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Scaling dimensions at large charge for cubic ¢ theory in six dimensions
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The O(N) model with scalar quartic interactions at its ultraviolet fixed point, and the O(N) model with
scalar cubic interactions at its infrared fixed point are conjectured to be equivalent. This has been checked
by comparing various features of the two models at their respective fixed points. Recently, the scaling
dimensions of a family of operators of fixed charge O have been shown to match at the FPs up to O(#) at

leading order (LO) and next-to-leading order (NLO) in Q using a semiclassical computation which is valid
to all orders in the coupling. Here we perform a complementary but overlapping comparison using a
perturbative calculation in six dimensions, up to three-loop order in the coupling, to compare these critical
scaling dimensions beyond NLO in Q, in fact to all relevant orders in Q. We also obtain the corresponding

results at O(k) for the cubic theory.

DOI: 10.1103/PhysRevD.105.045021

I. INTRODUCTION

There has been remarkable progress in recent years in the
study of scalar field theories characterized by renormaliz-
able self-interactions. As well as increasing precision of
perturbative calculations (up to the seven-loop level [1-7])
the use of semiclassical approximations has proved very
fruitful, both in direct comparison with perturbation theory
and, importantly, in exploring areas of parameter space
inaccessible to perturbation theory for the relevant theories.
In Ref. [8] it was conjectured that the O(N) model with
scalar quartic interactions (the “quartic theory”) at its
ultraviolet fixed point (FP) is equivalent to the O(N)
model with scalar cubic interactions (the “cubic theory”)
at its infrared FP (we shall call the theory at its FP the
“critical theory™). It was shown that the +; expansions of
various operator scaling dimensions in the critical cubic
theory match the known results for the critical quartic
theory continued to d = 6 — ¢ dimensions. This compari-
son was further refined by a three-loop calculation in
Ref. [9]. Subsequently four-loop [10] and five-loop [11,12]
calculations were performed for the cubic theory, and once
again the critical scaling dimensions were found to agree at
these orders with the known results in the # expansion for
the critical quartic theory.
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Meanwhile, following early work in Ref. [13], there has
been considerable recent interest [14-23] in the use of
semiclassical methods to investigate the scaling dimensions
of composite operators. This allows results to all orders in
the coupling but at leading order (LO) and next-to-leading
order (NLO) in the charge Q of the operator. Of particular
relevance for our purposes, in Ref. [24] the authors
computed the scaling dimensions of traceless symmetric
operators of charge Q (which we shall denote by Tj) in
both the cubic and quartic critical theories for d = 6 — € at
leading order in both Q and ¢, and found agreement at this
level. Recently systematic semiclassical calculations of
these scaling dimensions at both leading and non-leading
order in Q have been performed for the quartic [25] and

cubic [26] theories, and agreement has been found in the
0]

critical theories for d =6 —¢ to high orders in -

Specifically the two O[Q ()] results were shown to agree
for j = 0...8 and the two O[N(£5)/"'] results were shown
to agree for j = 0...6; we may expect that the results for
higher values of j will continue to agree.1 These two sets of
terms represent leading order contributions in % For low
values of j (j =0, 1, 2) results were also obtained in the
critical cubic theory for some of the terms subleading in N
compared to these; though those deriving from the NLO
computation had to be computed numerically. These results
for j =0, 1, 2 for the critical cubic theory were compared
with previous results obtained at O(y;) [27] and O(3) [28]
in the % expansion for the critical scaling dimensions of
charged operators in the quartic theory. When these latter

"The scaling dimensions were also shown in Ref. [26] to match
in a large Q/N expansion.
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results were expanded in ¢ around d = 6 — ¢, agreement
was obtained up to the limits of numerical precision
wherever a comparison was possible. In the present article
we perform an overlapping but complementary calculation
to that of Ref. [26]. We compute the scaling dimension of
T, perturbatively for the cubic theory in d = 6 — ¢ up to
three loop order in the coupling. At the critical point, this
corresponds to terms up to O(e*). Organizing the critical
anomalous dimensions of Ty as a power series in Ai, we
may compare with the O(%) results of Ref. [27] and the
O(#) results of Ref. [28], after expanding these latter in €
around d = 6 and keeping terms up to €*; we find precise
agreement for all relevant powers of Q. We also obtain the
corresponding results at O(#) for the critical cubic theory,
potentially providing useful comparison with future exten-
sions of the % expansion in the quartic theory.

The paper is organized as follows: in Sec. II we describe
the cubic and quartic O(N) models and review the known
results in the ﬁ expansion for the scaling dimensions of the
field ¢ and the fixed-charge operator T, in the critical
quartic theory. In Sec. III we describe our own calculation
for the scaling dimension of Ty up to three loops in the
cubic theory. We then specialize to the critical theory and
compare with the corresponding results for the critical
quartic theory. We relegate some details of the calculation
to the Appendix. Here we list both the Feynman diagram
results we have computed ourselves and for convenience
those we have adopted from Ref. [9]. We also give results
for the scaling dimensions in terms of individual diagrams,
as an aid to following or checking our calculations.

II. THE QUARTIC AND CUBIC O(N) MODELS

In this section we introduce both the quartic and
cubic scalar O(N) models whose properties we shall be
comparing at their critical points. The quartic scalar action
is given by

1 . 1 .3
S:/ddx(iaﬂ(ﬁ’@”d?’+§6¢’¢’—2—/162), (21)

where the sum over i runs from 1 to N. This theory is
renormalizable in d = 4 — ¢ dimensions. We shall only list
here the particular properties at the critical point in which
we are interested; for a more complete exposition see, for
instance, Ref. [29]. At the critical point the final term may
be neglected; and the anomalous dimension of the field ¢ is
expressed in terms of the critical index 7 as

1

Yo = 5’7- (2'2)

n may be computed in the large-N expansion as

i

= . 2.3
1= 2 (2.3)
Here 7, is given by
r'2u-2)
n =-4 , 2.4
S T N ) NPy S PR M
where d = 2u, and 7, is given by [30,31]
ny = ni(Ty + Ty + T), (2.5)
where
2
uo+pu—1
T, =R +—"
1 1t u—1)
7 H3—p)
T, = R ,
S T TP
p(2p —3) 2u(p—1)
T, = R . 2.6
3 2o + 2~ (2.6)
Here
Ri=y(Q2—p)+y2u-2)-w(2)-yu-2), (2.7
where y is the digamma function.
An operator of charge Q is given by
To=Tii 9P, iy (2.8)

where T; is symmetric, and traceless on any pair of

Vi ig
indices. The scaling dimension of T, in the quartic theory
at the FP is given by

d
Ay = (5— 1>Q+yQ+Qm, (2.9)

where the first term is the classical scaling dimension, y is
given by Eq. (2.2), and the anomalous dimension y, of T
has been computed in the 1/N expansion as [27,28]

___r _

!, 0(Q -y
TN - D=2
x{2(Q = 2)u(u = 1l (1) — v’ (w)]
—pu(2u=3)+2(u—1)2u> =3u+2)R,} + ....
(2.10)
Here #; is again given by Eq. (2.4), and

Ry=yw(Q2-pu)+y(2u-2)-y(l)—y(u-1). (2.11)

The ellipsis indicates higher-order terms in the 1 /N expansion.
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The cubic action is given by
S = /ddx 18 PioHP +18 0'8"6—1-l o' P +lha3
- 2" 2% 27 6" )
(2.12)

where the sum over i again runs from 1 to N. This theory is
renormalizable in d = 6 — ¢ dimensions. However, the

two theories given by Egs. (2.1) and (2.12) are believed to
be equivalent at their conformal FPs. In the next section
we shall compute perturbatively the scaling dimension
Ay of the operator T, in Eq. (2.8) at the FP of the cubic
theory, in order to compare with the corresponding result
for the quartic theory, given later in Eq. (2.15). For this we
shall need the expressions for the values of the couplings
at the FP in the cubic theory, as obtained via the €
expansion. These are given by [8,9]

|
6¢
=4/—|1
-

22 n 726 326180 155
N N? N3 6N  N?

1705 912545) 1777 , 1 (29093

_ 2
€—|—144N€ +N2 117OC3>€ +...],

36

2

W —6 [6¢ 14 162 N 68766 N 41224420 N 215 86335 75722265 N 2781
= _— _— —_— - €
¥ N N N? N3 2N  N?

1
+ oz (270911 = 15714003)€ + } .

€

N3 48N

(2.13)

We shall also need expressions for the quantities from the quartic theory, expanded around d = 6 — ¢. Using Egs. (2.4) and
(2.5), the terms 7, 7, in the 1/N expansion of # have the expansions

11 13
=2e——e——e+ ...
m € 6 € 726 + ...,
B 835 , 6865 |
1, = 88¢ 3 € + 26 € + ... (2.14)
Using Egs. (2.2) and (2.10), A in Eq. (2.9) may be expanded in € as
- ¢ 1 2 T80 ey (Lo _Tp)e
AQ—<2 2>Q+N{( 30 +4Q)€+<4Q 3Q)e +<16Q 9Q €
1 857 1568
+ m {44(—3Q2 + 4Q)€ + (—45Q3 ‘I‘TQZ - TQ) €2
93 3743 4105
+ [(36433 + T) 0’ - (10853 + 7) 0? + (72@3 + 1—8> Q} e3} + (2.15)

which we shall compare with our perturbative results for
the critical cubic theory in the next section.

III. LOOP CALCULATIONS

In this section we perform the perturbative computation
of the scaling dimension of an operator of the form (2.8)
within the cubic theory given by Eq. (2.12), up to three
loops, and then compare the result at the FP Eq. (2.13) with
the corresponding result for the quartic theory in Eq. (2.15).
The scaling dimension of T, is given by an equation of the
same form as Eq. (2.9) as

d

|
where y is again the anomalous dimension of 7 and y,
the anomalous dimension of the single field ¢; but now all
quantities are computed in the cubic theory. The L-loop
one-particle-irreducible (1PI) diagrams contributing to y,
are constructed from a single Ty vertex and a number of
three-point vertices derived from the action in Eq. (2.12).
The latter vertices thus have either two ¢ lines and one o
line, or three o lines, emerging from them; which may
form either internal or external lines in the diagram. These
L-loop diagrams have up to L + 1 internal lines emanating
from the 7', vertex, together with two or three internal lines
emanating from the other vertices; the total number of
external lines is always the same as the number of internal
lines emerging from the T, vertex. These correspond to
logarithmically divergent Feynman integrals. The Feynman
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FIG. 1. One-loop diagram for y, x

diagrams with no more than three internal lines emerging
from any vertex (including the 7', vertex) have the same
topology as those contributing to the f-function computa-
tion, and their pole terms have already been derived up to
three loops and given in Refs. [9]. As an example, in Fig. 1
we show the one-loop diagram. Straight and wavy lines
denote ¢ and ¢ propagators respectively; and moreover we
use a small circle to denote the cubic vertices derived from
Eq. (2.12), and a lozenge to denote the T’y vertex. Figure 1
has the same topology and therefore the same pole structure
as diagram (a) in Fig. 8 of Appendix B in Ref. [9].
It therefore produces a contribution to ;" given by

) =500~ e, (32)
where ¢, is the simple pole coefficient from the diagram (a) in
Fig. 8 of Ref. [9]. For Eq. (3.1) we also need the perturbative
computation of the anomalous dimension of ¢, y,. The
computation of the anomalous dimensions for the scalar fields
¢ and ¢ in the cubic theory was given explicitly in Ref. [9],
similarly in a helpful diagram-by-diagram form. With a view
to a uniform presentation, we have reconstructed the expres-
sion for y4 in terms of simple pole contributions (we have no

need for y,), so at one loop we have

1
1y =30 (33)

where in our notation c, is the simple pole coefficient from
the diagram () in Fig. 7 of Ref. [9]. We give the result fory 4 in
a corresponding form up to three loops in the Appendix.
Combining Egs. (3.2) and (3.3), we find from Eq. (3.1)

1 1
Ap = EQ(Q - 1)ec,9* — EQcAgz, (3.4)

The values for the simple pole coefficients can be obtained
from Ref. [9]; but for completeness we have also listed them
in the Appendix, in Eqs. (A1) and (A4). We emphasize that by
¢, we mean precisely the simple pole coefficient from the
Feynman integral, whereas the pole terms given in Figs. 7-9
of Ref. [9] also include a symmetry factor. After inserting the
values of the simple pole coefficients, we obtain at one loop

1 1
A(Ql> :_EQ(Q—I)ngrgQgZ- (3.5)

In order to save space we have refrained from depicting most
of the diagrams contributing to A, at two and three loops.
Specifically, we do not show those which can straightfor-
wardly be reconstructed from the diagrams shown in Figs. 8
and 9 of Ref. [9], by considering the various ways in which a
single T vertex (with two or three internal legs), and cubic
vertices derived from Eq. (2.12), may be assigned to each
diagram. However, at three loops there are also diagrams with
four internal legs emerging from the 7'y vertex, which are not
considered in Ref. [9], since of course such diagrams do not
feature in a f-function computation for a theory with only
cubic interactions. These diagrams, which furnish the leading
contribution in Q at three loops, are depicted in Fig. 2. We
have therefore been obliged to compute these Feynman
diagrams ourselves; the results are given in the Appendix.
The results for A, in terms of the simple pole coefficients at
two and three loops are given in Egs. (A6) and (AS), with
Egs. (A9) and (A10); in the absence of the full set of diagrams,
these detailed results should facilitate following our calcu-
lations. Upon inserting the values of these coefficients from
Egs. (Al) and (A4), (A7), we obtain

1 1
AY =-0(0-1)(Q-2) (194 +693h>

7 49 1 7
-1 4 4 _ — 3h 2h2
+0o(0 )[144Ng 1427 T39I T g ]

11 13 1 11
Ng*++-—¢* +—g3h+—gzh2},

* Q[_@ 2167 ' 9 432

(3.6)

(@) (b) (©)
(d) (e) ()

(2

FIG. 2. Three-loop diagrams at leading Q for y7,,.
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1 1 1
Ay =Q(Q—1)(Q—2)(Q—3)<496+95h+94h

35 11 7
1 3 2>+Q(Q—1)Q—2){ < C3_288> +288N95h—<53+18)96

4 1/, 35\ , 449 73 19 1
it e (-2 ) gn? )2 s+ g2 g N2gf

36”7 <C3 288) <C3 )g } +ol0 )[2592 I3 " 518 3456 ¢

79 8131 185 43 13 29 49

_ o h2 ’%h’i - —NZ 6__N 6__ "7 Sh
“3247 <§3 432) <C3 2592)9 3649 +1o368} +Q{31104 9 738887 5767
193, 1 1133 1 5881 157 109

- h2__ - — 4h2_ 3h3 2h4 3.7

155527 6<C3 648)9 16295 (C* 2592) 51847 " T 103687 } (3.7)

Finally, upon inserting the FP values for g and 4 given by Eq. (2.13), we obtain

+ (EQZ —%Q)é + ] +${44(—3Q2 +4Q)e

[(3663 + >Q3 (10843 +ﬂ> 0%+ (7253 +%> Q] e+ }

+7 {1936(—3Q2 +40Q)e + (900003 + 5952002 — 66872Q)e> + [(4536C3 +4374) 0% — (39967 + 5898) Q2

(2 ——) 0+ [(—3Q2 1 40)e + G 0? —%Q)ez

( ~450° + 857Q2—153£Q>

- <4212§3 - 1602885> Q]e3 + } + ...

This agrees with Eq. (2.15) as far as terms of order - 57> the
results at O(%) are not yet available for the quartic theory
for general values of Q. However the agreement at least
persists for Q = 1, since for this value the computation
reduces to that of the scaling dimension for a single field ¢;
and as explained in more detail in the Appendix, the
anomalous dimension of ¢ was shown in Ref. [9] to agree
up to O(N3) in the cubic and quartic theories.

The ellipses in Eq. (3.8) indicate terms originating from
higher-loop contributions. Since these are eighth-order and
higher in the couplings, we see from Eq. (2.13) that they are
O(e*) and higher; but they may appear at any order in 1/N,
bearing in mind that factors of N may be produced by
tensor contractions within diagrams, as may be seen in
Eq. (A6), for instance.

IV. CONCLUSIONS

In this paper we have made a detailed comparison in
d = 6 — e dimensions between perturbation theory for ¢°
theory and large-N results for ¢* theory, at the fixed points
of the respective theories. We showed that, for the scaling
dimension of a set of operators of fixed charge Q, this
comparison may be carried out to all relevant orders in Q at
O(+) and O(ﬁ) The results support the conjecture that
essentially the renormalizable theories in d =4 — ¢ and
d = 6 — € correspond to the same conformal theory at their
respective fixed points, and provide data on the d =6 — ¢

(3.8)

I
side for further checks at (9( ;) when corresponding results
become available for d = 4 — e. It would be interesting to
explore further the relationship between these two theories
at these FPs and the other simple renormalizable scalar
theory, to wit ¢° in d = 3 — e. This paper and the general
canon of research to which they contribute have obvious
relevance to the theory of critical phenomena. A different
question is whether these techniques could be applied to
other renormalizable, classically scale invariant theories
such as, in particular, QCD. This will involve formidable
technical obstacles evaded in the elementary scalar case,
but clearly any progress in the understanding of QCD
remains a primary goal for particle physicists.
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APPENDIX: DETAILS OF CALCULATIONS

As mentioned in the main text, the expressions for the
divergent contributions for diagrams with up to three
internal lines emerging from the 7', vertex can be obtained
from Ref. [9]. We denote by ¢, the simple pole coefficient
from the diagram (a) in Fig. 8 of Ref. [9], and so on. Once
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again we emphasize that by ¢, we mean precisely the simple pole coefficient from the Feynman integral, whereas the pole
terms given in Figs. 7-9 of Ref. [9] also include a symmetry factor. We list here the values of c,—c,, as derived from Ref. [9],
suppressing a factor of (162%)~% at L loops.

1
Ca——g,

1 7 1
Cb—g, Cc_—ﬁ, Cd_E’

1 1 5 47 23
=Ty YT YT T GTihgg ST gy
5 11 19 11
Ck:ﬁ, CIZ@, Cm:—@, Cn:Co:%v

11 1 L(, 23 Ly 2 1
Cc, =——, c, = ——, ==z ==, Cs =5 \|63—57 > Ct = —73,
» =216 AV T3\ Ty 3 %3724 1773

BTN "

As we said earlier, we have found it convenient to reconstruct from Ref. [9] the expression for the anomalous dimension
¥4 in terms of the simple-pole coefficients of two-point diagrams. We easily find

1 1 1 3
7¢ = —ECAg2 —ENCCg4 - (CC +CB)g4 _CBg3h—§CCg2h2 —E(CDGD + - +CLaL) + ... (A2)

where (as defined earlier) c, is the simple pole coefficient from the diagram (a) in Fig. 7 of Ref. [9], and so on, and
furthermore the corresponding combinations of g and % are given by

ap = (N +2)¢®+30°h + g*h?,
ap = ¢® +2¢°h + ¢*h?,
1
ap = ¢° +§NgSh,
ag = (N +2)(¢° + g’h),

1
ay = <5N+ 1)96 + (N +1)g°h,

ar = ¢° + g*h*,
1

=—_N¢°,
ay ) g
ag = §N+1 gﬁ+1Ng4h2
K D) 2 B

1 1

a, = <1N2 + 1>g6 —|—§Ng4h2. (A3)

The values of the coefficients ¢, etc are given by (once again suppressing factors of 1672)

1
CA:—g,
1 11
‘8= "y 7216
7 71 103 1 121
Cp=———, Cgp=——7—, CF = Zgoos CG =357, CH = 555g>
b 1296 E 1296 F 3888 G781 "™ 3888
1 7 23 103 13
“ 9(‘:3 36)’ YTTTe6a KT Tsgx P T 1664 (A4
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Inserting the values from Eqgs. (A3) and (A4) into Eq. (A2),
and also specializing to the fixed-point couplings in
Eq. (2.13), we easily find the results given in Ref. [9]

171, 13,1 835 | 6865
= — —_— - _ 44 - 2 -3
79 N[e 12° 1446%1\72[ ¢ 6€+72€]

1 1
+ |:1936€— 16352¢” +5 (54367 —734453)4 T
(A5)

Using Eq. (2.2), the 1/N and 1/N? terms in the expansion
may be seen [9] to agree with those for #; and 7, in
Eq. (2.14). Furthermore, as mentioned earlier, in Ref. [9]
the 1/N3 terms were shown to agree with the result for 75
in Ref. [32].

The one-loop result for the scaling dimension of Ty was
given in terms of simple pole coefficients in Eq. (3.2). The
corresponding two-loop result in terms of the simple pole
coefficients is

1
Al = ~30(0 = 1)(Q~2)(6¢sg" + ccg’h)

—

+0(0-1)[3Newtt + (e, + 26+ cal’

1 1
+2¢c,5°h + Eccg2h2] -0 [ENccg4 + (cc + cp)g*
1
+cpg’h + Eccgzh2] ) (A6)

1 5

d, =

1
Z d. = —— = _=
8’ b 16° de 48’

At three loops, the divergences for diagrams with two or
three internal lines emerging from the T, vertex can be
extracted from Ref. [9], as described earlier. However, at
three loops there are diagrams with four internal lines
which give the contribution leading in Q. These are
depicted in Fig. 2. We emphasize that vertices are always
denoted by a small circle; a crossing of two propagators
without such a circle, as seen in Figs. 2(d)-2(g), is not a
vertex. Three-loop diagrams with four internal lines of
course did not form part of the f-function computation and
therefore no diagrams of this structure were evaluated in
Ref. [9]. We have therefore been obliged to compute their
divergences ab initio. The procedure was largely straight-
forward. Since they are all only logarithmically divergent,
we may use “infrared rearrangement” which entails judi-
ciously setting external momenta to zero, leaving only one
incoming and one outgoing momentum. This should if
possible be done in such a way as to avoid introducing
spurious infrared divergences. Ultraviolet subdivergences
are subtracted using the R procedure. In the case of
Fig. 2(b) it was not possible to avoid spurious infrared
divergences, and we augmented the process with the R*
procedure of using a modified infrared convergent propa-
gator. All these methods are comprehensively described in
Ref. [29] and also summarized in (for instance) Ref. [33].
We have denoted the simple pole coefficients correspond-
ing to the diagrams in Figs. 2(a)-2(g) by d,_, in order to
avoid confusion with the coefficients extracted from
Ref. [9]. These new coefficients are given by

1
dd:de:_7

1 1

The final result for the three-loop contribution to the anomalous dimension of T’y in terms of simple pole coefficients is

1 1 1 1
Ag = 0(Q-1(Q-2)(Q~3) Kd +3dy+3dc+ dd)gﬁ 5 (e +d))gh+ g dygt

+

W N —

O(cpap +---+cpay),

00~ 1)(Q~D(ca” ++ + eyal) +30(0 ~ (el + -+ c,af?)

(A8)

2)

where the combinations of g and / for diagrams with two internal lines emerging from the 7', vertex are denoted as a,” etc.

and given by
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al) =3¢0 +4g°h + g*K,
) = 2(N +3)g° + 8g°h + 24* W + 28° R,
al) =3¢0 +4g°h + g*R,

1 1
a;) = (§N+2>g6+2gsh+§g4h2,

a§2) =(N+4)g® +2¢°h + g*h> + ¢*h’,

1 1
a;) = (EN + 2) 9 +20°h +3 90,

) = (N+4)g° + (N +2)gh + g*h* + g,

1 1
af”) =3 (N +4)6° + Ng*h + 5 g'h* + g1,

al) =2(N+1)g° +%(N +2)g*h? + %th“,
a$l2) _ (ENZ + 2>gé —|—1Ng4h2 +192h4’
4 2 4
a? = (N + 1) + g*R2,
ay) = (N +4)g° + g1,
al?) = 3¢5 + 2%,
a® =245 +24°h,
a?) = 3¢° + 2g'12,
a§2) =240 + ¢*h?,

al?) =54 + 4 h + g*h?, (A9)

and for those with three internal lines emerging from the 7'

(3)

vertex are denoted as a,’ etc and given by

al’ =2¢°+ b,
al?) =240 +26°h,

1
a;) =N + ',

2
a§3)—2gé,
a_5-3)—0,
1
3
a;):gﬁ’
aly) =0,
a(3):O,
a£)3):03
(3 _ 1 1 5 1 37,3
=|-N+=|¢Ch+-q¢h",
ap <4 "’2)9 +49
1 1
a(qS) = Egsh +§94h2,
@ _1oe 15 155
r :_N = h - h )
a 6 g +29 +69
e _1s,
aS 295 )
ay) = gh,

a)) = Fh+ g*h?. (A10)
As explained in the main text, upon inserting the values of
the simple pole coefficients from Egs. (A1), (A4), and (A7),
the expressions Egs. (A6) and (A8) lead to Egs. (3.6) and
(3.7) respectively.

[1] K. G. Chetyrkin, A. L. Kataev, and F. V. Tkachov, Five loop
calculations in the g¢* model and the critical index 7,
Phys. Lett. 99B, 147 (1981); Erratum, Phys. Lett. 101B, 457
(1981).

[2] S. G. Gorishnii, S. A. Larin, F. V. Tkachov, and K. G. Chetyrkin,
Five loop renormalization group calculations in the g¢* in four-
dimensions theory, Phys. Lett. 132B, 351 (1983).

[3] H. Kleinert, J. Neu, V. Schulte-Frohlinde, K. G. Chetyrkin,
and S. A. Larin, Five loop renormalization group functions
of O(n) symmetric ¢* theory and e expansions of critical
exponents up to €, Phys. Lett. B 272, 39 (1991); Erratum,
Phys. Lett. B 319, 545 (1993).

[4] D. V. Batkovich, K. G. Chetyrkin, and M. V. Kompaniets,
Six loop analytical calculation of the field anomalous
dimension and the critical exponent # in O(n)-symmetric
@* model, Nucl. Phys. B906, 147 (2016).

[5] M. Kompaniets and E. Panzer, Renormalization group
functions of ¢* theory in the MS-scheme to six loops,
Proc. Sci., LL2016 (2016) 038 [arXiv:1606.09210].

[6] M. V. Kompaniets and E. Panzer, Minimally subtracted six
loop renormalization of O(n)-symmetric ¢* theory and
critical exponents, Phys. Rev. D 96, 036016 (2017).

[7] O. Schnetz, Numbers and functions in quantum field theory,
Phys. Rev. D 97, 085018 (2018).

045021-8


https://doi.org/10.1016/0370-2693(81)90968-0
https://doi.org/10.1016/0370-2693(91)91009-K
https://doi.org/10.1016/0370-2693(93)91768-I
https://doi.org/10.1016/j.nuclphysb.2016.03.009
https://arXiv.org/abs/1606.09210
https://doi.org/10.1103/PhysRevD.96.036016
https://doi.org/10.1103/PhysRevD.97.085018

SCALING DIMENSIONS AT LARGE CHARGE FOR CUBIC ...

PHYS. REV. D 105, 045021 (2022)

[8] L. Fei, S. Giombi, and L. R. Klebanov, Critical O(N) models
in 6 — ¢ dimensions, Phys. Rev. D 90, 025018 (2014).

[9] L. Fei, S. Giombi, I.R. Klebanov, and G. Tarnopolsky,
Three loop analysis of the critical O(N) models in 6-¢
dimensions, Phys. Rev. D 91, 045011 (2015).

[10] J. A. Gracey, Four loop renormalization of ¢* theory in six
dimensions, Phys. Rev. D 92, 025012 (2015).

[11] M. Kompaniets and A. Pikelner, Critical exponents from
five-loop scalar theory renormalization near six-dimensions,
Phys. Lett. B 817, 136331 (2021).

[12] M. Borinsky, J. A. Gracey, M. V. Kompaniets, and O.
Schnetz, Five-loop renormalization of ¢?* theory with
applications to the Lee-Yang edge singularity and percola-
tion theory, Phys. Rev. D 103, 116024 (2021).

[13] D.T. Son, Semiclassical approach for multiparticle produc-
tion in scalar theories, Nucl. Phys. B477, 378 (1996).

[14] S. Hellerman, D. Orlando, S. Reffert, and M. Watanabe, On
the CFT operator spectrum at large global charge, J. High
Energy Phys. 12 (2015) 071.

[15] L. Alvarez-Gaume, O. Loukas, D. Orlando, and S. Reffert,
Compensating strong coupling with large charge, J. High
Energy Phys. 04 (2017) 059.

[16] L. Alvarez-Gaume, D. Orlando, and S. Reffert, Large charge
at large N, J. High Energy Phys. 12 (2019) 142.

[17] G. Arias-Tamargo, D. Rodriguez-Gomez, and J. G. Russo,
The large charge limit of scalar field theories and the
Wilson-Fisher fixed point at ¢ = 0, J. High Energy Phys.
10 (2019) 201.

[18] G. Badel, G. Cuomo, A. Monin, and R. Rattazzi, The
epsilon expansion meets semiclassics, J. High Energy Phys.
11 (2019) 110.

[19] O. Antipin, J. Bersini, F. Sannino, Z. Wang, and C. Zhang,
Charging the O(N) model, Phys. Rev. D 102, 045011 (2020).

[20] O. Antipin, J. Bersini, F. Sannino, Z. Wang, and C. Zhang,
Charging non-Abelian Higgs theories, Phys. Rev. D 102,
125033 (2020).

[21] O. Antipin, J. Bersini, F. Sannino, Z. W. Wang, and C. Zhang,
Untangling scaling dimensions of fixed charge operators in
Higgs theories, Phys. Rev. D 103, 125024 (2021).

[22] L. Alvarez-Gaume, D. Orlando, and S. Reffert, Selected
topics in the large quantum number expansion, Phys. Rep.
933, 1 (2021).

[23] G. Badel, G. Cuomo, A. Monin, and R. Rattazzi, Feynman
diagrams and the large charge expansion in 3 — ¢ dimen-
sions, Phys. Lett. B 802, 135202 (2020).

[24] G. Arias-Tamargo, D. Rodriguez-Gomez, and J. G. Russo,
On the UV completion of the O(N) model in 6 —¢
dimensions: A stable large-charge sector, J. High Energy
Phys. 09 (2020) 064.

[25] S. Giombi and J. Hyman, On the large charge sector in the
critical O(N) model at large N, J. High Energy Phys. 09
(2021) 184.

[26] O. Antipin, J. Bersini, F. Sannino, Z. W. Wang, and C.
Zhang, More on the cubic versus quartic interaction equiv-
alence in the O(N) model, Phys. Rev. D 104, 085002
(2021).

[27] A.N. Vasiliev and A. S. Stepanenko, A method of calculat-
ing the critical dimensions of composite operators in the
massless nonlinear sigma model, Theor. Math. Phys. 95,
471 (1993).

[28] S.E. Derkachov and A.N. Manashov, The simple scheme
for the calculation of the anomalous dimensions of
composite operators in the 1/N expansion, Nucl. Phys.
B522, 301 (1998).

[29] H. Kleinert and V. Schulte-Frohlinde, Critical Properties of
¢*-Theories (World Scientific, Singapore, 2001).

[30] A.N. Vasiliev, Y. M. Pismak, and Y. R. Khonkonen, Simple
method of calculating the critical indices in the 1/N
expansion, Theor. Math. Phys. 46, 104 (1981).

[317 A.N. Vasiliev, Y. M. Pismak, and Y.R. Khonkonen, 1/N
expansion: Calculation of the exponents # and v in the order
1/N? for arbitrary number of dimensions, Theor. Math.
Phys. 47, 465 (1981).

[32] A.N. Vasiliev, Y. M. Pismak, and Y.R. Khonkonen, 1/N
expansion: Calculation of the exponent  in the order 1/N3
by the conformal bootstrap method, Theor. Math. Phys. 50,
127 (1982).

[33] L Jack and D. R. T. Jones, Anomalous dimensions for ¢" in
scale invariant d = 3 theory, Phys. Rev. D 102, 085012
(2020).

045021-9


https://doi.org/10.1103/PhysRevD.90.025018
https://doi.org/10.1103/PhysRevD.91.045011
https://doi.org/10.1103/PhysRevD.92.025012
https://doi.org/10.1016/j.physletb.2021.136331
https://doi.org/10.1103/PhysRevD.103.116024
https://doi.org/10.1016/0550-3213(96)00386-0
https://doi.org/10.1007/JHEP04(2017)059
https://doi.org/10.1007/JHEP04(2017)059
https://doi.org/10.1007/JHEP12(2019)142
https://doi.org/10.1007/JHEP10(2019)201
https://doi.org/10.1007/JHEP10(2019)201
https://doi.org/10.1007/JHEP11(2019)110
https://doi.org/10.1007/JHEP11(2019)110
https://doi.org/10.1103/PhysRevD.102.045011
https://doi.org/10.1103/PhysRevD.102.125033
https://doi.org/10.1103/PhysRevD.102.125033
https://doi.org/10.1103/PhysRevD.103.125024
https://doi.org/10.1016/j.physrep.2021.08.001
https://doi.org/10.1016/j.physrep.2021.08.001
https://doi.org/10.1016/j.physletb.2020.135202
https://doi.org/10.1007/JHEP09(2020)064
https://doi.org/10.1007/JHEP09(2020)064
https://doi.org/10.1007/JHEP09(2021)184
https://doi.org/10.1007/JHEP09(2021)184
https://doi.org/10.1103/PhysRevD.104.085002
https://doi.org/10.1103/PhysRevD.104.085002
https://doi.org/10.1007/BF01015903
https://doi.org/10.1007/BF01015903
https://doi.org/10.1016/S0550-3213(98)00103-5
https://doi.org/10.1016/S0550-3213(98)00103-5
https://doi.org/10.1007/BF01030844
https://doi.org/10.1007/BF01019296
https://doi.org/10.1007/BF01019296
https://doi.org/10.1007/BF01015292
https://doi.org/10.1007/BF01015292
https://doi.org/10.1103/PhysRevD.102.085012
https://doi.org/10.1103/PhysRevD.102.085012

