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Spin polarization dynamics in the non-boost-invariant background
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Space-time evolution of spin polarization within the framework of hydrodynamics with spin based on de
Groot—van Leeuwen—van Weert forms of energy-momentum and spin tensors is studied. Due to the
nonboost invariant flow in the system the spin polarization components couple to each other implying some
effects on the spin polarization observables. We study transverse-momentum and rapidity dependence of
mean spin polarization vector for A hyperons. Our results show qualitative agreement for rapidity
dependence of the global spin polarization with the experiments and other models. The quadrupole
structure of the longitudinal component at midrapidity is not found; however, as compared to the results for

Bjorken expansion, some nontrivial signal at forward rapidities is observed.

DOI: 10.1103/PhysRevD.105.054007

I. INTRODUCTION

In the last two decades, relativistic hydrodynamics has
become a well established theory with broad applications in
relativistic heavy-ion collisions, condensed matter physics,
and astrophysics [1-6]. This, in turn, has paved the way to
further extensions of the standard hydrodynamic formalism
[7,8], as well as allowed for determining some of the quark-
gluon plasma properties [9,10].

The recent measurements of spin polarization of particles
produced in relativistic heavy-ion collisions [11-20] gave a
new perspective to these studies [21,22]. In particular, the
idea of local thermodynamic equilibrium with spin degrees
of freedom has been proposed [23,24] and has been shown
to explain some of the spin polarization phenomena, such
as collision energy dependence, in terms of the so-called
polarization-vorticity coupling [25-29]. However, after
some initial successes, the spin-thermal models have been
proven being unsuccessful in explaining various more
differential observables. In particular, the measured trans-
verse-momentum dependence of the spin polarization
along the beam direction [15,30] has been shown to have
an opposite sign with respect to the model predictions
[31,32]. This mismatch between theory and experiment,
currently known as the sign problem, has triggered further
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theoretical developments raising questions of spin non-
equilibrium effects and its genuine dynamics. Among
others, the idea of incorporating spin degrees of freedom
in the hydrodynamic framework has gained significant
attention as it opened the possibility of probing purely
quantum features of the matter in the classical hydro-
dynamic framework [33-35].

The formulation of relativistic hydrodynamics with spin
based on quantum kinetic theory was first proposed in
Ref. [36] and further developed in Refs. [37-46]. Other
interesting approaches have used the methods of the
effective action [47-49], entropy current analysis [50-52],
holographic methods [53,54] and nonlocal collisions
[55-60].

On general grounds, the dynamics of spin polarization is
expected to be controlled by a rank-two antisymmetric
tensor @ known as the spin polarization tensor [36-38]. It
introduces into hydrodynamics six extra Lagrange multi-
pliers which, together with the standard ones, must be
determined based on the conservation laws. The spin
polarization tensor is, in general, independent of the so-
called thermal vorticity which plays a central role in the
spin-thermal models [24-26,31,46,61-83].

The formalism of hydrodynamics with spin presented
in Refs [36,37] is based on the forms of the energy-
momentum and spin tensors introduced by de Groot, van
Leeuwen, and van Weert [84], which have been shown to
be connected to canonical expressions (obtained by apply-
ing Noether theorem) through pseudogauge transforma-
tions [38,85]. Following the experimental results which
show small values of polarization in Refs. [36,37] it has
been always assumed that @ is of leading order, hence
making the spin polarization contributions appearing only
in the spin tensor. The first applications of this framework
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demonstrating the connection between the theoretical
calculations and the experimental measurements have been
presented in Ref. [40].

In the current work we extend the analysis of the space-
time evolution of the spin degrees of freedom within the
framework of perfect-fluid hydrodynamics with spin pre-
viously performed for Bjorken-expanding system [40]. We
explicitly break the boost-invariance in the beam direction
while keeping the assumption of transverse homogeneity
intact. In order to keep our analysis simple and clear, we
consider an ideal relativistic gas of classical massive
particles of single species with spin—% [2,84]. Relaxing
the assumption of boost-invariance leads to nontrivial
effects resulting from the longitudinal expansion of the
system as well as introduces mixing between different
electriclike and magneticlike sectors of spin coefficients.
Using a physics motivated choice of the initial condition for
background and spin variables we evolve the system until
freeze-out and subsequently analyze the impact of the
dynamics on the spin polarization observables. In particu-
lar, we study the transverse momentum and azimuthal angle
dependence of the mean spin polarization vector as well as
its single-differential rapidity dependence. Our results show
some interesting patterns in rapidity which are in agreement
with other studies and may be potentially important for the
spin polarization measurements [30,86,87].

The paper is organized as follows: we start with the
conventions used in this article in Sec. II followed by a brief
review of perfect-fluid spin hydrodynamics in Sec. IIL
After describing our setup in Sec. IV, we derive evolution
equations for background and spin in Sec. V. Our numerical
results for the perfect-fluid background and spin dynamics
are presented in Sec. VI and followed by the analysis on
spin polarization observables in Sec. VII. We summarize
our findings in Sec. VIIL.

II. CONVENTIONS

In this paper, the metric tensor is taken with the “mostly
minus” convention, g,; = diag(41,—1, -1, —1), whereas
the scalar (or dot) product of two four-vectors a* and b*
reads a - b = a®b, = g,5a°b” = a"b° —a - b, where three-
vectors are denoted by bold font. For the Levi-Civita tensor
€3 we use the convention €°'?*> = +1. The Lorentz-
invariant measure in the momentum space is given by
dP = d’p/(E,(2x)?), where on-mass-shell particle energy

and the particle four-momentum are E, = \/m? + p* and
p = (E,.p), respectively. We use a shorthand notation for
antisymmetrization by a pair of square brackets. For
example, for a rank-two covariant tensor M, one has
My, =%(M,, —M,,). The Hodge dual of any tensor
C? is denoted by a tilde and obtained by contracting
the rank-two antisymmetric tensor with the Levi-Civita
tensor, namely,

~ 1
Crx[f — 5 ea/iyé Cy(S-

We also use the following shorthand notation for the direc-
tional derivatives U%0,=(*), X*0,=(*), Y0, = (%),
7%0, = (°), as well as the for the divergence of a four-vector
A, 0,A* = 6,. Throughout the paper we assume natural units
ie,c=h=ky=1.

III. PERFECT-FLUID SPIN HYDRODYNAMICS

In this section we review the hydrodynamic framework
for spin-} particles based on the GLW (de Groot—
van Leeuwen—van Weert) forms of energy-momentum
and spin tensors. In this formalism, the spin effects are
considered being small, implying that the spin degrees of
freedom are not included in the conservation laws for
charge, energy and linear momentum, and appear only in
conservation law for angular momentum [38].

A. Conservation of charge

The conservation law for baryon number has the form,
0,N%(x) =0, (1)
where the baryon current is
N* = NU?, (2)
with U* = y(1,v) being the fluid four-velocity and [36]
N = 4sinh(EN ) (T), (3)

stands for particle density.

In the case of an ideal relativistic gas of classical massive
particles (herein referred to as the A EoS), the number
density of spinless and neutral classical massive particles,
N ()(T), has the form,

No)(T) = kT°Z?K;(2), (4)

with k = 2%[2,
the temperature 7', z = m/T, and K, denoting the modified
Bessel function of the second kind.

One should note that the factor 4 sinh(&) = 2(ef — e7%)
in Eq. (3) represents spin degeneracy and the presence of
both particles and antiparticles in the system with & being
the ratio of the baryon chemical potential u over the

temperature, & = u/T.

z being the ratio of the particle mass m over

B. Conservation of energy and linear momentum

The conservation law for energy and linear momentum is

0T (x) = 0, (5)
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where 7% is the energy-momentum tensor having the
perfect-fluid form,

T = (£ + P)UUP — Pg* (6)

with the energy density and pressure written as [36]
& =4cosh(§)E ) (T), (7)
P = 4cosh(§)73<0>(T), (8)

respectively.

Similarly to the number density, the auxiliary energy
density, 5(0)(T), and pressure, P(O)(T), for A EoS are
defined as [2]

Ew)(T) = kT*Z*[zK(z) + 3K,(2)], )
Po)(T) = kT*22K»(z) = TN (o)(T). (10)

respectively. Equations (1) and (5) together form a closed
system of five partial differential equations for five
unknown functions: u, T, and three independent compo-
nents of U* (note that U is normalized to 1). We solve these
perfect-fluid equations in order to determine the hydro-
dynamic background for the spin evolution.

C. Conservation of angular momentum

Since in the GLW formalism the energy-momentum
tensor (6) is symmetric, the total angular momentum
conservation 9, J* = T/ — T"F + 9,8/ =0 implies
separate conservation of the spin part [38],

D S*P7 (x) = 0, (11)

where, in the leading order of spin polarization tensor @,
(to be discussed later), spin tensor is written as [38]

Selr = S+ S, (12)
; apfyl a.py
with S;p"" and S,™" defined as
el = cosh(E)N (o) Ua" (13)

%P = cosh(&)[ A U U UV o}
+ By (UP A%} + U AW o} + US AV o)),
(14)

respectively, and thermodynamic coefficients have the
forms,

'In Eq. (12), the first term is known as the phenomenological
spin tensor [36].

280 + P

By = 2 7 (15)

and
A(O) = 2/\/(0) - 38(0). (16)

The projection operator on the space orthogonal to four-
velocity is defined as A*y = ¢ — UFUp.

D. The four-vector basis

For our convenience, in this work we will use the four-
vector basis which, apart from the four-velocity U, consists
of additional three four-vectors X, ¥ and Z spanning the
space transverse to U. The latter are obtained by canonical

boost transformation with four-velocity U, Ag(U”), of the
local-rest-frame expressions,

Xirp = (0,1,0,0),

Yige = (0,0.1,0),

Z¢r = (0,0,0,1). (17)

Obviously, the basis vectors satisfy the following conditions:

U-U=1,

X-X=Y-Y=Z-Z=-1,
X-U=Y-U=Z-U=0,
X-Y=Y-Z=Z-X=0. (18)

E. Spin polarization tensor

The spin polarization tensor @, is an antisymmetric
rank-two tensor which can be decomposed in terms of four-
vectors k* and w* as [36]

W =Kk, Uy =k, U, + €05 U@ (19)
Note that any part of the four-vectors x* and w* parallel to
U* does not contribute to the right-hand side of Eq. (19).
Therefore, we assume that ¥* and w* fulfill the following
orthogonality conditions:*

k-U=0, w-U=0, (20)

which allows us to express k, and w,, in terms of w,, as

1
K, = 0,,U%, w, = EeﬂaﬂywaﬂU”. (21)

u

“Six independent components of x* and @ define six
independent components of the antisymmetric rank-two

tensor ..
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Using the basis vectors and orthogonality conditions (20), k#
and @ can be decomposed in terms of scalar spin coeffici-
ents G, = (CKX7 Cyy. CKZ) and C, = (Ca)Xa Cov, CmZ) as
follows:

K = CoxX® + Coy Y + Cg 2%, (22)

C()a = waxa + Cmea + szza. (23)

Using Egs. (22) and (23) in Eq. (19) we can obtain a general
expression for the spin polarization tensor @, in terms of
scalar spin coefficients,

WDop = Z(CKXX[aUﬁ] + CKYY[aUﬁ] + CKZZ[aUﬁ])
+ €(1,/)’y5Uy(CwXX6 + C‘a)YY(S + C(UZZ&)' (24)

We may also introduce another parametrization of the spin
polarization tensor, which uses electric- and magneticlike
three-vectors in the laboratory frame, e = (e!, €2, *) and

b = (b', b, b?), in the form [37],

—e b3 0 -b!

where we used the sign conventions of Ref. [88]. Using
Eq. (25) in Eq. (21) one finds [37]

k%= (k" k) = (e-U,U% + U xb),
o” = (0’ )= (b-U, U -U xe). (26)

IV. TRANSVERSELY HOMOGENEOUS SYSTEM
WITH NON-BOOST-INVARIANT FLOW

In the current work we assume that the system is
transversely homogeneous and undergoing a nontrivial
dynamics along the beam (z) direction. Due to translational
invariance in the transverse plane, we assume that the
fluid four-velocity U* has vanishing x and y components,
namely,

U* = (cosh(®), 0,0, sinh(P)), (27)

where @ = 9 + 7 is the fluid rapidity with 9(z, 5) being the
scalar function of longitudinal proper time 7 = V> — z°
and space-time rapidity 7 = In[(7 + z)/(¢ — z)]/2 describ-
ing the deviations of the flow from the boost-invariant

form. Hence, in the limit 9(z,57) =0, we recover the
Bjorken flow [89].

In our case basis four-vectors (17) take the forms,

X*=(0,1,0,0),  Y*=(0,0,1,0),
Z% = (sinh(®), 0,0, cosh(®)). (28)

The directional derivatives read

inh(9
U0, — cosh(9)9, + SO 5
T
X0, = 0.,
Y49, = 0,,
h(39
720, — sinh(9)d, + )aﬂ, (29)
T
and the divergences of U* and Z* are written as
h(9)
o.U" _cos ( )—}—19,
T
inh(9)
aaza - s ( ) + 197 (30)
T

respectively, where we have used the shorthand notation for
operators (29) explained in Sec. II. Note that in our setup,
all scalar functions depend on 7 and 7, hence acting on them
with 0, and 0, gives zero.

Within our setup the two parametrizations, [Eq. (24) and
Eq. (25)], are related through the expressions,

C,x = e' cosh(®) — b?sinh(®), (31)
C,y = €*cosh(®) + b' sinh(®), (32)
Cz =€, (33)
C,x = b' cosh(®) + € sinh(®), (34)
C,y = b? cosh(®) — e! sinh(®), (35)
C,p = b, (36)

One can also invert the above relations and write the
laboratory-frame spin components in terms of C,. and C,, as

e! = Cix cosh(®) + C,y sinh(®), (37)
e? = Cy cosh(®) — C,x sinh(®), (38)

e =Cy, (39)
b' = C,yx cosh(®) — C,y sinh(®), (40)
b* = C sinh(®) + C,y cosh(®), (41)
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b =C,;. (42)

V. NON-BOOST-INVARIANT FORMS OF THE
CONSERVATION LAWS

Using Eq. (2) in Eq. (1), the baryon charge conservation
law is expressed as

N+ N6y = 0. (43)

Projecting conservation law for energy and linear momen-
tum (5) with flow four-vector Uy and transverse projector
A and using Eq. (6), we get

E4 (E+P)Oy =0, (44)

(& + P)UF — VFP =0, (45)

respectively, where we introduced the notation V%=
0% — U"Uﬁaﬁ. One can see that Egs. (44) and (45) are rela-
tivistic generalizations of continuity and Euler equations,
respectively.

To derive evolution equations for the spin coefficients C,.
and C,,, it is convenient to have another decomposition of
the spin tensor (12) as [40]

S = U (A0 + A, UPK) + A3 (UP ! + 7P,

(46)
where
Ay = cosh(&)(N (o) = Byg). (47)
Ay = cosh(&)(Aq) — 3Bp)). (48)
A; = cosh(&)Byg). (49)

We first put Egs. (22) and (24) in Eq. (46), subsequently we
use Eq. (46) in Eq. (11) and, finally, we contract the final
tensorial equation with UyX,, UgY,, UsZ,, Y3Z,, X4Z, and
XzY,, which yields (see the Appendix A for detailed
derivation)

. © a, U% .
ay + Py = —ag 0y — 2 =Pz +ppUZ,  (50)

. o ayzU% °
Ay _ﬂxl = _ayleU - D) +ﬂx192 _ﬁx2U29 (51)
a;l = _azleU7 (52)

aOQ ° aQHZ
% +ﬂx2 =--

2

+ayIZU_ﬁx26U _ﬂXIZU’ (53)

o

ay y a0 . °
TZ_ﬁyZ = —%4‘ aZU + 0y + B ZU, (54)

B = —Paby. (55)

respectively. Above we have introduced the quantities,3

i = — (-/41 - % - -A3> Cyis (56)
ap = —A3Cy, (57)
A
ﬂil = 73Cwiv (58)
ﬂiZ = Al Ca)i' (59)

Interestingly, according to Eqgs. (52) and (55), evolution
of C,; and C,; decouples from that of other components.
This was also the case in our previous study of a system
undergoing Bjorken expansion; see Ref. [40]. However,
unlike in our previous work where each component evolved
independently [40], in the current study we find, see
Egs. (50) and (54), that C.x and C,y mix during the
fluid’s expansion and affect the evolution of each other.
Similarly, from Egs. (51) and (53), we observe that C,y and
C,x are also coupled to each other and obey the same form
of evolution equations as C,y and C,y. The latter feature is
solely due to assumed rotational invariance in the trans-
verse plane. Since the breaking of the Bjorken symmetry
results in the coupling between magnetic-like and electric-
like sectors of spin coefficients, the behavior of spin
polarization of A hyperons is more complex as compared
to our previous study.

A. Massive limit

Due to relatively large masses of A particles as compared
to the temperatures of the system, at top RHIC energies
reaching at most 0.5 GeV in central heavy-ion collisions,
the massive limit where z > 1 is of particular interest. In
this limit the coefficient B ~ T3e™*\/x can be neglected
compared to N g ~ T?e~*x*2, and hence Eq. (12) takes
the form,

Si = cosh(&)N (o) U’ U, (60)

*One may easily obtain the evolution equations for Sg}’]ﬂ ” from
Egs. (50)~(55) if one sets A = By = 0.
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Moreover, in the massive limit, one finds that only f;,
coefficient Eq. (59) is nonvanishing, hence, Eqs. (50)—(52)
are satisfied trivially, and the three components of w*
follow the same differential equation,

[ —— (61)

Clearly, in the limit of heavy constituents the components
of k become undetermined, and the spin tensor is entirely
defined by three spatial components of @*. One may also
note that Egs. (60) and (13) are identical if one imposes the
Frenkel condition x* = 0 on Eq. (13).

In the case of baryon-free matter, using standard thermo-
dynamic relations and the temperature solutions for
Eq. (44) [2] we can write Eq. (61) as

. E
Ca)X = _Cu)XeU <1 - C% %) ’ (62)
(0)

where ¢2 = dP/d€ is the speed of sound squared.

Equation (62) is of high importance as it explains the
behavior of the spin coefficients at the edges of the system.
The term in the bracket of Eq. (62) determines the behavior
of the evolution of the spin coefficient at large space-time
rapidity where the system enters the region of large z. We
find that, for the A EoS it is negative and, in modulus,
increasing with #; hence, the spin coefficients are increas-
ing along the fluid lines which can also be seen in the
numerical analysis (see next sections). We note that for
general (3 4+ 1)D expanding case Eqgs. (53)—(55) pick up
additional terms which make the spin components coupled
to each other.

VI. NUMERICAL RESULTS

We start the current section by specifying the initial
conditions used in our numerical analysis. Then, using the
A EoS [2,84], we present the numerical solutions for the
evolution of perfect-fluid background and spin coefficients.
Finally, we use our solutions to extract the spin polarization
observables.

A. Initial conditions

We assume initial profile for the energy-density in the
form,

£0(n) = ST 6y anh(a ) + 1)

+ O(-n)(tanh(a + nb) + 1)], (63)

where a = 6.2, b = 1.9, and &£;(T) is the initial central
energy density evaluated at the given initial central
temperature 7y = T (7o, = 0) = 260 MeV, and O is the
Heaviside step function [90].

In the current work, we primarily perform the analysis
for zero baryon chemical potential aiming at addressing the

dynamics of spin at higher collision energies. However,
in order to see possible effects of finite baryon chemical
potential we also compare our results with the predic-
tions obtained with homogeneous p profile choosing
uo = p(79) = 0.12 GeV. The longitudinal fluid rapidity
is chosen to be vanishing initially, 9y(n) = 0.
Initialization of spin coefficients C,, and C,, (or, equiv-
alently, e and b), is performed in such a way as to resemble
the physical situation taking place in noncentral relativistic
heavy-ion collisions. In these processes, the total angular
momentum J of the system in the center-of-mass frame
has initially only orbital angular momentum part L which
is perpendicular to the reaction plane and negative
[12,13,15,17,18]. After the collision, due to particle inter-
actions, some fraction of the initial angular momentum is
converted to the spin of the system’s constituents S, namely,

Jinitial = Linitial = Lfinal + Sﬁnal’ (64)

meaning that, on average, the direction of the initial
spin angular momentum is along the original angular
momentum [40].

The components of the angular momentum vector of
the system are related to the spatial components of the
respective angular momentum two-tensor through the
relation [91],

1o
L¥ = =2 ML (65)

hence the y component of the angular momentum vector is
related to nonvanishing xz component of the total angular
momentum tensor.

The above physics picture requires only xz component of
the spin angular momentum to be nonzero [40], S{% #0
(see Appendix B 2 for more details), which is related only
to Cy and C,y components of polarization. For the latter,
we choose

ng(’l) = Cex(79,1) =0,
Coy(n) = Cyy(z0,1) = dsech(n), (66)
where we have used d = 0.1.
According to Egs. (37) and (41), components e! and b>

are related to Cy, C,y, and fluid rapidity 9. Initialization of
C.x> C,y also initializes e' and b as

eb(n) = e'(zg.n) = dtanh(n),
bi(n) = b*(z0.1) = d. (67)

B. Perfect-fluid background evolution

For the perfect-fluid background evolution we solve
Eqgs. (44)—(45) using A EoS defined by Egs. (7)—(8).
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0.30F m Freeze—out w u — 79=0.25fm/c
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< 0.20f 87 1
=
)
O, 0.15;
H
0.10f B
0.05¢
0.00 3
-10 -5 0 5 10
n
FIG. 1.

r€{1,2.4.8,16,32}7y = {0.25,0.5, 1,24, 8 }fm/c.

Figure (1) shows the results for 7 and 9 as a function of # for
different longitudinal proper times where 7, = 0.25 fm/c
with o = 0 (dashed lines) and py = 0.12 GeV (solid lines).

As expected, we see the symmetric behavior of temper-
ature with respect to the space-time rapidity, 7, in contrast
to the behavior of the fluid rapidity. We reproduce a well-
established result; i.e., temperature decreases with increas-
ing proper time at the center (7 = 0), while, at the same
time, the gradients of temperature lead to the build up of the
fluid velocity. One can notice from Fig. 1 that the temper-
ature and fluid rapidity start to decrease fast at y ~ £5
eventually decaying to zero at large rapidity.

In the case of constant initial value of baryon chemical
potential the evolution of 7 and & undergoes only a mild
modification; see Fig. 1. At the center the behavior of 7" and
9 with respect to the ones with zero baryon chemical
potential is similar, with some considerable effect seen only
at the edges.

C. Spin coefficients evolution

An important feature of our spin hydrodynamic frame-
work is that, due to the small polarization limit [33,38,40]

T T
m Freeze—out w p

0.04¢ o Freeze—out w/o u

- Wu

0.02f
%
O 0.00f 1
—0.02F — T0=0.25fm/(3 —_ 8‘[‘0
— 27'[) —_ 161‘0
—ooat ™ 47 — 3279
-10 -5 0 5 10

.
m Freeze-out w u

0.3f
o Freeze-out w/o u

02f

— 19=0.25fm/c
— 27’0

— 819
—_ 16‘(‘0

— 41y — 3279

-5 0 5 10

-10

n

Temperature (left) and the deviations of fluid rapidity from Bjorken one (right) in # for different longitudinal proper-times:

that we work in, the spin evolution does not affect the
background evolution meaning that the former may be
studied on top of the latter.

Since the physics scenario considered herein requires only
the initialization of C.y and C,y which are coupled to
each other through Eq. (50) and Eq. (54), we will analyze
numerically the evolution of only these two spin coefficients.
As can be observed from Fig. 2 the symmetry in # of these
coefficients remains the same throughout the evolution,
which is a feature resulting from the evolution equations (50)
and (54), initial conditions (66), and the symmetry of the
background. Due to the coupling between the spin coef-
ficients, C,.y is generated during the evolution even if initially
chosen equal zero. One may also notice the effect of the
temperature evolution on the dynamics of C,y through
thermodynamic coefficients, Eqs. (15) and (16). Similarly
to the temperature, C,y also decreases with proper time at
n = 0. This behavior of C,,y at the center reproduces the case
for the Bjorken expanding system. However, in the region of
large rapidity (7 =~ £5) the behavior of the spin is reversed
due to the fact that the system reaches the massive limit (see
Sec. VA for extended discussion).

m Freeze-out w u — 19=0.25fm/c ]

o.10f

o Freeze—out w/o pu — 27

0.08] _ wy — 41, 1
-- w/o p — 819

5, 0.061 — 161 b
()3 327

0.04f ]
0.02f ]
0.00 - — ]
-10 -5 0 5 10

1

FIG. 2. Evolution of the spin coefficients C,x (left) and C,y (right) as a function of #.
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In the case of nonvanishing baryon chemical potential
the dynamics of spin coefficients is only slightly affected;
see Fig. 2.

VII. SPIN POLARIZATION OF EMITTED
PARTICLES

To calculate the spin polarization of particles at freeze-
out, we have to define freeze-out hypersurface ¥, by
specifying longitudinal proper time 7 for each point of
spacetime rapidity #. Subsequently, we evaluate the average
Pauli-Lubanski (PL) vector for particles with momentum p
emitted from the freeze-out hypersurface. By boosting
the latter to the particle rest frame (PRF) we obtain the
information about the spin polarization which can be
compared to the experimental data.

A. Phase-space density of the Pauli-Lubaiski vector

The phase-space density of the PL four-vector II, is
given by the expression [37,40],

dATL,(x,p) 1

ds***(x. p) p”
P dp Y CuapAL Ep) ——7 ———

E b
&Pp m

(68)

with p” being the four-momentum of the particle. The
phase-space density of the spin tensor in Eq. (68) in the
GLW formulation is given by [38]

dS**  cosh(&)
P d3p - (271)3

2
e P pt (a)”“ + e p[”w“]5p5> . (69)

Substituting Eq. (69) into Eq. (68) and integrating over the
freeze-out hypersurface we obtain the total value of the
momentum density of the PL four-vector,

o AL
P d3p

/cosh(f)AZﬂp’le_ﬂ"’(@/}Pﬂ)*’

(70)

(27)*m

In the following we parametrize the four-momentum
p’ = (E,.ps.py.p.) in terms of the transverse mass

mr, rapidity y,, transverse momentum py = \/p: + p3,
and azimuthal angle ¢, as

Ep = mr COSh(yp)v p, = mp Sinh(yp),

py = prsin(¢,). (71)

Py = prcos(d,),

As aresult, one can write the argument of the thermal factor
in Eq. (70) as

cosh (y, — @), (72)

and the scalar product of particle four-momentum and
element of freeze-out hypersurface at freeze-out proper
time 7(n) as

AX - p = my[t(n) cosh (y, —n)

—7(n) sinh (y, —n)]dxdydn.  (73)

Moreover, the contraction of the dual polarization tensor
@,s with p” in Eq. (70) gives rise to

(CKXpy - CKpr) SlIlh((I)) + (Cprx + Ca)Ypy) COSh((D) + CaJZmT Sinh(yp)

@up” =
wiP C,xmysinh (y, — @)

—Cyymy sinh (yp - q)) — Coxmr cosh (yp - (I)) + CKZpy
- Ca)YmT cosh (yp - CD) - CKpr

(74)

_(CKXpy - CKpr) COSh(CD) - (Ca)pr + CwYPy) Slnh(q)) - Ca)ZmT COSh(yp)

Note that the spin polarization of A hyperons measured in the experiments is defined in the rest frame of the decaying
particle. Therefore, in order to compare our results with the experimental data, we have to Lorentz transform the quantity
Dyp p? to the PRF [37]. The result of the respective canonical boost [92], denoted in Eq. (70) by the asterisk, is

(d)ﬂﬁpﬁ)* =

0

ma,p,py|Cex sinh(®) + C,y cosh(®P)]
mappg[CKX sinh(®) + C,y cosh(®)] — my[Cyx sinh (D — yp) + C,y cosh (® — yp)}

. (75)

—ma, py[my(Cey cosh (® —y,) 4+ C,y sinh (® =y, )) + m(Cyx cosh(®) 4 C,,y sinh(P))]
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<ng>p [Yp=0] u=0

4

-2 0 2
p[GeV/c]

I0.0028
0.0020

—70.0012

—70.0004

—-0.0004

py [GeV/c]
o

A 4

—-0.0012

-0.0020

-0.0028

o~

<Iz>p [yp=2] u=0

4 I0.000315
0.000225
—0.000135

2
5) —0.000045
> _
0
% —-0.000045
isY —
—-0.000135
-2
~0.000225
~0.000315
-4
-4 -2 0 2 4
p:[GeV/c]

FIG. 3. Transverse momentum dependence of () for yp = 0 (left) and for y, = 2 (right).

where we defined a, = 1/(m* + mE,) [37]. Above we
have neglected all spin coefficients except for C,yx and C,y
due to the fact that for the non-boost-invariant and
transversely homogeneous systems only these are relevant
for the physical scenario under study (for general form of
Dyp p” in PRF for the nonboost invariant and transversely
homogeneous system see Appendix C).

B. Average polarization per particle

The mean spin polarization per particle (z,), is
defined as the ratio of the momentum density of the total

<mty>p [Yp=0] u=0

4f ~0.01628
~0.01672
7 ~0.01716
T ~0.01760
>
0
% ~0.01804
ISH
~0.01848
_2 F
~0.01892
~0.01936
_4 F
4 -2 0 2 4
P, [GeV/c]

PL four-vector (70) over the momentum density of
particles [38],

E dné(p)
P dp

(7 £ NG’ (76)
P &p

where the quantity in the denominator is given by the
formula,

dN (p) 4

()

s /AZ,lp‘cosh(g)e‘ﬁ'P. (77)

<my>p [Yp=2] p=0

-0.0122

-0.0126

-0.0130

-0.0134

py [GeV/c]

-0.0138

-0.0142

-0.0146

-0.0150

-2 0 2 4
p. [GeV/c]

FIG. 4. Transverse momentum dependence of (z,) for y, = 0 (left) and for y, = 2 (right).
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<Iz>p [yp:2] u=0

0.00080
2 0.00048
< —10.00016
= L
0
% —-0.00016
=
-0.00048
-2
~0.00080
~0.00112
-4 : : ’ '
-4 -2 0 2 4

P [GeVie]

FIG. 5. Transverse momentum dependence of (z,) for y, = 2.

C. Momentum dependence of the polarization

In Figs. 3—5 we show the results of the components of the
mean spin polarization vector calculated using Eq. (76) at
mid (y, = 0) and forward (y, = 2) rapidities assuming
zero baryon chemical potential in the background.

From Fig. 3, we see that (z,), component has always
quadrupole structure with its sign changing sequentially
through the quadrants, and the magnitude decreasing with
rapidity. The p,p, structure seen in Fig. 3 can be inferred
also from x component of (@,;p”)* (75), and it was
observed already in the case of Bjorken-flowing back-
ground [33,40].

In Fig. 4 we present (ny>p which, in agreement with the
chosen initialization of the model, is negative indicating the

direction of the spin angular momentum three-vector
opposite to the standard orientation of y axis in heavy-
ion collisions. At forward rapidities the values of (z,)
slowly decrease and become almost ¢, independent.

A particularly interesting observable which is measured
in experiments and still awaits theoretical explanation, is
the longitudinal polarization, that is the polarization
along the beam direction (z_) , [15,30]. Some information
about the longitudinal spin polarization can be obtained
already from the symmetry considerations of the integral
in Eq. (70). One can easily notice that due to the
symmetric integration region in 7 only #-even integrands
will give nonvanishing contribution. In the case of z
component of (z,), at y, =0, the assumption of Cy
being odd and C,y being even function of # leads to the
conclusion that the integral (z.), at mid rapidity in
Eq. (70) will give zero; see also Eq. (75). Interestingly,
when treated differentially, at forward rapidities we find a
nontrivial longitudinal polarization pattern; see Fig. 5.
Due to our initialization, after integrating over transverse
momenta the latter, as well as in the case of x component,
gives zero.

Obviously, the numerical results presented here do not
reproduce the quadrupole structure of the longitudinal
polarization as seen in experiment which is largely due
to assumed homogeneity in the transverse plane. It is
possible that the quadrupole structure of longitudinal spin
polarization (z,) , at mid rapidity [15] will be present in full
(3+ 1)D geometry due to the presence of elliptic flow
resulting from the elliptic deformation of the system in the
transverse plane [93]. In the spin-thermal models the
quadrupole structure in spin polarization (with opposite
sign in comparison to experiments) arises due to polariza-
tion-vorticity coupling [26].

Since the effect of homogeneous p profile, as shown in
Fig. 2, is small, we observe no qualitative difference in the

° b20=0.1 10 P -7
-- Interpolation . .e-joeeeeess®(=-e. /:"1
1.5 Ve “ B
—_ .// \\. ’/,/’/ /‘,‘r’
S // \\ -§ o //t
— { /1696 N — ’/’/ sl
/l‘:;: ’/ o s A@ g e /’//
S 3 1604 mos e, N K -~ el
\Y /, z y; \\.\‘ - . N - X Vi P
. v < ~e- N e - _
0.50, " e e e 4,0
Y006 Z04 -02 00 02 04 08 /,:::"/ o yp=2
o 1 e --- Interpolation
O i n L L L L
-4 -2 0 2 4 0.0 0.1 0.2 0.3 0.4 0.5 0.6
2
Yp b 0
FIG. 6. (z,) component of momentum averaged polarization as a function of rapidity (left) and as a function of spin coefficient b}
(right).
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1.1k ‘ ‘ ‘ ‘ ‘ : ‘
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o
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FIG. 7. pr (left) and ¢, (right) dependent (z,) component of the momentum averaged polarization.

momentum dependence of mean spin polarization of
particles as well. Hence, we abstain from presenting the
respective plots of (z,), in here.

D. Momentum averaged polarization

Here we turn to discussion of momentum-averaged
polarization which, using Eq. (76), may be expressed as

2 2.2
— yp:O — wWu
"'::_.,.-r#:.'.k.la._.k ot — yp:Q - W/Oo u
1.57 .
L A
% ! 5
\ ¥ "8, v
0.5',./_,,::5'/" ® w/opu .
WU
-- Interpolations
o .
-4 -2 0 2 4
Yp
2.0
L9} — %0

FIG. 8. y, (upper left), py (upper right), and ¢, (down) dependent (z,) component of the momentum averaged polarization.
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N dr;
_JdP(z,), WE T PP (78)
g [dPE, &L~ g p )
d’p

Due to our choice of initialization and symmetry properties
of spin coefficients with respect to 77, we find from Eq. (78),
that only (z,) component gives nonzero result after
performing integration over freeze-out hypersurface and
transverse momentum coordinates [12,13,15,17,18].

In Fig. 6 (left panel) we present the behavior of the
transverse momentum integrated y component of mean
polarization as a function of rapidity. One can observe that
in the mid-rapidity region the magnitude of (z,) component
is around 1.6% and then decreases with increasing rapidity.
This qualitative behavior is also observed in other models
[64] and will be subject to future STAR measurements [87].
In Fig. 6 (right panel) we show the relation between (z,)
and the initial central value of 5> component calculated for
two rapidity values y, = 0 and y, = 2. In Fig. 7, we show
transverse momentum py and azimuthal angle ¢, depend-
ence of the double differential (7,) spin polarization
component. We find the polarization dependence on pr
rather strong in comparison to experiments [86] and other
models [64]; see Fig. 7 (left panel). The behavior of the
momentum averaged polarization as a function of ¢, is
depicted in Fig. 7 (right panel).

Figures 8 show the (z,) component of momentum
averaged polarization as a function of y,, pr, and ¢p with
nonzero baryon chemical potential evolution. Similarly as
in the case of hydrodynamic variables see small effects on
the spin polarization vector.

VIII. SUMMARY

In this paper we have analyzed the space-time evolution
of spin polarization for non-boost-invariant and trans-
versely homogeneous system based on the framework of
spin hydrodynamics [36-38]. We have found that, in
contrast to Ref. [40] where we had studied the spin
polarization evolution undergoing Bjorken expansion, in
the current analysis some of the spin coefficients affect each
other’s behavior. In the current setup, we have used
relativistic ideal gas equation of state for A particles.

We have calculated the momentum dependent and
momentum averaged components of mean spin polariza-
tion vector for A particles at mid (y, = 0) and forward
(v, = 2) rapidities, and we have found, as expected, that
only y-component of the momentum averaged spin polari-
zation is nonzero. We have also shown that the pr and ¢,
dependence of spin polarization exhibits some nontrivial
features. In particular, we have observed an interesting
decay of the (z,) at forward rapidities.

The analysis done in this paper indicates that correct
description of the measured observables may require
breaking of the symmetry in the transverse plane and
performing modelling in the full (3 + 1)-dimensional
setup. The studies along these lines are left for future
analysis.
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APPENDIX A: DERIVATION OF EVOLUTION
EQUATIONS FOR SPIN COEFFICIENTS FOR AN
ARBITRARY (3 +1)-DIMENSIONAL SYSTEM

1. Spin tensor decomposition

In the derivation of the equations of motion for the
spin coefficients for an arbitrary (3 4 1)-dimensional
[(3 4 1)D] geometry it is convenient to use the decom-
position of the spin tensor Eq. (46) in the four-vector basis.
Subsequently we decompose the spin tensor Eq. (46) in the
basis U,, X,, Y,, and Z, by projecting on all possible
combinations of these four-vectors. In this way one obtains

qabr — Z Sebr 4 S;fﬁ 7, (A1)
i=x,9,2

where
Sal = 20, USUPXY) + an[YeYPX7) + zeZVPX7],  (A2)
el = 20 UAUPY!) + ay [X2XVPY7 4 202 YY), (A3)
&l =20, U UV Z + ay[XeXV 2/ 4 Yoy Vz7), (A4)
a/}y =28, [YaU[/iz]/] +Z"YV)’U}/H —20.0 UHYWZV], (AS)
aﬂr =2p,,[22UVX") + X ZPU"| - 2,,U*ZPX7,  (A6)
Szﬂy =2p4[XUPY! + yexVPun) —28,U°XPy", (A7)

and «; and f; are defined through the Egs. (56)-(59).

2. Divergence of the spin tensor

Calculating the partial derivative of Eqgs. (A2)-(A7) we
obtain the following six expressions (see the notation in
Sec. 1I):
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0o SEP = 26, UPXN + ay YPXT) + a0 ZP X7 + 20, [0, UPXY) + UPXY + UPX]

kg kg o o
+ an [0y YPXT + 0,2V X7) + YV XY+ YV X  ZP X 7P X7, (A8)

0oSe?" = 2a,, UPY! + ayy XYY + ay ZPY7 + 20, [0, UP Y + UP YY) 4 UPY)

+ay, (XVyr + xVPy" 4 ZPyr 4 ZPyr) 4+ 0y XVPY" + 9,Z0Y7), (A9)

DuSEP = 20, UPZY + dyXVPZN + a, YPZY + 20, [0, UV ZY) + UPZ) + UBZ/)]
* * Ad AS
+a,[XVPz" 4+ xVPz + YPZ + YPZ 9, XV 71 1 0, YV 7)), (A10)

# .
3(152;” = 2[paUVZN + paYPUN + (0, UPZ) 4 0,YPUY) = oYV 7 — 260, Y P 2]

w ¥ ° . .
+ 2B [UPZ) + YPoUY + UV Z + YPUN] - 28, (YVPZ + YV ZY)), (A11)

aasj;;/” =2[p,, UPX" + B, ZPU" + B, (0, UV X" + 05 ZVPU") — B, ZVP X" — B,0,ZV X7)]

4 Zﬁyl[UV’Xﬂ 4 zZbyr 1+ ybxr 4 ZV’UV]] — 2ﬁy2(ZWX7] =+ Z[ﬂxr]), (A12)

* Y .
0uS5"" = 21UV + P XVUN + oy (0xUPY! + 0y XPUM) = poXVy7) = a0y XVYY]
* Yo * pid . .
+ 28, [UPYr + XVPur + UPY? 4 XPUM] — 28, (XPyr + xPyr), (A13)
which, after coupling together, yield
0uSElty = 0uSE" + 0uSal" + 0uS57" + 0,857 + 0uSp" + 0,557 = 0. (A14)

y

Note that, all the definitions of derivatives and divergences are defined through the relations Eq. (29) and Eq. (30). In order
to obtain the final evolution equations for the spin coefficients we contract the Eq. (A14) with UyX,, UsY,, UsZ,, Y4Z,,
XyZ, and XzY, and obtain the following expressions:

. a o o a * . o * . }Ad o *
—ay — a0y — 72 (UY + UZ) + %2 UY + ay XY + 712 UZ + a0, XZ + By (XZ = XY) = B0 — B,y (67 + XZ)

. bid * .
+ PpUZ + P71 + B0y + XY) = pUY =0, (A15)

. Ay * o apn Ve . a0 Y . o * * Yo
—ayl —ay19U _T(UXJF UZ) +7UZ+GZIYZ+7UX+ax1YX+ﬁv1(YX— YZ) _ﬂzl —ﬂzl(ex + YX)

. o bid .
+ PUX + Py + P07 +YZ) - poUZ =0, (Al6)

. 0 apn * o Uy . © . Ay © . * Yo w o
—a; — a0y —T(UX+ UY) t5 UX+ayZX+—=-UY +a, ZY +Ba(ZY = ZX) = B = Pu(Oy + ZY)

+ﬁx2UY +ﬁy1 +ﬁy1 (HX + ZX) _)ByZUX = 0, (A17)

054007-13



FLORKOWSKI, RYBLEWSKI, SINGH, and SOPHYS

PHYS. REV. D 105, 054007 (2022)

—%—%(6’2 _7X) +aylzz}+%+%(ey— YX) —azlyif+%(Y§(—z§) — o — Pl
CPa(YU + ZU) + pu YU = BoYX + B ZU — prZX =0, (A18)
- % - % (O — XV) + a, XU + % + % (0, - Z¥) — ay ZU + % (ZY = XY) = By — a0y
P (ZU + XU) 1 B ZU = poaZ¥ + puXU — oXY =0, (A19)
ﬁ o . oy o . * N .
—% - %(m —YZ) +ay YU +%+%(ex — XZ) - a,, XU +%(XZ “YZ) = Py = Py
(XU 4 YU) + puXU = PuXZ 4+ py YU — p¥Z = 0, (A20)

respectively. One should stress that equations of motion
Egs. (A15)—(A20) are valid for an arbitrary 3 + 1D system
with no symmetries imposed. For our nonboost invariant
and transversely homogeneous system these equations get
simplified to Egs. (50)—(55). One can also check that in the
case of Bjorken expanding system the spin evolution
equations Egs. (50)—(55) further simplify to [40]

° (L
oy = —ay0y — 2 UZ,

ay) = —ay 0y — % U%,
a.zl = —a,0y.

Bro = By — fuZU,
By = By — 20U,

ﬂzZ = _ﬂz29U’ (AZI)

where you can notice that each spin coefficient evolves
independently of others.

APPENDIX B: PHYSICAL INTERPRETATION OF
THE SPIN COEFFICIENTS

This section discusses the contribution from the orbital
and spin angular momentum to the total angular momen-
tum at the surface of constant longitudinal proper time
T = 7pg. To get some physical insights about the inter-
pretation of the spin coefficients C,. and C,,, we calculate
the spin angular momentum components at the freeze-out.
The following calculations will also help us to understand
which spin coefficients are important according to the
physics assumed in our current setup for the evolution of
the spin polarization.

1. Orbital contribution

We consider a region of spacetime defined by the
constant longitudinal proper time 7o With —5pg/2 <5 <

+7’]F0/2 and \ X2 + yZ < RFO‘
The orbital angular momentum is given by the following
expression:

Ly, = /dZALW” = /dZA(x/‘T” —x*T*),  (B1)
where

dx¥; = tpoUBdxdydn (B2)

is the element of the hypersurface of constant proper time

Tro With U = (cosh#, 0,0, sinh 7). Using Eq. (6) we can
write

Lyo = A tr0 / dnUBU*[(€ 4+ P)(x*U¥ — x*U*)
— U — 2Up)]. (B3)

where A| = 7Z'R12:O. Using the form of U* from Eq. (27) and
transverse homogeneity of the system we can show that

Ly =A7d, / dn(€ + P) x cosh(9) sinh(9)

0 00 1
0O 0 0 O

= 0. (B4)
0O 0 0 O
-1 0 0 O

The second equality results from the symmetry of the
integrand with respect to # in the symmetric collision
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systems, which means £ and P are n-even and 9 is 7-odd.
Hence, the contribution to the total angular momentum
coming from the orbital part is zero.

2. Spin contribution

The spin angular momentum is given by

S"éyo _ /Azlsl,/w :ALTFO/(Z;/IUESLHZ/’ (BS)

where §** is given by Eq. (12). Using Eq. (27) one
can easily calculate the components of Sf. Assuming
that the system’s flow 9 is 7-odd the components S%
and Si3,

Sko = —ALTro / dnA;C, cosh(9),

Sko = —AL ko / dnA;C,z cosh(9), (B6)

vanish only if C,; and C,, are arbitrary #-odd functions or zero (one may check that the equations of motion preserve 7

symmetry of these functions). The components,

SI3 = A, tro / dnAs {(ﬂ cosh(9) cosh(®) — % sinh(9) sinh(CD)) C,y + % (sinh(n) + 3 sinh(® + 19))CKX] ,

As

—S% = A, 70 / dnAs KA] cosh(9) sinh(®) — %sinh(&) cosh(tb)) C,y + i (cosh(n) + 3 cosh(® + 19))@)(} ,

As

suggest that it is sufficient that C,y and C,y is #-odd and
n-even, respectively, in order to have SY, =0 and
Si3 # 0. In particular, at the initial time of evolution
when 9 = 0 one may choose Eq. (66) for the initialization
of the spin coefficients for the current work.

Similar reasoning can be given for C,y and C,x
components; however, as in the case of C,, and C,, they
decouple from C,y and C,y dynamics; hence one can
simply put them equal to zero.

(@opp”)* =0,

One can also notice that the results obtained herein reduce
to the results obtained for the special case of Bjorken
flow [40].

APPENDIX C: GENERAL FORM OF (d)ﬂﬂpﬂ )

In this Appendix we present the Lorentz transformed
quantity (@,sp”)* for the nonboost invariant and trans-
versely homogeneous system where all the spin coefficients
(C and C,,) are present

(@15p")" = ma, p,[C,zmy sinh(y,) — Ceyp, sinh(®) + C,x p, cosh(®) + py(Cex sinh(®) + C,,y cosh(P))]
+ mp[Cyy sinh (® —y,) — C,x cosh (® —y,)] + Cizp,.
(@2pp”)" = —ma,[=py(Cpzmy sinh(y,) + p(Cpx cosh(®) — C,y sinh(®)))
+ my(my cosh(y,) +m)(Cyx sinh (® —y,) + C,ycosh (® —y,))
+ pi(—(Cyyx sinh(®) + C,y cosh(P)))] = Cezp..
(@35p0")" = —ma,[p,(Cox(my sinh (® —y,) + msinh(®)) — Cyy (my cosh (® —y,) + mcosh(P)))
+ py(Cyx(mg cosh (® —y,) + mcosh(®)) + C,y(my sinh (® —y,) + msinh(P)))

+ Cozmy(mcosh(y,) + mr)].

This expression reduces to Egs. (75) for the physical scenario studied in this paper.
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APPENDIX D: MOMENTUM AVERAGED
GLOBAL SPIN POLARIZATION FOR THE
SYSTEM WITH NONZERO BARYON
CHEMICAL POTENTIAL

In this section we show the dependence of (z,)
component of the momentum averaged polarization

on rapidity, transverse momentum, and azimuthal angle.
We note here that finite baryon chemical potential
plays a role in the momentum averaged polarization
behavior. One may notice that (z,) behavior is more
pronounced in midrapidity in comparison to baryon free
system.
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