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The Sachdev—Ye—Kitaev (SYK) model has a wormholelike solution after averaging over the fermionic
couplings in the nearly AdS, space. Even when the couplings are fixed the contribution of these wormholes
continues to exist and new saddle points appear which are interpreted as “half-wormholes.” In this paper,
we will study the fate of these wormholes in a model without quenched disorder, namely, a tensor model
with O(N)?~! gauge symmetry whose correlation function and thermodynamics in the large N limit are the
same as that of the SYK model. We will restate the factorization problem linked with the wormhole
threaded Wilson operator, in terms of global charges or nontrivial cobordism classes associated with
disconnected wormholes. Therefore for the partition function to factorize especially at short distances, there
must exist certain topological defects which break the global symmetry associated with wormholes and
make the theory devoid of global symmetries. We will interpret these wormholes with added topological
defects as our “half-wormholes.” We will also comment on the late time behavior of the spectral form
factor, particularly its leading and subleading order contributions coming from higher genus wormholes in
the gravitational sector. Finally we will show how the other nontrivial saddles from half-wormhole
dominate and give rise to unusual thermodynamics in the bulk sector due to nonperturbative effects.
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I. INTRODUCTION

In the context of AdS/CFT correspondence wormholes
play a significant role in understanding the physics of
quantum black holes, the long-time behavior of spec-
tral form factor and Hawking-Bekenstein entropy [1-3].
Recent developments have uncovered many interesting
links between wormholes and random matrix theory
and even humanly traversable wormhole has been
studied [4-10].

But despite this, the addition of wormhole leads to
puzzles such as the factorization problem i.e., the partition
function of the combined system L and R from the
boundary perspective factorizes. In other words, they
are just the product of two boundary components as
Z1r = Z; Zg, but in the bulk computation, the contribution
of the wormhole tends to spoil the factorization which gives
rise to the factorization puzzle.
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However, the factorization puzzle is not a paradox since
these wormhole contributions are subdominant or suffer
from instabilities in all UV complete string theories. But
while studying the spectral form factor, the long time
behavior of the linear ramp is described by wormholes and
if they do not perform the time averaging in the context of
the SYK, the long time behavior of the spectral form factor
has large oscillations, close to the size of the ramp.
Therefore one might suspect that there are wormhole
contributions that describe these oscillations and must be
taken into account.

Recently in a paper by Saad, Shenker, Stanford, and Yao
[11-15] where they studied the SYK model with fixed
coupling and computed the observables z;zz and the
correlation between the two boundary systems L and R
by introducing the collective field variables G; g, Z; . The
model has wormhole solutions when G; g, X; p # 0. While
studying this model they found two different types of
saddle points one describing the wormhole and another
one which they called “half-wormhole.” This new half-
wormbhole contribution depends strongly on the coupling
and comes from the no self-averaging part of the theory and
vanishes when the average is considered (z; zz). However,
when the contribution of both the wormhole and half-
wormhole are taken into account the factorization of the
partition function seems to be restored in the model with
fixed coupling.
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In this paper, we study a SYK related quantum mechani-
cal model without the quenched disorder in which the
complex gauged fermionic fields transform in the funda-
mental representation of ¢ — 1 copies of O(N) [16-18]. It
has been shown that the model behaves similarly to that of
SYK in the large N limit even though they differ at finite
values of N. In the large N limit by integrating out the
fermionic fields we found that the subdominant saddle
points of gauge holonomies play a crucial role in unitar-
izing the black hole physics, therefore these saddle points
are similar to half-wormhole saddles in the SYK.

We then construct a wormhole threaded Wilson operator
in the bulk connecting the two boundaries and will restate
the problem of factorization of bulk field into left and right
CFT operator into the problem nontrivial cobordism classes
with global symmetries associated to two separate dis-
connected wormholes. However, we know that any sensible
theory of quantum gravity should be free from global
symmetries, and hence from [19] any theory of quantum
gravity must contain only trivial cobordism classes, mean-
ing any d — 1 dimensional boundary embedded inside d
dimensional surface must be able to transform to another
d — 1 dimensional surface by any allowed topological
changing or quantum gravity operations. Therefore for
the partition function to factorize, especially at short
distances, there must exist certain topological defects which
break the global symmetry associated with wormholes and
make the theory devoid of global symmetries. We will
interpret these wormholes with added topological defects as
our half-wormholes. We will then calculate the spectral
form factor (SFF) of the tensor model and see how gauge
holonomy governs the late time behavior of SFF followed
by the thermodynamics of wormhole saddles and hints of
higher genus topology in the entropy spectrum.

The organization of the paper is as follows:

(1) In Secs. II A and II B, we give a brief review of the
SYK model and study the behavior of the square of
the partition function, first in the case when we
average over the states and in the second case when
we have fixed choice of coupling, which are com-
monly identified as a nonaveraging version of the
previous one.

(ii) In Sec. III A, we explain how in the large N limit the
O(N)4~! tensor model is indistinguishable from the
SYK without quench disorder.

(iii) In Sec. III B, we explicitly calculate the half-worm-
hole saddle points for the tensor model in the limit
where dynamics of gauge holonomy can no longer
be ignored. In the limit where the holonomy is the
identity matrix, the tensor model reduces to the
regular SYK. We found that the trivial saddle points
of the holonomy action have wormhole contribution
in the self-averaging regime whereas nontrivial
saddle points have half-wormhole contributions in
the nonself-averaging regime.

@iv) In Sec. III C, we discuss the factorization problem
of a wormhole linked Wilson operator and restate in
the language of nontrivial cobordism classes or
global charges associated with the disconnected
wormbholes.

(v) In Sec. IV, we discuss the relationship between
global symmetries and cobordism classes and why
any theory of quantum gravity must be devoid of
nontrivial cobordism classes.

(vi) In Sec. V, we discuss how half-wormholes of tensor
could be seen as a topological defect that breaks
the global symmetry using the results that we obtain
in I C.

(vii) In Sec. VI, we capture the late time behavior of the
spectral form factor and show that the plateau has
O(1) contributions coming from the nontrivial
saddle points of holonomy.

(viii) In Sec. VIL, we study the contribution from the
wormhole, and half-wormhole saddles in ensemble
averaged energetics, which we have studied in terms
of average energy, average free-energy and average
entropy function.

(ix) In Sec. VIII, we compare our results of O(N)4~!
with that of the SYK in the framework of without
averaging over states.

(x) Finally, we will conclude our results with some
interesting future directions in Sec. IX.

II. AVERAGING VS NONAVERAGING

A. Averaged theory

In the study of the zero-dimensional SYK model
averaged over the quantity (z) vanishes therefore the
most general averaged quantity (z?) also defined as z; zg
is computed using the collective field formalism G,
X [20-28]. After averaging over the ensemble J with
Gaussian distribution the quantity (z2) is given by the
following expression:

<zz>—/d2NweXP {% <%i§j;w§wf)q} (1)

Now, after expressing (1) in the collective field description,
we get a matrix of collective fields G;;, Grr, G rp Where
G represents a wormhole type correlation function. By
performing the integral £ over the imaginary axis and G
over the real axis (1) is given as:

() = % A dG exp @’ G’1> (=96)V6(G)

1
=./q exp <—(1 ——)N) at G = 0Ofor large N (2)
q
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Correlation between left and right boundary systems.

FIG. 1.

By rotating the contours by:

T =iexp <— Z) o, G =exp <Z> g, (3)
q q

and doing the integration at ¢p = £ over the ¢ and g, we get
nonzero value for the saddle point contribution for the
variable G;p which is fixed by constraint ¢ and can be
expressed by the following equation

1
_ L, R
G—N% iy (4)

This represents correlation between two decoupled parti-
tion functions or in euclidean gravity a wormhole connect-
ing separate boundary regions as shown in 1. For more
details on this aspect see the Refs. [29,30].

B. Nonaveraged theory

To study the behavior of z? in the SYK model with fixed
coupling recently in Refs. [11,13,15] the authors has
introduced collective field variables representing the cor-
relation between the systems L and R by inserting identity
in the integral given by the following expression:

_ dz L., R
1_/dG/2ﬂi/NeXp[ X(NG —yiwl)

ol ()]

By rotating the contour as given by:

Y =iexp <— l—”) o, G =exp <l—”> 9, (6)
q q

the representation of z? is given as:

2= / doW(6)®(o) (7)

where the quantity ¥(s) is given by the following
expression:

w(o) = / %em [N <—i09 - ég"ﬂ (8)

If we close look into the above equation then we can clearly
observe that the above equation is peaked around ¢ = 0 and

does not have any dependence on the coupling parameter
at all.

On the other hand, the second factor in (7) can be
expressed as:

®(0) = / d*Nyrexp {i exp (— m) opiyf
q
T () — <iqf2wfwf>q] )

It has been shown in [11] that the integral (7) has two kinds
of saddle points.

(1) First, near 6 = |1/, here the function ® =1 is self-
averaging. These are wormhole saddles living on
this region with || = 1 which reproduces the exact
answer for (z?) for the averaged case.

(2) The second saddle point is near the region near
o = 0 where ®(c) is nonself-averaging and has a
weak dependence on ¢ variable. The function ® (o)
also has a saddle point which is exponentially
peaked at ¢ = 0 and is described as a half-wormhole
in [11].

Therefore, in the SYK model with fixed coupling at large N
the quantity z> could be approximately given by the
following simplified expression:

72 = (%) + @(0) (10)

In this paper, we will go beyond this analysis and we will
provide an interpretation of these half-wormholes in the
context of O(N)?~! tensor model with fixed coupling
parameter which in the large N limit behaves like SYK.

III. HALF-WORMHOLE FROM O(N)?-!
TENSOR MODEL

A. The O(N)?-1 tensor model

The O(N)4~! tensor model is a quantum mechanical
model with,

qgq=D+1, (11)

real fermions v, ...y p. This construction is made in such a
way that for some integer n each fermionic field have n”
components which implies that the total number of fer-
mionic field is given by [31]:

N = (D + D)nP. (12)

In the large N limit this model is exactly solvable as the
SYK also each field y, transform according to the full
symmetry group of the model which is given by:

Gy = HGub = 0(”)0(?”’ (13)

a<b
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The index a is the flavor index that runs from O, 1, ..., D.
The action for such a model which in the large N limit
exhibits similar behavior as that SYK with a fixed coupling
j is given by the following expression:

i d q.
1:/dt<2zllfidtv/,-—12111/011/1.--1//0), (14)

The most fundamental characteristics of the Feynman
diagrams concerning this model can be found in [32-
37]. To study the large N limit of this theory it is suitable to
represent each line in the diagram with D strands with
index a € {0, 1...., D} labeling each vertex and the edge
by ab connected by vertices a and b. These strands form a
closed loop which in turn contributes a factor of n. For an
unordered pair a,b € {0, 1...., D} the number of closed
loops F,;, is given as:

F=> Fa (15)

a<b

Here F is total number of faces, which will contribute a
factor of the form:

nt = anub. (16)

a<b

The large N limit of this model has been studied by Witten
in [38] given J = (aq,ay,....ap) each Feynman graph G
can be resolved in strands of type a;b such that there are D
strands in total as shown in 2. Thus following the argu-
ments of the matrix model each graph G forms a closed two
manifold whose Euler characteristic y 7 is given by:

X7 =2-297. (17)

The model is similar to that of the SYK when the genus
97 =0. (18)

To see this more clearly we define the degree of the

graph G for some non-negative genus g ; by the following
expression:

() :zj:gy —;(1 —%) (19)

It has been shown in Ref. [38] that when wg = O then g = 0
which means that the G are all melonic diagrams drawn on a

FIG. 2. A typical planar Feynmann graph G with wg = 0.

two-sphere. These planar diagrams are obvious planar
diagrams and are constructed by taking a point at infinity
in the plane. It remains to understand how wg = 0 produces
leading-order contribution which is exactly proportional to
N. To visualize this more clearly, let us define v, and v, to
be the vertices and edges of the graphs which are related

to each other as:
D+1
v = ( ;_ )Uo. (20)

The numbers v, and v; do not depend on J however, the
number of faces denoted as v, 7 does depend on the choice
of J as:

D
g = Z}—ai.am . (21)
i=0
From the Euler characteristics of the manifold is given by
X7 =Vo— Vi + Vg

D-1
— _< 5 >v0 + Z]—' (22)

Hence by making use of (22) and one could finally arrive at
the following simplified expression:

2 !w<g):D+7D(D4‘1>

BT ~F. (23)

Now in the large N limit we take the coupling with
fixed J as

(24)

Therefore a Feynman graph G with total number of faces F
and vertices vy will contribute a factor of the following
form:

F(n) = 25017

_ ,(D-7250(9)

— pD(1-30(G)

N (1-5(9))
\D+1

1\ (U-3(9)
~ <—> N atlarge N, (25)

D+1

for all w(G) > 0 the leading order contribution in the large
N limit are at most proportional to N. However precisely at
®(G) = 0 the leading order contribution is exactly propor-
tional to N, i.e.,
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N

P = <—> when o(G) =0.  (26)

Fn) = Dl

Here we have used the relationship between n and N
explicitly for both cases. Thus a graph with g7 =0 is
planar and can be drawn on a two-sphere by only one way.
However, if @(G) is also zero then it generates the leading
order diagrams of the SYK model that can be drawn on a
two-sphere in many possible ways.

Though in the large N limit the quantum mechanical
model seems to agree with the SYK, there exist new
dynamics at subleading order % in the form of new light

modes due to the time-dependent O(N)7~! transforma-
tions, there also exist modes in the original the SYK
that arise due to conformal diffeomorphism. Hence the
total number of new light modes is given by (¢ — I)NT2
which is quantitatively very large in the large N limit
and whose dynamics is governed by effective sigma
action as shown in the Ref. [31]. These new light
modes have an interesting bulk interpretation as they
might represent gauge fields propagating in the AdS,
background.

Most significantly, in this tensor model which we
have described in (14) also has holonomy contributions
in addition to matter fields whose effective action takes
a simple universal form S (U). In Sec. III B, we will
show how the dynamics of gauge holonomy contributes
in restoring the factorization of the partition function
and unitarizing black hole dynamics by giving rise to
half-wormhole saddle points, it is when the holonomy
of the gauge group is identity matrix the quantum
mechanical model is indistinguishable from the origi-
nal SYK.

B. Computation of half-wormhole saddle points

In this section, we will compute the quantity z; p in the
collective field description which unlike SYK transform
under the gauge group O(N)?~! melonic theory. We will
follow the same procedure as mentioned in Ref. [11]
since the quantum mechanical tensor model we will be
working with has a fixed coupling chosen out of an
Gaussian unitary ensemble (GUE). We introduce an
identity element in the partition function by the following
fashion:

1= [ 46 [ e i=SNG — () ()"

<o (N pe- (yorwr) |} @

where the delta function is represented as an integral over
2. The partition function now becomes

Zun = [ @y {5 s(wa) + 0|
[ a6 ( 61 - 3 ) )
<o {6 - (o) o9

We then rotate the integration contour of G and X with
the amount ¢ = 7 as described in the previous section for ¢

number of Majorana fermions. In the original SYK model,
this procedure splits the integral into two parts, (1) one
described by (o) and (2) the other by ¢ (o). However, in
the quantum mechanical model to calculate the expression
for Z; x one has to take into account the holonomic degrees
of freedom due to the gauge group O(N)?~!, which are
absent in the original SYK model without having any
holonomy contribution. In the large N limit, the saddle
points of the SYK action in the collective field description
effectively capture the free energy of the system. Therefore
at fixed temperatures when the holonomy of the gauge
group is identity the saddle points of the tensor model
coincides with that of the SYK model, which is quite
expected from this analysis.

Therefore, when the holonomy of the gauge group is
identity the saddle points of Z;j is effectively given
by (9) when we average over the coupling of original
SYK ie.,

@) = [ @wexp{iexp (=) vt}

- [i exp (-%’) J}N. (29)

However, in the limit when each U; which is an O(N)
matrix that represents the holonomy in ith factor in the
gauge group O(N)97") is not the identity matrix i.e., when
the dynamics of the gauge group V(¢) becomes effective,
where V(t) is an arbitrary group element of O(N)4~!,
the two decoupled boundary correlator is nonzero as
follows:

1
Grr # Nl//le//zR' (30)

Unlike when the holonomy of the gauge group is identity,
this can be seen as follows, since the holonomy matrices
U,, are unitary its eigenvalues can be expressed in the
form exp(i6?,), where n runs from 1 to N. Consequently,
the corresponding eigenvalue density function could be
defined as

pul0) =D 50-6). (31)
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Since the eigenvalues can be written as an integral the
above mentioned Dirac delta function at large N can be
represented by the following expression:

Truz, SN explind)
N N

— [ ®) expling) =iy (32)

The above equation has two kinds of terms:

(i) The first kind, which is proportional to N9,

(ii) The second kind, which is proportional to N2.
Here x = ¢ #", where m is the mass of the fermions which
is taken to be positive and which we suppose arises due to
the interaction of the gauge fields when the holonomy is
switched on. When x is of unit order the partition function
reduces to ®(o). In other words when the holonomy of the
gauge group is identity matrix the above function reduces
to the partition function of the original SYK model.
However, when x = —%= where p = N the contributions

PN
coming from both dynamics of gauge and energy compete
with each other thus in the limit where N — oo and «a is
held fixed, the partition function as stated in (33) simplifies
to the following form:

2@~ [ [Tav: esp(-Sw(v)) (4

where the effective action S.¢(U;) is given by:

gq-1
a
Seff = - Nq—l (IHI TrUl-> . (35)

The above integral (34) is related to the integral over
unitary matrices and can be solved easily in the large N
limit where the integral is taken over the U; since
TrU,,....TrU,_, are all constant, which reduces (34) to
the following simplified form:

N
Zsy = /dU1 exp (—(TrUl + TrUT)), (36)
91

where we have:

1
o APYPY -+ Pl | = Q3. Uqg_y . (37)

where it is important to note that m runs from 1 to ¢ — 1 and
n runs from O to co which represents the eigenvalue dis-
tribution in the Fourier mode. Following from Ref. [31] in
the large N limit, the integral over the eigenvalues ), can
be morphed into a path integral over the eigenvalue density
function as given by the following expression:

s pi’n)ﬂ _ (33)

Here we refer to pl, = u,,. The saddle points that extremize
the Eq. (36), which has been calculated in Ref. [31] as:

aui™2
u:{l 1

4aui=2"

if u<
(38)

1
2
3 1
1fu>2.

since all of u,, and g,, are equal we define u as the common
saddle point value of u,,. Once the above-mentioned saddle
point solution is determined then one can immediately
write down the expression for the partition function as
stated in (34) in the large N as [31]:

Z(a) = exp (—N?zV(u,a)) (39)

where the holonomy dependent effective potential V(u, )
in this context can be computed as [31]:

V(u,@) = (g —1)f(u) — 2au?™", (40)

where we define the holonomy dependent new function
f(u) by the following expression [31]:

ifu=0

0
u? if u<i (41)
T—sn2(1 —u)), !

flu) =

lfl/l>§

1
2

After substituting back all these expression in the expres-
sion (39) and after doing a little bit of algebraic manipu-
lation we get the following simplified expression for the
holonomy dependent partition function at the large N limit,
which is given by:
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The presence of these subdominant saddles play an
important role in unitary evolution of correlators around
black hole. Thus we see that when the holonomy of the
gauge group is identity the saddle points of Z;p is
effectively given by (®(s)), however for fluctuations
around the identity matrix where the dynamics of the
holonomy are nontrivial we see that the identity from the
Ref. [11] also persists for the quantum mechanical model as
stated in (14), which is

Z;x = (wormhole saddle atu = 0)
+ (half-wormhole saddle with [u| = 1)  (43)

We see that at u = 0 the partition function has value
Z(a) =1 which means precisely at u =0, Z(a)=
(®(0)) =1 and therefore wormhole saddle turns out to
be in the self-averaging regime. However, for |u| around 1
the value of the partition function will be given by the
second and the third line contributions appearing in the

0

F(a) = —élnz(a) )5 [é(q - Du? - M-l}

ifu=20
) s 2)
1- M)NTZ(‘[_I) exp (N?aud™"), if u> 1.

[

above equation (42), which are approximately the contri-
butions from wormhole saddles.

Further, one can use Eq. (42) for the holonomy depen-
dent partition function at the large N to understand how
exactly in the wormhole saddle at = 0 and in the half-
wormhole saddle around |u| = 1 the averaged energy as
well as the free energy contribute from this particular
O(N)7~! tensor model computation. Doing a further bit of
simple algebra, the averaged energy as well as the free
energy from the mentioned system at different saddle point
contributions can be explicitly computed as:

0 if u=20
E(a) =ad,InZ(a) = N?aui™' if u S% (44)
N2au™', if u> %
and
if u=0
. 1
Nz{uq‘l +i(g- I)B—an—ln(l - u)}} if w1,

Last but not least, one can push forward this analysis to compute the contribution from the entropy function at the large N
to understand how exactly in the wormhole saddle at # = 0 and in the half-wormhole saddle around |u| = 1 contribute in

the present context, which gives us finally:

0 itu=0
W1 = q)u? + 2aut™"] — N2au™" In if u<l
a
S(a) = (InZ(a) — E(a)l = 46
(a) (n (a) ((Z) an_3p> NZ{_auq—l _l.%(] _q) |:%_1n2_1n(1 —M):|} ( )
— N?aqui~'In =R if u>1.

C. The factorization problem

We will now focus on the problem of factorization of
gauge fields in the bulk in terms of boundary operators in
the dual CFT. We will consider a wormhole threading
Wilson line that runs through the bulk connecting the two
boundaries since the property of Wilson line makes it
necessary for the two boundaries to be connected through
the bulk as shown in Fig. 3. However, such a wormhole

threaded Wilson line could not be reconstructed as a CFT
operators as cutting the Wilson lines into two parts gives us
operators that are not individually gauge invariant [39—44]:

W, = exp <in/LRA>
— exp <in /L 0A> exp <in A RA) V(nez) (47)
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e

~

FIG. 3. The blue line represent wormhole threaded Wilson line
on the AdS and AdS-Schwarzschild background. The black dot
represents local operators creating positive and negative charges.

This is known as the well-known factorization problem
since in the Hilbert space of the theory any two CFT
operators can be factorized as the sum of tensor product of
one-CFT operators which are themselves gauge invariant
under the bulk gauge transformations. Thus it has been
shown that for the two CFT Hilbert space to factorize in the
presence of wormhole-threading Wilson lines the CFT
must possess local operators that are charged under the
symmetry current dual to the gauge field because if we
calculate the expectation value of the operator Q; — Qr on
the thermofield double with a Wilson line, we get states
with nontrivial single CFT charged operator Q. Now
cutting the Wilson line in the fundamental representation
with the pair of opposite charges at the ends by the
following fashion:

W =¢, ¢y (48)

we can then factorize this newly defined operator in the left
(L) and right (R) half of the CFT.

One could argue that the now defined operator in the
fundamental charged representation is not the one we
started with however, these operators are proportional to
each other in the low-energy correlation function under the
renormalization group (RG) flow as shown in Fig. 4.

N

7
N l N
e 7

FIG. 4. The two operators are proportional to each other under
the renormalization group flow. The split Wilson line with
charges at opposite ends factorizes in the left and right half CFT.

However, in short distances, this mechanism would only
resolve the factorization problem if the gauge field comes
out to be emergent right before the Planck scale since any
observer at such short distance will notice the difference
between Wilson operators connecting the bulk. In the next
section, we will show that how the above-defined factori-
zation could be defined in terms of nontrivial cobordism
classes.

IV. GLOBAL SYMMETRIES
AND COBORDISM CLASSES

Cobordism refers to an equivalence relation more gen-
eral than diffeomorphism between two smooth manifolds.
In other words, when two manifolds are related to each
other by an allowed set of topological operations then they
are said to be cobordant and are said to be equivalent to
each other. Now we know that any theory of quantum
gravity with two n-dimensional topologies namely M, N
are cobordant i.e., M ~ N if they are related by a sequence
of topological operations, and one should allow only those
topological changing processes which are dynamically
allowed in our theory of quantum gravity [19,45]. Thus
the cobordism groups are defined as

QLY = {Compact, Closed n-dimensional backgrounds} /~
(49)

It has been shown in [19] that the presence of a nontrivial
cobordism group Qgc means there exists a global sym-
metry with charges represented by classes,

[M] = Q¢ (50)

We know that any theory of quantum gravity should be free
from global symmetries other it represents an inconsistency
of the following d-dimensional theory which implies that in
the context of AdS/CFT correspondence the cobordism
group must be trivial i.e., Qgc = 0. In case we have an
approximate consistent theory of quantum gravity with
nontrivial cobordism classes then we need to add topo-
logical defects in order to cancel the charge to make sense
of the full theory [46-48]. In other words there exist
topological defects such as singularities which break the
global symmetry and produce new cobordism classes
which were not previously connected. The map

ngG N Q]gGerefects (5 1)

represents the transition of approximate theory to full
theory with no global symmetry.
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V. HALF-WORMHOLES AS
TOPOLOGICAL DEFECTS

In this section we will restate the factorization problem
linked with wormhole threaded Wilson lines in terms of
global charges associated with the wormhole at short
distances. From Sec. III C we recall that the operator W
is proportional to W’ only at low energies and thus would
fail to factorize at short distances. So instead of taking a
single wormhole threaded Wilson line let us take two
wormholes with end charges of operator W’ resting on the
end and mouth of two disconnected wormholes as shown
in Fig. 5. At low energies, the difference between the
two figures tends to vanish and we are again back to the
configuration where the operator with fundamental charges
seems to factorize. However, at short distances purely from
the gravitational perspective, the inclusion of two worm-
holes seems to create a problem for the partition function to
factorize. One could now restate the problem as follows, we
now from Sec. III C that at short distances any observer
would be able to figure out the difference between operator
W and W’ thus in the context of wormholes as shown in
Fig. 5 the problem of factorization seems to get converted
to the problem of nontrivial cobordism classes. To see this
more clearly let us calculate the product of one point
charged correlators:

(04)4(04)5 =0 [forFig. 6(a)] (52)
and

(04)5(0q) = exp(—S) [for Fig. 6(b)] (53)
Whether the above correlation function yields a nonzero
value depends on under what kind of symmetries the bulk
field transforms if the symmetry is gauged then the
correlation function vanishes as shown in (52), but if the
symmetry is global symmetry then the contribution of

FIG. 5. The split Wilson line with charge field at opposite ends
at short distances could be represented as a pair of disconnected
wormhole with nontrivial cobordism classes.

the wormhole will yield a nonzero answer as in (53) where
S is the entropy of the system [49-55]. Since at a short
distance the Wilson operator W' no longer seems to
factorize since the operator W’ is not equal to W at high
energies, this means that the operator is no longer gauge
invariant therefore the boundary to boundary correlation
function will be nonzero. Now in this case two things could
happen: either the bulk gauge field must be emergent
as shown in [40] or, since we know that a wormhole
seems to carry information about the variance of
observables as,

<¢¢>Wormhole = |<O>|2 (54)
Therefore equivalently one could attach global charges to
the object in Fig. 5 which in the language of cobordism
means that the boundaries of two wormholes do not seem to
be connected in the bulk by any sequence of allowed
topological changes or quantum gravity operations. Now,
this seems to be a much bigger problem as it will allow
wormholes to have global charges transforming under

Defect
(b)

FIG. 6. The figure (a) represents the wormhole in the limit
where the Wilson operators W and W’ are indistinguishable. The
inability of the Wilson operator W to factorize at short distances
could be restated in the language of nontrivial cobordism classes
which prohibits the boundaries of wormhole in 5 to merge.
Figure (b) is a wormhole with topological defect represented by
red wavy lines which introduces new cobordism classes in order
for the boundaries to connect and breaks the global symmetry.
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global symmetries which cannot happen in any theory of
quantum gravity. Therefore in order to cancel these global
charges there should exist certain topological defects as in
Fig. 6 which would break the global symmetry and
construct new cobordism classes which will restore the
factorization problem even at short distances. We call these
wormholes with added a topological defects our half-
wormholes whose contribution in the SYK model with
fixed coupling also restores the factorization into the left
and right parts of the CFT operator.

From the above discussion we propose that the duality
between wormholes and half-wormholes could be seen as
an electromagnetic duality particularly in the limit of
topological field theory where electromagnetic duality in
4D is analogous to geometric Langlands correspondence
[56]. This could be seen as follows, from the above
discussions we know that the problem of factorization of
Wilson operator can be restated in terms of wormholes
having global charges or nontrivial cobordism classes.
Therefore in order to break the global symmetry, one
needs to add certain topological defects to the wormhole,
particularly at short distances. In case the defect is a kind of
singularity it is then given by the holomorphic G bundles
on P! defined as BungP, which then could be translated in
the form of an irreducible representation of Langlands dual
group as Irr(G’). Given a representation V of Langlands
dual group we get a t"Hooft operator labeled by Hy, thus the
operator W’ at short distances is now represented by
representations of the Langlands dual group. Now in

(Z(p+in)Z(p —i1))

deriving Langlands correspondence one exchanges
electric and magnetic observables i.e., Wilson and
t’Hooft loop which in our case are wormholes and half-
wormholes.

VI. SPECTRAL FORM FACTOR

In this section, we will compute the two point spectral
form factor for our quantum mechanical model (14). We
will see how the presence of nontrivial gauge holonomy
effectively describes the ramp behavior for fixed choice of
coupling. For a statistical ensemble (GUE) governed by
random unitary matrix [57-63] we define our thermofield
double state as:

Z Uy mlm)

nml

¥)rep = )k (55)

\/|T

where L is the value of Z(f +it) at t+ =0, which is
basically Z(f) expressed in (34). We will study the
normalized version of the quantity (Z(f + it)Z(f — it)),
which is commonly identified to be the spectral form factor
and from the present analysis we will try to observe how it
differs from the regular SYK model computation. Now to
proceed with this computation we take disordered average
over the ensemble, especially in the presence of holonomy
whose density matrix will be constructed and can be further
used for the computation of the spectral form factor, which
is the present context turns out to be

_ e (PN Z(B+it)Z(f — it)|¥)rrp

STE=" 0z 1o (FIZ0) %) ‘Z / Vi
1 N
I Z / dos(0 - 03,)5(60 - 07, Z / dU{pp)(pl)
n,n' . mm'=1 nn' mm'=1
! 3 5(0" — 0" ! 3 d ' 56
=— n_ g7 4 — Ulpt){p,
v S G-ty S / o) (o) (56)

Since we have explicitly shown the presence of half-wormhole saddle points in the presence of nontrivial gauge
holonomy where nontrivial saddle points exist, we suspect the partition function to effectively factorize, therefore (68)
which describes the nontrivial saddle points can be written as:

[ avtomion) = [ vtz
oL R
|L|2N2nn;n X ' m,m’

Contribution from wormhole saddle at u=

1 N

—— ok .6
|L|2N2

+

n,n' \mm'=1

1
n.n mm’jl(N’q’ﬁ)+W Z

0
N

Ot T2(N. 4. ). (57)

n,n' ,mm' =1

Contribution from half-wormhole saddle at us%

Contribution from half-wormhole saddle at u>%

Contribution from half-wormhole saddle with [u|=1
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In the above equation is an integral over Haar measure ensemble average over unitary matrices which can be easily
evaluated in the present context. See Ref. [64] more discussion on this topic. Here we have introduced two integrals
J1(N,q,p) and J (N, q,f) over the holonomy, which are given by:

T )= [ auid e (-Nllg = 102 -4, (58)
u=A>0
N2 N? 1 A2
J2(N.q.,p) =27"Dexp (—— (g - 1)) / duu?(1 — u) ==V exp (N?2pud™"). (59)
4 U=1/2+A(>0)

where physically A represents small positive shift from u = 0 and A represent small positive shift from u = } saddle points.

These integrals further cannot be exactly analytically computable. But one can study various limiting solutions of these
above-mentioned integrals. Let us first look into the small ¢ with large N and any arbitrary f limiting approximation under
which we get the following analytical expressions:

1 1
Ji(N,q.p) = 1—6exp(2N2ﬁ) {8A3+2Nz<‘1‘1)ﬂ ExplntegralE {— TR N?B(1 - q), N>?A%(q — 1)}

1 1
— 272V +(¢-1f ExplntegralE [—5 + N?p(1 - C]),ZNQ(C] - 1)} }7 (60)

N2

ToN.q.p) =250 exp (= (g = 1)) exp(av7p)

{r(% (g = 1)N?> + 1)[(2(g = 1)BN? + 3)
I(3(g—1)(48+ 1)N? +4)

~Bry <2(q - 1)BN? + 3,%(61 —1)N? + 1) } (61)

Next we consider the large N, extremely small 3 along-with the constraint N2/ is finite and very small and no restriction
in ¢ limiting approximation under which we get the following analytical expressions:

1 [JACHBNYTT) —eri(ANYTT))
) = g [
+ 2NAexp(=N?A%(q — 1)) — Nexp <—1\i (q- 1))]

1 1
+ 2ﬂN2{5 A92ExplntegralE [— % ,N?(q — I)Az] — 279-3ExplntegralE [— % , ZNZ(q - l)] }, (62)

_2BNT(q+2)I((g— 1)N? +1)
T D) = g v g+

(1=2A) (3= A)N D (32A(A +2) + (2A + 1)2N*(g— 1) +2(2A + 1)(6A +T)N*(g — 1) +56)

" 4N g=1)+2) (N2 (g—1) +4)(N3(g—1) +6) '

1
—2ﬂNzBA+% <q+2,§(q— 1)N? + 1)

(63)

These analytical results will be helpful to understand the behavior of the subleading contributions which contributes to
the higher genus contributions to the half-wormholes in the present context of discussion.
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Hence the full general result of SFF for the O(N)?~! tensor model can be expressed as:

1 N 1 N

_ n n' L SR
SFF = > (o -0m) + LN > ek ok

nn' smm'=1 nn'\mm'=1

Contribution from wormhole saddle at u=0
N

1
E 8 o8 T 1N, q, ) + E o J2(N.q.p)
‘L|2N2nnmm n.n' mm |L‘2N2nn/mm/ | nn mm
Contribution from half-wormhole saddle at us% Contribution from half-wormhole saddle at u>%

Contribution from half-wormhole saddle with [u|=1

N
:]\iz{é'”l;ﬂ/l(s(egl 0, ; st o 1 +J1(N,q,ﬂ)+Jz(N,q,ﬁ)]}
Leading contribution Subleading contribution

RS 1 N,q, N.q,

Here it is important to note that:
N N
> st ek = Z o, > of, =N Ng~N> (where Ny ~Ng). (65)
no sm,m'=1 n'=

In Eq. (64) the sum over Dirac delta functions will result in four terms but since we are working in the large N limit one
could argue that n = m due to the large number of fermionic fields, also by summing over in the large limit the n # n’ cross
terms with oscillating phases will cancel out giving rise to leading order term which is independent of N. For this reason we
have used the following fact:

N

> 80 -0m) =N (66)

nn' mm'=1

The first term of the above equation effectively describes the late time ramp behavior of our quantum mechanical model
in the regime where nontrivial saddle points of holonomic degrees of freedom play a crucial role. The gravitational
interpretation of the subleading contributions appearing in (64) can be interpreted in terms of higher genus wormhole or
equivalently in the language of topological defects as described in previous section which breaks the global symmetry and
can be seen as a nonperturbative effect. We see that the behavior of ramp/plateau of tensor model is analogous to ramp/
plateau behavior of Brownian SYK where the late time behavior of spectral form factor is of O(1) governed by the
nontrivial saddle point in the collective field description.

Now for the small g with large N and any arbitrary  limiting approximation the SFF can further approximately reduces
to the following form:

1 1 1 > 1
SFF = {m TIE [1 TPV {SAHN (=17 ExplntegralE [— S TN?B(1—q), N*A%(qg - 1)

1
— 22N+ (q=1)p ExplntegralE [_5 + N2B(1 - q), 4N2(q— 1)}}

o (N M (g = DN + DI(2(q - DAV +3)
+ 25 ¢ l)exp (—T(q— 1)) eXp(2N2ﬁ) X { 2 F(%(q— N@p+ 1)N2 vy

—BA+%<2(q— 1)ﬂN2+3,%(q— 1)N? + 1> H} (67)
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Also large N, extremely small  along-with the constraint N2/ is finite and very small and no restriction in ¢ limiting
approximation the SFF can further approximately reduces to the following form:

1 1 1 Vr(erfid Ny/T=gq) — erfi(AN/T=7¢q))
SFF‘{E+W[ +4N3<q—1>{ V=4

+2NAexp(—N?A%(g—1)) — Nexp <—N72 (q— 1)) }

1 1
+ 2ﬁN2{2 A2 ExplntegralE {—E N?(g — 1)A?] — 27973 ExplntegralE [_%’ZNZ((I - 1)] }

2BN*T(q+2)I'(3 (g —1)N* + 1)
I'G(g—1)N*+q+3)
+(1—2/\)(%—A)%N2<‘/‘1)(32A(A+2)+(2A+1)2N4(q 1)2+202A + 1 )(6A+7)N2(q—1)+56)]} (68)

4(N*(g=1) +2)(N*(¢ = 1) +4)(N*(¢ = 1) +6) '

1
—2BN’B, . (q +2.5(q- 1)N? + 1)

In the regime where the dynamics of the gauge holonomy is just the identity matrix, we have seen that the dominant
contribution to the partition function comes from the N9~! term (energy contribution) and thus reduces to the partition
function of the original SYK for which we define:

(Z(p+it)Z(p—it)) = // dAdlr(p(41))(p(L2)) exp(=p(4 + 4y)) exp(—i(d — Ap)t). (69)

In this context, the density-density correlator can be written in terms of connected and disconnected parts as follows:

i sin?[x(p(E)) ]
(ol = GENSE) + (o) (i) (1 - ) (10)
o R [w(p(E))EP
where we define the density p(E) and the newly defined variable E as:
. . E—Ey))N 2
p(E) « sinh (zv/2E), E:w, c :%. (71)
n q-]
Thus the SFF gets contribution from the disconnected part and has been calculated in the Ref. [64] as:
(Z(p+ it)Z(p —it)) s ( cN#? )
SFF = = exp| ————5<| + Gram,(t 72
zZpr e e ) e 7

when we evaluate the second term in Eq. (70) it gives rise to ramp in the spectral form factor which grows linearly with time
as follows:

- exp [—ZNS - C/—ﬂ = < e
Gramp(1) = § Sexp [<2Nsg =X = L lo@ ()] eV < £ < (73)
exp [—Nso 302’} 1, <t

In the above computation in absence of the holonomy, the definition of the thermofield double state will be different from
the previously mentioned definition, and it is given by the following expression:

) = ﬁzep( (lr+ﬁ> n>|n>1|n>2. (74)
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We see that the SFF of tensor model (without the
contribution of holonomy) differs from the SFF of tensor
model (with holonomy contribution) particularly in the
ramp region which has O(1) contributions coming from the
nontrivial saddle points at late times while the latter grows
linearly with time also at f = 0 there are regular oscil-
lations in the slope region when the holonomy of gauge
group is identity (similar to original SYK).

The detailed understanding of the plots with or without
having holonomy in the present context are appended
below pointwise:

(i) When the contributions of holonomic saddle points

are taken into account in the computation we expect
the theory to deviate from the usual SYK. From 7(a)
we found such deviations for ¢ = 3 from the usual
SYK. The spectral form factor for lower values of
remains constant up to f = 1 and then has a smooth
exponential rise. Here we see that the slope of the
exponential rise is increasing for increasing the

Spectral Form Factor (SFF) vs 3 plot with holonomy

parameter value N. The low temperature contribu-
tions specifically comes from the nontrivial saddle
points of gauge holonomy which are the subleading
contributions around |u| = 1 as shown in (64) and
explicitly coming from the half-wormhole saddles.
On the other hand, the contribution from the worm-
hole saddle u =0 and an additional contribution
which is coming from the summing over the Dirac
delta function over all holonomy indices of the
eigenvalues running from 1 to N. We also see a
similar kind of behavior for different values of N
except from the slope that we have mentioned.
However, SFF for larger values of N has more rapid
growth than compared to smaller values of N. In
Fig. 7(b), we have shown a slight variance where the
spectrum for N = 15 which has slightly more rapid
growth as compared to N = 20. As we go toward
larger and larger values of ¢ we observer that SFF
with lowest values N takes over and has much more

Spectral Form Factor (SFF) vs 3 plot with holonomy
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FIG.7. Behavior of the spectral form factor (SFF) with holonomy for O(N)?~" for tensor model with respect to inverse temperature /3

for different values of the parameter ¢ = 3, ¢ = 4, ¢ = 5, and g = 6 respectively. In these plots we have considered large N parameter to
be N = 10, 15, 20.
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0.750003

0.750000

rapid growth as compared to larger values of N, as
explicitly shown in Figs. 7(c) and 7(d), respectively.
Also, when we increase the value of ¢ the leading
order contribution dominates for larger values of
before it starts rising for N = 10 as compared to
N =20 and 15. However, the mirror image of the
SFF with respect to inverse temperature f has a
similar behavior with that of SYK where at low
temperatures the SFF has a slope region and then
intersects with the plateau except that it has no ramp
which grows linearly with time. We observe similar
kind of feature in the Brownian SYK where the
plateau has O(1) contributions coming from the
nontrivial saddle points. In the O(N)4~' tensor
model the nontrivial half-wormhole saddle point
contributions are dominant at low temperatures
(large ) and constant plateau type of contribution
is dominant at high temperature (low /). Apart from
the constant part and the rising part of the plots for
SFF, the significant deformation which is describing
by the dominant behavior of wormhole saddle
contribution over the half-wormhole saddles for
increasing values of the parameter ¢ along-with
the increasing value of the large N parameter is
one of the highlighting findings from these plots for
O(N)7~! tensor models with holonomy.

In Fig. 8(a), we have plotted the behavior of the SFF
with respect the large N parameter for a fixed value
of g, which we done at ¢ = 4 and for different values
of inverse temperature # which covers low, inter-
mediate and high temperature behaviors in a single
plot. From this plot we observe that for all the values
of f the SFF has a similar kind of behavior, where
for smaller values of N SFF has a decaying slop
region coming from the nontrivial holonomic saddle
points coming from half-wormhole contributions
and then quickly saturates between 10 < N < 20,

Spectral Form Factor (SFF) vs N plot with holonomy
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0.750002

0.750001
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N
(a) SFF with holonomy for ¢ =4

(iii)

(iv)

which is coming from the wormhole saddle point
contribution along with the summing over Dirac
delta function contribution over all holonomy in-
dices. We additionally observe that the SFF for f =
0.5 is a little more steep than the contribution
coming from f = 1. A similar kind of behavior is
observed between =1 and 1.5 also.

In Fig. 8(b), we have discussed the behavior of
spectral form factor with respect to the parameter g
for fixed value of N = 10 and three different values
of 3, which basically cover the low, intermediate and
high temperature behaviors respectively. We observe
that for # = 0.5 the SFF decreases linearly and then
saturates around g = 3. We observe a similar kind of
behavior for # = 1 but now it has a larger value of
SFF for small values of g which then reach a
saturation point around ¢ = 4. Thus we observe
that as we increase f the SFF has large values for
small ¢ compared to smaller values of f.

In Fig. 9, we have observed the behavior of energy
density vs energy in the absence of gauge holonomy
for fixed values of parameters ¢ = 0.01 (coupling)
and E, = 1.1 and for three different values of N. We
see that energy density shows a sudden jump in its
value for E = 0.1 and from there on increases quite
linearly with respect to E for some values of E and
then has an exponential rise. We observe that for
larger values of N the exponential rise of energy
density starts on early i.e for smaller values of E as
compared to lower values of N.

(v) We see that in the large N limit the ramp described

N
~———
=
=
=
3
£
&

above saturates and intersects the plateau which has
a height of O(L). The three different graphs with
different values N seems to merge for large values of
inverse f as shown in Fig. 10. The nonzero value
of the plateau is an indication of discreteness of
the energy spectrum and is plotted by taking a

Spectral Form Factor (SFF) vs ¢ plot with holonomy
113
1 — B =05N=10
10% —B=1,N=10
— [ =15N=10

1 2 5 10
q
(b) SFF with holonomy for N = 10

Behavior of the spectral form factor (SFF) with holonomy for O(N)9~! for tensor model with respect to N and ¢. Here for
different values of the parameter = 0.5, 1, 1.5, respectively.
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Energy density (p(E)) vs E plot without holonomy
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FIG. 9. Behavior of energy density vs energy without holonomy.
Here we have fixed the parameter c =0.01 and £, = 0.1, respectively.

Spectral Form Factor (SFF) vs 3 plot without holonomy
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FIG. 10. Behavior of the spectral form factor (SFF) without
holonomy vs the inverse temperature /3. Here we have fixed the time
scale t = 1, other parameters s, = 0.00001 and ¢ = 0.001, respec-
tively. Additionally, we have considered the different values of the
large N parameter N which are N = 1000, 2000, 3000, respectively.

Spectral Form Factor (SFF) vs ¢ plot without holonomy
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disordered average over the coupling. For fixed
choice of coupling of the slope, we expect the late
time behavior to have massive fluctuations which is
not shown in here.

(vi) In the absence of holonomy we know that the large
N behavior of the tensor model is indistinguishable
to that of SYK. In Fig. 11(b), we study the behavior
of spectral form factor particularly in the absence of
holonomy for three different values of . We see that
at early times the figure has a slope which decreases
rapidly and is described by the simple Schwarzian
action which, after some time, intersects with the
ramp which increases linearly with time. The region
where the transition from slope to ramp takes place
is effectively described by the spin-glass phase that
is present in the Sachdev-Ye model. As we decrease
the value f one finds that there is an increase in the
slope portion which decreases more rapidly at earlier
values of time. In Fig. 11(a), we see a similar
behavior for three different values of N where region
of slope increases for larger values of N and a more
rapid fall as compared to smaller values of N.

VII. WORMHOLE AND HALF-WORMHOLE
ENERGETICS

In this section, our prime objective is to find the
contributions from the wormhole and half-wormholes in
particularly in the energetics. This is described mainly by
averaged energy, averaged free energy and averaged
entropy. In this context, to take the average over all of
these thermodynamic quantities which describes the ener-
getics, we have to take the average over the holonomy
dependent thermofield double state for O(N)9~! tensor
model, which we have explicitly defined in the Eq. (55).
This is exactly the analogous approach that we follow in the
context of statistical mechanics to compute the statistical

Spectral Form Factor (SFF) vs ¢ plot without holonomy

:\
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(b) SFF with holonomy for N = 10

Behavior of the spectral form factor (SFF) without holonomy with respect to the timescale ¢. Here we fix different values of

the parameters ¢ = 0.001 and s, = 0.00001, respectively. For the first plot we have fixed f = 0.5 and change N = 1000, 2000, 3000.
On the other hand, for the second plot we have fixed N = 1000 and vary f = 0.5, 1, 1.5, respectively.
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ensemble averages of the above-mentioned thermodynamic model as stated in Eq. (55) we derive the averaged
quantities. contributions from the energetics by integrating over

To study the wormhole and half-wormhole energetics we the holonomies around the wormhole saddle u = 0

will follow the following strategies, which we have stated and from half-wormhole saddle point contribution
point-wise in the following: appearing around |u| = 1.

(1) First of all, we take the derived expression for the (iii) Here the integrating over holonomies can be per-
energy, free energy and entropy from the holonomy formed by taking the integration over the Haar
dependent partition functions [see Eq. (42)] for measure explicitly in a specified range of u# which
O(N)4~! tensor model as stated in Eqgs. (44), (45), can cover both the information coming from the
and (46). saddles around u = 0 and |u| = 1.

(ii) Then using the definition of the holonomy depen- After following the above-mentioned steps we get the

dent thermofield double state for O(N)7~! tensor  following contributions from the averaged energetics:

0 ifu=20
(B = | NP Jicasoduut™ = N8 [l — a17] ifu<! (75)
N2ﬂf1 LA duuq“_N/} [1_(%4_/\)%2}, ifu>%.
0 if 1 =0
Nz du B(q - Du* - 2uq+1]
TR TS R S Y
(F(B)) = N2 fl LA du {uq“ +_( - 1)[ —In2—In(1 —u)}} (76)
{1 ()
—5(2A = 1)(4A(A +2) +7) + 6(2A + 1)3 log(2A + 1)}} if w1,
0 ifu=20
NTZJ‘I%:A>0 du[(1 = q)u* + 2pu?t!]
Nzﬁlan . f s duudt!
iy} e
_ (77)

(S) =9 N2 HMM) du {—ﬁuq“ +2 (1= gq) [% —In2—In(1 - u)] }
—-N?fIn i - f1=l+A(>o duud™!
=N (1l ) [1= (5+A) 7] + 5l (-481n2

—5(2A — 1)(4A(A +2) +7) + 6(2A + 1)* log(2A + 1)}} if >l

whereat last we compute the contribution from the averaged entropy function at the large N to understand how exactly in the
wormhole saddle at # = 0 and in the half-wormhole saddle around |u| = 1 contribute in the present context.

After doing these computations we have to sum over all the contributions coming from the saddles at # = 0 and around
|u| = 1 which finally give rise to the following full contribution in the ensemble averaged energetics:

2 q
(E Wi = EG Do+ (E G+ By =5 |14 =m0 = (4a) ] 0w)
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FB)an = FB)uco + FB) ey + FB) o = -0 {52} - e ar]

1 1 q+2
N|—{1—(=+A
a6

+ (‘517_6;) {—481n2 — 5(2A — 1)(4A(A +2) +7) + 6(2A + 1)3 log(2A + 1)}} 7 (19)

(SUDrar = (SBco + (B + (SPy = [“ = {é- A5} +% {2#_ AH

p p IR
gtz (e ) - ()

+ (615761) [—481n2 — 5(2A — 1)(4A(A +2) +7) + 6(2A + 1) log(2A + 1)}} (80)
|

From the above-mentioned computations we have found regime this particular contribution fall linearly with
the following crucial facts: the temperature and in the low temperature regime it
(i) We can explicitly see that the saddle coming from will grow linearly with temperature. The both high
the wormhole at u = 0 does not directly contribute and low temperature behavior of the ensemble
to the energetics. averaged energy (E(f3)) at large N with respect to
(i) But most importantly, the half-wormhole saddles the inverse temperature £ is explicitly shown in
around |u| = 1 which is actually coming from u 5% Fig. 12, which is quite consistent with the expect-
and u > % nontrivially contribute to the ensemble ation from our computed result after summing over

averaged energetics in the present computation from all contributions from saddles.
the O(N)4~! tensor model. (iv) We also have found that the ensemble averaged free
(iii) We have found that the ensemble averaged energy energy (F(f)) atlarge N varies as (C + %) where C
(E(B)) at large N linearly grows with = 1/T, and D are the constant factors which will depend on
which further implies that at very high temperature the parameters N, g, A and A. From the obtained

(E(B)) vs B plot for wormhole and half — wormhole saddles

150000

— N =1000,¢g =4,A = 0.1,A =02
— N =2000,qg=4,A=0.1,A=0.2
— N =3000,g=4,A =0.1,A =02

®)))

(E

100000 -

50000

Ensemble averged energy

0 10 20 30 40 50
Inverse temperature (5)

FIG. 12. High and low temperature behavior of the ensemble averaged energy (E(f3)) at large N with respect to the inverse temperature

p. Here we have fixed three parameters ¢ =4, A = 0.1, and A = 0.2. We have shown the behavior for three different large N values
which we have taken N = 1000, N = 2000, and N = 3000.
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feature it is expected that very low temperature
regime the first term C dominates over the second

term % and shows a constant behavior with respect to

temperature. On the other hand, in the high temper-
ature regime the second term % dominates over the

first constant term C and shows a linearly increasing
behavior with temperature. The both high and low
temperature behavior of the ensemble averaged free
energy (F(f)) at large N with respect to the inverse
temperature f is explicitly shown in the Fig. 13,
which shows the competition between the two
obtained contributions and we found that the overall
behavior is quite consistent with the expectation
from our computed result after summing over all
contributions from saddles.

(v) Last but not the least, we have found that the
ensemble averaged entropy (S(f)) at large N varies
as (A + p[B— MInp|), where A, B and M are the
constant factors which will depend on the parame-
ters N, g, A and A. From the obtained feature it is
expected that very low temperature regime the last
term flog f and second term # dominates over the
first term A and show a rising behavior with respect
to temperature. On the other hand, in the high
temperature regime the first constant term A and
the last term £ log # dominates over the second term
p and show a constant and then a falling behavior
with temperature. The both high and low temper-
ature behavior of the ensemble averaged entropy
(S(pP)) at large N with respect to the inverse temper-
ature /3 is explicitly shown in Fig. 14, which shows
the competition between the three obtained contri-
butions and we found that the overall behavior is
quite consistent with the expectation from our

(F(B)) vs B plot for wormhole and half — wormhole saddles

— N =1000,q =4,A =0.1,A = 0.2

= 10000

= — N =2000,g=4,A=0.1,A=02
o — N =3000,g=4,A=01,A=02
1
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Inverse temperature ()
FIG. 13. High and low temperature behavior of the ensemble

averaged free-energy (F(f)) at large N with respect to the inverse
temperature . Here we have fixed three parameters ¢ = 4, A =
0.1 and A = 0.2. We have shown the behavior for three different
large N values which we have taken N = 1000, N = 2000
and N = 3000.

(S(B)) vs B plot for wormhole and half — wormhole saddles
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FIG. 14. High and low temperature behavior of the ensemble
averaged entropy (S(f)) at large N with respect to the inverse
temperature . Here we have fixed three parameters ¢ = 4, A =
0.1 and A = 0.2. We have shown the behavior for three different
large N values which we have taken N = 1000, N = 2000
and N = 3000.

computed result after summing over all contribu-
tions from saddles. We all know that the growing
behavior actually describing the measure of the
disorder which visible in f < 50 regime from the
plot. But after crossing this region it reaches a
maximum value and the from the plot we found
that the disorder reduces and the system we are
studying goes more and more toward the ordered
phase. This is depicted by the falling behavior within
60 < f < 150 including going toward the negative
value for > 150. This study shows that at very low
temperature the system is the disordered phase, in
the intermediate temperature reaches a maximum
value and for very low temperature the system
started moving toward the ordered phase in the
present context of discussion. Additionally, it is
important to note that, in this figure we also have
found a crossover at = 150 at some positive
averaged value of the entropy function. Before the
crossover in f > 150 we have found that as we
increase the values of the large N parameter con-
sidering N = 1000, N = 2000 and N = 3000 slope
of the curve decrease with increasing the value of N.
After the crossover in the region f > 150 where we
have the negative entropy contribution we have
found that as we increase the value of the large N
parameter, fall in the entropy function is faster and
faster with inverse temperature /.

(vi) We see that the u = 0 saddle does not contribute in
the ensemble averaged entropy whereas the half -
wormhole saddles around u = 1 especially in the

region u <1 and u > contribute nontrivially to

ensemble energetics which could be seen in Fig. 14

where in the large N limit the ensembled average

entropy first rises around u < J and then falls around
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u > % due to nonperturbative effects in the gravita-
tional path integral.

(vil) Quantum mechanically Fig. 14 corresponds to the
nonperturbative fluctuations that originates from the
discreteness of the energy spectrum. In the bulk
these are hints of the higher genus topology that are
not compatible with the global symmetry of the
gravitational system. In Sec. V we have pointed to
the similar scenario where at short distances the
wormhole must be equipped with topological de-
fects that give rise to new cobordism classes that
were not previously connected and are responsible
for breaking of global symmetry, we showed that
these objects are exactly the half-wormholes coming
from the nontrivial saddle points of the holonomy
whose contribution factorizes the partition function
of the tensor model. In de Sitter space this is
analogous to S, x S, Nariai geometry whose non-
perturbative contribution in the gravitational path
integral gives rise to a massive fluctuation due to
which de Sitter space turns itself “inside out.”

VIII. SYK VS TENSOR MODEL IN THE
FRAMEWORK OF WITHOUT AVERAGING

Though in the large n limit the correlation function and
thermodynamics of the tensor model with O(N)?~! gauge
symmetry are the same as that of the SYK but they differ in
their bulk description in various ways which are as
follows,

(i) The broken conformal diffeomorphism of G5YX(¢)
produces zero modes in the extreme low energy
limit. However (14) has a new light model governed
by the effective sigma model and admits a bulk
interpretation of gauge field propagating in ADS,
background.

(ii) When taken average over the coupling SYK has
wormhole like correlation given by nonzero value of
Grr in the bulk. The quantum mechanical model
with fixed choice of coupling (14) gives exactly the
same value of Gz when the holonomy of the gauge
group is identity.

(iii) The SYK model which fixed choice of coupling has
wormhole saddle point in the self-averaging regime
which has weak dependence on the coupling sim-
ilarly the tensor model also has self-averaging
wormhole saddle points described by trivial eigen-
values of gauge holonomy.

(iv) The SYK model with fixed choice of coupling has
half-wormhole saddle points in the nonself-averag-
ing regime of the theory which are necessary for the
factorization of the partition function. However, in
the tensor model the dynamics of the gauge holo-
nomy somehow gives rise to these half-wormhole
saddle points which are in turn described by their
nontrivial eigenvalues.

(v) The SFF of SYK has linear growth of ramp with
respect to time and at late times as fluctuations of the
height of ramp when we consider fixed choice of
coupling. However, the SFF of the tensor model (with
holonomy contribution) particularly in the high tem-
perature regime has a plateaulike structure which
comes from the trivial saddle points of holonomy and
then has an exponential rise dominated by the non-
trivial saddle points around u = 1.

IX. CONCLUSION

In this paper, we have given an interpretation of half-
wormholes in the bulk with the gauge field. These half-
wormholes were discussed in the SYK model with fixed
coupling as a saddle point of ® (o) near 6 = 0 which vanish
when we take average over the ensemble. These half-
wormhole play an important role in restoring the factori-
zation. We have shown how dynamics of the gauge
holonomy from the decoupled L and R system contributes
to the wormholelike correlation between boundary partition
function as in SYK. We discussed how the problem of
factorization of the Wilson operator at short distances could
be transformed as a problem of global charges and non-
trivial cobordism classes associated with the disconnected
wormhole. In order to break global symmetry, these
wormholes need to have a defect which cancels the global
charges and produces new cobordism classes which were
not previously connected. The new wormholes with added
topological defect is what we interpret as half-wormhole
which are necessary for factorization. It will be interesting
to know if one could think of these defects as perturbation
around the wormhole as discussed in [65] to get the
factorized answer of the square of the partition function
in the SYK. To know more about the story in the
gravitational counterpart see Ref [66]. We also commented
on the behavior of spectral form factor with respect to
various parameters, particularly with respect to temperature
we found that at low temperatures the half-wormhole
saddle contributes to the SFF whereas at high temperatures
the wormhole saddle plays an important part. Last but not
the least, we have explicitly studied the ensemble averaged
energetics in terms of energy, free energy and entropy from
O(N)7~! tensor model summing up all the possible con-
tributions coming from wormhole saddle point and half-
worm saddle points. From this energetics study we have
found that in the final results the wormhole saddle will not
at all contribute from the present computations. On the
other hand, all the contributions coming from the half-
worm saddle points nontrivially contribute in the final
results and explicitly show the inverse temperature f =
1/T dependence in the large N limiting results for the
various measures of the energetics.

The future prospects of the work are as follows:

(1) We know that dynamics of holonomy is described

by the simple effective action S.(U) and by
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summing over infinite class of graph captures the
leading deviations or perturbation away from free
Hamiltonian H,y. It would be interesting to know that
the dynamics of holonomy which give rise to “half-
wormhole" saddle points in the bulk can also be seen
as a hint of perturbation around wormhole in the
O(N)7~! tensor model.

(ii) We have described wormholes with topological
defects as the half-wormholes in which factorizes
the Wilson operator at short distances. One can now
ask what kind of cobordism classes comes into play
which breaks the global symmetry?

(ii1)) The out of time order correlator (OTOC) has been
calculated in the bulk dual of regular SYK. One can
now ask how the dynamics of gauge holonomy

contributes in the calculations of (OTOC) in
the bulk.
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