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Quark-mass and 1/N, corrections to the vector-meson pseudoscalar-meson
photon (VPy) interaction
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We analyze quark-mass and 1/N,. corrections to all of the radiative transitions between the vector-meson
nonet and the pseudoscalar-meson nonet within a chiral effective Lagrangian approach. We perform fits of
the available coupling constants to experimental data and discuss the corresponding approximations. In
terms of five (six) coupling constants, we obtain a reasonably good description of the twelve experimental

decay rates.
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I. INTRODUCTION

Because of chiral symmetry and its spontaneous sym-
metry breaking in the ground state of quantum chromo-
dynamics (QCD) [1], the members of the lowest-lying
pseudoscalar octet (7, K, g) play a special role: they are the
Goldstone bosons [2,3] of QCD and would be exactly
massless for massless quarks. In the large-number-of-colors
(large-N_.) expansion, one considers QCD with quarks
having N_. colors transforming under the fundamental
representation of an SU(N,) gauge group with gauge
coupling parameter ¢. In the large-N,. limit [4,5], i.e.,
N, — oo with ¢>N, fixed, also the singlet eta, 7,, would be
a Goldstone boson and would combine with the octet into a
nonet of massless Goldstone bosons [6,7]. In the real world
with N. = 3, the masses of the light pseudoscalars origi-
nate from an explicit symmetry breaking due to the quark
masses [1] and from the anomaly [8,9] of the singlet axial-
vector current [10-12]. Chiral perturbation theory (ChPT)
[13—15] provides a systematic method of analyzing the
low-energy interactions of the octet Goldstone bosons
among each other and with external sources (see, e.g.,
Refs. [16—-18] for an introduction). The dynamical variables
of ChPT are the Goldstone bosons rather than the quarks
and gluons of QCD. By considering the combined chiral
and large-NV . limits, it is possible to set up large-N,. ChPT as
the effective field theory of QCD at low energies including
the singlet field [19-28].

Chiral symmetry also constrains the interactions of
Goldstone bosons with heavier, i.e., non-Goldstone-boson
hadrons, however, setting up a consistent power-counting
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scheme turns out to be more complex (see, e.g.,
Refs. [29-37]). Ever since the pioneering works on non-
linear realizations of chiral symmetry [38—40], there have
been numerous approaches to the construction of chiral
effective Lagrangians including vector mesons (see, e.g.,
Refs. [14,41-51]). They differ by, first, how the Lorentz
group acts on the dynamical fields representing the vector
mesons, either in terms of a vector field V¥ [52,53] or in terms
of an antisymmetric second-rank tensor field 7+ [54,55],
and, second, how the chiral group operates on the SU(3)
flavor degrees of freedom of the vector mesons. The vector-
meson pseudoscalar-meson photon (V Py) interaction respon-
sible for, e.g., the radiative decay of a vector meson into a
pseudoscalar meson is complementary to the hadronic decay
of a vector meson into two pseudoscalar mesons, because it
probes the so-called odd-intrinsic-parity sector of low-energy
QCD. In the present case, this refers to the odd number of
Goldstone bosons, namely, one, participating in the inter-
action with a single vector meson and a photon. Starting with
the early predictions based on SU(3) symmetry [56], radiative
decays of vector mesons into pseudoscalar mesons were
studied in a large number of approaches (for a review of
earlier work, see Ref. [57]). Naming just a few, these include
investigations in the framework of the quark model [58,59],
phenomenological Lagrangians [60,61], chiral effective
Lagrangians [35,62—-69], QCD sum rules [70-72], and lattice
QCD [73-77].

In this work, we perform a comprehensive study of all
radiative transitions between the vector-meson nonet and
the pseudoscalar-meson nonet in the framework of a chiral
effective Lagrangian in the vector formulation, including
1/N,. and quark-mass corrections of first order. We perform
fits of the available coupling constants to experimental data
and discuss the corresponding approximations. In terms of
five (six) coupling constants, we obtain a reasonably good
description of the 12 experimental decay rates. In Sec. II,
we describe the chiral effective Lagrangian and the mixing
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of singlet and octet fields. Section III contains our con-
vention of the invariant amplitude and the calculation of the
decay rate. In Sec. IV, we present the results of our fits for
different levels of approximation. Finally, in Sec. V, we
conclude with a few remarks.

II. EFFECTIVE LAGRANGIAN

In our approach, we assume that the decay rates are
continuous functions of Nz and m for N;' > 0 and m > 0,
where m collectively denotes the light-quark masses. This
implies that the decay rates have a finite limit as N, — oo
and m — 0 and that this limit does not depend on the order
of the LN, and chiral limits." Since we are working at the
tree level, our results will not only automatically fulfill this
condition, but can even be written as a power series in N
and m. Of course, when calculating chiral loop corrections,
one will also pick up nonanalytical terms in the quark

|

n’ + \/%’78 + \/%’71
V27
V2K~

8
D= dp,+lopy=D+d=
=1

a

masses of the type mIn(m) [14,15] which, however, still
vanish for m approaching zero.

In this section, we discuss the leading-order (LO)
Lagrangian and its next-to-leading-order (NLO) 1/N,
and quark-mass corrections. The pseudoscalar dynamical
degrees of freedom are collected in the unitary 3 x 3 matrix

U(x) = exp (i(b(x)). (1)

In Eq. (1), F denotes the pion-decay constant in the
three-flavor chiral limit of vanishing quark masses,
m, =my =mg; =0, and is counted as F = O(y/N,) in
the large-N, limit [11].% In our numerical analysis we
take F =90.9 MeV (see Eq. (36) and Table II below).
The Hermitian 3 x 3 matrix

V2rt

—7° +\/%778 + \/%771
V2K°

V2K*
V2K° (2)

—%’78 + \/%’71

contains the pseudoscalar octet fields z, K, 73 and the pseudoscalar singlet field #,, the 4, (@ = 1, ..., 8) are the Gell-Mann
matrices, and Ay = /2/31. The pseudoscalar fields ¢q(x), ..., ¢g(x) count as O(y/N,.) such that in combination with

F = O(y/N,) the matrix U is of O(N?).

In this work, we describe the vector-meson degrees of freedom within the so-called vector-field formalism [47,51,52].
To that end we collect the vector fields in a Hermitian 3 x 3 matrix similar to Eq. (1),3

po + %0)8 + \/%Cl)l
V2p~
V2K*~

8 Aa X N |
Yh= ;3V“+3VO =Vt V=3

u

In order to construct a chirally invariant Lagrangian, we
follow Gasser and Leutwyler by promoting the global
U(3), x U(3); symmetry of QCD to a local one [15]
(see, e.g., Ref [18] for a discussion). In this process,

we introduce external fields s, p, lﬂ, and Ty which are

'Setting up an effective theory for baryons is more complex,
because there is more than one phenomenologically viable way to
take a large-N, limit [78] and, moreover, the result of a combined
large-N, and chiral limit may depend on the path how this limit is
taken [79].

2Herf:, we deviate from the often-used convention of indicating
the three-flavor chiral limit by a subscript 0.

*Note that we include an additional factor 1 /2.

V2p*

_po + %CUg + \/%CU]
\/EI_(*O

\/QK*JF
V2K*0 . (3)

-2 2
\/50)8 + \/;(1)1 P

I
Hermitian, color-neutral 3 x 3 matrices coupling to the
corresponding quark bilinears. In addition, we introduce a
real field @ coupling to the winding number density.
Introducing u = \/ﬁ, the chiral vielbein u, and the
field-strength tensors f,, are defined by [18,46,47]

u, = i[u' (0, — ir,)u —u(d, —il,)u'],
fi;w = MfL/wMT + u%fR/wu’ (4)
where [, and r, denote external fields which couple to the

corresponding currents in three-flavor QCD [15]. In the
present work, these external fields, eventually, will contain
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the electromagnetic four-vector potential, and f;,, and
S ruv are the corresponding field-strength tensors,

fL/w = aﬂlll - 61/1/,! - i[lw lu}’

Sfruw = Oyry = Oyry, —i[r,, 1]

A. Lagrangian of the pseudoscalar mesons

We first specify the Lagrangian of the pseudoscalar
sector which is relevant at next-to-leading order (see
Ref. [28] for more details). The effective Lagrangian is
organized as a simultaneous expansion in terms of
momenta p, quark masses m, and 1/N,. Here, we follow
Ref. [20] and count the three expansion variables as small
quantities of order

p=0(5). m=0@). 1/N.=0(@). (5)
where 0 denotes a common expansion parameter. It is
understood that dimensionful quantities such as p and m
need to be small in comparison with an energy scale. We
only specify the terms appearing in the calculation of the
masses, the wave function renormalization constants, the
decay constants, and the mixing [28]. The leading-order
Lagrangian is given by [20,22]

F? F? .
L0 = T (D, UD*UT) + T U™+ Ux")

-%(V@’%MY, (6)

where the symbol () denotes the trace over flavor indices.
The covariant derivatives are defined as

DU = d,U — ir,U + iUl,,
DU =8,U" +iU'r, —il,U". (7)

In Eq. (6), y = 2By (s + ip) contains the external scalar and
pseudoscalar fields [15]. The low-energy constant (LEC)
B, is related to the scalar singlet quark condensate (gg), in
the three-flavor chiral limit and is of O(N?) [20]. For the
purposes of this work we replace y — 2By M, where M =
diag(m,, my, my) is the quark-mass matrix. Moreover, we
neglect effects from isospin symmetry breaking, i.e., we
work in the isospin symmetric limit m, = m,; = . The
constant 7 = O(N?) is the topological susceptibility of the
purely gluonic theory [20]. We set the vacuum angle 6(x) to
zero, corresponding to the absence of P and CP violation in
QCD [15].

For an introduction to the large-N, counting, we refer,
e.g., to Refs. [28,80,81]. According to Ref. [81], the leading
contribution to a correlation function of quark bilinears is of
order N, and contains a single quark loop. The summation
over the quark flavors running in the loop amounts to

taking a single flavor trace over the product of (flavor) A
matrices that belong to the quark bilinears. Therefore, the
leading-order terms of the effective Lagrangian are also
expected to be single-trace terms. Similarly, diagrams with
two quark loops have two flavor traces and are down by one
order of 1/N.. Accordingly, double-trace terms in the
effective Lagrangian are expected to be suppressed by one
order of 1/N.. A subtlety arises because of the so-called
trace relations [82] relating linear combinations of single-
trace and multiple-trace terms such that the naive counting
may require a more thorough analysis (see Ref. [14],
Sec. 13). Taking F = O(y/N,) into account, the first term
of L) is of O(p>m°N ), the second of O(p°mN..), and the
third of O(p°m°N?), i.e., all terms are of O(8Y).

The relevant terms of the next-to-leading-order
Lagrangian are given by [22]

LY = Ls(D,UD*U* (yU' + Uy"))
+ Lg(yUTyU" + Uy'Uy")
1

+2A1D;ﬂ71D”’71
.F2 \/_’71 + +

—i—MN[VO=+0 U =Uy")+..., (8)

12 F

where
2

Dﬂrll = aﬂl/ll - §F<(lﬂ>, (9)

1
a, :E(r”_l”)’ (10)

and the ellipsis refers to the suppressed terms. The LECs Ls
and Lg are of O(N,.) [15] such that the first and second term
of £V count as O(p?>mN.,) and O(p°m?>N ), respectively.
The LECs A, and A, represent quantities of O(N;!) [22]
such that the third term is of O(p?m°N?) and the fourth

of O(p°mN?). Therefore, all expressions of £(!) are of
order O(5).

B. Lagrangian of the vector mesons

In the present case we are not interested in the interaction
of vector mesons among each other. Introducing the chiral
covariant derivative of the vector-meson fields as

Dﬂvl/ :8;4Vb+ [F,M’VD]’ (11)
where the chiral connection is given by [18]

1
L, :5[”-‘-(814 _iru)”+”(8ﬂ _ilﬂ)”T]’ (12)

we define the field-strength tensor as
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V,,=D,V,-D,V,. (13)

The leading-order Lagrangian is then given by
1
‘CV = _E<VWVIW> +m%/<vﬂvﬂ>’ (14)

where my denotes the leading-order mass common to all
vector-meson fields. We now include NLO corrections to
the mass terms of O(N;!) and O(m), respectively,’

1 c
L= Am(V, ) (V!) + S GV vr), (15)
where y is defined as
e =uTyu’ +uytu. (16)

C. Leading-order interaction Lagrangian

In terms of the building blocks above, the leading-order
Lagrangian, giving rise to the V Py interaction, is given by

Lio= Cleﬂyp6<f+/4u{vp1 uo}>1 (17)

where €p;53 =1 and c¢; is a dimensionless coupling
constant. Since €7’ and u, are Lorentz pseudotensors
of rank 4 and 1, respectively, and f,, and V, are Lorentz
tensors of rank 2 and 1, respectively, the Lagrangian of
Eq. (17) is even under parity. Moreover, the anticommu-
tator is required in Eq. (17) to generate positive charge-
conjugation parity (see, e.g., Ref. [18] for more details).

In order to describe the coupling to an external electro-
magnetic field, we insert [, = r, = —eQA,,, where e > O is
the proton charge (e?/(4x) ~ 1/137), Q denotes the quark-
charge matrix, and A, is the electromagnetic four-vector
potential. Regarding the large-N_. behavior of O, we make
use of the form proposed by Bér and Wiese [83]. They
pointed out that, when considering the electromagnetic
interaction of quarks with an arbitrary number of colors, the
cancelation of triangle anomalies in the large-N,. Standard
Model requires the following replacement of the ordinary
quark-charge matrix,

*For the sake of simplicity, we do not include corrections of the
kinetic term. Am3 and ¢, are of order O(N;') and O(N?),
respectively.

2.0 0 21{,C+% 0 0
0=10 -3 0 |- 0 -3 O
0 0 _% 0 0 211\@_%
1o o0 1
=]10 -3 0 +2NL_HEQ0+Q1. (18)
0 0 -!

Expanding the building blocks in the Goldstone-boson
fields and keeping only the linear term in the expansion
amounts to the replacements

9,0
F b

f+;w - _zeQFuw Us = — (19)
where F,, =09,A,—0,A, is the electromagnetic field-
strength  tensor. Thus, the LO VPy interaction
Lagrangian, obtained from a nonlinearly realized chiral

symmetry, reads
VP €1 Vpo
crhr = Zefgﬂ PFu(Q{V,. 0,®}). (20)

The expansion of Eq. (20) in terms of the singlet and octet
fields is given in the Appendix. When inserting Eq. (18)
for the quark-charge matrix into Eq. (20), we obtain the
leading-order contribution proportional to Q, and a 1/N.,
correction proportional to Q. When discussing our
results in Sec. IV, we will keep both scenarios in mind,
i.e., we will compare the results obtained from using the
physical quark-charge matrix Q with N, =3 with the
expanded version truncated at order 1/N,. and putting
N, =3 at the end.

D. Next-to-leading-order interaction Lagrangian

The NLO 1/N,. corrections to the Lagrangian of Eq. (17)
are obtained in terms of expressions involving two flavor
traces of the same building blocks,

‘CNLO,I/N(. = CZG”W)”<V/)> <f+/wuo'> + c3€ﬂyp6<f+/wv/)><u6>
+ s (f 1)V lhy). (21)
Performing the replacements of Eq. (19), we obtain from

Eq. (21) the 1/N, correction to the VPy interaction
Lagrangian,

e
LXT0.1/3, = 25" Fu(e2(V,)(00,®) +¢3(QV,)(0,®)

+c4(Q)(V,0,P)). (22)

The first (¢,) term contributes to the singlet vector meson
transitions, the second (c¢3) term to the singlet pseudoscalar
transitions, and the last (c4) term vanishes for physical
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quark charges, because (Q) =0 in this case. For the
expressions in terms of the singlet and octet fields, see
Appendix. For N. = 3, the Lagrangians of Egs. (20) and
(22) do not generate a singlet-to-singlet transition. This is a
result of SU(3) symmetry [60], because the electromagnetic
current operator, consisting of octet components, cannot
couple a singlet to a singlet. This argument no longer works
for general N, because the electromagnetic current oper-
ator now also develops a singlet component.

Finally, we consider quark-mass corrections in terms of
the building blocks

ye =u'yut £ uytu. (23)

Considering only single-trace terms, the quark-mass cor-
rections are given by

['NLO,;( = CSEMyPO-(X-Ff-Hw{Vp’ ”a}>
+ 6™ Vo f fthe + XU f V)
+ic76" ({f s 0,V o }x-)
+ icg@"(f [0,V 5. x4]). (24)

Again, making the replacements of Eq. (19), in combina-
tion with

B
Ko 4By M. g = =22 {MD} f o, i%FW[Q,dJ],
(25)

and performing a partial integration, we obtain from
Eq. (24) the first-order quark-mass correction to the V Py
interaction Lagrangian,

e
‘CI‘\/Ii(y);( = 4'BO FeﬂypaFyv(C+<{Q7 Vp}{M’ 8aq)}>

+ c([Q.9,2][V,. M])). (26)
where ¢, =c¢s+cg—c; and c_ = c5—cg —cg. As we

will see later on, the c¢_ term contributes only to the
radiative transition of the K**.

At this stage, we have collected the relevant Lagrangians
including the leading 1/N,. and quark-mass corrections.
Note that we consider corrections of the type 1/N. X y as
of higher order.

E. Field renormalization and mixing

Before turning to the evaluation of the transition matrix
element, we need to address two issues. First, the
Lagrangians of the previous sections were expressed in
terms of bare fields. Although we are only working at the
tree level, the terms proportional to Ls and A; contribute to
the field renormalization constants. Second, the breaking of
SU@3) symmetry due to the quark masses as well as the

chiral anomaly generate a mixing of the singlet and octet
fields. We neglect effects from isospin symmetry breaking,
i.e., we work in the isospin symmetric limit m, = m, = .

To the order we are considering, the connection between
the bare pion/kaon fields ¢; and the renormalized pion/
kaon fields ¢F is given by

° 2

M
¢i:1/Z”¢§, \/Zﬂ:1—4F—;L5, i:1,2,3,
° 2

bi =\/Zx gt

M
/ZK:1—4F—§L5, i:4,5,6575 (27)

where M,z, = 2By and M?( = (my + m)B, denote the
lowest-order predictions for the squared pion and kaon
masses, respectively. For the expression of the mixing of
the pseudoscalar fields, we make use of the results of
Ref. [28]. Denoting the bare fields by #; and 53 and the
renormalized physical fields by #® and 'R, we make use of

1 1
ng = |:<1 —_ E(Sg) COS(@P) + 5581 Sin(QP)} ’/IR
1 . 1 /R
+ (1= 558 sin(0p) — 5581 cos(0p) | 1™,
1 1 . R
n = —5581 cos(@p) — | 1 — 551 sin(0p) | |1

[+ (1-30. ) coson] . 29)

where
02 02
5 — 8(4My — M,)
8 3F2 >
8(2My + M)
o) = #Ls + Ay,
62 02
16V/2(My — M)
581 —_ - 3F2 Ls.

Using the numerical values for the masses and low-energy

constants from the next subsection, we obtain for the

pseudoscalar mixing angle the values 9519] =—19.7° and

HE,}] = —12.4° at leading order and next-to-leading order,
respectively. These values are representative and cover
the range for #p between —10° and —20° reported in
Ref. [84].

In the case of the vector mesons, we only consider ¢p — @
mixing in the form

(2) =Gy oty ) (o) =0 () @
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The diagonal mass matrix of the physical fields is related
to the symmetric mass matrix in the octet-singlet
basis, including the NLO corrections of O(N;!') and
O(m), via

m2 0 m:  m?
¢ 8 81
M%/,phys = < 0 2 > = RV( 2 ) >R7\;’ (30)

my, mgy My

where, to the order we are working at,

c o )
mi =m3 + 3}((4MK M,),

2 2 2 Sxinf? o2
mlsz+AmS+?(Mﬂ+2MK),
2\/§c 02 02

m%sz_ 3 )(<MK_MJT)'

The mixing angle is obtained from the relation

mg, — myg
tan(6y ) P (31)
8 (2

resulting in

2 _ .2 _3,2"
dmi. —my; — 3mg,

3m3 + m2 — 4m>.

tan(ev) = \/ ¢ L K

For the mixing angle we obtain 8, = 39.8°, which turns

out to be close to the ideal mixing 8y, = 35.3°, correspond-

ing to ¢ =—s5 and @ = (uit +dd)/+/2 in the quark
model,

2 1
Dideat = 5608 - ﬁw
2
Wideal = \/—(US =+ (32)

F. Numerical values for masses and parameters

For the empirical masses of the pseudoscalar mesons and
the vector mesons we make use of the values given in
Table 1 [84]. For the decay constants we take F, =
922 MeV and Fg = 110. MeV [84].° The predictions
for the squared pion and kaon masses are obtained
from the one-loop expressions of chiral perturbation

Here and in the following, an integer followed by a point
denotes a rounded number rather than an exact integer.

TABLE I. Masses of the pseudoscalar mesons and the vector
mesons in MeV.

M - M M g+ Mo, go M, M,
139.6 135.0 493.7 497.6 547.9 957.8
mpi mpo M gt mK*O/f(*O my, md)
775.1 775.3 891.8 895.6 782.7 1019.5

theory [15,17] by dropping the loop contributions and
the tree-level contributions proportional to Lg and Ly,

16Bm

M2 = 2B {1 ———(2Lg - )} .

8B(my + 1)

M?% = B(mg + i) {1 + Va2

(2Lg — LS)] .

In terms of the quark mass ratio r [84],

r="s — 2737, (33)
m

we obtain for the lowest-order squared pion and kaon
masses

02 1 - M2
M, = rr M2 +4

r—1 1—r2
o2 (14 r)2M2 - 4M%
M = , 34
K 2(r—1) (34)
where
i _Mﬂ0+Mﬂi and MK:MKO+MKi.

T 2 2

Using, in addition, the expressions for the pion and kaon
decay constants F, and F,

)
M
F,,—F<1+4F—;L5>,
1\(;12
FK:F<1+4F—§L5>, (35)
we can write
[Sh) o2
MKFJL'_MIL'FK
F=—0—5
MK_Mn
F(F,—F
Ls :(+2),
4M,
F? 1 _ _ L
Ly = 04< ;rrM%—M%<>+75. (36)
41 =r )M,
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TABLE II. Numerical values of lowest-order pion and kaon
masses and LECs.

o o

M, My F Ls Lg
137.7 MeV 518.7 MeV 90.9 MeV 1.62 x 103 0.642 x 103

The corresponding values for AO/I,,, M x> F, Ls, and Lg are
given in Table II.

III. INVARIANT MATRIX ELEMENT
AND DECAY RATE

The invariant amplitude of the decay V(p,ey) —
P(k) + y(q. €) may be parametrized as’

M = =2ie A" q,e5(q)ey,(p)ks, (37)

where four-momentum conservation p = k + ¢ is implied,
€ and ey denote the polarization vectors of the photon and
the vector meson, respectively, and the amplitude A is
determined from the Lagrangians of Egs. (20), (22), and
(26). The invariant amplitude for the decay P(k) —
V(p,ey) + y(q. €) is obtained from Eq. (37) by substituting
ey — ey and k — —k.

In the rest frame of the initial-state particle, the differ-
ential decay rate for the decay A(p,) — B(pg) +v(q) is
given by [85]

&’ pg d’q
2Ep(2n)* 2E,(27)?

1 -
dr:zmA IM|? (27)*8*(pa—p5—q).

(38)
where Ep and E, denote the energies of the decay product
B and the real photon, respectively. When averaging over
the initial polarizations and summing over the final polar-
izations, we make use of the “‘completeness relations” [53]

for the polarization vectors of the photon and the vector
meson, respectively,7

Z 6; (C], /?')eu’(q’ ﬂ') = —9w>
A==*1
+1
« PpPy
z evy(p. Ay, (p.4) = <_gﬂﬂ’ +5 )’
=1 my

where my, is the mass of the vector meson. Using [86]

! /
eHVPo ot S == det(g“” ), a=up,o,

®We follow the convention of Ref. [85] such that the
invariant amplitude is obtained from iL;,,.

As usual it is assumed that the photon polarization vector is
contracted with the matrix element of the conserved electromag-
netic current.

in combination with the on-shell conditions p3 = m3,

p% = m3, and ¢> = 0, we obtain

IMJ? = cx2e?| AP (mG — mj)?,

where ¢, = 1/3 for a vector meson in the initial state
and ¢4 = 1 for a pseudoscalar meson in the initial state.
Using [53]

3

q 4 2
G4 _ pys
2Ey Q(C]

)0(q0),

we obtain for the decay rate

! / dpy _ d’q
2my, ) 2Ep(2n)’2E,(2x)?

x 8*(pa \./\/l|2

de/ 4
d*qs(q
~ 1622 mA/ 99( %)

x 8*(pa = ps — @) M

20412 /2 — 2\ 3
:CAe|A| <mA mB>. (39)

87 my

(27)*

FA—>B]/ =

IV. RESULTS AND DISCUSSION

Starting from the expression for the decay rate, Eq. (39),
we determine the low-energy coupling constants of the
interaction Lagrangians by fitting the corresponding
expressions to the available experimental data. For the
masses of the pseudoscalar mesons and the vector mesons
we make use of the values given in Table I. The exper-
imental partial widths were calculated with the aid of the
PDG values of the total widths in combination with the
corresponding branching ratios [84] (see second column of
Table III).

A. Leading order

In the following, we investigate different levels of
approximation and compare the different scenarios. To
that end, we start with the results corresponding to the
leading-order Lagrangian of Eq. (20) in combination with
the pseudoscalar mixing angle obtained at leading order,

953] = —19.7°, and the vector mixing angle corresponding
to ideal mixing, i.e., cos(6y ) =+/2/3 and sin(0y,) = 1/+/3.
When fitting the data, we made use of the Mathematica
package NonLinearModelFit [87]. In order to facili-
tate identifying which decays are well described and which
are not, we introduce both a relative deviation and a
deviation normalized with respect to the uncertainties as
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TABLE III. Comparison of the decay rates at LO with experimental values [84].
Decay [exp (keV) I'o (keV) Deviation 6, Deviation 6,
p° = 2% 70. + 12. 40.7+5.4 —0.42 -2.3
pt = oty 67.1+7.5 404 +53 -0.40 -29
0 =y 44.7+3.1 33.7+45 -0.25 -2.0
o — 1% 723. +£25. 364. +48. -0.50 —6.6
W —ny 391+0.35 4.07 £0.54 0.041 0.25
¢ — 5.61 £0.26
¢ —ny 554+1.1 48.1 +6.4 -0.13 —1.1
¢ -y 0.2643 £ 0.0090 0.439 £ 0.058 0.66 3.0
K0 = K% 116. £+ 10. 91. £ 12. -0.22 -1.6
K+ = Kty 504 +4.7 22.6 £3.0 -0.55 -5.0
7 = pl 555+£19 30.7 £ 4.1 —0.45 -5.6
7 — wy 4.74 +£0.20 3.06 £0.40 -0.35 =37
5, D'inod = Dexp 5, = D'inod — Dexp C(40) B. 1/N, corrections

Loy 2 2
Omod T Cexp

Here, o, and o,,,q denote the experimental uncertainty
and the estimated model uncertainty, respectively. As a rule
of thumb, values for |§,| larger than one indicate tension
between the model and the experimental results. The result
of the fit to the data is shown in Table III with
lci| = (3.82 £0.25) x 1072, Note that because of the
Okubo-Zweig-lizuka (OZI) rule [88-90], at leading order,
the decay rate for ¢ — 7% vanishes as N, — oo, inde-
pendently from the value of the coupling constant c;.
Therefore, we have excluded this decay from the fit.
Neglecting n —#' mixing, i.e., taking 8, = 0° the lead-
ing-order Lagrangian results generate the same ratios of the
magnitudes of the decay amplitudes as the quark model
with SU(6) symmetry [58].

In general, the numbers of the tables were rounded at the
end of the calculation. Since the decay rate is a function of
|A|?, it is not possible to extract the sign of ¢;. For the sake
of simplicity, we assume c¢; > 0 such that the signs of the
remaining coupling constants, to be determined below, will
be given with respect to a positive c¢;. Except for the decays
® — ny and ¢ — 7'y, the theoretical partial decay widths
are smaller than the experimental ones. Furthermore, we
note that only for the decay @ — ny we find a deviation |5, |
which is smaller than one. Using the experimental uncer-
tainties, we obtain for the reduced chi-squared,

1 11 (ngp_FLo)z
pa=rd
i=1 i

9.,

where, omitting ¢ — 7%, the number of degrees of free-
domisv =11 — 1 = 10 at leading order. We conclude that
a description in terms of a single coupling constant ¢; does
not provide a good description of the twelve decays.

In the next scenario, we consider the 1/N, corrections,
but still stick to the SU(3) symmetry of the interaction
terms. For the ¢ — @ mixing we still take ideal mixing.
Using M? = M% = M2 in the SU(3)-symmetric case, we
find from Eq. (AS) of the Appendix that the quark-mass
corrections simply result in a shift of the coupling constant
¢y of the leading-order Lagrangian, i.e., ¢; = ¢ =
¢y +2M?*c,. On the other hand, the 1/N, corrections
(see Table XIV of the Appendix) affect both the p%;, and
wgn, transitions in terms of the replacement ¢; — ¢; + % c3
and, similarly, both the 7%, and 53w, transitions in terms
of the replacement ¢; — ¢; + % ¢5. The results of the fit for
the SU(3)-symmetric case are shown in Table IV. The
reduced chi-squared is now 45. (for twelve decays and
9 degrees of freedom) in comparison with 94. of the
LO fit. The effective coupling constant ¢; comes out as
¢, = (3.36 = 0.20) x 1072. Therefore, the decay rates for
p — my and K* — Ky, which are not affected by ¢, and c3,
are reduced by the factor (¢,/c;)? = 0.77. For the other
decays, the situation is more complex. Even though the

TABLE1V. Decay rates including 1 /N, corrections in the SU(3)-
symmetric case. For the experimental values, see Table III.

Decay Iot1/N. (keV)  Deviation ;  Deviation 6,
p0 = 2% 31.6 £3.7 —-0.55 -3.1
pt =ty 31.3£3.7 -0.53 -43
0 =y 232+32 —0.48 —4.8
w — 1% 400. £ 35. -0.45 -7.6
® = ny 5.64 +0.63 0.44 2.4
¢ — 54+1.7 —0.039 —-0.13
¢ —ny 59.1 +6.1 0.066 0.59
¢ —ny 0.298 £ 0.056 0.13 0.60
K0 — K% 70.5 £ 8.4 -0.39 =35
K** = Kty 17.6 £ 2.1 —-0.65 -6.4
= py 46.5+4.1 -0.16 -2.0
n — wy 5.44 £0.67 0.15 1.0
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TABLE V. Decay rates including 1/N, and quark-mass corrections for A; = —1/3, 0, 1/3. For the mixing angles
we made use of the NLO values 6y = 39.8° and GEJI] =—124°

Decay [eyp (keV) I (keV), Aj = —4 I (keV), Ay =0 I (keV), A; =1
p° — 7% 70. £ 12. 32. 4+ 12. 524498 715+ 6.4
pt > 1ty 67.1+£75 32. £ 12. 520+£9.7 71.0 £6.4
P 447 £3.1 21.4+8.0 374463 542 +4.1

w — 1% 723. 4 25. 299. + 87. 459. £ 69. 610. £ 46.

w -y 3.91+0.35 1.9540.63 3.324+0.50 4.644+0.33
¢ — % 5.61 +0.26 45423 50+14 5.65+0.77
b —ny 554+1.1 520497 53.9+6.0 56.1 £33
b -1y 0.2643 4 0.0090 0.26 +£0.82 0.258 + 0.050 0.254 £ 0.027
K* — KO 116. % 10. 86. + 16. 111, +11. 135.7+ 6.9
K** — K*y 50.4 + 4.7 50. £ 43. 50. £ 26. 50. £ 14.

0 = pr 555+1.9 70.1 £9.1 62.0+4.7 48.1 +£2.0

7 — wy 474 +0.20 6.6+£13 6.48 £0.72 5.40 £0.30
2 84. 32. 9.4

transitions wg — ngy, @, — 17, p° = ngy, and wg — 7y
are still described in terms of ¢;, because of the mixing of
Eqgs. (28) and (29), all of the remaining physical decays
beyond p — 7y and K* — Ky contain ¢, as well as ¢, =
(0.67 £ 0.10) x 1072 and ¢3 = (=0.39 4+ 0.25) x 1072

C. 1/N, and quark-mass corrections

SU3) symmetry implies that the amplitudes A of
the decays p — zy, K** = K*y, and K** — K% satisfy
the relations [A,_. | = |[Ag=+_g=,| and |Ago_go,|=
2| Ages g, [57,58] (see also Table XIV). Using
Eq. (39) together with the physical masses of Table I
and the experimental decay rates of Table III, one
obtains | A, |/[Ag-+_g=,| =0.909 and |Agwo_ko,|/
| Ao g+, | = 1.59, amounting, at the amplitude level, to
an SU(3)-symmetry breaking of about 9% and 20%,
respectively. This is of the same order of magnitude as
the relative difference between the decay constants F, and
Fy, (Fx — F,)/Fx = 16%. The experimental decay rates
for @ — 7 and p° — % result in | A,_ 0 /[ A0, | =
2.88, very close to 3, the leading-order large-N,. prediction.

In the next step, we include the SU(3)-symmetry-break-
ing terms. With regard to the vector mesons, we now have
to consider the ¢ — @ mixing at next-to-leading order with
a mixing angle of 8y = 39.8°.% For the decays involving
pions and kaons, we need to take the wave function
renormalization constants of Eqs. (27) into account. In
terms of the pion and kaon decay constants of Egs. (35),
this amounts to replacing in the leading-order Lagrangian
of Eq. (20) the decay constant F by the physical F, and Fg
in the corresponding cases. With reference to the
Lagrangians of Eqs. (22) and (26) such replacement is

¥Since we did not take any corrections to the kinetic term into
account, the wave function renormalization constants are still 1
for the vector mesons.

of higher order. For the decays that involve an 7 or 7/, the
situation is more complicated because of the mixing. Here,
we make use of Egs. (28) in combination with the NLO
mixing angle aﬁ,” = —12.4°. Equations (28) introduce one
additional, so far unspecified LEC of order 1/N,, namely,
A, originating from the NLO kinetic Lagrangian of
Eq. (8). We performed three fits with A; = —1/3,0,1/3,
yielding the results shown in Table V.

Since the results turned out to be highly dependent on the
value of the A parameter, we performed fits that included
A as a free parameter in addition to the c¢; parameters. In
this context, we also consider two different scenarios: in the
first case (denoted by I) we calculate the amplitude up to
and including NLO and fit its square, whereas in the second
case (II) we fit the squared amplitude only up to and
including NLO. In other words, in the second case we do
not keep terms of the order NNLO = NLO x NLO in the
decay rate. Omitting for notational convenience the sum-
mation or averaging over the spins, we thus consider’

() M = [Myol* + 2Re(M oMy o) + [Mnro

(i) M = Mol +2Re(MoMy o)

The results for the two fits are shown in Table VI. Judging
from the value of the reduced chi-squared, y2; = 6.1, we
conclude that the second method provides the best descrip-
tion of the data. The corresponding set of parameters is
given by

2

>

¢ = 0.0522 + 0.0020,
¢35 = 0.00272 + 0.00072,
¢, = (2.80£0.78) - 10 MeV~2,

c_ = (=6,14+43.9)-10"° MeV~2,

A, = 0.290 £ 0.050. (41)

¢, = —0.00100 £ 0.00021,

Our previous results thus correspond to the first case.
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TABLE VI. Decay rates using the two scenarios described in
the text. In both cases A; is treated as a fit parameter. For the
mixing angles we made use of the NLO values 8, = 39.8° and

o = —12.4°.

Decay Ippg (keV) I'! (keV) ' (keV)
p° = 7 70. + 12. 703 +7.5 74.8 £5.7
ot oty 671+75  98+75 742457
p° =y 4474+ 3.1 53.0+5.5 51.9+3.7

@ — 1% 723. £ 25. 601. + 55. 640. + 44.
= ny 391 +0.35 4.53 £0.46 431 +0.28
¢ — 5.61 +£0.26 5.61 +0.84 5.65 +0.64
b — ny 554+ 1.1 5604+3.6  557+27
¢ -1y 0.2643 +0.0090 0.255 +0.029 0.265 + 0.022
K0 — K% 116. £+ 10. 133.8 £ 8.8 1283+ 7.2
K+ — Kty 504 +4.6 50. + 15. 50. + 12.
0 = 555419 494442  49.6+3.0

7 - wy 4.74 £0.20 5.52£048 5.26 £0.39
2 9.2 6.1

Ay 0.307 £0.074 0.290 £+ 0.050

In Fig. 1, we present a visual comparison of the decay
rates at leading order (red, middle entries) and at next-to-
leading order in scenario II (blue, lower entries) with the
experimental results (black, upper entries). Here, a clear
improvement in the description of the decay rates can be
seen in the transition from LO to NLO. To enable a
quantitative comparison, we also show the deviations 6,
and J, of Egs. (40) for our best-fit results in Table VII.
Since our calculation is valid up to and including order
1/N,. and order y, we expect uncertainties of the order of

\/(I/NL.)4 + (]\O/[K/(4ﬂF))8. Inserting N, =3 and the

values of Table II for Mg and F, this amounts to relative
deviations of the order of 12%. After inspecting the column
“deviation 0,” of Table VII, we find that the relative
deviation for almost all decays is more or less within this
deviation. A notable exception is the decay p° — 5y with
01 = 16%. The deviations 6, = 1.5, §, = —1.6, and &, =
—1.7 for the decays p° — iy, @ — 2%, and 5 — p%,
respectively, hint at some tension, which will be partially
resolved after refining the model. The linear combination
c_ = c5 — cg — cg only enters the charged decay K** —
K*y (see Table XIV of the Appendix). Therefore, the
central values of the experiment and of the fit coincide. As a
consequence, the remaining linear combination,
¢, = c5+ cg — c7, is essentially the only parameter avail-
able to describe SU(3)-symmetry-breaking effects.

In Table VIII, we present the correlation coefficients
(6c;6c;)/(6c;6c;) for our best fit of Table VII. As one
might expect, the strongest correlation exists between
parameters c¢; and c,, because the linear combination
¢ = ¢, +2M2c, contributes to all decays. There is
also an equally strong correlation between c¢; and c,.

¢~ 'y x
¢->ny 2
n' - wy - .
05 1 2 5
I [keV]
P’ -» iy ——
p* - 1Ty —
P’ - ny —_
¢ - ny 1,
K* 5 K% ——
K¢ Ky .. ol
n' - py ——
20 50 100
I [keV]
AR | o VA — L -
400 500 600 700
I [keV]

FIG. 1. Comparison of the decay rates at leading order (red,
middle entries) and at next-to-leading order in scenario II (blue,
lower entries) with the experimental results (black, upper entries).

The parameter ¢, only contributes to the transitions between
the vector-meson singlet and the pseudoscalar-meson octet.
There is a slightly smaller correlation between ¢, and c,.
Finally, the last notable correlations exist between the
parameter A, which is of order 1/N, and the parameters
¢y and c3. The remaining correlations are negligibly small.

D. Expansion of the quark-charge matrix in 1/N,

As our final example, we also include the expansion of
the quark-charge matrix in 1/N, [see Eq. (18)]. As a
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TABLE VII. Decay rates using the second scenario described in the text together with the deviations §; and &, of

Egs. (40).

Decay I'ppg (keV) I'nio (keV) Deviation 6, Deviation 9,

p° = 2% 70. £ 12. 74.8 £5.7 0.066 0.35

pt = oty 67.1+7.5 742 +£5.7 0.11 0.76

0 =y 447+ 3.1 519 £3.7 0.16 1.5

o — 1% 723. +£25. 640. = 44. —-0.11 -1.6

W —ny 391+0.35 4.31+0.28 0.10 0.89

¢ — 5.61+£0.26 5.65 £ 0.64 0.007 0.060

¢ —ny 554+1.1 55.7+2.7 0.005 0.093

¢ -1y 0.2643 £ 0.0090 0.265 £ 0.022 —0.002 -0.017

K0 = K% 116. £ 10. 1283 +7.2 0.11 1.0

K+ = Kty 504 +4.6 50. £+ 12.

7 = pl 555+1.9 49.6 £3.0 -0.11 -1.7

N — wy 4.74 +£0.20 5.26 £0.39 0.11 1.2

) o ) freedom) is smaller than the corresponding value 2, = 6.6

TABLE VIII. Oft-diagonal array containing the correlation

coefficients (dc;6¢;)/(6c;éc;) of the parameters c; for the fit
of Table VII.

Cy -0.73

cs 0.033 0.14

c, —0.78 0.46 0.16

c_ 0.21 —0.16 0.020 —0.13

Ay 0.50 —0.19 0.50 -0.29 0.11
C Cy C3 Cy C_

consequence of this expansion, also the c, interaction
Lagrangian of Eq. (22) contributes to the invariant ampli-
tudes (see Table XV of the Appendix). Using the expressions
of Table XV of the Appendix and applying scenario II of
Sec. IV C, we obtain the results shown in Table IX. In fact,
this scenario provides us with one additional parameter and
it is therefore not surprising that y%, = 2.8 (5 degrees of

of Table VI. The parameters of the fit are given by

¢; = 0.0536 4 0.0013,

¢, = —0.000613 + 0.000078,

c3 = 0.00109 + 0.00027,

¢4 = 0.00142 + 0.00055,

cy = (1.0540.45) - 107 MeV2,
c.=(514£1.6)-10° MeV~2,
Ay = 0.247 £ 0.032. (42)

InFig. 2, we present a visual comparison of the decay rates at
NLO in scenario II (blue, middle entries) and at NLO
including a quark-charge expansion (green, lower entries)
with the experimental results (black, upper entries). Except

TABLE IX. Decay rates using the second scenario described in the text, including an expansion of the quark-
charge matrix in 1/N,. For the mixing angles we made use of the NLO values 0, = 39.8° and 6’5,}] =—124°

X2q = 2.8 (5 degrees of freedom).

Decay I'ppg (keV) IMoq in keV o 0y
p° = 2% 70. £ 12. 65.5+5.6 —0.066 —-0.35
pt = oty 67.1+7.5 65.0 £5.6 —-0.031 -0.23
0 =y 4474+3.1 51.5+24 0.15 1.7
w — 1% 723. £ 25. 689. + 30. —0.047 -0.87
w —ny 3914+0.35 3.80 £0.44 —0.028 -0.19
¢ — % 5.61 £0.26 5.69 +0.43 0.014 0.16
¢ —ny 554+ 1.1 550+ 1.8 —0.0070 —-0.18
¢ -1y 0.2643 £ 0.0090 0.266 + 0.015 0.0058 0.090
K0 = K% 116. + 10. 138.6 +5.2 0.19 2.0
Kt = Kty 50.4 +4.6 504 +7.9
7 = p% 555+1.9 534+24 —0.038 —0.69
N — wy 4.74+0.20 4.87 £0.31 0.027 0.34
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w - ny -
¢~ 'y x
¢->ny >
n' - wy .

‘ w
05 1 2 5
I [keV]

p’ - i’y ——

p* - Ty .

p’ - ny ",

¢-ny >

K* 5 K% -

K* > Kty ——

—_—
n - py Wy
20 50 100
I [keV]
w - 'y -
400 500 600 700
I [keV]

FIG. 2. Comparison of the decay rates at next-to-leading order
in scenario II (blue, middle entries), next-to-leading order
including a 1/N, expansion of the quark-charge matrix (green,
lower entries) with the experimental results (black, upper entries).

for the decays p° — ny and K** — K%, we obtain an
excellent agreement between experiment and theory.

E. Coupling constants and convergence

We have organized the Lagrangians in terms of 1 /N, and
the quark masses m (contained in the quantities y ). For the
number of colors we insert N. = 3 and, with respect to the
quark-mass expansion, we consider M% /(4xF)*> ~ 1/4 as a
typical small dimensionless expansion parameter, where

A, =4rnF denotes the chiral-symmetry-breaking scale
[91]. In Table X, we collect the coupling constants as
obtained from fitting the data using different levels of
approximation. The second column (LO) refers to the
leading-order Lagrangian with 6p = QEEJ] =—-19.7° and
ideal ¢ — w mixing, the third column (LO+1/N,.) to the
leading-order Lagrangian plus 1/N, corrections with 8p =

HES] = —19.7° and ideal ¢ — @ mixing, the fourth column to
the complete next-to-leading-order Lagrangian without
expanding the quark-charge matrix Q (NLO), and the fifth
column to the complete next-to-leading-order Lagrangian
including an expansion of Q (NLO, Q expanded). The last

two scenarios made use of 6p = Gg] = —12.4° 6y, = 39.8°,
and physical values for F, and Fg. As can be seen by
comparing Tables XIV and XV of the Appendix, the
contributions of the coefficients c; to the decay matrix
elements are redistributed in the version including the
expansion of the quark-charge matrix. This is then the
reason why, except for ¢, the coefficients differ notably for
the last two cases.

Finally, we would like to comment on the order of
magnitude of the corrections in comparison with the lead-
ing-order term. We multiply the constants ¢,, ¢3, and ¢4 by a
factor of 3 to obtain the coefficients belonging to the 1/N.
expansion. Similarly, we multiply ¢, and c_ by (4zF)? to
obtain the coefficients for the dimensionless quark-mass
expansion. The results corresponding to the last two
columns of Table X are shown in Table XI. Let us have a
closer look at the implications of the second column of
Table XI (NLO with physical quark-charge matrix Q). We
notice that all of the amplitudes .4; of Eq. (A2) except for As
start with ¢;. We multiply each A; (i # 5) with a suitable
factor such that the leading-order term is simply given by c;.
We can then easily identify the amount of the largest relative
correction. Regarding the 1/N. terms, this is 3¢,/(2¢;) for
the amplitudes Ay and A, ; and 3¢5/ (2¢, ) for the amplitudes
A, and A, respectively. Using the values of the second
column of Table XI, we obtain —0.086 and 0.23, respec-
tively, where we have neglected the uncertainties. Keeping
in mind that these numbers still have to be multiplied by 1/3,
the 1/N,. corrections turn out to be relatively small, namely
—2.9% and 7.8%, respectively. For the quark-mass correc-
tions, the largest correction originating from c, is found in
the A4 amplitude, namely, the ratio 16|c, |(47zF)?/(3¢,) =
0.37 which gets multiplied by (M% — M2)/(4xF)* = 0.17.
The relative quark-mass correction of 6.3% is of a similar
magnitude as the 1/N, correction. More pronounced is
the case of the c_ coupling, resulting in the ratio
6|c_|(4nF)*/c, = 0.90 which, together with the factor
(M% — M2)/(4nF)? = 0.17, gives rise to a relative correc-
tion of 15%. Recall that this parameter is entirely determined
by the decay K** — K*y. For the third column of Table XI
(NLO with expanded quark-charge matrix Q), we obtain
similar results.
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TABLE X. Coupling constants determined at leading order (LO), leading order plus 1/N, corrections, next-to-
leading order (NLO), and next-to-leading order with expanded quark-charge matrix (NLO, Q expanded). See text

for details.

Coupling constant LO LO + 1/N. NLO NLO, Q expanded

¢y [1072] 3.82 £0.25 3.36 £0.20 5.22 +£0.20 5.36 +0.13

CH [10*2] 0.67 £0.10 —0.100 £+ 0.021 —0.0613 + 0.0078

C3 [10‘2] —-0.39 £0.25 0.272 £ 0.072 0.109 £+ 0.027

cy [10‘2] 0.142 + 0.055

¢, [1072 GeV~?] 0.280 + 0.078 0.105 +0.045

c_ [10‘2 GeV‘z] —-0.61 +0.39 0.51 +£0.16

for the decay rates seems to contain an error, namely, the

TABLE XI. Expansion coefficients at next-to-leading order

(NLO) corresponding to the last two columns of Table X. For
simplicity we suppress uncertainties.

Coefficients Physical Q Q expanded
¢ [1072] 5.23 5.36
¢y N, [1072] -0.30 —-0.18
c3-N. [1072] 0.82 0.33
¢y N, [1072] 0.43
¢, (4zF)? [1072] 0.36 0.14
c_-(4zF)* [1072] -0.79 0.67

F. Corrections beyond the tree level

Our results represent a phenomenological treatment of
1/N,. and quark-mass corrections beyond the simplest tree-
level calculation (with only one single coupling constant).
Clearly, a more ambitious perturbative method that has a
higher claim than pure phenomenology requires the consid-
eration of quantum corrections at least at the one-loop level. In
a first step, it seems obvious to first consider purely
pseudoscalar loop corrections which we expect to give rise
to terms proportional to M? and M? In(M?/u?), where M
denotes a pseudoscalar meson mass. The dependence on the
renormalization scale u should be cancelled by corresponding
counterterms. With respect to implementing a viable power
counting scheme, which, in addition, also accounts for
internal vector-meson lines, one could try to either make
use of the heavy-vector-meson formulation [37,92,93] or
apply the complex-mass scheme of Ref. [36,94].

G. Comparison with other calculations in chiral
effective Lagrangian approaches

Reference [64] contains the leading-order Lagrangian of
the vector formulation for the V Py decay of neutral vector
mesons into neutral pions. When comparing this with
Eq. (3.19) of Ref. [64], we agree after identifying our
2ec,/F with d/f, of Ref. [64]."° However, their Eq. (4.7)

Note that the vector-meson matrix of Ref. [64] is two times
our vector-meson matrix.

second line needs to be multiplied by a factor of 1/9,
originating from the elements of the quark-charge matrix in
the form (2/3 — 1/3)%. Accordingly, the coupling d ~ 0.01
of Eq. (4.10) needs to be multiplied by a factor of 3.
Similarly, our results from the leading-order Lagrangian
agree with the coefficients reported in Fig. 3 of Ref. [61],
which, beyond SU(3) symmetry, implicitly made use of
nonet symmetry in combination with ideal ¢ — @ mixing
and neglected # — 1’ mixing.

In Ref. [93], the heavy-vector-meson approach of
Ref. [92] was applied to processes with a net disappearance
of vector mesons. The lowest-order odd-intrinsic-parity
Lagrangian of Ref. [93] (see Eq. (22) of [93]) gives rise
to the same results as our leading-order interaction
Lagrangian of Eq. (17). Next-to-leading-order corrections
were not considered in Ref. [93].

The antisymmetric tensor-field representation [54,55]
was used in, e.g., Refs. [35,66—68] for the calculation of the
VPy interaction. In Ref. [66], the relevant interaction
Lagrangian for the interaction of two vector fields with
one pseudoscalar field (VV P) and for one vector resonance
with an external vector field and a pseudoscalar field (VJP)
was constructed, involving 7 +4 coupling constants,
respectively. In terms of the QCD short-distance behavior
of the VV P Green function, constraints among the coupling
constants were derived. Using these constraints, Eq. (4.2)
of Ref. [66] provides a parameter-free prediction for the
@ — n'y-transition matrix element, translating into a pre-
diction for our ¢y,

Using F =909 MeV and m, = my = 782.7 MeV, one
obtains |c;| = 4.76 x 102 which has to be compared with
our LO prediction |¢;| = (3.82 4+ 0.25) x 1072 and the NLO
prediction |c;| = (5.22 4+ 0.20) x 107 of Table X. In
Ref. [35], antisymmetric tensor fields were used for describ-
ing the radiative decays of the vector-meson nonet into the
pseudoscalar octet. The 5' was not considered, the physical 7
was taken as part of the pseudoscalar octet, and for the ¢ — @
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system an ideal mixing was assumed. The decay proceeds
either via a VVP vertex such that the propagating neutral
vector meson subsequently couples to a real photon or via a
direct V Py interaction (which is considered to be of higher
order in their chiral counting). The decay rates then contain
three (combinations of) coupling constants, namely e,
(direct decay), huey and byey (indirect decay) (see
Eqgs. (38)-(42) of Ref. [35]). In the limit of SU(3) symmetry,
our results for the invariant amplitudes fully agree with those
of Ref. [35]. To see this, one needs to set all vector-meson
masses equal to my, all pseudoscalar meson masses
equal to M, F = f, and, finally, e|¢,| = |2,|/8, where
&y = ey +1hyey —2byeyM? /m},. In Ref. [67], the analy-
sis was extended to also include the #' meson. With two
additional parameters, namely, the # — 7’ mixing angle 0p
and one parameter by for the interaction of the singlet eta
with two vector mesons, in total five parameters were
adjusted to five decays. In particular, an unconventionally
small mixing angle 6p ~ 4+2° was found. When taking
SU(3)-symmetry breaking effects into account, in our
framework two additional parameters are available, namely,
¢, and c_, whereas in the framework of Ref. [35] only the
combination b, ey will give rise to SU(3)-symmetry break-
ing effects. This term corresponds to our ¢, structure. In
particular, the SU(3) relation | Ag-o_ go, | = 2| Ages _ g+, | Will
not be broken in the framework of Ref. [35], unless higher-
order terms are taken into account. In our calculation, the
parameter c_ decouples Ag-+_ g+, and Ag.o_o,. On the
other hand, in Ref. [68], the importance of such a term in
the context of SU(3) symmetry breaking was already worked
out for the radiative K* — Ky decays. Reference [68]
extended the results of [66] by also including excited
vector-meson resonances.

Recently, Kimura, Morozumi, and Umeeda [69] inves-
tigated decays of light hadrons within a chiral Lagrangian
model that includes both the lightest pseudoscalar and
vector mesons. As an extension of chiral perturbation

TABLE XII. Comparison of our results at NLO with the
predictions of Ref. [69] (KMU18).

Decay [exp [keV] I'vio [keV]  Trmuis [keV]
0 — 2% 70. 4 12. 65.5+5.6 46. £ 5.
pt =ty 67.1+7.5 65.0+5.6 73.+7.
0 =y 447 43.1 51.5+24 33.18
w — 'y 723. + 25. 689. £ 30. 710. £ 90.
w = ny 391+0.35 3.80 = 0.44 5,5f11:36
¢ — 5.61 £0.26 5.69 +0.43 17.53%
b —ny 554+ 1.1 55.0+£1.8 2210
¢—-ny 0.2643 £ 0.0090 0.266 + 0.015 0,39j8:(§92
K0 = K% 116. £ 10. 138.6 5.2 110. £ 10.
K** = K*y 50.4+4.6 504 +7.9 28. £3.
7 = p% 555+19 534+24

N — wy 4.74 +£0.20 4.87+£0.31 4,63:3

theory, they included one-loop corrections due to the
Goldstone bosons and the corresponding counterterms.
In addition to other processes, they also particularly looked
at the VPy reactions. For the decays involving the light
vector mesons, the model provides three parameters.

In Table XII, we provide a comparison of our results with
those of Ref. [69]. First of all, we note that, with the
exception of the decays @ — 7% and K** — K%, our
central values for the decay rates agree better with the
experimental values than those from Ref. [69]. In addition,
the uncertainties from Ref. [69] are, on average, much
larger than ours. We conclude that our approach provides
an improved description of the V Py decays.

V. SUMMARY

In this work we analyzed the radiative transitions
between the vector-meson nonet and the pseudoscalar-
meson nonet within a chiral effective Lagrangian approach.
For that purpose we have determined the Lagrangian up to
and including the next-to-leading order in an expansion in
1/N, and the quark masses. For the transformation
behavior of the vector mesons under the Lorentz group
we made use of the vector representation. At leading order,
the Lagrangian contains one free parameter which was
determined from a simultaneous fit to 11 experimental
decay rates. (The decay ¢ — 7% was excluded because of
the OZI rule.) Both n — %' and ¢ — @ mixing were taken
into account at leading order. The results of this scenario
are given in Table Il and clearly show that a good
description of all experimental data at leading order is
not possible. We then gradually improved the model by first
taking into account 1/N_. corrections (see Table IV) and
then also quark mass corrections (see Table V), which
introduced 2 plus 2 additional parameters, respectively. In
this context, we also had to consider the corrections due to
the wave function renormalization and the mixing at NLO.
As a result, another parameter of the 7 —#’ system was
included in the calculation, which served as a further fit
parameter. Then fits were carried out in which either the
invariant amplitude or the decay were expanded up to and
including next-to-leading order (scenario I and II, respec-
tively). From Table VI we concluded that the second
scenario yields a better description of the experimental
data. In Fig. 2 we provided a visual presentation of the
improvement from LO to NLO. However, one has to keep
in mind in this context that at leading order only one free
parameter is available to describe 11 decays, while at NLO
6 parameters (including A;) have been fitted to 12 decays.
In our final fit we made use of a 1/N, expansion of the
quark-charge matrix, which gives rise to one additional free
parameter and results in the best description of the data (see
Table IX and Fig. 2). We also found that the contributions
to the amplitudes A; of Eq. (A2), which are generated by
the 1/N, and the quark mass corrections, are smaller in
magnitude than 15% of the leading-order term. In other
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words, they can really be regarded as corrections. Clearly,
our approach is limited in the sense that extending it to
include even NNLO corrections would introduce a number
of additional parameters such that there would be no more
predictive power. However, it would be interesting to see
how pseudoscalar-meson loop corrections affect our find-
ings [95]. In summary, we can say that the present
calculation is the most comprehensive investigation of
the VPy decays to date and provides a satisfactory
description of the experimental decay rates.
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APPENDIX: LAGRANGIANS

Let us introduce the following structures involving the
singlet and octet fields:

T1po = pyO,n= + p, 0, + pd,a°,
Ty, = K;*0,K~ +K,"0,K™,

T3, = K'0,K° + K320,K°,

T4p(7 = 608/)80’78’

TS/)(S = 601/)8(;’71 s

T6[m = Pgaaﬂg,

T7/m = pgao'”l’

T8/)6 = wSpag”O»

To)s = a)lpagﬂo,

TlOpa = wSpaarll’

Tllpa = (01,;30’1& (Al)

The effective Lagrangian of the V Py interaction may then
be written as

11
VPy _ vpo
Eeff = ec"”? F/w ZAiTipa'
=1

=

(A2)

EVP}/

3
+ €3 |:(Qu + Qd + Qs)TS/)o' + \/;(Qu - Qd)T7/)o’ +

+ C4(Qu + Qd + Qs)(Tlpa + T2pa + T3p¢7 + T4pzr + TSpa)}-

TABLE XIII.

N, = oo.

Charge factors for physical values and the limit

Physical value Value as N, — o

QM

Qu

QS

O, +Qu

Q. + 0Oy

Q4+ 0

Qu— 0Qu

Qu =+ Qd + 4Qs
Qu + Qd - ZQS
Qu + Qa’ + Qs

O = = N W= W W= W= W

R= = N = = O ORI

Defining

Ero=25 e R,
F H
H/m’ = |:(Qu +Qd)Tl/m+ (Qu + QS)TZ/)()'+ (Qd+Qs)T3/m’
1 2
+§(Qu + Qd+4Qs>T4pa +§(Qu + Qd+Qs>T5pa

1 2 1 2
+(0,—0Q4) %TG[)G + §T7po' +\/_§T8p(r + §T9/)o-

2
+§(Qu + Qd_zQs)(TIOpg + Tllpo‘):| ’

where Q,, Q4 and Q, denote the quark charges, the
Lagrangian of Eq. (20) is given by

LY = EH,,. (A3)

The charge factors are given in Table XIII both for the
physical charges and their values as N, — co. Note that
the T's,,, term does not contribute for physical values of the
quark charges.

The 1/N, corrections are given by

1

3
NLO.1/N, — Epa{c2 |:(Qu + Qd + QS)Tszr + \/;(Qu - Qd)T‘)pa + \/E(Qu + Qd - 2Qs)Tllth:|

1
7§ (Qu + Qd - ZQS)TIO[)O':|
(A4)
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Since (Q) = Q,+ Q4+ Q, =0 for the physical quark
charges, the last term does not contribute in this case.
Furthermore, for physical quark charges, there is no singlet-
to-singlet transition (T's,,). In order to express the quark
mass corrections we make use of the leading-order kaon

o2
and pion masses squared [15], Mg = By(im + my) and
|

o

2
M, = 2Bym. To the order we are considering, we replace
the leading-order expressions by the physical values, i.e.,

02 )
My — M% and M, — M?2. The quark-mass corrections are
then given by

LXth, = (2e5— 7 - c8>Eﬂa{M,2,<Qu + 00T 1py + [M20, + 2M% — M2)Q,]T,,

1
=+ [Mzzsz + (ZM%( - Mizr)Qs]T3pa + g [Mzzr(Qu + Qd) + 4Qs(2M%( - Mizr)]T4po-

2
+ g [MIZT(QH + Qd) + (2M%( - M%)QS]TSQO‘

1 2 1 2
=+ Mer(QLt - Qd) (% Tépa + \/;Thw + % TSpa + \/;T9p0>

V2
3

+-5 [M%(Qu + Qd) - 2(2M%( - MIZT)QSKTIO/JO' + Tllpa)}

=+ (2c6 —C7 + CS>EPG{M72Z<QM =+ Qd)Tlpﬂ =+ [(ZM%( - MJZZ)QM + Miths]T2/)o'

1
+ [(2M%( - MIZT)Qd + M}%’QS]T3pG +3 [Mizz(Qu + Qd) + 4Qs(2M%{ - Mzzz)]T4p6

3
2
+ g [Mlzr(Qu + Qd) + (2M%( - M%)Q‘Y]TS/){T
+M2(Q, - Q) LT + %T +LT + %T
n u d \/g 6po 3 Tpo \/§ 8po 3 9po
\/§ 2 2 2
+ T [MJZ(QM + Qd) - 2(2MK - Mﬂ)QsKTIO/J(; + Tll/)rr) .

Using 2M% — M2 = M2 + 2(M?% — M?2) and noting that Q; = Q,, we may write

['I‘\/Ii(y).;( =2MZ%(cs+co — c7)Er°T

1 4 2 V2
+ 4(M%( - M%)(CS +c6— C7)EPG 5 (Qu + Qs)TZpU + QST3p6 + 5 QST4pO‘ + g QsTszf - 2? Qs(TIO/)a + Tllpd)

+ 2(M%( - M72Z)(C5 —C¢ — CS)E/)O—(QA' - Qu)TZp(r' (AS)

In Table XIV, we collect the amplitudes A;, i = 1, ..., 11,
of Eq. (A2). We have defined c, =c5+cq—c7,
c_=cs—cg—cg, and & = c; +2M2%c,. The results
depend on 5 parameters ¢, (), ¢3, €3, ¢4, and c_.

In Table XV, we collect the corresponding coefficients of
the large-N. expansion. We show the results at leading
order (LO) and at next-to-leading order (NLO), depending
on one parameter and six parameters, respectively.
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TABLE XIV. Amplitudes A; for the full result in units of 2/F;

TABLE XV. Amplitudes A4; in the large-N, expansion in units

L =Cs+cg—cCq, c_=cC5—cCg—Cg, & = +2M2c,. of 2/F; ¢, =c¢5+cg— 7, C_ = C5—Cq — Cg.
Transition  Structure Amplitude A; in units of 2/F Amplitude A;
- Structure  at LO in [2/F]  Amplitude A; at NLO in [2/F]
p -y T, 3¢ 1 1
K* Kty T, 1o +iME-M2)c, —2(My-M2)e. D 0 L 3aaa
K*>K%  T; —26 —$(M} - M2)c, ? ) 36T Z(M’;A}ZM ==
- 3 -y —Zci—tey— ¢

wg — 1gy T, -1 =M% —M3)c, T 2 RS 2442M2 Kﬁjlz
w; = my Ts —§(M2 —Mz)c+ ¢ 34 —§01—§c4—§( k = Mz)c.
20 = gy T (T Ts —3¢ —30—303—3¢4—3(2Mi —M3)c,

8 75 1 1 2 a2
P’ =y T 2 " 3 i s e ey

7 2% 3

I \/;C1 + \/;C3 T \/%Cl \/%Cl + \/%03 + 2\/2M,2,C+

0 T 1~
wg — ”07 TS /3 €1 Ty \/%161 \%Cl +%Mﬁc+
wy = 7y 9 %El + \/%cz Ty %cl \/%Cl + \/%Cz + 2\/%M,2,c+
wg = 1Ny Ty Y2E + \/%63 + %Z(M%( - M2)c, Ty \{Ticl 401 +\/L§c3 +2V2(2M% - M2)c,
@1 = sy Tn G +\/L502+¥(M%<_M%)C+ Tn \(Ticl §C1+¢L§C2+%\/§(2M%_M%)C+
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