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We study quantum dissipative effects due to the nonrelativistic, bounded, accelerated motion of a single
neutral atom in the presence of a planar perfect mirror, i.e., a perfect conductor at all frequencies. We
consider a simplified model whereby a moving “scalar atom” is coupled to a quantum real scalar field,
subjected to either Dirichlet or Neumann boundary conditions on the plane. We use an expansion in powers
of the departure of the atom with respect to a static average position to compute the vacuum persistence
amplitude and the resulting vacuum decay probability. We evaluate transition amplitudes corresponding to
the excitation of the atom plus the emission of a particle, and show explicitly that the vacuum decay
probabilities match the results obtained by integrating the transition amplitudes over the directions of the
emitted particle. We also compute the spontaneous emission rate of an oscillating atom that is initially in an

excited state.
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I. INTRODUCTION

Quantum vacuum fluctuations are at the origin of many
interesting phenomena. A prominent place among them
corresponds to the forces arising between static neutral
objects, originated in the fluctuations of the electromagnetic
(EM) field. These Casimir forces [1] have been measured
with precision in the last decades, and there have also been
theoretical advances on finding their dependence on the
geometry and composition of the bodies.

Vacuum fluctuations also affect the decay probability of
single atoms, via spontaneous emission. In the proximity of
metallic plates or when the atom is in a cavity, those decay
probabilities may change because of the influence of the
boundary conditions on the properties of those fluctuations.
This kind of effect has been investigated in the context of
cavity electrodynamics [2].

Qualitatively different effects appear when the system is
subjected to time dependent external conditions; for exam-
ple, photon creation when macroscopic media are accel-
erated or when, being static, a time dependence of their
electromagnetic properties is induced. Moreover (under
some conditions) even for a medium that moves at a
constant velocity with respect to a static one, a frictional
force, termed “quantum friction,” may arise. These
phenomena, broadly named dynamical Casimir effect [3],
do also manifest themselves at a microscopic level.
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For example, the oscillatory motion of the center of mass
of an atom, which is initially in its ground state, can lead to
different excited states of the atom-field system: one of
them corresponds to a final state where the atom itself has
been excited, and a photon has been emitted. Alternatively,
the final state may contain a pair of photons, with the atom
still in its ground state. The latter is the microscopic
counterpart of the photon-creation process due to a moving
mirror [4]. A different mechanism, not involving motion,
arises when external driving fields produce a time depend-
ence in the energy levels [5].

Another interesting line of research, closely related to the
present paper, focuses on single atoms near a mitror, and in
relative motion to it. For example, for a two level atom in its
excited state, an oscillating mirror induces modifications in
the decay probability and in the spectrum of the emitted
photons [6,7]. Oscillating atoms near a perfect mirror have
been considered in a number of situations, most of them
using simplifying assumptions, either about the direction of
the emitted photons [8,9] or considering a scalar rather than
the EM field [10]. For uniform acceleration, the relation
between the excitation probability for a moving atom has
been compared with that of a moving mirror in discussions
of the equivalence principle [9]. Imperfect mirrors have
also been considered, in particular, in our previous work
[11] on quantum dissipative effects for an atom moving
nonrelativistically in the presence of a graphene sheet. The
calculations were performed perturbatively in the coupling
constants that define the imperfect media, estimating the
dissipative phenomena, in this context, via the imaginary
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part of the in-out effective action. This is a “global”
observable, namely, it accounts for the total probability
of vacuum decay.

In this paper, and for a similar kind of system, we present
a twofold approach to study quantum dissipation and then
check their consistency: we first evaluate the imaginary part
of the effective action, and then present a more refined
study, by evaluating the probability of photon emission
as a function of the direction of the emitted photons. The
consistency of both approaches is checked by integrating
out that emission probability over all the possible angles,
and comparing with the probability of vacuum decay. We
also consider the case of a moving atom that is initially
in an excited state, and analyze the dependence of the
probability of spontaneous emission on the acceleration of
the atom and its distance to the mirror. We have done all
calculations for a model where a real scalar field couples to
a scalar model for an atom, which moves in the presence of
a “perfect” mirror; namely, one which imposes either
Dirichlet or Neumann boundary conditions.

This paper is organized as follows: in Sec. II, we
introduce the model and evaluate the imaginary part of
its effective action, both for Dirichlet and Neumann
boundary conditions, to the second order in the amplitude
of motion of the atom. In Sec. III, we evaluate the transition
probabilities. We find the total decay probability and also
show its consistency with the finer description of the
elementary processes of photon emission and atom exci-
tation. We also discuss the decay or spontaneous emission
process in terms of its corresponding probability. Finally, in
Sec. IV, we summarize our main conclusions.

II. THE EFFECTIVE ACTION

It has become common usage in research related to both
the static and dynamic Casimir effects to begin the analysis
of the phenomenon being studied in a simplified setting,
with a real scalar field playing the role of the full EM field.
In some cases, one can even show that transverse electric
and transverse magnetic modes can be described by scalar
fields satisfying either Dirichlet and Neumann boundary
conditions, and that the EM field results may be obtained as
the superposition of those two scalar field theories.

In our model, an atom will be coupled to a quantum
real scalar field, and we will assume “perfect” boundary
conditions for the scalar field on the flat boundary, i.e.,
Dirichlet or Neumann. The free action for the massless
scalar field shall be given by

Sul#) =5 [ @0 pwe. (1)

and boundary conditions will be assumed to be imple-
mented at the level of the functional integral over gauge
field fluctuations. In our conventions, indices from the
middle of the Roman alphabet (i, j...) are assumed to run

from 1 to 3, while those of the middle of the Greek alphabet
(u, v, ...) run from O to 3, with x% = ct. In our conventions,
¢ = 1. The metric tensor is, on the other hand, assumed to
be (g,,) = diag(1, -1, -1, —1). Einstein convention on the
sum over repeated indices is also understood, unless
explicitly stated otherwise.

The classical action for the atom is, on the other hand,
assumed to be

So=1 [ @ -2q) + g [ dapter). (@)

where ¢(7) plays the role of the electron’s degree of
freedom, r(s) of the atom’s center of mass, m is the
electron’s mass, and g is the coupling constant between
the electron and the vacuum field. We will assume that the
motion of the center of mass is bounded and we will denote
by r, the (time) averaged position.

Following a similar approach to the one of our previous
work [11], we first integrate out the internal degree of
freedom ¢(¢), what produces an “intermediate” effective
action Sg¢(¢; 1), given by the following expression:

Set (1) = Sec(@) + S (¢5), (3)

with
S (pir) = —%/dt/dt’A(t

fdv —iv(t—t")

~ i

A e

)1, (1)) (¢, x (1)),

where A(t—1') A(v), and

(5)

Then, the complete effective action of the system,
functional of the center of mass coordinates, I'[r(7)], is
obtained by including the real scalar field fluctuations in the
presence of the appropriate boundary conditions. Namely,

et _ J (D) (6)
I[D¢] eiSerr(¢ro) *
The subindex “m” for the brackets in the field integration

measure has been included to signal that the integral is over
those field configurations that are compatible with the
boundary conditions imposed by the mirrors. In our case,
and as already advanced, those conditions will be either
Dirichlet or Neumann on the plane x> = 0. We shall not
need to actually perform the full integrals above when we

evaluate I'[r(¢)] to the first order in SE‘J). Indeed, to that
order, we just need the correlator of two fields in the
presence of the mirror, which is just the field propagator in
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the presence of Dirichlet or Neumann conditions on a
plane. More explicitly, and denoting the contribution of first

order in S\ by T@[r(1)], we see that

[(am _le /dt/tht—t

< (p(r.x(O)p(d x ()™, (7)

where the symbol (...)") denotes the functional averaging

/[Dg),,...e <
N o

(L)) =
A. Dirichlet mirror

For a Dirichlet mirror, we can simply use the images
method to write

<¢<x>¢(y)>m = G()(XO — yo,xl — yl,x2 _ y2’x3 _ y3)
©)
where G is the free scalar-field propagator
Go(x® =30 x!l =yl x? =325 = y?)
d*k . i
= —ik-(x=y) ) 10
/<zn>4e 2t (10)

Introducing the explicit form of the Dirichlet propagator
above into (7), and using an entirely analogous approach to
the one of [10] we obtain, after some algebra,

(D | = & /d3l’l
P 8Qm ) (27) p

X [f(=py.—p*. =(p + Q) f(p). P>. P + Q)
—f=py. P’ =(p + Q) f(p). P, p + Q)]
(11)
where p = (p. p*). p = |p|. and
flp,v) = /+°o dte=®r(0) it (12)

We obtain more explicit expressions by expanding in
powers of the departure of the atom from an equilibrium
position r(, which in our choice of coordinates will be of
the form ry = (0,0,a), a > 0.

To the second order in the departure, which we denote
y(#), and using tildes to denote time Fourier transforms,
we find

g, =5 [ TR @mie). (1)
"2 | 2m P
Because of the presence of the plate, spatial isotropy is lost

and m{J(v) and not proportional to 5. Rather, as a 3 x 3
matrix, it has the form

[y =| 0  m@) 0 |. (14
0 0 m(v)

where the parallel component is

3
9(1/|—Q)/(621 £ ‘;Lu—cos(zp%)]

-p-Q), (15)

m(v) =55
x &(|v]
and results in

2
g 3
—Q)(|v| - Q)

N {% n cos(2(|v| —@)a) sin(2(|y| - Q)a)}
30 2l -Qal 4yl -Q)a® |

m” (IJ) =

(16)

The perpendicular component, on the other hand, is
given by

T 3 3)\2
m0) = 2200 -0) [ SL L 14 cosapa)

x5(|v| - p - Q) (17)

or

g 3
ol - )] - @)
8 {1 n cos(2(|v| = Q)a) sin(2(|v| — Q)a)
30 2l -@)al  4[(v] - Q)a]

sin(2(|y| — Q)a)
RS } (18)

my (v) =

It can be seen that both functions, m | and m, approach a
common limit m far from the plate, i.e., when |v|a — oo:

g

Lol - Q) -7 (19)

my(v) =

As expected, this is the result corresponding to an oscillat-
ing atom in free space [10]. In Fig. 1 we plot the ratios
m /my and my/mq as functions of a(|v| —Q), where the
above mentioned limit can be seen explicitly. On the
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FIG. 1. Ratios m; = my/mg and m, = m  /my as a function of

the dimensionless x = a(|v]
ditions on the mirror.

— Q) for Dirichlet boundary con-

contrary, in the opposite regime, i.e., close to the plate,
those functions approach rather different limits. Indeed,
m | is enhanced by a factor which approaches 2, that is
m (v) = 2m(v), while m tends to zero in that limit. These

results have a simple interpretation in terms of the images
of the oscillating atom in each case.

B. Neumann mirror

For a Neumann mirror, one has instead the propagator:

<¢<x)¢(y)>m - y2’ )C3 - y3)
+ Go(x® =)0 x! =yl x2 —y2 33 4 y3).

(20)

= Go(xo - yo,xl - yl,xz

Proceeding in an entirely analogous way as for the
Dirichlet case,

iy, =5 [ Ty enie). @)

where now the parallel component is

2
m(v) =55

x &6(|v|

3 2
o] - Q) / (‘217’;3‘;—])[1 + cos(2p*a)]

-p-Q), (22)
and results in

g 3
= L 00~ @) (1] - @
8 {l _cos(2(|v| = Q)a) N sin(2(|v| — Q)a)}
3 4wl -Qal  8[(jv]-Q)al’ |
(23)

The perpendicular component, on the other hand, is
given by

2.0t

1.5}
m2

1.0l /\\//\\//\\// ™

0.5¢

0.0+

X

FIG.2. Ratios m; = m/mgand m, = m, /m as a function of
the dimensionless x = a(|v| — Q) for Neumann boundary con-
dition on the mirror.

. &p (pP)?
) = g0l -9) [ SN - cost2pta)
x6(lv| - p - ). (24)
or
2
my (v) = =0l - Q)(v] - Q)°

4rmQ
" {1 cos(2(Jv| — Q)a)

3 2(|vl-Q)a)?
sin(2(|v| = Q)a) _sin(2(|v| — Q)a)
i 4[(Jv| - Q)al? 2[(jv] — Q)d] } (25)

Far from the mirror, the results for Neumann boundary
conditions also coincide with the free space case. Note,
however, that the behaviors of m and m; close to the
mirror are reversed, when compared with their Dirichlet
counterparts. These results are illustrated in Fig. 2.

III. TRANSITION AMPLITUDES

The existence of a threshold at |v| = Q, above which
there is a continuum in frequency with a nonvanishing
probability of vacuum decay, suggests that the processes
involved correspond to an excitation of the electron in the
atom (hence the threshold €), plus the emission of a
massless scalar field particle (the continuum above the
threshold). Besides, we know that the imaginary part of
the effective action is related to the squared modulus of the
transition amplitude for the creation of real particles, when
the threshold is reached. To that end, and having in mind
the calculation of the imaginary part of the effective action
to the same order we have used, we consider the transition
matrix 7, related to the S matrix by S = I + i7, (I: identity
operator), to the lowest nontrivial order in the coupling
constant g.
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We use standard perturbation theory in the interaction
representation, taking as free Hamiltonian the one corre-
sponding to the free atom plus the free scalar field
(including its boundary conditions). Therefore,

S=Texp {ig/ diq(t)olt, r(t)]}, (26)

with T the chronological ordering operator.
The matrix elements of the 7 matrix between the initial
and final states, to the first order in g, are then of the form:

rﬁsg/mumm¢mmmw. 27)

The operators above evolve independently, according to
their respective free Hamiltonians, thus, for the electron
degree of freedom:

1

5 (ae™™¥ + gt e™¥), (28)

where a and a' denote the standard destruction and creation
operators for the harmonic oscillator. The scalar field, on
the other hand, will have different expansions depending on
whether the mirror imposes Dirichlet or Neumann boun-
dary conditions. We consider these two alternatives below.

A. Dirichlet plane

In this case, which we consider first, using the notations
z=x?, x| = (x', x?) (and analogously for the components

of k), we shall have

¢m-/fklﬂmmmnm+w®ﬁML@%
where

1

Tamang i sin(ka). (30
T

fu(x) =

o(k) = |k| and the only nonvanishing commutator bet-
ween the operators appearing in the decomposition
is [a(k),a(kK')] = 5(k — K).

The initial state will be of the form |i) = |0) ® |0),
where the first factor refers to the electron and the second
one to the field. For this kind of initial state, the only
nonvanishing contribution to 7'y; will be of the form

) =11 ®lk). [1)=a'|0), Ik>E%aT(k)l0>- (31)

The factor ﬁ is included in order to normalize the state |k),

what is needed in order to obtain probabilities from T<-1i>. If

the system is put in a cubic box of length L, N' = #

We find

g +o00 . e
T, = 7/ dreit@+o(k) p=ik (1)
! VmQo(k)L? /-

x sin[k,r,(1)]. (32)

For parallel motion: r.(¢) = a, and to the lowest non-
trivial order in the departure y) (1) = ry(?),

g

o —i——
I /mQlk|L

Thus, the probability for the process, with the final particle
in an infinitesimal volume in momentum space, dPy;, is

sin(k.a)k - §(Q+ [K[).  (33)

obtained by multiplying d3k|T}ll.) | by the density of final
states: %% Note the factor of J with respect to the free

space case, due to the fact that states with the third
component of the momentum reversed are now identical.
Then

&k
dPji = ————
I (27)3 2mQk

x 5(=(Q+ k)3 (Q+ k), (34)

sin?(k,a)k*k"

where a, b =1, 2. It is convenient to introduce spherical
coordinates centered at the mean position of the atom, such
that § is along the x' axis. With this choice, the spatial
dependence of the probability is explicitly given by

dPs; = k3sin*@sin?(kacos0)cos’g

2(27)>mQ

2
_ 9 D < 213
_72(27[)3’”919“ (ka,0,9)|§(Q+k)|*k’ sinOdkdOd g,

(35)

where pﬁ is proportional to the probability per unit solid

angle. In Fig. 3 we plot this function for different values
of the product ka. We see that for ka < O(1) the angular
dependence corresponds to quadrupole radiation, as
expected from the images method; indeed, in this regime
the retardation between a wave emitted by the atom and the
one due to its image can be ignored, and therefore the
parallel oscillating dipole behaves as a quadrupole when
combined with its image companion.

For intermediate values of ka, retardation cannot be
ignored, and the angular dependence shows a complex
structure of peaks, while at very large values sin?(ka cos 6)
averages to 1/2, the radiation becomes dipolar and coin-
cides with that of an atom oscillating in free space.
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FIG.3. We plot here pﬁ from Eq. (36) as a function of spherical
angles 6 and ¢, for Dirichlet boundary condition and parallel
motion.

The total probability of this kind of process Pj; is
obtained by integrating out over all the possible momenta.
Rather than integrating over the variables above, it is more
convenient to proceed as follows:

2
— 3 i O _ g )
= /d k/_oo dvs(|v] — Q k)2 . sin (k.a)

x kokb5 ()5 (~0). (36)

Interchanging the order of the integrals, the one over k may
then be performed exactly. This produces an expression of
the form

P=; [ Sm @B (37

pi(¥) = s 01| = @) (] - )

o 2 cos(2(ly| - Q)a) sin(2(|v| - Q)a)
{3+ 2ol -af A - Q)] }

(38)

Note that this is in agreement with our results for the
imaginary part, since P is twice the imaginary part of the
effective action.

For motion perpendicular to the plane,

g -
T, ~ cos(k,a)k Q+ kl), 39
2 eoslkalk @+ K. (39)
and
&Pk ¢
P, =—— 2 215, (Q 2, 4
d fi (27[)3 2kaCOS (kza)kz|yl( +k)| ( 0)

In this case there is of course axial symmetry with respect to
the direction of motion; therefore we may integrate the
probability along ¢ angle

g
2(27)*mQ

X [5.(Q + k)[2dkdo

2
_ g - .
= Wplj(ka, 9) |yJ_ (Q + k)|2k3 Sin 9dkd9

dPs; = k3 sin Ocos?fcos? (ka cos 6)

(41)

In Fig. 4 and we plot the function p?(ka,®) for different
values of ka. We can see that the radiation has a dipolar
pattern both at small and very large distances: at very small
distances the image dipole reinforces (without retardation
and therefore no interference) the effect of the vertical
oscillating dipole associated to the moving atom, while at
large distances we recover the result for the oscillating atom
in free space.

Again, the total probability becomes identical to twice
the imaginary part of the effective action (evaluated to the
second order in g).

In the same way, we shall study the spontaneous
decay process in which the initial state is now given by
liy = [1) ® |0) (i.e., the atom in the excited state and
the field in vacuum) and the final state is given by
If) =|0) ® [1). It is straightforward to check that in this
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FIG. 4. We plot here p? from Eq. (42) as a function of spherical
angles € and ¢, for Dirichlet boundary condition and perpendicular
motion.

case there is no threshold at |v| = Q and the result is given
for the matrix element 7'f; in the parallel motion is

g +o0 e e
I mQa(K)L -

x sin[k,r,(1)], (42)

for r,(t) = a, and to the lowest nontrivial order in the
departure y| (t) = r) (1),

T/ =~ sin|k,a][276(Q — w(k
e sinlal 2a5(@ - 0(0)

— ik - ¥ (—=Q + [Kk])], (43)

where, unlike the excitation case examined previously,
there is a first term independent of the amplitude of the
oscillation ¥ that corresponds to the spontaneous decay for
a static atom in front of a mirror. The probability for the
decay process is now given by

Pk ¢
P, =———7 gin? 472TS5(Q — |k
d fl (2”)3 2ka51n (kza)[ 4 5( | |>

+ kU (—(-Q + [K])F (-Q + [K[)].  (44)

For the motion perpendicular to the plane we have

9 .
T ¢~ ———=270(Q — |k|) sin(k.a
1 =S 2n0(@ — [k sin(ka)
+ k51 (-Q + [k]) cos(k.a)] (45)

and

&’k
P/=——— 4r’T5(Q — |k|) sin’(k

5= Camy T = K] sin (.0

+ R[5 (=@ + [K])|? cos? (k.a)). (46)

assuming that y, (0) = 0.

It is worth to remark that in both situations (parallel
or perpendicular motions), if the atom’s center of mass
oscillates harmonically with a frequency Q., < Q, the
spectrum of the emitted photons will have three different
frequencies w = Q,Q+ Q... A similar phenomenon
occurs for an atom in front of an oscillating mirror [6,7],
in the adiabatic approximation. Only two frequencies
would be present in the spectrum when Q, > Q.

B. Neumann plane

We now have a different expansion for the field:

b(x) = / &K /0 ® dk Ja(k)g (x) + @' (K)gi (2)]. (47)

where

1

Ik (x) = 7@

Since the interaction term is exactly the same as for the
Dirichlet case, it is immediate to find the probabilities in
this case. For parallel motion:

eIkl kX cog (k, 7). (48)

92

2(27)’mQ
X [§(Q + k) [2dk dO dgp

2
_ Y N < 213
= ka, 0, Q-+ k)|“k

x sin 0 dk dO dg, (49)

dPy; = k3sin®@ cos? (ka cos 0)cos> g

while perpendicular departures are endowed with the
probabilities
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FIG.5. We plot here pﬂ’ from Eq. (49) as a function of spherical
angles 0 and ¢, for Neumann boundary condition and parallel
motion.

g
2(27)*mQ
X |5.(Q+ k)[*dk db

dPg; = k3 sin @ cos?8 sin? (ka cos )

fa 3 .
= Wm(ka, 0)|5.(Q + k)[*&* sin 6 dk do.

(50)

In Figs. 5 and 6 we plot the function pﬁ’ and pY,

respectively. Although less evident than in the Dirichlet
case, p) shows a quadrupole pattern at small distances,
being proportional to cos*(#).

Yet again, the total probabilities are consistent with the
results obtained in the effective action approach.

For completeness we will study in this section the case of
the spontaneous decay process with Neumann boundary

FIG. 6. We plot here p? from Eq. (51) as a function of spherical
angles 6 and ¢, for Neumann boundary condition and perpendicular
motion.

conditions on the perfect mirror. In the case of parallel to
the plane oscillatory motion of the atom, the probability
density for such process is obtained

ip, =K T ok aarTa -k
N 2n) am@Qk - R

+ kkP5(—(—Q + k))¥P (—Q + k). (51)

For the perpendicular motion we get

Pk F
del = Wm [47T2T6(Q - k) COSZ(kzd)
+ k2|5 (=Q + k) |? sin?(k,a)]. (52)

The spectrum of the emitted particles is similar to that of the
Dirichlet plane. Note, however, that the dependence with
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the mean distance to the mirror is different, as well as the
relative weight between the static and nonstatic contribu-
tions for the case of perpendicular motion.

IV. CONCLUSIONS

In this paper we have studied the phenomena of
excitation and spontaneous emission of a moving atom
in front of a perfect mirror, in a model where the atom is
coupled to a quantum real scalar field, and the perfect
conductor boundary conditions have been mimicked by
Dirichlet and Neumann boundary conditions.

Assuming that the atom performs small amplitude
motions, we computed the vacuum decay probability to
the second order in the coupling constant between the
electron and the field. This probability is determined by the
imaginary part of the effective action, which is a functional
of the trajectory of the atom’s center of mass. When the
atom is close enough to the mirror, the results for Dirichlet
and Neumann boundary conditions admit simple interpre-
tations in terms of the images method.

The physical process behind vacuum decay is, up to this
order, the transition of the atom from the ground state to the
first excited state, along with the emission of a photon.
Thus, there is a threshold for the process dictated by energy
conservation which is Q.,, > Q. We have also computed
the probability for the decay process as a function of the
direction of the emitted particle, and checked that the
integration over all directions reproduce the vacuum
decay probability. The angular dependence of the proba-
bility can also be understood in terms of the images

method. In particular, for Dirichlet boundary conditions,
the radiation emitted by an atom in parallel motion
becomes quadrupolar when the atom is close to the mirror.
For Neumann boundary conditions this happens for
perpendicular motion.

Finally, we analyzed the spontaneous decay of an
oscillating atom in front of a mirror. Both the presence
of the mirror and the oscillation of the atom induce
corrections to the spontaneous emission in free space.
The presence of the mirror modifies the angular depend-
ence of the probability, that turns out to be a function of the
atom-mirror distance, but not the energy of the emitted
photons. When the atom oscillates, the spectrum of the
emitted particles is modified by the appearance of two
lateral peaks, symmetric with respect to the central peak
that corresponds to the static atom. These results are similar
to those for a static atom in front of an oscillating mirror,
and opens new possibilities for the eventual experimental
observation of the effect. The extension of our results to the
more realistic case of the electromagnetic field can be
addressed, in the dipole approximation, using similar
techniques. Work in this direction is in progress.
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