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In terms of the complex angular momentum method, we compute the absorption cross section by

analyzing a massless test scalar field around conformally related black holes. First, we investigate circular

null geodesics and thereby prove a precondition for calculating the absorption cross section in the context
of conformally related black holes. Then we use the WKB approximation method to derive the analytic
expression of Regge frequency and the oscillation part of absorption cross sections. We find that this
oscillation part depends on the scale factor of conformal transformations. By taking the conformally related
Schwarzschild-Tangherlini black hole as an example, we show that this regular black hole has substantially
distinctive absorption behavior compared with singular black holes. Our result provides a new approach to

distinguish a regular black hole from a singular one.

DOI: 10.1103/PhysRevD.105.044031

I. INTRODUCTION

Searching for a gravitational theory beyond general
relativity (GR) has never stopped since GR was realized
to be imperfect as a theory of gravitation. A serious defect
is that the black hole (BH) spacetimes in GR include
singularities, which is not an honest reflection of astro-
physical objects. Many gravitational theories have been
proposed to solve this problem, among which the con-
formal gravity is a promising attempt [ 1-3]. Among various
kinds of conformal gravitational theories that have been
constructed so far, we focus on the conformal gravity from
the scalar-tensor theory [4,5]. The reason is that some BH
solutions of GR belong to the family of solutions of the
scalar-tensor conformal gravitational theory. This is quite
interesting. When a gravitational theory has a conformal
invariance, one can obtain its metric by multiplying the
metric of GR by a scale factor. As a consequence, the
metric of the scalar-tensor conformal gravitational theory is
composed of a GR metric multiplied by a scale factor. The
black hole family obtained in this way is called conformally
related black holes (CR BHs) and is usually a kind of
regular black holes if a suitable scale factor is chosen.

The influence of scale factors is nontrivial. Significantly,
the singularity located at the center of a BH can be removed
[5,6] with a proper choice of scale factors, namely, CR BHs
are usually regular. Besides the removing of spacetime
singularities, various properties of CR BHs have been
studied, including the quasinormal modes (QNMs) and
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dynamic stability [6-8], thermodynamics and phase tran-
sitions [6,9,10], and the violation of energy conditions in
CR BH spacetimes [11].

At present, the absorption property of CR BHs remains
to be investigated. The absorption cross section (ACS) of a
BH describes the interaction between the BH and the matter
around it, which reflects the essential property of the BH.
Some previous studies show [12-16] that the ACSs of
regular BHs associated with nonlinear electrodynamics
(NED) are not very different from those of the Reissner-
Nordstrom BH. With fine tuning of parameters, the ACSs
of the two kinds of BHs can even be the same. Because the
Reissner-Nordstrom BH is singular, this phenomenon turns
off the feasibility to distinguish the regular BHs associated
with NED from singular ones by their ACSs. Nevertheless,
the studies about the QNMs of CR BHs are inspiring,
which indicates that this dynamic property is greatly
distinct from that of singular BHs, depending on the choice
of a scale factor. Therefore, it is of considerable value to
investigate the ACSs of CR BHs from the perspective on
distinguishing a regular BH from a singular one.

We adopt the complex angular momentum (CAM)
method to derive the analytic expression of ACSs. The
CAM method was originally applied to scattering problems
in quantum mechanics. The pioneering progress was made
by Watson [17], see the monographs by Newton [18] and
Nussenzveig [19] for the details. The first application of the
CAM method to a gravitational theory was accomplished
by Chandrasekhar and Ferrari [20], followed by Andersson
and Thylwe [21,22] who applied this technique to the
Schwarzschild BH. Later, the connection between surface
waves and QNMs was established [23] in terms of the
CAM method, where the QNMs were regarded as the
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resonance modes of surface waves. Moreover, the related
progress was made [24-29], which provided a general
proposal to derive the analytic expression of Regge
frequency and thereby to work out ACSs. Incidentally,
one method rather than the CAM was once proposed [30] to
calculate the Regge frequency. In this paper, we follow the
way suggested in Refs. [23-29] but generalize it for dealing
with CR BHs.

The outline of this paper is as follows. We briefly review
the scalar-tensor conformal gravity in Sec. I A and then the
BH scattering/absorption theory in Sec. II B. In Sec. III, we
prove a precondition for calculating Regge frequency in the
context of CR BHs. We derive in Sec. IV the analytic
expression of Regge frequency by using the third-order
WKB method and apply the formula to the models of
conformally related Schwarzschild-Tangherlini black holes
(CRST BHs). In Sec. V, we give the general expression of
ACSs and show its dependence on scale factors. We
illustrate our results by taking the models of CRST BHs
as examples. Finally, we present our conclusions in Sec. V1.

II. GENERAL FORMALISM

A. Conformal gravity

The conformal gravitational theory we consider is
described [4,5,7] by the action,

1 1D-2
Ic 22/de\/—_g¢<4g_1R¢—D¢>’ (1)

where ¢ is a massless scalar field, R the Ricci scalar, and
0= ¢V,V, the covariant d’ Alembertian. Equation (1) is
invariant under the conformal transformations of g, and ¢
as follows:

G = S(X) Gy (2)

¢ =[S(x)]*P4, (3)

where S(x) denotes the scale factor.
There are many solutions of action Eq. (1). In general,
gy and ¢ depend on time. Here we focus on static solu-

tions. In particular, if we choose ¢ =2 g—:;, the con-

formal gravity reduces to the Einstein gravity. Therefore,
there is a family of solutions in conformal gravity Eq. (1).
This family of solutions is conformally related to the
specific solution in the FEinstein gravity through the
conformal transformations Eqs. (2) and (3). Based on
the metric of a spherically symmetric BH in the Einstein
gravity, one can write [4,5,7] the metric of the family of
conformally related BHs,

ds? = S(r) |=f(r)de*> + %dﬂ +7r2dQps |, (4)

where f(r) is the lapse function in the Einstein gravity.
Equation (4) is asymptotically flat in the D-dimensional
spacetime because both S(r) and f(r) equal one in the limit
of r — co. With special choices of the scale factor, the
spacetime singularity of Eq. (4) can be removed, which can
be verified [4,6,8] by finite curvature invariants and
complete geodesics in the spacetime.

B. Review of scattering/absorption theory
To study the dynamics of spacetime [Eq. (4)], one can
investigate the simplest case; the minimally coupled mass-

less scalar field. The dynamics of this test scalar field is
described by the Klein-Gordon equation,

1

The decomposition of @ in the background of Eq. (4) has
been introduced [6],

1 —iw
o= Z r(D‘2>/2[S(r)}(D—2J/4 ey o (r)Y em (01, .-, 0p_2),

(6)

where Y, (01, ..., 0p_,) stands for the spherical harmonics
of D —2 angular coordinates, 0 < (6,,0,, ..., Op_3) < =,
and 0 < 0p_, < 2z. With the help of Egs. (5) and (6), one
can obtain the Schrodinger-like equation,

e+ (0> =Ve)y, =0, (7)

with the effective potential,

£(¢+D=3) (f(r)(rP=22[S(r)]P24))
Vf—f(”>{ 2 + [S(r)| P27 (D22 }

(8)

where the “tortoise” coordinate r, is defined as dr, =
dr/f(r) and the prime means the derivative with respect to
the radial coordinate. The scalar wave is purely ingoing
at the event horizon and outgoing at the spatial infinity.
Under these boundary conditions, the eigenvalues @
of the master equation [Eq. (7)] are discrete. Therefore,
one obtains [31-34] eigenmodes, i.e., the QNMs as
well as the complex quasinormal frequencies (QNFs),
= wy, —il'y,, where w,, represents the oscillation
and I';, the inverse of a damping time scale.

The dynamics of the test scalar field can also be
understood in the perspective of BH scattering. The
boundary conditions can be written explicitly as follows:
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(a) At the event horizon, the partial wave y,(r) is purely
ingoing without reflection,

we(r)~ e 1, = —co; 9)
(b) At the spatial infinity, w,(r) is asymptotically free,
1

W (r) ~ e—ior Hi(+E5)5-i%
f( ) Tf(O))
_Se(w) etior i+ r, — —+o0o.
Ty(w)
(10)

Note that 1/7T,(w) is the reflective coefficient, S,(w)
is the element of diagonalized scattering matrix, and
S;(@)/T,(w) is the transmitted coefficient. The terms
+i(¢ +252)Z F iZ on the exponentials are relative
phase differences between the reflective and trans-
mitted waves.
According to the boundary conditions, the scalar wave is
asymptotically free at the spatial infinity, and thus it does
not encounter any potential barriers. Therefore, the reflec-
tive coefficient in Eq. (10) should vanish, while the trans-
mitted coefficient should survive. This implies that the
boundary conditions pick the poles of the scattering matrix,
at which both Ts(w) and S,(w) are infinite, but the ratio
Sy(w)/T,(w) is finite. As S;(w) is a function of both ¢ and
w, the poles can be interpreted in two perspectives.

In the first perspective, S,(w) is analytically continued
to the complex w-plane (w € C), while £ € N remains
unchanged. In this case, the poles of the scattering matrix
correspond to the QNFs. As a consequence, on the
complex-w plane, the scattering matrix S,(®) can be
expanded in the vicinity of QNFs,

an
2w —wpy +iTp,)"

Se(w) o (11)

which is the Breit-Wigner type of resonances; see
Appendix A of Ref. [25] for the details.

In the second perspective we adopt in this paper, S, (@) is
analytically continued to the complex A-plane (CAM plane)
by defining A= ¢ + (D — 3)/2 first and then analytically
continuing A to be complex, while w € R remains
unchanged. In this case, the poles of the scattering matrix
correspond to the Regge poles. Conventionally, the nota-
tion 4,(w), n=1,2,..., is used to distinguish different
Regge poles.

As suggested in Refs. [23-29], one can interpret reso-
nances as the surface waves traveling around a photon
sphere and damping simultaneously. Rel, () denotes the
speed of circumnavigation of surface waves and Im4i,,(®)
the damping of surface waves. In fact, the QNFs are closely
related to the Regge poles. When the resonances happen,
i.e., the real part of Regge poles satisfies

D-3
Re/ln(a)fn)zf+T, l/ﬂEN, (12)

one can solve the real part of QNFs. In addition, the minus
imaginary part of QNFs can be determined by the Regge
poles,

ImA, (w) £ Rel, (w)

[ Red, ()] + [3;ImA, ()]

an =

(13)

WD=Wy¢y

III. PROOF OF A PRECONDITION FOR
CONFORMALLY RELATED BLACK HOLES

In this section, our main purpose is to prove a precon-
dition used in the calculation of Regge frequency for
CR BHs.

The location of a photon sphere of a static spherically
symmetric BH is determined [35,36] by the following
formulas for the trivial scale factor, S(r) =1,

Fr) = 2 5r) =0, (14)

1) = 5 (re) <0. (15)

In fact, according to Ref. [25], one can approximatively
obtain r( ~ r.. in the large-£ limit, where r, stands for the
peak of the effective potential V, [Eq. (8)]. We need this
approximate result in CR BHs with the nontrivial S(r). Our
way to prove is straightforward: If r. and r, are indepen-
dent of S(r) in the large-Z limit, the approximate result
holds for CR BHs. This is what we call the precondition.

A. r, independent of S(r)

We start with the line element Eq. (4) and restrict our
discussion, without loss of generality, to the circular
geodesic orbits within the equatorial plane. As shown by
Chandrasekhar [35] and Cardoso [36], the Lagrangian of a
particle moving along one of such obits is!

2L = =SUFOP + 13+ S0P (16

where the dot denotes the derivative with respect to the
affine parameter 7, and ¢ stands for the azimuthal angular
coordinate. The generalized momenta then take the forms,

pr==S(r)f(r)i=-E. (17a)

Py =S(r)r*¢=L. (17b)

'Due to the different sign conventions, Eq. (16) is different
from the Lagrangian in Ref. [36] by a minus sign.

044031-3



YANG LI and YAN-GANG MIAO

PHYS. REV. D 105, 044031 (2022)

~—

pr=—r57

S(r
f(r

(17¢)

~—

where E and L are conserved energy and angular momen-
tum of the moving particle, respectively. Solving Eq. (17)
for ¢ and ¢, we obtain

. E
I =——-—, 18
S0 )
L
p = , 19
¢ S(ryr? (19)
and thus give the conserved Hamiltonian,
2H =2(pit+ pyp + pri = L)
. S(r). .
=-=S(r)f(r P+ S(r r2¢2
(V)2 + 5P 4 5(0)
E? S(r)., L?
== + re+ 3
S(r)f(r)  f(r)  S(r)r
=4, (20)
where §; = 0 stands for null geodesics, while §; = —1 for
timelike ones. Equation (20) can be recast into
2=V, (21)
with
[, 1 E
V,= o) — , 22
so) [ st sorm) P

where V, denotes the geometric potential of particles. We
note that V. is different from the effective scattering
potential V.

The photon sphere consists of circular null geodesics at
r =r,., and these null geodesics are unstable orbits such
that

Ve =0=Vi| (23)

and
VI, <0. (24)

Equation (23) determines the value of r., while Eq. (24)
shows the instability of orbits. We can write Eq. (23)
explicitly,
E? L?
Viper =0=> ——-—=0, 25
r, =0 =0 25)

and

=0, (26)

2 2 /
V’rlrr(.=0=>< o —Lf(r))

[S(r))> - r28(r)

where . means f(r.). The similar notation is also applied
to the scale factor, i.e., S. = S(r.), S. = §'(r.), etc., in the
following contexts. Equation (26) yields

r=r.

2S/crc(ch2 - Ez’%) - Lzsc(zfc - rcf/c) =0. (27)

Note that none of r., S, S, and L equal zero. Substituting
Eq. (25) into Eq. (27), we exactly obtain Eq. (14) which is
associated with the trivial scale factor, S(r) = 1. Hence, we
prove that r. is independent of S(r). In general, it is
reasonable that the scale factor does not alter the location of
photon spheres, since the equation of motion of null
geodesics is conformally invariant.

B. ry independent of S(r)

Now we analyze V, for £ > 1. V, has the following
behavior in large-Z regimes for the CR BHs described by
Eq. (4),

£2f(r)

7’2 ’

Ve~ > 1, (28)
which can simply be verified when £ > 1 is applied to
Eq. (8) and the terms proportional to #° and #! are omitted.
Note that Eq. (28) is exactly same as Eq. (44) of Ref. [36].
Therefore, the peak ry of V, in large-Z regimes is also
independent of S(r).

As a summary of Sec. III, the approximate result, ry & r,
for # > 1, still holds for CR BHs with the nontrivial S(r)
because both r( and r.. are not altered by S(r) in the large-¢
limit. Incidentally, this implies that the geometric ACS,
which will be discussed in detail in Sec. V, is independent
of S(r).

IV. REGGE FREQUENCY OF CONFORMALLY
RELATED STATIC SPHERICALLY SYMMETRIC
BLACK HOLES: WKB METHOD

In this section we calculate the Regge frequencies for CR
BHs in terms of the third-order WKB method, which is the
basis for us to investigate ACSs in the next section.

A. Regge frequency: General expression

Now we derive the analytic expression of Regge
frequency via the third-order WKB method. Originally,
the WKB method was used to derive the eigenvalues of
Schrodinger equation in quantum mechanics; see Ref. [37]
for a pedagogical introduction. Then it was introduced into
BH perturbation theory for the calculation of QNMs,
because the master equations of perturbative fields have
the Schrodinger-like form and the QNMs correspond to the
eigenvalues of Schrodinger-like equations. The first-order
WKB method was applied by Schutz and Will [38], the
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third-order one by Iyer and Will [39], the sixth-order one by
Konoplya [40], and the higher-order one by Konoplya et al.
[41,42]. Recently, the WKB method has also been used to
calculate the Regge frequency in BH perturbation theory;

see Ref. [23-25] for the details.
Here we resort to the third-order WKB method. As
pointed out in Ref. [25], although the higher-order WKB
|

@ = [Vo(2) + [-2V

(D)]'*A (2 n)]

method has higher precision, the complexity of calculations
also grows greatly, which gives rise to a too complicated
analytic expression. As a primary application to CR BHs,
the third-order WKB is good enough, which can be seen in
the following discussions.

We start with the third-order WKB equation [39] in
which the QNFs satisfy

— ia(n)[=2V2 (1)1 + Q4. n)), (29)

where w € R™, 1 is Regge frequency, A € C, n is overtone number, n € N, and a(n) =n — 1/2. In Eq. (29) the two

factors, A and Q take the forms,

m Lo 1 (Ve WY )P
A = o gy (a0 ~agg (Ul ) 7+ 60t (30)
and
1 5 v\ o
8n) = o <v52>(/1>) (77 + 188[a(n)])
1 (v arvya 1 v @)\’
—384<[ 0[‘(/32)](2)‘])3() (51HOO[O{(H)PHW(\/E”EA;) (67 + 68[a(n)]?)
(3) (5) (6)
oo (W) (194 28[a(n)]?) - 55 @22’2;) (5+ 4[a(n)]2)} . (31)

Moreover, the notation Vép ) (1) stands for the derivatives of

V—p=3(r) with respect to the tortoise coordinate at the peak
of the potential,

d?

v (2) = g7 Va-ea(r) (32)

=(r)o

Ty

where V;_p-s(r) corresponds to V,(r) that is now regarded
as a function of complex A after the analytic continuation of
¢. We shall solve Eq. (29) approximatively by assuming
|4] > 1 and |Red| > [ImA|. Such an assumption is just the

precondition ry = r. for £ > 1 that we just proved in the

above section. So we evaluate Vép ) (1) at r.. rather than at .

As done in Ref. [25], we also adopt ., in order to simplify
the formulas of Regge frequency,

\Vaf. =222,

Again taking Egs. (8), (32), and (33) into consideration,
we compute the coefficients in Egs. (29), (30), and (31).
These coefficients are related to Vép ) (4) and put in
Appendix A.

ne = (33)

Now it is ready to solve Eq. (29). By using Egs. (30)—
(32) together with Appendix A, we derive the general
formula of the Regge frequency of CR BHs,

2 1/2
In(@) = J%wz + a, + 2nta(n))’e, (v)
+ inca(n)[l + &,(w)], (34)
where
en(@) = o (35)

(re/fe)o? + a, +nla(n)]?

Note that the formula has a similar form to that in Ref. [25],
but the coefficients a, and b,, are different from those in
Ref. [25]. The condition, |4| > 1 and |Red| > |ImJ|, leads
to @ >> 1. Thus we can further expand 4, (@) in series of w,

e
] 0uli) 09

Here a,, and b,, depend on S, and its derivatives SE-’) ), and

they encode nontrivial corrections to the Regge frequency

(o) = |

r
Ca)+
c

VFe

+ in.a(n) [1 +
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via the scale factor. Such nontrivial corrections show the
major difference between the conformally related BHs and
nonconformal ones. The expressions of a, and b, are
presented in Appendix B. According to Eq. (36), the
influence of S(r) is efficiently suppressed in large-w
regimes. As a consequence, in high-frequency regimes,
() = r.//feo + in.a(n), ie., the Regge frequency
becomes independent of the scale factor, which is con-
sistent with the result of nonconformal BHs.

B. Regge frequency: The conformally related
Schwarzschild-Tangherlini black hole

As an application of the result obtained in the above
subsection, we give the expression of Regge frequency for
conformally related Schwarzschild-Tangherlini black holes
(CRST BHs) in the D-dimensional spacetime.

When S(r) = 1, CRST BHs return to ST BHs. For the

where M is the mass, ry, is the radius of event horizons,
Ap_, is the area of unit sphere SP~2, and I'[x] is the Gamma
function. Using Eqgs. (14), (33), (37), and (38), we compute
the parameters, r. and 7.,

D — 1\ /(D-3)
ro = rh< 5 ) , (39a)

ne =D =3. (39b)

For illustration, we derive the Regge frequencies for the
CRST BHs in four-, five-, and six-dimensional spacetimes,
respectively, by using Eq. (36) together with Appendix B.

(a) D = 4 For the four-dimensional spacetime, consider-
ing Egs. (37), (39a), and (39b), we have

two types of BHs, the lapse function is of the following P 3 = 3M (40a)
form, c 2 '
7\ D=3 =1 40b
o =1- ()", 37 te=1, (4ob)
rC
with 7= 3V3M. (40c)
(D-1)/2
rb-3 = ﬂ’ Ap_r = 27 . (38) Thus, we obtain the Regge frequency from Eq. (36)
(D—-2)Ap_, I'[(D-1)/2] and Appendix B,
|
V3a b 1
A = |3V3M = j l+—-— O (=], 41
(@) [ VaMao + 18Ma)] i l“("){ +27M2w2] T o <w3) (41)
with
29 1 )12 2) (1) 5[(1(”)]2
=-= M2(SY? — 6m2S,. 8P — 8Ms,S¢ 42
a, 216+4S§[3 (8¢7)" —6M>S,. S —8MS.S. '] + T (42a)
371 1
by = = — = {S3[OM*SY + 420358 + 28M2S — amsL)]

" 15552 8s*

—3852[6M*(S7)? + omst s 4 32m3sSP 4 8m (st

305 2
—27M*4 (S + ons, (S [Tmes + emsM)) — % (42b)
(b) D =5 Similarly, for the five-dimensional spacetime, we have
M

=2 =4y —, 43
re \/_rh 3 ( a)
ne = V2, (43b)

r 2M

=44 —. 43

N i (43c)
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The corresponding Regge frequency reads

- b, 1
Mn(@) = [V2r.o+ . w] +iv2a(n) [1 + —2r§w2] + 0. <§> (44)
with
SO sy  Slatn)p
= M —4MS, 4
101
by =5 (S3[16M25Y + 60v3zM3/2SY) + 84xMSP — 2113732/ M SV

"T 7512 24 254
— S2[aom*sV s 1 120v3zm3281 8P 4 2am? (P + 752M(S)))

—24M2 (S + 12M5,(SNV) [5v3aM S +6MS£2)}}—%. (45b)

(¢) D =6 As done in the above two cases, for the six-dimensional spacetime, we have

(5\'* V15M 46
ro = E rh——22/3\3/]_7:, ( a)
ne = V3, (46b)
e SNVM (46¢)
Ve 22833722
and write the corresponding Regge frequency,
5 a b 1
() = |\/>rew+———| +iV3 1+—" o (=). 47
o= s s e s o] + o, () “
with
31 3 T[a(n))?
=-- 30M)%38% + 129/30aM sV + 48
W= =60 " 20725, [(30M) + M) + 5 (48a)
409 3 20154 () (3)
=~ ———— == {51 MA3SE + 480+/TM S¢
by = = 0~ 500 4/3S3{SC[5\/@ S+ 480/zM S
+56(307)23M238%) — 1929302V M S
— S.[15v30M(5)* + 30v/30M5L) s
+ 840/aM?3SV S + 56(307)23 /M (M)
2
+30M23 (S [12y/aM 38 + /3om23s P — % (48b)
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From the above Regge frequencies of CRST BHs, we

find that a,, and b, depend on M, S, and SE.” )in a subtle
way. In the second terms of a, and b,,, the combination of

M, S, and S is balanced such that the dimensions of all
subterms in these second terms offset precisely with one
another, which makes a,, and b,, exactly dimensionless. The
powers of M in a, and b, are not uniform in different
dimensional spacetimes because the dimension of mass
changes with spacetime dimensions as shown in Eq. (38).

V. ABSORPTION CROSS SECTION

Based on the Regge frequency performed above, we are
now ready to compute the ACSs for CR BHs. This section
is divided into two subsections, where one focuses on the
analytic expression of ACSs and the other to the illustration
of ACSs in the models of CRST BHs.

A. Analytic expression of absorption cross sections

As shown in Refs. [26,43], the ACS of a D-dimensional
static spherically symmetric BH reads”

2(D-2)/2
I[(D -2)/2]wP~? £~
x (26 4+ D =3)Ty(w),

¢+ D - 4]
r[]

Oabs (w) =

(49)

where I'y(w) denotes the graybody factor.” Further, based
on a modified version of Sommerfeld-Watson transforma-
tion [18], o, can be analytically continued [26] such that
£+ (D-3)/2=2€C. After these performances, one
can rewrite o,,, which consists of three parts,

27(D-2)/2 +oT[A+ (D —3)/2
w®) = Kb e ) Tl (b= 5y @
o e[S D= @0, ()1, (0)
" T[(D-2)/2JwP2 " [ T, () - (D =5)/2] Sm[ (4a(@) = (D =3)/2)]
. (D-2)/2 +m[ A+ (D —3)/2] €™ P20, _ps(w)
(D-2)/20"2 Jy  |'Tla=(D=35)/2] sinfx(i— (D - 3)/2)]
[ /1+(D—3)/2} ei”[/lJr(D_S)/ﬂﬂF_ﬂ_uTA(a))

[[-4-(D-5)/2]

where 7, (@) is the residue of graybody factors at the nth
Regge pole,
V(@)

= Res[l]_¥(w)]| (51)

A=A, ((1)) )
The three terms in Eq. (50) play different roles. Let us give
a detailed explanation.

The first term corresponds to the geometric absorption
cross section, Gge,, Which has the following form [26],

2(D-2)/2pD-2

% = o) 2

sin[z(A + (D —3)/2)]

(50)

where b, = r./+/f. is independent of S(r). As a result,
Oyeo is independent of S(r), which indicates that the first
term of Eq. (50) is out of our central concern.

We shall see that the third term of Eq. (50) is also out of
our central concern. The reason is as follows. The inte-
gration with respect to A leads to an overall factor. By
definition, the graybody factor is the modulus square of
transmission coefficients, so it is not larger than 1, namely,
I, ps(w) < 1. Therefore, we know that the overall factor

has an upper bound, which can be obtained by setting
I, os(w) = 1 in the third term of Eq. (50),

*This formula is valid for any effective potentials that are the function of radial coordinate only, so it is also valid in the CR BHs with a
nontrivial scale factor. See also Ref. [44].

*Note to distinguish this factor from the Gamma function, I[x].
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By means of numerical integration of Eq. (53), we find that
the effect of the third term of Eq. (50) is quite small if
compared to that of the second term. In fact, within the
intermediate frequency region that we concern most, the
third term just contributes a minor correction to the total
ACS. This will be further illustrated intuitively in Sec. V B.

The second term of Eq. (50) represents the contribution
from the Regge poles. It manifests the oscillation behavior
of ACSs with respect to w, therefore it does contain the
characteristic information of CR BHs. For this reason, the
second term is our concern.

Now let us introduce the method we shall use for
calculation of the second term of Eq. (50). Gamma
functions have the property,

1\ —a+b
kTd <_> , if |z] > +oc0 and |argz| < 7.
z+b z
(54)

Moreover, the sine function can approximately be
reduced to

sin(7[4, (@) — (D = 3)/2])
1

T 2i
1

T 2i
1

[eimlha (@)=(D=3)/2] __ ginli,(@)~(D=3)/2]

[ezrlmﬂ,,((u) (eiﬂ[Re/I,, (0)=(D-3)/2] e~ 2rimA, (o)

~ir[Rel, (0)~(D=3)/2])]

o {486M35, (S’ 1MSP + 651 — 15154 — 1458Mm4 (L)
MO

where we have omitted the term, e™Ret(@)=(D=3)/2]y

—27lmA, (@) " because it is greatly suppressed by the factor
e . It is obvious to see that the leading order
of e=27m4(®) approximately equals 0.043 when D = 4 and
n =1 and it is even smaller when D > 4 and n > 1. By
using Egs. (54) and (55), we obtain the second term of
Eq. (50) approximately as follows:

e
—2z7lmA, (w)

+00
Z je2in[Red, (0)=(D=3)/2]

n=1

8zP/2
o) =y |

0 (0] 0)| (56)

The graybody factor can be written [26] as

Fyoos(w) = [1 +exp <—2nm)]_l. (57)

Substituting Eq. (57) into Eq. (51), we compute y, ().
Further substituting y, (@) into Eq. (56), we finally obtain
the explicit form of oXr ().

In the following we focus on the CRST BH. Although
the derivations are straightforward, the residues of gray-
body factors in D-dimensional spacetimes are not listed
here except for those in the four-, five-, and six-dimensional

spacetimes as a sample for CRST BHs.

4

1
+54MS3[OM3 S + 42Mm28) + 28M S — 45V] — 276[a(n)]2S4) + 0 <—3> . (58)
w—>+00 \

{96Mm3728, (S’ [5v37S") + 6v/MSP)

~— 2_ [eﬂlmi,,(w)e—in[Rei,, (w)—(D—3)/2]]’ (55)
1
|
(a) D=4
1 . an)
W) = ———i—0p—"—
Ya(@) 2r 6V3zMw
1
T 2330802
—162M282[6M%(5P)* + om2S 8P + 3om sV sP) 4 8(sY?
(b)y D=5
v (@) = - 1 _l_\/§a(n)Jr 1
" V2 42zMe 2048V 272 MStw?

—19202(S)* — 1112284 — 8MS2[24M (S + 40M V'SP + 120032V MSV s + 757(sM Y]
+ 8vVMS3[16M3/28Y + 60M+/3xSE) + 84vMnSP — 211/37325)

_ 33[a(n)?
256 2Mw?

1
r o (_>
w—=+00 \ @)
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(c) D=6

V3 . 3V3a(n) 1

Yn(@) =

— 1468v/3 n4/3s3 -
1 56v/30zMisY
+ 160v/302M2/35%) 1 560723 Mm1/35Y

_1EamP (1
25(52/3)\3/51‘/[2/30)2 w400 w3 '

2n V25052 Mw | 20000837 M S2a?
135M3S,[(30M)3(SP)? + 2(30M) /38 s
SO 1+ 112238 + 27v/MS2[5(30%3) M s
— 64(30%3)zsM]}

{270M () [129/307 (L) + 3023 M1/3512)]

(60)

In the final part of this subsection, we derive the analytic expressions of 6abs< ) for the CRST BHs. We omit all contributions
from the Regge poles of higher excitations, i.e., those with n > 1. The reason is same as that explained above, that is, all these

contributions are suppressed by the exponential function e~

2md, (@) - where  ImA, (@) = n.a(n) + O(1/w?) =

ne.(n—1/2) + O(1/w?); see Eq. (36). Here we list the results in the four-, five-, and six-dimensional spacetimes.

(a) D=4
RP __[3v3Mzsin (6\/§ﬂMa)) 71 COS (6\/§7rMa))
Uabs(w) = —8e™" - P
2w 2w
i M 1
—M(mzwscsﬁ” —81M2(s\V)’ +216MS,SY +6152) |+ O (—]).  (61)
1296\/3M S20’ w—too \ @
(b) D=5

4+/6M cos [(8/27M/3)w)

oR () — 8 fﬂ[sszsm[(s 22M/3)w]

3r’w
2rM
sm (84/27M /3)w] 16MSS
4272 820?

(c) D=6

2202

1
4M(S<cl))2—|—20\/3ﬂMSCS(Cl>+13nS§)]—I— o <—4) (62)

w—+o00 \

P (1) = —8¢ \/—77[25\[Msm[(55/6 7*32M /N/3) ] 5(152/3)M2/3cos[(55/6n'2/3€/m/\"’/§)a)]
abs

872w

_Msin[(5%/57233/2M /{3)a)
16fn2S »’

B. Graphs of 6RP

abs (@) for CRST BHs

Now we present the above results more intuitively in
graphs. We restrict our attention onto the (CR)ST BHs and
plot the behavior of oXf(w) with respect to w. The
dimensionless quantltles oX¥ (w) /Ay, and ryw, are adopted,
where A, = Ap_,rP~? is the area of event horizon of a
(D — 2)-dimensional sphere. For simplicity, we refer to
oR¥ (w) as the “oscillation” in the context.

First, in order to justify the correctness of our results, we
show that our results are consistent with the Sinc results

obtained in Ref. [26], where the latter is based on the model

29200

. 1
((15M)2/3S£2)+54\‘/6OEMS£1>+95\3/§7r2/3SC)]—1— @) (—4> (63)

®w—>+00

of nonconformal Schwarzschild-Tangherlini BHs. Thus we
set S(r) = 1 and choose the lapse function to be that of the
Schwarzschild-Tangherlini BH in our results. We plot the
comparison in Fig. 1, where the red and green curves agree
with each other over a wide range. Only when the
frequency is extremely low, does the disagreement appear
slightly. The reason is that our results include O(1/w?)
corrections to oXF (w), while the Sinc results only include
the order of O(1/w). Figure 1 manifests the consistency of
our results with the Sinc’s. Moreover, this figure also
justifies that the third term of Eq. (50) indeed contributes
a minor correction to the total ACS; see the blue curves.
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D=4 D=5

:
04¢F —— higher—orders

03F Sine 0.05

=1 lAnnaanna

RP 0.1F \VAAV/
Tabs/ A 00 \//\V/\V/\V/\Vr abs/Ah VVVV
' -0.051 = higher—orders | ]
-0.1¢ v Sinc
-02¢ 1 ~0.10t —— S3rdterm ]

L L L L L L L L

02 04 06 08 1.0 12 14 1 2 3 4 5 6
rpw rhaw

0.05»\£ | |
IMﬂMM\A A

0.00 V v v FF
Tabs/ A yvvvy A
-0.051 —— higher—orders
Sinc
-0.10f —— andtem
2 4 6 8 10
rhw

FIG. 1. The red curves stand for our results, the green curves for the Sinc ones in Ref. [26], and the blue curves for the upper bound of
the third term in Eq. (50).

D=4,N=25 D=5N=25
0.10 16' ' ' : Non—éonfon‘nal 0.03 14 ' Non—conformal
Conformal 0.02 Conformal
005 | — 3rd term ] e 3rd term
0.01 §

RP |
T abs/An oRP /4, 0.00
—-0.01
-0.02
-0.03
rp
D=6N=25
0.015 " 23 Non—conformal | ]
0.010 Conformal
= 3rd term
0.005
oRe /Ay 0.000
—-0.005
-0.010
-0.015 ]
10 20 30 40 50 60

rpw

FIG. 2. Comparison between CRST BHs and ST BHs, where L = r. and N = 25 are chosen for the convenience of plotting. The red
curves stand for the CRST BHs and the green curves for the ST BHs, where the vertical black lines mark the positions of “the minimum
amplitude” in the four-, five-, and six-dimensional spacetimes, respectively. The blue curves stand for the upper bound of the third term
in Eq. (50). Note that the blue curves are very close to the horizontal axes.

044031-11



YANG LI and YAN-GANG MIAO

PHYS. REV. D 105, 044031 (2022)

The effect of blue curves decreases rapidly when the
frequency increases, such that it can be omitted in the
intermediate region of frequency.

Next, we investigate the influence of scale factor S(r) on
oRP (w). This will be accomplished by studying the dis-
tinction between CRST BHs and ST BHs. We consider one

specific kind of scale factors,

s+ (2)"

where N is a dimensionless constant and L is a typical
length scale of CRST BHs, e.g., ry, or r., or the Planck
length [4]. As long as N is large enough, the CRST BHs are
free of spacetime singularity. In fact, we can verify that the
Ricci scalar behaves as r?V~P+! and the Kretschmann
scalar as r*N=2P+2 when r — 0 for the choice of Eq. (64). If
we take N = 25 in the four-, five-, and six-dimensional
spacetimes in Fig. 2 and N = 10, 25, 50, 100 in the four-
dimensional spacetime in Fig. 3, the corresponding CRST
BHs are regular.

We present the behavior of 6RF (w) with respect to @ in
Fig. 2 by using Egs. (61), (62), and (63), where the case of
CRST BHs with nontrivial scale factors and the case of ST

(64)

D=4N=10

Non—conformal

= Conformal

= 3rd term

RP
O-abs/Ah

0.06

Non-conformal

33

Conformal

0.04

= 3rd term

0.02

oRe/An 0.0
~0.02

—-0.04

—-0.06

2 4 6 8 10 12 14
rpw

FIG. 3.

BHs with the trivial scale factor (N = 0) are plotted. It is
quite interesting that the amplitude of oXF (w) of CRST
BHs always possesses a nonmonotonic behavior, unlike
that of ST BHs which is monotonic. To show this
phenomenon more clearly without loss of generality, we
have made an appropriate choice of parameters, such as
N =25 and L = r,. For the CRST BHs, the amplitude of

oRF (w) is quite large in extremely low frequency regimes.

As  increases, the amplitude of ok (w) decreases almost
to zero at a certain value of @ which is called “the minimum
amplitude”, and then the amplitude increases. Compa-
ratively speaking, the amplitude of oXF (w) for the ST
BHs decreases monotonically. In large-w regimes, the
oscillations of the two kinds of BHs go to the same value.
We note that the effect of the third term of Eq. (50) can also
be neglected; see the blue curves.

We further investigate the nonmonotonic behavior and
find that it exists universally for a wide range of parameter
N. To show this universality, we plot the results with
various values of N for the four-dimensional CRST BH in
Fig. 3. The situations for five- and six-dimensional models
are similar and thus not presented here. We note that the
effect of the third term of Eq. (50) can be neglected as
expected.

D=4,N=25

Non—conformal

Conformal

= 3rd term

RP
O-abs/ A

rRw

D=4,N=100

Non-conformal

0.02

= Conformal

= 3rd term

0.01

RP
O-abs/Ah 0.00
-0.01

-0.02

5 10 15 20
rRw

Comparison between the CRST BHs and ST BHs in the four-dimensional spacetime, where L = r. and N = 10, 25, 50, 100

are set. The red curves stand for the CRST BHs and the green curves for the ST BHs, where the vertical black lines mark the positions of
“the minimum amplitude” in the cases of N = 10, 25, 50, 100, respectively. The blue curves stand for the upper bound of the third term
in Eq. (50). Note that the blue curves are very close to the horizontal axes.
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We also find that the behavior of 6RE (@) is not sensitive to
L. Only when L isridiculously large, e.g., L > 2000r,. in the
four-dimensional CRST BH with N = 25, does the non-
monotonic behavior vanish according to our numerical
calculation. Note that N is the exponent in S(r), while L
is a numerator of fraction. It is natural that the influence of N
is more prominent than that of L. Furthermore, if the
astrophysical data are taken into consideration, the magni-
tude of L is not likely to be larger than the BH mass in the
geometric units [45]. As a result, the nonmonotonic behavior
always appears in a physically natural range of L and N.

We end this section with a summary of our results. After
some appropriate approximation, we obtain the analytic
expressions of o&F () for the four-, five-, and six-dimen-
sional CRST BHs. When CRST BHs are reduced to ST
BHs, our results agree with the Sinc’s [26]. With a specific
choice of the scale factor which regularizes the CRST BH
spacetimes, the amplitude of o%F (w) of CRST BHs is
nonmonotonic, which gives rise to our main conclusion;
The CR BHs are substantially different from their non-
conformal counterparts in the aspect of ACSs.

VI. CONCLUSION

We analyze the null geodesics of CR BHs and prove the
condition, ry = r. for £ > 1, that is, the location of photon
spheres is independent of scale factors in the large-£ limit.
Then using the third-order WKB approximation together
with this condition, we obtain the Regge frequency and the
ACS of a massless scalar field absorbed by CR BHs. Our
analyses show that the ACSs of CR BHs depend on the
scale factor, which can be used to distinguish CR BHs from
nonconformal BHs.

To illustrate the distinction, we investigate a specific
class of CR BHs, the CRST BHs, and find that there is the
nonmonotonic behavior of ACS amplitudes in a wide range
of parameter N. This phenomenon manifests the character-
istic of CR BHs in the aspect of ACSs.

Significantly, it is possible to use the above mentioned
phenomenon to determine observationally the scale factor
of CR BHs if the CR BHs exist in our Universe. The scale
factor goes to unity asymptotically, so the CR BHs and the
nonconformal ones are similar at a large astronomical
distance. Nevertheless, we can still distinguish these two
kinds of BHs by their absorption spectra. In Ref. [11], the
authors concluded that a larger N causes a less violation to
the energy condition, which implies that a larger N seems
more reasonable and natural in our world. For a larger N,
“the minimum amplitude” of 6XF (w) appears in the higher-
frequency regimes of absorption spectra, which is a more

|

fe fe
Vo) =2 ¥+ 1gg

+(D=6(D =21 () 45D =207~ 0 =3+ O_(5).

prominent spectral indication of the scale factor. As for
astrophysical experiments, it is technically easier to observe
the high-energy rays and particles than the low-energy
ones. Therefore, it is feasible to distinguish a CR BH from a
nonconformal BH through the observations.

It is also feasible to search for regular BHs in this way.
According to the earlier studies [12-16], the ACSs of regular
NED BHs do not possess any special spectral characteristics,
such as the nonmonotonic behavior. Therefore, the ACSs of
NED BHs are indistinguishable from those of singular BHs,
such as the Reissner-Nordstrom BH. However, this is not the
case for regular CR BHs. The distinction is prominent as we
have shown. Therefore, we provide a feasible approach for
searching for regular BHs.

Finally, we have an argument about the Hawking radiation
of CR BHs. The ACSs are related to the energy flux of
Hawking radiation [46—48]. For example, the following
formula holds for the four-dimensional Schwarzschild BH,

d*E(w)

w36abs (w)
65
dwdt (65)

« exp(8zMw) — 1°

which implies that the radiated energy per unit time and unit
frequency is proportional to the ACS of four-dimensional
Schwarzschild BHs. By integrating Eq. (65) with respect to ¢
and @, we can obtain the loss of BH energy through the
radiation, AE. Obviously, AE is a function of N and L. This
implies that the loss of BH energy does depend on the scale
factor S(r) although the Hawking temperature is indepen-
dent [4-6] of this factor. Such an inference is surprising
because it seems that there are unknown properties hidden in
the thermodynamics of CR BHs. We believe that the research
for the issue will improve our understanding of CR BHs
greatly.
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APPENDIX A: THE EXPRESSIONS OF THE
TERMS RELATED TO VY (1)

Here we give the asymptotic expansions of the coef-

ficients related to V(()p ) (4) in the limit of || - +oo.

(4D =2)r S (D =2)f S + forSE + 2750

2
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2 1
fee )

(2) 1/2
=2V (4 =
e e 1onereS:

{[szsz(zw ) fureSY) S, (D=3 —4(D — 1))
+2pn52| 52 (Yo @p - 27 + 30 - 37)
+ri8(D -2)2d-11)f2+ (D -3)> - rcfé"‘)) +4(D=9)(D - 2)f2r ()

+ 2(D - 2)fcrcSc (2:06

4D =2)8" + 7,82 + 45 rcsé”)]

fe

C

c

(5D — 46)r.82 = 10(D = 2)S") + (D — 10) £ sV

+ £25.(D = 2)r38,S¢ [
+4f25 S32(D =2)(22 =5D)f. + (D = 6)(D = 2)f12 + (D - 2)

+ 973D - 2>2+6< ~2) = 3] +2/28.(34 = 5D)(D — 2) f . ri (s’
£ 2(D = 2)2f283 | r 2D -2)fP + ) + 4Py 5P

ch

( (5(D =2)S? +6r.8) - 5D -2)s)

+<D— 2) 13738, (S8) (24 = 5(D = 2))r. 8P + 4(D - 2)5t") +3(D - 6)r4(5)* +12(D - 4)84]
+ (D = 2)r2f38%[r S (D = 10)r ST = 6(D - 2)SP) + (D - 8)r2(SP)* + 4(D - 2) (5]
1

1
+2(D = 2)r f283[r. (D = 2)r.S& = 2(D = 2)S? + 28 +-2(D - 2)s] } i o <A—2)
—+00

(A2)
4) ) 1
v = a6 162 ang g U N 0 (7))
0 c’c
VWY _ ey 1
(Vg”(a)) T <12>' (A4
31274 (3)
0 c
1
RGP 1O 0 (5), (43)
vV () Y 1
O[V(u?(j)]z( _ r£n4 (10£ef 4 10rfof &+ 2OSFELD + 1SN+ O (lz> (A6)
0 c
v ) 12 3) /(22
e 0= mAl 272f3 + 4087222 = 88rf2 £ (1)
+rife(38fof Y = 204(fP)) 4 rif (10472 F 4185 ) (£
1
AU 1S 4 26800 O O (7). (a7

The expansions are kept to O(1/4?) in the limit of || — +oco, where the scale factor only appears in V,(4) and
[—ZV(()Z) (/1)]1/2; see Egs. (A1) and (A2).
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APPENDIX B: THE EXPRESSIONS OF a, AND b,

(p)

We find that the terms proportional to [a(n)]> do not include S, or S¢”’ in a, and b,,.

= 11512;74 {‘72f 24f. =22 f ) =18 () = 36r2f o f O 2f o = 2P
—18(4f = 22fE)(D =372 (4f . = 22f)) + i (f7)]
L9

(4f. = 22fN (D = 2)(4f . = 272F2)) + 16:252 72 — 452 f Y

2S2

+4Dr 8.5 + 412557 + (D - 6)r2(s! )+4DS2]}

+ la(m)]? 9C6f 2SSOt brefof 1202+ RS =30 £
1
b" - 442368?]20 {385 lzfz(f ) + 459r6fc<f ) <4fc - 2fc )

x (4 fof )+ rf o = 1672 f P 11677 4 art (1))

+2012f, = 2f OV AR+ f Y = 1672 fP 11612 + 4 (FE) P
445615 fO f o = 2FE 10r fof D 4 2F oS = 10f 0+ 157272 O]

+ 12021, — £ 110453 O FD 2608 £ £ £ —20art £ (FP) + 15007 (£
— 2723+ 34r8(F) + 40872121 — 883 f2fE) + 382 4 18P 20+ 1820
~ S = R 2D 3PS + £ = 10)(D =250 )

+4S2(D = 3) + (D> = )2 + (D = 2)rif) + 4D - 2)riS fE (D +2)SY + 4r ST P +

+ (D =2)£2((34 = 5D)r*S,(SV)* P — 6(D = 10)3S,.(S))’ +3(D - 6)r4(S™)* + 4(D — 4)5%)
+ (D -2)2822((D = 1025V 8% + 4(D = 20)r.8V 8P + (D = 8)2(sP)? = 8(D + 5)(sV))

+2(D=2)r.$3728(D = 1S +4(2D +3)r.S& + (D + 10)255) + @s&‘”)]}

3
2 rcfc
+ la(m)] 110592710

+ 19273 £372(fE))? —99fc O 4 po & - 288r 20202V fY = 29f O FD 1181 f 2 1O
+ 12732648 £+ 171 () +56fcf£3’f£5>—1032f£2><f£3>>2—24fcf£2>f£6>]

+ 14478 28(FD)V £ +25F(F) = 58F P FE 1D 1185 (£ 1)

+ 12 £ [36(F) £ + 15 (PO Y = 17f f P (Y = 56£ P 0 7

(921643 +13824r £ + 3456r2 3 =22 £ 4 £ O]
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