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We analyze the four-bodyB → ϕð→ KK̄ÞK�ð→ KπÞ decays in the perturbative QCD approach, where the
invariant mass of theKK̄ (Kπ) system is limited in a window of�15 MeV (�150 MeV) around the nominal
ϕðK�ð892ÞÞmass. In addition to the dominantP-wave resonances, two important S-wave backgrounds in the
selected invariant mass region are also accounted for. Angular momentum conservation allows six helicity
amplitudes to contribute, including three Pwaves, two single S waves, and one double S wave, in the decays
under study. We calculated the branching ratio for each component and found sizable S-wave contributions,
which coincide roughly with the experimental observation. The obtained branching ratios of B0ðþÞ →
ϕK�0ðþÞ are comparable with the previous theoretical predictions and support the experimental measure-
ments, whereas the predicted BðB0

s → ϕK̄�0Þ is an order of magnitude smaller than the current world average
in its central value. The longitudinal polarizations are predicted to be around 0.7, consistent with previous
PQCD results but larger than the world average values. Aside from the direct CP asymmetries, the true and
fake triple product asymmetries, originating from the interference between the perpendicular polarization
amplitude and other helicity amplitudes, are also calculated in this work. In the special case of the neutral
modes, both the direct CP asymmetries and true triple product asymmetries are expected to be zero due to the
vanishing weak phase difference. The direct CP asymmetries for the Bþ mode are predicted to be tiny, of
order 10−2, since the tree contributions are suppressed strongly with respect to the penguin ones. The true
triple product asymmetries have shown no significant deviations from zero. In contrast, large fake
asymmetries are observed in these decays, indicating the presence of significant final-state interactions.
We give the theoretical predictions of the S-wave induced triple product asymmetries for the first time, which
is consistent with current LHCb data and would be checked with future measurements from Belle and BABAR
experiments if the S-wave components can be properly taken into account in the angular analysis.
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I. INTRODUCTION

The phenomenology of B decays to two light vector
mesons provides unique opportunities for understanding
the mechanism of hadronic weak decays and their CP
asymmetry, and probing the new physics (NP) beyond the
standard model (SM). Angular momentum conservation
leads to three independent configurations of the vector
mesons which reflects into three amplitudes. In the trans-
versity basis, the decay amplitude can be decomposed into

three independent components A0, Ak, and A⊥ [1,2], which
correspond to longitudinal, parallel, and perpendicular
polarizations of the final-state spin vectors, respectively.
Experimentally they are at least four-body decays [3], since
a vector resonance is usually detected via its decay V → PP0

with Pð0Þ being a pseudoscalar. As the vector meson has a
relatively broad width, there is generally a background due to
the (resonant or nonresonant) scalar production of the two
pseudoscalars [4,5] around the vector resonance region. In
this case, it is necessary to add another three scalar amplitudes
to the angular analysis in the presence of the scalar back-
ground [6]. Then one can extract more CP-violating observ-
ables from the interference of the various helicity amplitudes.
Therefore, the four-body charmless B decays through two
vector intermediate states are rich inCP-violatingphenomena
in the flavor sector involving quarks.
A four-body decay gives rise to three independent final

momenta p⃗i with i ¼ 1, 2, 3 in the rest frame of the
decaying parent particle, and allows one to form a scalar
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triple product (TP) of p⃗1 · ðp⃗2 × p⃗3Þ. Obviously, it is odd
under both parity and time reversal, and thus constitutes a
potential signal of CP violation assuming CPT invariance.
One can compare event distributions for positive TP against
those with negative TP to construct a triple product
asymmetry (TPA),

AT ≡ ΓðTP > 0Þ − ΓðTP < 0Þ
ΓðTP > 0Þ þ ΓðTP < 0Þ ; ð1Þ

where Γ is the partial decay rate in the indicated TP range.
However, since both the final-state interaction and CP
violation can produce the nonzero TPAs, one has to compare
this asymmetry with a corresponding quantity in the CP
conjugate process to obtain the “true” CP violation signal.
Furthermore, unlike the direct CP violation, a nonzero true
TPA does not require the presence of a nonzero strong phase
[7], while it is maximal when the strong phase difference
vanishes. In this case, it could be more promising to search
for TPA than directCP asymmetries inB decays. Therefore,
the TPA is one powerful tool for displaying CP violation in
weak four-body decays [8,9]. Further information on this
rich subject may be found in Refs. [6–14].
Four-body decays of the B meson are more complicated

than the two-body case, specifically where both non-
resonant and resonant contributions exist. In our previous
works [15,16], the PQCD factorization formalism based on
the quasi-two-body decay mechanism [17–19] for
four-body B meson decays has been well established.
That is, a four-particle final state is obtained through two
intermediate resonances. The resonances decaying into the
meson pair are modeled by nonperturbative two-hadron
distribution amplitudes (DAs) [20–26], which collect both
resonant and nonresonant contributions [27]. In this work, a
similar strategy is extended to the penguin-dominated four-
body decays B → ϕð→ KK̄ÞK�ð→ KπÞ, which exhibit
particularly alluring experimental and theoretical features.
In the SM, the decay B → ϕK� is described by loop

mediated b → d or b → s transitions, providing a sensitive
test for NP. The B0 → ϕK�0 decay was first observed by the
CLEO Collaboration [28]. Subsequently, branching ratio
measurements and angular analyses have been reported by
theBABAR and Belle Collaborations [29–36]. The branching
ratio as averaged by the ParticleDataGroup (PDG) is ð1.00�
0.05Þ × 10−5 [37], in good agreement with theoretical pre-
dictions [38,39]. The observed surprisingly large transverse
polarization fractions, contrary to naive predictions based on
helicity arguments (the so-called polarization puzzle [37]),
attracts much theoretical attention, with several explanations
proposed [40–57]. Including both the S-wave Kþπ− and
KþK− contributions, the LHCb Collaboration measured
the polarization amplitudes and CP asymmetries in B0 →
ϕð→ KþK−ÞK�0ð→ Kþπ−Þ decay [58]. The angular analy-
sis was used to determine TPAs for the first time. The
measured true asymmetries show no significant deviations

from zero, while several significant fake TPAs are consistent
with the presence of final-state interactions. As for the Bs

counterpart, the first observation of the decay B0
s → ϕK̄�0,

with ϕ → KþK− and K̄�0 → K−πþ, was reported by the
LHCb experiment [59], meanwhile, the determination of its
branching ratio and polarizations were presented, and the S-
wave contribution was estimated to be in the teens. The
measured value of the branching ratio is significantly larger
than the theoretical predictions [38,60–65].
As discussed above, we focus on the four-body decays

B → ϕð→ KK̄ÞK�ð→ KπÞ, where the invariant mass of the
KK̄ (Kπ) pair is restricted to be within �15 MeV
(�150 MeV) of the known mass of the ϕðK�ð892ÞÞ meson
for comparison with the LHCb data. Except for the
dominant vector resonances, two important scalar back-
grounds, such as f0ð980Þ → KK̄ and K�

0ð1430Þ → Kπ, are
also taken into account. The contributions from higher spin
resonances are expect to be small in the concerned mass
regions and are thus neglected in the following analysis. Six
different quasi-two-body decay channels are considered,
corresponding to various different possible combinations of
KK̄ and Kπ pairs with spin 0 and 1. The S and P-wave
contributions are parametrized into the corresponding
timelike form factors involved in the two-meson DAs,
which are well established in the three-body B decays
[66,67]. With these universal nonperturbative quantities,
we can make quantitative predictions on the various
observables including the branching ratios, S-wave frac-
tions, polarization fractions, direct CP violations, and the
TPAs in B → ϕð→ KK̄ÞK�ð→ KπÞ decays.
The rest of the paper is organized as follows. Section II

includes a general description of the angular distribution,
kinematics, and the two-meson distribution amplitudes of
the considered four-body decays. We then apply the PQCD
formalism in Sec. III to the B → ϕð→ KK̄ÞK�ð→ KπÞ
decays. The numerical results are discussed and compared
with those of other works in the literature. Section IV
contains our conclusions. The relevant factorization for-
mulas are collected in the Appendix.

II. KINEMATICS AND TWO-MESON
DISTRIBUTION AMPLITUDES

A. Angular distribution and the helicity amplitudes

The angular distribution in the B0 → ϕK�0 decay with
ϕ → KþK− and K�0 → Kþπ− is described by three angles
θ1, θ2, andϕ in the helicity basis, which are depicted in Fig. 1.
θ1 is the polar angle of theKþ in the rest frame of theK� with
respect to the helicity axis. Similarly, θ2 is the polar angle of
the Kþ in the ϕ rest frame with respect to the helicity axis of
the ϕ. The azimuth angle φ is the relative angle between the
KþK− and Kþπ− decay planes in the B rest frame.
Angular momentum conservation, for the vector-vector

modes, allows three possible polarization configurations of
the KK̄ and Kπ pairs, such as longitudinal, parallel, or
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perpendicular. The corresponding amplitudes are denoted
by A0, Ak, and A⊥ respectively, following the definitions
given in Ref. [15]. Some scalar resonances, such as f0ð980Þ
and K�

0ð1430Þ, are expected to contribute and thus are
included in the selected region of KK̄ or Kπ invariant
masses. As one of the meson pair is produced in a spin-0
(S-wave) state, the resultant two single S-wave amplitudes
are denoted as ASV and AVS, which are physically different.
The double S-wave amplitude ASS is associated with the
final state, where both meson pairs are produced in the S
wave. All of the above considered decay modes, together
with the corresponding amplitudes, are shown in Table I.
As discussed in Ref. [15], in the PQCD approach, these

helicity amplitudes are expressed as the convolution of the
hard kernels with the two-meson DAs, which absorb the
nonperturbative dynamics involved in the meson pairs.
After regularizing the end-point singularities and smearing
the double logarithmic divergence, the typical factorization
formula in coordinate space reads as

A ∝
Z

dxBdx1dx2bBdbBb1db1b2db2

× Tr½CðtÞΦBðxB; bBÞΦKπðx1Þ
×ΦKK̄ðx2ÞHðxi; bi; tÞStðxiÞe−SðtÞ�; ð2Þ

where xi and bi with i ¼ B; 1, 2 are the parton momentum
fractions and the conjugate space coordinate of the transverse
momentum, respectively. The threshold function StðxiÞ and

the Sudakov exponents SðtÞ are given in the Appendix of
Ref. [15]. t is the largest energy scale in hard functionH.CðtÞ
is the short distance Wilson coefficients at the hard scale t.
“Tr” denotes the trace over all Dirac structure and color
indices. The explicit analytic formulas for the considered
helicity amplitudes are presented in the Appendix.

B. The kinematics of four-body decay

Taking the full cascade decay B → ϕð→ KK̄ÞK�ð→ KπÞ
as an example, the kinematics can be described in terms of
five independent variables: three helicity angles (θ1; θ2;φ)
and two invariant masses (mKK;mKπ). We first consider the
subprocess B → ϕK�, where ϕ and K� go subsequently
into KK̄ and Kπ pairs, respectively. Following the defi-
nition given in Ref. [15], the external momenta of the decay
chain will be denoted as p, q for the two meson pairs, and

pð0Þ
1;2 for the four final-state mesons, with the specific charge

assignment according to

BðpBÞ → ϕðqÞK�ðpÞ → Kðp2ÞK̄ðp0
2ÞKðp1Þπðp0

1Þ; ð3Þ

where pB ¼ pþ q, p ¼ p1 þ p0
1, and q ¼ p2 þ p0

2, which
obey the momentum conservation. For simplicity, we shall
work in the rest frame of the B meson in the light-cone
coordinates such that pB ¼ Mffiffi

2
p ð1; 1; 0TÞ with the B meson

mass M. The momenta of ϕ and K� can be written as

q ¼ Mffiffiffi
2

p ðf−; fþ; 0TÞ; p ¼ Mffiffiffi
2

p ðgþ; g−; 0TÞ; ð4Þ

respectively. The factors g� and f� are related to the
invariant masses of the meson pairs via p2 ¼ ω2

1 and
q2 ¼ ω2

2, which can be written as

g� ¼ 1

2

�
1þ η1 − η2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ η1 − η2Þ2 − 4η1

q �
;

f� ¼ 1

2

�
1 − η1 þ η2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ η1 − η2Þ2 − 4η1

q �
; ð5Þ

FIG. 1. The definition of the decay angles θ1, θ2, and φ for the decay B0 → ϕK�0 with ϕ → KþK− and K�0 → Kþπ−. The angles are
described in the text.

TABLE I. Quasi-two-body decay channels and the correspond-
ing helicity amplitudes contributing to the ðKK̄ÞðKπÞ final state.
The subscript S=P denotes an S- or P-wave configuration of the
meson pair.

Quasi-two-body
modes

Resonance
types

Allowed helicity
amplitudes

B → ðKK̄ÞPðKπÞP Vector-vector A0;k;⊥
B → ðKK̄ÞSðKπÞP Scalar-vector ASV

B → ðKK̄ÞPðKπÞS Vector-scalar AVS

B → ðKK̄ÞSðKπÞS Scalar-scalar ASS
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with the mass ratios η1;2 ¼ ω2
1;2=M

2. For the meson pairs in
the P-wave configurations, the corresponding longitudinal
polarization vectors are defined as

ϵq¼
1ffiffiffiffiffiffiffi
2η2

p ð−f−;fþ;0TÞ; ϵp¼
1ffiffiffiffiffiffiffi
2η1

p ðgþ;−g−;0TÞ; ð6Þ

which satisfy the normalization ϵ2q ¼ ϵ2p ¼ −1 and the
orthogonality ϵq · q ¼ ϵp · p ¼ 0.
Introducing the meson momentum fraction ζ for each

meson pair, the individual momenta of the four final states
can be expressed as

p1 ¼
�
Mffiffiffi
2

p
�
ζ1 þ

r1 − r01
2η1

�
gþ;

Mffiffiffi
2

p
�
1 − ζ1 þ

r1 − r01
2η1

�
g−;pT

�
;

p0
1 ¼

�
Mffiffiffi
2

p
�
1 − ζ1 −

r1 − r01
2η1

�
gþ;

Mffiffiffi
2

p
�
ζ1 −

r1 − r01
2η1

�
g−;−pT

�
;

p2 ¼
�
Mffiffiffi
2

p
�
1 − ζ2 þ

r2 − r02
2η2

�
f−;

Mffiffiffi
2

p
�
ζ2 þ

r2 − r02
2η2

�
fþ;qT

�
;

p0
2 ¼

�
Mffiffiffi
2

p
�
ζ2 −

r2 − r02
2η2

�
f−;

Mffiffiffi
2

p
�
1 − ζ2 −

r2 − r02
2η2

�
fþ;−qT

�
; ð7Þ

with the mass ratios rð0Þi ¼ mð0Þ2
i =M2 (i ¼ 1, 2), where mð0Þ

i

is the mass of the meson Pð0Þ
i . The transverse momenta pT

and qT can be derived from the on-shell condition pð0Þ2
i ¼

mð0Þ2
i for each final-state meson, which yields

jpT j2¼ω2
1½ζ1ð1−ζ1Þþα1�; jqT j2¼ω2

2½ζ2ð1−ζ2Þþα2�;
ð8Þ

with the factors

αi ¼
ðri − r0iÞ2

4η2i
−
ri þ r0i
2ηi

: ð9Þ

Comparing Eqs. (4) and (7), we find the meson momentum
fractions modified by the meson masses,

pþ
1

pþ ¼ ζ1 þ
r1 − r01
2η1

;
p−
2

q−
¼ ζ2 þ

r2 − r02
2η2

: ð10Þ

It is easy to derive the relation between ζ and the polar
angles θ in Fig. 1 in the meson-pair rest frame:

2ζi − 1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4αi

p
cos θi; ð11Þ

with the bound

ζi ∈
�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4αi

p
2

;
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4αi
p
2

�
: ð12Þ

Note that Eq. (11) reduces to the conventional form in
Refs. [68,69] in the limit of massless.
The Feynman diagrams for the hard kernels associated

with the considered four-body B meson decays are dis-
played in Fig. 2, each of which contains a single hard gluon
exchange at leading order in the PQCD approach. The first
row represents the emission type, while the second row
represents the annihilation one. Each type is further
classified as factorizable, in which a gluon attaches to
quarks in the same meson, and nonfactorizable, in which a
gluon attaches to quarks in distinct mesons. For the
evaluation of the hard kernels, we define three valence
quark momenta labeled by kB, k1, and k2 in Fig. 2(a) as

kB ¼ ð0; xBp−
B;kBTÞ; k1 ¼ ðx1pþ; 0;k1TÞ;

k2 ¼ ð0; x2q−;k2TÞ; ð13Þ
with the parton momentum fractions xi, and the parton
transverse momenta kiT . Since k1 and k2 move with the
corresponding meson pair in the plus and minus direction,
respectively, the minus (plus) component of k1ðk2Þ can be
neglected due to its small size. We also drop kþB because it
does not appear in the hard kernels for dominant factor-
izable contributions.

C. Two-meson distribution amplitudes

The light-cone matrix elements for S-wave KK̄ and Kπ
can be decomposed, up to twist 3, into [17,27]

ΦðKK̄ÞSðx2;ω2Þ ¼
1ffiffiffiffiffiffiffiffi
2Nc

p ½=qϕ0
ðKK̄ÞSðx2;ω2Þ þ ω2ϕ

s
ðKK̄ÞSðx2;ω2Þ þ ω2ð=v=n − 1Þϕt

ðKK̄ÞSðx2;ω2Þ�;

ΦðKπÞSðx1;ω1Þ ¼
1ffiffiffiffiffiffiffiffi
2Nc

p ½=pϕ0
ðKπÞSðx1;ω1Þ þ ω1ϕ

s
ðKπÞSðx1;ω1Þ þ ω1ð=n=v − 1Þϕt

ðKπÞSðx1;ω1Þ�; ð14Þ
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where n ¼ ð1; 0; 0TÞ and v ¼ ð0; 1; 0TÞ are two dimensionless vectors. The parametrization of various twists DAs take the forms

ϕ0
ðPP0ÞSðx;ωÞ ¼

8>>><
>>>:

9FðPP0ÞS ðωÞffiffiffiffiffiffi
2Nc

p aPP0xð1 − xÞð1 − 2xÞ; PP0 ¼ KK̄;

3FðPP0ÞS ðωÞffiffiffiffiffiffi
2Nc

p xð1 − xÞ
�
1
μS
þ B13ð1 − 2xÞ þ B3

5
2
ð1 − 2xÞð7ð1 − 2xÞ2 − 3Þ

�
; PP0 ¼ Kπ;

ϕs
ðPP0ÞSðx;ωÞ ¼

FðPP0ÞSðωÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p ;

ϕt
ðPP0ÞSðx;ωÞ ¼

FðPP0ÞSðωÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ; ð15Þ

with the ratio μS ¼ ω1=ðms −mqÞ, where msð1 GeVÞ ¼
119 MeV [70,71] is the running strange quark mass and the
light quark massesmq, q ¼ u, d, are set to zero. The values of
the Gegenbauer moments for the twist-2 DAs are taken as
[66,70–72]

aKK̄ ¼ 0.80� 0.16; B1 ¼ −0.57� 0.13;

B3 ¼ −0.42� 0.22: ð16Þ

Because the available data are not yet precise enough to extract
moreGegenbauermoments, the two twist-3DAs are chosen as
asymptotic forms.
For the scalar form factor FðKπÞS, we follow the LASS

line shape [73], which includes an effective-range non-
resonant component with the K�

0ð1430Þ resonance Breit-
Wigner tail. The explicit expression is given by

FðKπÞSðωÞ ¼
ω

kðωÞ ·
1

cotδB − i
þ e2iδB

m2
0Γ0=kðm0Þ

m2
0 −ω2 − im2

0
Γ0

ω
kðωÞ
kðm0Þ

;

cotδB ¼ 1

akðωÞ þ
1

2
bkðωÞ; ð17Þ

where m0 (Γ0) is the mass (width) of K�
0ð1430Þ. The kaon

three-momentum kðωÞ is written, in the Kπ center-of-mass
frame, as

kðωÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ω2 − ðmK þmπÞ2�½ω2 − ðmK −mπÞ2�

p
2ω

; ð18Þ

with mKðπÞ the known kaon (pion) mass, and kðm0Þ being
the same quantity evaluated at the nominal resonance mass
m0. We use the following values for the resonance mass,
width, scattering length, and effective-range parameters:
m0 ¼ 1450� 80 MeV, Γ0 ¼ 400� 230 MeV, a ¼ 3.2�
1.8 GeV−1, and b ¼ 0.9� 1.1 GeV−1 [15,74].

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 2. Leading-order diagrams for the B → ϕð→ KK̄ÞK�ð→ KπÞ decays, where the symbol black circle denotes a weak vertex. The
first (second) row correspond to the emission (annihilation) type diagrams, which are further classified into the factorizable ones (a), (b),
((e), (f)), and the nonfactorizable ones (c), (d), ((g), (h)).
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For the scalar form factor of the KK̄ system, the main
resonance is f0ð980Þ in the concernedmasswindow, since its
mass is very close to the KK̄ threshold, which can strongly
influence the resonance shape.We followRef. [66] to take the
widely accepted prescription proposed by Flatté [75]

FðKK̄ÞSðωÞ¼
m2

f0ð980Þ
m2

f0ð980Þ−ω
2−imf0ð980ÞðgππρππþgKKρKKF2

KKÞ
ð19Þ

with mf0ð980Þ ¼ 939 MeV=c2; gππ ¼ 199 MeV=c2; gKK ¼
3gππ [58]. The exponential term FKK ¼ e−αq

2
K is introduced

above the KK̄ threshold to reduce the ρKK factor
as ω increases, where qk is the momentum of the kaon in
the KK̄ rest frame and α ¼ 2.0� 0.25 GeV−2 [76,77].
In Ref. [15] we have updated the P-wave DAs including

both longitudinal and transverse polarizations for the Kπ
pair, whose explicit expressions read

ΦL
ðKπÞPðx1; ζ1;ω1Þ ¼

1ffiffiffiffiffiffiffiffi
2Nc

p
�
ω1=ϵpϕ0

ðKπÞPðx1;ω1Þ þ ω1ϕ
s
ðKπÞPðx1;ω1Þ þ

=p1=p0
1 − =p0

1=p1

ω1ð2ζ1 − 1Þ ϕ
t
ðKπÞPðx1;ω1Þ

�
ð2ζ1 − 1Þ;

ΦT
ðKπÞPðx1; ζ1;ω1Þ ¼

1ffiffiffiffiffiffiffiffi
2Nc

p
�
γ5=ϵT=pϕT

ðKπÞPðx1;ω1Þ þ ω1γ5=ϵTϕa
ðKπÞPðx1;ω1Þ þ iω1

ϵμνρσγμϵTνpρn−σ
p · n−

ϕv
ðKπÞPðx1;ω1Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ1ð1 − ζ1Þ þ α1

p
; ð20Þ

respectively. Naively, the P-wave KK̄ ones can be obtained with the following replacement:

x1 → x2; ω1 → ω2; ζ1 → ζ2; α1 → α2; p → q; ϵp → ϵq; pð0Þ
1 → pð0Þ

2 : ð21Þ

The various twist DAs for the P-wave KK̄ and Kπ systems are parametrized as [67]

ϕ0
KK̄ðx2;ω2Þ ¼

3ffiffiffiffiffiffiffiffi
2Nc

p Fk
KK̄ðω2Þx2ð1 − x2Þ½1þ a02ϕC

3=2
2 ð2x2 − 1Þ�;

ϕs
KK̄ðx2;ω2Þ ¼

3

2
ffiffiffiffiffiffiffiffi
2Nc

p F⊥
KK̄ðω2Þð1 − 2x2Þ;

ϕt
KK̄ðx2;ω2Þ ¼

3

2
ffiffiffiffiffiffiffiffi
2Nc

p F⊥
KK̄ðω2Þð1 − 2x2Þ2;

ϕT
KK̄ðx2;ω2Þ ¼

3ffiffiffiffiffiffiffiffi
2Nc

p F⊥
KK̄ðω2Þx2ð1 − x2Þ½1þ a02ϕC

3=2
2 ð2x2 − 1Þ�;

ϕa
KK̄ðx2;ω2Þ ¼

3

4
ffiffiffiffiffiffiffiffi
2Nc

p Fk
KK̄ðω2Þð1 − 2x2Þ;

ϕv
KK̄ðx2;ω2Þ ¼

3

8
ffiffiffiffiffiffiffiffi
2Nc

p Fk
KK̄ðω2Þ½1þ ð1 − 2x2Þ2�;

ϕ0
Kπðx1;ω1Þ ¼

3ffiffiffiffiffiffiffiffi
2Nc

p Fk
Kπðω1Þx1ð1 − x1Þ½1þ a01K�C3=2

1 ð2x1 − 1Þ þ a02K�C3=2
2 ð2x1 − 1Þ�;

ϕs
Kπðx1;ω1Þ ¼

3

2
ffiffiffiffiffiffiffiffi
2Nc

p F⊥
Kπðω1Þð1 − 2x1Þ;

ϕt
Kπðx1;ω1Þ ¼

3

2
ffiffiffiffiffiffiffiffi
2Nc

p F⊥
Kπðω1Þð1 − 2x1Þ2;

ϕT
Kπðx1;ω1Þ ¼

3ffiffiffiffiffiffiffiffi
2Nc

p F⊥
Kπðω1Þx1ð1 − x1Þ½1þ a01K�C3=2

1 ð2x1 − 1Þ þ a02K�C3=2
2 ð2x1 − 1Þ�;

ϕa
Kπðx1;ω1Þ ¼

3

4
ffiffiffiffiffiffiffiffi
2Nc

p Fk
Kπðω1Þð1 − 2x1Þ;

ϕv
Kπðx1;ω1Þ ¼

3

8
ffiffiffiffiffiffiffiffi
2Nc

p Fk
Kπðω1Þ½1þ ð1 − 2x1Þ2�; ð22Þ
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with the Gegenbauer polynomials

C3=2
1 ðtÞ ¼ 3t; C3=2

2 ðtÞ ¼ 3

2
ð5t2 − 1Þ: ð23Þ

The values of the Gegenbauer moments associated with
longitudinal polarization are adopted as

a01K� ¼ 0.31� 0.16; a02K� ¼ 1.19� 0.10;

a02ϕ ¼ −0.31� 0.19; ð24Þ

which are determined from a global analysis in the PQCD
approach [67]. We do not distinguish the Gegenbauer
moments for the longitudinal and transverse polarizations
in our numerical calculations due to a lack of rigorous
theoretical and experimental information on the transverse
polarizations.
Since the Kπ spectrum is dominated by the vector

K�ð892Þ resonance in the selected invariant mass range,

the P-wave timelike form factor Fk
Kπ is parametrized as the

relativistic Breit-Wigner model [78,79]

Fk
KπðωÞ ¼

m2
K�

m2
K� − ω2 − imK�ΓðωÞ ; ð25Þ

wheremK� ¼ 895.81 MeV is the K�ð892Þmass. The mass-
dependent width is given by

ΓðωÞ ¼ ΓK�
k3ðωÞ
k3ðmK� Þ

mK�

ω

1þ r2k2ðmK� Þ
1þ r2k2ðωÞ ; ð26Þ

where ΓK� ¼ 47.4 MeV is the natural width of the K�ð892Þ
meson and r ¼ 3.4 GeV−1 is the interaction radius [58].

The P-wave KK̄ one, denoted Fk
KK̄ , is modeled in a similar

way using the values mϕ ¼ 1019.455 MeV and Γϕ ¼
4.26 MeV [58]. For another form factor F⊥, we assume

the approximate relation F⊥=Fk ∼ fTV=fV with fðTÞV being
the tensor (vector) decay constant of the vector resonance.

III. NUMERICAL RESULTS

In this section we discuss in detail some physical
observables, such as branching ratios, S-wave fractions,
polarization fractions, direct CP asymmetries, and TPAs,
for the concerned decays. The related input parameters for

the numerical calculations are collected in Table II. The
decay constants used the values from Refs. [15,60,67],
while the meson masses, Wolfenstein parameters, and the
lifetimes are taken from the PDG review [37]. We neglect
uncertainties on the constants since they are negligible with
respect to other sources of uncertainty. The parameters
relevant to the KK̄ and Kπ DAs have been specified in the
previous section.
Another key input in the PQCD calculations is the B

meson distribution amplitude. We adopt the conventional
form from Refs. [80,81] of the leading Lorentz structure

ϕBðx; bÞ ¼ NBx2ð1 − xÞ2 exp
�
−
x2M2

2ω2
b

−
ω2
bb

2

2

�
; ð27Þ

with the shape parameter ωb ¼ 0.40 GeV for Bu;d mesons
and ωb ¼ 0.48 GeV for a Bs meson [82]. The normaliza-
tion constant NB is related to the decay constant fB via the
normalization

Z
1

0

ϕBðx; b ¼ 0Þdx ¼ fB
2

ffiffiffiffiffiffiffiffi
2Nc

p : ð28Þ

For more alternative models of the B meson DA and the
subleading contributions, one can refer to Refs. [83–87].

A. CP averaged four-body branching ratios
and S-wave fractions

The phase space of a four-body decay relies on the five
kinematic variables, that is, three helicity angles shown in
Fig. 1 and two invariant masses. In the B meson rest frame,
the fivefold differential decay rate can be written as

d5Γ
dθ1dθ2dφdω1dω2

¼ kðω1Þkðω2Þkðω1;ω2Þ
16ð2πÞ6M2

jAj2; ð29Þ

where kðω1;ω2Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½M2−ðω1þω2Þ2�½M2−ðω1−ω2Þ2�

p
=

ð2MÞ is the magnitude of the three-momentum of the
meson pair in the B meson rest frame. By appropriate
variable changes, Eq. (29) is equivalent to the one in
Ref. [88]. Replacing the helicity angles θi by the meson
momentum fractions ζi via Eq. (11) and integrating the
decay rate with respect to all independent variables, we
obtain

TABLE II. The decay constants are taken from Refs. [15,60,67]. Other parameters are from PDG 2020 [37].

Mass (GeV) MBs
¼ 5.37 MB ¼ 5.28 mK ¼ 0.494 mπ ¼ 0.14

Wolfenstein parameters λ ¼ 0.22650 A ¼ 0.790 ρ̄ ¼ 0.141 η̄ ¼ 0.357

Decay constants (GeV) fBs
¼ 0.24 fB ¼ 0.21 fϕð1020Þ ¼ 0.215 fTϕð1020Þ ¼ 0.186 fK� ¼ 0.217 fTK� ¼ 0.185

Lifetime (ps) τBs
¼ 1.51 τB0 ¼ 1.52 τBþ ¼ 1.638
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Γ ¼ 1

4ð2πÞ6M2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α2

p
Z

kðω1Þkðω2Þkðω1;ω2ÞjAj2dζ1dζ2dφdω1dω2; ð30Þ

where the selected invariant mass ranges for the KK̄ and Kπ pairs are mϕ − 0.015 < ω2 < mϕ þ 0.015 (GeV) and mK� −
0.15 < ω1 < mK� þ 0.15 (GeV), respectively. The total amplitude (A) can be decomposed into six helicity components
shown in Table I with different ζi and φ dependencies [15]

A ¼ 2ζ1 − 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α1

p 2ζ2 − 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α2

p A0 þ 2
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ1ð1 − ζ1Þ þ α1

1þ 4α1

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ2ð1 − ζ2Þ þ α2

1þ 4α2

s
cosðφÞAk

þ i2
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ1ð1 − ζ1Þ þ α1

1þ 4α1

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ2ð1 − ζ2Þ þ α2

1þ 4α2

s
sinðφÞA⊥ þ 2ζ1 − 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4α1
p AVS þ

2ζ2 − 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α2

p ASV þ ASS: ð31Þ

The branching ratio of each component is then

Bh¼
τB

4ð2πÞ6M2

2π

9
Yh

Z
dω1dω2kðω1Þkðω2Þkðω1;ω2ÞjAhj2;

ð32Þ
with

Yh ¼

8>><
>>:

1; h ¼ 0; k;⊥
3; h ¼ SV; VS

9; h ¼ SS;

ð33Þ

which come from the integrations over ζ1; ζ2;φ. Combin-
ing Eq. (32) with its counterpart of the corresponding CP-
conjugated process, we can derive the CP-averaged
branching ratio of each component and their sum

Bavg
h ¼ 1

2
ðB̄h þ BhÞ; Btotal ¼

X
h

Bh; ð34Þ

with h running over the six helicities as stated above.
The numerical results are summarized in Table III, where

the first quoted uncertainty is due to the shape parameters
ωb in the BðsÞ meson DAs with 10% variation, the second
uncertainty is caused by the variation of the Gegenbauer

moments in the two-meson DAs shown in Eqs. (16)
and (24), and the last one comes from the hard scale t
that varies from 0.75t to 1.25t and the QCD scale
ΛQCD ¼ 0.25� 0.05 GeV. The three uncertainties are
comparable, and their combined impacts could exceed
50%, implying that the nonperturbative parameters in the
DAs of the initial and final states must be more precisely
restricted, and the higher-order correction to four-body B
meson decays is critical. The concerned three channels are
all penguin-dominated decays. The B0 and Bþ modes
involve the b → s transition and therefore have relatively
large branching ratios of Oð10−7–10−6Þ, while the Bs
channels, mediated by the b → d transition, are generally
1 or 2 orders of magnitudes smaller.
Although the P-wave contributions dominate in the

selected mass regions, the S-wave contributions, which
are strongly sensitive to the integrating ranges, cannot be
neglected. In order to compare the relative size of theS-wave
contributions, one can define the S-wave fractions as

fσ ¼
Bσ

Btotal
; ð35Þ

with σ ¼ fSS; SV; VSg, and the total S-wave fraction
as fS-wave ¼ fSS þ fSV þ fVS. Using the PQCD predictions

TABLE III. PQCD predictions for the CP-averaged branching ratios of various components and their sum in the BðsÞ → ðKK̄ÞðKπÞ
decays within the KK̄ðKπÞ invariant mass window of 15 (150) MeV around the ϕðK�ð982ÞÞ resonance.
Components B0 → ðKþK−ÞðKþπ−Þ B0

s → ðKþK−ÞðK−πþÞ Bþ → ðKþK−ÞðK0πþÞ
B0 1.8þ0.7þ0.3þ0.6

−0.6−0.4−0.4 × 10−6 3.1þ1.2þ1.0þ1.6
−0.8−0.9−1.2 × 10−8 1.8þ0.9þ0.4þ0.7

−0.5−0.3−0.4 × 10−6

Bk 3.1þ0.5þ0.4þ1.3
−0.4−0.4−0.8 × 10−7 5.3þ0.6þ2.0þ2.5

−0.3−1.4−1.3 × 10−9 3.4þ0.6þ0.5þ1.3
−0.4−0.4−0.8 × 10−7

B⊥ 3.3þ0.6þ0.5þ1.3
−0.4−0.4−0.8 × 10−7 5.2þ0.3þ1.9þ2.6

−0.3−1.6−1.5 × 10−9 3.6þ0.6þ0.4þ1.3
−0.5−0.5−0.9 × 10−7

BSS 4.7þ2.0þ2.4þ1.8
−1.4−1.9−1.4 × 10−8 1.3þ0.7þ0.6þ0.5

−0.5−0.5−0.4 × 10−9 5.2þ2.1þ2.6þ2.0
−1.5−2.1−1.6 × 10−8

BVS 4.6þ1.2þ1.0þ1.7
−0.9−1.0−1.4 × 10−7 5.0þ2.3þ1.2þ2.7

−1.8−1.1−2.1 × 10−9 4.8þ1.5þ1.0þ1.8
−1.1−1.0−1.3 × 10−7

BSV 2.2þ0.6þ0.4þ0.8
−0.5−0.4−0.6 × 10−7 1.6þ0.5þ0.8þ0.5

−0.4−0.6−0.4 × 10−9 2.5þ0.7þ0.5þ0.9
−0.5−0.4−0.7 × 10−7

Btotal 3.2þ1.0þ0.4þ1.1
−0.9−0.5−0.8 × 10−6 4.9þ1.6þ1.4þ2.4

−1.1−1.2−1.6 × 10−8 3.3þ1.2þ0.6þ1.2
−0.8−0.5−0.8 × 10−6
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as given in Table III, it is straightforward to obtain the
numerical results of S-wave fractions in each channel as
exhibited in Table IV.
The predicted two single S-wave fractions for the B0

mode are well consistent with the data from Ref. [58]. In
Ref. [58], it is assumed that the double S-wave component
is negligible. In our calculations, as can be seen in Table IV,
the double S-wave fractions of all the three modes are
estimated to be less than 3% and can be safely ignored.
Therefore the assumption in [58] is reasonable in the
selected invariant mass ranges. However, we will discuss
later that the S-wave contributions will be enhanced rapidly
with increasing invariant mass ranges. The predicted total
S-wave fraction for the Bs mode is in agreement with the
LHCb data 0.16� 0.02 [59] obtained from the total ϕK�0
purity by combining the KþK− and Kþπ− contributions. It
is assumed in Ref. [59] that the S-wave component is the
same for B0 → ϕK�0 and B0

s → ϕK̄�0 decays, so that the
larger sample of B0 → ϕK�0 decays can be used. This
assumption lead to a large systematic uncertainty of this
measurement, which is expected to scale with larger data
samples in future. From Table IV, the total S-wave con-
tributions could be as large as 20% of the total decay rate,
indicating they are numerically significant in the given
mass regions.
The S-wave channels were also measured by

other collaborations with a different Kπ mass range. The
branching ratio for B0 → ϕðKπÞ�0 modewas measured to be
ð4.3� 0.4ðstatÞ � 0.4ðsystÞÞ × 10−6 by the Belle experi-
ment [35], which was consistent with the previous BABAR

measurement, ð4.3� 0.6ðstatÞ � 0.4ðsystÞÞ × 10−6 [32].
We note that the above two measurements were per-
formed in a broad Kπ invariant mass range 0.7 < mKπ <
1.55 GeV. For comparison, we derive the single S-wave
branching ratio with the same mass region,

BðB0 → ϕð→ KþK−ÞðKπÞ�0ð→ Kþπ−ÞÞ
¼ ð1.2þ0.4þ0.3þ0.5

−0.1−0.2−0.3 Þ × 10−6; ð36Þ

which is more than twice the number in Table III.
After correcting for the secondary branching fraction
Bðϕ → KþK−Þ ¼ 0.5 and BððKπÞ�0 → Kþπ−Þ ¼ 2=3,
one can obtain the two-body decay branching ratio in
the narrow-width limit,

BðB0 → ϕðKπÞ�0Þ ¼ ð3.6þ1.2þ0.9þ1.5
−0.3−0.6−0.9 Þ × 10−6; ð37Þ

which complies with the above two measurements and the
previous two-body PQCD value of ð3.7þ0.8þ0.1þ3.7

−0.7−0.1−1.7 Þ × 10−6

for the S1 scenario [89].
In Ref. [90], the BABAR Collaboration measured the

B0 → f0ð980ÞK�0ð892Þ and B0 → f0ð980ÞðKπÞ�0 decays,
where f0ð980Þ was reconstructed through f0ð980Þ → ππ
within the ππ invariant mass range 0.47 < mππ <
1.07 GeV. For the Kπ mass spectrum, the two channels
were analyzed separately. The former was performed in the
“lowmass region,” 0.75 < mKπ < 1.0 GeV, while the latter
was performed in the “high mass region,” 1.0 < mKπ <
1.55 GeV. The quoted branching ratios yield [90]

BðB0 → f0ð980ÞðKπÞ�0Þ × Bðf0ð980Þ → ππÞ × BððKπÞ�0 → KπÞ ¼ ð3.1� 0.8� 0.7Þ × 10−6;

BðB0 → f0ð980ÞK�0ð892ÞÞ × Bðf0ð980Þ → ππÞ ¼ ð5.7� 0.6� 0.4Þ × 10−6; ð38Þ

where the uncertainties are statistical and systematic, respectively. The Belle Collaboration presented a smaller value of
BðB0→f0ð980ÞK�0ð892ÞÞ¼ð1.4þ0.6þ0.6

−0.5−0.4 Þ×10−6, obtained for mKπ ∈ ð0.75; 1.2Þ GeV and mππ ∈ ð0.55; 1.2Þ GeV, with
2.5σ significance [91]. For comparison we recalculate the four-body branching ratios for the scalar-scalar and scalar-vector
modes with the same Kπ mass region as the BABAR experiment. In the narrow-width limit, we obtain the products

BðB0 → f0ð980ÞðKπÞ�0ÞÞ × Bðf0ð980Þ → KþK−Þ × BððKπÞ�0 → Kþπ−Þ ¼ ð2.1þ0.7þ0.9þ0.9
−0.6−0.7−0.6 Þ × 10−7;

BðB0 → f0ð980ÞK�0ð892ÞÞ × Bðf0ð980Þ → KþK−Þ × BðK�0ð892Þ → Kþπ−Þ ¼ ð4.3þ1.3þ0.7þ1.6
−0.9−0.7−1.2 Þ × 10−7: ð39Þ

TABLE IV. S-wave fractions in the BðsÞ → ðKK̄ÞðKπÞ decays within the KK̄ðKπÞ invariant mass window of 15 (150) MeVaround the
ϕðK�ð982ÞÞ resonance. The data are taken from Ref. [58], where the first uncertainty is statistical and the second is systematic.

Modes fSS fVS fSV fS‐wave

B0 → ðKþK−ÞðKþπ−Þ 0.015þ0.001þ0.007þ0.002
−0.000−0.006−0.002 0.144þ0.013þ0.022þ0.016

−0.007−0.020−0.015 0.069þ0.006þ0.014þ0.002
−0.002−0.011−0.005 0.228þ0.020þ0.037þ0.018

−0.009−0.032−0.022

LHCb [58] � � � 0.143� 0.013� 0.012 0.122� 0.013� 0.008 � � �
B0
s → ðKþK−ÞðK−πþÞ 0.027þ0.004þ0.013þ0.002

−0.004−0.011−0.002 0.102þ0.010þ0.032þ0.022
−0.018−0.030−0.029 0.033þ0.000þ0.016þ0.004

−0.001−0.014−0.007 0.162þ0.014þ0.057þ0.027
−0.023−0.050−0.037

Bþ → ðKþK−ÞðK0πþÞ 0.016þ0.000þ0.008þ0.001
−0.001−0.006−0.002 0.146þ0.003þ0.021þ0.014

−0.006−0.021−0.009 0.076þ0.003þ0.014þ0.001
−0.005−0.013−0.007 0.238þ0.006þ0.035þ0.015

−0.012−0.035−0.018
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It is worth emphasizing that the above results cannot be
directly compared with the data in Eq. (38) due to the
absence of reliable information about Bðf0ð980Þ →
KþK−Þ and Bðf0ð980Þ → πþπ−Þ. Assuming that the
f0ð980Þ resonance only couples to the KK̄ and ππ channels
and using the BES measurement [92]

Γðf0ð980Þ → ππÞ
Γðf0ð980Þ → ππÞ þ Γðf0ð980Þ → KK̄Þ ¼ 0.75þ0.11

−0.13 ; ð40Þ

and isospin relations Γðf0ð980Þ → πþπ−Þ=Γðf0ð980Þ →
ππÞ ¼ 2=3 and Γðf0ð980Þ → KþK−Þ=Γðf0ð980Þ →
KK̄Þ ¼ 1=2, we obtain the ratio

Γðf0ð980Þ → πþπ−Þ
Γðf0ð980Þ → KþK−Þ ¼ 4.0þ0.6

−0.7 : ð41Þ

Plugging Eq. (41) into Eq. (39), and using above iso-
spin relations, we estimate the branching ratio products
in Eq. (38) to be ð1.9þ1.4

−1.0Þ × 10−6 and ð3.9þ2.0
−1.5Þ × 10−6,

respectively, where the errors are added in quadrature. It
can be seen that our prediction for the former is consistent
with the BABAR value within uncertainties, but with central
values that are somewhat lower. The number of the latter is
in between BABAR and Belle measurements within errors.
As pointed out in Refs. [93,94], the narrow-width approxi-
mation should be corrected by including finite-width
effects for the broad scalar intermediate states. The results
of Eq. (39), extracted from the four-body branching ratios,
may suffer from a large uncertainty due to the finite-width
effects of the scalar resonance. Thus the above comparisons
is just a rough estimate for a cross-checking. In addition, we
have shown that the S-wave contributions depend on the
range of the KK̄ and Kπ invariant masses. In this study, the
KK̄ invariant mass is limited in a narrow window of
�15 MeV around the known ϕ mass, and a broader
integrated region would increase our results. It is expected
that future experiments can directly reconstruct intermedi-
ate f0ð980Þ resonance through f0ð980Þ → KþK− in the
B0 → ðKþK−ÞðKþπ−Þ decay.

B. Two-body branching ratios
and polarization fractions

Since the width-to-mass ratio for ϕ andK�ð892Þ is small,
it is valid to apply the narrow width approximation for
vector resonance to factorize the four-body process as three
sequential two-body decays:

BðB → ϕð→ KK̄ÞK�ð→ KπÞÞ
≈ BðB → ϕK�Þ × Bðϕ → KK̄Þ × BðK� → KπÞ; ð42Þ

for which we can extract the two-body B → ϕK� branching
ratios to compare with the current available predictions and

experiments. The longitudinal, perpendicular, and parallel
polarization fractions of the P-wave amplitudes are
defined as

f0 ¼
B0

BP
; fk ¼

Bk
BP

; f⊥ ¼ B⊥
BP

; ð43Þ

with BP ¼ B0 þ Bk þ B⊥ being the total P-wave
branching ratio. The numerical results together with other
theoretical results from PQCD [52,60,62], QCDF
[38,39,61,95], SCET [63] and FAT [64] are summarized
in Table V for comparison. The world average values are
taken from PDG [37] whenever available.
We see that the various approaches as well as experiment

have similar branching ratios in magnitude for the B0 and
Bþ modes but quite different results for BðB0

s → ϕK̄�0Þ.
The predicted central values span a wide range:
ð1.1 − 7.0Þ × 10−7, which are generally below the current
world average of ð1.14� 0.30Þ × 10−6. Our result is
consistent with the recent QCDF calculation [95], and
closer to the predictions from Refs. [38,61,62], but far from
the previous PQCD value [60]. The discrepancy between
theoretical predictions and experimental data remains an
issue to be resolved.
According to the factorization assumption, the polariza-

tion fractions for the vector-vector modes should satisfy the
naive counting rules [53]

f0 ∼ 1 −Oðm2
V=M

2Þ; fk ∼ f⊥ ∼Oðm2
V=M

2Þ; ð44Þ

with mV being the vector meson mass. The longitudinal
polarization is naively expected to be f0 ∼ 0.9 in B → ϕK�
decays. However, a low longitudinal polarization of order
0.5 has been observed in the B → ϕK� decays by
Belle [34,35], BABAR [30–32], and LHCb [58,59], which
indicates a significant departure from the naive expectation
of predominant longitudinal polarization and poses an
interesting challenge for theoretical interpretations. Several
attempts to understand the values of within or beyond the
standard model have been made [38–51,96–105].
In the PQCD approach, a large transverse polarization

fraction derives from the weak annihilation diagram
induced by the operator O6 and nonfactorizable contribu-
tions [45]. However, the combined effects are not sufficient
to reduce f0 down to 0.5. As can be seen from Table V,
our predictions for the longitudinal polarization fractions
are generally larger than 0.7, and agree with the previous
PQCD calculations from Refs. [52,60]. The small
f0 ∼ ð0.50–0.57Þ in Ref. [62] is ascribed to the inclusion
of the higher-power terms proportional to r2, with r being
the mass ratio between the vector and B mesons. The
QCDF [38,39] and FAT [64] predictions on the longitudinal
polarization fractions are generally less than 0.5. A recent
Belle measurement [36] based on the Summer 2020 Belle II
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dataset of 34.6 fb−1, yields f0ðB0 → ϕK�0Þ ¼ 0.57�
0.20� 0.04 and f0ðBþ → ϕK�þÞ ¼ 0.58� 0.23� 0.02,
to be compared with our results.

C. CP-violating observables

The direct CP asymmetry in each component and the
overall asymmetry are defined as

ACP
h ¼ B̄h − Bh

B̄h þ Bh
; ACP

total ¼
P

hB̄h −
P

hBhP
hB̄h þ

P
hBh

; ð45Þ

respectively. Since only penguin operators work on the
neutral channels, there is no direct CP asymmetry in the
neutral B0 and B0

s modes. However, the charged mode
receives an additional tree contribution and the direct CP
asymmetries arises from the interference between the tree
and penguin amplitudes. As shown in Table VI, the direct
CP asymmetries for various helicity states turn out to be
small, ∼Oð10−2Þ, and the overall CP asymmetry is even
lower at the order of 10−3. It can be understood as follows.
The tree contribution only appears in the annihilation
diagrams, which are power suppressed with respect to the
emission ones. Furthermore, the CKM element jV�

ubVusj of

TABLE V. CP-averaged branching ratios and polarization fractions for the two-body B → ϕK� decays. For comparison, we also list
the results from PQCD [52,60,62], QCDF [38,39,61,95], SCET [63], and FAT [64]. The world averages of experimental data are taken
from PDG 2020 [37].

Modes B ð10−6Þ f0 (%) f⊥ (%)

B0 → ϕK�0 7.4þ2.5þ1.1þ2.6
−2.1−1.2−1.8 74.1þ3.1þ1.5þ1.1

−5.8−3.0−1.2 13.3þ3.0þ1.6þ0.6
−1.6−0.8−0.5

PQCD-I [52] 14.86 75.0 11.5
PQCD-II [62] 9.8þ4.9

−3.8 56.5þ5.8
−5.9 21.3þ2.8

−2.9
QCDF-I [38] 9.3þ0.5þ11.4

−0.5−6.5 44þ0þ59
−0−36 � � �

QCDF-II [39] 9.5þ1.3þ11.9
−1.2−5.9 50þ50

−42 25þ21
−25

SCET [63] 9.14� 3.14 51.0� 16.4 22.2� 9.9
FAT [64] 8.64� 1.76� 1.70� 0.90 48.0� 16.0 26.0� 8.6
Data 10.00� 0.50 49.7� 1.7 22.4� 1.5

B0
s → ϕK̄�0 0.12þ0.04þ0.04þ0.06

−0.03−0.03−0.04 74.5þ4.6þ2.5þ3.4
−4.8−3.7−6.4 12.7þ2.4þ2.2þ3.3

−2.5−1.8−1.8
PQCD-I [60] 0.65þ0.16þ1.27þ0.10

−0.13−0.18−0.04 71.2þ3.2þ2.7þ0.0
−3.0−3.7−0.0 13.3þ1.4þ1.7þ0.0

−1.5−1.3−0.0
PQCD-II [62] 0.39þ0.20

−0.17 50.0þ8.1
−7.2 24.2þ3.6

−3.9
QCDF-I [38] 0.4þ0.1þ0.5

−0.1−0.3 40þ1þ67
−1−35 � � �

QCDF-II [61] 0.37þ0.06þ0.24
−0.05−0.20 43þ2þ21

−2−18 � � �
QCDF-III [95]a 0.11þ0.07þ0.06

−0.04−0.01 43.6þ14.6þ51.5
−24.0−25.3 25.9þ8.4þ14.4

−9.1−23.5
SCET [63] 0.56� 0.19 54.6� 15.0 20.5� 9.1
FAT [64] 0.70� 0.11� 0.13� 0.08 38.9� 14.7 31.4� 8.1

Data 1.14� 0.30 51.0� 17.0 � � �
Bþ → ϕK�þ 7.6þ2.9þ1.4þ2.8

−1.8−1.1−1.8 72.3þ4.4þ2.9þ2.2
−3.9−2.6−0.5 14.3þ1.9þ1.2þ0.1

−2.2−1.6−1.2
PQCD-I [52] 15.96 74.8 11.1
PQCD-II [62] 10.3þ4.9

−3.8 57.0þ6.3
−5.9 21.0þ3.0

−3.0
QCDF-I [38] 10.1þ0.5þ12.2

−0.5−7.1 45þ0þ58
−0−36 � � �

QCDF-II [39] 10.0þ1.4þ12.3
−1.3−6.1 49þ51

−42 25þ21
−25

SCET [63] 9.86� 3.39 51.0� 16.4 22.2� 9.9
FAT [64] 9.31� 1.90� 1.83� 0.97 48.0� 16.0 25.9� 8.6

Data 10.0� 2.0 50.0� 5.0 20.0� 5.0
aWe quote the results of case II.

TABLE VI. Direct CP asymmetries (in units of%) for the four-body Bþ → ðKþK−ÞðK0πþÞ decay. The requirements on the KK̄ and
Kπ invariant masses are mϕ − 0.015 < mKK̄ < mϕ þ 0.015 (GeV) and mK� − 0.15 < mKπ < mK� þ 0.15 (GeV). The sources of
theoretical errors are the same as in previous tables but added in quadrature.

ACP
0 ACP

k ACP⊥ ACP
SS ACP

VS ACP
SV ACP

total

−4.1þ6.1
−4.6 5.8þ2.1

−3.8 4.9þ3.8
−4.4 4.5þ2.0

−2.5 3.8þ2.2
−4.2 3.2þ0.1

−4.4 −0.3þ3.2
−2.5
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tree diagrams is smaller than jV�
tbVtsj of penguin diagrams.

Our result in Table VI for the VS and SV components are
consistent with the world averages of ð4� 16Þ% and
ð−15� 12Þ% [37], respectively, within uncertainties.
In Table VII, we list the predicted direct CP asymmetry

of the mode Bþ → ϕK�þ in PQCD. For comparison, the

experimental data, as well as predictions from previous
PQCD [62], QCDF [38,106], SCET [63], and FAT [64], are
also presented. All the theoretical approaches show that a
nearly vanishing direct CP asymmetry complies with the
latest word average of −0.01� 0.08 [37] from the mea-
surements [34,107]

ACPðBþ → ϕK�þÞ ¼
�
0.00� 0.09ðstatÞ � 0.04ðsystÞ BABAR;

−0.02� 0.14ðstatÞ � 0.03ðsystÞ Belle:

Any observation of large direct CP asymmetry to this mode will be a signal for new physics.
TPAs, as mentioned in the Introduction, may be potential signals of CP violation, and thus are complementary to the

direct CP violations, particularly when the latter are suppressed by the strong phase. According to Eq. (1), TPAs can be
calculated from integrations of the differential decay rate as

A1
T ¼

Γðð2ζ1−1Þð2ζ2−1Þsinφ> 0Þ−Γðð2ζ1−1Þð2ζ2−1Þsinφ< 0Þ
Γðð2ζ1−1Þð2ζ2−1Þsinφ> 0ÞþΓðð2ζ1−1Þð2ζ2−1Þsinφ< 0Þ¼−

2
ffiffiffi
2

p

πD

Z
dω1dω2kðω1Þkðω2Þkðω1;ω2ÞIm½A⊥A�

0�;

A2
T ¼

Γðsinð2φÞ> 0Þ−Γðsinð2φÞ< 0Þ
Γðsinð2φÞ> 0ÞþΓðsinð2φÞ< 0Þ¼−

4

πD

Z
dω1dω2kðω1Þkðω2Þkðω1;ω2ÞIm½A⊥A�

k�;

A3
T ¼

Γðð2ζ1−1Þsinφ> 0Þ−Γðð2ζ1−1Þsinφ< 0Þ
Γðð2ζ1−1Þsinφ> 0ÞþΓðð2ζ1−1Þsinφ< 0Þ¼−

3ffiffiffi
2

p
D

Z
dω1dω2kðω1Þkðω2Þkðω1;ω2ÞIm½A⊥A�

VS�;

A4
T ¼

Γðð2ζ2−1Þsinφ> 0Þ−Γðð2ζ2−1Þsinφ< 0Þ
Γðð2ζ2−1Þsinφ> 0ÞþΓðð2ζ2−1Þsinφ< 0Þ¼−

3ffiffiffi
2

p
D

Z
dω1dω2kðω1Þkðω2Þkðω1;ω2ÞIm½A⊥A�

SV �;

A5
T ¼

Γðsinφ> 0Þ−Γðsinφ< 0Þ
Γðsinφ> 0ÞþΓðsinφ< 0Þ¼−

9π

4
ffiffiffi
2

p
D

Z
dω1dω2kðω1Þkðω2Þkðω1;ω2ÞIm½A⊥A�

SS�; ð46Þ

with

D ¼
Z

dω1dω2kðω1Þkðω2Þkðω1;ω2Þ
X
h

YhjAhj2; ð47Þ

where the mass integration extends over the chosen mass
window. It is seen that the TPAs are produced by the
interference between A⊥ and Ai with i ¼ 0; k; SV; VS; SS
and take the form ImðA⊥A�

i Þ ¼ jA⊥jjA�
i j sinðΔϕþ ΔδÞ,

where Δϕ and Δδ, respectively, denote weak and strong
phase differences between the two amplitudes. Here the
strong phase difference could produce a nonzero value,
even if the weak phases vanish. Thus, a nonzero TPA is not
necessarily a signal of CP violation. In order to obtain a
true signal of CP violation, one has to compare the TPAs
in B and B̄ decays. The helicity amplitudes for the

CP-conjugated process can be obtained by applying the
following transformations:

A0 → Ā0; Ak → Āk; A⊥ → −Ā⊥; ASV → ĀSV;

AVS → ĀVS; ASS → ĀSS: ð48Þ
Then, the associated TPAs for the charge-conjugate proc-
ess, Āi

T , are defined similarly. Now, we can construct the
true and fake asymmetries by combining Ai

T and Āi
T [3]

Ai
TðtrueÞ ¼

1

2
ðAi

T þ Āi
TÞ ∝ sinðΔϕÞ cosðΔδÞ;

Ai
TðfakeÞ ¼

1

2
ðAi

T − Āi
TÞ ∝ cosðΔϕÞ sinðΔδÞ: ð49Þ

It was pointed out in Ref. [9] that the second equation
above is valid only in the absence of direct CP asymmetry

TABLE VII. Theoretical predictions of CP violation (in %) for the Bþ → ϕK�þ decay in various approaches.

This work Data [37] PQCD [62] QCDF [38] QCDF [106] SCET [63] FAT [64]

−1.5þ4.9
−3.3 −1� 8 −1.0 0þ0þ2

−0−1 0.05 −0.39� 0.44 1.00� 0.27
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in the total decay rate. As the total direct CP asymmetry
does not exceed a few percent as shown in Table VI, the
above approximation holds in B → ϕK� decays. It is clear
that Ai

TðtrueÞ do not suffer the suppression from the strong
phase Δδ compared with the direct CP violation. It is
nonzero only if the weak phases are nonzero, and provides
a measure for CP violation. Nevertheless, Ai

TðfakeÞ can be
nonzero even if the weak phases are zero. Such a quantity
will sometimes be referred to as a fake asymmetry. It
reflects the importance of strong final-state phases [9], and
thus is not a signal of CP violation. Since the helicity
amplitudes always have different strong phases, this will
lead to nonzero fake TPAs for all decays.
The calculated TPAs for the concerned decays are

collected in Table VIII. In the special case of the involved
neutral intermediate states B0 → ϕK�0 and B0

s → ϕK̄�0
modes, in which each helicity amplitude involves the same
single weak phase in the SM. This results in Ai

T ¼ −Āi
T due

to the vanishing weak phase difference. The true TPAs for
the two neutral modes are thus expected to be zero as shown
in Table VIII. If such asymmetries are observed experimen-
tally, it is probably a signal of new physics. The situation of
the fake TPAs is different. Many nonzero and even sizable
fake TPAs are predicted in our calculations. The magnitude
of A1

TðfakeÞ for the B0 and Bþ channels exceeds ten percent,
even reaching 24.0% for the Bs one, whereas the S-wave

induced fake TPAs, A3;4;5
T ðfakeÞ, are predicted to be several

percent. The smallness of A2
TðfakeÞ is caused by the

suppression from the strong phase difference between the
perpendicular and parallel polarization amplitudes, which
are found to be very close to 0 in PQCD framework [60,62].
Hence, the measurement of a large A2

T would point clearly
towards the presence of new physics beyond the SM.
Experimentally, an complete angular analysis of the decay

B0 → ϕK�0 is available from LHCb [58], BABAR [31,32],
and Belle [34,35] Collaborations, which allows us to
determine the true and fake TPAs from the measured
polarization amplitudes, phases, and amplitude differences
between B0 and B̄0 decays. The concerned decays are all
self-tagged processes, whose triple product asymmetry can
be computed separately for B and B̄ decays. We note that the
definitions of the CP asymmetries and TPAs are different
among these measurements. To compare these results
directly, it is necessary to rescale them with the unified
definitions. We follow the convention of Ref. [9], defining

ðA1
TÞexp ¼ −

2
ffiffiffi
2

p

π

ImðA⊥A�
0Þ

jA0j2 þ jAkj2 þ jA⊥j2
;

ðA2
TÞexp ¼ −

4

π

ImðA⊥A�
kÞ

jA0j2 þ jAkj2 þ jA⊥j2
: ð50Þ

TABLE VIII. PQCD predictions for the TPAs(%). The mass of the KK̄ðKπÞ pair is required to be within 15 MeV (150 MeV) of the
known ϕðK�Þ meson mass.

Asymmetries B0 → ðKþK−ÞðKþπ−Þ B0
s → ðKþK−ÞðK−πþÞ Bþ → ðKþK−ÞðK0πþÞ

A1
T −13.8þ4.8

−4.3 −24.0þ6.6
−3.8 −14.1þ5.0

−3.8
Ā1
T 13.8þ4.8

−4.3 24.0þ6.6
−3.8 þ13.8þ5.6

−3.9
A1
TðtrueÞ 0.0 0.0 −0.15þ0.05

−0.30
A1
TðfakeÞ −13.8þ4.8

−4.3 −24.0þ6.6
−3.8 −14.0þ5.3

−3.9

A2
T −0.3þ0.1

−0.1 −0.1þ0.0
−0.0 −0.3þ0.1

−0.1
Ā2
T 0.3þ0.1

−0.1 0.1þ0.0
−0.0 0.2þ0.1

−0.0
A2
TðtrueÞ 0.0 0.0 −0.05þ0.00

−0.05
A2
TðfakeÞ −0.3þ0.1

−0.1 −0.1þ0.0
−0.0 −0.3þ0.1

−0.1

A3
T −5.4þ1.0

−0.6 −6.4þ2.1
−2.2 −5.6þ1.0

−0.6
Ā3
T 5.4þ1.0

−0.6 6.4þ2.1
−2.2 5.5þ1.0

−0.6
A3
TðtrueÞ 0.0 0.0 −0.05þ0.00

−0.00
A3
TðfakeÞ −5.4þ1.0

−0.6 −6.4þ2.1
−2.2 −5.6þ1.0

−0.6
A4
T 1.6þ3.0

−3.0 −8.1þ3.2
−3.3 1.6þ3.2

−2.7
Ā4
T −1.6þ3.0

−3.0 8.1þ3.2
−3.3 −1.8þ3.1

−2.8
A4
TðtrueÞ 0.0 0.0 −0.10þ0.05

−0.00
A4
TðfakeÞ 1.6þ3.0

−3.0 −8.1þ3.2
−3.3 1.7þ3.2

−2.8

A5
T −4.3þ1.1

−0.8 −6.7þ1.8
−1.9 −4.2þ1.1

−0.8
Ā5
T 4.3þ1.1

−0.8 6.7þ1.8
−1.9 4.3þ1.2

−0.8
A5
TðtrueÞ 0.0 0.0 0.05þ0.00

−0.05
A5
TðfakeÞ −4.3þ1.1

−0.8 −6.7þ1.8
−1.9 −4.3þ1.2

−0.8
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The corresponding quantities for the charge-conjugate proc-
ess, ðĀ1;2

T Þexp, are defined similarly. We can calculate the true
and fake asymmetries from Eq. (49). The measured polar-
izations, phases, and CP violation asymmetries as well as
the true and fake TPAs of B0 → ϕK�0 by the LHCb,
BABAR, and Belle Collaborations are compared in
Table IX. One can see that all the true asymmetries are
measured to be consistent with zero, showing no evidence
forCP violation. Nevertheless, a significant fake asymmetry,
such as A1

TðfakeÞ, is observed in all three different experi-
ments, reflecting the importance of final-state interactions.
The S-wave induced TPAs, which arise from the interference
between A⊥ and one S-wave amplitude, have not been
determined in BABAR and Belle, since the contributions of
S-wave KK̄ and Kπ and their interferences were not fully
included into the angular analysis. It is pointed out that
contributions from the S-wave KK̄ and Kπ are significant
and should be taken into account in future measurements.
The three additional CP-violating observables can then
provide valuable complementary information on NP.
The only available amplitude analysis of Bþ → ϕK�þ

was performed by the BABAR [107] experiment. The
fitted polarization parameters together with the true and
fake TPAs are summarized in Table X. The S-wave
Kπ contribution was included to resolve the twofold
phase ambiguity, but the accurate assessments of the
S-wave component have not been determined, leading
to the corresponding S-wave induced TPAs still being
absent.

Although the polarization fractions and branching ratio
of the decay B0

s → ϕK̄�0 have been measured by the LHCb
experiment [59], the full angular analysis has not been done
because of the limited signal events, which results in the
measurement on TPAs not being available yet. As indicated
in Table VIII, the predicted large fake TPAs for theBs mode
would be tested in the future.

TABLE IX. Comparison of measurements in the angular analysis of B0 → ϕK�0 made by BABAR [32], Belle [35], and LHCb [58]
experiments, where the first and second uncertainties are statistical and systematic, respectively. The true and fake TPAs for the P-wave
components are deduced from the fitted parameters (the first eight lines), while the S-wave ones are taken from LHCb [58].

Parameters BABAR Belle LHCb

fL 0.494� 0.034� 0.013 0.499� 0.030� 0.018 0.497� 0.019� 0.015
f⊥ 0.212� 0.032� 0.013 0.238� 0.026� 0.008 0.221� 0.016� 0.013
δ⊥ 2.35� 0.13� 0.09 2.37� 0.10� 0.04 2.633� 0.062� 0.037
δk 2.40� 0.13� 0.08 2.23� 0.10� 0.02 2.562� 0.069� 0.040
ACP
0

þ0.01� 0.07� 0.02 −0.030� 0.061� 0.007 −0.003� 0.038� 0.005
ACP⊥ −0.04� 0.15� 0.06 −0.14� 0.11� 0.01 þ0.047� 0.072� 0.009
δCP⊥ þ0.21� 0.13� 0.08 þ0.05� 0.10� 0.02 þ0.062� 0.062� 0.006
δCPk þ0.22� 0.12� 0.08 −0.02� 0.10� 0.01 þ0.045� 0.068� 0.015

Asymmetries BABAR Belle LHCb

A1
TðtrueÞ −0.046� 0.031� 0.017 −0.029� 0.025� 0.005 −0.007� 0.012� 0.002

A2
TðtrueÞ −0.003� 0.056� 0.036 0.021� 0.040� 0.006 þ0.004� 0.014� 0.002

A3
TðtrueÞ � � � � � � þ0.004� 0.006� 0.001

A4
TðtrueÞ � � � � � � þ0.002� 0.006� 0.001

A1
TðfakeÞ −0.203� 0.031� 0.019 −0.211� 0.025� 0.010 −0.105� 0.012� 0.006

A2
TðfakeÞ 0.016� 0.058� 0.038 −0.041� 0.040� 0.013 −0.017� 0.014� 0.003

A3
TðfakeÞ � � � � � � −0.063� 0.006� 0.005

A4
TðfakeÞ � � � � � � −0.019� 0.006� 0.007

TABLE X. Parameters measured in the angular analysis of
Bþ → ϕK�þ by BABAR [107], where the first and second
uncertainties are statistical and systematic, respectively. The true
and fake TPAs (the last four entries) are deduced from the fitted
parameters (the first eight lines).

Parameters BABAR

fL þ0.49� 0.05� 0.03
f⊥ þ0.21� 0.05� 0.02
δ⊥ − π −0.45� 0.20� 0.03
δk − π −0.67� 0.20� 0.07
ACP
0

þ0.17� 0.11� 0.02
ACP⊥ þ0.22� 0.24� 0.08
δCP⊥ þ0.19� 0.20� 0.07
δCPk þ0.07� 0.20� 0.05

Asymmetries BABAR

A1
TðtrueÞ −0.025� 0.056� 0.019

A2
TðtrueÞ 0.028� 0.084� 0.026

A1
TðfakeÞ −0.114� 0.056� 0.011

A2
TðfakeÞ −0.061� 0.084� 0.023
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IV. CONCLUSION

B meson four-body decays provide a wealth of infor-
mation on the weak interactions, in terms of a number of
observables ranging from the branching ratios, polariza-
tions, CP asymmetries, and triple product asymmetries to a
full angular analysis. In this work, we have concentrated on
the penguin-dominated BðsÞ → ϕð→ KK̄ÞK�ð→ KπÞ
decays using the perturbative QCD approach. The calcu-
lations were performed in the KK̄ðKπÞ invariant mass
window of 15(150) MeV around the ϕðK�Þ mass. In
addition to the dominant vector resonances, four-particle
final states can also be obtained through one or two scalar
meson intermediate states in the given mass regions. The
strong dynamics of the scalar or vector resonance decays
into the meson pair was parametrized into the correspond-
ing two-meson DAs, which has been well established in
three-body B meson decays. Angular momentum conser-
vation in the decay allows for three amplitudes for vector-
vector decays and one single amplitude in modes involving
at least one scalar KK̄ðKπÞ pair. The CP-averaged branch-
ing ratios of all components were predicted in the chosen
mass ranges. The single S-wave contributions were found
to be significant and consistent with the data from the
LHCb experiment, while the double S-wave contributions
were only a few percent in the considered invariant mass
range. It has been demonstrated that the S-wave contribu-
tions were strongly sensitive to the integrating ranges. After
choosing the same Kπ mass range, our results can be
comparable with the Belle and BABAR measurements
roughly.
We extracted the two-body B → ϕK� branching ratios

from the results for the corresponding quasi-two-body
modes by employing the narrow width approximation.
The obtained results basically agree with previous predic-
tions performed in the two-body framework within theo-
retical uncertainty. However, various predictions for
BðB0

s → ϕK̄�0Þ lie in a wide range, generally below the
current world average value. The gap between theory and
experiment requires a more thorough study. The longi-
tudinal polarization fractions were estimated to be f0 ∼ 0.7,
somewhat lower than the naive expectation of a dominant
longitudinal polarization because of the important chirally
enhanced annihilation and nonfactorizable contributions.
However, the observation of an even smaller value of 0.5 by
Belle, BABAR, and LHCb, means the existing explanations
of the abnormal polarization are not satisfactory and thus
call for more in-depth studies.
We have also investigated the direct CP asymmetries and

TPAs in the B → ðKK̄ÞðKπÞ decays. For the two pure-
penguin neutral channels, both the direct CP asymmetries
and true TPAs should be zero in SM due to the vanishing

weak phase difference. It was observed that the direct CP
asymmetries for the charged modes are small, of order
10−2, since the tree contributions are significantly sup-
pressed compared to the penguin ones. A similar obser-
vation was made in previous PQCD, QCDF, SCET, and
FAT approaches and supported by the measurements from
BABAR and Belle. The true TPAs are predicted to be tiny,
of order 10−3, compatible with the absence of CP
violation, whereas, the fake TPAs were found to be sizable,
which can provide valuable information on final-state
interactions.
The full angular analysis of B0 → ϕK�0 has been

performed by LHCb, BABAR, and Belle experiments,
and allow one to derive the true and fake TPAs from
the results of the angular analysis. It is worth noting that the
S-wave components and their interference have not been
fully considered into the analysis in BABAR and Belle
experiments. Therefore, the only available measurements
for the S-wave induced TPAs are from LHCb. By including
the S-wave KK̄ and Kπ components, we have estimated the
S-wave induced TPAs for the first time. The predicted
asymmetries B0 → ϕK�0 are in good agreement with those
reported by the LHCb. As the three additional CP-violating
observables may provide valuable complementary infor-
mation on NP, a dedicated angular analysis from Belle and
BABAR data is expected. The full angular analysis of B0

s →
ϕK̄�0 was still not available due to the limited samples. The
obtained asymmetries can be confronted with the
future data.
The experimental measurement may be improved by

expanding the mass region to around 1.5 GeV based on
more precise data in the future. Then the angular analysis
could include the contributions of some higher excited
intermediate states, such as D-wave K�

2ð1430Þ, P-wave
ϕð1680Þ, and S-wave f0ð1370Þ, and so on. The additional
contributions and their interferences would provide a lot of
meaningful asymmetries in angular distributions, and
leading to the amplitude analysis will be more complicated
and complete. This is an intriguing topic for future
investigation.
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APPENDIX: DECAY AMPLITUDES

Here we present the helicity amplitudes for the concerned channels as follows:

AhðB0→ϕð→KþK−ÞK�0ð→Kþπ−ÞÞ¼GFffiffiffi
2

p V�
tbVtsXh

�
4

3

�
C3þC4−

1

2
ðC9þC10Þ

�
FLL

e þ
�
C5þ

1

3
C6−

1

2

�
C7þ

1

3
C8

��
FLR

e

þ
�
C6þ

1

3
C5−

1

2

�
C8þ

1

3
C7

��
F SP

e þ
�
C3þC4−

1

2
ðC9þC10Þ

�
MLL

e

þ
�
C5−

1

2
C7

�
MLR

e þ
�
C6−

1

2
C8

�
MSP

e þ
�
C4þ

1

3
C3−

1

2

�
C10þ

1

3
C9

��
FLL

a

þ
�
C6þ

1

3
C5−

1

2

�
C8þ

1

3
C7

��
F SP

a þ
�
C3−

1

2
C9

�
MLL

a þ
�
C5−

1

2
C7

�
MLR

a

�
;

ðA1Þ

AhðB0
s →ϕð→KþK−ÞK̄�0ð→K−πþÞÞ¼GFffiffiffi

2
p V�

tbVtdXh

��
C3þ

1

3
C4−

1

2

�
C9þ

1

3
C10

��
FLL

e

þ
�
C4þ

1

3
C3−

1

2

�
C10þ

1

3
C9

��
F 0LL

e þ
�
C6þ

1

3
C5−

1

2

�
C8þ

1

3
C7

��
F 0SP

e

þ
�
C5þ

1

3
C6−

1

2

�
C7þ

1

3
C8

��
FLR

e þ
�
C4−

1

2
C10

�
MLL

e þ
�
C3−

1

2
C9

�
M0LL

e

þ
�
C6−

1

2
C8

�
MSP

e þ
�
C5−

1

2
C7

�
M0LR

e þ
�
C4þ

1

3
C3−

1

2

�
C10þ

1

3
C9

��
F 0LL

a

þ
�
C6þ

1

3
C5−

1

2

�
C8þ

1

3
C7

��
F 0SP

a þ
�
C3−

1

2
C9

�
M0LL

a þ
�
C5−

1

2
C7

�
M0LR

a

�
;

ðA2Þ

AhðBþ→ϕð→KþK−ÞK�þð→K0πþÞÞ¼GFffiffiffi
2

p V�
ubVusXh

��
C2þ

1

3
C1

�
FLL

a þðC1ÞMLL
a

�

−
GFffiffiffi
2

p V�
tbVtsXh

�
4

3

�
C3þC4−

1

2
ðC9þC10Þ

�
FLL

e þ
�
C5þ

1

3
C6−

1

2

�
C7þ

1

3
C8

��
FLR

e

þ
�
C6þ

1

3
C5−

1

2

�
C8þ

1

3
C7

��
F SP

e þ
�
C3þC4−

1

2
ðC9þC10Þ

�
MLL

e

þ
�
C5−

1

2
C7

�
MLR

e þ
�
C6−

1

2
C8

�
MSP

e þ
�
C4þ

1

3
C3þC10þ

1

3
C9

�
FLL

a

þ
�
C6þ

1

3
C5þC8þ

1

3
C7

�
F SP

a þðC3þC9ÞMLL
a þðC5þC7ÞMLR

a

�
; ðA3Þ

with

Xh ¼

8>><
>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α2

p
; h ¼ 0; k;⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4α1;2
p

; h ¼ SV; VS

1; h ¼ SS:

ðA4Þ

The explicit expressions of F=M can be found in [15]. Note that the term F SP
e from the operators O5−8 vanishes when a

vector resonance is emitted from the weak vertex, because neither the scalar nor the pseudoscalar density gives
contributions to the vector resonance production.
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