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We study the quasinormal modes (QNMs) of a charged scalar field on a Reissner-Nordström-anti-de
Sitter (RN-AdS5) black hole in the small radius limit by using the isomonodromic method. We also derive
the low-temperature expansion of the fundamental QNM frequency. Finally, we provide numerical
evidence that instabilities appear in the small radius limit for large values of the charge of the scalar field.

DOI: 10.1103/PhysRevD.105.044028

I. INTRODUCTION

The energy extraction from a rotating uncharged black
hole can be realized by the scattering of a wave of
frequency ω and axial quantum number m that satisfies
the superradiance condition ω < mΩ, where Ω is the
angular velocity of the black hole. It turns out that the
reflected wave is amplified with respect to the original
incoming wave [1]. By imposing generic boundary con-
ditions at the horizon and infinity, multiple amplifications
and reflections of the scattered wave can occur and lead to
superradiant instabilities.
An analogous superradiance condition for charged fields

on charged black holes can be given by ω < eΦ, where e is
the charge of the field and Φ the electrostatic potential
difference between the horizon and the spatial infinity [2–
4]. Then, by imposing an asymptotic AdS spacetime or a
mirrorlike boundary condition, Reissner-Nordström black
holes can develop such instabilities, as it has been shown in
four dimensions [5,6] and d ≥ 4 dimensions in the small
outer horizon radius, rþ, limit [7].
Black-hole superradiance is of relevance in numerous

areas, from high-energy physics to astrophysics, and to
fundamental questions of general relativity, such as the
stability of a black hole solution and the existence of hairy

black hole configurations. In [8] it was suggested that a
Reissner-Nordström-AdS4 black hole coupled to a Higgs
field Lagrangian can exhibit a spontaneous Abelian gauge
symmetry breaking due to a scalar condensate near the
horizon, thus implying that superradiant instabilities can
occur for a certain range of values of the charges and the
masses of the black hole and the scalar field. This observation
may also suggest a holographic description of spontaneous
symmetry breaking and superfluidity through the gauge-
gravity duality—for comprehensive reviews see [9,10]. In
five dimensions, the phase transition between the RN-AdS5
black holes and hairy black hole solutions at the onset of
superradiant instabilities has been explored in [11,12].
We study the occurrence of instabilities in RN-AdS5 by

computing the QNMs frequencies of a charged scalar field
scattering on a RN-AdS5 black hole. Due to the boundary
conditions at the black hole horizon and at spatial infinity,
the QNMs are generically complex frequencies, where the
real part is related to the oscillation frequency and the
imaginary part gives the inverse of the damping time. A
superradiant mode thus corresponds to an eigenfrequency
with a positive imaginary part.
In this context, we apply the isomonodromic method to

recast the associated boundary value problem into an initial
value problem for the corresponding isomonodromic tau
function. Since the radial second-order ordinary differential
equation possesses four regular singular points, see (18),
one should expect that the initial conditions are given in
terms of the Painlevé VI (PVI) tau function [13,14].
Interestingly, in recent years, the Painlevé transcendents
have been employed to solve a variety of problems such as
correlation functions in Ising and Ashkin-Teller model
(see [15] and references therein), conformal maps [16],
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black hole physics [17,18] and the Rabi model in quantum
optics [19]. The Painlevé transcendents implement the
Riemann-Hilbert map relating the accessory parameters
of the differential equations to the monodromy properties
of its solutions, and [15,20] showed that their general
expansion is expressible in terms of c ¼ 1 conformal
blocks. We should mention at this point that an alternative
proposal directly using four-dimensional supersymmetric
gauge theories in the Nekrasov-Shatashvili phase, corre-
sponding to semiclassical conformal blocks, was developed
in [21,22]. Also worthy of note is the effort to relate
quantities of physical interest to monodromy data in [23–
25], where the authors considered greybody factors, QNMs
and Love numbers for different gravity backgrounds.
As argued in [14], in the small rþ limit the first

correction to the (fundamental) QNMs frequencies receives
contributions from all the intermediate channels of the
c ¼ 1 Virasoro conformal blocks expansion. Nevertheless,
these contributions can be resummed by using the gen-
erating function for the Catalan numbers, allowing us to
obtain an asymptotic expression for the frequencies [14].
This manuscript is organized as follows. In Sec. II we

study charged scalar perturbations of the RN-AdS5 black
hole, and recast the eigenvalue problem into a set of
transcendental equations involving the PVI tau function.
Section III is devoted to the analysis of the QNMs in the
small rþ limit. We discuss two different regimes for the
temperature of the black hole: the high-temperature and
the low-temperature limit for small black holes. Firstly, we
show that at high temperature the QNMs are given by the
zeros of the PVI tau function, and compute an asymptotic
expression in the small rþ limit for the l ¼ 0 modes in
Sec. III A. Secondly, in Sec. III B we provide an asymptotic
expression for the fundamental QNM frequency in the low-
temperature limit by applying the confluence limit of the
PVI tau function. Section III C compares the asymptotic
analytic expressions and the numerical solutions. We close
in Sec. IV with some remarks on the implications of the
obtained results. Finally, in Appendix we review the
Nekrasov expansion of the PVI tau function.

II. SCALAR FIELDS IN REISSNER-
NORDSTRÖM-AdS5

The line element of the Reissner-Nordström-AdS5 black
hole is

ds2 ¼ −fðrÞdt2 þ 1

fðrÞ dr
2 þ r2dΩ2

3; ð1Þ

where dΩ2
3 is the metric of the unit three-sphere and the

function fðrÞ is given by

fðrÞ¼ 1−
M
r2
þQ2

r4
þ r2¼Δr

r4
¼ðr2− r2þÞðr2− r2−Þðr2−r20Þ

r4
;

ð2Þ

with the AdS radius L ¼ 1 and the parameters M, Q are
related to the black hole mass and charge, respectively.
There is a correspondence between the roots of Δr and the
Killing horizons of the black hole, whose radial positions
will be parametrized by the largest real root rþ, corre-
sponding to the outer horizon. The roots corresponding to
r2− and r20 can be written as

r2− ¼ 1

2

 
−1 − r2þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ r2þÞ2 þ

4Q2

r2þ

s !
;

r20 ¼
1

2

 
−1 − r2þ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ r2þÞ2 þ

4Q2

r2þ

s !
: ð3Þ

The temperature at each horizon is

Tk¼
1

4π

d
dr

�
Δr

r4

�����
r¼rk

¼ 1

2π

ðr2k−r2i Þðr2k−r2jÞ
r3k

; i;j≠k; ð4Þ

and specifically, at the outer horizon

Tþ ¼ 1

2π

ðr2þ − r2−Þðr2þ − r20Þ
r3þ

; ð5Þ

which by means of (3) reads

Tþ ¼ 1

2π

�
1

rþ
−
Q2

r5þ
þ 2rþ

�
: ð6Þ

We define the critical charge Qc as the maximal charge at
extremality ðTþ ¼ 0Þ

Qc ¼ r2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2r2þ

q
; ð7Þ

and require Q ≤ Qc for a regular outer horizon. We then
parametrize the accessible charge values as Q ¼ qQc,
where q ≤ 1 is an extremality parameter for fixed
rþ > 0, and in terms of q the roots r2− and r20 in (3) read

r2−¼
1

2

�
−1−r2þþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2ð1þ2q2Þr2þþð1þ8q2Þr4þ

q 	
;

r20¼
1

2

�
−1−r2þ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2ð1þ2q2Þr2þþð1þ8q2Þr4þ

q 	
: ð8Þ

As wewill see in Sec. III, one can think of small black holes
near the critical charge (q ≲ 1) both at low temperature and
at high temperature.
The electromagnetic potential of the charged black hole

reads

Aμdxμ ¼
�
−

ffiffiffi
3

p

2

Q
r2

þ C

�
dt; ð9Þ
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where the choice of the constant C is determined by the
gauge choice [26]. We assume C ¼ 0 for a vanishing
potential at the spatial infinity, while it has also been shown
in [6], for the case of asymptotically AdS, that the role of C
is merely a shift in the real part of the quasinormal
frequency ω, resulting in ReðωÞ → ReðωÞ þ eC.
We consider massive charged scalar field perturbations

of the RN-AdS5 black hole. The field equation is the Klein-
Gordon equation

1ffiffiffiffiffiffi−gp Dμð
ffiffiffiffiffiffi
−g

p
gμνDνÞΦ − μ2Φ ¼ 0; ð10Þ

where Dμ ¼ ∇μ − ieAμ, and e and μ are the field charge
and mass, respectively. The scalar field solution of (10) can
be decomposed by the Ansatz

Φω;lðt; θ;φ;ψ ; rÞ ¼ e−iωtYm1;m2

l ðθ;φ;ψÞRω;lðrÞ; ð11Þ

where Ym1;m2

l ðθ;φ;ψÞ are the scalar (spinless) spherical
harmonics on the three-sphere, with eigenvalues deter-
mined by the equation

ΔYm1;m2

l ðθ;φ;ψÞ ¼ −lðlþ 2ÞYm1;m2

l ðθ;φ;ψÞ; ð12Þ

with l the angular momentum quantum number and m1

andm2 are integers. By means of (12), Eq. (10) reduces to a
second-order ordinary differential equation for the radial
function Rω;lðrÞ of the form

�
1

r
d
dr

�
Δr

r
d
dr

�
þ r6

Δr

�
ω −

ffiffiffi
3

p

2

eQ
r2

�
2

− μ2r2 − lðlþ 2Þ
�
Rω;lðrÞ ¼ 0: ð13Þ

Equation (13) possesses four regular singular points,
located at the roots of Δr in (2) and infinity. The character-
istic exponents βk, β∞ are determined by the asymptotic
behavior of the solution in (13) near the singular points

βk ¼�1

2
θk; β∞¼ 1

2
ð2�θ∞Þ; k¼þ;−;0; ð14Þ

where

θk¼
i

2πTk

�
ω−

ffiffiffi
3

p

2

eQ
r2k

�
; θ∞¼2−Δ; k¼þ;−;0; ð15Þ

and θþ is the variation of the entropy δS of the black hole as
it absorbs a quantum of frequency ω and electric charge e at
the outer horizon

θþ ¼ i
2π

δS: ð16Þ

When δS < 0, i.e., Imθþ < 0, unstable modes can occur
and the wave function grows exponentially with time,
which means that the black hole is unstable. Furthermore,
θ∞ is related to Δ—the conformal dimension of the CFT
primary field associated to the AdS5 scalar, i.e.,
ΔðΔ − 4Þ ¼ μ2, with μ the mass of the scalar field.
One can reduce (13) to the canonical Heun form by

performing the following change of variables:

z ¼ r2 − r2−
r2 − r20

; ð17aÞ

Rω;lðzÞ ¼ z−θ−=2ðz − z0Þ−θþ=2ðz − 1ÞΔ=2FðzÞ; ð17bÞ

that leads to an equation for FðzÞ

d2F
dz2

þ
�
1 − θ−

z
þ 1 − θþ

z − z0
þ Δ − 1

z − 1

�
dF
dz

þ
�

κ1κ2
zðz − 1Þ −

z0ðz0 − 1ÞK0

zðz − z0Þðz − 1Þ
�
FðzÞ ¼ 0; ð18Þ

with

κ1 ¼
1

2
ðθ− þ θþ − Δ − θ0Þ;

κ2 ¼
1

2
ðθ− þ θþ − Δþ θ0Þ; ð19Þ

and the accessory parameters fz0; K0g are

z0 ¼
r2þ − r2−
r2þ − r20

; ð20aÞ

4z0ðz0 − 1ÞK0 ¼ −
lðlþ 2Þ þ ΔðΔ − 4Þr2− − ω2

ðr2þ − r20Þ
− ðz0 − 1Þ½ðθ− þ θþ − 1Þ2 − θ20 − 1�
− z0½2ðθþ − 1Þð1 − ΔÞ þ ð2 − ΔÞ2 − 2�:

ð20bÞ

The QNMs are solutions of (18) obeying specific boundary
conditions, in the sense that there is only an incoming wave
at the horizon rþ ðz ¼ z0Þ and regularity at spatial infinity
(z ¼ 1). For the radial equation in (13) with μ2 > 0, the
conditions read as follows:

Rω;lðrÞ ∼

 ðr − rþÞ−1

2
θþ ; r → rþ;

r2−Δ; r → ∞;
ð21Þ

and FðzÞ in (18) is a regular function at the boundaries. The
conditions in (21) will enforce the quantization of the (not
necessarily real) frequencies ω, the QNMs frequencies.
Following the seminal works of the Kyoto school

[27–29], one of the authors has described in [18], by
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means of the method of isomonodromic deformations, the
Riemann-Hilbert map between invariants of the represen-
tation of the monodromy group of the four-punctured
Riemann sphere and Fuchsian 2 × 2 linear systems with
four regular singular points. The monodromy group action
on the solutions of the Fuchsian system is represented by
matrices Mi describing the analytic continuation as one
circles once around a singular point zi of the system. The
map gives a procedure to compute the accessory parameters
fz0; K0g of the Heun equation (18) in terms of the
monodromy data fθ⃗; σ⃗g ¼ fθ1; θ2; θ3; θ4; σ12; σ23; σ13g,
where the single monodromy parameters are defined as
follows:

2 cos πθi ¼ TrMi; k ¼ 1; 2; 3; 4; ð22Þ

and the composite monodromy parameters σij are given by

2 cos πσij ¼ TrMiMj; i; j ¼ 1; 2; 3; ð23Þ

where MiMj represents the analytic continuation around
two singular points. Following [28], only two of the three
composite monodromy parameters σij ¼ fσ12; σ23; σ13g
are independent, and we choose the pair ðσ12; σ23Þ in the
solution of the differential equation (18). The parameter σ12
from now on will be denoted by σ.

As shown in [18] the Riemann-Hilbert map between the
accessory parameters of the Heun differential equation (18)
and the monodromy parameters can be expressed implicitly
via the PVI tau function

τðθ⃗; σ; s; z0Þ ¼ 0; ð24aÞ

∂
∂t log τðθ⃗

−
;σ − 1; s; tÞj

t¼z0
−
ðθ2 − 1Þθ3
2ðz0 − 1Þ −

ðθ2 − 1Þθ1
2z0

¼ K0:

ð24bÞ

where θ⃗− ¼ fθ1; θ2 − 1; θ3; θ4 þ 1g and s is a function of
the monodromy parameters defined by (A5).
Repeating the analysis of [14], in order to solve the first

condition (24a), one can invert the series expansion of the
PVI tau function (A7), for t ¼ z0 sufficiently close to zero,
to write

χðσ; z0Þ ¼ κzσ0; ð25Þ

where κ is given in terms of the monodromy data by (A8).
From the structure of the tau function expansion, we can
see that χ is analytic in z0, and its expansion can be
computed recursively from (A7), yielding

χðσ; z0Þ ¼
�ððθ2 þ σÞ2 − θ21Þððθ3 þ σÞ2 − θ24Þ

16σ2ðσ − 1Þ2 z0

��
1þ ð1 − σÞ ðθ

2
1 − θ22Þðθ23 − θ24Þ þ σ2ðσ − 2Þ2

2σ2ðσ − 2Þ2 z0 þOðz20Þ
�
: ð26Þ

We can then determine the logarithmic derivative of the tau function in (24b) using the expansion (A7) and write the
expansion of the accessory parameter K0 in terms of the monodromy data and z0

4z0K0¼ðσ−1Þ2− ðθ1þθ2−1Þ2þ
�
2ðθ3−1Þðθ2−1Þþððσ−1Þ2þθ22−θ21−1Þððσ−1Þ2þθ23−θ24−1Þ

2σðσ−2Þ
�
z0

þ
�
13

32
σðσ−2Þþ2ðθ3−1Þðθ2−1Þ− 1

32
ð5þ14ðθ21þθ24Þ−18ðθ22þθ23ÞÞþ

ðθ21−θ22Þ2ðθ23−θ24Þ2
64

�
1

σ3
−

1

ðσ−2Þ3
�

−
ððθ21−θ22Þðθ23−θ24Þþ8Þ2−2ðθ21þθ22Þðθ23−θ24Þ2−2ðθ21−θ22Þ2ðθ23þθ24Þ−64

32σðσ−2Þ

þððθ1−1Þ2−θ22Þððθ1þ1Þ2−θ22Þððθ3−1Þ2−θ24Þððθ3þ1Þ2−θ24Þ
32ðσþ1Þðσ−3Þ

�
z20þOðz30Þ: ð27Þ

Equations (26) and (27) were derived under the assumption
that σ lies in the strip 0 < Reσ < 1. Formulas for Reσ < 0
can be obtained by the replacement σ → −σ. The expan-
sion for K0 is symmetric under the replacement σ → 2 − σ
and has the generic structure

4z0K0 ¼ k0 þ k1z0 þ k2z20 þ � � � þ knzn0 þ…; ð28Þ

where kn is a rational function of the monodromy param-
eters, the numerator is a polynomial in the monodromy
parameters θi and σ, and the denominator is a polynomial
of σ alone. The coefficient kn has single poles at integer
σ ¼ 3;…; nþ 1, as well as poles of order up to 2n − 1 at
σ ¼ 2. The leading behavior of kn near σ ¼ 2 is

kn ¼ð−1Þn−1Cn−1
ðθ22−θ21Þnðθ23−θ24Þn
42n−1ðσ−2Þ2n−1 þ…; n≥ 1; ð29Þ
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where Cn is the nth Catalan number. A structure analogous
to (28) exists for χðσ; z0Þ in (26), and the reader is referred
to [14] for further details. Recently, similar analytic
expansions involving irregular conformal blocks have been
analyzed in [30,31].
For our particular problem of the radial system, the

single monodromy parameters θi can be read directly from
(18) as follows:

θ1 ¼ θ−; θ2¼ θþ; θ3¼ 2−Δ; θ4 ¼ θ0; ð30Þ

and then the conditions (24a) and (24b) define for us the
monodromy parameters σ and κ (or, rather, s) as functions
of the modulus z0 and the accessory parameter K0. As it

was shown in [17], physically relevant quantities such as
scattering coefficients can be expressed in terms of σ and s.
For the QNM problem at hand, we have to enforce the

boundary conditions in (21). As shown in [14], these can be
encoded with the requirement that the composite mono-
dromy matrix around the two singular points rþ and ∞ is
triangular. In turn, this implies that the composite mono-
dromy parameter σ23 satisfies

σ23 ¼ θ2 þ θ3 þ 2n; n ∈ Z; ð31Þ

which will be referred to as the quantization condition for
the radial function. With this restriction, we can solve for
the s parameter in (A5) to yield

s ¼ sin π
2
ðθ2 þ θ1 þ σÞ sin π

2
ðθ2 − θ1 þ σÞ sin π

2
ðθ3 þ θ4 þ σÞ sin π

2
ðθ3 − θ4 þ σÞ

sin π
2
ðθ2 þ θ1 − σÞ sin π

2
ðθ2 − θ1 − σÞ sin π

2
ðθ3 þ θ4 − σÞ sin π

2
ðθ3 − θ4 − σÞ ; ð32Þ

which, given the relation between κ and s in (A8), can then be substituted in (25) to give

Γ2ð1−σÞ
Γ2ð1þσÞ

Γð1þ 1
2
ðθ2þθ1þσÞÞ

Γð1þ 1
2
ðθ2þθ1−σÞÞ

Γð1þ 1
2
ðθ2−θ1þσÞÞ

Γð1þ 1
2
ðθ2−θ1−σÞÞ

Γð1þ 1
2
ðθ3þθ4þσÞÞ

Γð1þ 1
2
ðθ3þθ4−σÞÞ

Γð1þ 1
2
ðθ3−θ4þσÞÞ

Γð1þ 1
2
ðθ3−θ4−σÞÞ sz

σ
0 ¼ χðσ;z0Þ: ð33Þ

Equations (27) and (33) can be interpreted as an over-
determined system for σ in terms of the parameters of the
differential equation, namely z0 in (20a), K0 in (20b) and θ⃗
in (30), which will only admit solutions for specific
(discrete) values of ω. As we will see in the following,
these equations can be solved perturbatively in the small rþ
limit to provide us with the QNMs frequencies.
Similar methods have been employed to study scalar and

vector perturbations in Kerr-AdS5 backgrounds [14,32],
and more recently in the near-extremal limit [33]. In four
dimensions, rotating black holes in asymptotically flat and
de-Sitter spacetimes were analyzed in [30,31,34].

III. SMALL RN-AdS5 BLACK HOLES
VIA ISOMONODROMY

We proceed to study the small rþ limit of RN-AdS5
black holes. By means of (8), the accessory parameter z0 in
(20a) can be rewritten in terms of rþ and q only

z0¼
r2þ−r2−
r2þ−r20

¼ 1þ3r2þ−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2ð1þ2q2Þr2þþð1þ8q2Þr4þ

p
1þ3r2þþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2ð1þ2q2Þr2þþð1þ8q2Þr4þ

p :

ð34Þ

For small rþ and arbitrary 0 ≤ q ≤ 1

z0 ¼ ð1 − q2Þr2þ þOðr4þÞ; ð35Þ

so that rþ → 0 implies z0 → 0 in (35). Hence, the analytic
expansions for χðσ; z0Þ in (26) and the accessory parameter
K0 in (27) for small z0 apply in the small rþ limit.
By means of (8) and q ¼ Q=Qc, the temperature (5)

reduces to

2πTþ ¼ 1 − q2

rþ
þ 2ð1 − q2Þrþ

¼ ϵð2 − ϵÞ
rþ

þ 2ϵð2 − ϵÞrþ; ð36Þ

where in the second equality we introduced the extremality
parameter ϵ ¼ 1 − q. For small black holes rþ ≪ 1 and ϵ
fixed, the terms of order 1=rþ in the last equality of (36)
dominate as rþ → 0.
Equation (36) also suggests that we can identify two

different regimes, depending on the behavior of ϵ:
(1) The first regime corresponds to 0 < ϵ < 1 fixed and

small black hole, rþ ≪ 1, hence high temperature
Tþ ∼ 1=rþ. Specifically, we should set rþ ≪ ϵ < 1
in our expansions. This regime is investigated in
Sec. III A.

(2) The second regime describes the scaling limit for
ϵ ≪ rþ ≪ 1, as both ϵ and rþ vary. This is the low-
temperature regime and it is explored in Sec. III B.

A. QNMs frequencies at high temperature

The single monodromy parameters θ� and θ0 can be
expanded for small rþ as follows:
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θ− ¼ −i
q2ð2qω −

ffiffiffi
3

p
eÞ

2ð1 − q2Þ rþ þOðr3þÞ;

θþ ¼ i
ð2ω −

ffiffiffi
3

p
eqÞ

2ð1 − q2Þ rþ þOðr3þÞ;

θ0 ¼ ωþ 1

2
ð
ffiffiffi
3

p
eq − 3ð1þ q2ÞωÞr2þ þOðr4þÞ; ð37Þ

with

θ− ¼ −iϑ−rþ; θþ ¼ iϑþrþ; ð38Þ

and the coefficients ϑ� are finite for q < 1 fixed, such that
θ� approach zero as rþ → 0. The expansion (27) for z0K0

allows us to compute the composite monodromy parameter
ðσ ¼ σlÞ by inverting the series in (27). For l ≥ 2 the
result is

σl ¼
X∞
n¼0

cnrnþ ¼ lþ 2 −
ðð1þ q2Þð3ω2 þ 3lðlþ 2Þ − ΔðΔ − 4ÞÞ − 2

ffiffiffi
3

p
eqωÞ

4ðlþ 1Þ r2þ þOðr4þÞ; l ≥ 2: ð39Þ

For l ¼ 0 and l ¼ 1, the pole structure of kn described in (28) renders the derivation of the coefficients cn more
complicated, and we will deal separately with the l ¼ 0 case below. At any rate, σl always admits the generic structure

σl ¼ lþ 2 − νlr2þ þOðr4þÞ: ð40Þ

By substituting (39) in (26), one obtains an expansion for small rþ for χðσl; z0Þ

χl ≡ χðσl; z0Þ ¼ −ð1 − q2Þω
2 − ðΔ − l − 4Þ2
16ðlþ 1Þ2

�
1þ i

2ϑþ
ðlþ 2Þ rþ

�
r2þ þOðr4þÞ; l ≥ 2; ð41Þ

where l ≥ 2 avoids the poles in (26).
We now focus on the l ¼ 0 case, and defer the analysis of higher l modes to future work. The l ¼ 0 case is peculiar,

since the leading behavior of σ0 − 2 in (40) is of order r2þ and the scaling limit of θ� in (38) suggests that the accessory
parameter K0 receives contributions from all orders in z0 in the small rþ limit. The left-hand side of (27) is given by (20b)
for l ¼ 0, and for small rþ we have

4z0K0¼−2iðϑ− −ϑþÞrþþððϑ− −ϑþÞ2þΔ2−2ð1þq2ÞΔþωð
ffiffiffi
3

p
eq−3ð1þq2ÞωÞþð1þ2q2Þω2Þr2þþOðr3þÞ; ð42Þ

whereas the right-hand side of (27) for l ¼ 0 is

4z0K0 ¼ −2iðϑ− − ϑþÞrþ þ
�
ðϑ− − ϑþÞ2 − 2ν0 −

1

2
ð1 − q2Þðω2 − Δ2Þ

þ ð1 − q2Þðω2 − ðΔ − 2Þ2Þðϑ2− − ϑ2þÞ
4ν0

þ ð1 − q2Þ2ðω2 − ðΔ − 2Þ2Þ2ðϑ2− − ϑ2þÞ2
64ν30

þ ð1 − q2Þ3ðω2 − ðΔ − 2Þ2Þ3ðϑ2− − ϑ2þÞ3
512ν50

þ 5ð1 − q2Þ4ðω2 − ðΔ − 2Þ2Þ4ðϑ2− − ϑ2þÞ4
16384ν70

þ…

�
r2þ þOðr3þÞ; ð43Þ

where ν0 ¼ νlðl ¼ 0Þ in (40) and the dots are higher orders in z0 that contribute to the r2þ term. It was shown in [14] that all
the contributions from the conformal blocks expansion can be resummed using the generating function for the Catalan
numbers to compute the first correction to σ0 of order r2þ. Defining

X ¼ ð1 − q2Þðω2 − ðΔ − 2Þ2Þðϑ2− − ϑ2þÞ
16ν20

; ð44Þ

and resumming all the terms in the series will lead to an equation for the coefficient ν0
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ν0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4X

p
¼ 1

2
ωð3ð1þ q2Þω −

ffiffiffi
3

p
eqÞ − 1

4
ð1þ q2Þð3ω2 − ΔðΔ − 4ÞÞ þOðr2þÞ: ð45Þ

Then, ν0 in (45) admits the following small rþ expansion:

ν0 ¼
1

4
½ð1þ q2Þ2ðð3ω2 − ΔðΔ − 4ÞÞ2 − 4ω2ðω2 − ðΔ − 2Þ2ÞÞ þ 4q2ω2ðω2 − ðΔ − 2Þ2Þ

þ 3e2q2ð3ω2 þ ðΔ − 2Þ2Þ − 8
ffiffiffi
3

p
ð1þ q2Þeqωðω2 þ 2Þ�1=2 þOðr2þÞ: ð46Þ

Hence, by means of (44) and resumming all the contributions of order r2þ, we get for χ0 in (41)

χ0 ¼ −ð1 − q2Þ ðω
2 − ðΔ − 4Þ2Þ

64
r2þð1þ iϑþrþÞ

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ð1 − q2Þðω2 − ðΔ − 2Þ2Þðϑ2− − ϑ2þÞ
4ν20

s �2

þOðr4þÞ; ð47Þ

where

ϑ− ¼ q2ð2qω −
ffiffiffi
3

p
eÞ

2ð1 − q2Þ ; ϑþ ¼ ð2ω −
ffiffiffi
3

p
eqÞ

2ð1 − q2Þ : ð48Þ

The knowledge of the parameter s in (33) is now sufficient to determine the QNMs frequencies. By expanding for small rþ
and employing (47) in (33), we obtain

s ¼ Σ0

�
1þ i2ν0ϑþrþ

ðϑ2þ − ϑ2−Þ
�
þOðr2þ; r2þ log rþÞ; ð49Þ

with

Σ0 ¼ ν20
Γð1

2
ð2 − ω − ΔÞÞΓð1

2
ð2þ ω − ΔÞÞ

Γð1
2
ð6 − ω − ΔÞÞΓð1

2
ð6þ ω − ΔÞÞ

ðω2 − ðΔ − 4Þ2Þ
4ð1 − q2Þðϑ2þ − ϑ2−Þ

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð1 − q2Þðω2 − ðΔ − 2Þ2Þðϑ2þ − ϑ2−Þ

4ν20

s �2

: ð50Þ

Equation (49) is a nonanalytic expansion in rþ due to terms
Oðr2þ log rþÞ, which are originated by the term zσ00 in (33).
However, the limit as rþ → 0 is finite.
We now parametrize the QNMs frequencies ωn;l with

n ≥ 0 and l ¼ 0 in terms of a perturbation to the normal
modes in empty AdS5

ωn;0 ¼ 2nþ Δþ ηn;0r2þ; ð51Þ

under the assumption that ηn;0 has a finite limit as rþ → 0.
Then, by replacing (51) in (37) for ω, one obtains

θ− ¼ −i
q2ð2qð2nþ ΔÞ − ffiffiffi

3
p

eÞ
2ð1 − q2Þ rþ þOðr3þÞ;

θþ ¼ i
ð2ð2nþ ΔÞ − ffiffiffi

3
p

eqÞ
2ð1 − q2Þ rþ þOðr3þÞ;

θ0 ¼ 2nþ Δþ βn;0r2þ þOðr4þÞ; ð52Þ

where βn;0 encodes the correction ηn;0 to the QNMs as
follows:

βn;0 ¼ ηn;0 þ
1

2
ð
ffiffiffi
3

p
eq − 3ð1þ q2Þð2nþ ΔÞÞ: ð53Þ

On the other hand, βn;0 can also be computed by equating
(32) to (49), where Σn;0 ≡ Σ0ðω ¼ ωn;0Þ and the radial
monodromies are given by (52), and by expanding for small
rþ we have

βn;0 ¼ νn;0
1þ Σn;0

1 − Σn;0
þ 4i

ϑþν2n;0
ðϑ2− − ϑ2þÞ

Σn;0

ðΣn;0 − 1Þ2 rþ
þOðr2þ; r2þ log rþÞ; ð54Þ

with νn;0 ≡ ν0ðω ¼ ωn;0Þ in (46). By means of (54),
Eq. (53) yields for ηn;0

ηn;0 ¼
1

2
ð3ð1þ q2Þð2nþ ΔÞ −

ffiffiffi
3

p
eq − Z1=2

n;0

− iðnþ 1ÞðΔþ n − 1Þð2ð2nþ ΔÞ −
ffiffiffi
3

p
eqÞrþÞ

þOðr2þ; r2þ log rþÞ; ð55Þ

where
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Zn;0 ¼
�
1

2
ð1þ q2Þð3ð2nþ ΔÞ2 − ΔðΔ − 4ÞÞ −

ffiffiffi
3

p
eqð2nþ ΔÞ

�
2

: ð56Þ

Finally, by employing (55), Eq. (51) admits the small rþ expansion

ωn;0 ¼ 2nþ Δ −
1

2
ðZ1=2

n;0 − 3ð1þ q2Þð2nþ ΔÞ þ
ffiffiffi
3

p
eqÞr2þ − i

1

2
ðnþ 1ÞðΔþ n − 1Þð2ð2nþ ΔÞ −

ffiffiffi
3

p
eqÞr3þ

þOðr4þ; r4þ log rþÞ: ð57Þ

In fact, Eq. (57) is different from the analytical result in [7]
due to the correction to the real part of ωn;0 of order r2þ. The
asymptotic expansion (57) for n ¼ 0 reproduces the
numerical results for the real part of ω0;0 of Table I in
[7]. In addition, the imaginary part of ωn;0 for n ¼ 0 in (57)
for specific values of e, Δ, q and rþ falls in between the
numerical and analytical values given in Tables II, IV, V for
the five-dimensional case in [7]. Importantly, for

q > 2ð2nþΔÞffiffi
3

p
e

, the imaginary part in (57) becomes positive,

and the superradiance condition is satisfied.
Figure 1 shows our numerical solutions for the imaginary

part of ω0;0 and illustrates explicitly that for q ¼
f0.5775; 0.57775; 0.578; 0.57825g the superradiance con-
dition is satisfied in a finite interval of rþ, and the stability
is eventually restored as the black hole radius increases. As
q → 1, the superradiance condition is always satisfied in
the small rþ limit. The QNMs frequencies shown in Fig. 1
have been obtained through the numerical implementation
of the initial conditions for the PVI tau function using an
arbitrary-precision library in Julia programming language
[35]. For the fast convergence of the numerical results, we
have introduced the Fredholm determinant formulation of
the PVI tau function, instead of its combinatorial

description. We refer to previous works [13,14,16] for a
more detailed discussion of the numerical methods.
Finally, in terms of ϵ ¼ 1 − q and for n ¼ 0, (57) reads

ω0;0 ¼ Δ −
1

2
ðΔ − 1ÞðΔðϵ2 − 2ϵþ 2Þ −

ffiffiffi
3

p
eð1 − ϵÞÞr2þ

− i
1

2
ðΔ − 1Þð2Δ −

ffiffiffi
3

p
eð1 − ϵÞÞr3þ

þOðr4þ; r4þ log rþÞ; ð58Þ

where e < 2ðΔþ 2Þ= ffiffiffi
3

p
. Equation (58) should provide

a good description of the high-temperature regime
rþ ≪ ϵ < 1. We perform a detailed comparison of (58)
with the numerical solution in Sec. III C (Fig. 3).

B. The low-temperature limit
of the fundamental QNM

The description of the low-temperature regime requires a
more careful approach since the single monodromy param-
eters (37) may diverge a priori. This issue is solved by
means of a double series expansion for small rþ and ϵ, and
by considering the scaling regime ϵ ≪ rþ ≪ 1, which
indeed corresponds to the low-temperature regime of small
black holes, i.e., near-extremal small black holes. In the
low-temperature limit (36) is given by

2πTþ ¼ 2ϵ

rþ
þO

�
ϵ2

rþ
; ϵrþ

�
; ð59Þ

and the single monodromies in terms of ϵ and rþ are

θþ ¼ i
ð2ω−

ffiffiffi
3

p
eÞ

4

rþ
ϵ
þ i

1

16
ð2ωþ

ffiffiffi
3

p
eÞð2þ ϵÞrþ

þO
�
ϵ2rþ;

r3þ
ϵ
;r3þ;ϵr3þ

�
;

θ− ¼−i
ð2ω−

ffiffiffi
3

p
eÞ

4

rþ
ϵ
þ i

1

8
ð10ω−3

ffiffiffi
3

p
eÞrþ

− i
1

16
ð14ω−

ffiffiffi
3

p
eÞϵrþþO

�
ϵ2rþ;

r3þ
ϵ
;r3þ;ϵr3þ

�
;

θ0 ¼ω−
1

2
ð6ω−

ffiffiffi
3

p
eÞð1− ϵÞr2þþOðϵ2r2þ;r4þ;ϵr4þÞ; ð60Þ

FIG. 1. Numerical results for the imaginary part of the
fundamental QNM ω0;0 as a function of rþ for increasing values
of q in the interval [0.1, 0.9]. The charge and the scaling
dimension of the scalar field are e ¼ 8 and Δ ¼ 4, respectively.
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where θ� diverge as ϵ → 0, as it is also evident from the pole at q2 ¼ 1 in (37).
The initial conditions for the confluent limit of the PVI tau function were derived in [33]. The procedure is further

analogous to the rotating case in [33]. We need to compute the correction of order r2þ, as well as the first nontrivial
correction in ϵ for ω0;0 ¼ Δþ η0;0r2þ in (51) and

σ0;0 ≡ σ0ðω ¼ ω0;0Þ ¼ 2 − ν0;0r2þ: ð61Þ
For this purpose, we expand the left-hand side of (27) in the small ϵ and rþ limit to obtain

4z0K0 ¼
1

4
ið6Δ −

ffiffiffi
3

p
eÞð2 − ϵÞrþ þ 1

8
ið2Δþ

ffiffiffi
3

p
eÞϵ2rþ þ 1

16
ð3e2 þ 4

ffiffiffi
3

p
eΔþ 4ΔðΔ − 16ÞÞð1 − ϵÞr2þ

þOðϵ3rþ; ϵ2r2þ; r3þ; ϵr3þÞ ð62Þ

while the right-hand side of (27) gives

4z0K0 ¼
1

4
ið6Δ −

ffiffiffi
3

p
eÞð2 − ϵÞrþ þ 1

8
ið2Δþ

ffiffiffi
3

p
eÞϵ2rþ

−
�
2ν0;0 −

1

16
ð
ffiffiffi
3

p
e − 6ΔÞ2 − 4ν0;0xð1þ xþ 2x2 þ 5x3 þ…Þ

�
r2þ

−
�
1

16
ð
ffiffiffi
3

p
e − 6ΔÞ2 þ 8ν0;0xð1þ 2xþ 6x2 þ 20x3 þ…Þ

�
ϵr2þ þOðϵ3rþ; ϵ2r2þ; r3þ; ϵr3þÞ; ð63Þ

where the dots are the higher order poles in σ0;0 that contribute to the r2þ and ϵr2þ terms, and we have defined

x ¼ ð2Δ −
ffiffiffi
3

p
eÞð ffiffiffi

3
p

e − 6ΔÞðΔ − 1Þ
16ν20;0

: ð64Þ

Equating (62) and (63) leads to the following equation for ν0;0:

2ν0;0ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4x

p −
8ν0;0xð1 − ϵÞffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4x
p ¼ Δð2ðΔþ 2Þ −

ffiffiffi
3

p
eÞð1 − ϵÞ þOðϵ2Þ; ð65Þ

that can be solved to yield

ν0;0 ¼
1

2
ð1 − ϵÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Δ2ðΔ2 þ Δþ 7Þ − 4

ffiffiffi
3

p
eΔðΔ2 þ 2Þ þ 3e2ðΔ2 − Δþ 1Þ

q
þOðϵ2Þ: ð66Þ

Hence, σ0;0 in (61) reads

σ0;0 ¼ 2 − ν0;0r2þ ¼ 2 − ν̃0;0ð1 − ϵÞr2þ þOðϵ2r2þÞ; ð67Þ

where

ν̃0;0 ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Δ2ðΔ2 þ Δþ 7Þ − 4

ffiffiffi
3

p
eΔðΔ2 þ 2Þ þ 3e2ðΔ2 − Δþ 1Þ

q
: ð68Þ

The asymptotic expansion for χ0;0 ≡ χ0ðω ¼ ω0;0Þ now receives contributions from all orders in z0 due to the pole structure
at σ ¼ 2 in (26). Nevertheless, one can again use the generating function for the Catalan numbers to obtain an analytic
expansion for ϵ ≪ rþ ≪ 1 given by

χ0;0 ¼
1

2
þ ðΔ − 1Þð2Δ −

ffiffiffi
3

p
eÞð6Δ −

ffiffiffi
3

p
eÞ

16ν̃20;0
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðΔ − 1Þð2Δ −

ffiffiffi
3

p
eÞð6Δ −

ffiffiffi
3

p
eÞ

4ν̃20;0

s
þOðϵ2; r2þ; ϵr2þÞ: ð69Þ

By means of the expansion for θ0 in (60), with ω ¼ ω0;0 in (51), we obtain
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θ0 ¼ Δ − β0;0r2þ ¼ Δ −
�
1

2
ð6Δ −

ffiffiffi
3

p
eÞð1 − ϵÞ − η0;0

�
r2þ; ð70Þ

where

η0;0 ¼
1

2
ð1 − ϵÞð6Δ −

ffiffiffi
3

p
eÞ − β0;0: ð71Þ

Inserting (69) in the right-hand side of (33) for n ¼ l ¼ 0 and expanding the left-hand side of (33) for ϵ ≪ rþ ≪ 1, we
obtain

ðΔ − 1Þð6Δ −
ffiffiffi
3

p
eÞð2Δ −

ffiffiffi
3

p
eÞ

16ν̃20;0

β0;0 þ ν̃0;0
β0;0 − ν̃0;0

�
1 −

2ν̃0;0β0;0ϵ

β20;0 − ν̃20;0
þ i4ν̃0;0rþ
ð6Δ −

ffiffiffi
3

p
eÞ −

i2ν̃0;0ðβ20;0 þ 4β0;0ν̃0;0 − ν̃20;0Þϵrþ
ð6Δ −

ffiffiffi
3

p
eÞðβ20;0 − ν̃20;0Þ

þOðϵ2; ϵ2rþ; r2þ; r2þ log rþ; ϵr2þ; ϵr2þ log rþÞ
�

¼ 1

2
þ ðΔ − 1Þð2Δ −

ffiffiffi
3

p
eÞð6Δ −

ffiffiffi
3

p
eÞ

16ν̃20;0
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðΔ − 1Þð2Δ −

ffiffiffi
3

p
eÞð6Δ −

ffiffiffi
3

p
eÞ

4ν̃20;0

s
þOðϵ2; r2þ; ϵr2þÞ ð72Þ

whose perturbative solution for β0;0 reads

β0;0¼
1

2
Δð2ðΔþ2Þ−

ffiffiffi
3

p
eÞð1− ϵÞþ i

1

4
ðΔ−1Þð2Δ−

ffiffiffi
3

p
eÞð2−3ϵÞrþþOðϵ2;ϵ2rþ;r2þ;r2þ logrþ;ϵr2þ;ϵr2þ logrþÞ: ð73Þ

Therefore, by means of (71) and (73), the fundamental QNM frequency is

ω0;0¼Δ−
1

2
ðΔ−1Þð2Δ−

ffiffiffi
3

p
eÞð1−ϵÞr2þ− i

1

4
ðΔ−1Þð2Δ−

ffiffiffi
3

p
eÞð2−3ϵÞr3þþOðϵ2r2þ;r4þ;r4þ logrþ;ϵr4þ;ϵr4þ logrþÞ; ð74Þ

which is valid for small black holes in the low-temperature
limit, i.e., ϵ ≪ rþ ≪ 1. The imaginary part ofω0;0 in (74), at
this order of perturbation theory, suggests that the black hole
is stable ðImω0;0 < 0Þ under perturbations with charge e <
2Δ=

ffiffiffi
3

p
and Δ > 1. The imaginary part has a leading

correction in ϵ of order ϵr3þ, indicating that contributions
from the black hole temperature are not sufficiently enhanced
to trigger superradiant instabilities for e < 2Δ=

ffiffiffi
3

p
. Such

instabilities can instead be triggered by the charge of the
scalar field provided that Δ > 1. Incidentally, we notice that
although Eqs. (57) and (74) were derived in two different
regimes, they coincide in the extremal limit ϵ ¼ 0 (q ¼ 1) at
least at the given order in rþ.

C. Comparison with numerical results

It is interesting to compare the analytical expression (74)
for small black holes at low temperature with the numerical
prediction for a given charge of the scalar field e as a
function of the radius of the outer horizon rþ, as well as the
ϵ parameter. We recall that the numerical results have been
obtained by solving the transcendental equations (24) for
the Fredholm determinant of the PVI tau function [20]. The
initial conditions have been implemented in Julia, using an

arbitrary-precision library. Then, the QNM frequencies
have been found by applying a root-finding algorithm
which employs the Newton-Raphson method.
Figure 2 shows the comparison between the numerical

results (in red, solid line) and the low-temperature asymp-
totic formula (74) for the fundamental QNM frequency as a
function of rþ for fixed small ϵ ¼ 5 × 10−6 and the charge
of the scalar field e ¼ 0.005. We observe a small discrep-
ancy between the two curves, both for the real and
imaginary part of ω0;0, increasing to about 2% for
rþ ≃ 0.01. In Fig. 3 we display the transition from low
to high temperatures—small and large ϵ, respectively—by
varying ϵ while keeping rþ ¼ 0.001 fixed. The numerical
results (again in red, solid line) are compared with the
asymptotic formulas (in blue, dashed line) for high and low
temperature, given by (58) and (74), respectively. For low
temperatures, we have ϵ ≪ rþ ≪ 1 and thus r3þ corrections
to (74) are more relevant for the approximation than the ϵr2þ
terms. In other words, one should resum the series in rþ at
each given order in ϵ for a full comparison. Nevertheless,
the ϵ corrections encode the temperature dependence, and
can be checked to agree with the numerical prediction by
comparing the slope of the two curves for small ϵ in the
imaginary part of ω0;0 in Fig. 3.
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IV. DISCUSSION

In this paper, we have investigated the quasinormal
modes of a charged scalar field scattering on small RN-
AdS5 black holes, where the outer horizon radius rþ is
much smaller than the AdS radius, via the isomonodromy
method. We analytically explored two regimes in terms of
rþ and the parameter ϵ ¼ 1 − q, with 0 ≤ q ≤ 1 the charge

of the black hole in units of the critical charge Qc. In
Sec. III A, we have considered the small black hole
approximation at high temperatures ðrþ ≪ ϵ < 1Þ and
provided an asymptotic expression for the QNMs frequen-
cies for n generic and l ¼ 0 that generalizes previous
results found in the literature [7]. These asymptotic
expressions display instabilities for the fundamental
QNM mode for large enough q, and we verified

FIG. 2. Analytical result (blue dashed line) in (74) for the real (left) and imaginary (right) part of the fundamental QNM frequency ω0;0

compared with the numerical result (red solid line) as function of rþ for fixed ϵ ¼ 5 × 10−6 and charge of the scalar field e ¼ 0.005.

FIG. 3. Analytical result (blue dashed line) in (74) for the real (left) and imaginary (right) part of the fundamental QNM frequency ω0;0
compared with the numerical result (red solid line) as function of ϵ for e ¼ 2 and rþ ¼ 0.001. The ascending and descending dashed
lines for the Imω0;0 in the right panel reproduce (74) and (58), respectively. The ascending line describes the same slope of the numerical
result; however, the shift with respect to the numerical result is due to higher orders in rþ, for ϵ ¼ 0 in (74).
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numerically (for e ¼ 8 and Δ ¼ 4) that there is a super-
radiance window whose width in rþ increases with q. We
leave open the question whether, in parallel to the
Hawking-Page transition for uncharged black holes [36],
stability might be restored as the radius of the black hole
increases.
A different approach is required in the low-temperature

limit ϵ ≪ rþ ≪ 1 and we have presented the analysis of
this case in Sec. III B. By considering a double series
expansion for small ϵ and rþ, we have computed the first
nontrivial correction in ϵ to the fundamental QNM fre-
quency. We found that small black holes at low temperature
are stable under scalar perturbations with Δ satisfying the
unitarity bound Δ > 1, and charge e < 2Δ=

ffiffiffi
3

p
. When the

latter conditions are not met, the imaginary part of (74)
becomes positive, meaning that the black hole is unstable.
In [7], the correction to the empty AdS frequency is

derived from the matching condition between the analytical
solutions constructed in terms of hypergeometric functions.
In contrast, we have shown via the isomonodromy method
that the asymptotic expansion for the fundamental QNM
frequency receives contributions from all descendants of
the CFT primaries in the vacuum module. These contri-
butions can be resummed in terms of the generating
functions of the Catalan numbers and the result suggests
that in the matching approach one should consider all
levels in the Frobenius expansion. It is worth mentioning
that for numerical purposes the Fredholm determinant
representation of the PVI tau function can reach a faster
convergence time than direct instanton counting methods
based on Nekrasov functions.

This work can be seen as an application to RN-AdS5 of
the ideas exposed in [33], where the authors have written
the initial conditions for the Painlevé V tau function to
compute an asymptotic expansion for the fundamental
QNM frequency in the low-temperature regime.
Finally, in [5] it was argued that large RN-AdS4 black

holes, i.e., rþ ≫ 1 in units of the AdS curvature radius,
become unstable below a critical temperature. Since one
can control ϵ and rþ in the accessory parameter expansion,
it would be interesting to explore this regime and the nature
of these instabilities in terms of the PVI tau function and its
confluent limits. It is also interesting to study the hydro-
dynamical modes in RN-AdS5 black holes, since scalar
perturbations in this background have been introduced as
dual CFT states of strongly correlated holographic models
with finite density, for which the bound on the speed of
sound can be violated [37]. The method presented here and
in [33] works for higher spin perturbations on rotating
black holes [32] and can be used to study those perturba-
tions in RN-AdS5.
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APPENDIX: NEKRASOV EXPANSION FOR THE PVI TAU FUNCTION

The series representation of the PVI tau function, written in [15,38], around the critical point t ¼ 0 is given by

τðtÞ ¼
X
n∈Z

Cðθ⃗; σ þ 2nÞsnt14ððσþ2nÞ2−θ2
1
−θ2

2
ÞBðθ⃗; σ þ 2n; tÞ; ðA1Þ

where θ⃗ ¼ fθ1; θ2; θ3; θ4g are the single monodromy parameters, and the parameters σ, s are two integration constants. The
structure constants Cðθ⃗; σÞ are given in terms of Barnes’s functions

Cðθ⃗; σÞ ¼
Q

α;β¼�Gð1þ 1
2
ðθ3 þ αθ4 þ βσÞÞGð1þ 1

2
ðθ2 þ αθ1 þ βσÞÞ

Gð1þ σÞGð1 − σÞ ; ðA2Þ

and Bðθ⃗; σ; tÞ in (A1) coincides with the c ¼ 1 Virasoro conformal blocks, which are explicitly given by a combinatorial
series in terms of Nekrasov functions

Bðθ⃗; σ þ 2n; tÞ ¼ ð1 − tÞ12θ2θ3
X
λ;μ∈Y

Bλ;μðθ⃗; σ þ 2nÞtjλjþjμj; ðA3Þ

where Y denotes the space of Young diagrams, λ and μ are two of its elements, with number of boxes jλj and jμj, and the
coefficients in (A3) are
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Bλ;μðθ⃗; σÞ ¼
Y

ði;jÞ∈λ

ððθt þ σ þ 2ði − jÞÞ2 − θ20Þððθ1 þ σ þ 2ði − jÞÞ2 − θ2∞Þ
16h2λði; jÞðλ0j − iþ μi − jþ 1þ σÞ2

×
Y

ði;jÞ∈μ

ððθt − σ þ 2ði − jÞÞ2 − θ20Þððθ1 − σ þ 2ði − jÞÞ2 − θ2∞Þ
16h2λði; jÞðμ0j − iþ λi − jþ 1 − σÞ2 : ðA4Þ

For each box situated at ði; jÞ in λ, λi is the number of boxes at row i of λ and λ0j is the number of boxes at column j of λ;
hði; jÞ ¼ λi þ λ0j − i − jþ 1 is the hook length of the box at ði; jÞ. The parameter s can be determined in terms of the
monodromy matrices fσ; σ23g from the formula (3.48a) in [39]:

sin2πσ cos πσ23 ¼ cos πθ1 cos πθ4 þ cos πθ2 cos πθ3 − cos πσðcos πθ1 cos πθ3 þ cos πθ2 cos πθ4Þ

−
1

2
ðcos πθ4 − cos πðθ3 − σÞÞðcos πθ1 − cos πðθ2 − σÞÞs

−
1

2
ðcos πθ4 − cos πðθ3 þ σÞÞðcos πθ1 − cos πðθ2 þ σÞÞs−1: ðA5Þ

For t sufficiently close to zero,1 and generic monodromy parameters in the sense that

σ ∉ Z; σ � θ1 � θ2 ∉ Z; σ � θ3 � θ4 ∉ Z; ðA6Þ

we have

τðtÞ ¼ C0t
1
4
ðσ2−θ2

1
−θ2

2
Þð1 − tÞ12θ3θ2



1þ

�
θ3θ2
2

þ ðθ21 − θ22 − σ2Þðθ24 − θ23 − σ2Þ
8σ2

−
ðθ21 − ðθ2 − σÞ2Þðθ24 − ðθ3 − σÞ2Þ

16σ2ð1þ σÞ2 κtσ −
ðθ21 − ðθ2 þ σÞ2Þðθ24 − ðθ3 þ σÞ2Þ

16σ2ð1 − σÞ2
1

κtσ

�
tþ � � �

�
; ðA7Þ

where 0 < Reσ < 1, C0 is a constant independent of t, and κ is a known function of the monodromy parameters:

κ ¼ s
Γ2ð1 − σÞ
Γ2ð1þ σÞ

Γð1þ 1
2
ðθ2 þ θ1 þ σÞÞΓð1þ 1

2
ðθ2 − θ1 þ σÞÞ

Γð1þ 1
2
ðθ2 þ θ1 − σÞÞΓð1þ 1

2
ðθ2 − θ1 − σÞÞ

Γð1þ 1
2
ðθ3 þ θ4 þ σÞÞΓð1þ 1

2
ðθ3 − θ4 þ σÞÞ

Γð1þ 1
2
ðθ3 þ θ4 − σÞÞΓð1þ 1

2
ðθ3 − θ4 − σÞÞ : ðA8Þ
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ent, J. High Energy Phys. 04 (2020) 155.

[33] J. Barragán Amado, B. Carneiro da Cunha, and E. Pallante,
Remarks on holographic models of the Kerr-AdS5 geom-
etry, J. High Energy Phys. 05 (2021) 251.

[34] F. Novaes, C. Marinho, M. Lencsés, and M. Casals, Kerr-
de Sitter quasinormal modes via accessory parameter ex-
pansion, J. High Energy Phys. 05 (2019) 033.

[35] https://github.com/strings-ufpe/painleve.
[36] S.W. Hawking and D. N. Page, Thermodynamics of black

holes in anti-de Sitter space, Commun. Math. Phys. 87, 577
(1983).

[37] C. Hoyos, N. Jokela, D. Rodríguez Fernández, and A.
Vuorinen, Breaking the sound barrier in AdS=CFT, Phys.
Rev. D 94, 106008 (2016).

[38] O. Gamayun, N. Iorgov, and O. Lisovyy, Conformal field
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