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Hartle-Hawking state in the real-time formalism
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We study self-interacting massive scalar field theory in static spacetimes with a bifurcate Killing horizon
and a wedge reflection. In this theory the Hartle-Hawking state is defined to have the N-point correlation
functions obtained by analytically continuing those in the Euclidean theory, whereas the double Kubo-
Martin-Schwinger (KMS) state is the pure state invariant under the Killing flow and the wedge reflection
which is regular on the bifurcate Killing horizon and reduces to the thermal state at the Hawking
temperature in each of the two static regions. We demonstrate in the Schwinger-Keldysh operator
formalism of perturbation theory the equivalence between the Hartle-Hawking state and the double KMS
state with the Hawking temperature, which was shown before by Jacobson in the path-integral framework.
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I. INTRODUCTION

In static spacetimes with a bifurcate Killing horizon and a
wedge reflection, the natural state for quantum fields in the
static region is a thermal equilibrium state at the Hawking
temperature. Important examples of these spacetimes are
Schwarzschild (i.e., eternal black hole), de Sitter, and
Minkowski spacetimes. This state was first described by
Hartle and Hawking [1] by computing the Feynman propa-
gator of a free scalar field in the Euclidean section of
Schwarzschild spacetime, and then analytically continuing
the result to the black-hole exterior region. The thermal
property of the Hartle-Hawking (HH) state follows from the
assumption that in the Euclidean section the imaginary
Killing time is periodic. The periodicity corresponding to
the Hawking temperature prevents the appearance of a
conical singularity on the Euclideanized bifurcate horizon.
In Minkowski spacetime, the HH state corresponds to the
Minkowski vacuum [2], and its thermal property with respect
to a boost Killing vector is directly related to the Unruh effect
[3]. The HH state in de Sitter spacetime is known as the
Euclidean (or Bunch-Davies) vacuum [4—-6], and its thermal
property with respect to a de Sitter boost is manifested in the
Gibbons-Hawking effect [7]. The HH state in this spacetime
was shown to be the same as the vacuum state in the Poincaré
patch [8,9] for interacting scalar field theories, and its
infrared behavior was investigated in Refs. [10-13].

In the free-field case, Kay [14] proved that this state
exists on a certain algebra of observables localized on the
double-wedged region of the Kruskal-Szekeres extension
[15,16] of Schwarzschild spacetime. As noted earlier by
Israel [17], when seen as a state on that region, the HH state
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is actually a pure state due to correlations between the two
wedges. Moreover, as shown by Kay and Wald [18], this
state can be extended across the horizon and defines a pure
state on the entire spacetime. More precisely, they proved
that the HH state, if it exists, is the unique state to be both
invariant under the action of the Killing field generating the
horizon and regular (i.e., to have the Hadamard form) on
and across the horizon.

For interacting fields, Gibbons and Perry [19] have
employed perturbation theory to extend the original argu-
ment of Hartle and Hawking, and pointed out that the
interacting Euclidean theory also defines a thermal field
theory on the black-hole exterior. Concrete realizations of
this claim were later provided via the path-integral for-
malism by Unruh and Weiss [20] in Minkowski spacetime
and by Barvinsky, Frolov and Zelnikov [21] in the case of a
black hole. Motivated by these discussions, and the
regularity results of Kay and Wald, Jacobson [22] proposed
that the HH state should define a good state even across the
bifurcate horizon, notwithstanding the Killing time coor-
dinate being not well defined there. He then showed that the
HH state is the double KMS state using the path-integral
formalism. Jacobson’s proposal has been proved to work in
a more rigorous framework by Sanders [23] in the case of
free fields only recently.

Perturbative analysis of the double KMS state leads
naturally to the Schwinger-Keldysh formalism [24,25],
often used in more general spacetimes [26]. In this paper
we demonstrate that the N-point correlation functions in the
double KMS state in static spacetime with a bifurcate
Killing horizon agrees with those in the HH state, i.e., that
they agree with those obtained by analytic continuation
from the Euclidean theory. We note that the double KMS
state in this spacetime has also been studied in axiomatic
field theory [27-29].

© 2022 American Physical Society
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The remainder of the paper is organized as follows.
In Sec. II we briefly discuss the geometry of the class of
spacetimes with a static bifurcate Killing horizon and a
wedge reflection considered in this paper. We also discuss
their complexification. We then discuss the properties of
double KMS states in general. In Sec. III we consider a
massive, self-interacting scalar field theory in these space-
times and show that the double (i.e., purified) KMS state at
the Hawking temperature with respect to the Killing vector
field generating the horizon is the HH state. We first review
the equivalence between the double KMS state and HH
state for the noninteracting case. Then, we demonstrate this
equivalence for the interacting scalar field with nonderiva-
tive self-interaction. To do so, we first explain how the
N-point correlation functions are obtained in the HH state
by analytic continuation of the Euclidean theory. Then we
show that the N-point correlation functions for the double
KMS state in the Schwinger-Keldysh operator formalism
are the same as those in the HH state. In Sec. IV we briefly
explain how the N-point functions are given perturbatively
in the HH state for Minkowski and de Sitter spacetimes.
We conclude in Sec. V with a summary and a discussion
of our results. We present some technical details in the
Appendixes. In Appendix A we discuss the free-theory
two-point function in the region in the future of the
bifurcate Killing horizon. In Appendix B we present some
details of the analytic continuation for the HH state. In
Appendix C we discuss the interaction picture with a time-
dependent Hamiltonian. Throughout this paper we employ
units such that kg =h =c =G =1 and adopt the sig-
nature — + + - - - + for the metric.

II. PRELIMINARIES

A. Static spacetime with a bifurcate Killing horizon

Let us recall that the Kruskal-Szekeres extension of
4-dimensional Schwarzschild spacetime has the following
metric (see, e.g., Ref. [30]):

32M?

Sch _ ? e~"1CM)[—(dT) (dT), + (dX),(dX),]

Gap =

+ rPw,,, (2.1)
where M is the black-hole mass and @, is the metric on the
unit 2-sphere, S?. The variable r is implicitly defined in
terms of X and T as

r—2M

er/(2M) — X2 _T712
2M

(2.2)

Note that the function of r on the left-hand side is
monotonically increasing, which makes r a well-defined
function of X% — T2. It is more common to use the variables
U=T-Xand V=T + X instead of T and X.

FIG. 1. Spacetime with a bifurcate Killing horizon.

Motivated by this metric, we consider in this paper the
n-dimensional, globally hyperbolic spacetime (M, g,;),
with the metric tensor

Yab = [(p*.0)[=(dT),(dT), + (dX),(dX),] + 545 (p*.6),
(2.3)

where p> = X*> — T? takes values in a real interval con-
taining an open neighborhood of 0 and f(p?, @) is a positive
function. We assume that the hypersurfaces with constant T
are Cauchy surfaces. [For Schwarzschild spacetime, we
have p? € (—1,00).] Here, @ represents all coordinate
variables other than 7 and X, and s, is a linear combi-
nation of (d@'),(d6"),.
The vector
& = «[X(0r)* + T(0x)"). (2.4)
with ¥ > 0, is a Killing vector because 7" and X appear in
the metric only through p> = X>—T? and because
&V ,p* = 0. The constant k is chosen suitably for each
spacetime.’ An orbit of & has @ and X2 — T2 constant. The
hypersurfaces X — 7 = 0 (denoted by 7%, in Fig. 1) and
X + T = 0 (denoted by 7%y in Fig. 1) are null hypersurfaces
with £ as the normal vector. (Recall that a vector normal to
a null hypersurface is also tangent to it.) Thus, these
hypersurfaces are Killing horizons for &% These two
Killing horizons constitute a bifurcate Killing horizon [31].
The Killing vector & vanishes on the (n—2)-
dimensional surface given by X = 7" = 0. This surface is
called the bifurcation surface and denoted by B in Fig. 1.
The bifurcate Killing horizon divides the spacetime M into
four regions as follows (see Fig. 1):

'For Schwarzschild spacetime it is chosen so that &, — —1
at spacelike infinity. For de Sitter spacetime we choose
£?¢, = —1 for a particular timelike geodesic.
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the right wedge(R): X > 0,-X < T < X;
the left wedge(£): X < 0,X < T < =X;
the future wedge(F): T >0,-T <X < T;

the past wedge(P):T <0,T <X < —T. (2.5)

The right and left wedges, R and L, are globally hyperbolic
on their own right, and the hypersurfaces at T = 0 with
X >0 and X < 0 are the Cauchy surfaces for R and L,
respectively, and denoted here by =R and ZV.

The constant of proportionality x in Eq. (2.4) can be
shown to be the surface gravity, which is defined on a
Killing horizon % as follows:

EPV &, = £x&

%> (2.6)

with « > 0. This equation can also be written as

1
F 5V“(§”§,,)|ﬂ = k&4, (2.7)

by using the Killing equation. This equation can be used to
verify that the constant x in Eq. (2.4) is indeed the surface
gravity of the bifurcate Killing horizon.

A form of the metric useful for the right and left wedges,
R U L, can be given after the coordinate change

[ (psinh(xt),p cosh(k?)),p >0, if (T,.X) ER,
(T.X)= { (—p sinh(k?),p cosh(kt)),p <0, if (T,X) € L.
(2.8)
Thus, we find
Gavlrue = £(p*.0)[=K*p?(d1)(d1), + (dp),(dp),]
+ sab(p270>‘ (29)

In these coordinates the Killing vector £ becomes simply

° = { (—8«;>

in R,

2.10
in L. ( )

The time variable ¢ increases toward the future both in
the right and left wedges, and the Killing vector is time-
like in either wedge, future-directed in the right wedge
and past-directed in the left wedge. For 4-dimensional
Schwarzschild spacetime, this coordinate transformation
with k =1/(4M) and Eq. (2.2) gives the standard
Schwarzschild metric:

2

Goi lrue = = (1 - TM) (dt),(dt), + (dr)q(dr),

2
1_2M/r+r(l)ab.

(2.11)

The wedge reflection /, which is an isometry of
(M, gp), is defined by

I: (T.X) — (-T.-X), (2.12)

or equivalently,

I (t.p)lg v (=t =p) (2.13)
[We recall that T is given differently in terms of p and ¢ on
the right and left wedges in Eq. (2.8).] It maps a point in R
to a point in £ and vice versa. Note that the time ordering is
reversed under the map 1.

The Euclidean section Mg of the manifold M is
obtained by letting 7 = iTg with T € R. The metric of
Mg can be found from Eq. (2.3) as

gir = f(p?.0)[(dTs),(dTk),, + (dX),(dX),] + 54 (p*.0).
(2.14)

where p? > 0. This metric can also be given in terms of 7,
where 1 = itg, and p > 0 as

gE, = F(p?.0)[K*p*(dtg),(dtg), + (dp),(dp),] + sap(*.0).
(2.15)

The coordinates (T, X) and (7g, p) cover the whole of M,
and are related by

(Tg,X) = (p sin(ktg), p cos(ktg)). (2.16)
Thus, we identify g with period 27/k:
tg ~ tg + 2nx/x, neZz. (2.17)

Note that the hypersurface T = 0 of Mg can be identified
with R U B U ZF, which is the Cauchy surface 7 = 0 of
the Lorentzian manifold M. Moreover, in this identifica-
tion the hypersurface with 7z = 0 is identified with the
Cauchy surface =R of the right wedge R whereas that with
tg = —n/x is identified with the Cauchy surface % of the
left wedge L.

B. Double KMS states

In quantum statistical mechanics there is a standard
procedure to reproduce the expectation values computed in
a mixed state in terms of those of a pure state [32]. The idea
is to double the original system and, in the doubled system,
construct an entangled pure state such that the expectation
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values of operators restricted to the original system repro-
duce the statistical predictions in the original mixed state.
For example, consider the standard density matrix of a
thermal state for the Hamiltonian H with inverse temper-
ature f. This state is given by

—pH

o(B) = 0]

(2.18)

in a finite dimensional space of states H, where Z(f) =
tre™" is the partition function. Suppose that y; form a
complete set of eigenstates of the Hamiltonian H, with
Hy; = E;y;. Then, the thermal average of an operator A
given by (A); = tr[o(p)A] is reproduced in the doubled
space of states H @ H by taking the expectation value of
the operator 1 ® A in the pure state

1
=z

Sty @y (219)

In this doubled system one also defines the Hamiltonian
operator
H=1QH-H®1 (2.20)

and an antiunitary operator2 J such that J(y; ® y;)=
w; @ ;. Note that from this definition it follows that

JF=1. (2.21)
It can readily be verified that
[e=ift J] =0, (2.22)

by letting the left-hand side act on the basis of the doubled
space of states.

It is easy to see that the state Q4 defined by Eq. (2.19) is
annihilated by the Hamiltonian A and is left invariant by J,
ie.,

e Q= Q (2.23)

and

One can also show that the state O obtained by letting
any operator of the form O =T ® A act on Q satisfies

*We recall that J is said to be antilinear if for any two
state vectors ¥; and ¥, and constants a,b € C we have
J(a@¥, + b¥,) = a*J¥, + b*J¥,, while J is said to be anti-
unitary if it is antilinear and satisfies (J¥,|[J¥,) = (¥,|¥).

e PH0Q, = JOTQ,. (2.25)
This relation is called the KMS condition [33-35]. Since
the state Qj is the extension of the thermal state ¢(f3) to the
enlarged system, we shall refer to it as the double KMS
state, following Kay [36]. The converse is also true: a state
Q; € H ® H satisfying the KMS condition (2.25) is given
by Eq. (2.19). The advantage of defining double KMS
states by Eqgs. (2.23)—(2.25) is that they can be used to
characterize thermal equilibrium states for systems with an
infinite number of degrees of freedom as well [35].

Although this doubling of the space of states may appear
artificial in the case of ordinary thermal systems such
as the quantum-mechanical example above, double
KMS states appear quite naturally in quantum field theory
in spacetimes with a bifurcate Killing horizon and a wedge-
reflection symmetry, as first noticed by Israel [17]. Thus,
let us consider a double KMS state over the left and
right wedges, R U L, for a massive real scalar field
®(x) in a spacetime described in the previous section.
The Hamiltonian operator H then corresponds to the
t-translation generator in either wedge. Since these wedges
are static with respect to the 7-translation, this Hamiltonian
is conserved. We assume that there is a unique state with the
lowest energy, i.e., the lowest eigenvalue of H, in either
wedge, which we call the vacuum state.

The Hilbert space H of (pure) states in the right or left
wedge is constructed by applying the (smeared) field
operators on the vacuum state with support in the respective
wedge. Then the Hilbert space of states in £ U R is the
tensor product H & H. We define the operator A acting on
‘H ® 'H as in Eq. (2.20). Moreover, the wedge reflection /
is an isometry of M D £ U R, and defines in the quantum
theory an antiunitary operator J according to

JO(x)J = O(I(x)), (2.26)

for all x € M. The operator J is antiunitary because it
reverses the direction of time. The double KMS state Q for
the scalar field @ is then defined by requiring that it satisfy
Eqgs. (2.23)-(2.25).

III. HARTLE-HAWKING STATE
AS A DOUBLE KMS STATE

In this section we consider a massive real scalar field
theory with nonderivative self-interaction in a spacetime
with metric given by Eq. (2.3). The HH state for this theory
is defined as a state such that its N-point functions are the
analytic continuation from that state in the corresponding
Euclidean field theory defined on the Euclidean section
with metric (2.14). The HH state in the noninteracting case
is known to be a double KMS state [18], which is a pure
state with correlations between the left and right wedges.
These correlations give rise to a thermal state at the
temperature
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(3.1)

the Hawking temperature, when the HH state is restricted to
the right or left wedge. A formal path-integral argument
[22] shows that this is also the case for the interacting case.
In this section we show this fact in perturbation theory
using the Schwinger-Keldysh operator formalism.

A. The noninteracting case

Before presenting the interacting case, we review the
equivalence of the HH and a double KMS state at the
Hawking temperature for free massive scalar fields. Most
results in this subsection can be found, e.g., in Ref. [37].
Thus, we let the quantum scalar field ®;(x) satisfy the
Klein-Gordon equation,

[-V, V¢ + m?|®(x) = 0, (3.2)
in the spacetime (M, g,;). We put the subscript “I” on the
field @ in anticipation of the application of the results of
this subsection to the field in the interaction picture, which
is a noninteracting field. First we describe the HH state szg)ﬁ,
for this theory. Let xg = (ifg, X), X = (p,0), p > 0, with
periodically identified as in Eq. (2.17). Thus, xg can be
identified with a point in the Euclidean section M defined
in the previous section. Define the Green’s function
G (xg; ;) as the function satisfying

[—VEIE)V(E)“ + mZ}G(()) (xE;_x;E) = (33)

1
—=0(xg; Xg),
/gE

where VS,E) is the covariant derivative compatible with the
metric ¢,.” Dirac’s delta-function &(xg; xj;) is defined by

/M dted™ X' F(x)8(xgs ) = Flxg),  (3.4)
E

for any smooth and compactly supported function F on
M. The function G (xg; x};) is known to be symmetric
under the interchange of the two arguments, xg and x,. We
define the function G (x;x’) for x = (¢,x) and x' =
(7,x") with ¢ and ¢ not purely imaginary by analytic
continuation in ¢ and ¢, where the time variable is
periodically identified in the imaginary direction as
t~1t+2nzxi/k, neZz. (3.5)
This is possible in general if Im(z—7)# 0 because
singularities occur only for Im(¢ —#) = 0 [37]. Thus, we
analytically continue G'*) (x, x') from (1,7) = (itg, it};) to

‘We may need to impose boundary conditions at the upper end
of the interval for p in order to make this Green’s function unique.

(tg + itg, 1y + ity;), with tg and 7 nonzero while keeping
tg and 75 fixed.
We introduce the notation

(R) .
<I>1(x)—{q)l (x), ifxeR, (36)

(DEL) (x), ifxelL.

The Wightman two-point function in the right wedge for
0)

the HH state Q(HH is defined by
0) | 4R R 0
(@21 (1. %)@ (7, X))

= lim GO (1 — ie, x; 7, X'),

e—0"

(3.7)

with 7,7 € R. A point (z,y) € L with y = (p,8), p <0,
can be identified with (= — %1 i(y)), where

1(y) = (Ipl. 0), (3.8)

(e (-2 a2

= (—p sinh(«k?), p cosh(xt))

(3.9)

[see Eq. (2.8) for the definition of 7 and p in the left wedge].
Thus, in the case one of the points is in the left wedge, we
can define

0 L R 0
(@lof (1, y) o (¢, x")Qigh)

=GO (—t —I'B—H,z(y);t’,x’>,

. (3.10)

where 1(y) is defined by Eq. (3.8). If both points are in the
left wedge, then by the symmetry of the spacetime we have

0 0
Qo (r.y) 0 (7. )2
= 1im GO (r —ie,1(y); 7, 1(y')).

e—0"

(3.11)

Since the two-point function depends on 7 and # only
through ¢ — 7, we can write

0 L L 0
(@mlo (1 y)o (7, y)um)

= lim GO (—ﬂ P ey -1, ,<y>> ,

(3.12)

which is more suggestive because of Eq. (3.9). The function
<Qg)l){ |Dy (x) Dy (x )Qg)})ﬁ for x or x’ in the future region F or
past region P can be determined by the Cauchy evolution
from G (x,x') with x,x’ € R U L.
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The state Qg]l){ is defined to be quasi-free with vanishing
one-point function: <QI<$1){|(DI(X)QSJ[)1> = 0. That is, the
N-point function for N odd vanishes and that for N even
is defined as if it obeyed Wick’s theorem. Thus, if N is
even, it is defined as a sum of products of the two-point
functions as follows. Let S be the set of permutations ¢
of {1,2,...,N} such that 6(2i—1) <o(2i) and that
6(2i—1) <o(2j—1)ifi < jfori,je N. Then we define

<Qg)})1|q)l(x1)¢1(x2) - "DI(XN>Q§{OI){>

= GO(x,1): %)

cES
X GO (x,3): Xpa) - GO (Xpvot)i Xoqwy)s (3.13)
where we have written
(0) NOON — —(0) (e o/
(Qpy| @y (x) @y (x) Qpy) = GV (x3x7),  (3.14)

for simplicity, with the understanding that the time coor-
dinates 7 and ¢’ of x and x/, respectively, have infinitesimal
imaginary parts satisfying Im(¢ — #') < 0. For example, the
four-point function reads

( QU (1) Dy (x12) Dy (o3 ) Dy (x4 Qghy)
=GO (x1§X2>G(O) (x3;x4) +GO (x1;X3)G(O) <x2;x4)

+ G(0>(X1;X4>G(0)<XZ;X3). (315)
Now we discuss the double KMS state ©, which later
will be compared to the HH state Qgﬁ. Thus, consider a
complete set of positive-frequency solutions to the Klein-
Gordon equation (3.2), given by ¢,,(x)e™™", @ > 0, and
choose ¢, (x) to be real. Here o represents all the labels of
the solutions other than . The differential equation
satisfied by ¢,,,(x) can be found from the Klein-Gordon
equation (3.2) as

[PfDupfD* = m*(pf )2 (X) = (3.16)

2

_w_2¢wa<x)’

K
where D, is the covariant derivative compatible with the
spatial metric h,, = f>(dp),(dp), + Sa»- One can show
that these functions with different values of @ are orthogo-
nal to each other with respect the measure +/s/p, noting
that the determinant of the spatial metric is +/sf,
where s = det(s,;,).

We normalize the functions ¢, (X) by requiring

1 / dp d"20./s

P P ¢w6(x)¢w’6’(x) = 560“5(0) - 60/).

(3.17)

Here we assume that the labels o are discrete, but the
generalization to the continuous case is straightforward.
The completeness of ¢, (x) reads

Ao ¢Gue(X).(xX') =—=056(x;x'), 3.18
[ 03 o) = st (319
where Dirac’s delta-function §(x; x') is defined in the same

way as 8(xg;xg) in Eq. (3.4). The field operator (D%R) (x)
can be expanded as

o (1.x) = Z{% )

+ (X >e"~fa“‘”<w>}. (3.19)

We have chosen the normalization of the functions ¢,,,(x)
in Eq. (3.17) so that

F(@).a (@) = 8,80 — '), (3.20)
with all other commutators vanishing. The vacuum state in
the right wedge ‘P ( ) =0 for all

o and o.
For x = (1,x) € L the field can be expanded as

)= [T T2t (10)) el o)
+¢w(z<x>)efw’aé”*<w>},

is defined by aa,,,

(3.21)

where the annihilation and creation operators, af,m(a)) and

alt (), satisfy

a0 (@). ap" (o)) = Spydlw—w).  (3.22)

with all other commutators vanishing. The vacuum state ‘P(LO)

in the left wedge is defined by requiring alt (a))‘I‘I(‘O) =0
for all @ and . We define the static vacuum state ¥(©) e
H ® H by

g0 =y gyl (3.23)
From the definition of the antiunitary operator J, Eq. (2.26),
we conclude that its action on annihilation and creation
operators yields

Ja® ()] = al (@),
R)f (

(3.24)

respectively.
The double KMS state Q' for the field @;(x) with

inverse temperature f# is a thermal state if restricted to the
right wedge. That is,

045002-6



HARTLE-HAWKING STATE IN THE REAL-TIME FORMALISM

PHYS. REV. D 105, 045002 (2022)

1
0 R)+ R 0
(@) |a" (@)ay) (@)Q)) = 5 8up(0 — o),
; 1
0 R R)+ 0
(@)l (@)ag” (@)Q)) = 15 8,b(0 — ).
(3.25)
with
(@[a (@) ()2 = 0. (3.26)
Using these formulas one finds
0 R R 0
(@ |0 ()@ ()2
—iw(t—1") io(t—1")
e e
/ Z¢(1){7 ¢(1){F |: _ e_{”/)’ + e‘”ﬂ _ 1 ’
(3.27)

where x = (#,x) and x’ = (¢, x’). This two-point function
can be extended to complex values of ¢ and ¢/ with —f <
Im(z — ') < 0 since the w-integral here is convergent if this
condition is satisfied. For these values of ¢ and ¢ one finds
the KMS condition for the free field:

<9;°)|<1>§ <r - lﬂ x') ]

Now, define for —f <Im(r—17) < j

if Im(r — ) <0,
if Im(7 — 1) < 0.
(3.29)

If x # x/, this function is in fact an analytic function in the
strip —f < Im(z — ¢') < f§ with branch cuts on the real line
Im(z—7) =0 [37]. [It is analytic for Im(r—7) =0 as
well, if (7g,x) and (7z,x’), where 7 and # are the real
parts of 7 and 7', respectively, are spacelike separated.] On
these branch cuts, we have from Eq. (3.29) that

lim A( >(t —ie,x;t',x') = <Q§;0>|®§R)

e—0"

and

11151 A( )(t +ie,x; 1, x') = <Q}),O)|(I)§R> (x’)@%R) (x)Q/gO)>.
(3.31)
Equation (3.28) implies that
AP (Lxif —ip.x) = AP (nx; 7. X)), (3.32)

for - < Im(z — 1) <0 since —ff < Im[(¢' — if}) — 1] <O.
Therefore, this two-point function is periodic in 7 — ¢, with
period if in the strip —f < Im(z — ') < . Hence, it is an
analytic function of r — ¢ on the whole complex plane with
period if3, with branch cuts on the lines Im(¢ — ¢') = np,
where n € Z. For this reason, we shall regard the two-point
function A},O) (x,x") as a function on C4 x Cy, where Cy is

the complex plane quotiented by the equivalence relation ~
defined by

t~t+ip. (3.33)

That is,

Cy=C/~. (3.34)

Now, let us assume that our double KMS state is at the
Hawking temperature, i.e., let us take f# = fz. Assuming
the Euclidean times #; and 7} to satisfy 0 < |tg — 15| < f3,
we use Eq. (3.27) to show that

Al(g?{)(itE, X; itg. X)

—oltg—ty| ea)|tE—té\

© dw N
-/ %;@m(x)qﬁm(x)[l_e_,,,ﬂﬁ+e,,,,,ﬁ_1 .

(3.35)

This two-point function is defined on the Euclidean section
Mg with the metric (2.15). One can readily verify that this
function satisfies the equation for the Green’s function on
Mg, Eq. (3.3), by directly differentiating Eq. (3.35) and
using Eq. (3.18). Since A’ and G) both satisfy the field
equation (3.3) with the same boundary conditions in the
Euclidean section, it follows that

A (itg, X3 it X') = GO (it x1ifh,x').  (3.36)

Finally, we can show that the double KMS state at the

Hawking temperature Q/SZ) is nothing but the HH state Qg)})[

by checking that these states have the same two-point
functions. Indeed, if —f < Im(7 — ') < 0, then Eq. (3.36)
yields

(@) 10" (10" (v))) = GO (x. ).

" (3.37)
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This in turn implies
0) (R R 0
(@) o (1)@ (1. "))
= lim GO (¢ — ie, x; 7, x')

e—~0"

0 R R 0
= (@ L x)e (¢ x)em).  (3.38)

where the last equality follows from Eq. (3.7).
Next, we note that if x € £ and x’ € R, then

0 L R 0
(@) o ()@ (x)2))

= oV (1(x))Q)) |0 ()2,

), (3.39)

where we have used the definition of the operator J,
Eq. (2.26). Furthermore, the KMS condition (2.25) yields

I (1(x0)) Q" = eFod (—1.1(x))€”,

. (3.40)

where Hy=1® H,— Hy, ® 1, with H, denoting the free
Hamiltonian operator that generates the time translation in
the right or left wedge. Going back to Eq. (3.39), and

recalling that Qg)) is annihilated by FIO, we use the above
result to show that

0 0
@) o (o (v)Qy))

= (@) 0N (—1, i(x))e F oM (¥)0)

0) (R ip R 0
= (Q)|®| ><—t—7H,z(x)>q>§ (7. x)Q). (3.41)
Together with Eq. (3.37), this last result implies that

0 L R 0
(@)1 (1)@ (¢, X))

=GO (-t —%,z(x);t’,x’)

0 L R 0
= (@l (e (. xNem).  (3.42)

where the last equality follows from Eq. (3.10). By using
Eq. (3.27), we can write this two-point function explicitly
as a mode sum, i.e.,

0 L R 0
@y |of” (r.x)o® (¢, x)Q)))

— [ S ) ()
1

X [e—iw(z+t’) _|_eia)(t+t’)]'
2 sinh %4t

(3.43)

Finally, if x,x’ € £, it immediately follows from the
symmetry of Q;,O) that

0 L L 0
(@l (e x)o (7, x')2)

= (@) | (r.1(x) @V (. 1(x') Q)
= lim GO (¢ — ie, 1(x); ', 1(x))

e—0"
0) | (L L 0
= (@l (1)@ (7 X)), (3.44)
where the last equality follows from Eq. (3.11).
Equations (3.38), (3.42), and (3.44) show that, if
x,x' € R U L, then

(Q) | (x) @y () Q) = (QU Py (x) @1 () Q). (3.45)

The two-point function for any points in the spacetime
(M, gup) outside the double-wedged region R U L can be
uniquely determined from this case by the Cauchy evolu-

tion. Since the double KMS state Q;im is quasifree for any 3

[14,38], all its N-point functions are determined by its two-
point function. Hence, we conclude that

o) = ol

) (3.46)

for the free-field theory.

If the mode functions ¢,,,(x) are analytic in p, then one
should be able to find the mode expansion for the field
®;(x) and its two-point function also for x € F U P by
analytic continuation of the corresponding expressions in
R U L. Assuming that this analytic continuation is analo-
gous to the special cases of Minkowski and de Sitter
spacetimes [39,40], we can write down the two-point
function with one or two points in F U P. As an example,
let us consider the case when the two-point function has

points in R U F. Note that
(T,X) = (p cosh(kr), p sinh(xz)) for (T,X) € F,

(3.47)

with p > 0. Define ¢,,,(x) to be the function obtained from
$os(x) by making the substitution p — e>p. Then, by
defining dJI(F) (x) = @y(x) for x € F, we find

0 F F 0
(017 (1) (¢ X)) =

Pu
/ ;l_z zﬂ:&ﬂ)ﬂ(x)i(ﬂﬂ(X/)

efiw(tft’) + eiw(z—t’)
and

2 sinh*2e (343)

0 F R 0
@)@ (r.x)o (7. x)2))

p . .
9 —iw(1—1) + e—%elw(t—t’)

dw —- neie
= PN wo\ X )P e X
/2w20:¢ (%) s (X' 2 sinh %4t

(3.49)
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A derivation of these formulas, together with the assump-
tions we made, can be found in Appendix A.

B. The interacting case

We will now consider a massive, real scalar field theory
with nonderivative self-interaction in spacetimes with a
bifurcate Killing horizon considered in Sec. II. Our aim is
to show that a double KMS state at the Hawking temper-
ature (3.1) is the HH state for this interacting theory.

The interacting HH state will be defined here via the
Euclidean perturbation theory [19]. We assume that the
Hamiltonian H in either right or left wedge can be written
as a free part H, plus an interaction perturbation term,
|

G(xE,lvxE.Z» "-,XE,N)

H:H0+HI, (350)

where

Hy = / dpd 20 xpf (2.0)\/5@OH (@) (3.51)

is the interaction Hamiltonian, with H;(®) as a poly-
nomial in ®. The ®*-theory, for example, is given by
Hy(®) = (1/4!)®*, where 1 is a real constant. Then, the
Euclidean N-point function for the Heisenberg operator
®(x) is given by

= <¢I(XE,1)‘DI(XE,2) -+ @p(xg ) exp </ME a XE\/EHI(@)) >E/<GXP </ME d" XE\/?HI@’I)) >E

— <q>l(xE,1)cpI(xE,2) - Dy (xp ) eXp < /M E d"xE\/g_EHI(d)I)>> :

(3.52)

E,connected

and we recall that xg = (itg, X). In the notation of Eq. (3.52), (...)p denotes the expectation value of the interaction field

operator ®;(xg) such that

(@(xg))g = 0,

<q)1(xE,1)(DI(xE.2)>E =G0 (XE,l ) xE,Z)

(3.53)

and the expectation value of a higher number of field is obtained with Wick’s theorem, while “connected” indicates the sum

of diagrams with all parts connected to some of the external points xg ;, X, ..

integral is parametrized as

—Pu 0
/ dan = / th/ d”_lx = —/ th/ dn_IX.
Mg 0 R —Pu >R

., Xg y in the diagrammatic expansion. The

(3.54)

For the HH state €y, the N-point functions are given by the analytic continuation of Eq. (3.52) to the Lorentzian section
of the spacetime. Let us now describe how this analytic continuation is carried out. For this purpose it is useful to write

Eq. (3.52) as follows:

G(Xg1.XE2s - XEN) = <<I>I(xE,1)<I>I(xE'2) -+ Op(xg y) exp <—i/cdt />:R d”‘lx\/—_gHI(¢I)>> ,

where the directed contour C is the straight line segment
from O to —ify, and corresponds to a circle in C4 , see
Eq. (3.34). We also have used the fact that g = —g. Note
that xg; € C x R, with i = 1,2,...,N.

These N-point functions are ultraviolet divergent in
general because the two-point function G (x, x’) diverges
in the coincidence limit x — x’. They need to be regularized
and renormalized. We assume that the regularization is
done in such a way that one may first restrict the integration
over IR by requiring that for any two internal points ||y; —
y;|| > € and for any external point ||x; —y;|| > € for all i

(3.55)

E,connected

|
and j for some ¢ > 0, and then take the limit € — O after the
counterterms are included to cancel the ultraviolet diver-
gences. We also assume that the (multiple) vertex integrals
over XR can be performed by first cutting them off in the
infrared with ||x|| < A and then removing the cutoff. With
these assumptions we can show that the N-point function in
Eq. (3.55) is analytically continued in t;,1t,,...,ty, by
changing the real part of each ¢#; while keeping its imaginary
part the same.

The analytic continuation of the Euclidean N-point
function G is defined by extending the external points to
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x; = (t;,x;) with t; € Cy and satisfying Im(#; — ;) #0
for all i and j. Hence, in the diagrammatic expansion of
the right-hand side of Eq. (3.55), this analytic continu-
ation amounts to employing the analytically continued
Euclidean Green’s function G\ (x,x’) for the free field
discussed in the previous subsection. In moving the
complex times #;,1,, ...,y we have to avoid hitting the
branch cuts of the Green’s functions G (x, x’), with x
and x’ being various external and internal points forming
a given diagram, while performing the vertex integra-
tions, so that the result is the same analytic function

|

(Quu|®@(x))D(x;) - - - D(xy)Quu) = G(xy, %, ...

- <Q;3?‘)|P{¢ER)(X1)‘D§R) (x2) -+~ @ (xy) exp (—i / dtH%R)(t)ﬂQ/(i)> ,
¢ E, connected

where the points xy, x,, ..

interaction-picture operator ©£R>

. The path-ordering P indicates that the operators @

of the external points. This entails that we also need
to deform the integration contour C appearing in
Eq. (3.55). This contour is deformed in such a way
that it contains the external complex-time coordinates
t,t,...,ty and its imaginary part is monotonically
decreasing. We refer the reader to Appendix B for
more details on this point.

The N-point functions of the HH state Qpy are
defined by the analytic continuation of Eq. (3.55) to the
right wedge. Thus, taking xq,x,,...,xy € R and using
Eq. (3.36) we have

L Xy)

(3.56)

., Xy appear in this order on C, and H%R)(t) is defined by Eq. (3.51) with ® replaced by the

(R) (x) are ordered according to the

order on C, which coincides with the decreasing order in the imaginary part of ¢ in x = (¢, x).
To show that the HH state Qg is a double KMS state at the Hawking temperature, we consider the following N-point

function:

AHH(yl’y27 < YL X1, X2, e

where yi,ys,...,y, € L and x{, x5, ...,xp € R with x; =
(t;,x;) and y; = (z;,y;), with R+ L =N. We shall
write this N-point function in a form that can readily
be compared to the N-point function of the state Qg .
In particular, we write this N-point function in terms of the
operator ¢§R) (x).

Assuming that ¢; and 7; are real, one needs to define this
N-point function as a limit of the N-point function defined
by Eq. (3.56) in which the imaginary parts of some time
variables coincide. For the points in R, Eq. (3.38) implies

|

iPu iPu
eV S Bl

2 2
Thus, we find

AHH(YI’YZ’ - YLs X1, X2, ---,XR)

s XR) = (Quu|P(y)@(y2) - Py )P(x))D(x3) - - - P(xg)Qp),

~<——71—7<—t1<—t2<—--'

(3.57)

|

that one should let 7; — t; — ie; with €; > ¢; if i < in
taking the limit ¢; — 0". A point y = (z,y) € L is repre-
sented by (—7—% 4(y)) according to Egs. (3.10) and
(3.12), and the latter equation implies that we should let
T — lﬁTH - —7; — ’ﬁTH — ig;, where ¢; < ¢; if i < j in taking
the limit ¢; > 0*. (Notice the reversed order here in
comparison with the case for the right wedge.) The
imaginary parts of the time coordinates dictate the order
on C, and these points should appear on C in the
following order:

P (3.58)

«— tR'

i i i
- <Q/(1?{)|P{‘D§R) (‘TL - %,,(yL)cp%R) (—TL-l - %J()'L—l)) o "D§R) <_Tl - %,l()ﬁ))

x O (1, %) (1, %,) - - D (15, X ) exp (_i /c dtH?U(t)) }Q;’?‘>>

(3.59)

connected
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ity
ti + ie scm>tfh
ti — i€ t
Co
Cs
4 B
e Ca t; —ibu

t; — i

FIG. 2. The contour C in the complex Killing-time plane with
monotonically decreasing imaginary part. The path C; runs
forward in the real time along the real axis, while the path C,
runs along the real axis but backwards. The path C; runs from

t; — ie down to t; — lﬂ—“ + ie parallel to the imaginary axis. The

path C4 runs backward in the real time along the line t = ’/;“,
while the path Cs runs along the same line but forward. The path
Cg runs from t; — ﬁ — i€ to t; — iffy parallel to the imaginary
axis. The time ¢, is the initial time and the final time #; is assumed
to be larger than the time coordinate of any external point on C,
but otherwise arbitrary. At the end of the computation we let
e — 07, so the paths Cy, C,, Cy4, and Cs become parallel to the

real axis.

To illustrate the integration contour for the complex-time
coordinate, we consider the special case where the L points
YisY2,...,y;, and the R points x;, x5, ..., Xz have positive
time coordinates and are time-ordered, i.e., 7, > 7, >

->7;, >0 and t; > 1, >--- >t > 0. In this case,
the contour C can be chosen as shown in Fig. 2 (with
the initial time #; set to 0). The time coordinates #; (with
small positive imaginary parts), i = 1,2, ..., R, satisfying
0 <t; <ty are on the path C; whereas the coordinates
—7; — TH 0 < 7; < t;, with further small negative imagi-
nary parts, are on the path Cs.

Now, we consider a double KMS state €24, defined by
Eqgs. (2.23)—(2.25) with respect to the timelike Killing
vector field £&* and the wedge reflection /. For simplicity we
consider the 4-point function of this state with points y,
and y, in the left wedge and points x; and x, in the right
wedge. The generalization to the N-point function with
N > 4 is straightforward. Our aim is to express the 4-point
function

(Q4] D (y1) D (y2)D(x))D(x2)€2p)
(3.60)

Aﬂ(yl’YZ;xleZ) =

in terms of the interaction-picture field <I>§R) (x) in the right
wedge, so we can compare it to the corresponding HH state

4-point function for f = py. Hence, we first use
Egs. (2.23)-(2.26) to write the right-hand side of the
4-point function above as

A/}(Yla)b;xl»xz)
= (D(y2) D (y1)€25|P(x1 )P (x2) L)
= (JO((y2))D(1(y1)) 5| P(x1) D (x2)€25)
e PRO(I(y)))D(1(y,)) Q| (x1 ) D(x2)Q5)
Q4| (1(3))R(I(y1))e 2 HD(x ) D (x,) Q)
Q/3|€2/’,H‘I)( (2))@(I(y1))e 2D (x;)D(x2)Qp).
(3.61)

/\/\/\/\

To fully express this 4-point function as a correlator of
field operators evaluated on the right wedge, we notice

that e*2/H = (¢¥1/H @ 1)(1 ® ¢*1/") and use the fact
that the operators e™ 1/H @ 1 commutes with the operators
in the right wedge. This allows us to write

Aﬁ()’l,yz;xl’xz)

(3.62)

where we have (formally) expressed the expectation value
in the state Q; as the trace over the space of states in the
right wedge with the operator e ¥ /Z(3) inserted.

The right-hand side of Eq. (3.62) is a correlator
involving the Heisenberg field operator ®(z,x). In the
right wedge, this operator evolves in time with the full
Hamiltonian H = H, + H; according to

@(t,x) = =0 D(1;, x) e~ HI=1) (3.63)
where £, is an arbitrary time coordinate, which will be set to
0 later. To write Eq. (3.62) as a perturbative series, we have
to go to the interaction picture. The interaction-picture field
operator is defined by

®((t,x) = =1 (1;, x) e Holi=11)

(3.64)
so it satisfies the free-field equation because its evolu-
tion is governed by the free-theory Hamiltonian H,. From
Egs. (3.63) and (3.64), the Heisenberg field can be
expressed in terms of the interaction-picture field as
D(1,x) =

Ul(ti’t)q)l(t’x)UI(tv ti)’ (365)

where

Uy(t, ;) = etHoli=1) g=iH(1=t:) (3.66)
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and Uj(t,1;) = U;(t;, 7). The operator Uy(t,t;) is unitary,
being the product of two unitary operators. We define the
operator U(t, ") for arbitrary values of ¢ and ¢ by

Uy(t,7) = Uy(t, ;) Uy(t;, 7). (3.67)
From this definition and Eq. (3.66) we find
Uy(t, 1) = el=t)Ho g=il=H g=it=t)Ho(368)
From this it follows that
Uy(?7", 7 )UL(7, 1) = Uy(?", 1). (3.69)

The operator Uy(#,7) can be shown to satisfy the
following differential equation by direct differentiation
using Eq. (3.68):

ii Uy(t,7) = H(t)Uy(1, 7).

- (3.70)

The unique solution to this equation is given in terms of
Dyson’s series [41]:

Uy(1,7) = P exp (—i / "ar Hl(t”)>, (3.71)

where the path-ordering P indicates time-ordering if ¢ > ¢/
and anti-time-ordering if 7 < ¢, and the interaction
Hamiltonian operator Hy(¢) is defined by
H (1) = efoli=t) { e~ Holi=1) (3.72)

Thus, Hi(t) is the interaction Hamiltonian written in terms
of the interaction-picture field ®;(x) satisfying the free-
field equation.

Furthermore, the operator e , with a real and pos-
itive, can be seen as an evolution operator in the imaginary
time —iaf and conveniently expressed as [42]

—apH

e~BH — p=aPHo Uy(t; — iap, t;), (3.73)

Ap(y1,y23 X1, %) = tr{@o(ﬁ)UI (—iﬂ, —§> Uy <—g,—fz

ip ip
X ®§R) <—Tl —3,1()’1)) Uy <—71 5

X ®§R)(Il’XI)UI(tl’O)}/tr{QO(ﬂ)UI(_iﬁ’ 0)}

which can readily be verified by using Eq. (3.66). We note
that, since the right-hand side is expressed entirely in terms
of the free field ®;(x), it can be given explicitly in the mode
expansion order by order in perturbation theory.

Now, let us set the initial time # = O for simplicity. We
then use Eqgs. (3.65), (3.69), and (3.73) to write the right-
hand side of the 4-point function (3.62) in the interaction
picture. The result is

Aﬁ()’h}’z;xhxz)

= ! tr{e‘%ﬁHUU1<—lj, >UI(O,—TQ)‘I)%R)(—TZJ(Yz))
Z(p) 2
x Uy(=1,, —71)®§R)(_717l(Y1))U1(—7170)e_%ﬁH°

ip
x Uy (_3’0> U0, 1)@ (11, %) U (11, 12)

R
x ¢>§ )(fz,Xz)UI(tz,O)}- (3.74)
The right-hand side of Eq. (3.74) can be expressed as a
thermal average of an operator by moving the operator
e 2PHo in the middle to the left to combine it with the
operator e ~2PHo on the far left. To do so, we first note that
Ui(t,t')e=PHo = =Pt Uy (t — jap, ¢ —iap), (3.75)
which can be shown using Eq. (3.68) on both sides. This
equation can be used to express the partition function
Z(p) in terms of the free-theory thermal state ¢q(f) =
e/ Z0(P) as
Z(p) = Zo(P)r{eo(B)Ui(1; — ip. 1)} (3.76)
Moreover, since the interaction-picture field evolves with
the free-field Hamiltonian operator, we have that
P (1, x) e~ = =@M (1 — jgf. x).  (3.77)

Using these three equations we can write Eq. (3.74) as
follows:

- ?) (D§R) <—72 —g’l(h)) Uy (—72 —%’ —7 = g)

—§> Uy (— ? , 0> U;(0, tz)d>§R)(t2, x,)Uy(ta, 1)

(3.78)

Now, since the operators on the right-hand side of this equation are all in the right wedge, both the numerator and

denominator can be expressed as expectation values of operators in the state Q;jo), with tr{oo(p) - -

0
<Q[(3)|..

-} replaced by

~Q§O>>. Then, recalling Eq. (3.71), we can write this equation more concisely as
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Aﬁ(yl’yZ;xl’XZ)

ip ip .
— ({0l (== Tty ol (=r= Dty ) o ()0 axreno (<1 [t o)
c connected

where C is a directed contour from O to —iff with decreasing

imaginary parts and with —z, — g -7 —

s g, t; and 1, on it
in this order. For the inverse temperature f§ = fy, the right-
hand side of Eq. (3.79) is the case with R =L =2 of
Eq. (3.59). It is straightforward to generalize this result to
the N-point case. Hence, the N-point functions of the
double KMS state at the Hawking temperature Qg are
equal to those of the HH state Qyy. This concludes our
proof that Qg = Qpy, and is the main result of this paper.

Next, we shall write down a perturbative expression of
the double KMS state € itself as an operator acting on the

free-theory double KMS state Qg)). To do so, we go back to
|

(3.79)

|
Eq. (3.78) and express the trace over the free-field states as
(0)

the expectation value in the state Qﬁ . It is convenient to

introduce the following notation for interaction-picture
propagators acting on the left or the right wedge:

UﬁL)(t, ) =U(t,7) @1,

U ) =10 Uit 7). (3.80)
Then, the operator U;(—if, —%) in Eq. (3.78) can be
rearranged in the following way. For any operator O with
support on the right wedge,

@10 (=in.-F ) ool = @0 (<ip.-icup -5 Ui (~iews -5 -7 ) oay)
—ip
= (@) [Pexp (—i /_ s dzHﬁR)(z)) U (—chﬂ—i} —?) o9y)

= (@) |Pexp (—1/0 dtH§R>(t—iﬂ)> U (—chﬁ—f —lﬂ) o)
i(3—cL)p 27 2

= (ngo>|e/”H0U§ (0, icgp)ePHoU® >< cL

= (@ |u (—z Lﬂ—f =

where in the last equality we have used the invariance of Q

lzﬂ)OUI (0, icyp)2).

(0)

(3.81)

under the free Hamiltonian and the KMS condition,

Egs. (2.23) and (2.25), respectively. Here, the non-negative numbers cg and ¢y, satisfy

1
CL+CR:§-

Thus, Eq. (3.78) can be cast in the form

Aﬁ(yl’yz;xlsXZ)

— @10 (=icp -5 .- D)o (-5 5= D)ol (-5 - Lt ol (- F -5 - D)

ip i _ip
X (DER) (—71 5 l(Yl)) U§R) <_Tl T _E> UER) (‘

X ‘D§R)(t2’ Xz)U§R)(Zza 11)‘D§R)(11, X1)U1(R

(3.82)
%, ic - g) UM (—icgp.0)UN(0, 1,)
(1. 0) U (0. iexp) @) /(2 | UR (-ip. 0) Q). (3.83)

The next step is to express some of the operators appearing in Eq. (3.83) as operators acting on the left wedge. This can been
done by retracing the steps taken in Eq. (3.61). In particular, we observe that for z, 77 € C we can employ the properties

defining the free KMS state Ql(jo), Egs. (2.23)—(2.26), to show that
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@y (z _# z<y>) o (z’ _b z(y’>) 02y = (Qf o (~.y) - " (~z.y)09Q)).  (3.84)

2

where again O is any operator with support on R. (Notice the reversing of the operator ordering when the right-wedge
operators are converted to left-wedge operators here.) Using this observation, we convert the string of operators

U iep -4 -
A/}(yleZ;xlvxz)

= (@)U (=i . 0) U (0, 7))

x U0, 1) (11, x)) U (11, 1) 0\ (1, %,) U

Finally, we use Eq. (3.65) to write some strings of
interaction-picture operators as the Heisenberg operator
(with #; = 0) and use the fact that operators on the right
wedge commute with those on the left ones to cast the
expression above into the form

Aﬂ()’u)’z; X1, xz)
= QUM (~ie p.0) U (—icgp. 0)
x q)(yl)‘b()’z)‘b(xl)¢(X2)U§L)(O, ic fp)
0

. 0 . 0
x U (0. iexp) ) /(951U (=ip.0)25"). (3.86)
It is clear from this equation that the interacting double
KMS state is related to the free one according to

( )(0 lCLﬂ)

wszﬁ R

and we recall that the constants c¢;,cg > 0 and satisfy
Eq. (3.82).

In the case of a quantum system with a finite-
dimensional Hilbert space, it is possible to give a simple
interpretation of Eq. (3.87). The adjoint of Eq. (3.73) is
written as

(0 lCRﬁ)
/(~ip.0)Qf)

Q=

of,  (3.87)

U0, ic U0, icgp)

= e_(CLH®U+CR“®H)ﬂe<CLHO®ﬂ+CR]I®HO)ﬂ’ (388)
The free-theory counterpart of Eq. (2.19) is
! ~1pe® (0) (0)
Q¥ = VW @y (3.89)
Pz (p) Zz:

where the l//l(o)

satisfy Hoy/( ) = E<0)y/( )| with E( ) the respective energy
eigenvalues. We first note that

are eigenstates of the free Hamiltonian and

)(71,Y1)U£L>(T1,Tz)®§m(fz Y2)
(1.0)U

U%R)(—%, ic fp— %) in Eq. (3.83) into a string of operators on the left wedge. The result is

Y(2,, 0000, ic, pYUR (=icg . 0)
(0.icxp)) /(@)U (=ip.0)2)”).  (3.85)
[
o(cLH®1+cr1®H,)A(0) Z‘//z ®1,/l ., (3.90)

\/ Zo $)

since cg + ¢, :%. We assume that both free and full
Hamiltonians are invariant under an antiunitary transfor-
mation T satisfying 7% = 1, such as the time-reversal
transformation. In this case, the orthonormal energy eigen-
states in the free and full theories can be chosen to be
invariant under 7. Then, at the initial time the free energy
eigenstates can be expanded in terms of the interacting
ones as

(3.91)

)= ZAUV/,',
J

with A;; as the elements of an orthogonal matrix. This is

because i lw;) = (Tw”|Ty;) = (wlp!”). The fact
that this matrix is orthogonal implies that

Zv/, ® " Zv/, QY.

(3.92)

Using this equality, we find

Y0, ie YU (0, ice )
1

_ —(cLH®T+cr 1®H)S . .
= e Vi ® Vi
20 2

\/ZO—Z Fiy; @ v

Z(p)
Zy(B)

Q. (3.93)
A similar argument shows that

i.0)Q))) =

@)U (- (3.94)
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Equation (3.87) then follows from this last result
and Eq. (3.93).

Equation (3.87) allows us to evaluate the expectation
value of operators which are not necessarily in the right or
left wedge. Thus, with any points X, X5, ..., Xy € M, we
have with the choice cg = % and ¢, =0

(Xn)€)

)<b<xl> (X,)...®(Xy)

(Qy|®(X,)D(X,)...®
i
— @1 (-4,

i
x UR <0, f ) /(@0 |IU (-ig,0)Qf”).  (3.95)
If some of the points X;, k = 1,2, ..., N, are not in either
wedge, we need to use the global time 7 to construct
the Heisenberg operator ®(X}) in terms of the interaction-
picture operators satisfying the free-field equation. The
Hamiltonian in this construction is time-dependent, in gen-
eral. Nevertheless, as shown in Appendix C, the Heisenberg
operator can still be given in terms of the interaction-picture
operators. Thus, if we write X = (T, X), we have

O(T,X) =

Ui(0, T)®(T, X)Uy(T,0), (3.96)

where the operator U{(7,7T’) is defined in Appendix C.
By substituting this formula into Eq. (3.95), assuming that
T, > 0 for all k£ for simplicity, we find for time-ordered
products,

(Q| T[O(X1)D(X3)...B(Xy)]2p)

i
=@ U (— Eﬁ : 0) U1(0,Ty)

x TU(Tt, 0)@y(X,)@(X3)...P1(Xy)]

x UR (o,f> @) U (—ip.o)ly,  (3.97)

where Ty > T, for all k.
The right-hand side of Eq. (3.97) is evaluated perturba-

tively as follows. Let M(E+) and M](E_) be the two halves of
the Euclidean section with T > 0 (or 0 < tg < fy/2 =7n/k)
and Tg <0 (or —z/k = —fy/2 < tg < 0), respectively.
Let M, and M, be two copies of the part of the global
Lorentzian manifold M with 0 < T < T;. Let

Mgl = M](g_) UM, uM,U M1<5+) (398)
Then Eq. (3.97) can be expressed as
(Xn)1€)

(Q] T[®(X,)D(X,)...®

X exp <—z / J=Gd My (x ))Q >td (3.99)

lolal

where X,X,,....Xy € M,. The right-hand side is
expanded using Wick’s theorem in terms of the free-field
two-point function. If the two points x and x’ are on

./\/l](;) U Mg), then the two-point function Ag)) (x,x) is
the Green’s function on the Euclidean section, G (x, x').
U Mf{)
M U M,, then A},O)(x,x’) is the analytic continuation
of this function. For the other cases we have

If one point is on /\/l](;) and the other is on

AP (x1.3%,)
(@)@ (x)) @y (x2)25”)
= <Q/(30> | T (@ (x1)Py(x2
(@

if x; e M;.i=1,2,
Q) i x.x, € M,

| T [y (x;) Dy (x, if x,x, € My,

(3.100)

where 7 denotes anti-time-ordering.

IV. EXAMPLES

In this section we briefly comment on the Schwinger-
Keldysh formulation of the HH state in Sec. III B for some
spacetimes with a static bifurcate Killing horizon and a
wedge reflection. The application of this formulation to
Schwarzschild spacetime is straightforward since it was
constructed with this spacetime in mind, except that we
need to change the upper limit 7; for the 7 integration
depending on the coordinate X because the 7' coordinate is

V1+ X%

bounded by the singularities as |7| <

A. Minkowski spacetime

The metric of n-dimensional Minkowski spacetime can
be given as

P = —(dT),(dT), + (dX),(dX), + 3 (), (dx'),.

i=1
(4.1)

where 7 is the usual inertial time. With (7,X) =
(p sinh(k?), p cosh(kz)), p > 0, we obtain the metric on
the right Rindler wedge satisfying —X < T < X:

Gablr = [=K°p?(d1),(d1), + (dp),(dp),]
n—=2

+ 3 (d) (d),

The metric covering the left Rindler wedge is obtained by
letting (7,X) = (p sinh(xz), —p cosh(kt)), p <0, and
takes the same form.

(4.2)
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The Euclidean section is obtained by letting 7' = iTF,
which has the metric

G = (dTg)y(dTg), + (dX),(dX), + i(dx%(dxf)b.

(4.3)

The manifold MS" (M) is the Ty > 0 (T < 0) part of
the Euclidean section and M/ and M, are two copies of
the portion satisfying O < T < T; of the Lorentzian mani-
fold. Thus, in a double KMS state at the inverse temper-
ature f = fy with respect to the boost Killing vector 9/01,
the time-ordered N-point function is obtained by analytic
continuation of that for the Euclidean theory. As is well
known, the N-point function in the vacuum state is obtained
in the same way. Thus, the vacuum state is a double KMS
state with respect to 9/0t. This corresponds to the result of
Bisognano and Wichmann [27] in axiomatic field theory.

If all N operators for the time-ordered N-point function
are in the right Rindler wedge with positive time coor-
dinates, then it can be given by Eq. (3.59) with the contour
C given by Fig. 2 with the path C4 U C5 missing. It is
interesting that in the limit #;, - —oo the paths C3 U C¢ can
be omitted [43]. This property is called “factorization” (see,
e.g., Ref. [44]).

B. De Sitter spacetime

The metric of de Sitter spacetime with the Hubble
constant set to 1 can be given as

55 = s AT, + (), (0X),

1— p2 2
+ | —5 ) ®uw.
(1 + p2> “
with p? = X? — T? € (-1, 1], where w,,, denotes the metric
on the unit (n — 2)-dimensional sphere, $"~2. This metric

tensor can be cast into a more familiar form by defining the
coordinates 7 and y by

(4.4)

sint

7=—""" (45

coST + siny’

cosy
coST + siny’

where —% <7 <% and 0 < y <z. The transformation to
these new coordinates yields

L () (de)y + (dp) (), + sinwas).

ds
g fr—
ab " cos?t

(4.6)

Notice that (dy),(dy), + sin’yw,;, corresponds to the
metric of $"7!.

The static metric on the right wedge is found by letting
(T,X) = (p sinht,p cosht), p > 0, as

%ﬂz)z [~p*(d1),(d1), + (dp)(dp),)
1= p2\2

This can be cast into a more familiar form by defining the
following radial coordinate:

(4.7)

1-p?

r57]+p2.

(4.8)

In terms of the coordinate r, the metric tensor (4.7) then
reads

(dr),(dr),

#le = —(1= R)(dn),(dr), + G P,

(4.9)

The metric on the left wedge is identical. The state €25,
[now with fy = 1/(27)] is the double KMS state con-
structed for these wedges.

The Euclidean section is given by letting 7 = iTg. This
can also be achieved by letting 7 = izg in Eq. (4.5), and the
metric (4.6) becomes

dSE _
ab " cosh’rg

[(drg)q(dTe),, + (dr)a(di), + sinz@y,).
(4.10)

Finally, the coordinate change cosh zg = sec n (with
dtg/dn > 0) leads to the familiar metric on S":

g F = (dn),(dn), + cos’n[(dy)(dy), + sin>yay).

(4.11)

The regions with Tg > 0 and Ty < 0 in the Euclidean
section correspond to the hemisphere with 0 <#» <% and
that with —% <5 < 0, respectively. The manifold taken in
perturbation theory in the previous section in this case is

given as follows. The manifolds M(EH and M(E_) are the
hemispheres of $” with 0 <7 < Zand —% <75 < 0, respec-
tively. The manifolds M and M, can both be replaced by
the part of the global Lorentzian manifold with metric (4.6)
with 0 < 7 < 7;, where 7; is larger than the 7-coordinate of
any external point.

V. SUMMARY AND DISCUSSION

In this paper we discussed the relationship between
Euclidean and Lorentzian perturbative formalisms for
quantum fields in static spacetimes with a bifurcate
Killing horizon and a wedge reflection. The natural state
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in such a spacetime is the HH state, which is a thermal
equilibrium state at the Hawking temperature, as measured
by static observers in either of the two static wedges. The
naturalness of the HH state comes from the fact that it
shares the background symmetries and is regular on the
bifurcation surface. Since this state has been originally
defined via the analytic continuation of the Euclidean
theory to real times, the question we have addressed is
how it relates to the double KMS state constructed in an
intrinsically Lorentz-signature approach.

We first reviewed the equivalence of the HH state and a
double KMS state at the Hawking temperature for a
noninteracting scalar field theory. Then, in an interacting
scalar field theory with nonderivative interaction, we
clarified how the N-point correlation functions are ana-
lytically continued from the Euclidean theory with imagi-
nary time to real time in the Schwinger-Keldysh
perturbation theory for the HH state. Then, we showed
that these N-point functions are equal to those in a double
KMS state at the Hawking temperature if the points are in
the union of the right and left wedges. This gives a
perturbative demonstration of the equivalence between
the HH state and this double KMS state, shown formally
by using path-integral by Jacobson [22]. We also found a
perturbative expression of this interacting double KMS
state in terms of the noninteracting one and the free-field
operators. We used this result to express the N-point
functions when the points are not necessarily in the wedges.

It is interesting to compare Jacobson’s path-integral
argument with our operator approach. He started by
pointing out that the HH state can be characterized as
the Schrodinger wave functional on the Cauchy surface
> U BUZR constructed by the path integral over the
“lower half ” (with —z < tg < 0) of the Euclidean manifold
with metric (2.15) bounded by this Cauchy surface. To
identify this state as a double KMS state he first noted that
this path integral can be interpreted as the following
imaginary-time evolution operator up to a normalization
factor:

o3 PuH - 'H(ZSR) - H;SL), (5.1)

where H;SR) and H(;L) are the spaces of the Schrodinger
wave functionals of states on XR and X, respectively.
Let {y/glz} and {wgﬂ} be complete sets of orthonormal
wave functionals on R and XU, respectively. Then, if

(w|w') is the inner product between the wave functionals

VRV ’H(;L),
Schrodinger wave functional on X U B U ZR (in a heu-

ristic notation):

this path integral gives the following

Whn o« Z(Wg“e_%ﬁliflwgblllgz ® l//ga)*, (5.2)
i.j

which is indeed a double KMS state with the Hawking
temperature [see Eq. (2.19)].

Jacobson’s argument corresponds to the demonstration
in this paper that the 4-point function in the double KMS
state Q4 in Eq. (3.60) is given by a thermal average as in
Eq. (3.62), which is a 4-point function in the HH state if
f = Py In our operator-formalism derivation we needed to
rewrite the 4-point function involving operators in both
wedges as a 4-point function only with those in the right
wedge using the KMS condition. There is no corresponding
step in the path-integral derivation.

The operator approach in this paper makes it clear
how the N-point functions in the HH state are found in
perturbation theory. Also our derivation, based on
Hamiltonian perturbation theory, can readily be extended
to other quantum field theory, e.g., perturbative quantum
gravity.

The detailed discussion we presented of the analytic
continuation of the Euclidean N-point functions both in
the free and interacting theories is the main contribution of
this paper. In summary, it shows that the Euclidean theory
defines a bona fide state in the Lorentzian section in
perturbation theory. Although this does not come as a
surprise in the scalar field case, some authors have raised
doubts about the validity of Euclidean methods in per-
turbative quantum gravity around de Sitter background
[45,46]. An interesting application we foresee of the
results of this paper is in investigating whether the
gauge-fixed Euclidean partition function for quantum
gravity in de Sitter defines a good state when analytically
continued to the global patch of de Sitter spacetime. The
free Euclidean vacuum for the graviton is known to be
well defined, as it does not display IR divergences [47—
49]. Thus, it will be interesting to use the Schwinger-
Keldysh contour presented in this paper to define the
interacting Euclidean vacuum, i.e., the HH state, in the
global de Sitter spacetime.

In defining the HH state for perturbative gravity we
would need to confront the infrared problem in the
Faddeev-Popov ghost sector [50-52]. Recently it has been
proposed to solve this problem using certain conserved
charges in this sector of the theory [53,54]. Another
challenge would be the conformal-mode problem in
the Euclidean quantum gravity [55-57]. It would be
interesting to see whether this problem could be circum-
vented by the Schwinger-Keldysh approach, which is
intrinsically Lorentzian.
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APPENDIX A: FREE FIELD IN THE
FUTURE REGION

For the annihilation operator on the right wedge, the
KMS condition (2.25) reads

g ()0 = 14V ()2l

= a,(,L)T(a))Q(O),

B (A1)

where we have used Eqs. (2.24) and (3.24) in the second
equality. On the other hand, the commutator

[Ho. a’ ()] = ~was” (o), (A2)
together with Eq. (2.23), implies that
e 3l g (0)Q) = HalP (@)Qf).  (A3)

Then, by subtracting Eq. (A3) from Eq. (A1), we obtain

AR (@) =0, (A4)
where
Ry ] (R) B (L)t
As ' (0) = —=———=[as"(w) €77 a;" (0)].  (A5)
One finds similarly,
AP (0)Qf) =0, (A6)
where
L 1 L _obn (R)%
AP (o) E\/ﬁ[afr () - eV (). (A7)

The operators AS;R)(a)) and A" (@) are normalized so that

AR (@), AN (@)] = 6,06(0 — o), (A8)

and the other commutators vanish. Similar commutators are

found for AgL)(w). The field operator with support on the
right wedge can then be expanded as follows:

(R) _ / o dw
O (1, x) = .o
1 ( ) 0 20)(1 _ e—(u/)’H) 2
x ¢0w(X)[At()'R)(G))€_i(’)t + A((TL) (a))e—#Jriwt

+ AS;Rﬁ(a))ei“” + At(;L)-I-(w)e_#_iwt]. (A9)

The coefficient functions of annihilation operators

AR (w) and AE,L)(w) are analytically continued to other

regions as global positive-frequency modes, whereas those
of creation operators are analytically continued as global
negative-frequency modes. As the point (7, X) goes across
the horizon X — 7" = 0 from R to F, the positive frequency
solution must be analytically continued with the following
conditions: (i) its 7 4+ X dependence should be the same in
R and F; (ii) the singularity X — 7 must be avoided by
letting X — T — X — T + ie. The condition (ii) comes from
the fact that, since its high-frequency components with
respect to the global time T are of the form e~*7 with k
large and positive, this solution should be regarded as a
distribution obtained by taking the ¢ — 0™ limit with 7 —
T — ie so that e™*T - 0 as k - +o0.

To find out the implications of conditions (i) and (ii) to
the static coordinates, we note that the combinations X &= 7T
are expressed in terms of ¢ and p as

X+T=pe for (T.X)eRUF  (A10)
and
< if (T,X) e R,
X—T:{pe . T %) (All)
—pe ™ if (T, X) e F,

respectively. Hence, for the global positive-frequency
solutions we must let p — e2p and t — t — iffy/4, as the
point (7,X) traverses the horizon X — 7 =0 from R,
where X — 7 > 0, to F, where X — T < 0. This implies
that

Doo(X) e (I R) = g (x)e= =11 (in F), - (A12)
where ¢,,,(x) is obtained from ¢,,(x) by replacing p
by e2p.

The coefficient function multiplying creation operators
in Eq. (A9) must be continued as a global negative-
frequency mode, for which p — e~%p and t— t+ify/4.
Thus, the free field in the future region F is obtained from
Eq. (A9) as follows:

op

(I)(F>([,X)_/oo dwe™+
! 0 V20(1 — )4

X {a)aw(x) [AEFR) (O))E_iwt + A((;L> (a))eiwt]
+ Gue(X)AN (@) + AL ()]}
(A13)

Equations (3.48) and (3.49) readily follow from Egs. (A9)
and (A13).
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APPENDIX B: ANALYTIC CONTINUATION OF
CORRELATION FUNCTIONS

In this Appendix we show that the N-point function
defined by Eq. (3.55) is analytically continued by changing
the real part of the time variables while keeping their
imaginary part unchanged, under the assumptions made
about the integration over XR.

Let F(xl,xz, e XNS Y1 Y2, ...,yM), with X; = (li,Xi)
and y; = (7;.y;), X;,¥; € ZR, denote a product of the
free-theory two-point functions G (x, x’
from the set of external points {x;},_; ,
internal points {y;},_;,
points x; appear only once as an argument of a two-point
function. An example is

) with the points
~ and the set of

.....

F(xy, X2, X3, X43 Y1, 2)
= G(0>(x1,y1)G(0) (x27y1){G(0>(y1’y2)]2

X GO (y2,23)G (3. x4). (B1)
which arises in the ®*-theory. At each order in perturbation
theory, the N-point function (3.55) is a finite sum of
functions of the form

<11A_/I[1/Cd'[/ /Z d"‘lyjm)

X F (X1, X0, oy XN3 V1 V2 oo es Y1) s (B2)

where C is a contour in Cy, defined by Eq. (3.34) with the
points xi, X, ..., xy also on C.

Under the assumption we made about the integrals over
¥R__in effect we assume that these integrals are cut off in
the ultraviolet and infrared—these integrals do not affect
the analytic property with respect to the time variables t;
and 7;. That is, if the integrand has a certain analytic
property, then so does the result of the integration over =K.
Thus, we are led to consider

Ic(t,ty .. ty)

( /dr) (X1, X025 ey XN3 V1 Y2y oo s Vur)- (B3)

What we need to show is that, if |ly; —y;||. |ly; — x;[| > €
for all i and j for some € > 0, this function is analytically
continued by changing the real part of ¢; € C with the
contour C with monotonically decreasing imaginary part
deformed so that ¢; are always on C.

Let us define an equivalence relation for /- as follows:
Ic~10 if Ic(t, 1y, ... . ty) and I (8}, 15, ..., 1)) are ana-
lytic continuations of each other, with the analytic con-
tinuation performed by changing the real part of ¢; but
keeping its imaginary part fixed, i.e., Im(z;) = Im(}) for all

i. We now show that I~ ~ I~ for all C and C'. We define the
horizontal distance (i.e., the distance along the real axis)
between C and C’' by

|C—C|=max{|t-7|:re C,/' € C',Im(r) =

Im(7)}.
(B4)

Suppose that for some d > 0 we have I~ ~ I~ for all C and
C’ satisfying |C — C’'| < d. Then, since ~ defined here is an
equivalence relation, and thus transitive, we have I ~ [~
for all C and C’ satisfying |C — C'| < nd for any n € N.
This implies that I~ ~ [~ for all C and C’. Hence, all we
need to show is that there is a number d > 0 such that
Ie~I0if |C=-C'| < d.

In general the two-point function G (x,x’) with x =
(1,x) and x' = (¢, x) for the free scalar field is singular
only if Im(z) =Im(¢) and the points (Re(),x) and
(Re(7'),x’) can be connected by a null geodesic [37].
This implies that there exists a positive number d such that
the two-point function G(())(t, x; 7, x’) with the points
satisfying ||x — x'|| > € is an analytic function of ¢ and
¢ in a open neighborhood without holes containing C and
C'if |[C-C|<d.

Now, assume that C and C’ satisfy |C — C'| < d and
define I (7)., 1), ...,ty) to be the function obtained by
shifting each point #; in the real direction to 7}, which is on
C'. Then, the function /o ¢ is an analytic continuation of
Ic. Thatis, I ¢ ~ I¢. Now, the function /-~ ¢ is unchanged
if we replace the contour of integration for z; from C to C'
for any j. If we make this change of the contour for all j,
then the resulting function is I/~ by definition. That is,
Ic = I¢ . Hence we have I ~ I for all C and C'.

APPENDIX C: INTERACTION PICTURE WITH
A TIME-DEPENDENT HAMILTONIAN

Let the Hamiltonian be given in the Schrodinger

picture as
H(1) = Hos(1) + Hys(1), (C1)

i.e., it is given in terms of the canonical operators ®(7;, X)
and their canonical conjugate momenta with #; fixed. The
Hamiltonian H,g(¢) describes the free-field theory and
Hi (1) is the nonderivative interaction term. The explicitly
time-dependence of Hg(¢) arises from time-dependent
functions multiplying these canonical operators.

The time evolution of a state ¥ in the Schrodinger picture
is given by

W(t) = Hs(1)¥(1). (C2)

Vi

This can be solved as
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W(1) = U(t,1)¥(1), (C3)
where we have defined the time-evolution operator
t
U(t, ;) = P exp <—i/ Hyg (’L’)d’[), (C4)
4

with P indicating the path-ordering. That is, products
of the operators Hg(7) is time-ordered if ¢ > ¢ and anti-
time-ordered if # < #;. The Heisenberg operator ®(z, x) is
given by

®(t,x) = U(t;, 1)®(t;, x)U(1, 1;), (C3)
where ®(#;,x) is the field operator in the Schrédinger

picture at any time f. The operator ®(f,x) satisfies
Heisenberg’s equation of motion:

i Lo, x) = [0, x), H(1)),

7 (Co)

where H(t) is the Hamiltonian in the Heisenberg picture:

H(t) =U(t;, HHg (D) U(t, 1;). (C7)

The field operator in the interaction picture is defined as

(1, x) = Up(t;, )@(1;, x) Uy (1. ;). (C8)
where Uy(t,t;) is the time-evolution operator of the free
system, i.e., the operator defined in Eq. (C4) but with Hg(7)
replaced by H 5(7). Defined this way, the operator ®y(7, X)
satisfies the free-field equation:

iitbl(t, x) = [®y(1,x), Hyy(1)],

7 (C9)

where H1(7) is the free-field Hamiltonian in the interaction
picture. This operator is defined as
Ho(t) = Up(ti. )Hos(1)Uo (2, 1;). (C10)

From Eq. (C5) and the corresponding expression for
®;(1,x) we find

®(1,x) = Uy(t;, 1)@y (2, x) Uy (1, 1;), (C11)
where
Uit 1) = Up(1, 1)U (1, 1;). (C12)
Then we find
CUn) =~ (). (C13)

dt

where H(t) is the interaction term in the Hamiltonian in the
interaction picture:
Hy(1) = Up(ti, ) Hys(1)Up(1, 1;). (C14)

From Eq. (C13) we obtain

Uyt 1) = P exp <—i / tHI(T)dT>. (C15)

Then, by defining Uy(t, ¢') for general arguments ¢ and 7’ as

Uy(t.1') = Uit ) Ui (1, 1), (Cl6)
we find that the Heisenberg operator @(¢, X) is expressed in
terms of the interaction-picture operators as in Eq. (3.65)
also for a time-dependent Hamiltonian.
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