linearly in the number of bootstraps.
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renormalization factor Z| for irrep 1(13). Starting from the
Gaussian approximation of the posterior computed using
the procedure described above, we obtain the uncertainties
of the renormalized GFFs presented in the main text using
linear error propagation; we find this approximation to be
consistent with the spreads in Z|G;;, computed over
samples drawn from the Gaussian posterior. However, as
discussed in Appendix A 6, the renormalized GFFs are
sufficiently non-Gaussian that subsequent fits of the models
of Egs. (2) and (3) to them would again be victim to the
d’ Agostini bias. We instead fit the models to the bare GFFs
G ,, then renormalize afterwards by multiplying with Z.
Due to the structure of the model functions, the factor of Z’1
may be absorbed into the parameters a and «;, defining
the renormalized fit parameters presented throughout
this work.

Reference [59] instead circumvented the d’Agostini
bias by neglecting additional correlations between renor-
malized constraints induced by common factors of Z. The
results obtained using the method presented here are
consistent with the ones from that study, but with narrower
and more correlated uncertainties on the GFF estimates
and wider ones on the model fits and densities. For all
GFFs, the results of this sampling procedure are consistent
within error with the results of the procedure used here.
Employing the sampling procedure while accounting
for correlations induced by shared Z factors would
require performing the entire analysis for each sample
from the Z distribution, including the expensive density
estimations, which would require significant additional
computational effort.

As mentioned throughout the discussion above, starting
from the model of the ratio distribution as Gaussian, we use
linear error propagation to propagate uncertainty through
the rest of the analysis and obtain the presented results,
amounting to repeatedly approximating intermediate dis-
tributions as Gaussian. Other than the checks of these
approximations described above, we have also checked that
bootstrapping through the entire analysis, as well as just
through the first stage of fitting and using the bootstrap
results to construct a covariance matrix before the second
stage, produces marginal distributions of GFFs consistent
with or contained within the marginal distributions
obtained with linear error propagation.

6. Gaussianity and the d’Agostini bias

In this section we discuss the d’Agostini bias, identify
where the non-Gaussianities that trigger it arise in our
analysis, introduce and discuss the penalty trick fitting
procedure in a Bayesian framework, and motivate and
derive the modified version described in Sec. A 5.

In its simplest form, the d’Agostini bias occurs when
performing a correlated y? fit of some linear model [or a
nonlinear model whose form accommodates arbitrary

rescaling, like the model ansatzé Eqs. (2) and (3)] to
some data which has been multiplied by an overall
normalization factor with a large relative uncertainty;
the result is different than what is obtained by first fitting
then normalizing after, and thus obviously incorrect. This
occurs because the y? fitting procedure takes the covari-
ance matrix of the data as input, and thus implicitly
truncates the data distribution to Gaussian; products of
Gaussian-distributed variables are not Gaussian distrib-
uted, and the bias occurs when this truncation yields a
poor approximation of the true product distribution. While
resampling through a fit allows for treatment of non-
Gaussianity in distributions of fit parameters due to
nonlinear model functions, it cannot correct for the
d’Agostini bias, which occurs because the fit assumes
an inaccurate representation of the data.

Given our multivariate Gaussian models of the distribu-
tions of the bare ratios and renormalization factors, the bare
GFFs are Gaussian but the renormalized ratios and GFFs
are not. The bare ratios are Gaussian by assumption and
constrain the bare GFFs linearly per Eq. (A33), so the bare
GFFs inherit the Gaussianity of the ratios. However, the
renormalized ratios Zz Ry, are non-Gaussian, as shown in
Fig. 19(a) and discussed in the caption. It follows that the
renormalized GFFs, which are linearly constrained by the
renormalized ratios, are also non-Gaussian, intrinsically
and independently of how we extract them, as shown in
Figs. 19(b) and 19(c). These non-Gaussianities trigger the
d’ Agostini bias both when fitting ratios to extract GFFs, as
demonstrated in Fig 19(a), as well as subsequently when
fitting the GFFs to model functions, as shown in Figs. 19(b)
and 19(c). The fitting procedure described in Sec. A S
circumvents the bias in the former case using the penalty
trick, and in the latter case by extracting the Gaussian-
distributed bare GFFs for one irrep and allowing the
problematic multiplication by a Z factor to be deferred until
after fitting models to the bare GFFs. Note that while the
histograms of marginal distributions shown in Fig. 19
naively appear close enough to Gaussian to justify approxi-
mation as Gaussian, inspection of the joint histograms
reveals the asymmetry of the distribution that leads to
the bias.

The penalty trick is a common prescription for circum-
venting the d’ Agostini bias [79]. Our choice to phrase the
fitting problem as an estimation of a posterior distribution
(as described in Sec. A 5), with the measured distribution
of the renormalization factors entering as a prior to be
updated, amounts to a Bayesian reframing of this
technique. Generally, for a fit of a model function f(6)
to some data y times a normalization factor Z, where
y~N(§.Z,) and Z~N(Z,03) are Gaussian, but a
Gaussian N ()72 Zyz) is a poor approximation of the
distribution of the product yZ, the penalty trick prescribes
the replacement

054509-29



PEFKOU, HACKETT, and SHANAHAN PHYS. REV. D 105, 054509 (2022)

| I Fi[ﬁ] Fit A,
=06 |  FitzZR, | S 06 Fit Z;A;
. 0.75 3 | ﬁ o 3
= N 4 ||| 1o N
i 0.50 I I = i n 04 |
: LIRS NI : I
LI LI b
0.0 :
025 0.50 0.75 0 1 2 05 1.0 0 1 2
ZiRi 14 —1[GeV?] Z1A(t=1) ~1[GeV?]
(@) (b)
Fit A
os | |
- 0.4 = | I I Fit ZlAl
o g <
: Y
:E/ 0.3 r”\ 0.2 ]
N 2 ! . I I 1!
| 0.1
0.2 III
03 04 05 0 1 2
ZA(t=1) —1[GeV?]

()

FIG. 19. Examples of non-Gaussianities in various distributions in the analysis of the nucleon data (left panels), and the resulting
effects of d’ Agostini bias (right panels). Note: these plots are an illustration of the bias and are not the final results of our calculation. In
left panels, the orange features show the Gaussian approximations to these distributions obtained with linear error propagation. In the
joint histograms, the ellipses denote the 3¢ contour and the dot denotes the mean. In right panels, blue bands show results obtained by
fitting a bare quantity first then renormalizing afterwards to circumvent the bias, whereas orange bands are biased fits to data

renormalized before fitting. (a) For irrep 753), example of a joint distribution of two different renormalized ratio fit results Z, Rx,. in the

t = 1 bin for the nucleon, and the renormalized GFF A(7) = Z, A, (t) obtained by fitting irrep T§3) constraints. (b) For renormalized GFFs

obtained by fitting the bare constraints from irrep 153) only to obtain A; then renormalizing afterwards, example of a joint distribution of

the renormalized GFF A(t) = Z,A,(t) in two different ¢ bins, and fits of a tripole model to these GFFs. (¢) For renormalized GFFs
obtained using the fitting procedure described in Sec. A 5 incorporating data from both irreps, joint distribution of the same renormalized
GFFs as in (c), and fits of a tripole model to these GFFs.

A=1(0)-yZ A =1(0)/z-7.
Penalty trick ( A37)
72(0) = ATEGA 72(0,2) = NN + (2 - 2)? o3,
|

allowing a fit using the original covariance matrix Xy, p(0.z]y) = L(y|0,2)p(2)p(6)/ p(y)
assumed to be a good description of the data. This —2log L(y|6,z) = ATE;IA!
comes at the cost of replacing the fixed normalization Ao s o
Z with an additional nuisance parameter z which is —2logp(z) = (2= 2)*/ 07, (A38)

constrained to be consistent with the provided Z and ) o ) o
discarded after fitting. In the limit o, — O the two fit ~ Where p(y) is the data normalization and p(6) is a trivial

procedures are equivalent. factor of the uniform distribution added as a prior for the fit
While usually motivated as an ad hoc frequentist  parameters. Fitting the penalty trick y? to obtain the best-fit
procedure, the penalty trick can be more naturally under- 6" and z* and fit parameter covariance matrix X _ corresponds

stood in a Bayesian context, wherein it is structurally  to approximating the posterior distribution as Gaussian, i.e.,
equivalent to updating a prior for Z with the data then

marginalizing over it, assuming a Gaussian posterior. The 1 1

right-hand side of Eq. (A37) can be interpreted as a log- P (0.z]y) e exp [_ X 2(0. Z)} ~ eXp {—ZA(?ZZZ,Z%]
likelihood and log-prior for the data and z, defining a -

posterior distribution via Bayes’s theorem as Aj. =[0—0xz—zx] (A39)

054509-30



GLUON GRAVITATIONAL STRUCTURE OF HADRONS OF ...

PHYS. REV. D 105, 054509 (2022)

suppressing normalization factors. Discarding z after fitting
corresponds to marginalizing over z in the posterior, as
marginalizing over a dimension of a multivariate Gaussian
is equivalent to dropping it. The generalization to the case of
multiple different normalization factors for different subsets of
the data is straightforward: the prior p(z) becomes multidi-
mensional, and now

A; = 1(0)/2 - 5, (Ad0)
where 7 indexes different subsets of the data.

We modify the penalty trick procedure to estimate the
bare GFFs G, (corresponding to 6/z;) instead of the non-
Gaussian renormalized GFFs G, (corresponding to 0). The
modification singles out one particular normalization as
special, multiplying it onto the model function f so that the
data are modeled as

N_{ﬂ%—ﬁ,
T E0) -3

i=1

i1 (A41)
If the model function f is linear in the parameters (e.g.,
K - G is linear in the GFFs G), then this procedure extracts
0 = 0/z, (corresponding to G ,) rather than @ (correspond-
ing to G,). In this modified form one still (trivially)
marginalizes over all z; for i # 1, but z; must be retained
to examine € = 7,0 (corresponding to renormalizing the
bare GFFs as G = Z|G)).

While fitting procedures exist for treating the d” Agostini
bias other than the penalty trick [143], a model function
and a data distribution define a distribution of model
parameters (e.g., GFFs) independent of the choice of
bias-circumventing fitting procedure. The Bayesian frame-
work makes clear that the renormalized GFFs extracted by
this procedure may themselves be non-Gaussian, such that
subsequent fits are also vulnerable to the bias. This will
hold independent of the fitting procedure used.

APPENDIX B: DENSITY DEFINITIONS

This section lists the expressions for the energy, pressure,
and shear force distributions in the 3D Breit frame (BF3),
2D Breit frame (BF2), and infinite momentum frame (IMF)
used to generate the results of Sec. III. To simplify the
expressions below, we define bracket notation for the
relevant integrals,

Taes(r) = [ Gpserzto)|

= [y a, (e

’

P=0

ows(r) = [ G100

_ /d|2é1|z|f|sin(|A|r)I(t)

P.—>00

z

bl

P=0

A, .
re ()
(27) P-A=0

= [y a, e

Zlme(r) =

P,—oo
,  (BI)
P-A=0

where 7 is a generic integrand and J, is a Bessel function of
the first kind.

We compute the presented densities, defined by Eq. (B1)
and the expressions below, using numerical integration.
The analysis of Ref. [59] propagated uncertainty on model
parameters into the densities by sampling from the multi-
variate Gaussian distribution of the model parameters,
evaluating the integrals for each draw. The large number
of densities considered in the present study make this
approach impractical. We instead used linearized error
propagation: by differentiating under the integral sign with
respect to model parameters 6, we obtain the Jacobian
J(r;0), = 0I(r;0)/00;, where I(r;0) is an integral evalu-
ated to obtain a density at radius r, as a matrix of integrals
that can each be evaluated numerically. The covariance
matrix for the r-dependent density is then obtained as
Covlp(r),p(r')] = ;I (r;0),Cov[0;,0,]J(r';0); where
Covl0;, 6] is the covariance matrix of the parameters of
the model integrated to obtain the density.

The model functions are linear in some parameters (« for
the multipole and a; for the modified z-expansion) but not
others (multipole masses), so this approach is approximate.
However, for all densities for the nucleon and pion, as
well as for the monopole densities for the p meson, we
found consistent results for all » by computing integrals
for samples from the distribution of renormalized model
parameters. For tripole models of the nucleon GFFs in the
3D Breit frame, we also checked our numerically integrated
density results against ones derived from the closed-form
solution

a 3

BA A
—iAT — 1 Ar) — —Ar
/(2;;)36 (1+8) ol +Ar) 3 ze

(B2)

using linear error propagation from the tripole model
parameters a and A, and found indistinguishable results.
The uncertainties on the densities presented in the main
text are derived from the distribution of renormalized
model parameters, obtained by combining the uncertainties
of the bare @ and a; parameters and fitted values of Z
using linear error propagation as described in Sec. A 5. We
found consistent results by computing densities from bare
model parameters, using linear error propagation to obtain
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correlations between Z| and the resulting bare densities,
then applying the renormalization factor Z} and propagat-
ing uncertainities either linearly or by drawing correlated
samples of Z) and the bare densities and multiplying within
samples.

The mass mean square radii are defined identically for all
hadrons as

h,i
(s = LT e8s(1) (B3)
\ fd%rgBB
h,
( 2>h,mass - faﬂrlrigBlIZZ/IMF(rJ_) (B4)
i /BF2/IMF — 5 .
e fdzrlegIlQ/IMF(rL>

while the mechanical mean square radii are defined as

fd rr? pBF3( )+2s1}§'§3(r))

fd3 PBF3 +2spy

ks L2 ()

i /BF3

,  (BS)

fderri(pgéZ/lMF(rl) + %Sgiéz/IMF(rL))
fder(Pg}éz/IMF(rL) + %Sg}éz/IMF(’"L))

(B6)

h.mech
<’”12>1;1$6/C1MF =

The mechanical radius results presented throughout this
work are computed by numerically approximating the
integrals with the trapezoidal rule, evaluated at 500 values
of the integrands evenly spaced in 0 < r <2 fm. We obtain
error estimates using linear error propagation from the
values of p(r) and s(r) at each r, computed as described

above, and corresponding to the results presented in
Table X. To check discretization errors, we instead use
simple Riemann sums and obtain results which are con-
sistent within uncertainty. To check the error induced by
truncating the range of integration from [0, oo to [0, 2 fm],
we derive the exact expression for [0, oo] in the tripole case
as (r?)Nme™ — 12/A2 from Eq. (B2) and find it yields
results consistent within uncertainty. The shear and pres-
sure densities for other models, frames, and hadrons are
comparably small by » = 2 fm, so we expect this quality of
approximation to hold generally.

The subsection below lists the various densities com-
puted for each hadron. In all expressions for the densities

and radii we use the definitions 9% =14 24 and
0t =1L d ry d— and the ~ symbol in the IMF definitions
rpary r

when suppressing higher-order terms in O(P;
the symbol X is defined such that

X = {
1. Pion

Below we list expressions for the BF energy (¢), pressure
(p), and shear force (s) densities, and the mass radii of the
pion [33,88], as well as the contributions to the IMF
densities and radii at lowest order in O(1/P,). The IMF
densities are derived by considering the matrix elements
y{m(p")|T|z(p)) and (z(p")|T]|x(p))/r, where y is the
relativistic boost factor.

-1). Moreover,

6 for BF3

: (B7)
8 for BF2/IMF

ey (i) = [ﬁl__ﬁ (4500 + 2500 = g 4500+ D5 >>>_BF3<2), (B8)

P (1) = %a%i) \/ﬁl)ﬂﬂ - %l\/ﬁéﬂﬂ_ ; (B9)
™ BF3(2) ™ 1BF3(2)

et (1) & m[AT ()], (B11)

Pivr(rL) zglmﬂridi ”Ld‘:l [DF ()] e — M (€7 (1) i (B12)

star(r) m = DE (1) (B13)

4m,

ry————"
drlrld}l
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1 1
rlg Zmass _ i v2 T p/ T?O x(p _
< >BF3 A0 \/’m A 2m< ( )| | ( )>|A0 0
dA™ (1) 3
=6—! - A%T(0) +2D7*(0)),
d[ —0 4m721( 1( )+ l( ))
T S dAf(t) 1 /4 T 2 A
(r)gm =4 dr |, - m2 (A7(0) +2D7(0)) = 3 (r)em
2\ T, mass f erriS;MF(r) dA;[(t)
(rime = 7 =4 d
Jdr eqie(r) rli=o
2. Nucleon

The BF [88] and lowest-order IMF [95] densities and mass radii of the nucleon can be expressed as

i o c
51];11':3(2)("@_)) = my Afv(l‘) — 4m12V (Div(t) - Biv(t)) + Civ(t):| BF3(2>,

5%%(&) = my[AY () lmr-

i 1 _
pgﬁ(z)/(IMF)(’"(l)) - Xmy a%l)[Di'v([)]BB(Z)/(IMF) - m[cgv([)]BFB(Z)/(IMF)’
. 1 d 1 d
N,i _
Serage/mr) (W) = =7~ dr o dr (DY ()]ge32/mam)
dAY (1) 3
(g™ = 6———= 5 (BY(0) - DY(0)),

<r2>N,mass _ %< 2>N,mass
3

i /BF2 i/BF3
N
<r2>N,mass —_ 4dAz (t)
i /IMF dt —o
3. p meson

The BF3 densities of the p meson were derived in Refs. [48,91] and can be expressed as

1

€03 (r) = mj | —==—=
\/mlz,—t/4

(4570 + 570 - 520

(B14)

(B15)

(B16)

(B17)

(B18)

(B19)

(B20)

(B21)

(B22)

(B23)

t i i . . ; 1- . L 1,
e [‘SAS’ (1)+ 3D (1) + 4779(1) = 2874 (0) + A (1) 4 3 24 (0) + (1) + 52 (rﬂ
P
: [Am(”+D”’i<f>+2~’""<f> 2B94(1) + A (1) + 2 D} 1) 1"”i]+ i [Af’~i(t)+D/),i(t)])
) Y ’ e ! Pt 261 [T Tgr,.6 401 1 ,
2y B 4 192m$
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; dld 1 ; . . 1 . 1- . 1
& L L (_AP(r) 4207 (h) — EP () + = AP (1) + = Fri (1 it “”
fhe(r) = —3 o~ W< 1) + 207 (0) = BV (1) + 3 AT (0) 4 2 17 (0 + 3.8 (0) + 38 (1)
P
_4%[—””() /Jl(t)—l—zjl’l() 2E/’vi(t)+A’1”i(t)+%D’1’*"<I)+%Efl’.i(l‘)}+32t24[A/1’*i<t)+D/1”i(t)]) ,
n,
BF3
(B25)
i) =tor | (Cppiy 1+ iy ¢ DRI = 2B0 (1) + D)) = —— DR () (B26)
0.BF3 6 fm2—1ja\ " 3 12m2° : 48m# ! ’
P BF3
i 1 —EPi(t)
p/Z),BF3(r) :gaz 2—4
\Jmi—t
my 1t/ BF3
1 dd 2d 1 1 ; 1 ) 1 ; t ;
P == ) | —— [ 2D == EPi(t) - =D (1) — D' (t , B27
+6m <drdr rdr> \/m(z 0" (1) =5 B0 + 7 D) 16m? 1()> (B27)
LV’ 18R
2 dd 3d 1 1 : 1 . 1 ; t ;
a _ = >y _-= - _D/)-l — ZEPi _D/)-l _ D/)J B2
Piaes) =~ (5512 W(z G0 =320 45050 D) | (B2
LV -7 1BF3
1 dld 1 t ' ; 2

(—D’O”i(t) + %LE/’J(I) + o 2D} (1) = 2E7 (1) + D' (1)] — prye: D’(”(t)) ,

il )= —— o — | ————
Somrs () 4rdrrdr \/m m 0 m
P BF3

P

i I dld| —E(@

4 dl"l”d}" /’,n/z) .t/4

1 dld (dd 2d 1 1 ; 1 . 1 ;
-y —— = ) | —— [ = D" (1) — = E(t ZD"(t D/” B30
4mprdrrdr<drdr rdr) mz_t/4<2 0" (1) 2 ()+4 V) - 16 2 ()> - (B30)
P

BF3

1 dld (dd 3d 1 1 ; 1. 1 ; t ;
pi — [ —— -2 ) | ——————— [ =D?"(t) — = EP(t) +-=D""(t) — D’ (t . (B31
s%BF3() 2m,,rdrrdr<drdr rdr> /mz_t/4(2 0() 2 ()+4 1() 16m,2, 1()> ( )
P

BF3

Using the same methods but restricting the analysis to a two-dimensional plane, we obtain the following expressions for the
BF2 leading-order contributions to the EMT monopole densities:
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1 i 1- . 1_,;
o) =3 | e (A5 3 0)= 560

" ,/m%—t/4

— ‘ ' j ; ; - . 4 1 .
+8I’i’l2 l:—4Ag'l(l‘)—I—ZDS"(t)—|—4Jp,l(t)_2Ep.t(t)+A/1),t(t)+§fp,z(t)_f_z.g,z(t)_i_izjf,,(t)]
P

2 ; - . . 4 1. 1, = , ,
ADU(1) = DB (1) = 2074 (1) 4+ 2EP4 (1) = A (1) == D2 (1) ==&} (1 A (1) + D2 (1 ,
T 4500~ D) =270+ 2874) = A0 =g DR ) 3200 | el 0+ 070 )
BF2
(B32)
1o d1d
S p— —_— —_—
0BF2 rl 4 er_rJ_er_
D/”'(z) +2EP (1) +— | DY (1) + lD”’i(t) —Fri() ) - in”"(t) (B33)
> _t/4 0 4my \ 77 27! 32m; ! ’
BF2
p.i 1 1 pii p.i ! Py L i P £ P
PoBr2(7L) :gél =Dy (t) + 2E7 (1) +4 5| Do (1) +§D1 (1) — E”(1) BED D7 (1) . (B34)
\/m5 —t/4 m, m,
BF2

By considering the matrix elements y{(p(p’,s")|To|p(p.s)) and (p(p'.s"|THp(p.s))/y. we obtain the lowest-order
contributions to the monopole densities in the IMF as

eoaar (1) = m,[AG (D)l (B35)
; 1 d 1 d ; ;
Somvr(rL) & “am L dr ridr, (=Dg" (1) + 2B (1) |p (B36)
i 1 S i
Phie(r1) & 5 — O [=DE (1) + 2B77 (1) (837)
P
The corresponding conserved mass radii are
mass dAﬂ’i t 1 7 i 1 0,1 3 0,1
g =D L (a0 a0 S 0p 0 20 - ). 3
=0 My
2\p.mass dAﬁ’i(Z) 1 pii pii 0L p.i pi

(ridgrp =4 i ) (—4A457(0) + AT7(0) + 2D (0) = 2E7(0) + 4J74(0)), (B39)

P

aay (1)

(e =4

. B40
=N (B40)

Note that the IMF energy density corresponds to a different component of the EMT than the Drell-Yan frame (DYF) energy,
as discussed in Ref. [95] for the case of the nucleon, and therefore the IMF mass radius is different than the DYF radius
found in Ref. [33].
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4. A baryon
The BF3 densities of the A baryon were derived in Ref. [37] and are

() = my [Fﬁ;"m LR ()

! 5 A i 3 A i i i i i
by (-3PH0 = 0 - P30 + 4830 + 36510 - 0 - P30 - P 0)
A

r [N A [N [N Ai Ai i [N
o (3FHO) + O 4350+ 730 =473 (0 = F31(0) = Y (0) + 3 P30
L sy L sy 1+ raign (B41)
48}”6A 2 11 2 21 41 BF3’
i 1 dld 1 i i i i i i
5§BF3( )_—m—A D 2y rdr [—E(Ffo() + FY (1) = 4Fgy (1) + F5' (1) + F5{'(1) + Fgy' (1))
! [N A [N [N A A J [N
i (3PN + O+ 3P40+ 730 =473 (0 = F31(0) = Y (0) + 3 P30
+ c 1FAJ(t) 1FA’i(t) + FL (1) (B42)
48m1 2 11 2 21 41 BF3’
Ai 16 A, t Ai Ai Ai 7 Ai
pOBF3( r) = A | Fog (1) = 3 — Fso'(1) - 6m2A (Faq' (1) + Fa;' (1) —4F ' (1)) +_24mi Fyi' (1) e (B43)

4 . 1 dd 2d 1 . . . t .
2 _FA.t 2( = = =% - _FA,l _ FA,z 4FA,1 FA,z
123 Yhrs(r) = s [3 50 (t)] - +—50 <drdr ra’r) [6( 56 (1) = Fyi' (1) + 4F5' (1)) +—24m2A 21 (1) )

6m3 BF3
(B44)
i 2 dd 3d\]|1 : . . t )
A A, A,i A A,
() = = P - =) | (<F5 (1) — Fo (1) + 4F%; ——Fh : B45
Paprs(r) on <drdr rdr> [6( 20 (1) = F3i' (1) + 4F54' (1)) +24m2A 21 (l‘)] s (B45)
: 1 dld
A,
, - e B4
so.883 (") 4mArdrrdr (B46)
FAi( 16 20 pai ! FA A 4FA r A B47
X | Fog (1) = 3 150 (1) = 6m2A( 20 (1) + Fai' (1) — 4Fs' (1)) +24m‘£ 21 (1) - (B47)
1 d 1d
13
SZBFS(r) 4mA drrdr [3 50 ( )] -
1 d 1d (dd 2d A A A t A
— I —-F FU(t) + 4F5 (¢ — F5' (¢ , B48
oz G ear ) [§ PO - Y@ 4R 0) + 0| L (eay
1 dld (dd 3d i ; t i
A, A,i A, Ai A,i
, 222 -F F2U) +4F2 (¢t —— F3(t . B49
$33(r) = 2m3 Tdrrdr (drdr rdr> [6( 20 (1) = Far (1) +4F5g (1)) +24m2A 2i )] BF3 (B49)

We obtain the following expressions for the BF2 and IMF leading-order contributions to the EMT monopole densities:
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i i i 4 i i i i i i i i
ebira(ri) = ma [ (0 + F3(0)+ o (<2P3 (0= F3Y(0) = () +4F3(0) + 2P35(0) () - P (0 - P/ (0)
A
r i i i i i i i i
1 (i (0) 2P 5 (1) + P (1) + Fay (1) = 8F 55/ (6) = 2F3 (1) = 23 (1) + F35' (1))
A
r i i i
g (CFNO = FE (0 +2650)]| (B50)
A BF2
) 1 . ) t ) . ) 2 )
A, A,i A,i J A A, i N
Piea(r2) = GO | FI0) = BF ) = 1 (P30 + P = 4P + 1o PO ms)
; 1 d 1 d
Aji
, _ 1 B52
so.r2 (L) 4y ry drirodr, (B52)
i i ! i i i r* i
0 = 8F30) e (P50 + (0 —4F50) + 1 PO (B53)
5@,’13\/[1:(&) ~ m[Fig (0] (B54)
i 1 d 1 d X )
Aji A,i A, i
: ~———r ———|F5; () — 8F5 (t B55
so.me(71) 4m, rL drordr, [Fa'(2) 50 (1)]ves (B55)
i 1 i i
Poivae(r1) % g 91 [Fag (1) = 8F53 (1) - (B56)
The corresponding conserved mass radii formulas are
dFy (¢ 1[5 A . 3 A : ,
e R o UL {ORR L TURS ) o
dt |_g my 4 2
. dFA’i(t) 1 i i i i i
gy = 4T (2P0 - Y (0) = F3(0) + 23(0) + 43(0)) (B38)
1=l A
mass dFA.l t
(e = 4= Ui (B59)
I li=o
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