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Inspired by the T, signal discovered by the LHCb Collaboration, we systematically investigate the
doubly heavy tetraquark states with the molecule configuration [Q,§,]; [Q3G4];, (Q = c and b, ¢ = u, d,
and s) in a nonrelativistic quark model. The model involves a color screening confinement potential,
meson-exchange interactions, and one-gluon-exchange interactions. The state 77, with /J” = 017 is a very
loosely bound deuteronlike state with a binding energy around 0.34 MeV and a huge size of 4.32 fm. Both
the meson exchange force and the coupled channel effect play a pivotal role. Without the meson exchange
force, there does not exist the T, molecular state. In strong contrast, the QCD valence bond forms clearly
in the T}, system when we turn off the meson-exchange force, which is very similar to the hydrogen
molecule in QED. Moreover, the T}, becomes a heliumlike QCD-atom if we increase the bottom quark
mass by a factor of three. Especially, the states T, with 01F, 79, with 00" and 01*, and the V-spin
antisymmetric states 7, with 317, 79  with 0" and J 1 can form a compact, hydrogen moleculelike or
deuteronlike bound state with different binding dynamics. The high-spin states Tgc with 02" and T?m with
%2+ can decay into D-wave BD and B,D although they are below the thresholds B*D* and B:D*,
respectively. The isospin and V-spin symmetric states are unbound. We also calculate their magnetic

moments and axial charges.
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I. INTRODUCTION

The theoretical explorations on the possible stable doubly
heavy tetraquark states were pioneered in the early 1980s
[1]. These states were investigated with various formalisms
such as the MIT bag model [2], constituent quark models
[3.4], chiral perturbation theory [5], string model [6], lattice
QCD [7], and QCD sum rule approach [8,9]. Although the
state T;, with 01" seems stable in various theoretical
frameworks, its production turns out to be very challenging.
The discovery of the doubly charmed baryon ;" by the
LHCDb Collaboration [10] has stimulated the enthusiasms on
the doubly heavy tetraquark states [11-24].

Recently, the LHCb Collaboration discovered the
doubly charmed state T}, with IJ¥ = 01" by analyzing
the D°D%z* invariant mass spectrum [25], which has a
minimal quark configuration of cciid. Its binding energy
relative to the DD* threshold and width are

.*_crdeng@swu.edu.cn
lzhusl@pku.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2022/105(5)/054015(12)

054015-1

E, =—2734+61 £5"} keV,
['=410+ 165+ 43118 keV.

The LHCb Collaboration also released a more profound
decay analysis, in which the unitarized Breit-Wigner profile
was used [26]. Its binding energy and decay width were
updated as
E, = =361 £40 keV, I'=47.8£1.9 keV.

The binding energy and decay width of the T, signal
match very well with the prediction of the DD* molecular
state [27,28]. The discovery of the X(3872) [29] pioneered
the observation of a family of hidden-charm and hidden-
bottom tetraquark and pentaquark states in the past dec-
ades. Similarly, the discovery of the T, shall open a new
gate for a family of the T} -like doubly heavy tetraquark,
pentaquark and hexaquark states.

The discovery of the state T, has inspired a large
amount of investigations on its properties and structure
within the different theoretical frameworks [28,30-46].
Many T.-like doubly heavy tetraquark candidates were
proposed, such as the states 7. [36], T;, [43], Td,
[47,48], T9. [49], T9,, [49], S-wave D\D;, D\Dj and
D3 D7 states [50], doubly charmed P, and triply charmed
H... states [51-53].
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In this work, we will analyze the underlying dynamics in
the formation of the loosely bound T}, state very carefully.
We will exhaust the most promising partners of the 77 and
compare the different binding mechanisms in the 7', and
T,, systems.

This paper is organized as follows. After the
Introduction, the details of the quark model are given in
Sec. II. The construction of the wave functions of the
doubly heavy tetraquark states with the molecule configu-
ration is shown in Sec. III. The numerical results and
discussions of the stable doubly heavy tetraquark states are
presented in the following sections. The last section is a
brief summary.

II. QUARK MODEL

The underlying theory of strong interaction is quantum
chromodynamics (QCD). At the hadronic scale, QCD is
highly nonperturbative due to the complicated infrared
behavior of the non-Abelian SU(3) gauge group. At
present it is still impossible to derive the hadron spectrum
analytically from the QCD Lagrangian. The QCD-inspired
constituent quark model remains a powerful tool in
obtaining physical insight for the complicated strong
interaction systems although the connection between the
light current quarks in QCD and the light constituent quarks
in the quark model is not established clearly.

The constituent quark model was formulated under the
assumption that the hadrons are color singlet nonrelativistic
bound states of constituent quarks with phenomenological
effective masses and various effective interactions. The
model Hamiltonian used here can be written as

H,,:i( ) T+ZV,],

i=1 i>j

V — VOge + Vobe 4 Vzr + Vj:/on’

where m; and p; are the mass and momentum of the ith
quark or antiquark, respectively. T is the center-of-mass
kinetic energy of the states and should be deducted. V7,
V;’J”E, Vf], and VC"rl are the one-gluon-exchange interaction,
one-boson- exchange interaction (z, K and 7), o-meson
exchange interaction and color confinement potential
between the particles i and j, respectively.

The origin of the constituent quark mass can be traced
back to the spontaneous breaking of SU(3), ® SU(3)g
chiral symmetry and consequently constituent quarks
should interact through the exchange of Goldstone bosons
[54]. Chiral symmetry breaking suggests dividing quarks
into two different sectors: light quarks (u#, d and s) where
the chiral symmetry is spontaneously broken and heavy
quarks (¢ and b) where the symmetry is explicitly broken.
The meson exchange interactions only occur in the light
quark sector. The central parts of the interactions

originating from chiral symmetry breaking can be resumed
as follows [55],

ZFka +VE Z FiFk
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The noncentral parts, tensor force and spin-orbit coupling,
are not given because we are only interested in the S-wave
states here. The function Y (x) = -, F; and o, are the flavor
SU(3) Gell-Mann matrices and spin SU(2) Pauli matrices,
respectively. r;; is the distance between the particles i and j.
The mass parameters m,, mg and m, take their exper-
imental values. The cutoff parameters As and the mixing
angle Op take the values from Ref. [55]. The mass
parameter m,, can be determined through the PCAC relation
m2 ~ m2 + 4m? ; [56]. The chiral coupling constant g,

can be obtained from the zNN coupling constant through

@ _ (§> 2 2y M

4z 5) 4n m3
Besides the chiral symmetry breaking, there also exists
the one-gluon-exchange (OGE) potential. From the non-

relativistic reduction of the OGE diagram in QCD for the
pointlike quarks, one gets

27[5(1'1‘]‘)0'1' . O'j
3m;m; ’

oge_as c c 1
Vi = x( ,

Fij
A; is the color SU(3) Gell-Mann matrices. The Dirac (r;;)
function, where r;; = r; —r;, arises from the interaction
between pointlike quarks and collapses when not treated
perturbatively [57]. Therefore, the 6(r;;) function is regu-
larized in the form [55]

1

76_”//”’(”’7),
dmrrg(uis)

5(&;) -

where r(u;;) = 7o/p;;» T is an adjustable model parameter
and p;; is the reduced mass of two interacting particles i and
Jj. This regularization is justified based on the finite size of
the constituent quarks and should be flavor dependent [58].

The quark-gluon coupling constant ¢, in the perturbative
QCD reads [59]
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1
a,(u?) = ——
ﬂo In %
In the present work, we use an effective scale-dependent
form given by

A and a are adjustable model parameters determined by
fitting the ground state meson spectrum.

Finally, any model imitating QCD should incorporate the
nonperturbative color confinement effect. We adopt the
phenomenological color screening confinement potential,

V?;'m = —da.hj ')V,C'f(”ij)

re, if i, j occur in the same meson,

f(rij) =

if 7, j occur in different mesons.

It is different from the form of confinement potential used
in recent investigations on the doubly heavy tetraquark
states [20,21]. The adjustable parameter a, is determined
by fitting the ground state meson spectrum. The color
screening parameter y,. = 1.0 fm~2 is taken from Ref. [60].
The color screening confinement potential can automati-
cally match the quadratic one in the short distance region
(u.r* < 1). When two mesons are separated to large
distances, the confinement potential can guarantee that
the energy of the tetraquark system evolves into the sum of
the two-meson internal energy calculated by the model
Hamiltonian. In the intermediate range region, the hybrid
confinement can give a different picture from that given by
a single form confinement. Such type of the color screening
confinement potential comes from the quark delocalization
and color screening model [60], which can describe the
nuclear intermediate range attraction and reproduce the
N — N scattering data and the properties of the deuteron.
Meanwhile, the model can avoid the spurious van de Walls
color force between two color singlets arising from the
direct extension of the single-hadron Hamiltonian to the
multiquark states [60]. The model has been widely applied
to investigate the properties of the baryon-baryon and
baryon-meson interactions [61].

III. WAVE FUNCTIONS OF THE DOUBLY HEAVY
TETRAQUARK STATES

Our previous systematical investigation on the
doubly heavy tetraquark states suggested that the states
[0103][G234] can establish deep compact bound states in
the quark models [11], which is obviously contradictive
with the properties of the state 7. reported by the LHCb
Collaboration [25,26].

The research on the states [Q;3,][Q3q4] indicated
that their main color component is the molecule state
[01d2]1,10334];, [20]. Furthermore, recent study on the
states [cii][cd] and [bit][bd] shown that the hidden
color components [[cit]g [cc_i}s‘jlc and [[bitg [b‘_l]s[]lc can
be negligible if all possible color singlet components
were taken into account [62]. The influence of the hidden
color components on the numerical results is very insig-
nificant even if the hidden color configurations are
included. In order to reduce the heavy computational
workload, we therefore omit the hidden color configuration
1013)5,[Q324ls ], in the present work.

Within the framework of the molecule configuration
[c115]; [c3d4]y » the trial wave function of the T, state with
1JP = 01+ can be constructed as a sum of the following
direct products of color .., isospin #;, spin y, and spatial ¢
terms

o —ZA{ 09, @0 10 (99, (R)y, ot

d Ay TE
lm (p)]fij [’71?“2] 122 4]][ [W[CZ]MZ]W[CC; 4]]C }

Here we assume the magnetic components M; = I and
M ; = J. The subscripts a and b represent the subclusters
[c1i1,] and [c3d,), respectively. A is the antisymmetrization
operator and equal to 1 — Py3 — Py4 + P3P, because of
the Fermi-Dirac statistic of the identical particles, where P;;
is the permutation operator on the particles i and j. The
summing index a stands for all possible flavor-spin-color-
spatial intermediate quantum numbers.
The relative spatial coordinates r, R and p are defined as
r=r;—r,, R =r;—ry,
. mir; + myIry
my + nmy

_ msIrs + myry
ms + ny

The corresponding angular excitations of three relative
motions are, respectively, /,, [, and [.. The parity of the
state T, can therefore be expressed in terms of the relative
orbital angular momenta associated with the Jacobi coor-
dinates as P = (—1)%*%+% It is worth mentioning that this
set of coordinate is only a possible choice of many
coordinates and however most propitious to describe the
correlation of two mesons. In order to obtain a reliable
solution of few-body problem, a high precision numerical
method is indispensable. The Gaussian expansion method
(GEM) [63] has been proven to be very powerful to solve
the few-body problem. Brink et al. first applied the GEM
for studying heavy tetraquarks states [4]. We also use the
GEM to study doubly heavy tetraquark systems in the
present work. According to the GEM, the relative motion
wave function can be written as
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Mmax

¢1Gm (X) = Z Cnanxle_”"xz Ylm(ﬁ)
n=1

Gaussian are taken as

progression

size parameters geometric

1 ry nmalx—l
Up =5+ r, =ra"!, a=|-"m . (D
rn

r

r; and rp,, are the minimum and maximum of the size,
respectively. n., is the number of the Gaussian wave
function. More details about the GEM can be found in
Ref. [63]. In the present work, we expand the wave function
¢, (1) (@7, (R)) With Ry (n7,,) Gaussian functions
with the different width ranging from 0.1 fm to 2.0 fm
because the size of the mesons is less than 1 fm. We expand
the wave function ¢fm(p) with nj,, Gaussian functions

with the different width ranging from 0.1 fm to 5.0 fm
because the size of meson-meson molecule is about several
fms. In this way, the total number of the trial wave function
N pase 1 €qual to 1.gp X Mgy X Miax X Miax, Where n.r, the
number of the color-spin-flavor wave function, will be
given later. N,,,, should be increased gradually by increas-
ing M Mmax and njh.. until the convergent numerical
results are obtained. In addition, a large width Gaussian

function gble(p) (p = |p| = o) should be introduced to

guarantee a fast convergence of numerical results when a
bound state does not exist.

Taking all degrees of freedom of identical particles, the
Pauli principle must be satisfied by imposing a restriction
on the quantum numbers of the mesons ¢ it, and c3d,. The
quantum numbers must satisfy the relation s, + s, — S +
i, +1i,—1+ 1. =even when s, = s, because the present
boson system should satisfy the boson-Einstein statistic.
According to the restriction, the S-wave ([, = 0) states with
00" and 02" do not exist. The wave function of the S-wave
state [c,iiy][¢3d,] with 017 has two possible channels,

[DD*]_ = — (D% D* — D*D*),

_g’_
[}

[D*D*]_ — _(D*OD*+ _ D*+D*0),

V2

In the channel [D*D*]_, the spins of the mesons D** and
D** couple into the total angular momentum J. Similarly,
the wave function of the state [c,it,][¢3d4] with 107 also has
two possible channels,

1
[DD]+ = ﬁ (DOD+ + D+DO),

1
[D*D*]+ — _(D*OD*+ + D*+D*O).

V2

The wave functions of the states [c,it,][¢3d4] with 117 and
12 can be written as

1
[DD*], = —— (D°D** + D" D),
V2
1
[D*D*]+ _ (D*OD*+ + D*JrD*O).
V2

Analogically, there may exist the partners of the T, state
with the configurations of [byii,][b3d,] and [b,ii][c3d,],
denoted as T, and T9,. We can obtain the wave functions
of the S-wave state T, by solely making a replacement of ¢
with b in those of the state T'%.. In the case of the state Tgc,
the wave functions of the states with 00" and 10™ read

[BD], = —(B~D* £ B°D"),

S-Sl

[B*D*]i — (B—*DJr* + BO*DO*).

The signs + and — stand for the cases of the isospin
symmetry (/ = 1) and antisymmetry (I = 0), respectively.
The same notations hold for the other states with / = 1 and

I = 0. The wave functions of the states [b,it,][c3d4] with
01" and 117 have the following three possible channels,

- 1 -
[BD*],. = — (B~D*™* + B°D"),
V2
- 1 -
[B*D]. = — (B~*D* + B”D"),
V2
_ 1 _
[B*D*]i — ﬁ (B—*D+* + BO*DO*).

The wave function of the states with 02 and 127 has the
following one possible channel,

- 1 -
B*D* —- B—*D+* + BO*DO* .
[B*D"],. 7 ( )

We denote the strange partners of the T, state with the
configurations [b;ii,][b354], [c1i15][c354), and [byity][c354]
asthe T}, , T/, and Tgcs, respectively. We can obtain their
wave functions by replacing d with 5 in those of the states
T;,, T¢., and Tgc because /-spin (isospin) and V-spin are
equivalent. The wave functions of the states [b,5,][b354],
[c152][c354), and [b,5,][c35,), denoted as the T9, . T/,
and T}, are similar to those of the states T, , T, and Tgc

bess?
with I = 1 because they have the same flavor symmetry.

IV. STRUCTURE OF THE T STATE WITH 01+

We reproduce the mass spectrum of the ordinary mesons
to determine model parameters as in Ref. [11]. We collect
the results of the heavy-light mesons in Table 1.
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TABLE I. The Qg meson spectrum in the model where the
mass unit is in MeV and <r2>% unit in fm.

Stata D D* D, D: B B B, B
Cal. 1867 2002 1972 2140 5259 5301 5377 5430
PDG 1869 2007 1968 2112 5280 5325 5366 5416
(PP 068 082 052 069 073 077 057 062

In the following, we move on to the investigation of the
T{. with 01" and its partners. In order to obtain the lowest
states with positive parity, we assume that the three relative
motions are in S-wave, namely [, = [, = [, = 0. We can
obtain the eigenvalue and eigenvector by solving the four-
body Schrédinger equation

(Hy— Ej)®p =0

with the Rayleigh-Ritz variational principle. We define the
binding energy E, of the doubly heavy tetraquark states as

E, = E4 — lim E4(p)
p—)OO

to identify whether or not the tetraquark states are stable
against the strong interactions, where lim,,_, ., E,(p) is the
lowest theoretical threshold of the two mesons which can
couple into the same quantum numbers with those of the
tetraquark states. Such a subtraction procedure can greatly
reduce the influence of the inaccurate model parameters
and meson spectra on the binding energies. If E;, > 0, the
tetraquark systems can fall apart into two mesons via the
strong interactions. If E, < 0, the strong decay into two
mesons is forbidden and therefore the decay can only occur
via either the weak or electromagnetic interaction.

We can obtain the convergent numerical results of the
state T, with 011 with more than 4600 bases in the spin-
color-flavor-orbital space, which are presented in Table II.
It can be seen from Table II that the binding energy E;, =
—0.342 MeV predicted by the model is highly consistent
with the data given by the LHCb Collaboration. Note that
no adjustable parameter is introduced to match the exper-
imental data in our calculation. Neither of the single

[DD*|_ and [D*D*|_ channel alone can form a bound
state in the model. The stable T, state arises from the
coupling of these two channels. The dominant component
of the state T, is the DD* channel. Therefore, the coupled
channel effect plays a critical role in the formation of the
state T/, under the assumption of the molecule picture.
The spatial configuration of the state 7. can be
ascertained by the sizes of the two subclusters D (D*)
and D* and their relative distance, which can be approx-
imately described by the rms (r2):, (R2)z and (p?):
determined by the eigenvectors, respectively. The sizes
(r2)2 and (R?): are approximately those of the individual
meson listed in Table I, which is far less than the distance

between two subclusters (p?)7 = 4.32 fm. In other words,
the two subclusters are far away from each other. Therefore,
the T, state is a loosely bound deuteronlike state consisted
of D and D*, see Fig. 1. The extracted T}, size 4.32 fm
confirms the prediction of a huge size 4.46 fm with a
binding energy 0.47 MeV in Ref. [27], which also agrees
with the spatial configuration given by the LHCb
Collaboration according to the characteristic size calculated
from the binding energy [26].

In order to illustrate the mechanism of the formation of
the T, state, we calculate and decompose the contribution
to the binding energy E;, from various parts of the
Hamiltonian EY in the following four cases: (a) with meson
exchange and color screening effect, u. = 1; (b) with
meson exchange while without color screening effect,
1. =0; (c) without meson exchange while with color
screening effect, y. = 1; (d) without meson exchange
and color screening effect, . = 0. In the present model,
the meson exchange and color screening effect only occur
between two subclusters in the T/, state and do not affect
the corresponding threshold. We present the numerical
results in Table III, in which AE} is the kinetic energy
difference between the tetraquark system and its corre-
sponding threshold. In addition, the binding energy of each
single channel and its ratio in the eigenvector are also given
in Table III.

The hybrid color screening confinement potential gen-
erally gives bigger binding energies than single type of one,
see the cases (a) and (b) or (¢) and (d) in the states T?,C, Ty

TABLE II. The stability of numerical results, £, unit in MeV, r, r/, ¥’ and rms unit in fm.
45 (1) #5(R) #5(0) Dl L Rms
. - b, . .

r Fmax  Mmax r/l r;nax n{nax rll/ r:*:lax nﬁlax Nbase [DD*}— Eh7 Ratio Ratio M1X1ng Eb <r2>% <R2>% <p2>%
0.1 20 7 0.1 20 7 0.1 50 20 1960 0.000, 99.6% 0.000, 0.4% —-0.330 075 0.75 4.41
0.1 2.0 8 0.1 20 8 0.1 50 21 2688 0.000, 99.6% 0.000, 0.4% -0.353 0.75 0.75 423
0.1 20 9 0.1 20 9 0.1 50 22 3654 0.000, 99.6% 0.000, 0.4% -0.344 075 0.75 4.30
0.1 20 10 0.1 2.0 10 0.1 5.0 23 4600 0.000, 99.6% 0.000, 0.4% —-0.342 0.75 0.75 4.32
0.1 20 11 0.1 20 11 0.1 5.0 24 5808 0.000, 99.6% 0.000, 0.4% —-0.342 0.75 0.75 4.32
0.1 20 12 0.1 20 12 0.1 5.0 25 7200 0.000, 99.6% 0.000, 0.4% —-0.342 0.75 0.75 4.32
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FIG. 1.

Vo

/.

J
/.

The spatial configuration, left: compact state; middle:
hydrogen moleculelike state; right: deuteronlike state, big blue
ball and small red ball represent Q and g, respectively. A large
yellow ball represents a subcluster.

TABLE III.

and Tgcs. However, the order is reversed in the cases (a) and
(b) of the states 7. and T}, because of their stronger
meson exchange interaction relative to the confinement
potential.

From the cases (c¢) and (d) in Table III, the bound state
T/, vanishes if we turn off the meson exchange interactions
in the model. In other words, the long-range 7 and
intermediate-range ¢ meson exchange force play a pivotal
role in the formation of the loosely bound T, state.

We further compare the cases (a) and (b) to illustrate the
very delicate competition between the kinetic energy and
the attraction from various sources in the Hamiltonian. The
main factor hindering the formation of the D (D*) and D*
subclusters into the bound state is the relative kinetic

The properties of the state 7'/, and its partners predicted by the model, E;, unit in MeV and rms unit in fm. AE; is the
kinetic energy difference between the tetraquark system and its corresponding threshold. Four cases: (a) with meson exchange and color
screening effect; (b) with meson exchange while without color screening effect; (c) without meson exchange while with color screening

effect; (d) without meson exchange and color screening effect. The “—" denotes that the single channel is unbound.

Rms E}
State  1J? Channel Mixing
case . E,,, ratio E, (r2): (R¥): (p*): Vve vyr VK yn yen  yoge AR,
T, 01" [DD*]_ [D*D*]_
(a) 1.0 —, 99.6% —, 0.4% -0.34 0.75 0.75 432 -2.68 —2.19 0.00 0.17 —1.00 —4.29 9.65
(b) 0.0 —, 98.8% - 1.2% -0.86 0.76 0.76 294 -3.72 —5.41 0.00 0.49 —1.87 —=7.88 17.51
(c) 1.0 -, 100% -, 0.0% -
d 0.0 -, 100% -, 0.0% -
T;, 0l* BB BB
(a) 1.0 -11.2, 80.6% -9.8,19.4% -28.6 0.79 0.79 0.59 —-15.8 =579 0.0 6.6 —16.7 —108.3 163.5
(b) 0.0 -10.0, 62.4% -9.0,37.6% —43.8 0.84 0.84 046 —17.0 =76.0 0.0 8.6 —-21.8 —111.7 174.1
(©) 1.0 —03,84.7% —0.2,153% —10.0 0.72 0.72 1.04 -25 34 -109
(d) 0.0 —, 94.8% -, 52% -39 0.73 0.73 1.65 -14 -101 7.6
9. 00" [BD]_ [B*D*]_
(a) 1.0 -9.0, 98.6% -, 1.4% -129 0.71 0.66 1.09 -99 -14 00 02 =51 -28.6 319
(b) 0.0 -57,98.6% -3.5,14% -105 0.71 0.67 1.14 -99 -50 00 06 —-49 =344 43.1
(© 1.0 —4.8, 99.6% —, 0.4% -6.5 0.71 0.66 1.37 -23 =92 50
(d) 0.0 -2.1, 99.8% -, 02% -3.0 0.71 0.66 1.82 -1.2 -13.1 114
9. 01" [BD*|_ [B*D]_ [B*D*]_
(a) 1.0 —6.5,05% -7.7,987% -3.0,08% —105 0.75 066 120 -84 0.6 00 0.1 —-40 -157 169
(b) 00 -27,01% -44,97.2% -13,277% -7.6 0.77 068 130 -81 -36 00 04 -38 -21.7 292
(©) 1.0 -35,08% -39, 98.7% -, 0.5% —-63 0.75 0.66 1.40 -21 =32 -1.1
(d) 0.0 -06,02% -14,99.6% -, 0.2% -22 076 0.67 2.07 -09 -80 67
79, 02* [B*D*]_
(a) 1.0 -12.0, 100% -12.0 0.74 0.79 128 -64 73 00 -05 -28 04 -10.0
(b) 0.0 -3.6, 100% 3.6 0.75 0.79 188 —-43 45 00 -03 -0.8 -37 09
(©) 1.0 -12.4, 100% —12.4 0.74 0.79 1.25 -37 -06 =80
(d) 0.0 -3.6, 100% 3.6 0.75 0.79 1.83 -13 —46 20
T 31° BRI BB
(a) 1.0 —-48,91.1% -42,89% -11.8 0.66 0.66 094 -11.2 00 03 01 -35 -6.1 8.6
(b) 0.0 -38,96.0% -34,40% -9.0 0.68 068 097 —-11.4 00 -23 -04 —40 -214 304
(©) 1.0 -, 90.1% -, 9.9% =33 0.67 0.67 1.30 -06 54 =81
d 0.0 -, 97.6% -, 24% -0.5 0.68 0.68 2.74 -02 -16 13

(Table continued)
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TABLE III. (Continued)

Rms E},

State  1JP Channel Mixing

case  u, E,,, ratio E, (r2): (R¥2 (p*): Vve yr yK yn yem  yome AR
TH,, %0° [B,D]_ [B:D*]_

@@ 1.0 -74,99.6% - 04%  —92 064 060 1.13 —103 00 08 0.1 =30 —156 188
(b) 00 -51,99.6% —,04%  —67 064 060 125 -95 00 04 01 -24 -202 249
© 10 -1.1,99.8% —,02%  —16 065 0.60 2.00 06 —43 21
@ 00 0.1,99.9% - 01%  -04 065 0.61 3.33 -02 —42 40
Ty, 317 [BD'] [B;D]_ [B;D*]_

@ 1.0 -49,05% —61,99.1% —,04%  —-80 069 060 121 -89 00 10 02 -25 —-67 89
(b) 00 -23,02% -38,99.6% -, 02% 50 069 0.60 142 —78 00 06 01 —-18 —11.9 158
€ 10 -0504% —07,994% -, 02% —18 070 0.60 2.04 -05 2.1 09
d 00 -01% - 99.8% -, 01%  -02 0.0 0.60 5.53 -01 -22 21
1, 12t BiD").

(@ 1.0 -12.2,100% —122 0.68 073 1.15 =79 00 1.7 03 -32 -02 -28
(b) 00 —-54,100% —54 068 073 148 —62 00 12 02 -1.7 —46 57
© 10 —6.6,100% —6.6 0.69 0.75 136 -16 13 —64
d 00 -14,100% —14 069 0.75 2.33 -04 -19 1.0

energy between two subclusters in the cases (a) and (b).
The interactions V°, V*, V" and V& provide precious
attractions. Without the color screening effect, the confine-
ment and one-gluon-exchange color forces between the two
subclusters become stronger, which pull them closer to
each other. Now all the meson exchange contributions
become larger in magnitude. Especially, the one-pion-
exchange force is extremely sensitive to the distance and
its contribution to the binding energy increases to
—5.41 MeV. In contrast, the kinetic energy difference
AE} increases to 17.51 MeV in the case (b). The binding
energy E;, = —0.86 MeV in the case (b) is also in good
agreement with the experimental data. Therefore, the TF,
state always emerges as a loosely bound state so long as
there exists the meson exchange interactions.

V. ISOSPIN ANTISYMMETRIC T,, STATES

A. Compact T,

Both of the [BB*]_ and [B*B*]_ channels with 01* can
form a bound state alone and their binding energies are
about 10 MeV in the cases (a) and (b). After coupling the
two channels, the state 7', becomes a rather deeply bound
state with £, = —28.6 MeV and —43.8 MeV, respectively,
which are much less that of the bound state T, with
diquark-antidiquark structure [bb][itd] because of their
different color configurations [11,22]. Our present results
are very close to the latest lattice QCD predictions in the
range of 2040 MeV [64]. However, the earlier lattice QCD
results indicated that these states were over 100 MeV below
the BB* threshold [65,66]. The strong attraction comes

from the interactions V°, V7, V! and V°& in the model.
Especially, the contributions from the V¢ and V” are quite
large, which is due to the rather compact size of the 7,
system.

The main component of the T, is the [BB*]_. The two
subclusters B (B*) and B* become obscure and overlap with
each other severely because the sizes of the subclusters
(r2)> and (R2)? are bigger than the relative distance (p?)2
between the two subclusters, see Fig. 1. The large b quark
mass allows the two subclusters to get as close as possible.
The T, state with 01" looks like a compact tetraquark state
if there exists the meson exchanges interaction. If so, the
T, state may not be a pure meson-meson molecule state.
Instead, it may be a mixture of the meson-meson molecule
and other hidden color states. The specific ratio between
two components needs further study. Such a qualitative
feature is supported by the lattice QCD computations
[64,67], in which the ratio of the meson-meson molecule
component is about 60%.

B. Deuteronlike T,

If we remove the meson exchange interactions and color
screening effect from the model and focus on the case (d) in
Table 111, the T, state with 01" becomes a shallow bound

state with E, = —3.9 MeV and (p?)? = 1.65 fm, where the
attraction mainly comes from the residual one-gluon-
exchange potential V°&. The two subclusters are separated
too far away to overlap each other because the sum of the

sizes of the subclusters (r2)z and (R2)? is less than their
relative distance (p?)2. Quarks are only allowed to move in

054015-7



CHENGRONG DENG and SHI-LIN ZHU

PHYS. REV. D 105, 054015 (2022)

the isolated subclusters. Therefore, the 77, state with 01"
looks like a loosely bound deuteronlike molecular state in
the case (d), see Fig. 1.

C. Hydrogen moleculelike 7',

If we consider the color screening effect in the case (c) in
Table 111, the T, state with 01" forms a bound state with

E, = —10 MeV and (p?)2 = 1.04 fm, where the attraction
mainly arises from the decreasing of the kinetic energy.
This novel mechanism is completely different from those in
the other three cases, where the V°8¢ and (or) the meson
exchange interactions provide a strong attraction while the
kinetic energy prevents the two subclusters to form a
bound state.

The two subclusters overlap with each other extremely in
the cases (a) and (b) while they do not overlap at all in the
case (d). Now in the case (c), the two subclusters B (B*) and
B* moderately overlap with each other, see Fig. 1. Such an
appropriate spatial overlapping greatly enlarges the phase
space of the light quarks g, and g4 and allows them to roam
into the opposite subcluster freely, which helps to lower the
kinetic energy of the 7', system. This is the realization of
the uncertainty principle.

The delocalization of the light quarks in the state 77, is
extremely similar to the valence bond in the hydrogen
molecule, where the electron pair is shared by two protons.
Therefore, the 7, state with 017 is very similar to the
hydrogen molecule state, which is formed by the delocal-
ization of the light quarks with the color screening effect in
the case (c) in the present model. The idea of the QCD
valence bond was proposed and investigated in Ref. [8] in
2013 and discussed extensively in the review [68].
Recently, Maiani et al. discussed the hydrogen molecule-
like T, state when the [bb] pair is in color 6 [69]. Richard
et al. also studied the hydrogen moleculelike doubly heavy
tetraquark states [70].

D. Heliumlike QCD atom in the limit of a large m,

In order to reveal the dependence of the three configu-
rations on the heavy quark mass, we increase the bottom
quark mass from m,; to m, with the mass ratio Q and
calculate the binding energy E, and the average distances.
We present numerical results in Table IV. One can see that
the binding energy E, in the three configurations is very
sensitive to the mass ratio. The deeply bound state appears
in the limit of a large mg. The large heavy quark mass

permits them to get as close as possible (see (r2QQ>% in
Table 1V), therefore their attractive Coulomb interaction
becomes dominant. The binding energies of the B (deuter-
onlike) and C (hydrogenlike) configurations are close to
each other. Their absolute values are smaller than that of the
A (compact) configuration because of the extra attraction
from the meson exchange interactions.

TABLE IV. Variation of the configurations with the mass ratio
mQ <rQQ>% and (r?“-l)% are the average distance between Q and Q

and @ and d, respectively. Others have their original meanings.

(o)t (20 () () (RY):

g
Configuration —2  E,

A 1 =286 062 113 059 079 0.79
2 =935 026 097 026 0.81 0.81
3 —-1406 0.19 095 0.19 0.81 0.81
4 -190.0 0.16 094 0.16 0.81 0.81
5 -226.0 0.14 093 0.14 081 0.81
B 1 -39 173 195 165 073 0.73
2 =192 065 1.19 062 0.80 0.80
3 =581 022 1.06 022 091 091
4 -97.1 0.17 1.06 0.17 091 091
5 —-1314 0.15 106 0.15 091 0091
C 1 -100 110 148 1.04 072 0.72
2 =259 079 129 0.797 078 0.78
3 =377 043 1.10 042 0.82 0.82
4 =756 0.17 1.02 0.17 0.88 0.88
5 -1103 0.15 1.02 0.15 0.88 0.88

If we increase the ratlo "o the sizes of the subclusters are

convergent in each conﬁguratlon see (r?)z and (R2)2 in
Table IV. However, the distance between two heavy quarks
<r2QQ>% decreases gradually till they shrink into a tiny and
compact core eventually. The two subclusters overlap
completely. The three configurations will degenerate into
a single one. Its size can be approximately described by

either the (r2)2 or (R2)z. The QQ-core contributes to the
vast majority of the binding energy of the doubly heavy

tetraquark states. The light quarks & and d move around the

QQ-core. Their relative distance (r? &z>% is about 1 fm. In

summary, the doubly heavy tetraquark states look like a
heliumlike QCD-atom in the limit of a large heavy
quark mass.

VI. OTHER PARTNER STATES OF THE T

A. Isospin antisymmetric states Tgc

The state Tgc with 00" can form a shallow bound state
with the E}, of several or a dozen MeV in the four cases, in
which the dominant component is the channel BD. Our
conclusion is very close to that of other model calculations
[27,71]. In the cases (a) and (b), the overlapping between
two subclusters is very obvious so that the state looks like a
compact state because of the strong attraction coming from
the V¢ and V°. Turning off the meson exchange inter-
actions, the Tgc state with 00" becomes a loosely bound
state in the cases (c) and (d) while a hydrogen moleculelike
state does not appear.

The nonidentity of the b and ¢ quark in the T . state with
017" enlarges the Hilbert space comparing with the T, case
with 017. Now we have to consider three coupling
channels.
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From Table III, the 017" state has a binding energy of
several MeV in the four cases, which is slightly lower than
the lattice QCD results in the range of 20-40 MeV below
the B*D threshold [49]. The dominant component of the
state is the B* D channel, which is supported by other model
predictions [27,71]. The Tgc state with 01" is a shallower
bound state than the T, with 01" because of the lighter
charm quark mass and thus larger kinetic energy. Moreover,
the overlapping between the two subclusters, binding
energy and the delocalization effect of the light quarks
become weaker. However, the physical picture such as the
emergence of the compact state, hydrogen moleculelike
state or deuteronlike state in four cases in the 79, system
resembles that of the 77, state with 017.

The mass of the Tgc state with 027 is about 12 MeV
lower than the B*D* threshold due to its small kinetic
energy £, in the model, see the cases (a) and (c) in Table III.
This state can form a hydrogenlike state similar to the 7',
with 011 due to the delocalization of the light quarks
induced by the color screening effect in the confinement. In
the cases (b) and (d), the state has a binding energy of
3.6 MeV relative to the B*D* threshold, which is a
deuteronlike state because the two subclusters are separated
well apart. The T9_ state with 02 is not stable although it is
below the B*D* threshold because it can decay into the
modes BD, BDx, B*Dy, BD*y, BDyy etc. However, the
state should be very narrow.

B. V-spin antisymmetric states T;, and T}

The corresponding SU(2) groups of the /-spin, and the
so-called V-spin and U-spin are three subgroups of the
flavor SU(3) group. Therefore, the V-spin antisymmetric
T},s With 117 and the state 7', with 017 should share the
same symmetry in their wave functions so that their
behaviors should be analogous from the perspective of
quark models. Similar arguments hold for the V-spin
antisymmetric state 79 and the state 79, with 7 = 0.

From Table I1I, the V-spin antisymmetric state 77, with
% 1" is a shallow bound state with a binding energy about
10 MeV relative to the threshold BB}, where the attraction
mainly comes from the V° in the cases (a) and (b). Our
results agree with those in Ref. [27] but are less than the
latest lattice QCD results about 80 MeV [72]. Similar to the
state T, with 017, the state 77, with 317 can also form a
compact state in the cases (a) and (b), which should
therefore be a compound of color singlet and hidden color
states. The lattice result indicated that the meson-meson
percentage is about 84% while the hidden color percentage
is about 16% [72]. In the case (c), the state T, is a
hydrogen moleculelike bound state because of the delo-
calization of the light quark # and 5 induced by the color
screen effect. In the case (d), the state T,, forms a
deuteronlike state because of removing the meson

exchange interaction and color screening effect from
the model.

Both of the V-spin antisymmetric states 79, with 10"
and %1* appear a bound state in the model, which
is qualitatively consistent with the conclusions in
Refs. [27,49,73]. In the cases (a) and (b), the two states
are shallow bound states with a binding energy of several
MeV because of the V°. The two subclusters have a slight
or even no overlapping. In the cases (c) and (d), the two
states are very loosely bound without the meson exchange
interactions. The two states are deuteronlike states because
the subclusters are completely separated from each other.
The hydrogen moleculelike configuration appearing in the
state T, with 01T vanishes in the 79 states with 10"
and 117,

The state T, with 527 is lower than the corresponding
threshold B;D* in the model. Similar to the state 79 with
02", the state 79, with 327 is also a hydrogen molecule-
like bound state because of the delocalization of light
quarks in the cases (a) and (c). Removing the color screen
effect from the model, the state Tgm with %2+ becomes a
deuteronlike bound state in the cases (b) and (d). The state
is not stable and can decay into B,D, B,Dx, B,D"y,

B:Dy, B,Dyy.

C. Other unstable states

All of the isospin symmetric states Td., T3, T%,, Tdcts,
79, and T} cannot form bound states because the
interactions cannot provide enough attraction in the model.
Other model studies on the states T(;C and T/t also suggest
that the isospin symmetric states are unbound and unsta-
ble [27,71,74,75]. The lattice QCD investigations on the
isospin symmetric states 7., T5,, T9,, Tk, T9,., and
T} .. indicated that no clear signal of any level below
their respective thresholds can be found [66]. Similarly, the
V-spin symmetric states T, T5,,, and T9 . cannot form
stable bound states in the model. The V-spin antisymmetric
state 7., with 3 1, the strange partner of the state T/ with
01", could be a stable bound state in some theoretical
frameworks [27,47,48]. However, the state is not stable in
the present model. The situation may change if the mixing
of § — D wave is taken into account in the model, which is

left for future work.

VII. MAGNETIC MOMENTS AND
AXITAL CHARGES

The magnetic moments of hadrons encode useful infor-
mation about the distributions of the charge and magneti-
zation inside the hadrons, which help us to understand their
geometric configurations. Ignoring the contributions from
the quark orbital angular momentum, the operator for the
magnetic moment of the doubly heavy tetraquark system is
given simply by
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TABLE V. Magnetic moment y,, unit in x4, and axial charge g4
unit in gy in the four cases.

State T!. T, T9. Ty T9..
J? 01t o1t 00t o1t 02t L+ %0* %ﬁ %2+
Hon 0.18 0.64 0.00 066 0.79 1.37 0.00 098 1.29
Mf;, 0.13 049 0.00 059 0.79 1.29 0.00 094 1.29
U - 097 0.00 0.72 0.79 140 0.00 0.95 1.29
M;’n - 098 0.00 0.67 0.79 137 0.00 1.13 1.29
'n 0.00 0.00 0.00 0.00 0.00 0.81 0.00 1.13 2.18
g/ba 0.00 0.00 0.00 0.00 0.00 0.74 000 1.09 2.13

94 0.00 0.00 0.00 0.00 0.00 0.83 0.00 1.09 2.15
I 0.00 0.00 0.00 0.00 0.00 0.79 0.00 1.03 2.08

o=

where Q; is the electric charge operator of the ith quark and
the o7 is the z-component of Pauli matrix. We can obtain the
magnetic moments of the doubly heavy tetraquark states
below their corresponding threshold by directly calculating
the matrix element

m = <¢1J|ﬂm |q)u>»

where @;; is the eigenvector of those states.

From Table V, the spin and magnetic momentums of
the states T, with 00" and 7}, with 10" vanish. The
magnetic momentums of the other states depend on their
spatial configurations except for the two high spin states.
The magnetic momentum of the T state with 017 is about
0.18 py and 0.13 py in the cases (a) and (b), respectively.
The magnetic momentum of the 7'}, state with 01" was also
studied using the light-cone QCD sum rule formalism [76].
Its value was roughly 0.66 uy and 0.43 u, for the compact
diquark-antidiquark and molecule pictures, respectively
in Ref. [76].

The axial charge g, is an important quantity for the
understanding of both the electroweak and strong inter-
actions. The nonrelativistic leading order axial charge
operator for a pointlike Dirac constituent quark is given
by the Gamov-Teller operator 6°z° [77], where 7° is the
isospin operator. Then the axial charge operator for the
doubly heavy tetraquark states is given by

In this way, we can achieve the axial charge g, of the states
by directly calculating the matrix element

ga = <®IJ|§A|(D1J>7

which are presented in Table V. The axial charges of the
states T, T, and T,?L are zero because their isospin
magnetic components are zero while that of 79, with %0*
is zero because its spin magnetic component is zero. The
axial charges of the other states also depend on their spatial
configurations but do not change dramatically in the
four cases.

VIII. SUMMARY

In the present work, we have performed a systematical
investigation of the doubly heavy tetraquark states with the
molecule configuration within the framework of the non-
relativistic quark model with the help of the Gaussian
expansion method. The model includes the color screening
confinement potential, meson-exchange interactions and
one-gluon-exchange interactions. Besides the tetraquark
spectrum and their spatial configurations, we have also
calculated the magnetic moments and axial charges of the
statable doubly heavy tetraquark states.

We discuss various dynamical effects in the formation of
the stable bound states against the strong interactions
extensively. We decompose the attractions from various
sources and illustrate the very delicate competition between
the kinetic energy and attractive potentials in the formation
of three kinds of different bound states: the compact,
deuteronlike or hydrogen moleculelike states.

The dominant component of the recently discovered T,
state by the LHCb Collaboration is the DD* component,
which cannot form a bound state alone in the model. The
coupled channel effect between the [DD*|_ and [D*D*|_
channels plays a critical role in the formation of the T,
under the assumption of meson-meson picture. The long-
range # and intermediate-range o exchange interactions
also play a pivotal role. Without the meson exchange force,
the T, states does not exist. With the model parameters
extracted from the ordinary meson spectrum and without
introducing any new parameters in the present calculation,
we extracted the binding energy of the T, to be 0.34 MeV,
which agrees with LHCb’s measurement very well. With a
huge size around 4.32 fm, the T}, state is a loosely bound
deuteronlike state.

There is a broad theoretical consensus that the tendency
to form doubly heavy tetraquark bound states is propor-
tional to the mass ratlo 2 Tn the limit of large masses of the
heavy quarks the correspondmg ground state should be
deeply bound. Such a qualitative picture is strengthened by
our numerical results. The existence of the shallow bound
state T/ implies that there should exist many stable doubly
heavy tetraquark states.

Our investigations indicate that the /-spin antisymmetric
states T, with 01F, 79 with 00" and 017, the V- spin
antisymmetric states 7, with 217, 79 - with 10" and 1 1T
can form a compact, hydrogen moleculelike, or deuteron—
like bound state depending on different binding dynamics.
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The compact spatial size of the 7, may require the
introduction of the hidden-color configuration from the
very beginning, which is the topic of our future work.

The high-spin states 7%, with 02" and 79, with $2*
can decay into D-wave BD and B,D through the
strong interactions although they are below the thresholds
B*D* and B:D*, respectively. The I-spin or V-spin
symmetric states, Tde, T, Tppo Touos Tipes Tichss Thhossr
and Tglm, are unbound in the model prediction. The
state T}, is also not bound in the model no matter
its V-spin is symmetric or antisymmetric, which may
be due to the omission of the S — D wave mixing in the
present work.

The discovery of the T, state opened a new window for
hadron physics. More theoretical and experimental efforts

are called for in order to understand its underlying structure
and nonperturbative QCD dynamics in this region. We
sincerely hope that some of the doubly heavy tetraquark
candidates may be searched for at LHCb and Bellell in the
near future.
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