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We derive the full set of beta functions for the marginal essential couplings of projectable Hořava gravity
in (3þ 1)-dimensional spacetime. To this end we compute the divergent part of the one-loop effective
action in static background with an arbitrary spatial metric. The computation is done in several steps:
reduction of the problem to three dimensions, extraction of an operator square root from the spatial part of
the fluctuation operator, and evaluation of its trace using the method of universal functional traces. This
provides us with the renormalization of couplings in the potential part of the action which we combine with
the results for the kinetic part obtained previously. The calculation uses symbolic computer algebra and is
performed in four different gauges yielding identical results for the essential beta functions. We additionally
check the calculation by evaluating the effective action on a special background with spherical spatial slices
using an alternative method of spectral summation. We conclude with a preliminary discussion of the
properties of the beta functions and the resulting renormalization group flow, identifying several candidate
asymptotically free fixed points.
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I. INTRODUCTION AND SUMMARY

A. State of the art

Hořava gravity (HG) has been suggested [1] as an
approach to quantum gravity within the framework of
renormalizable quantum field theory (see [2–6] for
reviews). The key idea is borrowed from condensed matter
physics and uses the notion of anisotropic (Lifshitz) scaling
of time and space coordinates,1

t ↦ b−dt; xi ↦ b−1xi; ð1:1Þ
where d is the number of spatial dimensions and b is a
positive scaling parameter. A theory whose bare (tree-level)
action does not contain any irrelevant operators under this
scaling is power-counting renormalizable, implying that it
has fair chances to be perturbatively renormalizable in the
strict sense; i.e., all divergences generated within pertur-
bation theory can be absorbed into redefinition of the
couplings in the action.

For any space dimension d bigger than 1, time and
space in (1.1) scale differently. Clearly, a theory of gravity
formulated in this setting cannot be Lorentz invariant nor
completely diffeomorphism invariant. The special role of
time restricts possible symmetries to foliation preserving
diffeomorphisms (FDiff) which leave the constant-time
slices invariant,

t ↦ t0ðtÞ; xi ↦ x0iðt;xÞ; ð1:2Þ

where t0ðtÞ is a monotonic function. In other words, we
are left with time reparametrizations and time-dependent
spatial diffeomorphisms.
To formulate the action of HG, the metric is expanded

into time and space components as in the Arnowitt-Deser-
Misner (ADM) decomposition,

ds2 ¼ N2dt2 − γijðdxi þ NidtÞðdxj þ NjdtÞ: ð1:3Þ

The lapse N, the shift Ni, and the spatial metric γij
transform in the usual way under FDiff,

N ↦ N
dt
dt0

; Ni ↦

�
Nj ∂x0i

∂xj −
∂x0i
∂t

�
dt
dt0

;

γij ↦ γkl
∂xk
∂x0i

∂xl
∂x0j : ð1:4Þ

1Throughout the paper we use Latin indices to denote the
spatial directions, i ¼ 1;…; d.
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They are assigned the following dimensions under the
scaling (1.1)2:

½N� ¼ ½γij� ¼ 0; ½Ni� ¼ d − 1: ð1:5Þ

The Lagrangian is then built out of all local FDiff-invariant
operators that can be constructed from these fields and have
dimension less than or equal to 2d. The latter bound comes
from the scaling dimension of the spacetime integration
measure ½dtddx� ¼ −2d and ensures that the terms in the
action corresponding to relevant (½O� < 2d) and marginal
(½O� ¼ 2d) operators have nonpositive dimensions. This is
a hallmark of power-counting renormalizability and is a
necessary, but in general not sufficient, prerequisite of the
true perturbative renormalizability.
The precise form of the action and its physical content

depends on the assumption about the form of the lapse
function N. In the nonprojectable version of HG N is
assumed to be a full-fledged dynamical field that has
dependence on both space and time coordinates. In this
case the Lagrangian can depend on the spatial gradients of
N through the FDiff-covariant vector ai ¼ ∂i lnN [7], and
the number of independent operators in the Lagrangian is
very large [order Oð100Þ] [8]. The action simplifies at low
energies where it reduces to general relativity (GR) plus a
sector describing the dynamics of the preferred foliation
[4,9]. The latter sector is stable and, by appropriately
choosing the couplings, its interactions with gravity and
visible matter can be suppressed. In other words, despite
the absence of Lorentz invariance or general covariance as
fundamental principles in HG, it can reproduce the known
phenomenology of GR at the scales at which it has been
tested [10]. While the parameter space of the theory has
been strongly constrained by the exquisite tests of Lorentz
invariance in the matter sector [11] and in gravity [12], it
still remains phenomenologically viable [13].
However, the question about renormalizability of the

nonprojectable HG remains open. Although its Lagrangian
is power-counting renormalizable, the dynamical lapse
component of the metric induces an instantaneous inter-
action [4,14] which can potentially lead to nonlocal
divergences [15]. Whether such divergences actually occur
or not is presently unknown.
In this paper we focus on a different version of HG called

projectable whose quantum properties are better under-
stood. In projectable HG the lapse N is restricted to be a
function of time only, N ¼ NðtÞ. This assumption is
compatible with the FDiff transformations (1.4). Further,
by using the time reparametrization, N can be set to any
given constant value, say N ¼ 1. In this way lapse is
completely eliminated from the model. The action reads [1]

S ¼ 1

2G

Z
dt ddx

ffiffiffi
γ
p ðKijKij − λK2 − VÞ; ð1:6Þ

where

Kij ¼
1

2
ð_γij −∇iNj −∇jNiÞ ð1:7Þ

is the extrinsic curvature of the foliation and K ≡ Kijγ
ij is

its trace. Here the dot denotes the time derivative and ∇i is
the covariant derivative associated with the spatial metric
γij;G and λ are dimensionless couplings. The potential part
V does not involve time derivatives and is constructed out
of the curvature tensor corresponding to γij. Its form
depends on the number of spatial dimensions. In d ¼ 3
it reads [16]

V ¼ 2Λ − ηRþ μ1R2 þ μ2RijRij þ ν1R3 þ ν2RRijRij

þ ν3Ri
jR

j
kR

k
i þ ν4∇iR∇iRþ ν5∇iRjk∇iRjk; ð1:8Þ

where we have used that in three dimensions the Riemann
tensor is expressed in terms of Ricci Rij. This expression
includes all relevant and marginal terms that cannot be
reduced to each other upon integration by parts and the use
of Bianchi identities. It contains nine couplings Λ; η; μ1; μ2,
and νa; a ¼ 1;…; 5.
The spectrum of perturbations propagated by this action

contains a transverse-traceless (tt) graviton and an addi-
tional scalar mode. Both modes have positive kinetic terms
as long as G is positive and λ is either less than 1=3 or
greater than 1,

λ < 1=3 or λ > 1; ð1:9Þ

implying that the theory admits unitary quantization. Their
dispersion relations around a flat background3 are [4,15]

ω2
tt ¼ ηk2 þ μ2k4 þ ν5k6; ð1:10aÞ

ω2
s ¼

1 − λ

1 − 3λ
ð−ηk2 þ ð8μ1 þ 3μ2Þk4Þ þ νsk6; ð1:10bÞ

where k is the spatial momentum and we have defined

νs ≡ ð1 − λÞð8ν4 þ 3ν5Þ
1 − 3λ

: ð1:11Þ

These dispersion relations are problematic at low energies
where they are dominated by the k2-terms. Due to the
negative sign in front of this term, either the scalar mode or
the graviton behaves as a tachyon at low energies, implying

2We say that a field Φ has dimension [Φ] if it transforms under
(1.1) as Φ ↦ b½Φ�Φ.

3By this we mean the configuration Ni ¼ 0, γij ¼ δij. It is a
solution of equations following from (1.6) and (1.8) provided the
cosmological constant Λ is set to zero.
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that flat space is not a stable vacuum of the model. Attempts
to suppress the instability by choosing λ close to 1 lead to
the loss of perturbative control [4,9,17] (see, however,
[2,18,19] for suggestions to restore the control by rearrang-
ing the perturbation theory). Alternatively, the instability
can be eliminated by tuning η ¼ 0 or by expanding around
a curved vacuum. In both cases the theory does not appear
to reproduce GR in the low-energy limit, as there is no
regime where the dispersion relation of the tt-graviton
would have the relativistic form ω2

tt ∝ k2. This low-energy
problem does not affect the ultraviolet (UV) behavior of the
model: At high momenta both dispersion relations (1.10)
are perfectly regular, as long as ν5, νs > 0.
Projectable HG has been proven to be perturbatively

renormalizable [15,20] in any number of spacetime dimen-
sions. Furthermore, for d ¼ 2 its renormalization group
(RG) flow was computed and shown to possess an asymp-
totically free UV fixed point, implying that the theory is UV
complete [21]. Also in d ¼ 2 Ref. [22] computed the
renormalization of the cosmological constant.
Partial results about the RG flow of projectable HG in

d ¼ 3 were obtained in Ref. [23]. The UV behavior of the
theory is parametrized by seven couplings in front of the
marginal operators in (1.6) and (1.8): G, λ, νa, a ¼ 1;…; 5.
However, not all these couplings have physical meaning,
which is reflected in the dependence of their β-functions on
the choice of gauge used in the loop calculations. There are
in total six essential couplings which enter into the on-shell
effective action and whose β-functions are thus gauge
invariant. These can be chosen as follows [23]4:

G¼ Gffiffiffiffiffi
ν5
p ; λ; us¼

ffiffiffiffiffi
νs
ν5

r
; va¼

νa
ν5
; a¼1;2;3; ð1:12Þ

where νs is defined in (1.11). The one-loop β-function
of λ depends only on the first three of these couplings and
reads [23]

βλ ¼
G

120π2ð1− λÞð1þ usÞus
× ½27ð1− λÞ2 þ 3usð11− 3λÞð1− λÞ − 2u2sð1− 3λÞ2�:

ð1:13Þ

The gauge-dependent β-function of G (not G) was also
computed for several gauge choices, and the results are
summarized in the Appendix A 1.
The purpose of this work is to provide β-functions of the

remaining couplings in the list (1.12).

B. Outline of the method and main results

The calculation in [23] was done using a combination of
the background field approach followed by diagrammatic
expansion around a special background. The latter was
chosen to have flat spatial metric, γij ¼ δij, and arbitrary
shift vector Ni. This allowed us to avoid the complicated
vertices originating from the potential part of the action
and profit from the relatively simple structure of the
kinetic term, which for this background choice reduces
to a linear combination of two quadratic invariants ð∂iNjÞ2
and ð∂iNiÞ2. Computing the one-loop effective action in
this background we were able to extract the β-functions
of G and λ.
However, application of this method to the renormaliza-

tion of the couplings νa, a ¼ 1;…; 5 is infeasible. It would
require evaluation of a huge number of Feynman diagrams
with two and tree background metric insertions in the
external legs. Instead, we use the powerful tools based
on the Schwinger-DeWitt [24–29] or the Gilkey-Seeley
[30–32] heat kernel method. They provide an effective
resummation of the field perturbation series and allow one
to obtain the UV divergences not as an expansion in powers
of field perturbations, but as full nonlinear counterterms—
local nonlinear functionals of the generic background field.
The pioneering application of this method in quantum
Einstein theory [33] proved to be very efficient and now
underlies the majority of results on renormalization of
(super)gravitational models. The basic tool of this method
is the heat equation kernel whose proper-time expansion
coefficients—the so-called HAMIDEW [34] or Gilkey-
Seeley coefficients—carry full information about UV
divergences and can be systematically calculated.
Despite powerful calculational advantages of the heat

kernel method, its application to HG encounters two
major difficulties. This method is most efficient for
covariant operators in which all spacetime derivatives
form covariant d’Alembertians or spatial Laplacians and
are treated on equal footing. The existence of preferred
time foliation obviously violates this property. Several
approaches have been put forward to circumvent this
problem and extend the heat kernel method to Lifshitz-
type theories [35–39]. However, applications to HG
models are marred by an extra difficulty—nonminimal
operators arising in these models have higher-order
derivative terms which are not exhausted by powers
of the spacetime d’Alembertian □≡ gμν∇μ∇ν or spatial
Laplacian Δ≡ γij∇i∇j. The principal symbol term of
these operators is nondiagonal in derivatives whose
indices are contracted with the tensor field indices. To
circumvent this difficulty we use the technique of the
so-called universal functional traces (UFT) applicable to
this class of higher-derivative nonminimal operators.
Originally this method was developed for spacetime

covariant operators in [27,28] (see also [40]). Universal

4The coupling us is related to the coupling α used in [23] as
α ¼ u2s .
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functional traces are the coincidence limits of the kernels of
nonlocal (pseudodifferential) operators of the form

∇μ1 � � �∇μm

1̂

□
n δðx; yÞ

����
y¼x

; ð1:14Þ

which are defined in curved spacetime with a generic
metric gμν and with the covariant d’Alembertian operator□
acting on a generic set of fields φ ¼ φAðxÞ (the hat symbol
denotes the matrix structure of the operator kernel in the
vector space of φ, 1̂φ ¼ δABφ

B, etc.). For appropriate values
of parameters m and n these coincidence limits are UV
divergent and contain all the information about one-loop
UV divergences of the theory.
The latter property can easily be demonstrated on the

example, say, of the higher-derivative theory with the
inverse propagator □N þ Pð∇Þ, where Pð∇Þ is its lower-
derivative part. By expanding the one-loop functional
determinant Tr lnð□N þ Pð∇ÞÞ ¼ NTr ln□þ Tr lnð1þ
Pð∇Þ=□NÞ in powers of the nonlocal term Pð∇Þ=□N

and commuting to the left the powers of Pð∇Þ and to
the right the inverse powers of □, one finds that the result
will be given by the infinite series of terms (1.14)
multiplied by tensors of ever growing dimensionality.
Only a finite number of these terms will be UV divergent,
so that the overall one-loop divergent part will be known,
provided one can calculate divergent parts of separate
universal functional traces (1.14). One can easily and
systematically do this by the Schwinger-DeWitt heat kernel
technique, just as it can be done for the first term NTr ln□
of the expansion. This calculation is equally possible for
any spacetime dimension and, moreover, can be extended
to noninteger values of n in (1.14). As shown in [27], a
similar technique applies to nonminimal operators.
This method admits the generalization to Lorentz vio-

lating Lifshitz theories with regular propagators (the class
of HG models in which the proof of their perturbative
renormalizability holds [15])—see, for instance, [41].
Fortunately, however, this generalization is not really
needed in our case. Due to the properties of the projectable
HG, the renormalization of its potential term can be done
via a special three-dimensional reduction, upon which the
one-loop effective action is represented as the trace of the
square root of a certain sixth order operator fully covariant
in the three-dimensional space. The operator is nonmini-
mal, and bringing its square root to the form suitable for the
application of the UFT technique presents a major compu-
tational challenge. We overcome it by the use of symbolic
computer algebra. As a result, we obtain the one-loop
effective action as a sum of UFTs (1.14) with half-integer n
that are fully covariant in the three-dimensional space and,
therefore, fully manageable by the technique of [27].
The divergent part of the one-loop background effective

action provides us with the renormalized coupling con-
stants νa, a ¼ 1;…; 5, and allows us to determine the

β-functions of G and the other four essential couplings
collectively denoted by χ ¼ ðus; v1; v2; v3; Þ. The corre-
sponding expressions have the form

βG ¼
G2

26880π2ð1 − λÞ2ð1 − 3λÞ2ð1þ usÞ3u3s

×
X7
n¼0

unsPG
n ½λ; v1; v2; v3�; ð1:15aÞ

βχ ¼ Aχ
G

26880π2ð1 − λÞ3ð1 − 3λÞ3ð1þ usÞ3u5s

×
X9
n¼0

unsP
χ
n½λ; v1; v2; v3�; ð1:15bÞ

where the prefactor coefficients Aχ ¼ ðAus; Av1 ; Av2 ; Av3Þ
equal

Aus ¼usð1−λÞ; Av1¼1; Av2 ¼Av3¼2: ð1:16Þ

Note that the coupling G factorizes and its powers enter
the β-functions only as overall coefficients. The functions
PG

n ½λ; v1; v2; v3� and Pχ
n½λ; v1; v2; v3� are polynomials in λ

and va, a ¼ 1; 2; 3, with integer coefficients. PG
n , Pus

n ,
and Pva

n are, respectively, of fourth, fifth, and sixth order
in λ. The maximum overall power of the couplings va is
two for PG

n, fP
us
n and three for Pva

n . Explicit expressions
for these polynomials are lengthy and are collected in
Appendix A 2.
Equations (1.15), (1.16), and (A4)–(A8) represent the

main results of this paper. Together with the β-function of λ,
Eq. (1.13), they compose the full set of β-functions for
essential coupling constants of projectable HG in d ¼ 3.
The files containing the β-functions in the Mathematica
[42] format are available as Supplemental Material [43].
In the rest of the paper we describe in detail our

calculation and various checks, to which we subject our
results. In Sec. II we discuss the gauge-fixing procedure
and the choice of the background and get the general
expression for the one-loop effective action. In Sec. III we
perform the reduction to three dimensions, reformulate the
problem as an extraction of an operator square root, and
describe an algorithm to perform this extraction. In Sec. IV
we review the UFT technique and classify the UFTs
required for our calculation. In Sec. V we extract the
β-functions of the essential couplings and discuss their
gauge invariance. In Sec. VI we perform an independent
check of our results by computing the one-loop effective
action on a sphere with a different method based on spectral
decomposition. In Sec. VII we discuss our results and make
several preliminary observations about the structure of
the β-functions and the corresponding RG flow. Some
lengthy formulas and technical details are relegated to the
Appendixes.
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II. GAUGE FIXING AND ONE-LOOP
EFFECTIVE ACTION

A. The choice of the background and background
covariant gauge fixing

We focus on the part of the action consisting of the
marginal operators with respect to the scaling (1.1). They
form a closed set under renormalization and determine the
UV behavior of the theory. From now on we switch to
the imaginary “Euclidean” time τ ¼ it. In this “signature”
the tree-level action reads

S ¼ 1

2G

Z
dτ d3x

ffiffiffi
γ
p ðKijKij − λK2 þ ν1R3 þ ν2RRijRij

þ ν3Ri
jR

j
kR

k
i þ ν4∇iR∇iRþ ν5∇iRjk∇iRjkÞ: ð2:1Þ

Renormalization of the theory implies the calculation
of the UV divergent part of the effective action, which
has the same covariant structure as the classical tree-level
action (2.1) provided one works in the class of the so-
called background covariant gauges [25] which were
discussed in the context of HG in [15,20,23]. For the
renormalization of the potential part of the action it is,
therefore, sufficient to consider the metric background on
which all its five tensor structures are nonvanishing and
can be distinctly separated. This is the spacetime metric
with a generic static three-dimensional part gijðxÞ and
vanishing shift functions Ni ¼ 0. Static nature of gij and
zero shift functions lead to the zero kinetic term of (2.1)
whose contribution is not needed for the renormalization
of couplings ν1;…; ν5.

5

Thus we perform the split of the full set of fields into
this background and quantum fluctuations hijðτ;xÞ and
niðτ;xÞ,

γijðτ;xÞ ¼ gijðxÞ þ hijðτ;xÞ; Niðτ;xÞ ¼ 0þ niðτ;xÞ;
ð2:2Þ

retain the relevant quadratic part of the full action on this
background, and take the resulting Gaussian path integral
over the fluctuations. We begin this procedure by consid-
ering first a special gauge-breaking part of the action which
preserves the gauge invariance of the counterterms and is
compatible with the anisotropic scaling (1.1) [15,20].
The gauge-fixing action is chosen as

Sgf ¼
σ

2G

Z
dτ d3x

ffiffiffi
g
p

FiOijFj; ð2:3Þ

which is the quadratic form in the gauge-condition func-
tions Fi with the kernelOij, both parametrically depending
on the background fields in the way that this action is
invariant under the simultaneous diffeomorphisms of
both the full field (2.2) and the metric background—the
so-called background gauge transformations. Notice that
under these background diffeomorphisms the quantum
fields ni and hij transform as a vector and a rank-two
tensor, respectively. For a static gij and vanishing back-
ground shifts the gauge conditions and the gauge-fixing
matrix take the form

Fi ¼ _ni þ 1

2σ
O−1

ij ð∇khjk − λ∇jhÞ; ð2:4aÞ

Oij ¼ ðgijΔ2 þ ξ∇iΔ∇jÞ−1: ð2:4bÞ

Here and below the covariant derivatives are defined
using the background metric gij. The gauge functions Fi

are local linear combinations of quantum fields hij and ni

with operator coefficients. The gauge-fixing matrix Oij is
the nonlocal Green’s function of the covariant fourth-order
differential operator O−1

ij ¼ gijΔ2 þ ξ∇iΔ∇j. This non-
locality can be resolved by integrating in an auxiliary field
and does not spoil the locality of counterterms [15]. Under
background gauge transformations Fi and Oij transform,
respectively, as the vector and the second rank tensor, so
that the gauge-breaking action (2.3) is indeed invariant and
provides explicit gauge invariance of quantum counter-
terms [20].6 Further, this gauge fixing leads to a homo-
geneous falloff of all field propagators in UV and ensures
that all counterterms are compatible with the naive power-
counting arguments [15].
The gauge conditions (2.4) are parametrized by two

constants ξ and σ. The gauge-breaking action (2.3) reads
explicitly

Sgf ¼
1

2G

Z
dτ d3x

ffiffiffi
g
p �

σ _niOij _nj þ _nið∇jhij − λ∇ihÞ

þ 1

4σ
∇khikO−1

ij ∇lhjl −
λ

2σ
∇ihO−1

ij ∇khjk

þ λ2

4σ
∇ihO−1

ij ∇jh

�
: ð2:5Þ

The distinguished nature of this two-parameter family is
that the cross terms between ni and hij in Sgf completely
cancel the analogous terms in the kinetic part of the
classical action at the quadratic order,

5This is a strategy opposite to that of [23], where the
renormalization of the kinetic term with its couplings G and λ
was performed on a three-dimensional flat space background
with nontrivial NiðxÞ treated by perturbations in external lines of
Feynman diagrams.

6Strictly speaking, for Fi to be a vector under background
transformations _ni should be replaced by the covariant time
derivative Dτni ¼ _ni − N̄k∂kni þ ∂kN̄ink, where N̄i is the back-
ground shift function [15], but on our background N̄i ¼ 0.
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Skin ¼
1

2G

Z
dτ d3x

ffiffiffi
γ
p ðKijKij − λK2Þ

¼ 1

2G

Z
dτ d3x

ffiffiffi
g
p �

−
1

4
hijḧij þ

λ

4
hḧ

− _nið∇jhij − λ∇ihÞ −
1

2
niΔni −

�
1

2
− λ

�
ni∇i∇jnj

−
1

2
niRijnj

�
þ � � � ; ð2:6Þ

where dots mean higher-order terms of the expansion. In
this expression we have integrated by parts in both space
and time and used the staticity of the background 3-metric,
_gij ¼ 0. The cancellation of the cross terms between ni and
hij implies that the shift and metric sectors can be treated
separately.

B. Shift and ghost parts of the action

From the sum of the kinetic action (2.6) and the gauge-
breaking term (2.5) we obtain the quadratic in ni part of the
gauge-fixed action,

Sn ¼
1

2G

Z
dτ d3x

ffiffiffi
g
p

ni
�
−σOij∂2

τ þ λ∇i∇j

−
1

2
∇j∇i −

1

2
gijΔ

�
nj

¼ σ

2G

Z
dτ d3x

ffiffiffi
g
p

niOij½−δjk∂2
τ þ Bj

kð∇Þ�nk; ð2:7Þ

where the differential operator Bi
jð∇Þ in spatial derivatives

reads

Bi
jð∇Þ ¼ −

1

2σ
δijΔ3 −

1

2σ
Δ2∇j∇i −

ξ

2σ
∇iΔ∇k∇j∇k

−
ξ

2σ
∇iΔ∇jΔþ

λ

σ
Δ2∇i∇j þ

λξ

σ
∇iΔ2∇j: ð2:8Þ

It is quite remarkable that the chosen two-parameter
family of gauge conditions on a static background provides
another very useful property—modulo the multiplication
by the gauge-fixing matrix the corresponding Faddeev-
Popov ghost operator coincides with the operator in the
shift action (2.7). Indeed, the action of the ghost fields ci

and c̄j reads

Sgh ¼ −
1

G

Z
dτ d3x

ffiffiffi
g
p

c̄iðsFiÞ; ð2:9Þ

where sFi is the Becchi-Rouet-Stora-Tyutin (BRST) trans-
form of the gauge conditions. This is computed using the
BRST transformations of the quantum fields hij and ni

which coincide with the infinitesimal diffeomorphisms of

the full fields γij and Ni with the gauge parameter replaced
by the Grassmann ghost ci,

shij ¼ ∇icj þ∇jci þ hik∇jck þ hjk∇ick þ ck∇khij;

ci ¼ gijcj; ð2:10aÞ

sni ¼ _ci − nj∇jci þ cj∇jni: ð2:10bÞ

After the substitution of (2.10) into (2.9), the ghost
action in the quadratic order of all quantum fields takes the
following form (bearing in mind zero background values of
ghosts):

Sgh ¼
1

G

Z
dτ d3x

ffiffiffi
g
p

c̄ið−δij∂2
τ þ Bi

jð∇ÞÞcj; ð2:11Þ

where the operator Bi
j exactly coincides with that of (2.7).

This property is an artifact of the special choice of the
gauge-fixing action and the static nature of the metric
background, and it significantly simplifies further calcu-
lations, because the contributions of ghosts and shift
functions are expressed through the functional determinant
of one and the same operator.

C. Metric part of the action

The kinetic part for the metric perturbations has the form

−
ffiffiffi
g
p
2G

hAGAB∂2
τhB; ð2:12Þ

where we introduced a collective notation for the indices of
a symmetric rank-2 tensor, hA ≡ hij. The DeWitt metric in
the space of such tensors and its inverse read

Gij;kl ¼ 1

8
ðgikgjl þ gilgjkÞ − λ

4
gijgkl;

G−1
ij;kl ¼ 2ðgikgjl þ gilgjkÞ þ

4λ

1 − 3λ
gijgkl: ð2:13Þ

The part of the quadratic action with space derivatives of
the metric is too lengthy (contains hundred of terms) to be
written explicitly. We have obtained it using the tensor
computer algebra package xAct [44–47] for Mathematica
[42]. Schematically, it has the form

Lpot;hh þ Lgf;hh ¼
ffiffiffi
g
p
2G

hADABhB; ð2:14Þ

whereDAB is a purely three-dimensional differential operator
of sixth order. Note that in the indices A and B it is not an
operator, but rather a quadratic form. In flat background
(2.14) reduces to terms with exactly six derivatives [23],
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Lpot;hh þ Lgf;hh ¼
1

2G

�
−
ν5
4
hijΔ3hij þ

�
ν5
2
−

1

4σ

�
hikΔ2∂i∂jhjk þ

�
−ν4 −

ν5
2
−

ξ

4σ

�
hijΔ∂i∂j∂k∂lhkl

þ
�
2ν4 þ

ν5
2
þ λð1þ ξÞ

2σ

�
hΔ2∂k∂lhkl þ

�
−ν4 −

ν5
4
−
λ2ð1þ ξÞ

4σ

�
hΔ3h

�
: ð2:15Þ

D. Total one-loop action

The one-loop effective action is given by the Gaussian path integral

exp ð−Γ1−loopÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DetOij

q Z
½dhAdnidcidc̄j� expð−Sð2Þ½hA; ni; ci; cj�Þ; ð2:16Þ

where the quadratic part of the full action consists of three contributions—metric, shift vector, and ghost ones,

Sð2Þ½hA; ni; ci; c̄j� ¼
1

G

Z
dτ d3x

ffiffiffi
g
p �

1

2
hAð−GAB∂2

τ þ DABÞhB þ
1

2
σniOikð−δkj∂2

τ þ Bk
jÞnj þ c̄ið−δij∂2

τ þ Bi
jÞcj

�
: ð2:17Þ

The normalization factor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DetOij

p
comes from the smearing of the gauge-fixing conditions with a Gaussian weight which

leads to the gauge-breaking term (2.3) [15]. The result of the integration

exp ð−Γ1−loopÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DetOij

q Det ð−δij∂2
τ þ Bi

jÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Detð−GAB∂2

τ þ DABÞ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Det ½Oikð−δkj∂2
τ þ Bk

jÞ�
q ð2:18Þ

immediately shows that the contribution of the operator Oij cancels out, while the shift and ghost parts reduce to the
contribution of a single functional determinant. Factoring out and disregarding the ultralocal determinant of the DeWitt
metric,7 we write the effective action as the sum of two parts,

Γ1−loop ¼ 1

2
Tr lnð−δAB∂2

τ þ DA
BÞ −

1

2
Tr ln ð−δij∂2

τ þ Bi
jÞ; ð2:19Þ

where

DA
B ¼ ðG−1ÞACDCB ð2:20Þ

is now an operator in the condensed indices A and B. We presently turn to the computation of the functional traces entering
in (2.19).

III. 3D REDUCTION: ONE-LOOP EFFECTIVE ACTION AS THE TRACE
OF AN OPERATOR SQUARE ROOT

We begin by using the proper-time representation for the trace of the logarithm of an operator

Tr ln F ¼ −
Z

∞

0

ds6
s6

Tr e−s6ð−∂2τþFÞ; ð3:1Þ

where F is eitherDA
B or Bi

j. The subscript of the parameter s6 emphasizes its scaling dimension, ½s6� ¼ −6, which provides
that the exponent is dimensionless (recall that the dimension of the operator −∂2

τ þ F is 6). Thus, we obtain the expression
for the metric tensor part of the effective action,

7Which is actually canceled by the local measure
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DetGABδðx; x0Þ

p
arising in the Lagrangian path integral after the transition from the

canonical one [48].
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Γ1−loop
metric ¼ −

1

2

Z
∞

0

ds6
s6

Tr e−s6ð−δAB∂2τþDA
BÞ

¼ −
1

2

Z
dτd3x

Z
ds6
s6

tr e−s6ð−δAB∂2τþDA
BÞδðτ − τ0Þδðx − x0Þjτ¼τ0;x¼x0 ; ð3:2Þ

where the operator acts on the first arguments of the δ-functions before taking the coincidence limit and “tr” stands for the
simple trace over matrix indices A ¼ ðijÞ. For a static (τ-independent) background it can be transformed by the following
chain of relations:

Γ1−loop
metric ¼ −

1

2

Z
dτ d3x

Z
ds6
s6

tr e−s6ð−δAB∂2τþDA
BÞ
Z

dω
2π

eiωðτ−τ0Þδðx − x0Þ
����
τ−τ0;x¼x0

¼ −
1

2

Z
dτ d3x

Z
ds6
s6

Z
dω
2π

e−s6ω
2

tr e−s6D
A
Bδðx − x0Þjx¼x0

¼ −
1

4
ffiffiffi
π
p

Z
dτ d3x

Z
ds6
s3=26

tr e−s6D
A
Bδðx − x0Þjx¼x0

¼ −
Γð−1=2Þ
4

ffiffiffi
π
p

Z
dτ d3x tr

ffiffiffiffiffiffiffiffiffi
DA

B

q
δðx − x0Þjx¼x0

¼ 1

2

Z
dτ Tr3

ffiffiffiffiffiffiffiffiffi
DA

B

q
: ð3:3Þ

Note that Tr3 in the final formula is the functional trace
in the three-dimensional sense (contrary to the four-
dimensional one Tr≡ Tr4). Thus, we conclude that the
calculation of the one-loop effective action boils down to
the calculation of the functional trace of the square root
of DA

B, which we denote by QD
A
B ≡ ffiffiffiffiffiffiffiffiffi

DA
B

p
. This is a

purely three-dimensional problem. An analogous pro-
cedure can be carried out for the vector part of the trace.

Introducing the notation QB
i
j ≡

ffiffiffiffiffiffiffi
Bi

j

q
the full one-loop

action can be expressed as

Γ1−loop ¼ 1

2

Z
dτ½Tr3QD

A
B − Tr3QB

i
j�: ð3:4Þ

Let us outline the strategy for evaluation of the above
operator traces. By commuting the covariant derivatives
contracted with each other to the right and collapsing them
into powers of the Laplacian the local operators F ¼ ðD;BÞ
can be brought into the following schematic form:

F ¼
X6
a¼0

RðaÞ
X

6≥2k≥a
αa;k∇1 � � �∇2k−að−ΔÞ3−k: ð3:5Þ

Here RðaÞ are background field tensors built of the
curvature and its derivatives of the following dimension-
ality in units of inverse length:

RðaÞ ¼ O

�
1

la

�
: ð3:6Þ

We will refer to them as “coefficient functions.” On the
other hand, αa;k are dimensionless scalar coefficients
depending on the couplings λ, ν1;…; ν5. Overall powers
of derivatives and Laplacians are related to the dimension-
ality of the coefficient functions to maintain the total
dimensionality of F which is six.
The square root of such operators can be obtained by the

perturbation theory in powers of the background curvature
and the derivatives of this curvature, that is again in powers
of 1=l. However, in contrast to F this is not a finite length
polynomial, but rather a nonlocal pseudodifferential oper-
ator given by an infinite series in RðaÞ,

ffiffiffi
F
p
¼

X∞
a¼0

RðaÞ
XKa

k≥a=2
α̃a;k∇1 � � �∇2k−a

1

ð−ΔÞk−3=2 ; ð3:7Þ

with some other coefficients α̃a;k obtained from αa;k above.
At each dimensionality a the powers of derivatives are
bounded from above by some finite number 2Ka − a.
Indeed, the number of free tensor indices Kfree of the
operator is fixed by the nature of the space it acts on:
Kfree ¼ 2 for

ffiffiffiffi
B
p

and Kfree ¼ 4 for
ffiffiffiffi
D
p

. All the indices of
the derivatives that are not contracted with each other, minus
the number of free indices, must be contracted with the
indices of RðaÞ. The latter is bounded by a. Thus, we have

2k − a ≤ Kfree þ a: ð3:8Þ

Altogether this means that the UV divergent part of (3.4)
follows from the calculation of UFTs of the form
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Z
d3xRðaÞðxÞ∇1 � � �∇2k−a

1

ð−ΔÞk−3=2 δðx;x
0Þjx¼x0 : ð3:9Þ

Since the divergences of HG have at maximum the
dimensionality a ¼ 6, only a finite number of such traces
will be needed. This method splits the problem into two
steps—calculation of the operator square root (3.7) and the
evaluation of UFTs (3.9)—which makes it computationally
efficient.
The first step is the perturbative calculation of the square

root (3.7). This calculation is based on the fact that in the
lowest order approximation of the expansion in curvature
the covariant derivatives commute. Thus, the procedure
reduces to the extraction of the square root from a c-number
matrix—the principal symbol of the operator, obtained by
replacing the covariant derivatives with c-number momenta
and neglecting all terms proportional to curvature. Going
back in the resulting matrix from these momenta to
covariant derivatives one gets the operator Qð0Þ. By denot-
ing all curvature corrections in

ffiffiffi
F
p

as X,ffiffiffi
F
p
¼ Qð0Þ þX; ð3:10Þ

one obtains the equation for this correction term

Qð0ÞXþXQð0Þ ¼ F − ðQð0ÞÞ2 −X2: ð3:11Þ

This nonlinear equation can be solved by iterations because
its right-hand side (RHS) is at least linear in curvature.
Indeed, the difference F − ðQð0ÞÞ2 ∝ R is nonzero entirely
due to the commutation of covariant derivatives, propor-
tional to the Riemann tensor R. At each stage of this
iteration procedure one has to go from the operator X to
its c-number symbol. Then one finds this symbol from the
matrix equation (3.11) in which the right-hand side is
known with a needed accuracy from the previous iteration
stages. This is the so-called Sylvester equation, and its
solution will be constructed below. In the meantime we
focus on the square root of the principal symbol of F .

A. Square root of the principal symbol
and four gauge choices

1. Tensor sector

From Eq. (2.15) we read off the quadratic form Dmn;kl in
flat space. Replacing the derivatives with the momenta,
∂i ↦ ipi, and contracting with the inverse DeWitt metric
G−1
ij;mn, we obtain the principal symbol of the operator D,

DðpÞijkl ¼ p6

�
ν5
2
ðδki δlj þ δliδ

k
jÞ þ

4ν4ð1 − λÞ þ ν5
1 − 3λ

δijδ
kl þ

�
−
ν5
2
þ 1

4σ

�
ðδki p̂jp̂l þ δlip̂jp̂k þ δkj p̂ip̂l þ δljp̂ip̂kÞ

þ
�
−4ν4ð1 − λÞ − ν5

1 − 3λ

�
δijp̂kp̂l þ

�
−4ν4 − ν5 −

λð1þ ξÞ
σ

�
p̂ip̂jδ

kl þ
�
4ν4 þ 2ν5 þ

ξ

σ

�
p̂ip̂jp̂kp̂l

�
; ð3:12Þ

where p̂ ¼ p=p is the unit vector along the momentum. This is a 6 × 6 matrix acting in the space of symmetric tensors hkl.
To extract its square root, we need to find its eigenvalues and eigenvectors. We do it by decomposing hkl into a transverse-
traceless, vector, and scalar parts. Namely, we write

hkl ¼ TðrÞe
ðrÞ
kl þ VðrÞ

1ffiffiffi
2
p ðeðrÞk p̂l þ p̂ke

ðrÞ
l Þ þ ϕ

1ffiffiffi
2
p ðδkl − p̂kp̂lÞ þ ψp̂kp̂l; ð3:13Þ

where eðrÞk , r ¼ 1; 2 form the basis of unit vectors orthogonal to p̂, eðrÞkl , r ¼ 1; 2 are the two transverse traceless polarization

tensors, and TðrÞ, VðrÞ, ϕ, and ψ are coefficients. It is straightforward to see that eðrÞkl are eigenvectors of (3.12) with the

eigenvalue κT ¼ ν5p6, whereas the vector polarizations ðeðrÞk p̂l þ p̂ke
ðrÞ
l Þ=

ffiffiffi
2
p

are eigenvectors with the eigenvalue
κV ¼ p6=2σ. The projectors on the corresponding subspaces are

PðTÞklij ≡ X
r¼1;2

eðrÞij e
ðrÞkl

¼1

2
ðδki δljþδliδ

k
jÞ−

1

2
δijδ

kl−
1

2
ðδki p̂jp̂lþδlip̂jp̂kþδkj p̂ip̂lþδljp̂ip̂kÞþ1

2
ðδijp̂kp̂lþ p̂ip̂jδ

klÞþ1

2
p̂ip̂jp̂kp̂l; ð3:14aÞ

PðVÞklij ≡ X
r¼1;2

1

2
ðeðrÞi p̂j þ p̂ie

ðrÞ
j ÞðeðrÞkp̂l þ p̂keðrÞlÞ

¼ 1

2
ðδki p̂jp̂l þ δlip̂jp̂k þ δkj p̂ip̂l þ δljp̂ip̂kÞ − 2p̂ip̂jp̂kp̂l: ð3:14bÞ
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In the scalar sector the situation is more subtle. Here we have two eigenvalues that in general are not degenerate. To see
this we act with DðpÞ on the scalar part of (3.13) and find

DðpÞijklhkljscalar ¼ p6

�
ϕ

νsffiffiffi
2
p ðδij − p̂ip̂jÞ þ

�
ϕ

ffiffiffi
2
p

λ

�
νs

1 − λ
−
1þ ξ

σ

�
þ ψ
ð1 − λÞð1þ ξÞ

σ

�
p̂ip̂j

�
; ð3:15Þ

where νs is defined by Eq. (1.11). Thus, in the two-
dimensional subspace of vectors ϒ ¼ ðϕ;ψÞT the operator
DðpÞ acts as a matrix

p6

� νs 0ffiffiffi
2
p

λð νs
1−λ −

1þξ
σ Þ ð1−λÞð1þξÞ

σ

�
: ð3:16Þ

The corresponding eigenvalues and eigenvectors are

κS1 ¼ νsp6; ϒS1 ¼
�

1ffiffi
2
p

λ
1−λ

�
; ð3:17aÞ

κS2 ¼
ð1 − λÞð1þ ξÞ

σ
p6; ϒS2 ¼

�
0

1

�
: ð3:17bÞ

It is convenient to construct the operators PðS1Þ and PðS2Þ
projecting on the vectors ϒS1 and ϒS2, respectively. This is
done using the linear forms conjugate to these vectors

ϒ†
1 ¼ ð 1 0 Þ; ϒ†

2 ¼
�
−

ffiffi
2
p

λ
1−λ 1

	
; ð3:18Þ

that have the property ϒ†
rϒq ¼ δrq, r, q ¼ 1; 2. Then

PðS1Þ ¼ ϒS1 ⊗ ϒ†
S1; PðS2Þ ¼ ϒS2 ⊗ ϒ†

S2: ð3:19Þ

Restoring the spatial indices we have

Pð1Þklij ¼ 1

2

�
δij −

1 − 3λ

1 − λ
p̂ip̂j

�
ðδkl − p̂kp̂lÞ;

Pð2Þklij ¼ p̂ip̂j

�
−

λ

1 − λ
δkl þ 1

1 − λ
p̂kp̂l

�
: ð3:20Þ

It is now straightforward to verify that the principal
symbol (3.12) decomposes into the sum of projectors,

DðpÞijkl ¼ ν5p6PðTÞklij þ p6

2σ
PðVÞklij þ νsp6PðS1Þklij

þ ð1 − λÞð1þ ξÞ
σ

p6PðS2Þklij : ð3:21Þ

Then its square root is obtained by taking the square roots
of the coefficients,

QDðpÞ ¼
ffiffiffiffiffi
ν5
p

p3
X
α

uαPðαÞ; α ¼ T; V; S1; S2; ð3:22Þ

where

uT ¼ 1; uV ¼
1ffiffiffiffiffiffiffiffiffiffi
2σν5
p ; uS1 ¼ us;

uS2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − λÞð1þ ξÞ

σν5

s
; ð3:23Þ

and us is defined in (1.12). Expanding the projectors, we
finally arrive at

QDðpÞijkl ¼
ffiffiffiffiffi
ν5
p

p3

�
1

2
ðδki δlj þ δliδ

k
jÞ þ

us − 1

2
δijδ

kl þ uV − 1

2
ðδki p̂jp̂l þ δlip̂jp̂k þ δkj p̂ip̂l þ δljp̂ip̂kÞ

−
us − 1

2
δijp̂kp̂l −

�
us
2

1 − 3λ

1 − λ
−
1

2
þ λuS2
1 − λ

�
p̂ip̂jδ

kl þ
�
1

2
− 2uV þ

us
2

1 − 3λ

1 − λ
þ uS2
1 − λ

�
p̂ip̂jp̂kp̂l

�
: ð3:24Þ

This principal symbol plays the central role in the
perturbative calculation of the operator square root QD.
For a general choice of the gauge parameters σ and ξ this
calculation is prohibitively complex. Thus we restrict to
four gauge choices that simplify expression (3.24).
Gauge (a) First, we consider a choice where the

eigenvalues of the gauge modes coincide with those of
the physical modes. Namely, we take

uV¼1; uS2¼us⇔σ¼ 1

2ν5
; ξ¼ νs

2ν5ð1−λÞ−1: ð3:25Þ

This yields

QDðpÞijkl ¼
ffiffiffiffiffi
ν5
p

p3

�
1

2
ðδki δlj þ δliδ

k
jÞ þ

us − 1

2
δijδ

kl

−
us − 1

2
δijp̂kp̂l −

us − 1

2
p̂ip̂jδ

kl

þ 3

2
ðus − 1Þp̂ip̂jp̂kp̂l

�
: ð3:26Þ

Importantly, this choice overlaps with the gauges con-
sidered in Ref. [23] (see also Appendix A 1) which allows
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us to use the results of this paper for the (gauge-dependent)
β-function of the coupling G in this gauge.
Gauge (b) The second choice is similar, but now

uV ¼ uS2 ¼ 1 ⇔ σ ¼ 1

2ν5
; ξ ¼ −

1 − 2λ

2ð1 − λÞ ; ð3:27Þ

and we obtain

QDðpÞijkl ¼
ffiffiffiffiffi
ν5
p

p3

�
1

2
ðδki δlj þ δliδ

k
jÞ þ

us − 1

2
δijδ

kl

−
us − 1

2
δijp̂kp̂l −

1 − 3λ

2ð1 − λÞ ðus − 1Þp̂ip̂jδ
kl

þ 1 − 3λ

2ð1 − λÞ ðus − 1Þp̂ip̂jp̂kp̂l

�
: ð3:28Þ

This also overlaps with the choices considered in [23].
Gauge (c) Two other choices are adjusted to remove the

term with four vectors p̂ in (3.24) which is challenging
from the computational viewpoint.8 The most simplifying
choice is

uV ¼ 1; uS2 ¼
3ð1 − λÞ

2
−
ð1 − 3λÞus

2
⇔ σ ¼ 1

2ν5
;

ξ ¼ ð3ð1 − λÞ − ð1 − 3λÞusÞ2
8ð1 − λÞ − 1: ð3:29Þ

The principal symbol becomes

QDðpÞijkl ¼
ffiffiffiffiffi
ν5
p

p3

�
1

2
ðδki δlj þ δliδ

k
jÞ þ

us − 1

2
δijδ

kl

−
us − 1

2
δijp̂kp̂l −

1 − 3λ

2
ðus − 1Þp̂ip̂jδ

kl

�
:

ð3:30Þ

A drawback of this choice is that it differs from the
gauges studied in [23]. Therefore, in this gauge we cannot
compute the running of the essential coupling G [see
Eq. (1.12)] which requires the knowledge of the β-function
for G. Nevertheless, we can still compute the running of us
and va, a ¼ 1, 2, 3.
Gauge (d) To remedy the above drawback of gauge (c)

we also consider

uV ¼ uS2 ¼
1 − λþ ð1 − 3λÞus

2ð1 − 2λÞ ⟺

σ ¼ 2ð1 − 2λÞ2
ν5ð1 − λþ ð1 − 3λÞusÞ2

; ξ ¼ −
1 − 2λ

2ð1 − λÞ : ð3:31Þ

Here the principal symbol takes the form

QDðpÞijkl ¼
ffiffiffiffiffi
ν5
p

p3

�
1

2
ðδki δlj þ δliδ

k
jÞ þ

us − 1

2
δijδ

kl −
us − 1

2
δijp̂kp̂l −

ð1 − 3λÞðus − 1Þ
2ð1 − 2λÞ p̂ip̂jδ

kl

þ ð1 − 3λÞðus − 1Þ
4ð1 − 2λÞ ðδki p̂jp̂l þ δlip̂jp̂k þ δkj p̂ip̂l þ δljp̂ip̂kÞ

�
: ð3:32Þ

This gauge again overlaps with the gauges used in [23].
Comparison of the results obtained in four different

gauges (a)–(d) provides a strong check of our calculation.

2. Vector sector

We now repeat the analysis for the vector operator B
given by the expression (2.8). Its principal symbol reads

Bi
jðpÞ ¼ p6

�
1

2σ
δij þ

1 − 2λþ 2ξð1 − λÞ
2σ

p̂ip̂j

�
: ð3:33Þ

This can easily be written in terms of the transverse and
longitudinal projectors,

Bi
jðpÞ ¼

p6

2σ
PðVTÞij þ

ð1 − λÞð1þ ξÞ
σ

p6PðVLÞij; ð3:34Þ

where

PðVTÞij ¼ δij − p̂ip̂j; PðVLÞij ¼ p̂ip̂j: ð3:35Þ

Then the square root reads

QBðpÞ ¼ ffiffiffiffiffi
ν5
p

p3
X
α

uαPðαÞ; α ¼ VT; VL;

uVT ¼ uV; uVL ¼ uS2: ð3:36Þ

B. Canonical form of the pseudodifferential operators

The next step in the procedure outlined at the beginning
of this section [see Eqs. (3.10) and (3.11)] consists of the
recovery of the pseudo-differential operator Qð0Þ from its
symbol QðpÞ. The result of this procedure is the canonical
form which we formulate as follows:

8When transformed back to configuration space, the four
momenta become four covariant derivatives that must be com-
muted through the other operators in the course of the perturba-
tive procedure, see below.
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(1) All (fractional) powers of p2 are replaced by
covariant Laplacians − Δ and put to the right.

(2) Other occurrences of momenta are replaced by
covariant derivatives, pi ↦ −i∇i. The covariant
derivatives whose indices are contracted with the
tensor indices of the metric fluctuations or the shift
vector are placed to the right.

As an example consider Qð0ÞD in the gauge (a). The above
prescription gives

Qð0ÞklDij ¼
ffiffiffiffiffi
ν5
p ��

1

2
ðδki δlj þ δliδ

k
jÞ þ

us − 1

2
gijgkl

�
ð−ΔÞ3=2

þ us − 1

2
gij∇k∇lð−ΔÞ1=2

þ us − 1

2
gkl∇i∇jð−ΔÞ1=2

þ 3ðus − 1Þ
2

∇i∇j∇k∇lð−ΔÞ−1=2
�
: ð3:37Þ

Note that the result of the action of this operator on a

symmetric metric fluctuation Qð0ÞklDij hkl is automatically
symmetric in the indices ði; jÞ. In other words, this operator
acts in the space of symmetric tensors, as it should.
Similarly for the vector operator, its zeroth-order part in
a generic ðσ; ξÞ-gauge takes the form

Qð0ÞiBj ¼
ffiffiffiffiffi
ν5
p ½uVδijð−ΔÞ3=2 þ ðuV − uS2Þ∇i∇jð−ΔÞ1=2�:

ð3:38Þ

In a more general case of the curvature dependent part X
of the square root operator the number of derivatives is
higher and more ordering ambiguities arise. Thus, we
supplement this prescription by one more rule:
(3) The derivatives not covered by rules 1 and 2 are

ordered by using the “SortCovDs” command of the
xAct package [44].

C. Solution of the Sylvester equation

Perturbation theory for the square root operator Q
implies solving the equation (3.11) for its curvature part
X. At each stage of the corresponding iteration procedure
we will encounter the matrix equation of the following
form:

QðpÞXðpÞ þXðpÞQðpÞ ¼ Y ðpÞ: ð3:39Þ

Here QðpÞ is the c-number symbol of Qð0Þ, the matrix
Y ðpÞ, which is the symbol of the operator Y ≡ F −
ðQð0ÞÞ2 −X2 in the right-hand side of Eq. (3.11), is
assumed to be known, and we need to find XðpÞ. All
matrices depend on the three-dimensional wave number p.
Equation (3.39) is a special case of the Sylvester matrix

equation, and its solution can be found with the general
method of Ref. [49]. In the case at hand, however, it is
easier to obtain the solution using the representation
of QðpÞ in terms of the projectors (3.22) and (3.35).
The solution reads

XðpÞ ¼ 1ffiffiffiffiffi
ν5
p

p3

X
α;β

1

uα þ uβ
PðαÞY ðpÞPðβÞ; ð3:40Þ

where the sum is taken over α; β ¼ T; V; S1; S2 (tensor
sector) or α; β ¼ VT; VL (vector sector). The proof goes by
a direct substitution:

QðpÞXðpÞ ¼
X
α;β

uα
uα þ uβ

PðαÞY ðpÞPðβÞ;

XðpÞQðpÞ ¼
X
α;β

uβ
uα þ uβ

PðαÞY ðpÞPðβÞ: ð3:41Þ

Here we have used the orthogonality of the projectors
PðαÞPðβÞ ¼ δαβPðαÞ. Summing up the two expressions we
obtain

QðpÞXðpÞ þXðpÞQðpÞ ¼
X
α;β

PðαÞY ðpÞPðβÞ

¼
�X

α

PðαÞ
�
Y ðpÞ

�X
β

PðβÞ
�

¼ Y ðpÞ; ð3:42Þ

where in the last equality we used the completeness of the
projector basis. In what follows we will denote the linear
map from the RHS of the Sylvester equation to its solution
by “Syl,” so that we will write

XðpÞ ¼ Syl½Y ðpÞ�: ð3:43Þ

D. Perturbative scheme

As discussed in the beginning of this section, to find the
one-loop renormalization of the action we need to construct
an operator Q whose square coincides with the operator
F ¼ ðD;BÞ entering the quadratic action for the fluctua-
tions. We perform this construction perturbatively in the
powers of the background curvature and its derivatives.
Namely, we write

Q ¼ Qð0Þ þQð2Þ þQð3Þ þQð4Þ þQð5Þ þQð6Þ þ � � � ;
ð3:44Þ

where the index in the brackets represents the order of the
operator in powers of the inverse length scale character-
izing the background curvature. Here the operator Qð0Þ is
given by (3.37) or (3.38), and it does not contain any
background curvature. The operator Qð2Þ is linear in
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curvature, and this is counted as second order, since the
curvature contains two derivatives of the metric. The
operator Qð3Þ contains first derivatives of the curvature
(three derivatives of the metric), and so on. Dots stand for
higher-order terms that do not contribute into the divergent
part of the action.
Substitution of this expansion into the defining relation

Q2 ¼ F ð3:45Þ

produces at each order an equation of the form,

Qð0ÞQðaÞ þQðaÞQð0Þ ¼ Y ðaÞ; ð3:46Þ

with the RHS

Y ðaÞ ¼ F −
X

b; c < a
bþ c ≤ a

QðbÞQðcÞ: ð3:47Þ

The operator Y ðaÞ contains terms of order a and higher.
Then QðaÞ is constructed by the following algorithm:
(1) Pick up the part of Y ðaÞ which is exactly of order a;

let us denote it by Y ðaÞa .
(2) Replace the covariant derivatives acting on the

metric fluctuations in Y ðaÞa by the wave vector,

∇i ↦ ipi. This gives the c-matrix symbol Y ðaÞa ðpÞ.
(3) Solve the corresponding Sylvester equation and

define a matrix

QðaÞðpÞ ¼ Syl½Y ðaÞa ðpÞ�: ð3:48Þ

(4) Replace the wave vectors in QðaÞðpÞ back by the
covariant derivatives, ordering them in a canonical
way (see Sec. III B). For tensor operators, symme-

trize QðaÞklij in the indices ðijÞ and ðklÞ.
(5) Construct the combination Qð0ÞQðaÞ þQðaÞQð0Þ and

bring it to the canonical form. By construction, this

combination coincides with Y ðaÞa , up to terms of
order higher than a. Subtract it from Y ðaÞ to define a
new operator Zðaþ1Þ.

(6) Construct other products QðbÞQðcÞ with b; c < a,
bþ c ¼ aþ 1, bring them to the canonical form,
and subtract from Zðaþ1Þ. This determines Y ðaþ1Þ,
according to Eq. (3.47).

In this way we arrive at an iterative procedure for a
consecutive determination of QðaÞ. According to (3.47)
the right-hand side of (3.46) at different steps is given by

Y ð2Þ ¼ F − ðQð0ÞÞ2; ð3:49aÞ

Y ð3Þ ¼ Y ð2Þ −Qð0ÞQð2Þ −Qð2ÞQð0Þ; ð3:49bÞ

Y ð4Þ ¼ Y ð3Þ −Qð0ÞQð3Þ −Qð3ÞQð0Þ − ðQð2ÞÞ2; ð3:49cÞ

Y ð5Þ ¼ Y ð4Þ −Qð0ÞQð4Þ −Qð4ÞQð0Þ −Qð2ÞQð3Þ −Qð3ÞQð2Þ;

ð3:49dÞ

Y ð6Þ ¼ Y ð5Þ −Qð0ÞQð5Þ −Qð5ÞQð0Þ −Qð2ÞQð4Þ

−Qð4ÞQð2Þ − ðQð3ÞÞ2: ð3:49eÞ

We have automated the algorithm described above using
the Mathematica [42] package xAct [44].
A few comments are in order. First, the coefficient

functions of the fifth order operator Qð5Þ contain either a
third derivative of curvature or a product of curvature with
its first derivative. None of these combinations can give rise
to a divergent counterterm in the one-loop action. Indeed,
the renormalizability of the theory implies that the counter-
terms have the same structure as the terms in the bare action
which have order 6 in our power counting (see [15,20]). To
produce a sixth order contribution the coefficients of Qð5Þ
would have to be multiplied by a covariant object con-
structed from the metric using a single derivative. But such
objects do not exist. Thus, we conclude that Qð5Þ does not
contribute into the beta functions and can be dropped.
Then one can verify that the fifth order contributions can
consistently be omitted in all Y ðaÞ at all stages of the
calculation. In particular, instead of solving consecutively
forQð5Þ and then forQð6Þ using the Y operators (3.49d) and
(3.49e), we can directly construct Qð6Þ in a single step by
solving Eq. (3.46) with the RHS

Y ð6Þ ¼Y ð4Þ−Qð0ÞQð4Þ−Qð4ÞQð0Þ−Qð2ÞQð3Þ

−Qð3ÞQð2Þ−Qð2ÞQð4Þ−Qð4ÞQð2Þ−ðQð3ÞÞ2: ð3:50Þ

Second, the most time-consuming part of the calculation
are steps 5 and 6, which involve bringing various operators
to the canonical form. In detail, this canonicalization
proceeds as follows (for concreteness, we focus on the
metric sector):

(i) All (fractional) powers of the Laplacian acting on the
metric fluctuations are commuted through the co-
efficient functions and covariant derivatives to the
right and collapsed to a single fractional Laplacian.
The commutation is performed using the formula

½Aα; B� ¼
X∞
n¼1

Cn
α½A; ½A;…; ½A|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

n

; B�� � � ��Aα−n; ð3:51Þ

valid for arbitrary operators A and B. Here

Cn
α ¼

αðα − 1Þ � � � ðα − nþ 1Þ
n!

ð3:52Þ
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are the binomial coefficients. This formula is proved
in Appendix B.

(ii) Next, we bring to the right all covariant derivatives
contracted with the metric fluctuations. For example,
an expression ∇k∇ � � �∇ð−ΔÞαhkl after bringing it
to the canonical form will read

∇ � � �∇∇kð−ΔÞαhkl þ � � � ;

where dots stand for the terms with curvature that
have been generated as the result of commutation.

(iii) The remaining derivatives (including possible deriv-
atives acting on the curvature) are ordered using the
“SortCovDs” command of the xAct package.

(iv) The Riemann tensors appearing from the commu-
tations are replaced by their expressions in terms of
the Ricci tensor and the scalar curvature. This step
may generate additional Laplacians or contractions
of derivatives with the metric fluctuations, so the
ordering procedure is repeated iteratively until it
converges.

When performing the commutation of fractional powers
of Laplacian the formula (3.51) is truncated at the order
relevant for a given step of the calculation. A single
commutator of the Laplacian with a covariant derivative
is proportional to curvature; thus it has second order in our
counting. Every further commutator increases the order at
least by one. In addition, it can be shown that the lowest-
order coefficient function in the nested commutator

½Δ; ½Δ;…; ½Δ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
n

;∇�� � � �� ð3:53Þ

is a total derivative. Hence, it will not contribute into the
effective action, unless it gets multiplied by another back-
ground tensor. The latter has at least dimension two, which
further limits the number of nested commutators we need
to consider at a given order. A straightforward analysis of
possible cases tells us that in the commutator of the
fractional Laplacian with a covariant derivative we need
to go up to

(i) n ¼ 4 in the computation of ðQð0ÞÞ2,
(ii) n ¼ 3 in the computation of Qð0ÞQð2Þ and Qð2ÞQð0Þ,
(iii) n ¼ 2 in Qð0ÞQð3Þ and Qð3ÞQð0Þ,
(iv) n ¼ 1 in Qð0ÞQð4Þ, Qð4ÞQð0Þ, and ðQð2ÞÞ2,
(v) in the fifth order operators Qð2ÞQð3Þ, Qð3ÞQð2Þ and

sixth order operators Qð2ÞQð4Þ, Qð4ÞQð2Þ, ðQð3ÞÞ2 all
derivatives can be treated as commutative.

Similarly, every commutator of the Laplacian with a
coefficient function made of curvature increases the order at
least by one, the lowest order term in

½Δ; ½Δ;…; ½Δ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
n

;RðaÞ�� � � �� ð3:54Þ

again being a total derivative. By considering possible
cases we conclude that when commuting the fractional
Laplacian with the coefficient functions we need to retain
up to

(i) 3 nested commutators in Qð0ÞQð2Þ,
(ii) 2 nested commutators in Qð0ÞQð3Þ and ðQð2ÞÞ2,
(iii) one commutator in Qð2ÞQð3Þ, Qð3ÞQð2Þ,
(iv) in Qð0ÞQð4Þ and Qð4ÞQð2Þ, Qð2ÞQð4Þ, ðQð3ÞÞ2 the

commutator between fractional Laplacians and the
coefficient functions can be omitted altogether.

The iterative algorithm of this section provides us with
the square-root operator in the form (3.7) suitable for
further processing with the technique of universal func-
tional traces. We now describe this technique and draw the
list of the required UFTs.

IV. UNIVERSAL FUNCTIONAL TRACES

A. Schwinger-DeWitt technique and the method
of universal functional traces

The calculation of UFTs of the form (1.14) arising in
(3.7) can be done by means of the heat kernel method and
the Schwinger-DeWitt technique of the proper-time expan-
sion on generic curved spacetime. The heat kernel method
allows one to write down in (3.7) the integral representation
for a generic power of the Laplacian,

∇ � � �∇ 1̂

ð−ΔÞα δðx; yÞj
div
y¼x

¼ 1

ΓðαÞ∇ � � �∇
Z

∞

0

dssα−1esΔδ̂ðx; yÞjdivy¼x; ð4:1Þ

in terms of the kernel of the heat equation K̂ðsjx; yÞ ¼
esΔδ̂ðx; yÞ with the “Hamiltonian” −Δ. Here Δ ¼ gij∇i∇j

is a covariant Laplacian acting on an arbitrary set of tensor
fields ϕAðxÞ labeled by the index A, the hat denoting a
matrix in their vector space, 1̂ ¼ δAB, and the matrix nature
of the delta function δ̂ðx; yÞ≡ 1̂ × δðx; yÞ. Note that, in
contrast to Eq. (3.1), the dimension of the proper-time
parameter in this formula is ½s� ¼ −2 to match the dimen-
sionality of the Laplacian.
Expansion of K̂ðsjx; yÞ at small values of the proper time

allows one to isolate in the coincidence limit y ¼ x the
integrals diverging at the lower boundary s ¼ 0, which
comprise UV divergences of the universal functional traces
(1.14).9 This expansion, in its turn, is based on the
Schwinger-DeWitt technique [25,27]. In the most general

9For large positive α the operators can suffer from infrared (IR)
divergences associated with the upper integration limit for s, but
as we will be interested in UV divergences, which are clearly
separated at one-loop order from the IR ones, we will disregard
this issue.
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setting this expansion is explicitly known for a minimal
second-order operator of the form

F̂ð∇Þ ¼ □þ P̂ −
1̂

6
R; □ ¼ gμν∇μ∇ν; ð4:2Þ

“minimal” meaning that its second order derivatives form a
covariant d’Alembertian determined with respect to the
spacetime metric gμν. The operator acts in the representa-
tion space of ϕAðxÞ in d-dimensional spacetime with
coordinates xμ, μ ¼ 1;…; d and is characterized by the
set of “curvatures” ℜ ¼ ðP̂; bRμν; RλρμνÞ—the potential term
P̂≡ PA

B (the term −R1̂=6 is singled out from it for
convenience), fiber bundle curvature bRμν ≡ RA

Bμν—
commutator of covariant derivatives acting on the vector
ϕB or a matrix X̂ ≡ XB

C—and the Riemann tensor,

½∇μ;∇ν�Vλ ¼ Rλ
ρμνVρ; ½∇μ;∇ν�ϕ ¼ bRμνϕ;

½∇μ;∇ν�X̂ ¼ ½bRμν; X̂�: ð4:3Þ

The heat kernel K̂ðsjx; yÞ ¼ esF̂ð∇Þδðx; yÞ for the oper-
ator (4.2) has a small (or early) time asymptotic expansion
at s → 0,

K̂ðsjx; yÞ ¼ D1=2ðx; yÞ
ð4πsÞd=2 g1=2ðyÞe−σðx;yÞ

2s

X∞
n¼0

snânðx; yÞ; ð4:4Þ

where σðx; yÞ is the Synge world function—one-half of the
square of geodetic distance between points x and y, and

Dðx; yÞ ¼ g−1=2ðxÞ
���� det ∂2σðx; yÞ

∂xμ∂yν
����g−1=2ðyÞ ð4:5Þ

is the (dedensitized) Pauli–Van Vleck–Morette determinant
built of σðx; yÞ. Both δ̂ðx; yÞ and K̂ðsjx; yÞ are defined
above as zero weight tensor densities with respect to x and
tensor densities of weight one with respect to y, which
explains the factor g1=2ðyÞ in (4.4). The two-point matrix
quantities ânðx; yÞ bear the name of HAMIDEW [34] or
Gilkey-Seely coefficients praising the efforts of mathema-
ticians and physicists in heat kernel theory [25,30] (see
review of physics implications of this theory in [27,31,32]).
The substitution of expansion (4.4) in (4.1) expresses the

UFTs in terms of the coincidence limits

∇μ1 � � �∇μkσðx; yÞjy¼x; ∇μ1 � � �∇μkD
1=2ðx; yÞjy¼x;

∇μ1 � � �∇μk ânðx; yÞjy¼x: ð4:6Þ

Their remarkable property is that they are local functions of
the curvatures and their covariant derivatives. These func-
tions can be systematically calculated from the equation for
the world function gμν∇μσ∇νσ ¼ 2σ and the recursive

equations for ânðx; yÞ, which follow from the heat equation
for K̂ðsjx; yÞ. For obvious dimensional reasons the general
structure of these coincidence limits is the sum of various
covariant monomials of curvatures and their covariant
derivatives of relevant powers defined by k and n. Since
σðx; yÞ and D1=2ðx; yÞ are determined solely by the space-
time metric, the first two sets in (4.6) are given by the sums
of monomials of the form

∇1…∇pσðx; yÞjy¼x ∝∇ � � �∇zfflfflffl}|fflfflffl{k

R � � �R
zfflfflffl}|fflfflffl{m

; 2mþ k¼ p− 2;

ð4:7Þ

∇1…∇pD1=2ðx; yÞjy¼x ∝∇ � � �∇zfflfflffl}|fflfflffl{k

R � � �R
zfflfflffl}|fflfflffl{m

; 2mþ k¼ p;

ð4:8Þ

in terms of purely metric curvatures R (we suppress the
tensor indices for clarity), whereas the third set involves
all the “curvatures” ℜ ¼ ðP̂; bRμν; RμναβÞ pertinent to the
operator (4.2)

∇1 � � �∇pânðx; yÞjy¼x ∝ ∇ � � �∇zfflfflffl}|fflfflffl{k

ℜ � � �ℜ
zfflfflffl}|fflfflffl{m

;

2mþ k ¼ pþ 2n: ð4:9Þ

In Appendix C 1 we briefly describe the recursive pro-
cedure of calculating all these coincidence limits.
By adjusting the general technique to our three-

dimensional case, d ¼ 3, μ ↦ i ¼ 1, 2, 3, with the operator
F̂ ¼ Δ (P̂ ¼ 1

6
R1̂) acting for the metric sector in the space

of symmetric covariant tensors hkl (1̂ ¼ δij
kl) and in the

space of vectors nj and cj (1̂ ¼ δij) for the shift and ghost
sectors, respectively, we obtain

∇i1 � � �∇ip

1̂

ð−ΔÞNþ1=2 δðx; yÞ
����
y¼x

¼ 1

ΓðN þ 1=2Þ
1

8π3=2

Z
∞

0

dssN−2∇i1 � � �∇ip

×

�
D1=2ðx; yÞe−σðx;yÞ

2s

X∞
n¼0

snânðx; yÞ
�
y¼x

: ð4:10Þ

Here we have used that the UFTs needed for our calculation
contain half-integer powers of the Laplacian, as implied
by Eq. (3.7). These UFTs have UV divergences of degree
p − 2N þ 2 (recall that the delta function is three
dimensional), which correspond to the proper-time inte-
grals diverging at s ¼ 0. In view of the growing power of s
in this expansion, only the few first terms will contribute to
the UV divergences, which makes the method highly
efficient. Among the divergences we will be interested
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only in the logarithmic ones of the form
R
∞
0 ds=s—the

divergent coefficients of the counterterms of dimensionality
six, which determine the beta functions of the theory.

B. Types of universal functional traces

Here we consider the types of universal functional traces
arising in the trace of the operatorQ regarding their number
of derivatives and the powers of the Laplacian acted upon
by these derivatives. We focus first on the tensor sector. As
stated in Sec. III, the curvature expansion of QD in the
canonical form (3.7) reads

QDij
kl ¼

�X
a;p

RðaÞα̃a;p∇1 � � �∇p
1

ð−ΔÞNþ1=2
�
ij

kl
; ð4:11Þ

where in each term we redefined the overall negative half-
integer power of the Laplacian as N þ 1=2 and the number
of derivatives as p. Recall that RðaÞ are the background
field tensors built of the curvature and its derivatives of the
dimensionality a in units of inverse length [see Eq. (3.6)].
For a ¼ 2 this tensor is just the Ricci curvatureRð2Þ ¼ Rij,
for a ¼ 3 it is Rð3Þ ¼ ∇kRij, etc. Obviously, at any a the

tensor quantity has at maximum a indices, RðaÞ ¼ Ri1���ir
ðaÞ ,

r ≤ a. Also, as mentioned in Sec. III, the parameter N
is not independent but follows from the overall dimension-
ality of the operator QD which is three, so that
aþ p − 2N − 1 ¼ 3 or

2N ¼ aþ p − 4; ð4:12Þ
whence it follows, in particular, that aþ p is always even
[denoted by 2k in (3.7)]. Thus,

TrQD ¼
Z

d3x
X
a;p

tr
�
RðaÞα̃a;p∇1 � � �

×∇p
1

ð−ΔÞNþ1=2 δij
klðx; yÞjy¼x

�
; ð4:13Þ

where tr is the trace which is taken over the multi-indices ij
and kl after the action of every nonlocal operator on the
tensor delta function has been enforced.
Another important point, also mentioned in Sec. III, is

that for every a there is an upper bound on the number of
derivatives p in these functional traces. Indeed, their p
indices can be contracted at maximum with r indices of
RðaÞ and four indices of δijklðx; yÞ.10 Therefore p ≤ rþ 4,
and in view of r ≤ a the upper bound on p is

p ≤ aþ 4; ð4:14Þ

which coincides with (3.8) for Kfree ¼ 4. From (4.12) this
leads to the upper bound on N,

N ≤ a: ð4:15Þ

In (4.13) every UFT with p derivatives, which is
conjugated to the background field tensor RðaÞ of dimen-
sionality a,

TðaÞp ≡∇1 � ��∇p
1

ð−ΔÞNþ1=2δij
klðx;yÞjy¼x; N¼aþp

2
−2;

ð4:16Þ

is divergent when its degree of divergence ΩðTðaÞp Þ ¼
p − 2N þ 2 ¼ 6 − a is positive, or a ≤ 6. This, of course,
corresponds to the logarithmically divergent counterterms
of dimensionality six. Therefore, the set of logarithmically
divergent terms in (4.13) is given by

a ¼ 0; 2; 3; 4; 6; ð4:17Þ

where the contributions of a ¼ 1 and a ¼ 5 are absent
because there are no background field tensors of dimen-
sionality one. Thus we have the following five sets of
universal functional traces which contribute to logarithmic
divergences:

1. Traces with a = 0, p ≤ 4, p-even, N + 1
2 =

p− 3
2

ð−ΔÞ3=2δ̂ðx; yÞjy¼x; ∇i1∇i2ð−ΔÞ1=2δ̂ðx; yÞjy¼x;

∇i1∇i2∇i3∇i4

1̂
ð−ΔÞ1=2 δðx; yÞjy¼x: ð4:18Þ

These are the most complicated ones, because they require
the knowledge of coincidence limits up to ∇8σðx; yÞjy¼x,
∇6D1=2ðx;yÞjy¼x, ∇6â0ðx; yÞjy¼x, ∇4â1ðx; yÞjy¼x,
∇2â2ðx; yÞjy¼x, and â3ðx; xÞ.

2. Traces with a = 2, p ≤ 6, p-even, N + 1
2 =

p− 1
2

ð−ΔÞ1=2δ̂ðx; yÞjy¼x; ∇2 1̂
ð−ΔÞ1=2 δðx; yÞjy¼x;

∇4 1̂
ð−ΔÞ3=2 δðx; yÞjy¼x; ∇6 1̂

ð−ΔÞ5=2 δðx; yÞjy¼x: ð4:19Þ

Here and in what follows we omit for brevity the indices
of derivatives.

10If some of these rþ 4 indices are contracted with each other,
then the possible number of derivatives is smaller because their
indices cannot be contracted with anything else but those of the
derivatives themselves. These contractions, however, do not
count because they just shift the power N of the Laplacian.
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3. Traces with a = 3, p ≤ 7, p-odd, N + 1
2 =

p
2

∇ 1̂
ð−ΔÞ1=2 δðx; yÞjy¼x; ∇3 1̂

ð−ΔÞ3=2 δðx; yÞjy¼x;

∇5 1̂
ð−ΔÞ5=2 δðx; yÞjy¼x; ∇7 1̂

ð−ΔÞ7=2 δðx; yÞjy¼x: ð4:20Þ

4. Traces with a = 4, p ≤ 8, p-even, N + 1
2 =

p+ 1
2

1̂
ð−ΔÞ1=2 δðx; yÞjy¼x; ∇2 1̂

ð−ΔÞ3=2 δðx; yÞjy¼x;

∇4 1̂
ð−ΔÞ5=2 δðx; yÞjy¼x;

∇6 1̂
ð−ΔÞ7=2 δðx; yÞjy¼x; ∇8 1̂

ð−ΔÞ9=2 δðx; yÞjy¼x: ð4:21Þ

5. Traces with a = 6, p ≤ 10, p-even, N + 1
2 =

p+ 3
2

1̂
ð−ΔÞ3=2δðx;yÞjy¼x; ∇2 1̂

ð−ΔÞ5=2δðx;yÞjy¼x;

∇4 1̂
ð−ΔÞ7=2δðx;yÞjy¼x ∇6 1̂

ð−ΔÞ9=2δðx;yÞjy¼x;

∇8 1̂
ð−ΔÞ11=2δðx;yÞjy¼x; ∇10 1̂

ð−ΔÞ13=2δðx;yÞjy¼x: ð4:22Þ

In this fifth group the number of derivatives is high, but
these traces are the simplest ones because they can be
calculated in flat space and reduce to symmetrized products
of the metric tensor.
The classification of the UFTs in the vector sector

proceeds similarly. The only difference is the modification
of the bounds (4.14) and (4.15) due to the different number
of free indices of QB

i
j. We now have

p ≤ aþ 2; N ≤ aþ 1; ð4:23Þ

which removes the last entry at each order in the list of
possible structures (4.18)–(4.22).
We have computed the divergences of all the needed

tensor and vector UFTs using symbolic computer algebra
[44]. The code is available at [50]. The full expressions
are very long, so we do not write them explicitly. In
Appendix C 2 we present the most laborious traces with
a ¼ 0 and a ¼ 2. Some relations between the tensor,
vector, and scalar functional traces, which can be obtained
by integration by parts, are discussed in Appendix C 3.
These relations can be used as a powerful check of the
explicit results for their divergences.

V. BETA FUNCTIONS

In the last step of our calculation we combine the
operator square root extracted with the procedure described
in Sec. III D with the results for UFTs enumerated in
Sec. IV B to obtain the divergent part of the one-loop
effective action. Namely, we use Eq. (3.4), in which we
substitute Eq. (4.13) (and a similar equation for TrQB).
Upon collecting similar terms, integration by parts, and the
use of Bianchi identities, the divergence takes the form

Γ1−loopjdiv¼ lnL2

Z
dτd3x

ffiffiffi
g
p ðCν1R

3þCν2RRijRij

þCν3R
i
jR

j
kR

k
i þCν4∇iR∇iRþCν5∇iRjk∇iRjkÞ:

ð5:1Þ

Only the potential part of the action has logarithmic
divergences on our static background. The coefficients Cνa ,
which are functions of the couplings λ, ν1;…; ν5, represent
the key result of the calculation.
The UV divergent factor lnL2 is related to the integral

over the proper-time parameter,

lnL2 ¼
Z

ds2
s2

: ð5:2Þ

This integral comes from the heat-kernel representation
of the powers of spatial Laplacian, Eq. (4.1). Hence, the
dimension of the proper time here is ½s2� ¼ −2, which we
highlighted by the subscript.11 This means that the diver-
gent logarithm is related to the momentum renormalization
scale k� as

lnL2 ≃ ln

�
Λ2
UV

k2�

�
; ð5:3Þ

where ΛUV is a UV cutoff.
We are now ready to compute the β-functions of the

couplings νa, a ¼ 1;…; 5. Comparing Eqs. (2.1) and (5.1),
we read off the renormalized combinations of the coupling
constants �

νa
2G

�
ren
¼ νa

2G
þ Cνa lnL

2; ð5:4Þ

whence

βνa ≡
dνa;ren
dlnk�

¼−4GCνaþνa
βG
G
; a¼1;2;…;5: ð5:5Þ

11This is an important difference from the diagrammatic
calculation of [23] which used the proper-time representation
for the full field propagators in (3þ 1)-dimensional spacetime,
and hence the proper-time dimension was −6.

BETA FUNCTIONS OF (3þ 1)-DIMENSIONAL PROJECTABLE … PHYS. REV. D 105, 044009 (2022)

044009-17



Therefore, the potential term β-functions are expressed via
constants Cνa and the β-function of G,

βG ≡ dGren

d ln k�
; ð5:6Þ

which was previously obtained in [23] (see also
Appendix A 1).
Neither βG nor βνa is gauge invariant. It is well-known

that a change of gauge adds to the background effective
action a linear combination of the equations of motion
[51,52]. Such a contribution vanishes on-shell, but not for
our off-shell background. This leads to gauge dependence
of the one-loop effective action and the renormalized
couplings. As shown in Ref. [23], this dependence amounts
to a one-parameter family of transformations which, for an
infinitesimal change of gauge, have the form

G ↦ G − 2G2ϵ; νa ↦ νa − 4Gνaϵ; ð5:7Þ

where ϵ is an infinitesimal parameter.
We can now construct combinations that are invariant

under these transformations and whose β-functions, there-
fore, must be gauge invariant. In this way we arrive at the
set of essential couplings (1.12). Their running is easily
obtained from βνa , βG, and βλ [see Eq. (1.13)]:

βG ¼ G
�
βG
G

−
1

2

βν5
ν5

�
; ð5:8aÞ

βva ¼
1

ν5

�
βνa − νa

βν5
ν5

�
; a ¼ 1; 2; 3; ð5:8bÞ

βus ¼
usβλ

ð1 − λÞð1 − 3λÞ þ
4ð1 − λÞβv4
ð1 − 3λÞus

; ð5:8cÞ

where v4 ¼ ν4=ν5 and its β-function is defined in the same
way as in (5.8b) at a ¼ 4. This leads us to our main results,
Eqs. (1.15), (1.16), and (A4)–(A8).
We have calculated βG in three different gauges a;b; c

and βus , βva , a ¼ 1; 2; 3 in four gauges a;b; c;d from
Sec. III A. We have found identical results. All steps of the
calculation were performed by two independent codes—
one for gauges a;b and one for gauges c;d. Notice that
though the final results agree, the intermediate expressions
differ significantly in different gauges. In particular, the
coupling-dependent coefficients in the square-root operator
QD (which contains a few thousands of distinct tensor
structures) are dramatically different in gauges a;b and
c;d. In general, they are rational functions with the
denominator being a product of combinations ðuα þ uβÞ,
where uα, α ¼ T; V; S1; S2, are the eigenvalues of the
principal symbolQDðpÞ defined in Eq. (3.23). This follows
from the formula for the solution of the Sylvester equa-
tion (3.40) used at each iteration of the perturbative

procedure to construct QD. In the gauges a;b the eigen-
values corresponding to the gauge modes coincide with
those of the physical modes, so that in the denominator of
the coefficients we get only the powers of us and ð1þ usÞ.
On the other hand, in gauges c and d the gauge eigenvalues
are different and we obtain multiple extra factors uV ,
ð1þ uVÞ, uS2, ð1þ uS2Þ, etc. All these extra factors cancel
in the essential β-functions, which provide a very powerful
check of the correctness and consistency of our result.
Finally, let us make the following comment. Once the

gauge invariance of the essential β-functions has been
explicitly checked, we can invert the logic and derive the
coefficients Cνa in the one-loop effective action for arbi-
trary values of the gauge parameters σ and ξ. Indeed,
the gauge invariance of the β-functions for the ratios
va ¼ νa=ν5, a ¼ 1; 2; 3; 4, implies that gauge-dependent
parts of the coefficients Cνa in the one-loop effective action
are proportional to the couplings νa themselves with a
common proportionality factor,

Cgauge
νa ¼ νaΞðλ; fνg; σ; ξÞ; a ¼ 1;…; 5: ð5:9Þ

Adding to this the invariance of the β-function for the
essential coupling G, one derives the gauge-dependent parts
of the β-functions for G and νa,

βgaugeG ¼ −4G2Ξ; βgaugeνa ¼ −8GνaΞ: ð5:10Þ

The function Ξ can be fixed by a calculation of the effective
action on a simple special background that can be carried
out in a general ðσ; ξÞ-gauge. This task is performed in the
next section and yields a remarkably simple result [see
Eq. (6.35)]. In the Supplemental Material [43] we provide
a Mathematica file with the coefficients Cνa in arbitrary
ðσ; ξÞ-gauge, obtained by adding the gauge-dependent
piece (5.9) to our explicit results in gauges a;b; c;d.

VI. ADDITIONAL CHECK: EFFECTIVE
ACTION ON R1 × S3

The complexity of our calculation for the full set of beta
functions imposes the necessity of its efficient verification.
It is based on the UFT method of [27–29] which, despite its
power, is not commonly used in the literature and therefore
requires detailed validation and caution. While the gauge
independence of the essential β-functions discussed above
already provides a strong argument in favor of the validity
of our approach, we perform one more check using an
alternative calculational scheme. Namely, we compute the
divergence of the one-loop effective action of projectable
HG on a static background with spherical spatial slices
using spectral decomposition for the differential operators
D and B entering the potential part of the action. The traces
of their square roots are found by means of spectral
summation, for which we use two different regulariza-
tions—the dimensional and the ζ-functional one. Due to the

BARVINSKY, KUROV, and SIBIRYAKOV PHYS. REV. D 105, 044009 (2022)

044009-18



simplicity of the background, this calculation can be carried
out in an arbitrary ðσ; ξÞ-gauge introduced in Sec. II A.
As a by-product, it fixes the function Ξ from Eq. (5.9), and
hence allows us to completely determine the dependence of
the coefficients Cνa in Eq. (5.1) on the gauge choice. As
another by-product, we derive the logarithmic dependence
of the renormalized partition function of HG on R1 × S3 on
the radius of the sphere.
Consider a static spacetime with spherical three-

dimensional slices of inverse square radius κ. We have

Rij ¼ 2κgij; R ¼ 6κ: ð6:1Þ

On this background, the general expression (5.1) for the
divergent part of the effective action reduces to

Γ1−loopjdiv
R1×S3

¼ lnL2
X3
a¼1

Cνa

Z
dτIa; ð6:2Þ

where Ia are the following three nonvanishing invariants:

I1 ¼
Z

d3x
ffiffiffi
g
p

R3jS3 ¼ 9 × 48π2κ3=2; ð6:3aÞ

I2 ¼
Z

d3x
ffiffiffi
g
p

RRijRijjS3 ¼ 3 × 48π2κ3=2; ð6:3bÞ

I3 ¼
Z

d3x
ffiffiffi
g
p

Ri
jR

j
kR

k
i jS3 ¼ 48π2κ3=2: ð6:3cÞ

Therefore, an independent calculation of this divergent
part of Γ1−loop on R1 × S3 provides a check of the linear
combination 9Cν1 þ 3Cν2 þ Cν3 . Notice that this combina-
tion is gauge-dependent, so the comparison between the
general result and the calculation on the sphere must be
performed in the same gauge.

A. Tensor and vector operators on S3

Our starting point is the formula (3.4) for the one-loop
effective action. On the homogeneous space—a sphere
S3—the tensor and vector operators can be explicitly
diagonalized, and the functional traces of their square
roots can be represented as spectral sums of square roots
of their eigenvalues. Then the UV divergences can be
obtained under appropriate (dimensional or ζ-functional)
regularization of these spectral sums.
Diagonalization of the tensor operator takes place in the

complete orthonormal basis of tensor harmonics HAðnÞ
ij

which we present, for the sake of dimensional regulariza-
tion, on the d-dimensional sphere Sd. Here A ¼ t; v; s1; s2
is the helicity index running over tensor, vector, and two
scalar polarizations contained in the metric, whereas (n)
enumerates all other quantum numbers at the level n. In the
basis of these harmonics,

hijðxÞ ¼
X
A;ðnÞ

hAðnÞH
AðnÞ
ij ðxÞ; ð6:4Þ

the operator D, takes the following block-diagonal form:

DjS3 ¼

26664
Dt 0 0 0

0 Dv 0 0

0 0 A11 A12

0 0 A21 A22

37775≡ diag½Dt;Dv;Ds�: ð6:5Þ

The harmonics which provide this property can in their turn
be expressed in terms of complete and orthonormal sets

of transverse-traceless tensor hTTðnÞij ðxÞ, transverse vector

ξðnÞi ðxÞ, and scalar ϕðnÞðxÞ eigenfunctions of the covariant
Laplacian Δ ¼ gij∇i∇j (see Appendix D for details),

HtðnÞ
ij ðxÞ ¼ hTTðnÞij ðxÞ; n ≥ 2; ð6:6aÞ

HvðnÞ
ij ðxÞ ¼ 2∇ði 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð−Δ − 1
d RÞ

q ξðnÞjÞ ðxÞ; n ≥ 2; ð6:6bÞ

Hs1ðnÞ
ij ðxÞ¼

�
∇i∇j−

1

d
gijΔ

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d−1
d ð−ΔÞ2−1

dRð−ΔÞ
q ϕðnÞðxÞ;

n≥2; ð6:6cÞ

Hs2ðnÞ
ij ðxÞ ¼ 1ffiffiffi

d
p gijϕðnÞðxÞ; n ≥ 0: ð6:6dÞ

We will denote their relevant eigenvalues as Δt
n, Δv

n,
and Δs

n and write their orthonormality conditions in
the form

ΔhTTðnÞij ðxÞ ¼ Δt
nh

TTðnÞ
ij ðxÞ;Z

ddx
ffiffiffi
g
p

hTTðnÞij ðxÞhijTTðmÞðxÞ ¼ δðnÞðmÞ; ð6:7aÞ

ΔξðnÞi ðxÞ ¼ Δv
nξ
ðnÞ
i ðxÞ;

Z
ddx

ffiffiffi
g
p

ξðnÞi ðxÞξiðmÞðxÞ ¼ δðnÞðmÞ;

ð6:7bÞ

ΔϕðnÞðxÞ¼Δs
nϕ
ðnÞðxÞ;

Z
ddx

ffiffiffi
g
p

ϕðnÞðxÞϕðmÞðxÞ¼ δðnÞðmÞ:

ð6:7cÞ

Integer quantum numbers (n) enumerating these eigen-
functions are of course different for tensor, vector, and
scalar modes, but we will not introduce for them different
notations, for in what follows wewill need for each (n) only
the eigenvalue Δn and its degeneracy Dn—the dimension-
ality of eigenvalue subspace. In generic dimension d, which
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we need for the sake of dimensional regularization, they
read on the sphere of unit radius [53–56]

−Δs
n ¼ nðnþ d − 1Þ;

Ds
n ¼
ð2nþ d − 1Þðnþ d − 2Þ!

n!ðd − 1Þ! ; n ≥ 0; ð6:8aÞ

−Δv
n ¼ nðnþ d − 1Þ − 1;

Dv
n ¼

nðnþ d − 1Þð2nþ d − 1Þðnþ d − 3Þ!
ðd − 2Þ!ðnþ 1Þ! ; n ≥ 1;

ð6:8bÞ
−Δt

n¼nðnþd−1Þ−2;

Dt
n¼
ðdþ1Þðd−2ÞðnþdÞðn−1Þð2nþd−1Þðnþd−3Þ!

2ðd−1Þ!ðnþ1Þ! ;

n≥2: ð6:8cÞ
In three dimensions the above complicated expressions

for degeneracies simplify to

Ds
n¼ðnþ1Þ2; Dv

n¼2nðnþ2Þ; Dt
n¼2ðn−1Þðnþ3Þ:

ð6:9Þ
The blocks of the matrix (6.5) for the nth level have the

form of the functions of Δn times the relevantDn ×Dn unit

matrices δðmÞðnÞ ,

DtðnÞδðmÞðnÞ ¼
Z

ddx
ffiffiffi
g
p

Hij
tðnÞðxÞDij

klHtðmÞ
kl ðxÞ; ð6:10aÞ

DvðnÞδðmÞðnÞ ¼
Z

ddx
ffiffiffi
g
p

Hij
vðnÞðxÞDij

klHvðmÞ
kl ðxÞ; ð6:10bÞ

AabðnÞδðmÞðnÞ ¼
Z

ddx
ffiffiffi
g
p

Hij
sa;ðnÞðxÞDij

klHsb;ðmÞ
kl ðxÞ;

a ¼ 1; 2; b ¼ 1; 2: ð6:10cÞ

They are calculated using the mode normalization and
relations (D2) and (D3) of Appendix D. Their expressions,
which are too lengthy to be presented explicitly, schemati-
cally read

DtðnÞ ¼ κ3Tð3Þð−Δt
nÞ; ð6:11aÞ

DvðnÞ ¼ κ3Vð3Þð−Δv
nÞ; ð6:11bÞ

A11ðnÞ ¼ κ3
Sð5Þð−Δs

nÞ
ðΔs

nÞ2 þ dΔs
n
;

A12ðnÞ ¼ A21ðnÞ ¼ κ3
Sð4Þð−Δs

nÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔs

nÞ2 þ dΔs
n

p ;

A22ðnÞ ¼ κ3Sð3Þð−Δs
nÞ; ð6:11cÞ

where TðqÞ, VðqÞ, SðqÞ, q ¼ 3; 4; 5, are polynomials of qth
order in their argument, and the denominators in A11ðnÞ,
A12ðnÞ, and A21ðnÞ follow from the normalization factor in
(6.6c). Cancellation of similar denominators in (6.11b)
occurs due to Eqs. (D6) and (D2) of Appendix D.
The total 2 × 2 scalar block of the operator (6.5),

Ds ¼ Ds;ab, is still not diagonal, but in each nth eigenvalue
subspace it can be diagonalized in the basis of finite-
dimensional matrix eigenvectors ϒðnÞ ¼ ϒaðbÞðnÞ and

ϒ†ðnÞ ¼ ϒ†
ðbÞaðnÞ, ðbÞ ¼ �, a ¼ 1; 2,

AðnÞ ¼ ϒðnÞ
�ΛþðnÞ 0

0 Λ−ðnÞ

�
ϒ†ðnÞ; ϒ†ðnÞϒðnÞ≡X

c

ϒ†
ðaÞcðnÞϒcðbÞðnÞ ¼ δðaÞðbÞ; ð6:12Þ

Λ�ðnÞ ¼
1

2

�
A11ðnÞ þ A22ðnÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

11ðnÞ þ A2
22ðnÞ − 2A11ðnÞA22ðnÞ þ 4A12ðnÞA21ðnÞ

q �
: ð6:13Þ

As the result, the operator D becomes diagonal in all of its sectors, and the unregulated spectral sum representation of the
functional trace of its square root, Q ¼ D1=2, takes the form

TrQDjS3 ¼
Z

ddx
ffiffiffi
g
p X

A;ðnÞ
Hkl

AðnÞðxÞð
ffiffiffiffi
D
p
ÞklijHAðnÞ

ij ðxÞ

¼
X∞
n¼2

Dt
n

ffiffiffiffiffiffiffiffiffiffiffiffi
DtðnÞ

p
þ
X∞
n¼2

Dv
n

ffiffiffiffiffiffiffiffiffiffiffiffi
DvðnÞ

p
þ
X∞
n¼2

Ds
n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΛþðnÞ

p
þ
X∞
n¼0

Ds
n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ−ðnÞ

p
: ð6:14Þ

Summation in the tensor, vector, and scalar “þ” sectors starts with n ¼ 2, whereas in the scalar “−” sector it starts from
n ¼ 0, in accordance with the restrictions on n in (6.6).
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The calculation of TrQB on S3 in the ghost and shift sectors proceeds along the same lines, except that we can, in view of
the simplicity of these sectors, explicitly present the expressions for the corresponding operators. In particular, the operator
B defined by Eq. (2.8), when converted to the canonical form, reads on S3 as

Bi
jjS3 ¼

1

2σ
½δijð−ΔÞ3 þ ð1 − 2ð1 − λÞð1þ ξÞÞ∇i∇jð−ΔÞ2 − 2κδijð−ΔÞ2 − 4ð1 − 2λÞξκ∇i∇jð−ΔÞ þ 8λξκ2∇i∇j�: ð6:15Þ

In the basis of transverse and longitudinal vector modes,

cjðxÞ ¼
X
ðnÞ

cTðnÞξ
j
ðnÞðxÞ þ

X
ðnÞ

cLðnÞ∇j 1ffiffiffiffiffiffiffi
−Δ
p ϕðnÞðxÞ; ð6:16Þ

where ξjðnÞ ≡ gjiξðnÞi and ϕðnÞ are orthonormal sets of transverse vector and scalar Laplacian eigenfunctions (6.7b) and (6.7c)

introduced above, this operator similar to (6.5) becomes diagonal B ¼ diag½BT;BL�. Here, as it follows from (6.15),

BT ¼
κ3

2σ
½ð−Δv

nÞ3 − 2ð−Δv
nÞ2�δðnÞðmÞ ≡ BTðnÞδðnÞðmÞ; ð6:17aÞ

BL ¼
κ3

2σ
½2ð1 − λÞð1þ ξÞð−Δs

nÞ3 − 4ðξ − 2λþ 3Þð−Δs
nÞ2 þ 8ð3 − λÞð−Δs

nÞ − 16�≡ BLðnÞδðnÞðmÞ; ð6:17bÞ

and

TrQBjS3 ¼
X∞
n¼1

Dv
n

ffiffiffiffiffiffiffiffiffiffiffiffi
BvðnÞ

p
þ
X∞
n¼1

Ds
n

ffiffiffiffiffiffiffiffiffiffiffiffi
BsðnÞ

p
: ð6:18Þ

The vector modes sum starts with n ¼ 1 because Dv
0 ¼ 0, whereas the scalar modes sum begins with n ¼ 1 because the

expansion (6.16) does not include the zero mode of the scalar Laplacian.

B. Dimensional and ζ-functional regularization of spectral sums

Regularization and extraction of divergences by dimensional regularization consists in the extension of these sums to
space dimensionality d ¼ 3 − ε with ε → 0. In the ζ-functional regularization the square root power of the operator
F ¼ ðD;BÞ is analytically continued to 1=2 − ε0.

Tr
ffiffiffi
F
p
jζ−reg: ¼ Tr F

1
2
−ε0 ; ð6:19Þ

which is provided by the replacement of all square roots in the above formula (6.14) by this power while keeping d ¼ 3.
We identify

ε0 ¼ ε=6; ð6:20Þ

as implied by the dimensionality of the operator.12 One can show then that the resulting divergent parts of the trace—the
pole terms in ε—coincide in both regularizations. Below we demonstrate this on the example of the tensor sector.
For the dimensionality d ¼ 3 − ε the multiplicity of the nth eigenvalue in the transverse-traceless tensor sector has for

large n ≫ 1 the following form:

Dt
n ¼
ðdþ 1Þðd − 2Þðnþ dÞðn − 1Þð2nþ d − 1Þðnþ d − 3Þ!

2ðd − 1Þ!ðnþ 1Þ! ¼ 2n2−ε
�
1þ 2

n
−

3

n2
þOðεÞ

�
; ð6:21Þ

where we used that

12Indeed, in both dimensional and ζ-regularizations one has to introduce a dimensionful parameter k� to keep the dimension of the
operator trace equal to three. Equating the powers of this parameter in the two cases, we obtain the relation (6.20).
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Γðnþ 1 − εÞ
Γðnþ 1Þ ¼ n−εð1þOðεÞÞ; n → ∞: ð6:22Þ

This yields

Tr
ffiffiffiffiffi
Dt

p
jdim :reg: ¼ κ3=2

X∞
n¼2

Dt
nfTð3Þðnðnþ d − 1Þ − 2Þg1=2 ¼

X∞
n¼2

n5−εGt

�
1

n
; ε

�
: ð6:23Þ

Here we have explicitly disentangled the fractional power of the growing factor n5−ε as the coefficient of the function
Gtð1n ; εÞ which is regular at n → ∞,

Gt

�
1

n
; ε

�
¼ 2κ3=2

�
1þ 2

n
−

3

n2

��
1

n6
Tð3Þðn2 þ 2n − 2Þ

�
1=2
þOðεÞ ð6:24Þ

[remember that Tð3Þðn2 þ 2n − 2Þ is six order polynomial in n].
The divergent pole in ε of this series can be extracted using the Abel-Plana formula which expresses a discrete seriesP
n fðnÞ in terms of the sum of the integral along the real axes of n and the integral of fðzÞ on the imaginary axis,

X∞
n¼0

fðnÞ ¼
Z

∞

0

dzfðzÞ þ 1

2
fð0Þ þ i

Z
∞

0

dz
fðizÞ − fð−izÞ
expð2πzÞ − 1

: ð6:25Þ

With fðnÞ ¼ ðnþ 2Þ5−εGtð1=ðnþ 2Þ; εÞ the latter integral is convergent being exponentially damped at infinity, while the
divergence of the integral over the real axes at n → ∞ can be isolated by changing the integration variable, nþ 2 ¼ 1=y,
and integrating the needed number of times by parts. In the domain of convergence ε > 6 integration by parts does not give
extra terms at y ¼ 0, so that the analytic continuation to ε ¼ 0 yields UV divergences as a pole term

Tr
ffiffiffiffiffi
Dt

p
jdivdim :reg: ¼

Z
∞

2

dnn5−εGt

�
1

n
; ε

�
jdiv ¼

Z
1=2

0

dy
y7−ε

Gtðy; εÞjdiv

¼ 1

ε − 6

1

ε − 5
� � � 1

ε − 1

1

ε

Z
1=2

0

dyyε
d6Gtðy; εÞ

dy6
jdiv ¼ 1

6!ε

d6Gtðy; 0Þ
dy6

jy¼0: ð6:26Þ

This result agrees with the zeta-function regularization. Indeed, we have

Tr
ffiffiffiffiffi
Dt

p
jζ−reg: ¼ κ3=2−ε

X∞
n¼2

2ðn − 1Þðnþ 3ÞfTð3Þðnðnþ 2Þ − 2Þg12−ε
6 ¼

X∞
n¼2

n5−εFt

�
1

n
; ε

�
; ð6:27Þ

where Ftð1n ; εÞ is a function different from Gtð1n ; εÞ, but coinciding with it at ε ¼ 0, Ftð1n ; 0Þ ¼ Gtð1n ; 0Þ. Then, by
expanding this function in Taylor series in 1=n, one acquires a series of Riemannian zeta functions

Tr
ffiffiffiffiffi
Dt

p
jdivζ−reg: ¼

X∞
n¼2

n5−ε
X∞
m¼0

1

m!
FðmÞt ð0; εÞ

1

nm
jdiv

¼
X∞
m¼0

1

m!
FðmÞt ð0; εÞζRðmþ ε − 5Þjdiv ¼ 1

6!ε

d6Ftðy; 0Þ
dy6

jy¼0; ð6:28Þ

which coincides with (6.26). Here we used the fact that Riemann zeta-function ζRðzÞ has a simple pole only at z ¼ 1 with
unit residue.
Analogous to the formula (6.23) we regularize the vector and scalar traces

Tr
ffiffiffiffiffiffi
Dv

p
¼

X∞
n¼2

n5−εGv

�
1

n
; ε

�
; Tr

ffiffiffiffiffiffi
Ds

p
¼

X∞
n¼2

n5−εGþ

�
1

n
; ε

�
þ
X∞
n¼0

n5−εG−

�
1

n
; ε

�
: ð6:29Þ

Then the total divergence reads
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TrQjdivS3 ¼
1

6!ε

d6

dy6
½Gtðy; 0Þ þGvðy; 0Þ þ Gþðy; 0Þ þG−ðy; 0Þ�jy¼0: ð6:30Þ

Full expressions for functions Gtðy; 0Þ, Gvðy; 0Þ, G�ðy; 0Þ can be obtained for an arbitrary gauge in the two-parameter
family of Sec. II A, but are too lengthy to be presented here. TheMathematica code to calculate them can be found at [50].
The same procedure applies to the regularization of the trace of the vector operator square roots. The simplicity of this

sector allows us to present the final result,

TrQBjdivS3
¼ κ3=2

ε

ffiffiffiffiffi
ν5
p �

−4uV −
ð3 − λÞ2ð1þ λÞuS2

16ð1 − λÞ3 þ ð5 − 6λþ 5λ2Þu2V
2ð1 − λÞuS2

þ 4ð1 − λÞð5 − 3λÞu4V
u3S2

−
32ð1 − λÞ3u6V

u5S2

�
; ð6:31Þ

where uV and uS2 have been defined in Eq. (3.23). Combining this result with the tensor contribution, we finally find the
divergent part of the one-loop effective action on the static spacetime with spherical 3-space in an arbitrary ðσ; ξÞ-gauge,

Γ1−loopjdiv
R1×S3

¼
Z

dτ
κ3=2

ε
Pðλ; us; v1; v2; v3; σ; ξÞ; ð6:32aÞ

Pðλ; us; v1; v2; v3; σ; ξÞ ¼
ffiffiffiffiffi
ν5
p

32ð1 − λÞ3ð1 − 3λÞ3u5s
fð1 − λÞ6ð144v1 þ 50v2 þ 18v3 − 1Þ3

þ 2u2sð1 − λÞ4ð1 − 3λÞð144v1 þ 50v2 þ 18v3 − 1Þ½72v1ðλþ 1Þ
þ 2v2ð17λþ 8Þ þ 18v3λ − 5λþ 4�
þ 4u4sð1 − λÞ2ð1 − 3λÞ2½72v1ð16λ2 − 9λ − 3Þ þ 2v2ð200λ2 − 120λ − 33Þ
þ 6v3ð24λ2 − 16λ − 3Þ − 8λ2 þ 12λ − 3�
þ 6u5sð1 − λÞ3ð1 − 3λÞ3½12ðv2 þ v3Þðv2ð6v2 þ 25Þ þ 3v3ð4v2 þ 3Þ þ 6v23Þ
þ 432v1ð2v2 þ 2v3 þ 3Þ þ 430v2 þ 142v3 − 11� þ 8u6sð1 − 3λÞ3λð4λ2 − 8λþ 3Þg

þ 3ν5ð9v1 þ 3v2 þ v3Þ
�
4

ffiffiffiffiffi
2σ
p

þ 1

ð1 − λÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ

ð1 − λÞð1þ ξÞ
r �

: ð6:32bÞ

Note that the R1 × S3 background for a generic radius
κ−1=2 of the 3-sphere is not a solution of equations of
motion, so that this divergent part of the effective action is
off-shell and, therefore, is gauge dependent. Equations of
motion on static R1 × S3 imply that the derivative of the
action with respect to κ should vanish and hold only at flat
space geometry, κ ¼ 0, of infinitely large 3-sphere. The
gauge dependence is described by the last term in (6.32b)
and is remarkably simple.
In comparing this expression to our previous results, we

need the relation between 1=ε and the divergent logarithm
lnL2, Eq. (5.2). In dimensional regularization the latter is
regularized as Z

ds2
s2

↦ kε�

Z
ds2

sð1−ε=2Þ2

≃
2

ε
; ð6:33Þ

where k� is a parameter with units of momentum to keep
the expression dimensionless (cf. footnote 12). This gives
lnL2 ¼ 2=ε. Comparing with Eqs. (6.2) and (6.3), we find

96π2κ3=2ð9Cν1þ3Cν2þCν3Þ¼ κ3=2Pðλ;us;v1;v2;v3;σ;ξÞ:
ð6:34Þ

We have checked that this equality is indeed satisfied in the
four gauges a, b, c, d. This accomplishes the verification of
our results on the static homogeneous spacetime.
As a corollary we obtain the expression for the function

Ξ introduced in Eq. (5.9) which parametrizes the gauge
dependence of the divergent coefficients in the effective
action,

Ξ ¼ 1

32π2

�
4

ffiffiffiffiffi
2σ
p

þ 1

ð1 − λÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ

ð1 − λÞð1þ ξÞ
r �

: ð6:35Þ

Its knowledge allows us to generalize our expressions for
Cνa , a ¼ 1;…; 5, to arbitrary ðσ; ξÞ-gauge. The result is
contained in the form of the Mathematica file in the
Supplemental Material [43].
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The final remark here is that the knowledge of the
logarithmic divergences (6.32) allows one to extract the
logarithmic dependence of the finite part of the effective
action on the radius if the sphere κ−1=2. This is easily seen
within the ζ-functional regularization in which the overall
scale of operators F ¼ ðD;BÞ ∝ κ3 is raised to the frac-
tional power in (6.19) and gives

1

ε
κ
3
2
−ε
2 ¼ κ

3
2

�
1

ε
−
1

2
ln

κ

k2�

�
; ð6:36Þ

where k� is a normalization scale of the ζ-function
regularization. This leads to the expression for the full
effective action as a function of κ,

Γ1−loopjR1×S3

¼
Z

dτ

�
κ3=2

ε
−
κ3=2

2
ln

κ

k2�

�
Pðλ; us; v1; v2; v3; σ; ξÞ

þ
Z

dτκ3=2Qðλ; us; v1; v2; v3; σ; ξÞ; ð6:37Þ

where the logarithmic term plays the role of the Coleman-
Weinberg effective potential on the metric background
of size κ−1=2. In contrast to the logarithmic contribution,
the second term is not controlled by the UV divergent
coefficient and, contrary to the case of single-charge
models, cannot be absorbed into the redefinition of the
normalization k�, because it carries a nontrivial dependence
on multiple couplings.

VII. DISCUSSION

In this paper we have obtained the full set of one-loop
β-functions for marginal essential coupling constants in
projectable HG. The results underwent a number of very
powerful checks that confirm gauge independence of these
beta functions in a wide set of gauge conditions—the
cornerstone of the physically invariant content of quantum
gauge theories. These checks also provide a very deep
verification and show high efficiency of the method of
universal functional traces which replaces within the back-
ground field approach the standard Feynman diagrammatic
technique. This method implicitly performs the summation
of a humongous number of Feynman graphs and leads to a
final result hardly achievable by standard momentum space
methods in flat spacetime. As a by-product of our calcu-
lation we derived an expression for the divergence of the
one-loop effective action of HG on static background in a
two-parameter family of gauges.
The complexity of the expressions (1.15) for the

β-functions with the polynomials Pχ
n collected in

Eqs. (A4)–(A8) is high, and we postpone a comprehensive
analysis of the resulting RG flow for the future. At this
point, we content ourselves with a few preliminary
observations.

Clearly, the β-functions (1.15) are in general singular at
λ → 1=3, λ → 1, or us → 0.13 This is not surprising, since
the two first limits correspond to the boundaries of the
unitarity domain (1.9), whereas in the last limit the
dispersion relation of the scalar mode becomes degenerate
[see Eq. (1.10b)]. Remarkably, however, for a special
choice of the values

fv�g∶v1 ¼ 1=2; v2 ¼ −5=2; v3 ¼ 3 ð7:1Þ

the limit us → 0 of the β-functions (1.15) becomes regular
for any λ in the unitary domain:

βva jfv�g;us→0 ¼ 0; a ¼ 1; 2; 3; ð7:2aÞ

βus jfv�g;us→0 ¼
1893λ2 − 6720λþ 4576

6720π2ð1 − λÞð1 − 3λÞ G; ð7:2bÞ

βGjfv�g;us→0 ¼ −
159

80π2
G2: ð7:2cÞ

The point fv�g; us → 0 is special since it corresponds to
the version of HG, in which the potential term is a square of
the Cotton tensor Cij,

S ¼ 1

2G

Z
dτ d3x

ffiffiffi
γ
p ðKijKij − λK2 þ ν5CijCijÞ

¼ 2

G

Z
dτ d3x

ffiffiffi
γ
p ðKij þ ffiffiffiffiffi

ν5
p

CijÞGij;klðKkl þ ffiffiffiffiffi
ν5
p

CklÞ;

ð7:3Þ

Cij ¼ εikl∇k

�
Rj
l −

1

4
Rδjl

�
¼ εklði∇kR

jÞ
l ; ð7:4Þ

where εikl ¼ ϵikl=
ffiffiffi
g
p

, ϵ123 ¼ 1. In the second equality in
(7.3) we used the tracelessness of the Cotton tensor and
integration by parts.
This version of HG was originally suggested in [1] and

its quantum properties were studied in [57]. It is known as
HG with detailed balance and is interesting because the
Cotton tensor can be rewritten as a variational derivative of
the three-dimensional gravitational Chern-Simons theory,

Cij ¼ −
1ffiffiffi
g
p δWCS½g�

δgijðxÞ
; ð7:5Þ

WCS½g� ¼
1

2

Z
d3xϵijk

�
Γm
il∂jΓl

km þ
2

3
Γn
ilΓl

jmΓm
kn

�
; ð7:6Þ

defined in terms of the metric Christoffel symbol as a
functional of gij. Further, there exists a deformation of the

13We do not consider the singularity at us ¼ −1, because us is
assumed to be positive by construction [see Eq. (1.12)].
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action (7.3) by relevant operators which preserves the
detailed balance structure and is related to the topological
massive gravity [58–60]. The detailed balance relation
between d and (dþ 1)-dimensional theories appears in
the context of stochastic quantization [61,62] and estab-
lishes a nontrivial connection between the renormalization
properties of the two theories [63]. In our case this suggests
an intriguing connection between the (3þ 1)-dimensional
projectable HG and the three-dimensional gravitational
Chern-Simons/topological massive gravity [57].
It is important to emphasize, however, that the point
fv�g; us → 0 is not a fully regular point of the RG flow
in HG, because the β-function (1.13) of the remaining
essential coupling λ diverges in this limit,

βλjfv�g;us→0 ∼
9

40π2
1 − λ

us
G: ð7:7Þ

Thus, the physical significance of the result (7.2) is unclear
at the moment. It will be interesting to understand if the
inclusion of fermionic degrees of freedom appearing in
the stochastic quantization framework [57] can change the
picture.
An important question is the existence and nature of

fixed points of the RG flow. As already observed, the
dependence of the β-functions on the coupling G factorizes.
This coupling determines the overall strength of inter-
actions in HG and must be small for the validity of the
perturbative expansion. Its UV behavior determines
whether the model is asymptotically free (G → 0) or has
a Landau pole (G → ∞). On the other hand, the rest of the
couplings λ, us, va are ratios of the coefficients in the action
and need not be small. The search for fixed points of the RG
flow thus splits into two steps. One first identifies the fixed
points of the flow in the subspace of the couplings λ, us, va
by solving the system,

βλ=G ¼ 0; ð7:8aÞ

βχ=G ¼ 0; χ ¼ us; v1; v2; v3: ð7:8bÞ

In the full parameter space, these solutions correspond to
flow lines along the G-direction. One then evaluates βG at a
given solution, whose sign determines whether the flow
line goes to a Gaussian fixed point or a Landau pole.

Omitting the denominators in the expressions (1.13) and
(1.15b), the system (7.8) becomes a system of five poly-
nomial equations for five unknowns λ, us, va, a ¼ 1; 2; 3.
We have studied it numerically with the following results:

(i) We have found no solutions in the right part of
the unitary domain, λ > 1. In this respect (3þ 1)-
dimensional HG appears to be different from its
(2þ 1)-dimensional counterpart, which possesses
an asymptotically free fixed point at λ ¼ 15=14 [21].

(ii) In the left part of the unitary domain, λ < 1=3, we
found four solutions summarized in Table I. All
these fixed points turn out to be asymptotically free.
Note that the two last points correspond to very
large values of v1 and their validity requires further
investigation. As discussed in [23], the fixed points
at λ < 1=3 are UV repulsive along the λ-direction.
We indicate this in the last column of Table I. We do
not know if these fixed points are attractive or not
along the other directions.

It is worth stressing that the results above should be taken
with a grain of salt. Currently we do not have a firm proof
of the absence of fixed points at λ > 1, nor do we claim that
the list of fixed points at λ < 1=3 in Table I is exhaustive.
It was conjectured in [64] that the UV fixed points of HG

can lie at infinite λ and that the limit λ → ∞ is well-defined.
We find that all β-functions (1.15) are finite at λ → ∞,
whereas βλ is proportional to λ,14

βλ ¼ −
3ð3 − 2usÞ
40π2us

λG; λ → ∞: ð7:9Þ

This behavior is compatible with the conjecture of [64].
Notice that the point λ ¼ ∞ is UVattractive (repulsive) for
us > 3=2 (us < 3=2). To identify fixed points of the RG
flow at λ ¼ ∞, we looked for solutions of the system

βχ=Gjλ¼∞ ¼ 0; χ ¼ us; v1; v2; v3: ð7:10Þ

We have found eight solutions listed in Table II. Three
among them are UV attractive along the λ-direction and
correspond to asymptotically free fixed points. Clearly, the

TABLE I. Solutions of the system (7.8). The sixth column gives the value of the β-function for G at the respective
solution and the seventh column indicates whether it corresponds to an asymptotically free fixed point. The eighth
column tells if the fixed point is UV attractive along the λ-direction.

λ us v1 v2 v3 βG=G2 Asymptotically free? UV attractive along λ?

0.1787 60.57 −928.4 −6.206 −1.711 −0.1416 Yes No
0.2773 390.6 −19.88 −12.45 2.341 −0.2180 Yes No
0.3288 54533 3.798 × 108 −48.66 4.736 −0.8484 Yes No
0.3289 57317 −4.125 × 108 −49.17 4.734 −0.8784 Yes No

14The directionality of the limit is not important: the resulting
expressions for the β-functions are the same at λ ¼ �∞.
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structure of the RG flow around these points deserves
further investigation. More generally, this strongly moti-
vates a detailed study of the λ → ∞ limit of HG. It is worth
mentioning that a similar limit naturally arises in con-
nection with nonrelativistic gravity to Perelman-Ricci
flows [65].
Let us stress again that presently we do not know if

Table II is exhaustive. We plan to return to a systematic
classification of fixed points of HG and its RG flow in our
future work.
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APPENDIX A: EXPLICIT EXPRESSIONS

1. Beta-function of G

The coupling G of HG is not essential; i.e., it is not
defined using the on-shell quantities. Hence its β-function
depends on the gauge choice. Reference [23] obtained this
β-function for the (3þ 1)-dimensional projectable model in
a subset of the two-parameter family of regular gauges
described in Sec. II A. The results are as follows:

(i) σ-arbitrary, ξ ¼ − 1−2λ
2ð1−λÞ

βG ¼ ffiffiffiffiffi
ν5
p G2

40π2ð1 − λÞð1 − 3λÞð1þ usÞus
½−27þ 74λ − 57λ2 − usð5ð1 − 3λÞð5 − 4λÞ

ffiffiffiffiffiffiffiffiffiffi
2σν5

p
þ 53 − 142λþ 99λ2Þ

− u2sð1 − 3λÞð5ð5 − 4λÞ
ffiffiffiffiffiffiffiffiffiffi
2σν5

p
þ 18 − 14λÞ�; ðA1Þ

(ii) σ ¼ 1
2ν5
, ξ ¼ νs

2ν5ð1−λÞ − 1

βG ¼ −
ffiffiffiffiffi
ν5
p G2

40π2ð1 − λÞð1 − 3λÞð1þ usÞus
½32 − 89λþ 57λ2 þ 3usð26 − 79λþ 53λ2Þ þ 2u2sð19 − 74λþ 51λ2Þ�;

ðA2Þ

(iii) σ ¼ 1
2νs
, ξ ¼ ν5

2νsð1−λÞ − 1

βG ¼ −
ffiffiffiffiffi
ν5
p G2

40π2ð1 − λÞð1 − 3λÞð1þ usÞus
½47 − 154λþ 117λ2 þ 3usð26 − 79λþ 53λ2Þ þ u2sð23 − 83λþ 42λ2Þ�:

ðA3Þ

TABLE II. Solutions of the system (7.10) corresponding to fixed points of Hořava gravity at λ ¼ ∞. The fourth
column lists the value of the β-function for the coupling G at each solution, whose sign determines whether the flow
is asymptotically free or runs into strong coupling, as indicated in the fifth column. The last column tells if the point
is UV attractive along the λ-direction in the space of all couplings.

us v1 v2 v3 βG=G2 Asymptotically free? UV attractive along λ?

0.01950 0.4994 −2.498 2.999 −0.2004 Yes No
0.04180 −0.01237 −0.4204 1.321 −1.144 Yes No
0.05530 −0.2266 0.4136 0.7177 −1.079 Yes No
12.28 −215.1 −6.007 −2.210 −0.1267 Yes Yes
21.60 −17.22 −11.43 1.855 −0.1936 Yes Yes
440.4 −13566 −2.467 2.967 0.05822 No Yes
571.9 −9.401 13.50 −18.25 −0.07454 Yes Yes
950.6 −61.35 11.86 3.064 0.4237 No Yes
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This set of gauges overlaps with the gauges used in the present work. Thus, the gauge (ii) coincides with the gauge (a),
Eq. (3.25), whereas the gauge (i) reduces to the gauges (b) and (d) for the appropriate choices of σ [see Eqs. (3.27) and
(3.31)]. The expressions (A1) and (A2) are used in Sec. V to derive the β-function of the essential coupling G.

2. Polynomials in the β-functions of essential couplings

In this Appendix we collect the expressions for the polynomials appearing in Eqs. (1.15). For the β-function of the
coupling G the polynomials read,

PG
0 ¼ ð1 − λÞ4ð1809v23 þ 832v22 þ 16v2ð159v3 − 217Þ − 4494v3 þ 2401Þ; ðA4aÞ

PG
1 ¼ 3PG

0 ; ðA4bÞ

PG
2 ¼ −ð1 − λÞ2½3ð15779λ2 − 20362λþ 3967Þ þ 64v22ð81λ2 − 82λþ 1Þ
þ 27v23ð279λ2 − 238λ − 41Þ − 6v3ð8823λ2 − 10620λþ 1561Þ
þ 16v2ðv3ð675λ2 − 582λ − 93Þ − 2307λ2 þ 2732λ − 365Þ�; ðA4cÞ

PG
3 ¼ ð1 − λÞ2½27v23ð961λ2 − 1434λþ 401Þ þ 64v22ð1717λ2 − 2298λþ 581Þ
þ 16v2ð19409λ2 − 26004λþ 6415þ 3v3ð2741λ2 − 3690λþ 949ÞÞ
þ 6v3ð39331λ2 − 58728λþ 14873Þ − 345977λ2 þ 276750λ − 52741�; ðA4dÞ

PG
4 ¼ 2ð1 − 3λÞf138545λ3 − 328263λ2 − 5888ð1 − λÞ3v22

− ð1 − λÞ2½16v2ð3119λþ 840v3ð1 − λÞ − 2396Þ
− 3v3ð9v3ð353λ − 299Þ − 5012λþ 8210Þ� þ 239597λ − 49947g; ðA4eÞ

PG
5 ¼ 2ð1 − 3λÞf159709λ3 − 378471λ2 þ ð1 − λÞ2½16v2ð1243λ − 412Þ

− 3v3ð243v3ð1 − 3λÞ − 13280λþ 4366Þ� þ 273933λ − 55375g; ðA4fÞ

PG
6 ¼ −6ð1 − 3λÞ2ð8465λ2 − 16310λþ 3ð1 − λÞ2v3ð254þ 27v3Þ þ 7811Þ; ðA4gÞ

PG
7 ¼ 4ð1 − 3λÞ2ð48λ2 − 38λþ 7Þ: ðA4hÞ

Polynomials in the β-function of us are the following:

Pus
0 ¼ −3ð1 − λÞ5½537600v21 þ 78992v22 þ 14205v23 þ 2688v1ð154v2 þ 67v3 − 16Þ
þ 16v2ð4236v3 − 959Þ − 5838v3 þ 329�; ðA5aÞ

Pus
1 ¼ 3Pus

0 ; ðA5bÞ

Pus
2 ¼ −2ð1 − λÞ3½2419200v21ð1 − λÞ2 þ 8v22ð42645λ2 − 86482λþ 43837Þ
þ v23ð58698 − 106947λþ 48249λ2Þ þ 4032v1ð462v2ð1 − λÞ2 þ 201v3ð1 − λÞ2 þ 30λ2 − 44λ − 10Þ
þ 8v2ð6252λ2 − 9188λ − 1468Þ þ 8v2v3ð34335λ2 − 71196λþ 36861Þ
þ v3ð20556λ2 − 30792λ − 3696Þ þ 4533λ2 − 3881λþ 1448�; ðA5cÞ

Pus
3 ¼ −2ð1 − λÞ3½806400v21ð1 − λÞ2 þ 8v22ð20709λ2 − 32026λþ 14957Þ þ v23ð61686λ2

− 52875λþ 20241Þ þ 4032v1ð98þ 154v2ð1 − λÞ2 þ 67v3ð1 − λÞ2 þ 218λ2 − 388λÞ
þ 8v2ð3v3ð7833λ2 − 9656λþ 4231Þ þ 4ð8658λ2 − 16817λþ 4324ÞÞ
þ v3ð81594λ2 − 189660λþ 50262Þ − 2970λ2 − 1529þ 6235λ�; ðA5dÞ
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Pus
4 ¼ ð1 − λÞð1 − 3λÞ½32v22ð1 − λÞ2ð4081λ − 1191Þ þ v23ð133083λ3 − 303453λ2 þ 207657λ − 37287Þ
þ 48384v1ð1 − λÞ2ð13λ − 19Þ − 16v2ð1 − λÞð7873λ2 − 25922λþ 18109

þ 3v3ð5419λ2 − 6970λþ 1551ÞÞ − v3ð31938λ3 þ 15042λ2 − 127314λþ 80334Þ
þ 10415λ3 þ 11815λ2 − 30239λþ 10017�; ðA5eÞ

Pus
5 ¼ ð1 − λÞð1 − 3λÞ½32v22ð1 − λÞ2ð661λ − 203Þ þ v23ð104787λ3 − 240381λ2 þ 168345λ − 32751Þ
þ 16128v1ð1 − λÞ2ð13λ − 19Þ þ 16v2ð1 − λÞð12761λ2 − 14690λþ 69

− 3v3ð2677λ2 − 3534λþ 857ÞÞ − v3ð178962λ3 − 468990λ2 þ 347070λ − 57042Þ
þ 379967λ3 − 512385λ2 þ 126609λþ 1081�; ðA5fÞ

Pus
6 ¼ −4ð1 − 3λÞ2½6584v22ð1 − λÞ3 − 27v23ð1 − λÞ2ð311λ − 284Þ þ 24v2ð1 − λÞ2ð405λ − 584

þ 581v3ð1 − λÞÞ − 3v3ð1 − λÞ2ð2507λþ 2452Þ − 92671λ3 þ 205653λ2 − 130039λþ 17539�; ðA5gÞ

Pus
7 ¼ −2ð1 − 3λÞ2½ð1 − λÞ2ð729v23ð1 − 3λÞ − 16v2ð3133λ − 1042Þ − 6v3ð11680λ − 3863ÞÞ

− 212947λ3 þ 494301λ2 − 341005λþ 61647�; ðA5hÞ

Pus
8 ¼ −2ð1 − 3λÞ3ðð1 − λÞ2ð243v23 þ 3360v2 þ 5646v3Þ þ 31443λ2 − 61026λþ 29033Þ; ðA5iÞ

Pus
9 ¼ 4ð1 − 3λÞ3ð48λ2 − 38λþ 7Þ: ðA5jÞ

Polynomials in the β-function of v1 are the following:

Pv1
0 ¼ −ð1 − λÞ6½11612160v31 þ 472088v32 þ 241920v21ð50v2 þ 18v3 − 1Þ
þ 12v22ð40758v3 − 427Þ þ 1008v1ð4124v22 þ 4v2ð726v3 − 23Þ þ 6v3ð81v3 þ 4Þ − 31Þ
þ 78v2ð6v3ð345v3 þ 28Þ − 119Þ þ 18v3ð3v3ð318v3 þ 77Þ − 119Þ − 385�; ðA6aÞ

Pv1
1 ¼ 3Pv1

0 ; ðA6bÞ

Pv1
2 ¼ −ð1 − λÞ4f34836480v31ð1 − λÞ2 þ 24v32ð54595λ2 − 112134λþ 57539Þ
þ 108v33ð213λ2 − 602λþ 389Þ þ 161280v21½225v2ð1 − λÞ2 þ 81v3ð1 − λÞ2 − 6λ2 þ 8λ − 4�
þ 4v22½6v3ð52401λ2 − 110626λþ 58225Þ − 72285λ2 þ 86204λ − 22411�
− 36v23ð1947λ2 − 2236λþ 375Þ þ 2v1½32v22ð190749λ2 − 384238λþ 193489Þ
− 224v2ð2613λ2 − 3196λþ 1051Þ þ 528v2v3ð7935λ2 − 16124λþ 8189Þ
þ 243v23ð2703λ2 − 5620λþ 2917Þ − 42v3ð8535λ2 − 9652λþ 1885Þ þ 7ð22587λ2 − 26516λþ 3353Þ�
þ 2v2½18v23ð9687λ2 − 21886λþ 12199Þ − 24v3ð6447λ2 − 7402λþ 1387Þ þ 52401λ2 − 62686λþ 8885�
þ 18v3ð1245λ2 − 1506λþ 205Þ þ 14805λ2 − 18928λþ 4151g; ðA6cÞ
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Pv1
3 ¼ −ð1 − λÞ4f11612160v31ð1 − λÞ2 þ 8v32ð19267λ2 − 65030λþ 45763Þ

− 324v33ð211λ2 − 246λþ 35Þ þ 483840v21½25v2ð1 − λÞ2 þ 9v3ð1 − λÞ2 − 2λ2�
− 12v22½6v3ð1943λ2 þ 1938λ − 3881Þ þ 68869λ2 − 79372λþ 18995�
− 108v23ð2255λ2 − 2852λþ 683Þ þ 6v1½32v22ð17541λ2 − 37822λþ 20281Þ
− 224v2ð2061λ2 − 2092λþ 499Þ þ 528v2v3ð543λ2 − 1340λþ 797Þ
þ 243v23ð15λ2 − 244λþ 229Þ − 42v3ð9303λ2 − 11188λþ 2653Þ
þ 7ð28539λ2 − 38420λþ 9305Þ� − 6v2½18v23ð2273λ2 − 2034λ − 239Þ
þ 24v3ð7175λ2 − 8858λþ 2115Þ − 64777λ2 þ 87438λ − 21261�
þ 18v3ð4687λ2 − 6422λþ 1567Þ þ 7ð6785λ2 − 8992λþ 2219Þg; ðA6dÞ

Pv1
4 ¼ −2ð1 − λÞ2ð1 − 3λÞf1024v32ð1 − λÞ2ð45λ − 38Þ þ 1728v33ð1 − λÞ2ð7λ − 6Þ
þ 120960v21ð1 − λÞ2ðλþ 1Þ − 4v22ð1 − λÞ½384ð59λ2 − 109λþ 50Þv3
þ 29133λ2 − 55225λþ 25452� − 9v23ð877λ3 þ 871λ2 − 4213λþ 2465Þ
þ v1½64v22ð1 − λÞ2ð1263λ − 1343Þ − 16v2ð1 − λÞð3v3ð2463λ2 − 5182λþ 2719Þ
þ 33534λ2 − 52670λþ 19076Þ þ 3ð9v23ð1 − λÞ2ð1513λ − 1833Þ
þ 2v3ð82239λ3 − 226251λ2 þ 205549λ − 61537Þ − 64219λ3 þ 203973λ2

− 210641λþ 71335Þ� þ 4v2½144v23ð1 − λÞ2ð101λ − 86Þ þ 12v3ð1961λ3 − 6699λ2

þ 7435λ − 2697Þ þ 8085λ3 − 7434λ2 − 9300λþ 8755� þ 6v3ð4487λ3
− 9281λ2 þ 4807λþ 7Þ þ 55452λ3 − 123853λ2 þ 81624λ − 13195g; ðA6eÞ

Pv1
5 ¼ −2ð1 − λÞ2ð1 − 3λÞf168v32ð51λ3 − 149λ2 þ 125λ − 27Þ − 108v33ð9λ3 þ 9λ2

− 25λþ 7Þ − 4v22ð1 − λÞ½18v3ð117λ2 − 366λþ 109Þ − 284λ2 − 7265λþ 5425�
þ 40320v21ð1 − λÞ2ðλþ 1Þ − 9v23ð3467λ3 − 8839λ2 þ 6237λ − 865Þ
þ v1½64v22ð1 − λÞ2ð1717λ − 581Þ − 16v2ð1 − λÞð3v3ð2741λ2 − 3690λþ 949Þ
þ 25940λ2 − 40662λþ 12022Þ þ 27v23ð961λ3 − 2395λ2 þ 1835λ − 401Þ
þ 6v3ð52267λ3 − 148963λ2 þ 129881λ − 33185Þ − 288353λ3 þ 542255λ2

− 333355λþ 83485� − 2v2½162v23ð3λ3 þ 35λ2 − 51λþ 13Þ þ 24v3ð1265λ3
− 2191λ2 þ 691λþ 235Þ þ 30971λ3 − 40323λ2 þ 13167λ − 4451� − 12v3ð6551λ3
− 11593λ2 þ 6124λ − 1112Þ þ 109519λ3 − 252396λ2 þ 177357λ − 34396g; ðA6fÞ

Pv1
6 ¼ 2ð1 − 3λÞ2f56v32ð1 − λÞ3ð103λ − 13Þ þ 108v33ð1 − λÞ3ð41λ − 11Þ
þ 4v22ð1 − λÞ3ð2315λþ 54ð89λ − 19Þv3 þ 807Þ − 36v23ð1 − λÞ3ð657λ − 239Þ
− 2v1ð1 − λÞ½5888v22ð1 − λÞ3 þ 16v2ð1 − λÞ2ð840v3ð1 − λÞ þ 284λ − 1451Þ
− 27v23ð1 − λÞ2ð353λ − 299Þ − 6v3ð1 − λÞ2ð5054λþ 1585Þ − 146609λ3

þ 330783λ2 − 220781λþ 36675� − 2v2ð1 − λÞ2½54v23ð169λ2 − 212λþ 43Þ
þ 96v3ðλ2 þ 29λ − 30Þ þ 49685λ2 − 66892λþ 16249� − 6v3ð1 − λÞ2ð7601λ2
− 11994λþ 4203Þ − 15115λ4 þ 38758λ3 − 23950λ2 − 8038λþ 8337g; ðA6gÞ
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Pv1
7 ¼ −2ð1 − 3λÞ2f420v22ð6v2 þ 18v3 þ 17Þð1 − λÞ3ð1 − 3λÞ
þ 108v23ð15v3 − 67Þð1 − λÞ3ð1 − 3λÞ − 2v1ð1 − λÞ½16v2ð1 − λÞ2ð4078λ − 1357Þ
− 729v23ð1 − λÞ2ð1 − 3λÞ þ 6v3ð1 − λÞ2ð14200λ − 4703Þ þ 193645λ3 − 448191λ2

þ 313917λ − 59575� þ 2v2ð1 − λÞ2½3402v23ð3λ2 − 4λþ 1Þ þ 2016v3ð3λ2 − 4λþ 1Þ
þ 39661λ2 − 53228λþ 13045� þ 6v3ð1 − λÞ2ð1021λ2 − 1958λþ 799Þ
þ 25751λ4 − 95078λ3 þ 122898λ2 − 63194λþ 9647g; ðA6hÞ

Pv1
8 ¼ −2ð1 − 3λÞ3f4ð1 − λÞ3½210v32 þ 9v23ð15v3 − 67Þ þ 35v22ð18v3 þ 17Þ�
þ 6v1ð1 − λÞ½1680v2ð1 − λÞ2 þ 81v23ð1 − λÞ2 þ 2442v3ð1 − λÞ2 þ 10201λ2

− 19558λþ 9323� þ 14v2ð1 − λÞ2½v23162ð1 − λÞ þ 96v3ð1 − λÞ − 951λþ 935�
− 6v3ð1 − λÞ2ð515λ − 499Þ þ 3349λ3 − 5135λ2 − 105λþ 1879g; ðA6iÞ

Pv1
9 ¼ −4ð1 − 3λÞ3½2v1ð48λ3 − 86λ2 þ 45λ − 7Þ þ 163λ3 − 537λ2 þ 477λ − 105�: ðA6jÞ

Polynomials in the β-function of v2 are as follows:

Pv2
0 ¼ −3ð1 − λÞ6ð8v2 þ 9v3 − 7Þ2ð30v3 þ 106v2 þ 336v1 þ 7Þ; ðA7aÞ

Pv2
1 ¼ 3Pv2

0 ; ðA7bÞ

Pv2
2 ¼ ð1 − λÞ4f−192v32ð1197λ2 − 1808λþ 611Þ − 16v22½9v3ð3429λ2 − 5288λþ 1859Þ
þ 4ð3921λ2 − 4322λþ 291Þ� − 162v33ð447λ2 − 686λþ 239Þ − 18v23ð4119λ2 − 4628λþ 371Þ
þ 2v3ð6957λ2 − 8772λþ 975Þ − 336v1½192v22ð9λ2 − 14λþ 5Þ
þ 8v2ð18v3ð21λ2 − 34λþ 13Þ þ 273λ2 − 292λþ 11Þ þ 27v23ð51λ2 − 86λþ 35Þ
þ 18v3ð117λ2 − 120λ − 1Þ − 1371λ2 þ 1618λ − 191� − v2½9v23ð37983λ2 − 59248λþ 21265Þ
þ 6v3ð54417λ2 − 59380λþ 3275Þ − 143457λ2 þ 173720λ − 24327� þ 14ð2481λ2 − 3182λþ 687Þg; ðA7cÞ

Pv2
3 ¼ −3ð1 − λÞ4f336v1½64v22ð19λ2 − 26λþ 7Þ þ 8v2ð18v3ð13λ2 − 18λþ 5Þ þ 385λ2 − 516λþ 123Þ
þ 27v23ð27λ2 − 38λþ 11Þ þ 18v3ð173λ2 − 232λþ 55Þ − 1763λ2 þ 2402λ − 583�
þ 64v32ð2743λ2 − 3728λþ 985Þ þ 16v22ð3v3ð7423λ2 − 10136λþ 2713Þ
þ 4ð5349λ2 − 7178λþ 1719ÞÞ þ v2ð9v23ð26511λ2 − 36304λþ 9793Þ
þ 6v3ð75361λ2 − 101268λþ 24219Þ − 178737λ2 þ 244280λ − 59607Þ
þ 162v33ð327λ2 − 446λþ 119Þ þ 18v23ð5547λ2 − 7484λþ 1799Þ
− 6v3ð3103λ2 − 4492λþ 1109Þ − 14ð2677λ2 − 3574λþ 883Þg; ðA7dÞ
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Pv2
4 ¼ ð1 − λÞ2ð1 − 3λÞf64v32ð1 − λÞ2ð2369λ − 1953Þ þ 1728v33ð1 − λÞ2ð21λ − 20Þ

− 16ð1 − λÞv22½3v3ð6145λ2 − 11298λþ 5153Þ þ 2ð5124λ2 − 14591λþ 9193Þ�
− 9v23ð16909λ3 − 30841λ2 þ 11563λþ 2369Þ þ 1344v1½−192v22ð1 − λÞ3
þ 6ð1 − λÞ2v2ð149λ − 48v3ð1 − λÞ − 137Þ − 108v23ð1 − λÞ3
þ 9v3ð1 − λÞ2ð98λ − 93Þ − 372λ3 þ 1225λ2 − 1317λþ 462�
þ v2½9v23ð1 − λÞ2ð20741λ − 17925Þ − 6v3ð7139λ3 þ 39053λ2 − 97327λþ 51135Þ
þ 293769λ3 − 562239λ2 þ 237523λþ 29971� þ 6v3ð29825λ3 − 68713λ2 þ 46923λ − 8099Þ
þ 245651λ3 − 551007λ2 þ 363249λ − 57837g; ðA7eÞ

Pv2
5 ¼ ð1 − λÞ2ð1 − 3λÞf64v32ðλ − 1Þ2ð329 − 961λÞ þ 324v33ð39λ3 − 73λ2 þ 41λ − 7Þ

− 16v22ðλ − 1Þ½3v3ð1085λ2 − 1482λþ 397Þ þ 22990λ2 − 27850λþ 3776�
− 27v23ð7625λ3 − 19677λ2 þ 14703λ − 2651Þ þ 1344v1½2v2ð1 − λÞ2ð181λ − 137Þ
þ 9v3ð1 − λÞ2ð38λ − 31Þ þ 140λ3 − 53λ2 − 215λþ 122� þ v2½27v23ð683λ3 − 1273λ2 þ 681λ − 91Þ
− 6v3ð102523λ3 − 238935λ2 þ 159777λ − 23365Þ þ 193117λ3 − 427691λ2 þ 258807λ − 27161�
− 6v3ð31359λ3 − 58643λ2 þ 33565λ − 6089Þ þ 499453λ3 − 1131897λ2 þ 782671λ − 150059g; ðA7fÞ

Pv2
6 ¼ −2ð1 − 3λÞ2f8576ðλ − 1Þ4v32 − 54v33ð1 − λÞ3ð85λ − 31Þ − 18v23ð1 − λÞ3ð3397λ − 1203Þ
þ 16v22ð1 − λÞ3ð1116v3ð1 − λÞ þ 634λ − 709Þ þ 2016v1ðλ − 1Þ2ð35λ2 − 48λþ 12Þ
− v2ð1 − λÞ½9v23ð1 − λÞ2ð1669λ − 1255Þ þ 6v3ð1 − λÞ2ð8860λ − 1737Þ
þ 14503λ3 − 16053λ2 − 9653λþ 11135� − 6v3ð1 − λÞ2ð2180λ2 − 7623λþ 5187Þ
− 29405λ4 þ 75256λ3 − 46026λ2 − 16152λþ 16351g; ðA7gÞ

Pv2
7 ¼ −2ð1 − 3λÞ2f16v22ð1 − λÞ3ð727 − 2188λÞ þ 1458v33ð1 − λÞ3ð1 − 3λÞ
þ 19602v23ð1 − λÞ3ð1 − 3λÞ þ 672v1ð1 − λÞ2ð35λ2 − 48λþ 12Þ
þ v2ð1 − λÞ½1863v23ð1 − λÞ2ð1 − 3λÞ − 78v3ð1 − λÞ2ð1102λ − 365Þ − 111931λ3

þ 255965λ2 − 176459λþ 32629� þ 6v3ð1 − λÞ2ð14814λ2 − 18371λþ 3829Þ
− 47811λ4 þ 180304λ3 − 236654λ2 þ 123472λ − 19239g; ðA7hÞ

Pv2
8 ¼ −2ð1 − 3λÞ3f6ð280v22 þ 9v23ð9v3 þ 121ÞÞð1 − λÞ3 − 6v3ð1 − λÞ2ð707λ − 715Þ
þ v2ð1 − λÞ½621v23ð1 − λÞ2 þ 7410v3ð1 − λÞ2 þ 10597λ2 − 18998λþ 8299�
− 9739λ3 þ 18073λ2 − 6487λ − 1883g; ðA7iÞ

Pv2
9 ¼ −2ð1 − 3λÞ3½2v2ð48λ3 − 86λ2 þ 45λ − 7Þ − 295λ3 þ 1253λ2 − 1271λþ 301�: ðA7jÞ

Polynomials in the β-function of v3 are as follows:

Pv3
0 ¼ −4ð1 − λÞ6ð8v2 þ 9v3 − 7Þ3; ðA8aÞ

Pv3
1 ¼ 3Pv3

0 ; ðA8bÞ

Pv3
2 ¼ −ð1 − λÞ4ð8v2 þ 9v3 − 7Þf768v22ð1 − λÞð5λ − 1Þ þ 3v23ð1 − λÞð741λ − 31Þ
þ 8v2ðv3ð1 − λÞð687λ − 85Þ − 306λ2 þ 496λ − 206Þ þ v3ð651λ2 − 76λ − 719Þ
− 5286λ2 þ 6824λ − 1426g; ðA8cÞ
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Pv3
3 ¼ −ð1 − λÞ4ð8v2 þ 9v3 − 7Þf256v22ð1 − λÞð53λ − 17Þ þ 9v23ð1 − λÞð1029λ − 319Þ
þ 8v2ð3v3ð1 − λÞð879λ − 277Þ − 470λ2 þ 592λ − 170Þ
þ 3v3ð1995λ2 − 2764λþ 625Þ − 17426λ2 þ 23608λ − 5846g; ðA8dÞ

Pv3
4 ¼ −ð1 − λÞ2ð1 − 3λÞf−64v22ð1 − λÞ½384v2ð1 − λÞ2 þ v3ð495λ2 − 1358λþ 863Þ

− 6ð697λ2 − 942λþ 261Þ� þ 16v2½3v23ð1 − λÞ2ð63λ − 895Þ
þ v3ð1 − λÞð38823λ2 − 53248λþ 15061Þ þ 31674λ3 − 76106λ2 þ 57078λ − 12630�
− 27v33ð1 − λÞ2ð279λþ 425Þ − 12v23ð24879λ3 − 59880λ2 þ 45529λ − 10528Þ
þ 3v3ð87697λ3 − 220167λ2 þ 178243λ − 45677Þ þ 240090λ3 − 542894λ2 þ 357966λ − 55386g; ðA8eÞ

Pv3
5 ¼ −ð1 − λÞ2ð1 − 3λÞf−64v22ð1 − λÞ½v3ð1069λ2 − 1434λþ 365Þ − 6026λ2 þ 7932λ − 2002�
þ 16v2½3v23ð1 − λÞ2ð1445λ − 517Þ − v3ð38317λ3 − 88093λ2 þ 62567λ − 12791Þ
þ 2ð2335λ3 − 9175λ2 þ 9161λ − 2297Þ� þ 27v33ð169λ3 − 499λ2 þ 451λ − 121Þ
− 12v23ð15961λ3 − 36412λ2 þ 26015λ − 5564Þ − v3ð216917λ3 − 386819λ2 þ 188983λ − 19945Þ
þ 2ð264149λ3 − 575591λ2 þ 382375λ − 71269Þg; ðA8fÞ

Pv3
6 ¼ 2ð1 − 3λÞ2fð1 − λÞ3½3v23ð45v3ð73λ − 67Þ − 2ð6835λ − 5644ÞÞ − 256v22ð32v3 − 75Þð1 − λÞ�

− 16v2ð1 − λÞ2½1056v23ð1 − λÞ2 − v3ð3911λ2 − 7243λþ 3332Þ þ 6ð213λ2 − 457λþ 226Þ�
− v3ð4877λ4 − 40820λ3 þ 91880λ2 − 80876λþ 24939Þ
− 4ð3330λ4 − 7283λ3 þ 1162λ2 þ 6195λ − 3396Þg; ðA8gÞ

Pv3
7 ¼ −2ð1 − 3λÞ2f3v23ð1 − λÞ3½135v3ð1 − 3λÞ − 14ð289λ − 92Þ�
þ 16v2ð1 − λÞ2½v3ð1 − λÞð412 − 1243λÞ − 5542λ2 þ 7230λ − 1788�
þ v3ð1 − λÞð93119λ3 − 211785λ2 þ 147207λ − 28337Þ
þ 4ð4889λ4 − 22219λ3 þ 32834λ2 − 18597λþ 3117Þg; ðA8hÞ

Pv3
8 ¼ −6ð1 − 3λÞ3f3v23ð15v3 − 88Þð1 − λÞ3 − v3ð1289λ3 − 3119λ2 þ 2337λ − 507Þ
þ 4ð1297λ3 − 2877λ2 þ 1858λ − 282Þg; ðA8iÞ

Pv3
9 ¼ −4ð1 − 3λÞ3½v3ð48λ3 − 86λ2 þ 45λ − 7Þ − 151λ3 þ 257λ2 − 135λþ 21�: ðA8jÞ

APPENDIX B: COMMUTATOR OF AN OPERATOR IN A FRACTIONAL POWER

Here we derive the asymptotic series (3.51) for the commutator of an operator in a fractional power. The derivation starts
with the representation

Aα ¼ 1

Γð−αÞ
Z

∞

0

dss−α−1e−sA: ðB1Þ

Next, for XðsÞ≡ ½e−sA; B� we have an equation,

dX
ds
¼ −AX − ½A;B�e−sA; ðB2Þ

with initial condition Xð0Þ ¼ 0. It is straightforward to verify that the solution has the form
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XðsÞ ¼ −
Z

s

0

ds1e−ðs−s1ÞA½A;B�e−s1A: ðB3Þ

Using Eqs. (B1) and (B3) we obtain

½Aα; B� ¼ −1
Γð−αÞ

Z
∞

0

dss−α−1
Z

s

0

ds1e−ðs−s1ÞA½A;B�e−s1A

¼ −1
Γð−αÞ

Z
∞

0

dss−α−1
�
s½A;B�e−sA þ

Z
s

0

ds1½e−ðs−s1ÞA; ½A;B��e−s1A
�

¼ −
Γð−αþ 1Þ
Γð−αÞ ½A;B�A

α−1 −
1

Γð−αÞ
Z

∞

0

dss−α−1
Z

s

0

ds1½e−ðs−s1ÞA; ½A;B��e−s1A: ðB4Þ

In the last term we can again use the formula (B3) that will generate the second term in the expansion (3.51). Proceeding by
induction we obtain the representation

½Aα; B� ¼
XN
n¼1

Cn
α½A; ½A;…½A|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

n

; B�…�Aα−n þ ð−1Þ
N

Γð−αÞ
Z

∞

0

dss−α−1
Z

s

0

ds1
sN−1
1

ðN − 1Þ! ½e
−ðs−s1ÞA; ½A; ½A;…½A|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

N

; B�…�e−s1A; ðB5Þ

which is valid for arbitrary N. This yields the formula (3.51).

APPENDIX C: MORE ON UNIVERSAL
FUNCTIONAL TRACES

1. Coincidence limits of the heat kernel coefficients

The heat kernel K̂ðsjx; yÞ ¼ esF̂ð∇Þδ̂ðx; yÞ for the oper-
ator (4.2) satisfies the initial value problem for its heat
equation

∂sK̂ðsjx; yÞ ¼ F̂ð∇ÞKðsjx; yÞ; ðC1aÞ

Kð0jx; yÞ ¼ δ̂ðx; yÞ: ðC1bÞ

The expansion (4.4) when substituted into Eq. (C1a)
leads to the sequence of equations for the HAMIDEW
coefficients ânðx; yÞ,

σμ∇μâ0 ¼ 0; ðC2aÞ

ðnþ 1Þânþ1 þ σμ∇μânþ1

¼ D−1=2□ðD1=2ânÞ þ
�
P̂ −

1

6
R1̂

�
ân; n ≥ 0; ðC2bÞ

where σμ ¼ ∇μσðx; yÞ is the vector at the point x tangential
to the geodetic curve connecting x and y. In deriving these
recurrence equations we took into account that in the lowest
two orders of the s-expansion the heat equation is satisfied
in virtue of the equation for the Synge world function
σðx; yÞ,

σ ¼ 1

2
∇μσ∇μσ; ðC3aÞ

and its corollary, the equation for the Van Vleck–Morette
determinant (4.5)

D−1∇μðDσμÞ ¼ d: ðC3bÞ

These equations in their turn should be amended by the
initial conditions in the coordinate spacetime,

σjy¼x ¼ 0; ∇μσjy¼x ¼ 0; â0jy¼x ¼ 1̂; ðC4Þ

the latter following from the initial condition (C1b).
By consecutively differentiating Eqs. (C2) and (C3) and

taking their coincidence limits one can systematically derive
in the closed form the expressions for the needed coinci-
dence limits (4.6). The result of these calculations which
basically reduce to the commutator algebra of covariant
derivatives (4.3) begins with the following list [27]15:

σjy¼x ¼ 0; ∇μ∇νσjy¼x ¼ gμν;

∇μ∇ν∇ασjy¼x ¼ 0; ∇μ∇ν∇α∇βσjy¼x ¼ −
2

3
RμðανβÞ;

ðC5aÞ

∇λ∇μ∇ν∇α∇βσjy¼x
¼ −

1

2
ð∇λRðαμβÞν þ∇μRðανβÞλ þ∇νRðαλβÞμÞ; ðC5bÞ

15The first and last indices in round brackets are symmetrized
with the factor 1=2.

BETA FUNCTIONS OF (3þ 1)-DIMENSIONAL PROJECTABLE … PHYS. REV. D 105, 044009 (2022)

044009-33



D1=2jy¼x¼1; ∇μD1=2jy¼x¼0; ∇μ∇νD1=2jy¼x¼
1

6
Rμν;

ðC5cÞ

∇μ∇ν∇αD1=2jy¼x¼
1

12
ð∇μRναþ∇νRαμþ∇αRμνÞ; ðC5dÞ

and

â0jy¼x ¼ 1̂; ∇μâ0jy¼x ¼ 0; ∇μ∇νâ0jy¼x ¼
1

2
bRμν;

∇μ∇ν∇αâ0jy¼x ¼
2

3
∇ðμbRνÞα; ðC6aÞ

â1jy¼x ¼ P̂; ∇μâ1jy¼x ¼
1

2
∇μP̂ −

1

6
∇νbRνμ; ðC6bÞ

∇μ∇νâ1jy¼x ¼
1

180
ð2RαβRαμβν þ 2RαβλμRαβλ

ν − 4RμαRα
ν

þ 3□Rμν −∇μ∇νRÞ1̂ −
1

6
bRαðμbRνÞ

α

þ 1

6
∇ðμ∇αbRνÞα þ

1

2
P̂bRμν þ

1

3
½bRμν; P̂�

þ 1

3
∇μ∇νP̂; ðC6cÞ

â2jy¼x ¼
1

180
ðRαβγδRαβγδ − RμνRμν þ□RÞ1̂

þ 1

12
bRμν

bRμν þ 1

2
P̂2 þ 1

6
□P̂: ðC6dÞ

Higher-order coincidence limits, which we need up to
∇8σjy¼x, ∇6D1=2jy¼x, ∇6â0jy¼x, ∇4â1jy¼x, ∇2â2jy¼x, and
â3jy¼x, take pages, so we do not present them here.
To obtain the needed list of traces (4.18)–(4.22), we

apply this method in three spatial dimensions d ¼ 3, μ ↦
i ¼ 1; 2; 3 using the symbolic tensor algebra package xAct
[44] for Mathematica [42]. For the tensor sector of the

theory we have 1̂¼δij
kl≡δkðiδ

l
jÞ, ðRmnÞijkl ¼ −2δðkði R

lÞ
jÞmn,

whereas for the vector sector 1̂ ¼ δij, ðRmnÞij ¼ Ri
jmn.

2. Divergences of tensor and vector traces

To evaluate the one-loop effective action of HG, we
compute the UFTs in the vector and tensor sectors using
the method described in Sec. IVA. We keep only the
logarithmically divergent part proportional to the infinite
integral over the proper-time parameter,

lnL2 ≡
Z

ds
s
: ðC7Þ

The UFTs are classified in Sec. IV B by the dimensionality
a of the coefficient function that they multiply in the action;
the dimension of the UFT itself is then 6 − a. Within each
group we order the UFTs by the number of derivatives
acting on the powers of Laplacian.
Let us start with the simplest traces of zero dimension

(a ¼ 6). Their divergences cannot depend on curvature and
are expressed purely in terms of the metric. They have the
universal form

∇i1 � � �∇i2N−2

1̂

ð−ΔÞNþ1=2 δðx; yÞj
div
y¼x

¼ lnL2

4π2
ð−1ÞN−1

ð2N − 1Þ!!
ffiffiffi
g
p

gðN−1Þ
i1���i2N−2

1̂; ðC8Þ

which is valid for both the tensor and the vector sectors.

Here gðN−1Þ
i1���i2N−2

is the completely symmetric tensor built of
the metric by the recurrence relations

gð1Þij ¼ gij; gð2Þijkl ¼ gijgkl þ gikgjl þ gilgjk; ðC9aÞ

gðNÞi1…i2N
¼

X2N
k¼2

gi1ikg
ðN−1Þ
i2…ik−1ikþ1…i2N

: ðC9bÞ

For other traces the full expressions are very lengthy
because of the large number of free indices that they carry
in general. To reduce the length, we can contract the indices
in various combinations which appear in the effective
action. Still, for the traces with a ¼ 4 and 3 (linear in
curvature and in derivatives of curvature, respectively) the
number of possible contractions is too high to be listed
explicitly. On the other hand, these traces are obtained by a
straightforward algebra from the lower heat-kernel coef-
ficients listed in (C5) and (C6). Thus, we focus below on
the most laborious traces with a ¼ 2 and a ¼ 0, which
are quadratic and cubic in curvature. Full expressions for
uncontracted UFTs for all a ¼ 0; 2; 3; 4; 6 can be obtained
with the Mathematica code available at [50].

a. Traces with a = 2, quadratic in curvature

These UFTs enter the divergent part of the action with
the coefficient functions linear in curvature (to form the
logarithmic divergences of the overall cubic power in the
curvature), so that they represent local quantities quadratic
in the curvature and having two free indices.
Tensor traces can have an even number of derivatives

running from zero to six. For the trace without derivatives
there are three possibilities of index contractions:
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gijð−ΔÞ1=2δijklðx; yÞjdivy¼x ¼ −
lnL2

16π2
ffiffiffi
g
p

gkl
1

30

�
1

2
RmnRmn þ

1

4
R2 þ ΔR

�
; ðC10aÞ

gklð−ΔÞ1=2δijklðx; yÞjdivy¼x ¼ −
lnL2

16π2
ffiffiffi
g
p

gij
1

30

�
1

2
RmnRmn þ

1

4
R2 þ ΔR

�
; ðC10bÞ

δikð−ΔÞ1=2δijklðx; yÞjdivy¼x ¼ −
1

16π2
lnL2 ×

ffiffiffi
g
p �

−
43

60
δljR

mnRmn þ
7

12
RmjRml −

7

12
RRl

j þ
7

20
δljR

2 þ 1

15
δljΔR

�
: ðC10cÞ

For the two-derivative case there are nine contractions,

δmn
kl∇i∇j

1

ð−ΔÞ1=2 δkl
mnðx; yÞjdivy¼x

¼ lnL2

8π2
ffiffiffi
g
p �

19

15
RikRk

j −
41

60
gijRmnRmn −

19

15
RRij þ

1

2
gijR2 þ 3

10
∇i∇jRþ

1

10
ΔRij −

1

10
gijΔR

�
; ðC11aÞ

gmngkl∇i∇j
1

ð−ΔÞ1=2 δkl
mnðx; yÞjdivy¼x

¼ 1

8π2
lnL2 ffiffiffi

g
p �

−
1

5
RikRk

j þ
3

40
gijRmnRmn þ 1

5
RRij −

1

16
gijR2 þ 3

20
∇i∇jRþ

1

20
ΔRij −

1

20
gijΔR

�
; ðC11bÞ

gmn∇i∇k 1

ð−ΔÞ1=2 δkl
mnðx; yÞjdivy¼x

¼ 1

8π2
lnL2 ffiffiffi

g
p �

−
1

15
RikRjk þ

1

40
δijRmnRmn þ 1

15
RRi

j −
1

48
δijR

2 þ 1

20
∇i∇jRþ

1

60
ΔRi

j −
1

60
δijΔR

�
; ðC11cÞ

δln∇i∇k 1

ð−ΔÞ1=2 δkl
jnðx; yÞjdivy¼x

¼ 1

8π2
lnL2 ffiffiffi

g
p �

149

120
Ri
kR

kj −
8

15
gijRmnRmn −

119

120
RRij þ 13

48
gijR2 þ 37

120
∇i∇jR −

7

40
ΔRij −

1

30
gijΔR

�
; ðC11dÞ

gkl∇i∇m
1

ð−ΔÞ1=2 δkl
mjðx; yÞjdivy¼x

¼ 1

8π2
lnL2 ffiffiffi

g
p �

−
1

15
RikRj

k þ
1

40
gijRmnRmn þ 1

15
RRij −

1

48
gijR2 þ 1

20
∇i∇jRþ 1

60
ΔRij −

1

60
gijΔR

�
; ðC11eÞ

δln∇i∇m
1

ð−ΔÞ1=2 δjl
mnðx; yÞjdivy¼x

¼ 1

8π2
lnL2 ffiffiffi

g
p �

−
1

120
RikRjk −

7

60
δijRmnRmn þ 1

20
RRi

j þ
1

16
δijR

2 −
13

120
∇i∇jRþ

29

120
ΔRi

j −
1

30
δijΔR

�
; ðC11fÞ

∇k∇l 1

ð−ΔÞ1=2 δkl
ijðx; yÞjdivy¼x

¼ 1

8π2
lnL2 ffiffiffi

g
p �

14

15
Ri
kR

kj −
37

120
gijRmnRmn−

13

30
RRij þ 7

48
gijR2 þ 13

60
∇i∇jR −

3

20
ΔRij −

1

60
gijΔR

�
; ðC11gÞ

∇m∇k 1

ð−ΔÞ1=2 δkl
mnðx; yÞjdivy¼x ¼

1

8π2
lnL2 ffiffiffi

g
p �

11

120
RklRkn −

3

20
δnl RmnRmn −

13

60
RRn

l þ
1

80
δnl R

2 þ 1

40
∇l∇nRþ 1

120
ΔRn

l

�
;

ðC11hÞ
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∇m∇n
1

ð−ΔÞ1=2 δij
mnðx; yÞjdivy¼x

¼ 1

8π2
lnL2 ffiffiffi

g
p �

−
1

15
Rk
i Rjk þ

1

40
gijRmnRmn þ 1

15
RRij −

1

48
gijR2 −

7

60
∇i∇jRþ

11

60
ΔRij −

1

60
gijΔR

�
: ðC11iÞ

For the four-derivative trace there are five ways to contract indices:

gmn∇i∇j∇k∇l 1

ð−ΔÞ3=2 δkl
mnðx; yÞjdivy¼x

¼ 1

4π2
lnL2 ffiffiffi

g
p �

1

30
RikRk

j −
1

80
gijRmnRmn −

1

30
RRij þ

1

96
gijR2 −

1

40
∇i∇jR −

1

120
ΔRij þ

1

120
gijΔR

�
; ðC12aÞ

δmn∇i∇j∇k∇l 1

ð−ΔÞ3=2 δlm
knðx; yÞjdivy¼x

¼ 1

4π2
lnL2 ffiffiffi

g
p �

−
247

120
RikRk

j þ
179

240
gijRmnRmn þ 41

60
RRij −

19

96
gijR2 −

13

10
∇i∇jR −

1

60
ΔRij þ

1

60
gijΔR

�
; ðC12bÞ

gmn∇i∇j∇k∇l
1

ð−ΔÞ3=2 δmn
klðx; yÞjdivy¼x

¼ 1

4π2
lnL2 ffiffiffi

g
p �

1

30
RikRk

j −
1

80
gijRmnRmn −

1

30
RRij þ

1

96
gijR2 −

1

40
∇i∇jR −

1

120
ΔRij þ

1

120
gijΔR

�
; ðC12cÞ

∇i∇m∇k∇l 1

ð−ΔÞ3=2 δkl
mjðx; yÞjdivy¼x

¼ 1

4π2
lnL2 ffiffiffi

g
p �

−
77

40
RikRj

k þ
307

240
gijRmnRmn þ 113

60
RRij −

55

96
gijR2 −

17

30
∇i∇jRþ 1

30
ΔRij þ 1

120
gijΔR

�
; ðC12dÞ

∇i∇k∇l∇m 1

ð−ΔÞ3=2 δmj
klðx; yÞjdivy¼x

¼ 1

4π2
lnL2 ffiffiffi

g
p �

−
17

40
RikRk

j −
13

240
gijRmnRmn −

9

20
RRij þ

3

32
gijR2 −

29

60
∇i∇jR −

1

20
ΔRij þ

1

120
gijΔR

�
: ðC12eÞ

There is only one way to contract indices for the trace with six derivatives:

∇i∇j∇k∇l∇m∇n 1

ð−ΔÞ3=2 δmn
klðx; yÞjdivy¼x

¼ 1

6π2
lnL2 ffiffiffi

g
p �

57

10
RikRk

j −
457

160
gijRmnRmn −

49

20
RRij þ

47

64
gijR2 þ 283

80
∇i∇jRþ

1

80
ΔRij þ

19

80
gijΔR

�
: ðC13Þ

Vector traces In these groups there is one trace without derivatives:

ð−ΔÞ1=2δjiðx; yÞjdivy¼x ¼ −
lnL2

16π2
ffiffiffi
g
p �

−
3

20
δijR

klRkl þ
1

6
RikRkj −

1

6
Ri
jRþ

11

120
δijR

2 þ 1

30
δijΔR

�
; ðC14Þ

three traces with two derivatives:

δlk∇i∇j
1

ð−ΔÞ1=2 δk
lðx; yÞjdivy¼x

¼ lnL2

8π2
ffiffiffi
g
p �

2

15
RikRk

j −
11

120
gijRklRkl −

2

15
RRij þ

1

16
gijR2 þ 3

20
∇i∇jRþ

1

20
ΔRij −

1

20
gijΔR

�
; ðC15aÞ
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∇i∇k
1

ð−ΔÞ1=2 δj
kðx;yÞjdivy¼x ¼

lnL2

8π2
ffiffiffi
g
p �

7

20
RikRk

j −
17

120
gijRklRkl −

4

15
RRijþ

1

16
gijR2þ 2

15
∇i∇jR−

1

15
ΔRij −

1

60
gijΔR

�
;

ðC15bÞ

∇i∇j 1

ð−ΔÞ1=2 δj
kðx; yÞjdivy¼x ¼

lnL2

8π2
ffiffiffi
g
p �

−
3

20
RijRjkþ 1

40
δki RjlRjlþ 3

20
RRk

i −
1

48
δki R

2 −
1

30
∇i∇kRþ 1

10
ΔRk

i −
1

60
δkiΔR

�
;

ðC15cÞ

and a single trace with four derivatives:

∇i∇j∇l∇k
1

ð−ΔÞ3=2 δ
k
lðx; yÞjdivy¼x

¼ lnL2

4π2
ffiffiffi
g
p �

−
11

20
RikRk

j þ
47

240
gijRklRkl þ 2

15
RRij −

1

32
gijR2 −

21

40
∇i∇jR −

1

120
ΔRij þ

1

120
gijΔR

�
: ðC16Þ

b. Traces with a= 0, cubic in curvature

These traces have dimension six and thus enter the divergent part of the action without extra curvature coefficients.
Hence, for our purposes, it is sufficient to calculate them with all indices contracted and integrated over the whole three-
dimensional space. In the integrals we freely integrate by parts in order to convert them to the sum of basic curvature
invariants of Eq. (2.1).
Tensor traces can have no derivatives, two derivatives, or four derivatives. There are two possible index contractions in

the traces without derivatives, which are expressed directly in terms of the coincidence limit of the third Schwinger-DeWitt
coefficient a3ijklðx; xÞ,Z

d3xδklijð−ΔÞ3=2δijklðx; yÞjdivy¼x ¼
3 lnL2

32π2

Z
d3x

ffiffiffi
g
p

δkl
ija3ijklðx; xÞ

¼ 3 lnL2

32π2

Z
d3x

ffiffiffi
g
p �

31

45
Ri
jR

j
kR

k
i −

233

210
RijRijRþ 673

2520
R3 þ 5

84
RΔR −

67

420
RijΔRij

�
;

ðC17aÞZ
d3xgklgijð−ΔÞ3=2δijklðx; yÞjdivy¼x ¼

3 lnL2

32π2

Z
d3x

ffiffiffi
g
p

gklgija3ijklðx; xÞ

¼ 3 lnL2

32π2

Z
d3x

ffiffiffi
g
p �

−
1

60
Ri
jR

j
kR

k
i þ

1

35
RijRijR −

3

560
R3 þ 1

112
RΔRþ 1

280
RijΔRij

�
:

ðC17bÞ

The traces with two derivatives admit three possible contractions of indices,Z
d3xgij∇k∇lð−ΔÞ1=2δklijðx;yÞjdivy¼x¼

Z
d3xgkl∇i∇jð−ΔÞ1=2δijklðx;yÞjdivy¼x

¼−
lnL2

16π2

Z
d3x

ffiffiffi
g
p �

−
1

120
Ri
jR

j
kR

k
i þ

1

70
RijRijR−

3

1120
R3þ 1

224
RΔRþ 1

560
RijΔRij

�
;

ðC18aÞ

Z
d3xδjl∇k∇ið−ΔÞ1=2δijklðx;yÞjdivy¼x ¼−

lnL2

16π2

Z
d3x

ffiffiffi
g
p �

−
23

80
Ri
jR

j
kR

k
i þ

753

1120
RijRijR−

22

105
R3−

1

84
RΔR−

61

560
RijΔRij

�
:

ðC18bÞ
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The trace with four derivatives admits only one type of index contractions and readsZ
d3x∇k∇l∇i∇j 1

ð−ΔÞ1=2 δij
klðx; yÞjdivy¼x

¼ lnL2

8π2

Z
d3x

ffiffiffi
g
p �

−
211

240
Ri
jR

j
kR

k
i þ

2987

1680
RijRijR −

703

2240
R3 þ 31

1344
RΔRþ 141

1120
RijΔRij

�
: ðC19Þ

Vector traces: There are two traces in this group,Z
d3xδjið−ΔÞ3=2δijðx; yÞjdivy¼x ¼

3 lnL2

32π2

Z
d3x

ffiffiffi
g
p �

23

180
Ri
jR

j
kR

k
i −

43

210
RijRijRþ 253

5040
R3 þ 29

1680
RΔR −

5

168
RijΔRij

�
;

ðC20aÞ

Z
d3x∇j∇ið−ΔÞ1=2δijðx; yÞjdivy¼x ¼ −

lnL2

16π2

Z
d3x

ffiffiffi
g
p �

1

20
Ri
jR

i
kR

k
i −

67

1680
RijRijR −

3

1120
R3 −

9

1120
RΔR −

13

560
RijΔRij

�
:

ðC20bÞ

3. Relations between universal functional traces of
different tensor ranks

Tensor traces with a ¼ 0, p ≤ 4, N þ 1=2 ¼ ðp − 3Þ=2
listed in Eqs. (C17)–(C19) are the most complicated ones,
because they require the knowledge of ∇8σðx; yÞjy¼x,
∇6D1=2ðx; yÞjy¼x, ∇6â0ðx; yÞjy¼x, ∇4â1ðx; yÞjy¼x,
∇2â2ðx; yÞjy¼x, and â3ðx; xÞ. When used in the calculation
of the effective action, the indices of derivatives in them are
necessarily contracted with indices of the tensor delta
function. Such traces can be simplified to the case of
lower tensor rank—to vector and scalar ones.
Consider first the four-derivative trace. Since this trace is

already cubic in curvature, it is not multiplied by any
dimensionful quantity and enters as an integral (C19). We
use the general formula valid for an arbitrary kernel
Ĝðx; yÞ,

∇x
kĜðx; yÞjy¼x þ∇y

kĜðx; yÞjy¼x ¼ ∇x
kĜðx; xÞ; ðC21Þ

and denote

Ĝðx; yÞ∇⃖k ≡∇y
kĜðx; yÞ; Ĝðx; yÞ∇k∇l

 


 ≡∇y
l∇y

kĜðx; yÞ:
ðC22Þ

Note the order of derivatives is important and gets reversed
with this notation. Neglecting the total-derivative terms,
we obtain

Z
d3x∇k∇l∇i∇j 1

ð−ΔÞ1=2 δij
klðx; yÞjy¼x

¼
Z

d3x∇i∇j 1

ð−ΔÞ1=2 δij
klðx; yÞ∇k∇l

 


jy¼x: ðC23Þ

By the definition of the tensor delta function we have

δij
klðx; yÞ∇k∇l

 


 ¼ ∇i∇jδscalarðx; yÞ; ðC24Þ

because
R
d3yδijklðx; yÞ∇k∇l

 



φðyÞ≡ R

d3yδijklðx; yÞ×
∇k∇lφðyÞ ¼ ∇i∇jφðxÞ for any scalar test function φðxÞ,
and δscalarðx; yÞ means the scalar delta function which is a
scalar with respect to the argument x and the scalar density
with respect to the second argument y. Thus (C23) can be
rewritten as

Z
d3x∇k∇l∇i∇j 1

ð−ΔÞ1=2 δij
klðx; yÞjy¼x

¼
Z

d3x

�
ð∇i∇jÞ2

1

ð−ΔscalarÞ1=2
þ∇i∇j½ð−ΔÞ−1=2;∇i∇j�

�
δscalarðx; yÞjy¼x

¼
Z

d3xðð−ΔÞ3=2 þ∇iRij∇jð−ΔÞ−1=2 þ∇i∇j½ð−ΔÞ−1=2;∇i∇j�Þδscalarðx; yÞjy¼x: ðC25Þ
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The commutator in the last term can be calculated using
Eq. (3.51). We have used this identity as a check of the
symbolic computation result and verified that an indepen-
dent evaluation of the left-hand side (purely tensorial)
coincides with the scalar type functional trace on the right-
hand side.
The two-derivative traces contain three possible index

contractions. Two of them, Eq. (C18a), trivially reduce to
the purely scalar case,Z

d3xgij∇k∇lð−ΔÞ1=2δijklðx; yÞjy¼x

¼
Z

d3x∇k∇lð−ΔÞ1=2gklδscalarðx; yÞjy¼x

¼ −
Z

d3xð−ΔÞ3=2δscalarðx; yÞjy¼x: ðC26Þ

For the third trace (C18b) we haveZ
d3xδik∇l∇jð−ΔÞ1=2δijklðx; yÞjy¼x

¼ −
Z

d3xδik∇jð−ΔÞ1=2δijklðx; yÞ∇⃖ljy¼x

¼
Z

d3xδik∇jð−ΔÞ1=2∇ðiδjÞkðx; yÞjy¼x; ðC27Þ

where we took into account that δij
klðx; yÞ∇⃖l ¼

−∇ðiδjÞkðx; yÞ from the definition of the vector delta
function16 δjkðx; yÞ. Commuting the Laplacian to the right,
we arrive atZ

d3xδik∇jð−ΔÞ1=2∇ðiδjÞkðx; yÞjy¼x
¼ 1

2

Z
d3xð∇j∇kð−ΔÞ1=2δjkðx; yÞ − δikð−ΔÞ3=2δikðx; yÞ

þ∇j½ð−ΔÞ1=2;∇k�δjkðx; yÞ
þ δik∇j½ð−ΔÞ1=2;∇j�δikðx; yÞÞjy¼x: ðC28Þ

The first term can be further reduced to scalar traces, but
we do not do it here. This relation has also been used as a
check by independent calculation of the left- and right-
hand sides.

APPENDIX D: METRIC DECOMPOSITION
ON A SPHERE Sd

Orthonormalbasisof harmonics (6.6) on thed-dimensional

sphere, HAðnÞ
ij , is motivated by the tensor decomposition

into the transverse-traceless tensor, the vector and scalar parts

hij ¼ hTTij þ∇iξj þ∇jξi þ
�
∇i∇j −

1

d
gijΔ

�
Eþ 1

d
gijϕ;

ðD1aÞ

gijhTTij ¼ 0; ∇ihTTij ¼ 0; ∇iξ
i ¼ 0; ðD1bÞ

inwhich their ingredientshTTij ðxÞ, ξiðxÞ,EðxÞ, andϕðxÞ are in
their turn expanded in the complete basis of irreducible tensor,
vector, andscalar eigenmodesof thecovariantLaplacian (6.7).
The square-root normalization factors of the latter easily
followfromthe relationswhicharevalid forgeneric transverse
vectors ξi, ζi and scalars Φ, Ψ on Sd,

4

Z
ddx

ffiffiffi
g
p ∇ðiξjÞ∇ðiζjÞ ¼ 2

Z
ddx

ffiffiffi
g
p

ξi

�
−Δ −

1

d
R

�
ζi;

ðD2ÞZ
ddx

ffiffiffi
g
p �

∇i∇j −
1

d
gijΔ

�
ΦðxÞ

�
∇i∇j −

1

d
gijΔ

�
ΨðxÞ

¼
Z

ddx
ffiffiffi
g
p

ΦðxÞ
�
d − 1

d
Δ2 þ 1

d
RΔ

�
ΨðxÞ: ðD3Þ

This provides orthonormality and completeness relations

for HAðmÞ
ij ðxÞ,Z

ddx
ffiffiffi
g
p

HAðmÞ
ij ðxÞHij

BðnÞðxÞ ¼ δðmÞðnÞ δ
A
B; ðD4Þ

X
A;ðnÞ

HAðnÞ
ij ðxÞHkl

AðnÞðyÞ ¼
1ffiffiffi
g
p δij

klðx; yÞ: ðD5Þ

On Sd the operator Dij
kl is composed only of covariant

derivatives and covariantly conserved metric. In the cal-
culation of the matrix elements (6.10) all covariant deriv-
atives, including those in the definition of the spherical
harmonics (6.6), can be grouped into powers of the
Laplacian Δ. Then the replacement of Δ by its eigenvalues
tells us that the matrix elements in each sector are functions
of the eigenvalues of the Laplacian in this sector. This leads
to Eqs. (6.11).
Clearly, in the tensor sector the function DtðnÞ is

polynomial in the Laplacian eigenvalues and has cubic
order, according to the dimensionality of D. In the vector
and scalar sectors this need not be the case a priori, because
of the normalization factors in (6.6b) and (6.6c) with the
inverse powers of the Laplacian. In the vector sector,
however, the normalization factors cancel, due to the
identity

Dij
kl∇ðkξlÞ ¼ ∇ðiDvξjÞ; ðD6Þ

valid for any transverse vector ξi. Equation (D6) is just the
statement that D transforms a vector polarization of the
metric into a vector polarization.

16Note that unlike in the rest of the text, δjkðx; yÞ here acts on
vectors with lower indices.
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