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Exact gyratons in higher and infinite derivative gravity
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We study solutions describing spinning null sources called gyratons in generic theories of gravity with
terms that are quadratic in curvature and contain an arbitrary number of covariant derivatives. In particular,
we show that the properties of pp waves of the algebraic type III allow for extreme simplification of the
field equations. It turns out that the resulting differential equations are exactly solvable due to partial
decoupling and linearity of the equations. This is demonstrated explicitly by finding axially symmetric
gyraton solutions in Stelle’s fourth derivative gravity and the nonlocal gravity with an infinite number of

derivatives.
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I. INTRODUCTION

In general relativity (GR), exact interior and exterior
solutions of the field equations with a spinning null matter
were first studied by Bonnor in 1970 [1]. Later, the
gravitational fields generated by spinning ultrarelativistic
particles were studied by Frolov and Fursaev [2], who
called them gyratons. They were further investigated and
generalized in [3-5] (see also [6]). These geometries belong
to the class of pp-wave metrics with nondiagonal terms in
the Brinkmann form. Besides the null radiation component,
the energy-momentum tensor involves also nondiagonal
terms corresponding to internal angular momentum of
gyratons. Inside the source, the gyraton spacetimes are
of algebraic type III with the aligned null direction being
the generator of null geodesics along the direction of
propagation. Gyraton solutions beyond the class of type
Il pp-waves within more general Kundt spacetimes are
also known. Namely, gyratons were studied on (anti—)de
Sitter background [7] (conformal to gyraton pp waves),
Melvin universe [8], and direct-product spacetimes [9].
Last, it turns out that gyratons exist not only in nonexpand-
ing Kundt geometries but also in the Robinson-Trautman
class of spacetimes [10].

In higher derivative theories of gravity, the Einstein-
Hilbert action is modified by adding extra scalar curvature
invariants. Their field equations are very complex. In order
to find their exact solutions, it is often necessary to employ
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an appropriate ansatz that reduce the equations consider-
ably. A simple ansatz is the so-called universal spacetimes
[11-14], for which all rank-two tensors constructed from
the metric, the Riemann tensor, and its covariant derivatives
are multiples of the metric. The only component of the
vacuum field equations then gives an algebraic constraint
relating the value of the constant Ricci scalar with the
parameters of the given theory. Examples of universal
spacetimes of all algebraically special types (II, D, III, N)
are known. Generalization of universal spacetimes by
relaxing the condition imposed on the rank-two tensors
lead to the almost universal spacetimes [15]; the rank-two
tensors allowed have a trace-free part of type N. Therefore,
the field equations for almost universal spacetimes are
compatible with energy-momentum tensors of null radia-
tion and reduce to the algebraic constraint accompanied by
a single partial differential equation.

The possible scalar invariants quadratic in curvature
(without additional derivative) that can be added to the
action are Ricci scalar square, Ricci tensor square, and
Riemann tensor square. A generic theory that contains all
three is called the Stelle gravity (SG) [16]. Some exact
solutions of this theory were described in [17-19]. More
complicated geometry ansatz (such as the spherically
symmetric spacetime) usually requires numerical treatment
or the use of the Frobenius method to find infinite series
solution [20-22].

Going one step further, one can consider quadratic terms
that also contain covariant derivatives. A particularly
interesting theory arises when one takes an infinite number
of derivatives, the so-called infinite derivative gravity
(IDG) [23-25] (discussed already in [26]). This nonlocal
theory attracted attention for its predisposition for resolving
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singularities together with retaining the same degrees of
freedom (around Minkowski background) as there are in
GR. Unfortunately, this theory leads to immensely difficult
nonlocal nonlinear field equations, for which the numerical
methods are not available, so the research has focused
mainly on solutions in the linearized (weak-field) regime of
the theory [27-37]. Gyratons in linearized IDG were
constructed in [38] by boosting a solution for stationary
spinning object and taking its Penrose limit [39] in an
analogy to the Aichelburg-Sexl ultraboost of a pointlike
source [40]. An advancement in the search for exact
solutions of the full IDG came with the almost universal
spacetimes [4 1], which explained the previous discovery of
exact shock/impulsive waves in IDG [42—44].1 With this
ansatz, the field equations effectively reduce to a linear but
still nonlocal partial differential equation, which can be
solved exactly by eigenfunction expansion or using the heat
kernel method. The obtained solutions represent gravita-
tional waves generated by null particles propagating in
maximally symmetric spacetimes.

In this paper, we step further out of the family of almost
universal spacetimes by permitting the rank-two tensors to
have a tracefree part of type III. We show that many terms in
the field equations of theories of gravity with an arbitrary
number of covariant derivatives either vanish or simplify
significantly for type III pp waves. This allows us to find the
reduced field equations for gyraton metric ansatz, which are
compatible with energy-momentum tensors of spinning null
sources. These equations can be solved exactly as we show
by finding exact axially symmetric gyraton solutions in full
Stelle gravity as well as full infinite derivative gravity.

The paper is structured as follows: in Sec. II we introduce
the action and the field equations of a generic gravity that is
quadratic in curvature with arbitrary analytic (covariant)
differential operators. In Sec. III we examine various
properties of the pp waves of algebraic type III. In
particular, we show that many terms that appear in the
field equations either vanish or simplify significantly. In
Sec. IV, we derive the field equations for gyratons and
demonstrate that they are exactly solvable thanks to partial
decoupling and linearity. Sections V-VII are devoted to
specific examples. We review and find new solutions in the
general relativity, the Stelle gravity, and the infinite
derivative gravity. In Sec. VIII, we comment on gravity
theories of higher order in curvature. The paper is con-
cluded with a brief discussion of our results in Sec. IX.
Appendices A, B, and C provide supplementary material.

A. Index/index-free tensor notation

Before we proceed to the main calculations, let us clarify
the tensor notation employed in this paper. We use the bold

'Other exact solutions were obtained in the context of
cosmology, where the field equations were effectively localized
by imposing a recurrent ansatz on the Ricci scalar [45-49].

font for tensors and their indices, which are understood as
the abstract tensor indices [50] a,b, ..., thus indicating
tensor type rather than their components. The regular font
is used for scalar quantities (such as coordinates and tensor
components) and nontensorial indices. On top of that, we
also employ the index-free notation, where - indicates
the contraction between two adjacent tensor indices. For
example, the contraction of a vector v with a covector ¢ reads
v - ¢ =v%c,. Raising and lowering of all tensor indices is
achieved with the help of the musical isomorphisms * and
[51];e.g., ct = g ' -cand W= g - v. Furthermore, we use Vv
and A to denote the symmetric and antisymmetric tensor
products,p V g =pq +¢qp and p A q = pq — qp.

II. GENERIC QUADRATIC CURVATURE
GRAVITY

Consider a four-dimensional manifold M equipped with
a metric g. A generic gravity action that is quadratic in the
Riemann tensor R and analytic in the covariant derivative V
can be written as

1
S=3 [ ! (R=20) 4 R¥IDV) o T Regs] + S

(2.1)

where D stands for an arbitrary tensorial-differential
operator. Using the symmetries of the Riemann tensor
and the Bianchi identities, one can show that, up to the
higher-order terms in curvature, the action can be recast to
the form [25,52]

1 |
S~—/ g (R —2A) + RF ()R
2 /m

+ Sab]:2(|:|)sab + Cabadf3(|:|)cabcd] + va (2'2)
where R is the Ricci scalar, S, is the trace-free (TF) Ricci
tensor, Cupqq 1 the Weyl tensor, and g% denotes the volume
element (one-density associated to the metric g). The action
(2.2) contains the form factors, which are analytic functions
of the wave operator (1= V*.V,

Fi@) =" fia0", (2.3)
n=0

where f;, are arbitrary constant coefficients. Varying the
action (2.2) with respect to the metric g, one can find [53]2

Contrary to [53], we added the missing symmetrization to the
terms that are not symmetric (in general) in indices a, b and used
the identity C(,**(1"Cp)ege = 1845 C™ T Cpypp. This identity
follows from theorem 3(a) in [54] for the Weyl tensor in four
dimensions, C(,4'¥/8;,” = 0, when contracted with [(J"C,*.
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1 1
%_1 <Sab - ZRgab + Agab> + 2Sab]'—l (D)R - 2(Vavb _gabD)fl (D)R + (D + 2R> FZ(D)Sab

1 1
= 284(a(Ve V! = S“) (D) Spye + &ab <VCV‘1 - ESCd) For()Sea —4 <V6Vd + ES”d> F3(0)Cap)e

1
= Qi + 58 (21 +0y)

2 2

1 1
= Qoo + 5 8ab (26 +02) — Qugpy + - 8ap (36, + 03)

where the symmetric tensors Q;,5, Y4, and scalars O; are given by double sums:

Qi _Zfanv O/RV,C-1R,

=0

ZfZHZV Dlscdv -8 s

=0

n—1

Qo =

Qs = wa D VOV, O C gy,

=0

Youp
17

n—1

Y., = Zf3nZV [chcdefv 1= ICb ief = V chcdefljn —I- lcbdf}

=0

III. TYPE III pp WAVES

A. Generic pp waves

The class of pp-wave metrics describing plane-fronted
waves with parallel rays is geometrically defined by the
property that it admits a covariantly constant null vector
(CCNV) &,

VE=0. (3.1)

It immediately follows that & is a Killing vector, £,¢ = 0,
and consequently € is a curvature collineation,
£,R = VR =0, (3.2)

where Vg = & - V. On the other hand, the Ricci identities for
CCNV € (3.1) imply

(3.3)

and therefore V
arbitrary tensor ¢,

and V, commute when applied on an

[V, V]t = 0. (3.4)

Substituting the Riemann tensor R for ¢, it turns out that

=3 fau Z V. [/844V 0718, — V
n=1

> —2You =4 Y30 =Ta,  (24)
Z fin Z 'RO™IR,
=1 =0
n—1
0, = Zfz,n Z CISAE1S g,
63 - Z f3 n Z DlCalefDn_lCcdefv
=1 )
(aDlSCdD”_I_le)A ,
(2.5)
VeV---VR =0. (3.5)

Throughout the paper, we will make extensive use of the
Newman-Penrose (NP) formalism, which is summarized in
Appendix A. It utilizes the orthonormal null covector frame
{e }izo....3 consisting of two real null covectors e) =1,,
el = na, a complex null covector e2 =m,, and its con-
jugate e} = m, satisfying

Fon=

-1, m-m=1, (3.6)

where, for convenience, we identify the CCNV € of pp
waves with the null frame vector I* = € The metric and its
inverse can be then written as

g=-Ilvan+mvin, g'=-lFvn*+mivm*. (3.7)
Various contractions of (3.3) with appropriate frame vectors
lead to the following relations of the frame components of
the TF Ricci and the Weyl tensor [defined in (A4)]:

Yo=Y =Dy =Py =0,

31112 - 2(1)11 - —R/4, \P3 - _(I)Zl' (38)
Therefore, the TF Ricci tensor and the Weyl tensor of
generic pp-wave metrics are both of the algebraic types II
and specialize to types III if the Ricci scalar vanishes (see,
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e.g., [55] for a review of algebraic classification based on
null alignment which is equivalent to Petrov classification
of the Weyl tensor in four dimensions).

B. Type III

Let us focus on the class of pp-wave spacetimes for
which the TF Ricci tensor and Weyl tensor are both of the
algebraic types III. This means that there exists an aligned

null direction * such that S and C contain the following
components 0n1y3:

S = —2l V (CD21m +é21ﬁl) +2(I)22”’
C=Y;(IAm)V (nAl+mAin)
+¥(IAm)V (mnAL+mAm)

+ ¥ Am)(I Am)+Py(I Am)(I Am). (3.9)

Then R = 0 due to (3.8). On top of that, we require that the
null frame is parallel-propagated (PP) along I*,

Dn =Dm =Dm = 0, (3.10)
where D = I* - V. Inverting the relations (A2) for the spin
coefficients and using (3.1) and (3.10), one can find for the
pp-wave geometries in the PP frame,

k=t=c=p=n=e=y+7=a+p=0. (3.11)

As a consequence of these relations and (A3), the direc-

tional derivatives A =n®-V, §=m"-V, and s=m"-V
commute with D when acting on scalars,

[4,D] = [6,D] = [6,D] = 0. (3.12)

Let us discuss the reduction of the field equations

of a generic theory for these geometries. The pp waves

of type III are the so-called T-III spacetimes (see Proposition

16 in [15]), for which any rank-two tensor B, constructed
from the R and V of an arbitrary order takes the form

B=(g+wlvm+wylVvin+ oll (3.13)

with { = 0 in our case (R = 0), since these spacetimes are
of vanishing scalar invariants (VSIs) [56]. Therefore the

3To familiarize the reader with our notation, we write (3.9) also
using tensor indices,

Sap = =49y L gmy) — 4D L iiy) + 2011y,
Cupea = —8Yslmyl.myy, — 8V51  myl iy,
— 8Wslmyimmyy — 8V5l  mym gy
+ AV L mylomyy + AV Ll g,

where the curly brackets

5 (X abjjca) + X (cafap))-

correspond 0 Xygpeq) =

field equations for the pp waves of type III reduce to a
system of three partial differential equations (one
component @ and two components of complex ).
Before we look at these components in more detail, we
need to introduce several convenient notions. The frame
normalization (3.6) and therefore the form of the metric
(3.7) is preserved by the Lorentz transformations of the
frame, namely spatial rotations, null rotations and boosts

l—-¢e”l, n— e n, (3.14)
with a real parameter w. We say that a quantity ¢
has a boost weight (b.w.) b if it transforms under boosts
according to

q— et7q. (3.15)

The boost order (b.o.) of a tensor with respect to a given
frame is defined as the maximal b.w. of its frame compo-
nents. For example, ®,; and ®,, are of b.w. —1 and -2,
respectively, as can be seen directly from (A4). Then S in
(3.9) is obviously of b.o. —1. We also adopt the balanced
scalar approach of [57] (see also [12-15]). In a PP frame
along affinely parametrized null geodesics generated by
vector field I, a tensor ¢ is said to be k balanced, if its
boost weight b part £ satisfies #*) = 0 for b > —k and
Db*¢b) = Ofor b < —k. Iftis 0 balanced, then we say it is
balanced.

In a PP frame (3.10) with CCNV ¥, frame components of
a tensor t = til,_,il)jl"'jqeil -~-e"l’ej1 e do not change

along the null geodesics with I* being the generator, i.e.,
Dti]_..illjl“'jq =0, if Dt = 0 and vice versa. Therefore, (3.2)
ensures that all components of the curvature tensors are

annihilated by the operator D [this can be seen also from the
Bianchi identities (A6)]

b:—l: DT3:DCD21:0,

b - —2: DlP4 - DCD22 - 0, (316)
where we also indicate the corresponding boost weight
b of given components. The curvature tensors S and C (and
consequently the Riemann tensor R) of pp waves of type 111
are thus balanced. Moreover, b.w. —2 parts of S and C,

§(=2) = 2,,l,

C2 =¥, Am)(I Am)+Py(I Am)(I Am), (3.17)

are one balanced.

In general, the covariant derivative of a tensor can
increase its boost order. For example, applying the covar-
iant derivative on a rank-k contravariant tensor f =
frie; ---e;  leads to V= (Viri)e ---e; +
1(Ve; )---e; + -+ 117e; - (Ve; ). Using the
frame decomposition of the covariant derivative (A1), there
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appear terms (Dz; ., )ne’ - --e' and thus the operator D
increases boost weights of given components by one. The
terms Ve; in principle add +2 or +1 to b.w. of the resulting
components via the spin coefficients x or p, o, €, respec-
tively. However, these spin coefficients vanish for pp
waves (3.11). Although the possible nonvanishing spin
coefficients introduced by Ve, either do not change or
decrease b.w., subsequent application of one more V on V¢
produces also V of these spin coefficients and again due to
the decomposition (Al) the operator D increases b.w. For
instance, the spin coefficient & has b.w. 0 and thus D"« is of
b.w. n. Therefore, after several applications of the covariant
derivative, there could appear a component of the boost
weight exceeding the boost order of the original tensor.
Nevertheless, such a situation does not happen in the case
of type III pp waves since the Ricci identities (AS5) for the
nonvanishing spin coefficients imply

b=0: Da=Dp =0,
b=-1:Dy=DA=Du=0,

b=-2:Dy=0. (3.18)

Similar reasoning carried out formally results in Lemma 1
of [15]: the covariant derivative of a k-balanced tensor in a
degenerate4 Kundt spacetime is again a k-balanced tensor.
One can thus conclude that V- - - VS, V- . - VC are balanced
and V---VS2 V... VC-2 are one balanced.

The balance property of the curvature tensors has several
direct consequences for rank-two tensors and thus for the
field equations. First, recall that k-balanced tensors are of
b.o. —(k+1) (ie,V---VS, V...VC are of b.o. —1 while
V---VSt2, V...vC2 are of b.o. —2) and rank-two
tensors only admit components with b.w. ranging from —2
to 2. Therefore, rank-two tensors cubic or of a higher order
in curvature vanish (a tensor of order k in curvature tensors
which are of b.o. —1 is thus of b.o. —k). Only b.w. —1 parts
S €= and their covariant derivatives contribute to
rank-two tensors quadratic in curvature specifically to the @
term of (3.13). Also, we immediately see that the pp-wave
spacetimes of type III are of VSI because all scalars are
constructed as contractions of balanced tensors V---VS§
and V- --VC, which are of b.o —1.

C. Vanishing tensors quadratic in curvature

In this subsection, we consider tensors (of any rank) that are
quadratic in curvature, namely tensors constructed as

“The Kundt class is defined geometrically as spacetimes
admitting a nonexpanding, nonshearing, and nontwisting null
geodesic congruence. The pp-wave metrics thus belong to a
special subfamily of the Kundt class. A Kundt spacetime is said to
be degenerate if the Riemann tensor and all its covariant
derivatives are algebraically special (i.e., of type II or more
special) with the generator of the Kundt null geodesic congruence
being their aligned null direction.

contractions of V--- VSV ... VS, V... VSV...VC,orV---

VCV - --VC. We show that such tensors with specific con-

figurations of indices vanish for type Il pp-wave spacetimes:

(i) V---VSV...VS vanishes if at least one S has no

free index.

Without loss of generality we assume that S with

no free index is the first one. Since S is of type III,

the first § contains at least one contracted /, see (3.9).

Here, we only sketch the proof using a schematic

notation, where / contractions are denoted by lines

between the contracted expressions (similar to the

well-known notation for Wick contractions).

Explicit calculations of all combinations are listed

in Appendix B. Null covector / from the first § may
contract in four different ways:

.
V...VSV-..VS =0,
[

V...VSV...V§=V...VDV...VS'V..V§ =0,
|

V...VSV...V§=V...VS'V-..VDV--.VS =0,
1

V...VSV...VS=V...VS'V- - .V(§-1}) =0,

(3.19)

each of which vanish. Prime denotes the expression
obtained after the removal of I. The first case is zero
due to vanishing trace of S. In the remaining cases, we use
VI =0, which allows us to move [/ anywhere in the
expression; it gives rise either to the contraction § - If =
0 (fourth line) or to derivative D = I* - V (second and third
lines). Thanks to (3.5), DV---VS and DV - - - VS’ vanish.’
(ii) V---VSV...VC vanishes if § has no free index. In
addition to that, if at least one index of S is
contracted with C then C must have at most one
free index for the expression to vanish.

Asbefore, itis always ensured that at least one index
of S corresponds to I (since S is of type 1), which can

be contracted back to S, to derivatives, or to C:

mn
V...VSV..VC =0,
|
V...VSV...VC =V...VDV...VS'V...VC =0,
|
V...VSV...VC =V...-VS'V...VDV-..-VC =0,

1
V...VSV..VC =V...VS'V...V(C - 1!) .
(3.20)

The first three lines vanish for similar reasons as the first three
lines of (3.19), specifically because S is trace free and
DV...-VS' =DV..-VC = 0 due to (3.5). However, this
time the last line is nonzero in general since the contraction of
C with [ reads

*It can be shown using (A2) that DS = 0 implies DS’ = 0 for
CCNV I* in any frame (not necessarily the PP frame).
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C-IF =51 Am)l+ P51 Am)l. (3.21)

If this rank-three tensor C - I* has at most one free index, then
at least one of the remaining indices must be associated with /.
Let us inspect all possible types of contractions with this I:

n

V...VS8'V...VDV--.V(C-I*) =0,

=V...VDV...VS§'V-..V(C- 1) =0,

=V...V(§-IHV.-.V(C 'Y =0.
(3.22)

The first line vanishes since the trace of C-If is

zero. The contractions with derivatives (second
and third lines) lead to vanishing expressions
DV...V(C-I}) =DV-..VS' = 0. [Let us recall that (C -

I*) is a rank-two tensor that is obtained by stripping (3.21) of
1.] Finally, the last line involves S’ 1P =0.
(iii) V---VSV...VC vanishes if C has no free index.
From the decomposition of C in (3.9), we see that
at least one [ is contracted back to C, to derivatives,
or to §:

m
V...VSV...VC =0,
1
V.-.VSV...VC =V...VDV...VSV...VC' =0,
[
V...VSV...VC =V...VS§V...VDV...VC' =0,
1
V...VS8V...VC=V...V(§-1"V..VC' =0.
(3.23)

All the possibilities vanish since C is traceless, S - I = 0,
and DV---V§S =DV.--V(C' =

M

V...V - 1HV-..V(C- 1" =0,

1

V..V - HV...v(C -1 =V.
1

V..V - HV...v(C- 1" =V.
1

v...v(C'- lﬁ)v. -V(C- lﬁ)/ -V

Again, the first three cases vanish as before and, in the last
case, (C-I*) - I* = 0 as follows for the Weyl tensor of type
III from (3.9).

D. Relevant scalars and rank-two tensors

Here, we focus on particular scalars and rank-two tensors
appearing in the field equations (2.4).

@(iv) V---VCV.---VC vanishes if one C has no free
index. In addition to that, if at least one index of this
C iscontracted into the second C then the latter must have
at most one free index for the expression to vanish.
Withoutloss of generality, letus assume that C without
free indices is the first one. As follows from (3.9), this
(first) C has at least one I which can be contracted either
back to C, to derivatives, or to the other (second) C:

.
V...VCV---VC =0,

1
V...VCV.-.VC =V...VDV...VC'V-..-VC =0,

[
V...VCV.-.VC =V...-VC'V---VDV--.VC =0 ,
1

V... VCV.-.VC =V--.-VC'V---V(C -1} .
(3.24)

The first three cases vanish due to (3.5) or since C being trace
free. Inthe last case, the rank-three tensor C - I of the form (3.21)
hasatmostone free index and therefore atleast onelis contracted
either back to C - ln, to derivatives, or to C':

V...VC'V---V(C- NE
1
vV...vC'v.--v(C I

) =
)=
) =
) =

V.. .-VC'V...-VDV--.V(C-I}) =0,

AN =V...VDV...VC'V---V(C - I}) =

A =v...v(C MV V(C TP .

(3.25)

The first three cases vanish for the same reasons as above. The
rank-two tensor C” - I7 still has one I, which is contracted either
back to C' - I, to derivatives, or to (C - I)":

..VDV...V(C'-I’)V-..V(C-1*) =0,

(3.26)

-V(C' - 1V---VDV---V(C -1 =0,
LV(C YV V[(C Y 1] =0.

(i) VeVIOI"S,, S01"S,4, and C'T1"C,ypp vanish.
As mentioned above, type III pp-wave spacetimes
are of VSI, meaning that all scalars constructed as

contractions of V---VS and V---VC vanish. Re-
mark that two latter scalars can also be shown to
vanish using the results of Sec. III C.
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(i) V.V[1"Sy)¢ and S, (,[1"Sp)¢ cancel each other.
Commuting V¢ and V¢, it turns out that
V.V [1"8)¢ cancels exactly with S, ,[1"S;)°,

8a(a(VV! = S“)T"Sp),
= Vi VLSy + ST Spe

1
- acbanSCd + EgabscanSCd =0, (327)

where we employed (C1), (C4) and the fact that
scalars constructed from V--- VSV ... VS vanish.
(iii) ["S,, is of b.o —1 because V- -- VS are balanced
tensors.
(iv) (Veve + %S”d)D"Cc(ab)d takes the form (3.32).
Recasting the contracted Bianchi identities with
R =0 in terms of TF Ricci and Weyl, one obtains
V,8%, =0,

VdCabcd = _V[asb]c’ (328)

and consequently, using (C4),

VdeCabcd = (Dsac - deCabcd)' (329)

| =

The term under consideration [i.e., the term involv-
ing F5(0) in (2.4)] can be expressed recursively by
commuting one [J over V¢V¥ as

1
(chd + EScd) Dn+1Cc(ab)d

1
=0 <chd + ESCd> |:lncc(ab)d — Qb (330)

with @, being rank-two tensors of b.o -2,

1 3 9
O = — E D(S(acD”Sb)c) - ES(aCDnJrle)c + 3Vch(an|:|nSb)c - ivdsc(avdljnsb)c

— [0"Cyepa S84 — 4V9VdD”S(ach)dce - VeVdS(acD"Cb)ecd

= 2V; 0" Coe(aVCi) ™ = 2V4 1" Cioe(a VCi) ™ .

To get this expression, we employed the contracted Bianchi
identities (3.28), the results of Sec. III C, Egs. (C1), (C5),
(C7), and (C10), the fact that terms cubic in curvature
vanish, and the fact that covariant derivatives commute
(since the commutator introduces one more curvature
tensor). Starting with (3.29) and applying (3.30) repeatedly,
we finally obtain

1
(Vch + ES”d) U C(ab)a

n—1

1
== 5 Dn+lsab - Z DkQ(n—k—l)ab . (332)
k=0

Note that for n = 0 the sum is empty and we recover (3.29).

IV. FIELD EQUATIONS FOR GYRATONS
A. Gyratons

Let us now focus on specific geometries called “gyra-
tons,” which are known to describe various spinning null
sources. Their subclass within type III pp waves is given by
the metric [5]

g = —du Vv (dr + Hdu + Jdg) + dpdp + p*dede,
(4.1)

(3.31)

|
where H = H(u,p, ) and J = J(u, p, @) are two arbitrary
functions that can be determined from the field equations.
The coordinate r is an affine parameter along the null
congruence generated by CCNV & = 3,. The null coor-
dinate u is the retarded time for which & = —du. The
coordinates p and ¢ are polar coordinates spanning the
two-dimensional flat submanifolds of constant u at each r.
Occasionally, we will also use the Cartesian coordinates
X =pcosp, y=psing, which are regular at the
origin x =y =0 (i.e., p = 0). The metric g then takes
the form

¢ ——du v <dr+ Hdu —/%de +§de>

+ dxdx + dydy. (4.2)

To utilize the NP formalism we need introduce the
natural covector null frame,

| = —du, n=—dr— Hdu — Jde,

1
m = —=(dp + ipdg),

V2

and the corresponding dual vector frame,
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IF=29,, =9,-Ho,,
mi= g L

V2 T V2p
The vector I* is CCNV and the natural null frame is PP
along geodesics generated by I*. The spacetime has a

vanishing Ricci scalar, R = 0. The nonvanishing compo-
nents of the TF Ricci and Weyl tensors in this frame read

d,—Jd,). (4.4)

S oo Sp =1 pp

Dy = -3 =—-— ;
4/2p? 4v/2p?
1 (J,)*=2J
Oy =-AH 2
n=3 + 17 ,
1 . .
Y, = 7 (=pH , = 2ipH ,, + p*H ,, + 2iH ,

- Hv(P(ﬁ - ZIJM + ‘],u(p + ip‘],up)v (45)

where we defined the Laplace operator on two-dimensional
transversal space,6

1 1
A= +-90,+—03. 4.6)
PO T 2% (
The nonvanishing spin coefficients are
p=mse o =izt
oadA = —)) = — N = =1—,
2v2p o7 =1y
H H,-J
v=—2L-j = (4.7)
V2 V2p

Note that A vanishes for gyratons (4.1) even though it is
nonzero for general pp waves of type IIIL.

In what follows we will repeatedly use several properties
of directional derivatives of the NP formalism. First, let us
recall the properties of the D derivative. It annihilates all
frame covectors (3.10) and curvature components (3.16).
Moreover, D also commutes with all remaining derivatives
|

O(gpm) = [(A — 4ad + 4ad — 8a?

O(gimmm) = [(A — 4ad + 4ad — 8a?

(3.12). On the contrary, the commutators of & derivatives
(on scalars) are
6, &] = —D, (6,9

= —2uD —2a6 + 2a5. (4.8)

The action of § and & on the null frame is given by

ol =0,

om = —2am,

on = um, om = —ul + 2om. (4.9)
In addition, we will also need & derivatives of the spin
coefficients a and g,

Sa=da="2a>, 5,14 =-20,,,

Finally, the action of X derivative on the frame covectors is

Al=0, An=vm+vm, Am=uvl+pum. (4.11)

B. Field equations

The action of the wave operator [] can be expressed in
terms of the directional derivatives using the decomposition
(A1) and the properties (3.1), (3.10), (4.9), and (4.11). We
arrive at the formula

[0 = —AD + DA + 66 + 66 — 2a6 — 2a6. (4.12)

For a scalar field ¢ subject to D¢p = 0, the wave operator
reduces to two-dimensional Laplace (4.6),

O = Ad, (4.13)
and o derivative of ¢ is given by
¢/) ¢ R
op = 4.14
NS 19

With the help of (4.12), we can find the following useful
formulas:

+ [(—2u8 — S + 4au) P,

¢]ﬁzmm + (=20 6 =6 it —4aji) p|lmm
+ [(—2u8 — S + dap)plm (I v

m) + [(2ui) Il v m). (4.15)

Applying the first one repeatedly on a type III TF Ricci tensor (3.9), ('S = =21 v (" (®,m + ®ym) + 2(00"®, ), we

obtain

Do not confuse with & derivative of the NP formalism.
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n—1
[0S = =21 v [(B"®,,)m + (B"®,, )] + 2 [A"d)zz +2 Z AF(MB"*~1®,, + MB"*1d,,) |1,
k=0

where we introduced the auxiliary differential operators

B=A —4ad + 4ad — 8a°, M = 246 + 6u — 4ap.

(4.16)

(4.17)

In order to express (3.32) explicitly, we also need to calculate tensors @,,. Using the above properties [particularly (4.15)],

we can write the individual terms of (3.31) as

St 1Sy = 4(Dy B Dy + By B Dy )Ll
V.S VIOES, = 4[(6D,, — 2a®,,) (5B Dy, — 2aBFD,,) + (6@, + 2a®,, ) (6B D,; + 2aB D, )
+ (6@ = 20D, ) (5B D, — 2aB D) + (6®;; + 20D, ) (6B Dy, + 2aB @yy) L1,
VS0 VIKS, ¢ = 4[(6®,, — 2a®,, ) (6B D, — 2aB*D,;) + (6@, + 2ad,,) (5B ®,, + 2aB*d,,)
+ (59;) + 20Dy, ) (6B @y + 2B ®y)) + (6D, — 20Dy, ) (6B @y — 2aB Dy L1y,
[HCoepal 18 = 4(B* Dy BD,; + B Dy Bd, )Ll
VEVIES CCppee = —2[@5; [(8% — 206 — 402)BF Dy, — (66 — 2a6 — 4a?)BF D, |
+ @, (6% = 2a6 — 42)BF Dy, — (66 — 2a6 — 4a2)Br D, || 1,1,
VeVAS S Cheeq = —2[BFD,, (6D, — 205D, — 4> Dy — 6@, + 220D, + 40> D, )
+ B¥®,, (65 @y — 200D, — 4P Dy — 6@y, + 2a0D,, + 4a> Dy, )|,
VkaCaCdchdeef = 2[00, - 2“‘1321)(5qu)21 - 2aBk<I>2]) + (Sq_)zl - 20"521)(33k‘i)21 - zaBk‘i’zl)Valb,
VITFC, %V Chaep = [(5@y + 2aD,) (5B Dy + 2aB Dy;) + (6B3; + 2aD,,) (5B D, + 2aB D))
+ (6@, — 2a®,; + 26D,, — 4ad,,) (5B D,, — 2aBFD,))
+ (6@, — 2a®,; + 26®,, — dad,, ) (6B ®,, — 2aBFd,) )L 1.

After adding all these terms together, we arrive at the compact expression
Qk - (Nqu)Zl + NBk&)ZI)”,
where we introduced another operator

N = —2[4®,,B — 4®,,5* + 4®,,56 — 2(55®,, — 14ad,; — 56®,; + 10ad,,)s + 46D, 6
+3Bd,, — 82D, + 56@,; + 22a6®,, — 200> D, — 20a6®,; + 360> D, + 626D, ].

(4.18)

(4.19)

(4.20)

The field equations can be satisfied only if the cosmological constant A vanish (because R = 0) and the energy-

momentum tensor T is of the algebraic type III,
T = —2l V [Ezlm + Ezﬂh] + 2522ll,
=2v2du v [ReE, dp — ImE,, pde] + 2E,,dudu,
= 2\/5/)_1(11/! V [(XRCEQl + yImEZI)dx + (yRCE21 - xIm521)dy] + 2522dudu,

(4.21)

where we introduced the components E,; and E,, in analogy to the notation for components of TF Ricci tensor, cf. (3.9).

The resulting field equations for the gyraton metric take the form

[1 +xF,(B)B|®@;; = xEy,
[1 + }(<F2(A) —+ 2?3(A))A](D22 + 2}{ ZZO:I ZZ;& Ak[(fZ,n—lM +f3'nN)Bn—k—lq)21
+(fan M+ f3,N)B"* 1Dy ] = xE,.

044018-9
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Upon inserting the components of the TF Ricci @,; and
®,, from (4.5) in (4.22), we see that the two field equations
are partly decoupled. Indeed, the first equation of (4.22) is
independent of H, so we can find J from this equation.
With the obtained J, we can then calculate the correspond-
ing operators M and N that appear in the second equation of
(4.22) and solve it for H. Due to the linearity of the first
equation in J and the second equation in H, we may rely on
the theorems for the existence of the solutions and make use
of known mathematical methods for linear partial differ-
ential equations.

C. Axial symmetry

The field equations reduce even further if we assume the
axial symmetry described by the Killing vector 9,,,

£ag20

7

(4.23)

This will not only make the functions H and J independent
of ¢, but also the derivatives 0, will drop out from the field
|

1 w? 4i (J
N, =02 +-0,——, z—(—’”a +
PO TR Y /2 P

T
P 2p  2p%)’

equations. As a result, we will be left with ordinary
differential equations in coordinate p (with additional trivial
dependence on u). To arrive at this result, we first notice
that the axial symmetry significantly simplifies the oper-
ators defined above (note that § = §),

A=A, B=B=A,
M=-M= /4, N=-N=0Q/4, (4.24)
and the components of the TF Ricci tensor,
@y = —Dy =@,
Oy = %AOH + %32 , (4.25)

In these equations, we introduced A\, which denotes the
Bessel operators of order w, and three other auxiliary
ordinary differential operators @, ¢, and Q,

2
J ppp

@=—La<
42"y

1 J o —J 3
—@), oE_4iﬁ<2p w0 "o gp 4 2P
p

=2pJ ,, +2J
3

J
P 8 + -ﬂ/’/’ﬂ) . 426
p (R (4.26)

Furthermore, it follows from the first equation of (4.22) that the components of the energy-momentum tensor 7' must also
obey E,; = —E,; to match the left-hand side; therefore, T takes the form

T = —25211 V (m - lh) + 2522[1,
= 2V2iE,,pdu V d¢ + 25,,dudu,

= 2V2iZ,p7 du v (—ydx + xdy) + 25, dudu. (4.27)
Using (4.24) and (4.27), the field equations (4.22) finally reduce to
(1 + % F2 (A1) APy = xEyy, (428)
[143(F2 (Do) + 2F5(20)) Dol Pan + 3¢ 302 D) A§ (2010 + f3, Q) AF1Dy) = 5By .

These equations along with (4.25) form a set of field
equations for axially symmetric gyratons that we will study
in the rest of the paper.

Notice that (4.28) are ordinary differential equations for H
and J in variable p with additional (nonderivative) depend-
ence on u. The partial linearity and decoupling of the
equations enables us to split the general solution in two parts:

J = Jhom + Jpart[EQl]’

H = Hpopm + Hpart[ ’ E‘22]' (429)

|
The homogeneous parts Jy,, and H,,, stand for all
solutions of the homogeneous equations obtained by keep-
ing the linear terms (in J of the first equation and H of the
second equation),

[] +}{f2(Al)Al}@Jhom =0,

[1+3(F2(Do) + 2F3(L0)) Dol Ao Hpom = 0. (4.30)
The particular parts Jp, and H,; denote solutions satisfy-
ing the full inhomogeneous equations. It is important to
emphasize that the homogeneous part Hy,, does not
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necessarily correspond to the solutions in the vacuum
because H,; may actually be nontrivial (different from
any H,,,) even for T = 0. This is because the equation for
H, also depends on J obtained from the first equation.
Through this dependence it is affected not only by J .y (i€.,
by 521), but also by Jhom'

Since the Bessel operators A, arise naturally for
the axially symmetric source, it turns out to be practical
to intr70duce the Hankel transform of the order w (see, e.g.,
[581),

Hold)5) = [ doodl)2,(p9)

Ml Wli) = [ dsswlsinu(op). (430

The reason is because the Bessel functions J,,(ps) are the
eigenfunctions of A, with the eigenvalues —s?; as a
consequence of which the Hankel transforms of A, are
simply

H[Du)(s) = =s*H,.[h](s). (4.32)

One method that can be used to find particular parts Jp,

and H , is to first solve the first equation of (4.28) for ®5{"

Ho[Enn](s)

using the Hankel transform of the order 1,

D = yH7! {%} (p).  (433)

Then we can obtain J,, by integrating the first equation in
(4.25), i.e.,

OJ pur = P51 (4.34)

Its solution can be written in the form

Ipart = 2V2i /p dp'(p* = p)@5" (p),  (4.35)
0

where we used the Cauchy formula for repeated integration.
After choosing one specific function J = Jyom + Jpar (With
desired asymptotic behavior, etc.), we get the explicit form
of the operators ) and © from (4.26).

A particular part H,, is then obtained by solving the
second equation of (4.28). This can be done again in two
steps. First, we apply the Hankel transforms of orders 0 and
1 to get

part _ g |
oF = s s
oo n—l1 — ~ —f— ~
\ [ Ho[(fan1 O 4 F3u Q) HT [(=52)" M, [@y4] (S)](P)](S)]
- 1 .
>y L= (Fa(=) + 2F3(~))5° o 0
|
Employing (4.25), we then arrive at the equation for H . where
Ao =205 -2V i) @) log(#' /o). 0 <7
0H part n T = P)s . L(p,p) = { 0/ . (4.39)
log(p/po), p>p

in which we recognize Poisson’s equation with an axially
symmetric right-hand side W (u, p). It can be solved using
convolution with the Green’s function (integrated out over

angles ),

1 o (2
Hp = GxW =~ / / dp'dg'p'
T Jo 0

2 2 _ 2 / i
" 1Og<p +p i cos(p — ¢ )> Wi, pl),
Po

= /oo dp'p'L(p,p" )W (u,p'), (4.38)
0

"Hankel transforms of various functions can be found in Tables
[59,60].

Finally, let us mention that these generic methods assume
convergence of certain integrals. If these assumptions are not
satisfied, then one has to use different techniques as we will also
need to do in one example below.

V. GYRATONS IN GR

Before we move on to the application in higher derivative
gravity theories, we focus on the general relativity. We will
review a known vacuum solution (in the notation of this
paper) and also discuss a nonvacuum solution obtained by
regularization of its Dirac-delta source. The FEinstein-
Hilbert action corresponds to setting all form factors to
zZero,
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Fi(0) = Fo(0) = F3(0) = 0. (5.1)
Then the field equations for axially symmetric gyratons

read

D, = xEyy,

D,y = xEp, (5-2)

where ©,; and ®,, should be understood in terms of J and
H through (4.25).

A. Homogeneous parts

It is instructive to first focus on the homogeneous parts
Jhom and Hy.,. Following (4.30), these functions satisfy
two independent second order differential equations

@Jhom 0’
AOI_Ihom =0, (53)
which can be easily integrated out,
Jhom = Cl(l,t)[)z + CZ(M)’
Hhom = C3(”) logp + C4(”)’ (54)

where c¢;(u) denote four arbitrary functions of the null
coordinate u. To clarify the meaning of (5.4), we have to
treat Jyom and Hy,, in the language of distributions. For
this purpose, we switch to Cartesian coordinates, which are
well defined at the origin p = 0 (unlike the polar coor-
dinates). In these coordinates, the operators A and @ from
(4.26) are given by formulas

NoH = (0% + 0%)H,

)b ) 3]

(5.5)

J=-

Taking into consideration the distributional identity

Nologp = 8, (p > + 0, (p ) = 275(x)8(y).  (5.6)

we can now evaluate the action of the operators /Ay and @
on the homogeneous parts (5.4),

©@Jhom =

i]TCz(u) y / Xo
- [;5(@5 () +28 (x)5(y)} ;

A()I—Ihom = 2”63(1’!)5()6)6())) (57)
Thus, we see that the functions Jy,,,, = ¢,(u) and Hy,p, =
c3(u)log p may be considered as homogeneous parts only
for p > 0 (when treated as functions), but not in the

distributional sense. With this in mind, we can now proceed
to solutions for various sources.

B. Vacuum

Let us first look for solutions of (5.2) in the region with
no matter content, 7= 0. The condition Z,; = 0 implies
J = Jhom» Which, after taking into account E,, = 0, leads to
a general solution

J = ci(u)p* + cr(u),
1

H = c3(u)logp + cq(u) - 501(”>2P2- (5.8)
The function ¢;(u) can be removed by a coordinate
transformation @ = ¢ — f ducy(u) and the function
c4(u) is of no physical relevance [6]. Consequently, the
solution can be equivalently rewritten in the form [1,2]

_ xyy(u)
4z

ou(u), (p?
H =20 100 (2]
ax ° Q)

where y;(u) and yy(u) are the profile functions and py is an
arbitrary constant (without any physical significance).

In order to interpret this solution, we will calculate the
energy-momentum tensor 7' in a distributional sense. If we
use the distributional formulas (5.7) together with J ,/p =

0,(xJ/p*) 4+ 8,(yJ/p*) and (5.6), then we obtain

)(J i /
f[p 990) + 2850

2 =2 5(0)5(y) + ) (3()50)

(5.9)

= = —

—21

(5.10)

The ill-defined term (5(x)5(y))? obviously arises because
of the naive application of linear distributions to nonlinear
expressions [2]. It signifies that the distributional Dirac-
delta sources describing null particles can be used only in
the nonspinning case, y; = 0, or in the linearized regime of
slow rotation, O(y?) ~ 0. In other words, the spinning null
sources in the full theory must be spatially distributed. One
possibility to overcome this issue is to glue the exterior
vacuum solution (5.9) to an interior nonvacuum solution
representing the spinning cylindrical beam of light of finite
radius [1]. Another option, employed here, is to consider
Gaussian-type distribution of the spinning null matter that
is nonzero throughout the spacetime.

C. Gaussian beam

Motivated by (5.10), we may obtain the Gaussian-type
source by regularizing Dirac-delta distribution §(x) using
the nascent delta function §.(x) given by the heat kernel,
1.e., the Gaussian function,
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e—X2/4€2
2\/me
Here, the parameter ¢ > 0 controls the width of the

Gaussian. Replacing 5(x) by &.(x) in (5.10), we get the
energy-momentum tensor

5.(x) = (5.11)

o) e W) e

=22 —
23 2 8.2 4

5.12
e 2°we€ ( )

This specific choice of regularization will prove very useful
in evaluating the Hankel transforms of the relevant func-
tions that would otherwise be very difficult if not impos-
sible. The corresponding function J can be obtained from
the formula for particular part (4.35),

2
-291-5),

where we subtracted the homogeneous part proportional to
p? to match the asymptotic behavior at p — co with the
vacuum solution (5.9).

Having found J, we can now calculate H by means of
Green’s function (4.38) and using the identity

(5.13)

1
Gre " = [log (0?/pf) = Bi(=bp?)],  (5.14)
with b being a positive constant. The result is
xyu(u) P2 . p2
H=-—-——=|log|—= | —Ei|—-—)|. 5.15
4x {Og </7<2)> 1( 4e? 519

Notice that the regularization of the source induces the
behavior J = O(p?) and H = O(1) near p = 0. Finally, let
us point out that the parameter ¢, characterizing the width of
the Gaussian beam, should not be regarded as infinitesimal
but as a finite quantity. In fact, due to the presence of
(8.(x)8.(y))? term, many expressions are expected to blow
up in the limit ¢ — 0 unless we neglect the nonlinear terms
proportional to O(y?).

VI. GYRATONS IN SG

The Stelle gravity is obtained if we set the form factors to
constants [16,61],
Fi@)=a+p/4, F(O)=p F3()=0. (6.1)
where, without loss of generality, we left out the Weyl term.
It is always possible to achieve F3([J) = 0 by adding the

Gauss-Bonnet term to the action, which does not affect the
field equations in four dimensions. In order for the theory to

admit a spin-two degree of freedom with positive mass
(around the Minkowski background), it is often required
that m*> = —1/xf > 0. In the GR limit, m — co, the action
reduces to the Einstein-Hilbert term, so we can also
expect to get the GR solutions when this limit is applied
to SG solutions. Since xf5,_; = —m™252_,, we can write
the field equations for axially symmetric gyratons as
[cf. (4.28)]

(1 =m™20)) @y = xByy,

(1 =m20g) Dy — m2O®@y; = xEs, (6.2)

where @,; and ®,, are again given by (4.25).

A. Homogeneous parts

As before, let us start by identifying the homogeneous
parts Jyom and Hyop,. This time, they obey the differential
equations of the fourth order,

(1 - m_zAl)@Jhom =0,

(1 - m_on)Aloom =0. (63)

The general solutions of these two independent equations
are given by linear combinations

(6.4)

with eight arbitrary functions c;(u). With this in hand we
can now focus on vacuum solutions.

B. Vacuum

In contrast to GR gyratons, the gyratons in SG solving
(6.2) may be of type III even in the region with no matter
(T = 0). The condition E,; = 0 is satisfied by J = Jyon
with arbitrary ¢;(u). In what follows, we focus on solutions
that approach the vacuum GR solutions for p — oo and
give rise to continuous metric in Cartesian coordinates.
These two assumptions lead to ¢;(u) = c3(u) =0 and
co(u) = —c4(u), respectively. After renaming the function
c4(u) to match (5.9), we get

xyy(u)
J p—
47

(1 = mpK, (mp)). (6.5)

The corresponding curvature component ®,; is nonzero,
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(6.6)

which signifies the algebraic type III as we foreshadowed.

Moving on to the second equation of (6.2) with Z,, = 0,
we observe that the particular part H, cannot be found by
blindly following the methods presented in Sec. IV C in this
specific case. Namely, we cannot use the formula (4.36),

m=2 (s
Ho[m™> QD ]( )] (),

1+ m2s?

o5 = Hy! { (6.7)

2 2

because the integral in the Hankel transform of the
expression

*miyi(u)
2672

= m*U(u, mp)

m20d,, = (2Ko(mp)?* + K, (mp)?)

(6.8)

does not converge. Despite this inconvenience, we can find
®,, by direct integration, which results in

©yy = -5 (o (mp) + - o u) Ko (mp) + m® / " dp p(1o(mp)Ko(mp) ~ Io(mp) Ko(mp) U, mp).

2

m2

In this derivation, we included two arbitrary functions
¢s(u) and c4(u) corresponding to the freedom in adding a
homogeneous part. The function c¢5(u) was set to

cs(u) = 201 [ ™ dp p Kofonp)U . mp)
Po

(6.10)

so as to achieve vanishing ®,, for p — co. We also rewrote
the expression in terms of the Heaviside step function # and
the function Z,

|

=" ¢o(u)Ko(mp) + i / ® dpp [Z(mp.mp) — 0(py — p)o(mp)Ko(mp))U (u, mp).

Z(x.y) E{

The choice of ¢5(u) also guarantees the convergence of the
convolution integral with the Green’s function (4.38),
which we can use to find H, where without loss of
generality we choose p; = py. The corresponding solution
is then given by

H = co(u) (Ko(mp) + log(p/po)) + 28 / * AP Lip. o) / ™ 4 (Z(mp.mpl) — 0(py — P)1o(mp)Ko(mp)|U(ut, mp)

_myi(u)

56,2 (m*p*Ko(mp)? + mpK, (mp)Ko(mp) ~

The function c¢g(u) can be determined by comparing the
asymptotic behavior of H for p — oo with (5.9). To get a
match, we set

colu) = —2m / " dpy / " dpplz(mp.mp)

= 0(po — p)1o(mp)Ko(mp")|U(u, mp)

Pmy3 (u) N ()

+ 2072 2r

(6.13)

which then gives us the same asymptotic expansion

(6.14)

m’p* K (mp)* +log(p/po))-

(6.12)

Employing the properties of the Bessel functions, it is
not difficult to check that the GR limit of the solution given
by (6.5) and (6.12) is nothing but GR gyraton in vacuum
(5.9). Interestingly, we can also observe the regular
behavior J = O(p?) and H = O(1) near p =0, even
though no regularization of the source was imposed by
hand. In the slowly rotating linearized regime H reduces to

H,, = 20 [log </)—z> + 2K0(mp)]. (6.15)

4z 25

The relevant graphs for the SG vacuum gyraton are plotted
in dimensionless quantities in Fig. 1.
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FIG. 1.
mpy =3 and (x¢/yy)"*my; = 3, 6, 9.

VII. GYRATONS IN IDG

Consider a nonlocal gravity with the form factors [25]:

AD) -1

xFH(0)=—4xF () = 0O

F3(@O@d)=0, (7.1)
where A is an arbitrary analytic nonpolynomial function
with no zeros in the complex plane satisfying .A(0) = 1.
This theory is often referred to as the infinite derivative
gravity. The choice of the form factors ensures that (around
the Minkowski background) the theory has no ghosts or
extra degrees of freedom when compared to GR. As a
simple example, we take the exponential operator
-0

A(O) =e , (7.2)
which implies xf,,_, = (—£%)"/n!. The parameter ¢ is
called the (length) scale of nonlocality. Einstein-Hilbert
action is recovered in the (local) GR limit, Z — 0. The
exponential operator (7.2) has also a technical advantage
over other common choices. It allows us to simplify the
infinite double-sum operator in (4.28),

0 n n—1
Z N OAH k—1
n=1 k=0

i Z f2 k+1+1 [

A§O A

pr 1:0 (k+1+1

= o2 [ e b=, (7.3)
0

0.5-

ArH
— 0.0
ZXH
3
-0.5F — J—mx;=3 |
XH
e 3
-1.0f —mxy =6 |
XH
3
-1.5¢ — —mx; =9 |
XH
0 1 2 3 4 5 6 7

mp

Vacuum gyraton in SG. Functions 4zJ /3y (left) and function 4z H /xyy (right) with respect to the variable mp for the values:

using the integral identity

/dttk(l—t) ok
0 (k+1+1)"

This mathematical trick brings the field equations to a much
more tractable form with an integral instead of infinite
double sums,

(7.4)

2 —_
eIy = Xy,
1
2 2 2 —
e_f AO(DZZ - fz/ dte_tf AO<>€_(1_I>f A1®21 = XZy).
0
(7.5)

Let us now proceed to discuss the solutions of these
nonlocal equations.

A. Homogeneous parts

Once more we start with homogeneous parts J;,,,, and
Hi,m, which now obey the differential equations

2
e_f Al@Jhom = O,

e_szOA()Hhom =0. (76)
It is a well-known fact [62,63] that the structure of solutions
of homogeneous equations is affected only by the operators
with zeros in the complex plane. Following this rule, the
nonlocal exponential operators should not change the
homogeneous parts, thus the solutions of (7.6) should be
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equivalent to the solutions of (5.3), which are given by
(5.4). However, this is only true for p > 0 and we have no
reasons to exclude the origin p = 0 from the domain of
functions on which the operators act. At this moment, we
recall the result (5.7), which states that Jy,,, = ¢,(u) as
well as Hy,n, = c3(u) log p are not homogeneous solutions
when p = 0 is taken into account in a distributional sense.
Since the actions of ¢~*“1 and ¢~ on Dirac-delta
sources (5.7) are not even mathematically well defined (the
integrals in the Fourier space blow up), we are forced to set

cr(u) = c3(u) =0, ie.,

(7.7)

For this reason, we should again expect the full solution to
behave like J = O(p?) and H = O(1) near p = 0.

B. Gaussian beam

Let us consider the source (5.12) describing the spinning
null matter of Gaussian-type distribution. This kind of
source is not only physically relevant, but also makes the
calculations exceptionally simple. The reason is because
the formulas for the particular parts (4.33) and (4.36)
reduce to

OH = M =" M, [221](3)] () (7.8)
and
O = xH;' [e7 Ho[Ex](5)](p)
+1/”2/ diHy'[e” (- ’”VZH
< [OHT [T 1, [@](3)]()](5)](p).  (7.9)

respectively. Although these expressions may look pretty
intimidating at first sight, the actual calculations will
involve just repeated evaluation of Hankel transforms of
Gaussian-type functions (Gaussian functions multiplied by
even/odd polynomials) which are then turned into other
Gaussian-type functions. Moreover, because all integrals
converge, we can follow the methods from Sec. IV C
exactly as written there.
In particular, the formula (7.8) leads to

p2

part U{)( J ( ) TH2rd) +Fz)

220 2a(£% + €2)

S pe (7.10)

which can be then integrated using (4.35) to obtain

_ i (u) (1- TR

J
A

(7.11)

where we used the freedom in adding a homogeneous
part proportional to p? that provides GR-like asymptotic
behavior for p — oo, cf. (5.13). Notice that the difference
lies only in the replacement of €*> by the effective
width €2 + £2.

With this J in hand, we can now express the operator ¢,
and evaluate all the Hankel transforms in (7.9),

part _ }{)(H—(u)e_zt(fgicz) + Me_z(z;ﬂl)
2 D 4-€2) 2872e2(2£7 +€2)
Xy (w)e?

2]077'.2

/d[[ao(f)+az( Dpe 7, (7.12)

where we introduced the functions

4B +1(2=(4=01) +4(11 —t(t +4))*e® + 12(3 — 1) + 8¢®
ao(t) = - g 2.5 L A3 ’
(14+ (1 =00+ (3—-1)e” + €
(0 (% + ) ((t+2)% 4 3€?)
a E bl
: [(1+ (1=0)0)* + (3 — 1) + €'
(t+1)¢% + 26
1) = . 7.13
plo) 41+ (A =)ne* + (3 - 1% + € (7.13)
We can observe that the first two terms and the integrand in the third term of (7.12) as well as the term
2 2.2 2
(J,/’) _ X )(J (M) e‘m (714)
207 1287%(£% + €*)?
have the same form,
W, = (ap(u) + ax(u)p?)e ™" = (ag(u) — ar(u)d,)e """ (7.15)
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Here ¢ labels the individual “summands,” where the integrand is also treated as a summand with a continuous index 7.
Therefore, we can formally write the right-hand side of (4.37) as

W:IWg.
<

(7.16)

Owing to the linearity of (4.37), we can calculate the solutions for individual terms by means of the Green’s function (4.38),

H, = GxW, = Gx(ag(u) — ay(u)dy)e™" = (ag(u) - ay(u)d,)(Gxe™"),

2

b 2
= ol L) oy () — Ei( b)) + 20 7.7
4b 4b
where we used again (5.14). After summing and integrating these terms we arrive at the result
2 2
O ) (i)
4r Po 4" +e)
2,,2 fZ 2 1 2 1 2
+K{;J(2u) o) 7y 10g &2 + 52 Ei| - 2,0 2y ) — =2 Eil = 5 2
28z e* (% 4 2¢?) G £ +e 204 +€*)) € 2(2¢% + €*)
1 2 1+ 1)£? + 2¢?
+/dt 2 7z |Ei{ — (+2+€22 i
o ((t4+1)£* 4 2¢%) A[((1 =0+ 1)+ (3 —1)%e* + €]
2+ e ((t+2)F2 + 3¢ 1 +1)£% + 2¢?
( +€)((4+) +2ez) cexp (- (+2 + 2¢ 7 ' (7.18)
(=0t + D)+ 3 -1)t%* +¢ A((1 =0t + 1)+ (3 —1)%e* + €]

Notice that the asymptotic behavior of H for p — oo,

N N W
4z 28722 €22+ 2€2) 03’
(7.19)

H(p > o0)

is governed by a different constant compared to the GR
solution. In IDG, unlike in GR or SG, this logarithmic
behavior cannot be modified by adding a homogeneous part,
cf. (7.7). If we take the GR limit of the nonlocal solution
given by (7.11) and (7.18) and use the properties of the
exponential integral, then we recover the Gaussian beam
solution in GR, (5.13) and (5.15). Near p = 0 the solution
has the expected behavior J = O(p?) and H = O(1).
In the linearized approximation of slow rotation, H sim-
plifies to

Hyy = ”Xiﬁ”) [Iog <ﬁ—;> - Ei(— ﬁ)} . (7.20)

where we also see the effective replacement of €2 by €? + £2
when compared to the GR result. If we also take the limit
€ — 0, the geometry reduces to the gyratons solution in the
linearized IDG [38]. Graphs of the IDG solution for the
Gaussian beam in dimensionless quantities is depicted
in Fig. 2.

[
VIII. HIGHER-ORDER CURVATURE GRAVITY

In this section, we would like to briefly comment on
gyraton solutions of theories that are of the cubic and higher
orders in curvature. First, let us point out that Lagrangians of
the nth order in curvature (with no terms of a lower order
than n) lead to field equations which are at least of the (n — 1)
th order in curvature. This can be seen by noticing that any
Lagrangian L = L(g,V---VR) can be rearranged to the
form that is totally symmetric in derivatives,

L=L(g VRV, V)R, ...V -

Ve R),(8.1)
because we can get rid of the antisymmetric parts using the
commutator at the expense of introducing one more curva-
ture tensor. The field equations derived from the Lagrangian

(8.1) then read [64]

OL
ag ab

1
+ EacdeRbcde + ZVCVdEcabd + EgabL — Tab7 (82)

where we denoted

g - 0L _g 0L
aRabcd 8Va| Rabcd

OL
) aV(a, o 'Va,,)Rabcd .

+(=1)PVg, -V, (8.3)

Therefore, starting with a Lagrangian involving scalar
curvature invariants of nth order and higher, only
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FIG. 2. Gaussian beam gyraton in IDG. Functions 47.J /xy; (left) and function 47 H /xyy (right) with respect to the variable p/£ for the

values: /¢ = 1, po/¢ = 3, and (/)" *y;/¢ = 10, 20, 30.

V.V, E“ contains terms of a lower order in curvature,
namely n — 1.

As mentioned in Sec. III B, rank-two tensors that are cubic
or of a higher order in curvature vanish and hence we can
conclude that the only contributions to the field equations for
gyratons following from Lagrangians that are cubic in
curvature must be quadratic in curvature; moreover, they
are given by V,V,E?4 Scalar curvature invariants of the
fourth and higher orders do not contribute at all.

However, a generic Lagrangian cubic in curvature cannot
be recast in a form involving only the wave operator [
using the integration by parts, Bianchi identities, and the
symmetry of the Riemann tensor as one can do in the
quadratic case (2.2). We are thus not able to explicitly
express V,V4E? in a compact form. Nevertheless, the
results of Sec. IIIC imply that the only possible non-
vanishing contributions to the field equations following
from Lagrangians cubic in curvature are of the forms

The contraction of two covariant derivatives gives [J, no
matter ~ where they appear in the cubic term
V.--VRV..-VRV...VR of the action that is totally symmetric
in derivatives because either V---VV, V... VV*V...VR =
OV---VR or we have the term of the form
V---VV,V...VRV...VV*V... VRV ... VR, where we can
employ Vctlvct2t3 = %tltzljt; - %Dtltztg - %tl‘:‘tzt"; The last
identity follows from the combination of O(¢t,)t; =
=V.(t,t,)V‘t; = (t;t,)Jt;  (integrations by  parts) and
D(tltz)t:; = Dt1t2t3 -+ 2V6t1V5t2t3 +t1 Dt2t3 (Leibniz rule) A
covariant derivative contracted with the Riemann tensor on
which it is applied can be eliminated using the contracted Bianchi
identities V'Rpeq = 2V, Ry, V’R,, =1V, R. Unfortunately, it
seems that there is no appropriate way of simplifying the
contractions containing V.- VV*V...VRV... VR, in the
cubic terms.

--VS.V...VS..,
--VS.V...VC...,
--VS.V...VC....,
--VC,...V---VC...,
--VC....V---V(C..,

444 4ad

(8.4)

where o and e represent free and dummy indices, respec-
tively. All such rank-two tensors have only b.w. —2
components constructed from two b.w. —1 components
of the TF Ricci and Weyl tensors. In other words, the
first equation of the field equations for gyraton metrics
(4.22) (equation for J, independent of H) is unaffected
by higher-order terms in the action, so the solution
for J remains the same. On the other hand, the second
equation of (4.22) (equation for H) is modified by
additional terms that are quadratic in ®,; (i.e., quadratic
in J).

IX. CONCLUSIONS

In this work, we derived field equations for gyratons in
generic theories of gravity that are quadratic in curvature
and contain an arbitrary number of covariant derivatives.
We also commented on theories with higher order terms in
curvature. Since the gyraton metric (4.1) belongs to the pp
waves of type III, many terms in the field equations either
vanish or get drastically simplified, as shown in Sec. III.
The resulting set of two partial differential equa-
tions (4.22) is partly linear and decoupled, which makes
the system completely solvable using standard methods
for linear differential equations. In particular, for the
axially symmetric case, we show that these equations
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become ordinary differential equations (4.28), and can be
solved by means of the Hankel transforms, Green’s
function, etc. The reduced field equations (4.22) and
(4.28), and methods presented in Sec. IV C are readily
applicable to various theories of gravity (provided that
Hankel transforms exists and convolution integrals
converge).

To demonstrate the application of our equations, we
considered Stelle’s fourth derivative gravity and the
nonlocal gravity with an infinite number of derivatives.
In the former (SG), we found a vacuum gyraton solution
that is described by functions (6.5) and (6.12), see Fig. 1.
In the latter (IDG), we obtained the gyraton solution for
the Gaussian beam, given by the functions (7.11) and
(7.18), see Fig. 2. The functions J and H are regular in
both cases. Furthermore, the obtained solutions reduce to
the corresponding gyratons in GR when we take the GR
limits of the theories. SG vacuum gyraton also
approaches GR vacuum gyraton far from the source,
while IDG Gaussian beam gyraton shows different
logarithmic behavior then GR Gaussian beam gyraton,
see (7.19). This is most likely a consequence of the fact
the nonlocality plays an important role only near the
sources. The Gaussian-type source extends to infinity
while the source that generates the vacuum SG solution is
located at p = 0.

Since all pp waves of type III are of VSI, all gyratons
within this class are always free of scalar curvature
singularities. To decide on the presence/absence of the
nonscalar curvature singularities [65,66] one needs to
investigate the components of the curvature in PP frames
along all timelike and null geodesics. However, this is a
rather nontrivial task that deserves a proper investigation in
a separate project.

One natural continuation of our research was hinted in
Sec. VIII, i.e., the generalization to completely generic
actions that are analytic in R and V. As mentioned there, the
actions that are of quartic and higher orders in the curvature
cannot contribute to the field equations of gyratons. Thus,
since we already dealt with the contributions from the
|

= (e + &)l — km — ki, Dn =
=(y+7y)l—7m—m, An =
=(a+ )l pm — om, on=—
=M —on—(a—p)m, om = jil —

—(e+&n+ mm + zm,
—(y+7)n+vm+vm,
—(@+ p)n + pum + Am,

pn+ (a

quadratic terms, the only remaining terms that must be
worked out are of the cubic order in curvature. It was also
pointed out above that their contributions to the field
equations should be of the form (8.4), which can only
affect the function H while the function J remains
unchanged.

Another interesting project is also generalization to
spacetimes with constant nonzero Ricci scalar R, which
could be interpreted as gyratons (spinning null sources)
propagating in (anti—)de Sitter background. Although, this
line of research requires considering type II spacetimes
with nonzero components of b.w. 0, the reduction of
equation might still be significant because the b.w. O are
necessarily constant.
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APPENDIX A: NP FORMALISM

In this Appendix, we gather the most important formulas
of the Newman-Penrose formalism; for more details we
refer the reader to [67]. The formalism makes use of the
orthonormal null covector frame I, n, m, and m satisfying
(3.6). In this frame, the covariant derivative V can be
expressed by means of the directional derivatives D, X, 9,
and &,

V = -nD — IX + mé + mb. (A1)
Derivatives of the frame vectors are characterized using 12

complex functions called the spin coefficients commonly
denoted by lowercase Greek letters:

Dm = 7l —kn + (e — &)m,

Km=70l—-t+ (y—7)m,

- B)m. (A2)
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When acting on scalars, the commutators of directional derivatives read:

[X,D] = (y +7)D+ (e + &)X — (1 + 7)d — (7 + )5,
[6,D] = (a+f—7)D + k& —066— (p+¢&—E)S5,
0,4 =D+ (t—a—P)K+16+(u—y+7)d,
[6.6] = (A~ WD+ (p = p)& — (@~ )5~ (f~ a)3.

The curvature is described in terms of the Ricci scalar R, components of the TF Ricci tensor ®;
which are defined as

lj’

- 1

Dyy = Pgo = Esablalb’ Wo=Copeal'm’I'm?
- 1

o1 =Pp=7 wl'm?, W, =Cpyql'nIm’

- 1
—d. — b - bocd
Dgr =Dy =3 am'm’, Wy =—-Cyqgl®m’nm®,

1
Q) =P = =15 (In® +mm®),  W3=Cppegnncint,

b d

_ 1 _ _
D, =Dy, =3 wn'm?, Wy =Cppeanm’nim?,

1
Dy, =Dy = 5 wnn’.

The components of the curvature and spin coefficients are connected through the Ricci identities:

Dp — 6k = p* + 066+ (e + &)p —kt — k(Ba + f — 7) + Dy,
Do -6k = (p+plo+ (Be—¢€)o— (t—7+a+3p)k + ¥,
Dri—Ak=(t+a)p+ (T+n)o+ (e—&r— By +7)k+ ¥ + Dy,
Da—de = (p+&—2e)a+ 5 —pe—kl—ky + (e + p)x + Dy,
Df-de=(a+n)o+ (p—&)f—(u+yk—(a—ne+ ¥,

—Xe=(t+m)a+GT+n)p—(e+&y—(y+7)e+r—vk+¥,+ D —R/24,

DA —6r = pA+ou+n* + (a— ) — vk — (3 — B)L + Dy,
Du—én=pu+or+an—(e+ép—nla—p) —vk+¥,+R/12,
Dv—&r=(z+7)u+ 7@+1)A+ (y—7)r— Be + &)v+ V3 + Oy,
Ki—dv=—(u+p)d— By —7)Ai+QBa+p+a—7)v-",,
6 — 50— p(a-+ B) = o(3a—B) + (p - p)r + (4 — i)k — ¥y + oy,
Sa—of=up—Ilo+aa+pp—2ap+y(p—p) +e(u—i)—Y¥,+ @, +R/24,
82 =ou=(p=plv+ (u—p)z + pla+ f) + Aa—3p) = Vs + @y,
v—Ku=p>+ M+ g+ u—or+ (t=38—-a) + @,
—&f=(t—a-Pyy+pur—ov—eb—fy—7—p) +ad+®p,
61— Ko =po+ip+ (t+p—a)t— 3y — 7)o — kv + Dy,
Kp—St=—(pi+ol)+B—a-T)t+ (y+7)p+vk—¥, —R/12,
Ka—by=(p+ev—(t+pAi+(7-Ra+ (B-17)y—¥s.
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Finally, it is also useful to list the equations that are equivalent to Bianchi identities in NP formalism:

5‘1‘0 — DT] =+ DCD()l - 5@00 = (46! - 7[)‘1’0 - 2(2p + 8)‘1’1 + 3K"P2 + (7_1' - 20— 2ﬂ)q)00 + 2(8 +,5)CD01
+ 20'(1)]0 — 2Kq)]] - k¢02,
A"PO — 5T1 + D‘DOQ - 5@01 = (4]/ - IM)“PO — 2(2T +ﬂ)‘Pl + 36‘1’2 + (28 - 2? +'5)CI)02 + 2(7_7-' - ﬂ)q)()]
+ 20'(1)1] - 2K®12 - z®00,
(_S\P_g - D‘“P4 + 8@21 - ACDZU = (4&' —_ p)q"4 - 2(271' + a)‘P3 + 31‘1"2 + (2]/ - 2]7 +ﬂ)¢)20 + 2(7_: - a)d)21
+ 2/1@11 - 2l/q)10 - 6@22,
AW — 8y + 6@p — KDy = (45 — 7)Wy — 2(2p + 1) W3 + 30y + (T = 28 — 2a) Py + 2(y + 1) Dy
+ 2ﬂ,¢12 - 21/@11 - l_/q)zo,
- - 1
D‘I‘z — 5‘1‘1 + ACDOO - 5(1)01 + EDR = _ﬂlPO =+ 2(7’[ - (Z)lyl + 3,0\112 - 2KlP3 + (2}/ + 2]_/ —ﬁ)q)oo — 2(% + a)(I)Ol
- ZT(DIO + qu)ll + 5'(1)02,
1
Alpz - 5‘1‘3 + Dq)zz - 5@21 + EAR = G\P4 + 2<ﬁ - T)lP3 - 3ﬂlP2 + 21/‘}‘1 + (ﬁ - 28 - 25‘)@22 + 2(7_T +/})(D21
+27®), — 2u®;; — ADy,
_ 1 -
DlP3 - 5‘{12 - Dq)ZI + 5¢)20 - E&R = —K“P4 + 2(p - 8)‘“}’3 + 371'\1“2 - 2/1‘P1 + (2& - Zﬂ - f[)q)z() - Z(p - 8)¢)21
- 27'[(1)11 + 2/1@10 + I?(I)zz,
_ 1 _
AT] — 5“1’2 - A(I)()l + 6(1302 - EéR = I/lP() + 2(]/ - ,Lt)lpl — 3’1"1’2 + 20‘1’3 + (’f - Zﬁ + 2a)(1>02 + 2(//_1 - ]/)(I)()]
+21®Qy; = 2p®y; — 1Py,
- 1
DOy — 6@y — 6P@g; + APy + gDR = 2y —p+27 = ) ®oo + (7 — 2a = 27) Dy + (7 — 2a — 27) Do + 2(p + p) Py
+ 5'@02 + Gq)zo — ’Z-(I)IZ - K'q)zl,
_ 1 _
D®y; — 6@y — 6@y + APy + §5R = (-2a+28+ 71— 7)Ppy + (P +2p — 28)Pyp + 2(7 — 1)@y + (21 — 201 — p) Py,
+ DDy — APy + 0Dy — kDo,
_ 1 _
D(D22 - 5<I)21 - 5<I)12 + A(DII + gAR = ([) —‘r/_) - 28 - 25)@22 + (2/)7 + 27[ - %)(I)IZ + (2/7) + 27_1' - T)q)Zl

—2(u+ )@y + 1@y + 0Dy — APy — ADpy. (A6)
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APPENDIX B: EXPLICIT CALCULATIONS FOR CONTRACTIONS OF V.-.-VSV...VS§

This Appendix contains a simple example of explicit calculations that were schematically indicated in Sec. III C. The
schematic notation in (3.19) is equivalent to the following:

V..-VS§,V...VS =0,
V- -VV,V--.VV,V...VS?V...VS = V...VDV...VV, V... V(=20, m? — 20, m> + ®,,I)V---VS
+V---VV,V... VDV .. V(=20,;m* — 20, m® + ®,,I*)V--- VS = 0,
V- -VV,V...V§?V...VV,V...VS = V... VV, V... V(=2®,m* — 20,,;m + ®»,I*)V---VDV--- VS
+ V.- VDV .. V(=20,m? — 2®,m> + ®,I)V---VV, V... VS =0,
V.. VS?V...VV,V...VV,V... VS = V... V(2@ ml — 20,,m" + ©,I°)V---VDV...-VV, V... VS
+ V- V(=20 m® — 20, m" + &)V ---VV,V---VDV ... VS =0,
V---VV,V...VS?V...VS, = V... VV, V... V(=20,m® — 2, m® + ®,,I°)V--- V(S - I¥)
+ V.- VDV .. V(=20, ml — 2®,,in® + ®,,I’)V---VS,, =0,
V.- VS®V...VV,V...VS,, = V... V(=20,;m* — 20, m® + ®pl°)V---VV, V... V(S I¥)
+ V- V(2@ m? — 20, mb + ®,I°)V---VDV---VS,, =0,
V.. .VSPV...VS, = V- - V(=20,;ml — 2®, i’ + O,V - V(S,01%)
+ V- V(=20 m® — 2B, + D1V - - V(S,0%) = 0. (B1)

APPENDIX C: AUXILIARY STATEMENTS FOR pp WAVES OF TYPE III

In this Appendix, we list some rank-two tensors linear or quadratic in curvature and point out their properties in type 111
pp-wave spacetimes that are used in the main text:
(1) O"S is divergence free.

Vv, 0018 = 0. (C1)

This property of [1"S can be proved by induction. The case n = 0 follows directly from the contracted Bianchi
identities (3.28). Now, let us assume that (C1) holds for n and show that it then also holds for n + 1 by commuting V
over one [, i.e.,

1
VbDnJrlsab — DVbD”Sab _ SchaD”Sbc _ E Dnsbcvasbc + 2schkasac + SachD”Sbc
1
+3 (1"$bV,8%, + % [1"S%VeS,,, + ["SPVIC, 4 + 2C%,., VISP = 0, (C2)

where we employed the assumption (C1) for n and the results of Sec. III C.
(i) Coepa1"8, 81"Cpppa» and S,°[1"S,, are equal.
Rank-two tensors constructed from two tensors of b.o —1 are of b.o -2, i.e., they have only b.w. —2 parts
proportional to /1, and therefore only the b.w. —1 parts of two original tensors contribute. As mentioned in Sec. III
B, only S or C{=" and their covariant derivatives give the b.w. —1 parts of V---VS or V- .- VC of type IIl pp
waves, respectively. Hence,

Cocbad T8 = 811y [Y3m  ng) + Vs g | K [@y1m?) + &y 1CmD),
= —AL1,[¥3m, + Wsin | [y me + ©yym],
SATKC yepg = 8l [@211m?) + Do 1| [Wym ong) + Vs ng)),
= — Al 1 [®@yym° + Oy |TF [ Wym, + Py, ],
ST Spe = 4@yl + Dyl | K (@ Lym,, + Dy Ly,
= 4 by [y mC + @] (@, + Dyyit). (C3)
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The equality of the terms is then a consequence of The right-hand side vanishes because the rank-
¥; = -, two tensor C,%[1*Cp4 is of bo -2 for
type III pp waves and therefore proportional

Coopa 158 = ST C g = S IFSy..  (C4) to 1,1,
(V) V0¥ Cuepe VeS¢ and  V,[0¥C,epaVeS?  equal
(iii) V,V40*Cpp* vanishes. 1V S84, VIOES,e  and VS, VIOFVS,©,  respec-

Using the cyclic symmetry of the Weyl tensor tively.
V.V,0“C,/**Y = 0 and the commutator of V.V, Straightforwardly from the decomposition of
one can show that the TF Ricci and Weyl tensors of type III pp waves
(3.9) along with DV-.-VC =0 due to (3.5), it

VchDkCade = _C[aCdeDka]cde- (CS) follows that

V. Saa VIOESy = A1V, [y my + ©yyiing| VI [y mE + Dy,
V¥ C e VoS = 4,1y VaF [Wam on,) + Vst i) | VE (@ m? + &y om]
= =201,V [W3m, + Wsi,| Ve [y m? + &yim],
ViSea VIOESy = Al 1, V4 [@oym, + @y i VI [@ym€ 4 D],
Vo Coepa VoS = 8,1y Vo K [W3m ong) + Vit ong) | Ve [ @ 1mD) + &y Im?)]

= —4L LV, ¥3m, + P, |Ve[®ymE + Dy imc]. (C6)
|
Substituting ¥; = —®,,, we obtain (v) Cced VdeDkCc(ab)e equals VeV4 DkS(ach)dce.
If any index of d, ¢, or e in Cyy,, is associated with /,
V,0kC,,, VSl — 1 V.S, VIS, then VeV4[J%S,°Cp4.. vanishes because DV - - - VS =
e 2 S - I* = 0. Therefore, only the terms proportional to
V,0*C ey VeS = VS, VILIFS,C. (C7) Iinmin or Iminm of the b.w. —1 part of Cpy,, contribute,
|
VeVdeS(ach)dce = —4laleeVde[q>21mc + q_)zll;lc} [‘P3mdﬁz[cme] + ‘Erhdm[cﬁte]]. (CS)

If index d or f of C*% is associated with , then C*V,V;[¥C, (43, vanishes due to DV - - - VC = 0. If both ¢ and e are
associated with I, then this term vanishes as well due to I - C - I* = 0. Hence, only the terms proportional to Fin*m*m* or
PmPm*m® of the b.w. —1 part of C%f contribute when I* is associated either with ¢ or e, i.e.,
CAIN NV K C e = =2 by [ W5l memlem!) + Vs lemfmlend ||V, V, OF [Wsn m, + Psnomn,)
= 2L, [slem e m® + V3l mem® |V, V,OF [ Wsmen, + Psmn,),

= 2lalb [T3mdl;l[emf] + ‘?3mdm[emf]]VdeDk[‘I’3me + @3’;’6]

2'lalb [lpgmfﬁ’l[cmd] + ‘i@ﬁtfm[crhd]]VdeDk[‘Iﬁmc + @3’716]1

= Al 1, [Ysmimlen? + Vymimlem! |V, v, 0 Wsm, + Pym,), (C9)

where we employed the fact that, for type Il pp waves, the covariant derivatives commute in rank-two tensors quadratic in
curvature. Finally, comparing (C8) with (C9), we get

C”derdeDkCc(ab)e = VeVdD"S(achWe. (C10)
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