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We derive the full set of beta functions for the marginal essential couplings of projectable Horava gravity
in (3 4 1)-dimensional spacetime. To this end we compute the divergent part of the one-loop effective
action in static background with an arbitrary spatial metric. The computation is done in several steps:
reduction of the problem to three dimensions, extraction of an operator square root from the spatial part of
the fluctuation operator, and evaluation of its trace using the method of universal functional traces. This
provides us with the renormalization of couplings in the potential part of the action which we combine with
the results for the kinetic part obtained previously. The calculation uses symbolic computer algebra and is
performed in four different gauges yielding identical results for the essential beta functions. We additionally
check the calculation by evaluating the effective action on a special background with spherical spatial slices
using an alternative method of spectral summation. We conclude with a preliminary discussion of the
properties of the beta functions and the resulting renormalization group flow, identifying several candidate

asymptotically free fixed points.
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I. INTRODUCTION AND SUMMARY

A. State of the art

Horava gravity (HG) has been suggested [1] as an
approach to quantum gravity within the framework of
renormalizable quantum field theory (see [2-6] for
reviews). The key idea is borrowed from condensed matter
physics and uses the notion of anisotropic (Lifshitz) scaling
of time and space coordinates,’

(1.1)

where d is the number of spatial dimensions and b is a
positive scaling parameter. A theory whose bare (tree-level)
action does not contain any irrelevant operators under this
scaling is power-counting renormalizable, implying that it
has fair chances to be perturbatively renormalizable in the
strict sense; i.e., all divergences generated within pertur-
bation theory can be absorbed into redefinition of the
couplings in the action.

t— b4, x> b1yl

lThroughout the paper we use Latin indices to denote the
spatial directions, i =1, ...,d.
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For any space dimension d bigger than 1, time and
space in (1.1) scale differently. Clearly, a theory of gravity
formulated in this setting cannot be Lorentz invariant nor
completely diffeomorphism invariant. The special role of
time restricts possible symmetries to foliation preserving
diffeomorphisms (FDiff) which leave the constant-time
slices invariant,

1 1(1), x> X1, %), (1.2)
where 7 (¢) is a monotonic function. In other words, we
are left with time reparametrizations and time-dependent
spatial diffeomorphisms.

To formulate the action of HG, the metric is expanded
into time and space components as in the Arnowitt-Deser-
Misner (ADM) decomposition,

ds? = N?2d* —y;;(dx’ + N'dr)(de/ + N/dr).  (1.3)

The lapse N, the shift N, and the spatial metric Yij
transform in the usual way under FDiff,

dr . ox't OxX'T\ dt
N+ N—, N'! N — —— | —,
T ~ ( ox/ Ot ) dr
Oxk Ox!
yl] = }/kl ax/l‘ ax/j N (14)
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They are assigned the following dimensions under the
scaling (1.1)2:

N =l =0. [Nl=d-1.  (15)

The Lagrangian is then built out of all local FDiff-invariant
operators that can be constructed from these fields and have
dimension less than or equal to 2d. The latter bound comes
from the scaling dimension of the spacetime integration
measure [dtd?x] = —2d and ensures that the terms in the
action corresponding to relevant ([O] < 2d) and marginal
([O] = 2d) operators have nonpositive dimensions. This is
a hallmark of power-counting renormalizability and is a
necessary, but in general not sufficient, prerequisite of the
true perturbative renormalizability.

The precise form of the action and its physical content
depends on the assumption about the form of the lapse
function N. In the nonprojectable version of HG N is
assumed to be a full-fledged dynamical field that has
dependence on both space and time coordinates. In this
case the Lagrangian can depend on the spatial gradients of
N through the FDiff-covariant vector a; = 9;In N [7], and
the number of independent operators in the Lagrangian is
very large [order O(100)] [8]. The action simplifies at low
energies where it reduces to general relativity (GR) plus a
sector describing the dynamics of the preferred foliation
[4,9]. The latter sector is stable and, by appropriately
choosing the couplings, its interactions with gravity and
visible matter can be suppressed. In other words, despite
the absence of Lorentz invariance or general covariance as
fundamental principles in HG, it can reproduce the known
phenomenology of GR at the scales at which it has been
tested [10]. While the parameter space of the theory has
been strongly constrained by the exquisite tests of Lorentz
invariance in the matter sector [11] and in gravity [12], it
still remains phenomenologically viable [13].

However, the question about renormalizability of the
nonprojectable HG remains open. Although its Lagrangian
is power-counting renormalizable, the dynamical lapse
component of the metric induces an instantaneous inter-
action [4,14] which can potentially lead to nonlocal
divergences [15]. Whether such divergences actually occur
or not is presently unknown.

In this paper we focus on a different version of HG called
projectable whose quantum properties are better under-
stood. In projectable HG the lapse N is restricted to be a
function of time only, N = N(z). This assumption is
compatible with the FDiff transformations (1.4). Further,
by using the time reparametrization, N can be set to any
given constant value, say N = 1. In this way lapse is
completely eliminated from the model. The action reads [1]

2We say that a field ®@ has dimension [®] if it transforms under
(1.1) as @ > bl®d.

1 ..
Y

where

1

KUZE

(7ij = ViN; = V;N;) (1.7)
is the extrinsic curvature of the foliation and K = K ;7" is
its trace. Here the dot denotes the time derivative and V,; is
the covariant derivative associated with the spatial metric
vij> G and 4 are dimensionless couplings. The potential part
V does not involve time derivatives and is constructed out
of the curvature tensor corresponding to y;;. Its form
depends on the number of spatial dimensions. In d = 3
it reads [16]

V =2A—nR + u R* + jR;;R7 + v R® + 1, RR; ;R
+ U3 RIRIRY + 1, V,RV'R + usV R, VIR*, (1.8)

where we have used that in three dimensions the Riemann
tensor is expressed in terms of Ricci R;;. This expression
includes all relevant and marginal terms that cannot be
reduced to each other upon integration by parts and the use
of Bianchi identities. It contains nine couplings A, 77, i1, i,
and v,,a=1,...,5.

The spectrum of perturbations propagated by this action
contains a transverse-traceless (#¢) graviton and an addi-
tional scalar mode. Both modes have positive kinetic terms
as long as G is positive and 4 is either less than 1/3 or
greater than 1,

A<1/3 or A>1, (1.9)
implying that the theory admits unitary quantization. Their
dispersion relations around a flat background3 are [4,15]

wfy = nk* + pok* 4 vsk®, (1.10a)
2 1-2 2 4 6
o7 = 777 (71K + (8ui + 3up) k) + v,k°, - (1.10b)

where k is the spatial momentum and we have defined

. = (L= A)(8us + 3u5) w1
1-32

These dispersion relations are problematic at low energies
where they are dominated by the k*-terms. Due to the
negative sign in front of this term, either the scalar mode or
the graviton behaves as a tachyon at low energies, implying

3By this we mean the configuration N' = 0, y;; = ;- Itis a
solution of equations following from (1.6) and (1.8) provided the
cosmological constant A is set to zero.
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that flat space is not a stable vacuum of the model. Attempts
to suppress the instability by choosing 4 close to 1 lead to
the loss of perturbative control [4,9,17] (see, however,
[2,18,19] for suggestions to restore the control by rearrang-
ing the perturbation theory). Alternatively, the instability
can be eliminated by tuning # = 0 or by expanding around
a curved vacuum. In both cases the theory does not appear
to reproduce GR in the low-energy limit, as there is no
regime where the dispersion relation of the #z-graviton
would have the relativistic form @7, o k?. This low-energy
problem does not affect the ultraviolet (UV) behavior of the
model: At high momenta both dispersion relations (1.10)
are perfectly regular, as long as vs, vg > 0.

Projectable HG has been proven to be perturbatively
renormalizable [15,20] in any number of spacetime dimen-
sions. Furthermore, for d = 2 its renormalization group
(RG) flow was computed and shown to possess an asymp-
totically free UV fixed point, implying that the theory is UV
complete [21]. Also in d =2 Ref. [22] computed the
renormalization of the cosmological constant.

Partial results about the RG flow of projectable HG in
d = 3 were obtained in Ref. [23]. The UV behavior of the
theory is parametrized by seven couplings in front of the
marginal operators in (1.6) and (1.8): G, A, v,,a =1, ..., 5.
However, not all these couplings have physical meaning,
which is reflected in the dependence of their -functions on
the choice of gauge used in the loop calculations. There are
in total six essential couplings which enter into the on-shell
effective action and whose p-functions are thus gauge
invariant. These can be chosen as follows [23]4:

G
G=—T A u= 2 g, = 4123,

, 1.12
\/l/_s Us Us ( )

where v, is defined in (1.11). The one-loop p-function
of 1 depends only on the first three of these couplings and
reads [23]

B g
C12072(1 = A) (1 + uy)uy
x [27(1 = 2)% 4+ 3uy (11 =32)(1 = A) = 2u2(1 = 31)?].
(1.13)

b

The gauge-dependent f-function of G (not G) was also
computed for several gauge choices, and the results are
summarized in the Appendix A 1.

The purpose of this work is to provide S-functions of the
remaining couplings in the list (1.12).

“The coupling u, is related to the coupling a used in [23] as

a=u?

B. Outline of the method and main results

The calculation in [23] was done using a combination of
the background field approach followed by diagrammatic
expansion around a special background. The latter was
chosen to have flat spatial metric, y;; = §;;, and arbitrary
shift vector N'. This allowed us to avoid the complicated
vertices originating from the potential part of the action
and profit from the relatively simple structure of the
kinetic term, which for this background choice reduces
to a linear combination of two quadratic invariants (9;N;)*
and (O;N;)?>. Computing the one-loop effective action in
this background we were able to extract the f-functions
of G and A.

However, application of this method to the renormaliza-
tion of the couplings v,, a = 1, ..., 5 is infeasible. It would
require evaluation of a huge number of Feynman diagrams
with two and tree background metric insertions in the
external legs. Instead, we use the powerful tools based
on the Schwinger-DeWitt [24-29] or the Gilkey-Seeley
[30-32] heat kernel method. They provide an effective
resummation of the field perturbation series and allow one
to obtain the UV divergences not as an expansion in powers
of field perturbations, but as full nonlinear counterterms—
local nonlinear functionals of the generic background field.
The pioneering application of this method in quantum
Einstein theory [33] proved to be very efficient and now
underlies the majority of results on renormalization of
(super)gravitational models. The basic tool of this method
is the heat equation kernel whose proper-time expansion
coefficients—the so-called HAMIDEW [34] or Gilkey-
Seeley coefficients—carry full information about UV
divergences and can be systematically calculated.

Despite powerful calculational advantages of the heat
kernel method, its application to HG encounters two
major difficulties. This method is most efficient for
covariant operators in which all spacetime derivatives
form covariant d’Alembertians or spatial Laplacians and
are treated on equal footing. The existence of preferred
time foliation obviously violates this property. Several
approaches have been put forward to circumvent this
problem and extend the heat kernel method to Lifshitz-
type theories [35-39]. However, applications to HG
models are marred by an extra difficulty—nonminimal
operators arising in these models have higher-order
derivative terms which are not exhausted by powers
of the spacetime d’Alembertian [ = ¢**V,V, or spatial
Laplacian A =y"YV,V;. The principal symbol term of
these operators is nondiagonal in derivatives whose
indices are contracted with the tensor field indices. To
circumvent this difficulty we use the technique of the
so-called universal functional traces (UFT) applicable to
this class of higher-derivative nonminimal operators.

Originally this method was developed for spacetime
covariant operators in [27,28] (see also [40]). Universal
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functional traces are the coincidence limits of the kernels of
nonlocal (pseudodifferential) operators of the form

A

1
vﬂl e vﬂm ﬁ‘s('x’ y) ’

y=x

(1.14)

which are defined in curved spacetime with a generic
metric g, and with the covariant d’ Alembertian operator []
acting on a generic set of fields ¢ = ¢*(x) (the hat symbol
denotes the matrix structure of the operator kernel in the
vector space of ¢, 1 = 5x@P, etc.). For appropriate values
of parameters m and n these coincidence limits are UV
divergent and contain all the information about one-loop
UV divergences of the theory.

The latter property can easily be demonstrated on the
example, say, of the higher-derivative theory with the
inverse propagator (¥ + P(V), where P(V) is its lower-
derivative part. By expanding the one-loop functional
determinant Tr In(CY + P(V)) = NTr InO + Tr In(1 +
P(V)/O") in powers of the nonlocal term P(V)/CIV
and commuting to the left the powers of P(V) and to
the right the inverse powers of [], one finds that the result
will be given by the infinite series of terms (1.14)
multiplied by tensors of ever growing dimensionality.
Only a finite number of these terms will be UV divergent,
so that the overall one-loop divergent part will be known,
provided one can calculate divergent parts of separate
universal functional traces (1.14). One can easily and
systematically do this by the Schwinger-DeWitt heat kernel
technique, just as it can be done for the first term NTr In [
of the expansion. This calculation is equally possible for
any spacetime dimension and, moreover, can be extended
to noninteger values of n in (1.14). As shown in [27], a
similar technique applies to nonminimal operators.

This method admits the generalization to Lorentz vio-
lating Lifshitz theories with regular propagators (the class
of HG models in which the proof of their perturbative
renormalizability holds [15])—see, for instance, [41].
Fortunately, however, this generalization is not really
needed in our case. Due to the properties of the projectable
HG, the renormalization of its potential term can be done
via a special three-dimensional reduction, upon which the
one-loop effective action is represented as the trace of the
square root of a certain sixth order operator fully covariant
in the three-dimensional space. The operator is nonmini-
mal, and bringing its square root to the form suitable for the
application of the UFT technique presents a major compu-
tational challenge. We overcome it by the use of symbolic
computer algebra. As a result, we obtain the one-loop
effective action as a sum of UFTs (1.14) with half-integer n
that are fully covariant in the three-dimensional space and,
therefore, fully manageable by the technique of [27].

The divergent part of the one-loop background effective
action provides us with the renormalized coupling con-
stants v,, a=1,...,5, and allows us to determine the

p-functions of G and the other four essential couplings
collectively denoted by y = (u, vy, vy, v3,). The corre-
sponding expressions have the form

gz
~268807%(1 — 2)2(1 = 34)2(1 + uy)?u’

Pg

7
X ZuQPg[/l,vl,vz,v3],

n=0

(1.15a)

g
—A
7 268807%(1 — 1)3(1 = 34)3(1 + u, )1

9
x> ulPhA vy, g, w3,
n=0

Py
(1.15b)

where the prefactor coefficients A, = (A4, .A,.A,,.A,,)
equal

A, =u(1-2), A, =1, A

s

=A,, =2.

vy

(1.16)

Note that the coupling G factorizes and its powers enter
the f-functions only as overall coefficients. The functions
7?5[;1, vy, Vs, v3) and Pi[4, vy, vy, v3] are polynomials in 4
and v,, a =1,2,3, with integer coefficients. 735, ol
and P, are, respectively, of fourth, fifth, and sixth order
in A. The maximum overall power of the couplings v, is
two for PY, P, and three for P,*. Explicit expressions
for these polynomials are lengthy and are collected in
Appendix A 2.

Equations (1.15), (1.16), and (A4)—(AS8) represent the
main results of this paper. Together with the f-function of 4,
Eq. (1.13), they compose the full set of f-functions for
essential coupling constants of projectable HG in d = 3.
The files containing the p-functions in the Mathematica
[42] format are available as Supplemental Material [43].

In the rest of the paper we describe in detail our
calculation and various checks, to which we subject our
results. In Sec. I we discuss the gauge-fixing procedure
and the choice of the background and get the general
expression for the one-loop effective action. In Sec. III we
perform the reduction to three dimensions, reformulate the
problem as an extraction of an operator square root, and
describe an algorithm to perform this extraction. In Sec. IV
we review the UFT technique and classify the UFTs
required for our calculation. In Sec. V we extract the
p-functions of the essential couplings and discuss their
gauge invariance. In Sec. VI we perform an independent
check of our results by computing the one-loop effective
action on a sphere with a different method based on spectral
decomposition. In Sec. VII we discuss our results and make
several preliminary observations about the structure of
the p-functions and the corresponding RG flow. Some
lengthy formulas and technical details are relegated to the
Appendixes.
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II. GAUGE FIXING AND ONE-LOOP
EFFECTIVE ACTION

A. The choice of the background and background
covariant gauge fixing

We focus on the part of the action consisting of the
marginal operators with respect to the scaling (1.1). They
form a closed set under renormalization and determine the
UV behavior of the theory. From now on we switch to
the imaginary “Euclidean” time 7 = it. In this “signature”
the tree-level action reads

S dv d*x\/y(K;;K" — AK* + 1| R? + 1,RR;;R"

2G

+ U3 RIRIRY + 1 V,RVIR + vsV iR, VIRIY).  (2.1)

Renormalization of the theory implies the calculation
of the UV divergent part of the effective action, which
has the same covariant structure as the classical tree-level
action (2.1) provided one works in the class of the so-
called background covariant gauges [25] which were
discussed in the context of HG in [15,20,23]. For the
renormalization of the potential part of the action it is,
therefore, sufficient to consider the metric background on
which all its five tensor structures are nonvanishing and
can be distinctly separated. This is the spacetime metric
with a generic static three-dimensional part g;;(x) and
vanishing shift functions N* = 0. Static nature of g;; and
zero shift functions lead to the zero kinetic term of (2.1)
whose contribution is not needed for the renormalization
of couplings vy, ...,vs.”

Thus we perform the split of the full set of fields into
this background and quantum fluctuations #;;(z,x) and

ni(z,x),

Ni(z,x) = 0+ n'(z,x),
(2.2)

7ij(T.X) = g;(X) + hy;(7, x),

retain the relevant quadratic part of the full action on this

background, and take the resulting Gaussian path integral

over the fluctuations. We begin this procedure by consid-

ering first a special gauge-breaking part of the action which

preserves the gauge invariance of the counterterms and is

compatible with the anisotropic scaling (1.1) [15,20].
The gauge-fixing action is chosen as

o

K y——
EYe

dr d3x\/§Fi(’)iij, (23)

This is a strategy opposite to that of [23], where the
renormalization of the kinetic term with its couplings G and 4
was performed on a three-dimensional flat space background
with nontrivial N’(x) treated by perturbations in external lines of
Feynman diagrams.

which is the quadratic form in the gauge-condition func-
tions F' with the kernel O; ;» both parametrically depending
on the background fields in the way that this action is
invariant under the simultaneous diffeomorphisms of
both the full field (2.2) and the metric background—the
so-called background gauge transformations. Notice that
under these background diffeomorphisms the quantum
fields n' and h; ; transform as a vector and a rank-two
tensor, respectively. For a static g;; and vanishing back-
ground shifts the gauge conditions and the gauge-fixing
matrix take the form

|
Fi= il + O (Vi = AV;h). (2.40)

O;; = (gVA* + EVIAVI)~L, (2.4b)

Here and below the covariant derivatives are defined
using the background metric g;;. The gauge functions F i
are local linear combinations of quantum fields /;; and n'
with operator coefficients. The gauge-fixing matrix O;; is
the nonlocal Green’s function of the covariant fourth-order
differential operator ;! = ¢g"/A*> + EV'AV/. This non-
locality can be resolved by integrating in an auxiliary field
and does not spoil the locality of counterterms [15]. Under
background gauge transformations F' and O;; transform,
respectively, as the vector and the second rank tensor, so
that the gauge-breaking action (2.3) is indeed invariant and
provides explicit gauge invariance of quantum counter-
terms [20].° Further, this gauge fixing leads to a homo-
geneous falloff of all field propagators in UV and ensures
that all counterterms are compatible with the naive power-
counting arguments [15].

The gauge conditions (2.4) are parametrized by two
constants ¢ and o. The gauge-breaking action (2.3) reads
explicitly

1

ng:%

drd®x\/q <ahi(’)ijﬁj + ' (V/h;; — AV;h)
! Vkn OV by, — 4 V.hO7 'V
+@ ikYij 1T 5 Vit Jk

2
+ i—avih(’)i‘jlvjh) 2.5)

The distinguished nature of this two-parameter family is
that the cross terms between n’ and h;; in Sy completely

cancel the analogous terms in the kinetic part of the
classical action at the quadratic order,

6Strictly speaking, for F' to be a vector under background
transformations 7/ should be replaced by the covariant time
derivative D,n' = ' — N*On' + 0, N'n*, where N' is the back-
ground shift function [15], but on our background N’ = 0.
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Skin B 2G/d‘[d3x\/_( KU —AKZ)
1

e A .
2G d‘rd3x\f[——hjh,-j+—hh

4

o 1 . 1 . )
- h’(V’h,, - Avlh) - EniAn’ - <§ - A) n’Vianf

—%niRijnj] NI (2.6)
where dots mean higher-order terms of the expansion. In
this expression we have integrated by parts in both space
and time and used the staticity of the background 3-metric,
gij = 0. The cancellation of the cross terms between n' and
h;; implies that the shift and metric sectors can be treated
separately.

B. Shift and ghost parts of the action

From the sum of the kinetic action (2.6) and the gauge-
breaking term (2.5) we obtain the quadratic in n’ part of the
gauge-fixed action,

S, = 3G dr d*x [—aa 102+ 2V, V;
- —V V, - gl]A}
2G dr dx\/gn' O;[~8,0% + B/ (V)]nk, (2.7)

where the differential operator B';(V) in spatial derivatives
reads

B(V) =~ 5)A - 2—A2w -

—EVAV A+

—VIAVAY,V,

AZV’V +—= t

ViAZVj. (2.8)

It is quite remarkable that the chosen two-parameter
family of gauge conditions on a static background provides
another very useful property—modulo the multiplication
by the gauge-fixing matrix the corresponding Faddeev-
Popov ghost operator coincides with the operator in the
shift action (2.7). Indeed, the action of the ghost fields ¢’
and ¢; reads

1 :
Sgh = —5/d1d3x gZ‘i(SFl), (29)
where sF' is the Becchi-Rouet-Stora-Tyutin (BRST) trans-
form of the gauge conditions. This is computed using the
BRST transformations of the quantum fields h,; and n’
which coincide with the infinitesimal diffeomorphisms of

the full fields y;; and N* with the gauge parameter replaced
by the Grassmann ghost c’,

Shl‘j = V,»cj —+ Vjc,» —+ th C + h kV C +c th”,
C; = gl'jCj, (2103)

sn' = ¢ —niVic' + IV ', (2.10b)

After the substitution of (2.10) into (2.9), the ghost
action in the quadratic order of all quantum fields takes the
following form (bearing in mind zero background values of
ghosts):

1 _ ; i i
%za/wfxm¢@£+mwmm (2.11)

where the operator B j exactly coincides with that of (2.7).
This property is an artifact of the special choice of the
gauge-fixing action and the static nature of the metric
background, and it significantly simplifies further calcu-
lations, because the contributions of ghosts and shift
functions are expressed through the functional determinant
of one and the same operator.

C. Metric part of the action

The kinetic part for the metric perturbations has the form

_ VI Gup02h®,

S (2.12)

where we introduced a collective notation for the indices of
a symmetric rank-2 tensor, h* = h;;. The DeWitt metric in
the space of such tensors and its 1nverse read

p—

/1”
g g

Gljkl :_( lkg]l+gllg]k) 1

oo

G;}! (2.13)

4
s = 2(9igji + gugj) + T3, ik

The part of the quadratic action with space derivatives of
the metric is too lengthy (contains hundred of terms) to be
written explicitly. We have obtained it using the tensor
computer algebra package xAct [44-47] for Mathematica
[42]. Schematically, it has the form

ﬁhADABhB,

Loornh + Lot hn = G

(2.14)

where D4 is a purely three-dimensional differential operator
of sixth order. Note that in the indices A and B it is not an
operator, but rather a quadratic form. In flat background
(2.14) reduces to terms with exactly six derivatives [23],
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1 v v 1Y . , v EN
‘Cpot nh T 'Cgf hh % |:_ZS h”A3h” + <_5 - %) hlkAzaiajhjk + <_V4 - 35 - E) h’/Aa,-ajaka,h"’
A1 2(1
P L Ul PO R U B Gt 1A PO | (2.15)
2 20 4 4o

D. Total one-loop action

The one-loop effective action is given by the Gaussian path integral
exp (—I'0) =  /Det O, / (i dnidcide,] exp(—S@ A, ni. ¢l c;]). (2.16)
where the quadratic part of the full action consists of three contributions—metric, shift vector, and ghost ones,
SO n', ¢l e)] = é / drd*x\/g B hA(=Gyup0? + Dag)h® + %onioik(—af;a% + B )n/ +¢;(=6107 + B;)cl | (2.17)

The normalization factor ,/Det O;; comes from the smearing of the gauge-fixing conditions with a Gaussian weight which
leads to the gauge-breaking term (2.3) [15]. The result of the integration

exp (—T!-1oop) = \/]m Det (-0)0: + B)) (2.18)
VDel(=G50% + Dyg)y/Det [0(~5102 + B))]

immediately shows that the contribution of the operator O;; cancels out, while the shift and ghost parts reduce to the

contribution of a single functional determinant. Factoring out and disregarding the ultralocal determinant of the DeWitt
metric,” we write the effective action as the sum of two parts,

1 1 4 .
[I7or = ST In(=6307 + D) = 5 Tr In (=807 + B)). (2.19)
where
DAs = (674 Dy (2.20)

is now an operator in the condensed indices A and B. We presently turn to the computation of the functional traces entering
in (2.19).

III. 3D REDUCTION: ONE-LOOP EFFECTIVE ACTION AS THE TRACE
OF AN OPERATOR SQUARE ROOT

We begin by using the proper-time representation for the trace of the logarithm of an operator

o d >
Tr InF = —/ 936 Ty gmsol~04F) (3.1)
0 S
where [ is either D4 z or B’ ;- The subscript of the parameter s, emphasizes its scaling dimension, [ss] = —6, which provides

that the exponent is dimensionless (recall that the dimension of the operator —92 + [ is 6). Thus, we obtain the expression
for the metric tensor part of the effective action,

"Which is actually canceled by the local measure /DetG,55(x, x') arising in the Lagrangian path integral after the transition from the
canonical one [48].
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Fl—loop _ _l o
metric 2 0 Se

1 d -
= [ ey [ e g s ¥y

where the operator acts on the first arguments of the d-functions before taking the coincidence limit and “tr

simple trace over matrix indices A =
chain of relations:

1-loop __
metric

ds6 Tr e_sﬁ(_%ag+DAB)

(3.2)

” stands for the

(if). For a static (z-independent) background it can be transformed by the following

1/d1d3 ditre—so(—5?;03+DAB)/d_weiw(
2 2

1—1’)5(X _ X/)

-7 x=x'

d
———/de3 / s6/2 e~ tr g 60" B5(X — X' )|y
n

de dx / 3/2 e P s(x - x') |y

—-1/2
_ _M/d‘:d%tr DAB5(X_X/>|x=x’

vz

1 /
:z/dTTr3 DAB.

Note that Tr; in the final formula is the functional trace
in the three-dimensional sense (contrary to the four-
dimensional one Tr = Try). Thus, we conclude that the
calculation of the one-loop effective action boils down to
the calculation of the functional trace of the square root
of D4, which we denote by Qp4 =+/D*. This is a
purely three-dimensional problem. An analogous pro-
cedure can be carried out for the vector part of the trace.

Introducing the notation QB;'. = ,/B'; the full one-loop

action can be expressed as

1 )
FI—IOOP — 5/ dT[Tr:; QDg’ - Tr3QB;]. (34)

Let us outline the strategy for evaluation of the above
operator traces. By commuting the covariant derivatives
contracted with each other to the right and collapsing them
into powers of the Laplacian the local operators F = (D, B)
can be brought into the following schematic form:

6
F= ZR(a) Z Ui V1 Voo (=A) 7

a=0 6>2k>a

(3.5)

Here R, are background field tensors built of the

curvature and its derivatives of the following dimension-
ality in units of inverse length:

(3.6)

(3.3)

We will refer to them as “coefficient functions.” On the
other hand, a,; are dimensionless scalar coefficients
depending on the couplings 4, vy, ...,vs. Overall powers
of derivatives and Laplacians are related to the dimension-
ality of the coefficient functions to maintain the total
dimensionality of F which is six.

The square root of such operators can be obtained by the
perturbation theory in powers of the background curvature
and the derivatives of this curvature, that is again in powers
of 1/1. However, in contrast to [ this is not a finite length
polynomial, but rather a nonlocal pseudodifferential oper-
ator given by an infinite series in R,

v2k—a (37)

VF = ZR Zaakvl

1
isal (=A)2
with some other coefficients &, ; obtained from a, ; above.
At each dimensionality a the powers of derivatives are
bounded from above by some finite number 2K, — a.
Indeed, the number of free tensor indices Kp,. of the
operator is fixed by the nature of the space it acts on:
Kiree = 2 for VB and Kree = 4 for v/D. All the indices of
the derivatives that are not contracted with each other, minus
the number of free indices, must be contracted with the
indices of R ,). The latter is bounded by a. Thus, we have

2k —a £ Kgee + a. (3.8)

Altogether this means that the UV divergent part of (3.4)
follows from the calculation of UFTs of the form
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1
/ d3x'R,(a) (X)vl fee vZk—a (_A)Tmé(x, X/)|X=X" (39)

Since the divergences of HG have at maximum the
dimensionality a = 6, only a finite number of such traces
will be needed. This method splits the problem into two
steps—calculation of the operator square root (3.7) and the
evaluation of UFTs (3.9)—which makes it computationally
efficient.

The first step is the perturbative calculation of the square
root (3.7). This calculation is based on the fact that in the
lowest order approximation of the expansion in curvature
the covariant derivatives commute. Thus, the procedure
reduces to the extraction of the square root from a c-number
matrix—the principal symbol of the operator, obtained by
replacing the covariant derivatives with c-number momenta
and neglecting all terms proportional to curvature. Going
back in the resulting matrix from these momenta to
covariant derivatives one gets the operator Q). By denot-

ing all curvature corrections in v/[F as X,

VF=Q© +x, (3.10)

one obtains the equation for this correction term
|

v v, (1 =) +v
D(p)ijkl =p° [35 —4( ) oy

SkSt 4+ sk
(l j+ lj>+ 1_3}/

—4uy(1=2) —
+< 2 ) 1/5>5i1f7kﬁ1+ <—4I/4—I/5—

1-34

A1+¢)

QOX +XQO =F— (@02 X2  (3.11)

This nonlinear equation can be solved by iterations because
its right-hand side (RHS) is at least linear in curvature.
Indeed, the difference F — (@(®)? « R is nonzero entirely
due to the commutation of covariant derivatives, propor-
tional to the Riemann tensor R. At each stage of this
iteration procedure one has to go from the operator X to
its c-number symbol. Then one finds this symbol from the
matrix equation (3.11) in which the right-hand side is
known with a needed accuracy from the previous iteration
stages. This is the so-called Sylvester equation, and its
solution will be constructed below. In the meantime we
focus on the square root of the principal symbol of F.

A. Square root of the principal symbol
and four gauge choices

1. Tensor sector

From Eq. (2.15) we read off the quadratic form D" in
flat space. Replacing the derivatives with the momenta,
0; — ip;, and contracting with the inverse DeWitt metric

G;j},nn, we obtain the principal symbol of the operator D,

vs 1 o . R A
8,0 + (-3 + —) (55p;p' + 8ipp* + 84 pip' + 84 pip*)

4o

A EN o o aka
>Pipj5kl+ (41/4+2’/5 +; PinPkPZ , (3.12)

where p = p/p is the unit vector along the momentum. This is a 6 x 6 matrix acting in the space of symmetric tensors /1.
To extract its square root, we need to find its eigenvalues and eigenvectors. We do it by decomposing /; into a transverse-

traceless, vector, and scalar parts. Namely, we write

r 1 r) A A r ] A A A A
hyy = T(r)el(d) +Vy E(ei "pi+ pkeﬁ )) + ¢ﬁ(6kl = DiP1) +wbibi,

(r)

(3.13)

where e, ’, r = 1, 2 form the basis of unit vectors orthogonal to p, e,({?, r = 1,2 are the two transverse traceless polarization

(r)

tensors, and T',), V), ¢, and y are coefficients. It is straightforward to see that ¢, are eigenvectors of (3.12) with the

eigenvalue k7 = vsp%, whereas the vector polarizations (e

,((r) P+ f?kefr) )/V/2 are eigenvectors with the eigenvalue

xy = p®/26. The projectors on the corresponding subspaces are

P(.T)kl = Z e(.r.)e(”)kl

tj

r=1,2
1 1 | D IV
=5 (818, +616)) =561;0" =3 (81 b+ 8 p* + 81 ib' + 8, D") +5 (8,0 D'+ b ;0" ) +5pib;p*P', (3.14a)
kl 1 o o r o 2~ r
Py =D 5 (e b+ pie) (e pl 4 pret)
r=1,2
=5 8PP+ 8ip;p* + & pib' + &;piP") = 2pi;P* P’ (3.14b)
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In the scalar sector the situation is more subtle. Here we have two eigenvalues that in general are not degenerate. To see

this we act with D(p) on the scalar part of (3.13) and find

2 . v, _1+¢ (1= +¢
D(p),;" hitlseatar = P° ¢7§(5ij - pibj) + (45\/5/1(1 - —T> ty— pibj| (3.15)
|
where v, is defined by Eq. (1.11). Thus, in the two- (DK 1 5 1-32, S kil
dimensional subspace of vectors T = (¢, w)T the operator i 2\ T, PP ( PP,
D(p) acts as a matrix o 2 |
[l:Dlj :ﬁlﬁj(_m5k1+mﬁkﬁl> (320)

Vg 0
6 . 3.16
a1z voma) 019

The corresponding eigenvalues and eigenvectors are

1
K51 = v p°, Ts = (@) (3.17a)
1-2
1= 2)(1+¢ 0

It is convenient to construct the operators P(5!) and P(52)
projecting on the vectors Yg; and Y,, respectively. This is
done using the linear forms conjugate to these vectors

=1 0.  Ti=(-yZ 1). (1)

that have the property TIT(I =06,, 1, q =1,2. Then

rq°

PO =T @ YL, PO =T, @TL. (3.19)

Restoring the spatial indices we have

1

Qop), = V0?5018, + 30) + a0 +

ug—1_ .. u,1-31 1
Y 5ijpkpl—<— -5

21-2 2 1-24

This principal symbol plays the central role in the
perturbative calculation of the operator square root Qp.
For a general choice of the gauge parameters ¢ and ¢ this
calculation is prohibitively complex. Thus we restrict to
four gauge choices that simplify expression (3.24).

Gauge (a) First, we consider a choice where the
eigenvalues of the gauge modes coincide with those of
the physical modes. Namely, we take

Vg
U = U, So=—, E=— S ],

=1,
t 20, 205(1-1)

(3.25)

Au 1 u, 1 —34
+ ”)ﬁiﬁ,,~6“+<——2uv+—‘f+—

It is now straightforward to verify that the principal
symbol (3.12) decomposes into the sum of projectors,

6
Tkl P V)kl S1)kl
D(p)ijkl = V5P6Pz(j) + 2% ng ) + yxp6[P’§j :

L —1)0(1 I (3.21)

Then its square root is obtained by taking the square roots
of the coefficients,

Qo(p) = Vosp*Y_uP@, a=T, V51,82,  (322)
where
1
ur =1, Uy = Povs Usy = Uy,
1-A)(1
Ugy = w’ (323)

Ols

and u, is defined in (1.12). Expanding the projectors, we
finally arrive at

(5"p,p +68p;p* 4 85pip' + 8 pip*)

I
This yields

QD(p)ijkl - \/E_ |:2 (5k61 + 515]{) 2 5 5k1
Ug — 1 Ak A Ug — 1 A A
T, 5iijPl T, pipj(skl
3 s~ s sk
+5 (s = l)pip,,-p"p’} : (3.26)

Importantly, this choice overlaps with the gauges con-
sidered in Ref. [23] (see also Appendix A 1) which allows
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us to use the results of this paper for the (gauge-dependent)
p-function of the coupling G in this gauge.
Gauge (b) The second choice is similar, but now
1-24

5:—2(1 5 (3.27)

MV:M_gz:l@G:E,
5

and we obtain

1 u, — 1
Qo (p);* = Vosp® 5(5f5§ +885) +—5— 5 80"
ug—1_ ., 1-34 T
> 6;;p"p 2(1-2) (us = 1)p;p;6
1-34
—Dp;ip: p*p. 3.28
30-2) (g = 1)pip;p*p (3.28)

This also overlaps with the choices considered in [23].

Gauge (c) Two other choices are adjusted to remove the
term with four vectors P in (3.24) which is challenging
from the computational viewpoint.® The most simplifying
choice is

— MS2_3(12—/1)_(1—231)MS©6_2%5’
_ B0 =2 = (1=-3u,)?
£= S0=7) —1. (3.29)

u, — 1

1
Qp(p);* = vsp® 3 (8568 + 6;8%) + 5 80" —

(1=34)(u; = 1)

T yy

This gauge again overlaps with the gauges used in [23].
Comparison of the results obtained in four different
gauges (a)—(d) provides a strong check of our calculation.

2. Vector sector

We now repeat the analysis for the vector operator B
given by the expression (2.8). Its principal symbol reads

1

,. o 1—=20426(1 -2
[EBJ(P)—PG(ZU‘SJJr 04

5in. ). (333
5 ppj) (3.33)

This can easily be written in terms of the transverse and
longitudinal projectors,

*When transformed back to configuration space, the four
momenta become four covariant derivatives that must be com-
muted through the other operators in the course of the perturba-
tive procedure, see below.

(85 p;p' + 81p; p* + 85 pip' + 8ipip") |-

The principal symbol becomes

1 u, — 1
Qo (p)* = V5P’ |5 (818 + 818%) + = — 8,8
ug—1_. . 1-31 A
_‘Téijpkpl— (us—l)pipj(skl .

(3.30)

A drawback of this choice is that it differs from the
gauges studied in [23]. Therefore, in this gauge we cannot
compute the running of the essential coupling G [see
Eq. (1.12)] which requires the knowledge of the f-function
for G. Nevertheless, we can still compute the running of u
and v,, a=1, 2, 3.

Gauge (d) To remedy the above drawback of gauge (c)
we also consider

1= A+ (1=32)u,

S Ty
2(1=24)? 1-22
= , = - . (331
= iita—ay - aa—p @3V
Here the principal symbol takes the form
u, — 1 (1=32)(u;,—1)
il 5. pkpl — X TTATS ) 55 Sk
5 0ip"P d—21) Db
(3.32)
|
6
D RO B ) (R NP
B';(p) = %IP(VT) ; —l-fp(’ﬂj’(”) i (334
where
Ip(VT)ij _ 5; _ ﬁlﬁ]7 [FD(VL)ij _ ﬁlﬁ] (335)
Then the square root reads
Qp(p) = vosp*Y _uP@.  a=VI.VL,
Uyr = Uy, Uy = Ug). (3.36)

B. Canonical form of the pseudodifferential operators

The next step in the procedure outlined at the beginning
of this section [see Egs. (3.10) and (3.11)] consists of the
recovery of the pseudo-differential operator Q©) from its
symbol Q(p). The result of this procedure is the canonical
form which we formulate as follows:
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(1) All (fractional) powers of p? are replaced by
covariant Laplacians — A and put to the right.

(2) Other occurrences of momenta are replaced by
covariant derivatives, p; — —iV;. The covariant
derivatives whose indices are contracted with the
tensor indices of the metric fluctuations or the shift

vector are placed to the right.

As an example consider @g) in the gauge (a). The above

prescription gives

2 2
u, — 1
2

u, — 1
+Tgklvivj(—A)l/2

3(uy — 1)
2

0)kl 1 ug— 1
Qu()i)j = \/Z[(_ (5§5§' + 5555) + gijgkl (_A)3/2

+

gl_jvkvl(_A)l/z

+ V,V,VkV! (—A)—W} : (3.37)

Note that the result of the action of this operator on a

symmetric metric fluctuation @Sji)i)j-klhkl is automatically
symmetric in the indices (i, j). In other words, this operator
acts in the space of symmetric tensors, as it should.
Similarly for the vector operator, its zeroth-order part in
a generic (o, £)-gauge takes the form

Q)" = VB[S (~APP + (uy = usp) V'V (=),
(3.38)

In a more general case of the curvature dependent part X
of the square root operator the number of derivatives is
higher and more ordering ambiguities arise. Thus, we
supplement this prescription by one more rule:

(3) The derivatives not covered by rules 1 and 2 are

ordered by using the “SortCovDs” command of the
xAct package [44].

C. Solution of the Sylvester equation

Perturbation theory for the square root operator Q)
implies solving the equation (3.11) for its curvature part
X. At each stage of the corresponding iteration procedure
we will encounter the matrix equation of the following
form:

Q(p)X(p) + X(p)Q(p) = Y(p)- (3.39)
Here Q(p) is the c-number symbol of Q). the matrix
Y(p), which is the symbol of the operator Y =TF —
(Q©)2 —x? in the right-hand side of Eq. (3.11), is
assumed to be known, and we need to find X(p). All

matrices depend on the three-dimensional wave number p.
Equation (3.39) is a special case of the Sylvester matrix

equation, and its solution can be found with the general
method of Ref. [49]. In the case at hand, however, it is
easier to obtain the solution using the representation
of Q(p) in terms of the projectors (3.22) and (3.35).
The solution reads

1 1
B \/IZP3 a Uy + Ug

[p(a)y(p)[p(/f),

X(p) (3.40)

where the sum is taken over o, =T,V,S1,52 (tensor
sector) or @, f = VT, VL (vector sector). The proof goes by
a direct substitution:

Uy

Q(p)X(p) = P@Y(p)P®,
%; Uy + Ug
u
X(p)Qp) =) - fuﬁ P@OY(p)PP).  (3.41)
afp &

Here we have used the orthogonality of the projectors
P@PP#) = P, Summing up the two expressions we
obtain

Qp)X(p) + X(P)Qp) = Y _PY(p)PY
ap

— <;p(a)>y(p) (Zp(ﬁ))

B

~ Y(p). (3.42)

where in the last equality we used the completeness of the
projector basis. In what follows we will denote the linear
map from the RHS of the Sylvester equation to its solution
by “Syl,” so that we will write

X(p) = Syl[Y(p)]- (3.43)

D. Perturbative scheme

As discussed in the beginning of this section, to find the
one-loop renormalization of the action we need to construct
an operator 0 whose square coincides with the operator
F = (D, B) entering the quadratic action for the fluctua-
tions. We perform this construction perturbatively in the
powers of the background curvature and its derivatives.
Namely, we write

Q=009 4+0® +0® +0% 4+ +0Q® +...,
(3.44)

where the index in the brackets represents the order of the
operator in powers of the inverse length scale character-
izing the background curvature. Here the operator Q(©) is
given by (3.37) or (3.38), and it does not contain any
background curvature. The operator Q) is linear in
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curvature, and this is counted as second order, since the
curvature contains two derivatives of the metric. The
operator Q) contains first derivatives of the curvature
(three derivatives of the metric), and so on. Dots stand for
higher-order terms that do not contribute into the divergent
part of the action.

Substitution of this expansion into the defining relation

Q*=F (3.45)
produces at each order an equation of the form,
Q0Q@ + QWO = yl@, (3.46)
with the RHS
Y@ =F - Q) (3.47)
b,c<a
b+c<a

The operator Y(®) contains terms of order a and higher.
Then Q@ is constructed by the following algorithm:
(1) Pick up the part of Y(@ which is exactly of order a;

let us denote it by Y.
(2) Replace the covariant derivatives acting on the

(@)

metric fluctuations in Y, ' by the wave vector,

V., — ip,. This gives the c-matrix symbol Ygfl)(p).

(3) Solve the corresponding Sylvester equation and
define a matrix

Q9(p) =syllv (p)].  (3.48)

(4) Replace the wave vectors in Q@ (p) back by the
covariant derivatives, ordering them in a canonical
way (see Sec. III B). For tensor operators, symme-
trize @Ef)kl in the indices (ij) and (kI).

(5) Construct the combination Q©Q@ + Q@Q©) and
bring it to the canonical form. By construction, this
combination coincides with YE{J), up to terms of
order higher than a. Subtract it from Y(® to define a
new operator Z(@+1),

(6) Construct other products Q®»Q© with b,c < a,
b+ c=a+ 1, bring them to the canonical form,
and subtract from Z(@+1), This determines Y@t
according to Eq. (3.47).

In this way we arrive at an iterative procedure for a
consecutive determination of Q. According to (3.47)
the right-hand side of (3.46) at different steps is given by

(3.49a)

(3.49b)

- QWa® — (@B, (3.49)

We have automated the algorithm described above using
the Mathematica [42] package xAct [44].

A few comments are in order. First, the coefficient
functions of the fifth order operator Q©) contain either a
third derivative of curvature or a product of curvature with
its first derivative. None of these combinations can give rise
to a divergent counterterm in the one-loop action. Indeed,
the renormalizability of the theory implies that the counter-
terms have the same structure as the terms in the bare action
which have order 6 in our power counting (see [15,20]). To
produce a sixth order contribution the coefficients of Q)
would have to be multiplied by a covariant object con-
structed from the metric using a single derivative. But such
objects do not exist. Thus, we conclude that Q) does not
contribute into the beta functions and can be dropped.
Then one can verify that the fifth order contributions can
consistently be omitted in all Y@ at all stages of the
calculation. In particular, instead of solving consecutively
for @) and then for Q) using the Y operators (3.49d) and

(3.49¢), we can directly construct Q© in a single step by
solving Eq. (3.46) with the RHS

YO =YY@ _QO0g“ _QWo©® _g@g®

-200Q® —QPQ® —Q®a® — (@32, (3.50)

Second, the most time-consuming part of the calculation
are steps 5 and 6, which involve bringing various operators
to the canonical form. In detail, this canonicalization
proceeds as follows (for concreteness, we focus on the
metric sector):

(1) All (fractional) powers of the Laplacian acting on the
metric fluctuations are commuted through the co-
efficient functions and covariant derivatives to the
right and collapsed to a single fractional Laplacian.
The commutation is performed using the formula

[A,B] = > Ci[A.[A,....[A.B]]-- JA*™", (3.51)
=1 H—/
valid for arbitrary operators A and B. Here
- (a—- 1
cr=dezlazntl) g )

n!
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are the binomial coefficients. This formula is proved
in Appendix B.

(ii) Next, we bring to the right all covariant derivatives
contracted with the metric fluctuations. For example,
an expression VAV ... V(=A)%hy,; after bringing it
to the canonical form will read

V.. ~VVk(—A)“hkl +oe
where dots stand for the terms with curvature that
have been generated as the result of commutation.

(iii) The remaining derivatives (including possible deriv-
atives acting on the curvature) are ordered using the
“SortCovDs” command of the xAct package.

(iv) The Riemann tensors appearing from the commu-
tations are replaced by their expressions in terms of
the Ricci tensor and the scalar curvature. This step
may generate additional Laplacians or contractions
of derivatives with the metric fluctuations, so the
ordering procedure is repeated iteratively until it
converges.

When performing the commutation of fractional powers
of Laplacian the formula (3.51) is truncated at the order
relevant for a given step of the calculation. A single
commutator of the Laplacian with a covariant derivative
is proportional to curvature; thus it has second order in our
counting. Every further commutator increases the order at
least by one. In addition, it can be shown that the lowest-
order coefficient function in the nested commutator

A [A, .. [A V]
———

n

(3.53)

is a total derivative. Hence, it will not contribute into the
effective action, unless it gets multiplied by another back-
ground tensor. The latter has at least dimension two, which
further limits the number of nested commutators we need
to consider at a given order. A straightforward analysis of
possible cases tells us that in the commutator of the
fractional Laplacian with a covariant derivative we need
to go up to

(i) n =4 in the computation of (Q®)2,

(ii) n =3 in the computation of Q©Q? and QQ©

(iii) n=2in QVQG) and QP QO

(iv) n=11in QOVQ®, @¥Q®, and (Q?)?,

(v) in the fifth order operators Q2 Q®), Q®)Q®? and
sixth order operators Q2 Q®, Q“Q®, (Q®)? all
derivatives can be treated as commutative.

Similarly, every commutator of the Laplacian with a

coefficient function made of curvature increases the order at
least by one, the lowest order term in

(A A, [AR@E]] -]
—_——

n

(3.54)

again being a total derivative. By considering possible
cases we conclude that when commuting the fractional
Laplacian with the coefficient functions we need to retain
up to

(i) 3 nested commutators in Q©Q®),

(ii) 2 nested commutators 111 Q@Q® and (@?)?,

(iii) one commutator in Q@ Q) @(%)@( )

(v) in 000 and Q¥Q®, QPa®), (Q3)?2 the
commutator between fractlonal Laplacians and the
coefficient functions can be omitted altogether.

The iterative algorithm of this section provides us with

the square-root operator in the form (3.7) suitable for
further processing with the technique of universal func-
tional traces. We now describe this technique and draw the
list of the required UFTs.

IV. UNIVERSAL FUNCTIONAL TRACES

A. Schwinger-DeWitt technique and the method
of universal functional traces

The calculation of UFTs of the form (1.14) arising in
(3.7) can be done by means of the heat kernel method and
the Schwinger-DeWitt technique of the proper-time expan-
sion on generic curved spacetime. The heat kernel method
allows one to write down in (3.7) the integral representation
for a generic power of the Laplacian,

~

1

V.o Vo—6(x,y d“'
_ 1 0 a—1a5A'S div
_F(a)v \Y 5 dss®le*to(x, y) Y, (4.1)

in terms of the kernel of the heat equation K(s|x,y) =
e*25(x,y) with the “Hamiltonian” —A. Here A = gV, V;
is a covariant Laplacian acting on an arbitrary set of tensor
fields ¢*(x) labeled by the index A, the hat denoting a
matrix in their vector space, 1= g, and the matrix nature
of the delta function 8(x,y) =1 x 8(x,y). Note that, in
contrast to Eq. (3.1), the dimension of the proper-time
parameter in this formula is [s] = —2 to match the dimen-
sionality of the Laplacian.

Expansion of K (s|x, y) at small values of the proper time
allows one to isolate in the coincidence limit y = x the
integrals diverging at the lower boundary s = 0, which
comprise UV divergences of the universal functional traces
(1.14).9 This expansion, in its turn, is based on the
Schwinger-DeWitt technique [25,27]. In the most general

°For large positive a the operators can suffer from infrared (IR)
divergences associated with the upper integration limit for s, but
as we will be interested in UV divergences, which are clearly
separated at one-loop order from the IR ones, we will disregard
this issue.
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setting this expansion is explicitly known for a minimal
second-order operator of the form

Lo

F(V)=0+P- R H=g"V,V,, (42)

“minimal” meaning that its second order derivatives form a
covariant d’Alembertian determined with respect to the
spacetime metric g,,. The operator acts in the representa-
tion space of ¢”(x) in d-dimensional spacetime with
coordinates x*, y =1, ...,d and is characterized by the
set of “curvatures” R = (13, IAIW, R),,,)—the potential term
P =P, (the term —R1/6 is singled out from it for
convenience), fiber bundle curvature IAZW =RA Bu—
commutator of covariant derivatives acting on the vector
#® or a matrix X = XB—and the Riemann tensor,

V. v, v RAPWV, \P
V.V, = [R

[ s

vv]¢ = ﬁ/w¢v
X]. (4.3)
The heat kernel K(s|x,y) = e V)5(x, y) for the oper-

ator (4.2) has a small (or early) time asymptotic expansion
at s — 0,

8

Dl/z(x, y) 1/2
(47TS)d/2

K(slx,y) = x,y), (44)

where o(x, y) is the Synge world function—one-half of the
square of geodetic distance between points x and y, and

P o(x,y)

D('x’y) 8’”81/

= g7/2(x)| det g2 (y)  (45)

is the (dedensitized) Pauli—Van Vleck—Morette determinant
built of o(x,y). Both &(x,y) and K(s|x,y) are defined
above as zero weight tensor densities with respect to x and
tensor densities of weight one with respect to y, which
explains the factor g'/?(y) in (4.4). The two-point matrix
quantities &, (x,y) bear the name of HAMIDEW [34] or
Gilkey-Seely coefficients praising the efforts of mathema-
ticians and physicists in heat kernel theory [25,30] (see
review of physics implications of this theory in [27,31,32]).

The substitution of expansion (4.4) in (4.1) expresses the
UFTs in terms of the coincidence limits

vm e Vﬂkplﬁ(x,y)

vﬂ] o 'vma(x7 y)'y:x’ |y=x’

V, -V, a,xy) (4.6)

‘y:x'
Their remarkable property is that they are local functions of
the curvatures and their covariant derivatives. These func-
tions can be systematically calculated from the equation for
the world function ¢#*V,6V,6 =26 and the recursive

equations for @, (x, y), which follow from the heat equation
for K (s|x,y). For obvious dimensional reasons the general
structure of these coincidence limits is the sum of various
covariant monomials of curvatures and their covariant
derivatives of relevant powers defined by k and n. Since
o(x,y) and D'/?(x,y) are determined solely by the space-
time metric, the first two sets in (4.6) are given by the sums
of monomials of the form

k m
N
Vi..V,o(x,y)jo, xV---VR---R,  2m+k=p-2,
(4.7)
k m
,—/\—\,—/H
Vl...Vle/z(x,y)|y:xo<V~~VR~~R, 2m+k=p,
(4.8)

in terms of purely metric curvatures R (we suppress the
tensor indices for clarity), whereas the third set involves

all the “curvatures” % = (P, Rﬂ,,,Rﬂmﬂ) pertinent to the
operator (4.2)

k m
Vo Vo), < Vo VR,

2m+k=p+2n. (4.9)

In Appendix C1 we briefly describe the recursive pro-
cedure of calculating all these coincidence limits.

By adjusting the general technique to our three-
dimensional case, d = 3, y — i = 1,2, 3, with the operator
F=A/P= %Ri) acting for the metric sector in the space
of symmetric covariant tensors hy; d= O; jkl) and in the
space of vectors n/ and ¢/ (1 = &}) for the shift and ghost
sectors, respectively, we obtain

~

i
L 'vip (_A)NH/Z 5(x,
B 1 1

" T(N +1/2) 872

Vi

y=x

P

/oo dss"72V, -V,

[Se]

Z &xy} -

Here we have used that the UFTs needed for our calculation
contain half-integer powers of the Laplacian, as implied
by Eq. (3.7). These UFTs have UV divergences of degree
p—2N +2 (recall that the delta function is three
dimensional), which correspond to the proper-time inte-
grals diverging at s = 0. In view of the growing power of s
in this expansion, only the few first terms will contribute to
the UV divergences, which makes the method highly
efficient. Among the divergences we will be interested

{Dl/z x,y)e (4.10)
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only in the logarithmic ones of the form [§°ds/s—the
divergent coefficients of the counterterms of dimensionality
six, which determine the beta functions of the theory.

B. Types of universal functional traces

Here we consider the types of universal functional traces
arising in the trace of the operator Q regarding their number
of derivatives and the powers of the Laplacian acted upon
by these derivatives. We focus first on the tensor sector. As
stated in Sec. III, the curvature expansion of Qp in the
canonical form (3.7) reads

i 1 kl
@Dijkl = [ZR(a)%,pvl“'va o
a,p

1

(4.11)

where in each term we redefined the overall negative half-
integer power of the Laplacian as N + 1/2 and the number
of derivatives as p. Recall that R, are the background
field tensors built of the curvature and its derivatives of the
dimensionality a in units of inverse length [see Eq. (3.6)].
For a = 2 this tensor is just the Ricci curvature R ;) = RY,
for a = 3 it is Rz = VAR, etc. Obviously, at any a the

tensor quantity has at maximum a indices, R, = Ré‘a&'i",

r < a. Also, as mentioned in Sec. III, the parameter N
is not independent but follows from the overall dimension-
ality of the operator Qp which is three, so that
a+p—-2N—-1=3or

2N =a+p—4, (4.12)

whence it follows, in particular, that a + p is always even
[denoted by 2k in (3.7)]. Thus,

TrQp = /d%Ztr [Rw)(}a’pvl e
a.p

1
X vpm%m(% Y)lyx} , (4.13)

where tr is the trace which is taken over the multi-indices i
and kl after the action of every nonlocal operator on the
tensor delta function has been enforced.

Another important point, also mentioned in Sec. III, is
that for every a there is an upper bound on the number of
derivatives p in these functional traces. Indeed, their p
indices can be contracted at maximum with r indices of
R (4 and four indices of §;;*(x, y).!? Therefore p < r + 4,
and in view of r < a the upper bound on p is

1%1f some of these r -+ 4 indices are contracted with each other,
then the possible number of derivatives is smaller because their
indices cannot be contracted with anything else but those of the
derivatives themselves. These contractions, however, do not
count because they just shift the power N of the Laplacian.

p<a+4, (4.14)

which coincides with (3.8) for K. = 4. From (4.12) this

leads to the upper bound on N,

N<a. (4.15)

In (4.13) every UFT with p derivatives, which is

conjugated to the background field tensor R, of dimen-
sionality a,

1
ki N:cH—p_

(a) _
Tp =v1vP(_A)7N+l/25U (-xvy)|y:x7 2

25

(4.16)

is divergent when its degree of divergence Q(T(p”>) =
p—2N +2 =6 —a is positive, or a < 6. This, of course,
corresponds to the logarithmically divergent counterterms
of dimensionality six. Therefore, the set of logarithmically
divergent terms in (4.13) is given by

a=0,2,3,4,6, (4.17)
where the contributions of a =1 and a =5 are absent
because there are no background field tensors of dimen-
sionality one. Thus we have the following five sets of

universal functional traces which contribute to logarithmic
divergences:

1. Traces with a=0, p <4, p-even, N + % = ’%3
(—A)3/23(X, y)|y:x’ vilviz(_A)l/ZS(x1 y)|y:)c7
i
vilvl‘zvi3vi4m5(x, y)|y=x. (418)

These are the most complicated ones, because they require
the knowledge of coincidence limits up to V3s(x,y)

V6D1/2('x’y)|y:x, v6&0(x’ y) v4&1<x’ y)
V24, (x,y)l,—,» and a;(x, x).

ly=o

|y:x’ |y:X’

2. Traces with a=2, p <6, p-even, N+ % = 1’%’

. 1
(=A)25(x. )]y Vzmﬂx,y)lyzx,

A A

1

V4 mé(x, Wyeer VO

1

Wﬂx’ Ve (4.19)

Here and in what follows we omit for brevity the indices
of derivatives.
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3. Traces with a=3, p <7, p-odd, N + % =2

i i
V——7;6(x, y)|y:x’ % m

(—A)1/2 6()(, y)|y:x’
i A

v575/25(x’y)|y:x7 v’

&) Camdtelha (420

(—A

4. Traces with a=4, p <8, p-even, N+ % = I’T”

! i
Cayp b Vgl
(—=A)>/2 XY )ly=x0
V6#5( )| vs;é( ) @)
(_A)7/2 X,y y=x° (—A)9/2 X,y y=x- .
5. Traces with a=6, p < 10, p-even, N + % = PT+3
i A
Wé(xmy)‘y:x? Vzmé(x,yﬂy:x,
V4#5( )| V6;5( )
(_A)7/2 X,y y=x (_A)9/2 X,y y=x
V8$5 ) V“’;& ) 42
(_A)u/z (x,y |y:x’ (_A)13/2 X,y |y:x_ ( )

In this fifth group the number of derivatives is high, but
these traces are the simplest ones because they can be
calculated in flat space and reduce to symmetrized products
of the metric tensor.

The classification of the UFTs in the vector sector
proceeds similarly. The only difference is the modification
of the bounds (4.14) and (4.15) due to the different number
of free indices of Q). We now have

p<a+2, N<a+1, (4.23)
which removes the last entry at each order in the list of
possible structures (4.18)—(4.22).

We have computed the divergences of all the needed
tensor and vector UFTs using symbolic computer algebra
[44]. The code is available at [50]. The full expressions
are very long, so we do not write them explicitly. In
Appendix C2 we present the most laborious traces with
a=0 and a =2. Some relations between the tensor,
vector, and scalar functional traces, which can be obtained
by integration by parts, are discussed in Appendix C 3.
These relations can be used as a powerful check of the
explicit results for their divergences.

V. BETA FUNCTIONS

In the last step of our calculation we combine the
operator square root extracted with the procedure described
in Sec. IIID with the results for UFTs enumerated in
Sec. IVB to obtain the divergent part of the one-loop
effective action. Namely, we use Eq. (3.4), in which we
substitute Eq. (4.13) (and a similar equation for Tr Qg).
Upon collecting similar terms, integration by parts, and the
use of Bianchi identities, the divergence takes the form

[1-toop|div —n 7.2 / drd®x\/g(C,, R*+C,,RR;;R"

+C,,RiRIR; +C,,V,RV'R+C, VR V'R/¥).
(5.1)

Only the potential part of the action has logarithmic
divergences on our static background. The coefficients C, ,
which are functions of the couplings 4, vy, ..., vs, represent
the key result of the calculation.

The UV divergent factor In L? is related to the integral
over the proper-time parameter,

InL? = /&
$2

This integral comes from the heat-kernel representation
of the powers of spatial Laplacian, Eq. (4.1). Hence, the
dimension of the proper time here is [s,] = —2, which we
highlighted by the subscript.'' This means that the diver-
gent logarithm is related to the momentum renormalization

scale k, as
A2
InL?~In <%> ,
ks

where Ayy is a UV cutoff.

We are now ready to compute the f-functions of the
couplings v,, a =1, ..., 5. Comparing Egs. (2.1) and (5.1),
we read off the renormalized combinations of the coupling
constants

(5.2)

(5.3)

1 14
Za)  _ Za InL? 4
<2G>ren 2G+C”” nl?, (5.4)
whence
dl/aren ﬁG
—"Yaren 4 —, a=1.2,...,5. .
b, dInk, GO Fvig a=12...5 (33)

"This is an important difference from the diagrammatic
calculation of [23] which used the proper-time representation
for the full field propagators in (3 + 1)-dimensional spacetime,
and hence the proper-time dimension was —6.
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Therefore, the potential term S-functions are expressed via
constants C, and the f-function of G,

— dGren
~dlnk,’

P (5.6)

which was previously obtained in [23] (see also
Appendix A 1).

Neither f; nor f, is gauge invariant. It is well-known
that a change of gauge adds to the background effective
action a linear combination of the equations of motion
[51,52]. Such a contribution vanishes on-shell, but not for
our off-shell background. This leads to gauge dependence
of the one-loop effective action and the renormalized
couplings. As shown in Ref. [23], this dependence amounts
to a one-parameter family of transformations which, for an
infinitesimal change of gauge, have the form

G~ G —2G?, v, = v, —4Grze,  (5.7)
where € is an infinitesimal parameter.

We can now construct combinations that are invariant
under these transformations and whose f-functions, there-
fore, must be gauge invariant. In this way we arrive at the
set of essential couplings (1.12). Their running is easily
obtained from f, , i, and f3; [see Eq. (1.13)]:

(5.8a)

1 12
B, =< ., —vaﬁs>, a=1273, (58b)
s
usﬁ/l +4<1 _’1>/)71)4

P =00 =30 T =30, "

(5.8¢)

where v, = v,4/vs and its f-function is defined in the same
way as in (5.8b) at a = 4. This leads us to our main results,
Egs. (1.15), (1.16), and (A4)-(AS).

We have calculated f; in three different gauges a, b, ¢
and g, f,, a=1,2,3 in four gauges a,b,c,d from
Sec. III A. We have found identical results. All steps of the
calculation were performed by two independent codes—
one for gauges a, b and one for gauges c,d. Notice that
though the final results agree, the intermediate expressions
differ significantly in different gauges. In particular, the
coupling-dependent coefficients in the square-root operator
Qp (which contains a few thousands of distinct tensor
structures) are dramatically different in gauges a, b and
c,d. In general, they are rational functions with the
denominator being a product of combinations (u, + ug),
where u,, a =T,V,S51,S52, are the eigenvalues of the
principal symbol Qp (p) defined in Eq. (3.23). This follows
from the formula for the solution of the Sylvester equa-
tion (3.40) used at each iteration of the perturbative

procedure to construct Qp. In the gauges a,b the eigen-
values corresponding to the gauge modes coincide with
those of the physical modes, so that in the denominator of
the coefficients we get only the powers of u, and (1 + uy).
On the other hand, in gauges ¢ and d the gauge eigenvalues
are different and we obtain multiple extra factors uy,
(1 4+ uy), ug, (1 + us,), etc. All these extra factors cancel
in the essential f-functions, which provide a very powerful
check of the correctness and consistency of our result.
Finally, let us make the following comment. Once the
gauge invariance of the essential f-functions has been
explicitly checked, we can invert the logic and derive the
coefficients C, in the one-loop effective action for arbi-
trary values of the gauge parameters ¢ and . Indeed,
the gauge invariance of the p-functions for the ratios
v, =V,/vs, a=1,2,3,4, implies that gauge-dependent
parts of the coefficients C, in the one-loop effective action
are proportional to the couplings v, themselves with a
common proportionality factor,
CiM = v, 54, {v},0,8), a=1,...,5. (59)
Adding to this the invariance of the pS-function for the
essential coupling G, one derives the gauge-dependent parts
of the p-functions for G and v,
PENE = —AG?E, B = —8Gu,E. (5.10)
The function E can be fixed by a calculation of the effective
action on a simple special background that can be carried
out in a general (o, £)-gauge. This task is performed in the
next section and yields a remarkably simple result [see
Eq. (6.35)]. In the Supplemental Material [43] we provide
a Mathematica file with the coefficients C, in arbitrary
(0,&)-gauge, obtained by adding the gauge-dependent
piece (5.9) to our explicit results in gauges a, b, ¢, d.

VI. ADDITIONAL CHECK: EFFECTIVE
ACTION ON R! x §3

The complexity of our calculation for the full set of beta
functions imposes the necessity of its efficient verification.
It is based on the UFT method of [27-29] which, despite its
power, is not commonly used in the literature and therefore
requires detailed validation and caution. While the gauge
independence of the essential f-functions discussed above
already provides a strong argument in favor of the validity
of our approach, we perform one more check using an
alternative calculational scheme. Namely, we compute the
divergence of the one-loop effective action of projectable
HG on a static background with spherical spatial slices
using spectral decomposition for the differential operators
D and B entering the potential part of the action. The traces
of their square roots are found by means of spectral
summation, for which we use two different regulariza-
tions—the dimensional and the {-functional one. Due to the
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simplicity of the background, this calculation can be carried
out in an arbitrary (o, £)-gauge introduced in Sec. ITA.
As a by-product, it fixes the function 2 from Eq. (5.9), and
hence allows us to completely determine the dependence of
the coefficients C, in Eq. (5.1) on the gauge choice. As
another by-product, we derive the logarithmic dependence
of the renormalized partition function of HG on R! x §* on
the radius of the sphere.

Consider a static spacetime with spherical three-
dimensional slices of inverse square radius k. We have

R;; = 2Kg;;. R = 6k. (6.1)

On this background, the general expression (5.1) for the
divergent part of the effective action reduces to

3
ri-leopdiy  =L2»"C, / del,,  (6.2)

a=1
where [, are the following three nonvanishing invariants:

I, = /d3x\/§R3|Ss =9 x 4872232, (6.3a)

I, = / d*x\/gRR;;R | =3 x 487*c*?,  (6.3b)

I; = / d*x\/GRIR|RY| ¢ = 487212 (6.3c)

Therefore, an independent calculation of this divergent
part of I''~1°P on R! x §* provides a check of the linear
combination 9C,, + 3C,, + C,,. Notice that this combina-
tion is gauge-dependent, so the comparison between the
general result and the calculation on the sphere must be
performed in the same gauge.

A. Tensor and vector operators on S>

Our starting point is the formula (3.4) for the one-loop
effective action. On the homogeneous space—a sphere
§3—the tensor and vector operators can be explicitly
diagonalized, and the functional traces of their square
roots can be represented as spectral sums of square roots
of their eigenvalues. Then the UV divergences can be
obtained under appropriate (dimensional or {-functional)
regularization of these spectral sums.

Diagonalization of the tensor operator takes place in the

complete orthonormal basis of tensor harmonics H?jw

which we present, for the sake of dimensional regulariza-
tion, on the d-dimensional sphere S¢. Here A = ¢, v, s1, 52
is the helicity index running over tensor, vector, and two
scalar polarizations contained in the metric, whereas (n)
enumerates all other quantum numbers at the level n. In the
basis of these harmonics,

hi(x) = > ha Hi" (x), (6.4)
A,(n)

the operator D, takes the following block-diagonal form:

D, 0 O 0
0 D, O ,
D|gp = = diag|D;, D,,D,]. (6.5)

The harmonics which provide this property can in their turn
be expressed in terms of complete and orthonormal sets

T
of transverse-traceless tensor h;; (")(x), transverse vector

£ (x), and scalar ¢ (x) eigenfunctions of the covariant

Laplacian A = ¢“V,V; (see Appendix D for details),

H"(x) = hT"(x),

ij ij n2 27 (663)

v(n) N _
Hij (x) = ZV(,

E0(x), n>2, (6.6b)

2(-A-1R)
Hy; " (x) = (v,-vj—lg,-,-A> : 0 (x),
4 a2 —dR(-A)
nx2, (6.6¢)
1
H" (x) = —= g™ ().  n20. (6.6d)

Vd

We will denote their relevant eigenvalues as A, A?,
and Aj; and write their orthonormality conditions in
the form

TT(n) o TT(n)
Ahij (x)_Azt1hij (x),

TT(n ij n
/ddx\/ghij ( >(x)hTJT(m) (x) = 5Em))’

S

AP (x) =A™ (x), / A /P () b () = 5()-
(6.7c)

Integer quantum numbers (n) enumerating these eigen-
functions are of course different for tensor, vector, and
scalar modes, but we will not introduce for them different
notations, for in what follows we will need for each (n) only
the eigenvalue A, and its degeneracy D,—the dimension-
ality of eigenvalue subspace. In generic dimension d, which
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we need for the sake of dimensional regularization, they
read on the sphere of unit radius [53-56]

—AS =n(n+d—1),
Qn+d—-1)(n+d-2)!

S: > .
D nl(d—1)! - onz0 (683
Ay =nn+d-1)-1,

- — —3)!
pr_nitd=D@ntd=Nn+d=3t
d=2)(n+1)!
(6.8b)

—-Al=n(n+d-1)-2,

(d+1)(d=2)(n+d)(n—1)2n+d-1)(n+d-3)!

2(d—1)(n+1)! ’
(6.8¢)

D! =
n>2.

In three dimensions the above complicated expressions
for degeneracies simplify to
Di=(n+1)? =2n(n+2),

DL, =2(n—1)(n+3).

(6.9)

The blocks of the matrix (6.5) for the nth level have the

form of the functions of A, times the relevant D,, x D,, unit

matrices 5?;1)),

n = / dix\/gH Y], (D HY (x),  (6.10a)

m ij sb,(m
Aap(n)s) = / dx\/gHY, (D H ™ (),

a=12 b=12. (6.10¢)

They are calculated using the mode normalization and
relations (D2) and (D3) of Appendix D. Their expressions,

which are too lengthy to be presented explicitly, schemati-
cally read

Dt(l’l) = K3T(3)(—A,[1), (61 la)
D, (n) = V) (~AL). (6.11b)
Sis)(=4AY)
A J—
nm) = T aay
Sy (=A%)
App(n) = Ay (n) = 9 5
(A3)% + dA;,
Ap(n) = K>Sy (=A)), (6.11c¢)

where Ty Vigs S 4= 3,4, 5, are polynomials of gth
order in their argument, and the denominators in A;(n),
A, (n), and A, (n) follow from the normalization factor in
(6.6¢). Cancellation of similar denominators in (6.11b)
occurs due to Egs. (D6) and (D2) of Appendix D.

The total 2 x 2 scalar block of the operator (6.5),
D, = Dy 4, 1s still not diagonal, but in each nth eigenvalue
subspace it can be diagonalized in the basis of finite-

™ — dy 0D K dimensional matrix eigenvectors Y(n) = T, (n) and
0.l = [ e B 10 A 0, o) TR T S
|
A (n 0
A(n):T(n){ +(n) A_(n)]rf(n), Zr ()Y o) (1) = S(a) - (6.12)
M) =5 (A (0 + As(n) /83, ) + A5 0n) - zml(nmzz(n)+4Alz<nm21<n>). (6.13)

As the result, the operator D becomes diagonal in all of its sectors, and the unregulated spectral sum representation of the

functional trace of its square root, Q) =

TrQplg = /ddx\/ﬁz:Hﬁl<n)(x)(

= > DB+ Db/

n=2 n=2

Summation in the tensor, vector, and scalar “+” sectors starts with n = 2, whereas in the scalar

n = 0, in accordance with the restrictions on n in (6.6).

D1/2, takes the form

iirgAn
\/ﬁ)kleij< )(x)

(s [Se]

VD) > Div/AL(m) + ) D;

n=2 n=0

(6.14)

[Tl

sector it starts from
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The calculation of Tr Qg on S* in the ghost and shift sectors proceeds along the same lines, except that we can, in view of
the simplicity of these sectors, explicitly present the expressions for the corresponding operators. In particular, the operator
B defined by Eq. (2.8), when converted to the canonical form, reads on S3 as

B|lg = 21_(; [65(=A)* 4+ (1 =2(1 = 2)(1 4 &))VIV(=A)? = 28 (=A)? = 4(1 = 22)& VIV (=A) 4 82 VIV (6.15)

In the basis of transverse and longitudinal vector modes,

) . |
cl(x) = el 0+ ck Vi d™(x), (6.16)
(n) (n)

D

(

where cf{n) =g/ fl.") and ¢ are orthonormal sets of transverse vector and scalar Laplacian eigenfunctions (6.7b) and (6.7¢)

introduced above, this operator similar to (6.5) becomes diagonal B = diag[B;, B;]. Here, as it follows from (6.15),

3

K n n
Br = o [(-A1) - 2(~A})180) = By (n)3)) (6.17a)

3

B, = 5 [2(1 = A)(1 +)(~A1)° —4(6 =24+ 3)(~A3)° +8(3 — ) (~A))  16] = B ()5}, (6.17b)

and

Tr Qp|g :isz/Bﬂ(n)—l—iDi,\/Bs(n). (6.18)
n=1 n=1

The vector modes sum starts with n = 1 because Dy = 0, whereas the scalar modes sum begins with n = 1 because the
expansion (6.16) does not include the zero mode of the scalar Laplacian.

B. Dimensional and ¢-functional regularization of spectral sums

Regularization and extraction of divergences by dimensional regularization consists in the extension of these sums to
space dimensionality d = 3 — e with € — 0. In the {-functional regularization the square root power of the operator
F = (D, B) is analytically continued to 1/2 — ¢'.

Tr VFlp ey, = Tr P, (6.19)

which is provided by the replacement of all square roots in the above formula (6.14) by this power while keeping d = 3.
We identify

g =¢€/6, (6.20)

as implied by the dimensionality of the operator.12 One can show then that the resulting divergent parts of the trace—the
pole terms in e—coincide in both regularizations. Below we demonstrate this on the example of the tensor sector.

For the dimensionality d = 3 — ¢ the multiplicity of the nth eigenvalue in the transverse-traceless tensor sector has for
large n > 1 the following form:

(23

(d+1)(d=2)(n+d)(n=1)2n+d=1)(n+d=3)! _

D = 2(d—=Di(n + 1)!

where we used that

“Indeed, in both dimensional and ¢ -regularizations one has to introduce a dimensionful parameter k, to keep the dimension of the
operator trace equal to three. Equating the powers of this parameter in the two cases, we obtain the relation (6.20).
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In+1-¢)

Tt 1) =n"¢(1 4 O(¢)), n— . (6.22)

This yields
Tr \% |d1m reg. K3/2 ZDt {T n +d- 1 1/2 Z l’ls gG <_ 8) (623)

Here we have explicitly disentangled the fractional power of the growing factor n°~¢ as the coefficient of the function
G,(%, &) which is regular at n — oo,

1 o 2 3\ 1 , 12
Gt Z’E :2K 1+;——2 FT(3>(’1 +21’l—2) +0(8) (624)

n

[remember that T (5)(n* + 2n — 2) is six order polynomial in n].
The divergent pole in ¢ of this series can be extracted using the Abel-Plana formula which expresses a discrete series
>, f(n) in terms of the sum of the integral along the real axes of n and the integral of f(z) on the imaginary axis,

[Se]

n;)f(n) = /Ow dzf(2) +%f(0) + i/ow dzfe—g;)(z_ﬂf)(:ii)‘ (6.25)

With f(n) = (n+2)>7¢G,(1/(n + 2), ) the latter integral is convergent being exponentially damped at infinity, while the
divergence of the integral over the real axes at n — oo can be isolated by changing the integration variable, n +2 = 1/y,
and integrating the needed number of times by parts. In the domain of convergence ¢ > 6 integration by parts does not give
extra terms at y = 0, so that the analytic continuation to ¢ = 0 yields UV divergences as a pole term

. o 1 : 12 d !
Tr V Dt|gi;/n reg. = A dnns_th (; : 8) ‘dlv = A y7—i]5 Gt(y7 €)|d1v

1 1 11 [12 d°G,(y,€) 1 d°G,(y,0)
— - dyys — 2" jdiv — _— 7 T ) 6.26
e—6e-5 e—leA Y dy® | 6le  dy® =0 (6:26)
This result agrees with the zeta-function regularization. Indeed, we have
Try/Dylr e = K727 2(n = 1)(n+ 3){T(3)(n(n +2) - 2)}7% = Z < > (6.27)
n=2

where F,(1,¢) is a function different from G,(1,¢), but coinciding with it at e =0, F,(1,0) = G,(,0). Then, by
expanding this function in Taylor series in 1/n, one acquires a series of Riemannian zeta functions

4 © 1 1.
Try/Dy| . = Zn EZ%F )(0,€) — g7 jdiv
m=0

6
_Z (0, e)Cg(m + e = 5[ = -2 Fi(y.0)

e (6.28)

which coincides with (6.26). Here we used the fact that Riemann zeta-function {(z) has a simple pole only at z = 1 with
unit residue.
Analogous to the formula (6.23) we regularize the vector and scalar traces

Try/D, = »_n"~G, G , g), Try/D, =Y n*G, G , s> +Y nG G , £>. (6.29)
n=2 n=2

n=0

Then the total divergence reads
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1 d°
Tr div _ _~ =™
Qs ~ 6ledy®
Full expressions for functions G,(y,0), G

[G(,0) + Gy (y,0) + G (y,0) + G_(y,0)]|, -

(6.30)

»(3,0), G4 (y,0) can be obtained for an arbitrary gauge in the two-parameter

family of Sec. II A, but are too lengthy to be presented here. The Mathematica code to calculate them can be found at [50].
The same procedure applies to the regularization of the trace of the vector operator square roots. The simplicity of this

sector allows us to present the final result,

(3-2)*(1 + Nus,

—A)(5=30u}, 3201 - 2)’uf

. 32
Tr Qs = T\/”_S[_‘”‘V T 16(1-2)

(5—64+52%)us, n 4(1
2(1 = Aug, ”?92 Usy

< . (631)

where uy and ug, have been defined in Eq. (3.23). Combining this result with the tensor contribution, we finally find the
divergent part of the one-loop effective action on the static spacetime with spherical 3-space in an arbitrary (o, £)-gauge,

32
Pi-loopjdy / de" = P,y 1,02, v3,0,6). (6.32a)
P(d, ug, vy, 05, 03,0, = 301 = )\3/(175 3 {(1 =2)5(144v; + 500, + 18v3 — 1)?
+2:2(1 = 2)*(1 = 32) (144w, + 500, + 1803 — 1)[720, (A + 1)
+ 205 (174 + 8) + 1834 — 54 + 4]
+ 4t (1= 2)2(1 = 32)2[720,(164% — 94 — 3) + 20,(2004% — 1204 — 33)
+ 605(2422 — 164 —3) — 822 + 124 - 3]
+6u3 (1 = 2)3(1 = 32)3[12(vy + v3)(v,(6v5 + 25) + 3v3(4v, + 3) + 603)
+ 4320, (20, + 203 + 3) + 4300, + 1421}3 — 11] 4+ 8ul(1 —32)31(42> — 84+ 3)}
+3y5<9vl+3vz+u3){4@+ 7 (1_@“(1%)}. (6.32b)

Note that the R' x S background for a generic radius
k~!/2 of the 3-sphere is not a solution of equations of
motion, so that this divergent part of the effective action is
off-shell and, therefore, is gauge dependent. Equations of
motion on static R! x $® imply that the derivative of the
action with respect to k should vanish and hold only at flat
space geometry, k = 0, of infinitely large 3-sphere. The
gauge dependence is described by the last term in (6.32b)
and is remarkably simple.

In comparing this expression to our previous results, we
need the relation between 1/¢ and the divergent logarithm
In L2, Eq. (5.2). In dimensional regularization the latter is

regularized as
2
S sg /2 e

where k, is a parameter with units of momentum to keep
the expression dimensionless (cf. footnote 12). This gives
InL? = 2/e. Comparing with Egs. (6.2) and (6.3), we find

(6.33)

967121<3/2(9C +3C,, —l—CDz) 3/ZP(/l Ug,v1,0,,03,0,&).

(6.34)

We have checked that this equality is indeed satisfied in the
four gauges a, b, c, d. This accomplishes the verification of
our results on the static homogeneous spacetime.

As a corollary we obtain the expression for the function
E introduced in Eq. (5.9) which parametrizes the gauge
dependence of the divergent coefficients in the effective
action,

—_ O
SEY) 2{4” ot

i <1—A><1+5>}‘ (6.33)

Its knowledge allows us to generalize our expressions for
C,,a=1,..,5, to arbitrary (o,&)-gauge. The result is
contained in the form of the Mathematica file in the
Supplemental Material [43].
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The final remark here is that the knowledge of the
logarithmic divergences (6.32) allows one to extract the
logarithmic dependence of the finite part of the effective
action on the radius if the sphere x~'/2. This is easily seen
within the {-functional regularization in which the overall
scale of operators F = (D, B) « k° is raised to the frac-
tional power in (6.19) and gives

| Al 11 K
K=Kl —-——==In—
eK . e 2 k)

where k, is a normalization scale of the (-function
regularization. This leads to the expression for the full
effective action as a function of «,

(6.36)

1-loo
r p‘R‘xS3

32 .32
— /dT(KT — %lnk%)P(/l, U, U1, Uy, 03,0,¢)

+ / dei3?Q(A, ug, vy, v, 03,6, ), (6.37)

where the logarithmic term plays the role of the Coleman-
Weinberg effective potential on the metric background
of size k~'/2. In contrast to the logarithmic contribution,
the second term is not controlled by the UV divergent
coefficient and, contrary to the case of single-charge
models, cannot be absorbed into the redefinition of the
normalization k., because it carries a nontrivial dependence
on multiple couplings.

VII. DISCUSSION

In this paper we have obtained the full set of one-loop
p-functions for marginal essential coupling constants in
projectable HG. The results underwent a number of very
powerful checks that confirm gauge independence of these
beta functions in a wide set of gauge conditions—the
cornerstone of the physically invariant content of quantum
gauge theories. These checks also provide a very deep
verification and show high efficiency of the method of
universal functional traces which replaces within the back-
ground field approach the standard Feynman diagrammatic
technique. This method implicitly performs the summation
of a humongous number of Feynman graphs and leads to a
final result hardly achievable by standard momentum space
methods in flat spacetime. As a by-product of our calcu-
lation we derived an expression for the divergence of the
one-loop effective action of HG on static background in a
two-parameter family of gauges.

The complexity of the expressions (1.15) for the
p-functions with the polynomials P% collected in
Eqgs. (A4)-(A8) is high, and we postpone a comprehensive
analysis of the resulting RG flow for the future. At this
point, we content ourselves with a few preliminary
observations.

Clearly, the p-functions (1.15) are in general singular at
A—1/3,A—>1,0ru, » 0." This is not surprising, since
the two first limits correspond to the boundaries of the
unitarity domain (1.9), whereas in the last limit the
dispersion relation of the scalar mode becomes degenerate
[see Eq. (1.10b)]. Remarkably, however, for a special
choice of the values

{v*} v, =1/2, v, = —=5/2, vz=3 (7.1)
the limit #, — O of the S-functions (1.15) becomes regular
for any 4 in the unitary domain:

ﬁv“ {’U*},ux—>0 = 0, a = 1,2, 3, (728.)
189312 — 67204 + 4576
. - , 7.2b
Puliprya=o 6720%(1 — 2)(1 = 34) g (7.20)
159
. - - . 72
ﬂgl{v Fug—0 8072 g ( C)

The point {v*}, u; — 0 is special since it corresponds to
the version of HG, in which the potential term is a square of

the Cotton tensor C;;,

1 . .
S =35 [ ded (K K = 3K? +u5CiCy)
2 .
= 5/ dr dx\/y(K;j + \/5Cij) G (K g + \/5Ch),
(7.3)
Cil = ¢y, <R{ - 4R5{> = MUV, R (7.4)

where ¢! = ¢*/, /g, ¢'¥ = 1. In the second equality in
(7.3) we used the tracelessness of the Cotton tensor and
integration by parts.

This version of HG was originally suggested in [1] and
its quantum properties were studied in [57]. It is known as
HG with detailed balance and is interesting because the
Cotton tensor can be rewritten as a variational derivative of
the three-dimensional gravitational Chern-Simons theory,

ci = _\/Lg] ngvsfg] , (1.5)

1 . 2
Weslgl = 5 / A xelik <F,’.';0jl“im + grg',rﬁ.mrk’"n) (7.6)

defined in terms of the metric Christoffel symbol as a
functional of g,;. Further, there exists a deformation of the

We do not consider the singularity at u;, = —1, because u; is
assumed to be positive by construction [see Eq. (1.12)].
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TABLE L

Solutions of the system (7.8). The sixth column gives the value of the #-function for G at the respective

solution and the seventh column indicates whether it corresponds to an asymptotically free fixed point. The eighth
column tells if the fixed point is UV attractive along the A-direction.

A U v Uy V3 Bg/G*  Asymptotically free? UV attractive along 1?
0.1787  60.57 -928.4 —-6.206 -1.711 —0.1416 Yes No
0.2773  390.6 —19.88 —12.45 2341 —0.2180 Yes No
0.3288 54533 3798 x 108 —48.66 4.736  —0.8484 Yes No
0.3289 57317 —4.125x 108 —49.17 4734 —0.8784 Yes No

action (7.3) by relevant operators which preserves the
detailed balance structure and is related to the topological
massive gravity [58-60]. The detailed balance relation
between d and (d + 1)-dimensional theories appears in
the context of stochastic quantization [61,62] and estab-
lishes a nontrivial connection between the renormalization
properties of the two theories [63]. In our case this suggests
an intriguing connection between the (3 + 1)-dimensional
projectable HG and the three-dimensional gravitational
Chern-Simons/topological massive gravity [57].

It is important to emphasize, however, that the point
{v*},u; = 0 is nor a fully regular point of the RG flow
in HG, because the f-function (1.13) of the remaining
essential coupling A diverges in this limit,

9 1-4
Bil (o} a0 Ty

‘. (7.7)
Thus, the physical significance of the result (7.2) is unclear
at the moment. It will be interesting to understand if the
inclusion of fermionic degrees of freedom appearing in
the stochastic quantization framework [57] can change the
picture.

An important question is the existence and nature of
fixed points of the RG flow. As already observed, the
dependence of the f-functions on the coupling G factorizes.
This coupling determines the overall strength of inter-
actions in HG and must be small for the validity of the
perturbative expansion. Its UV behavior determines
whether the model is asymptotically free (G — 0) or has
a Landau pole (G — o). On the other hand, the rest of the
couplings 4, uy, v, are ratios of the coefficients in the action
and need not be small. The search for fixed points of the RG
flow thus splits into two steps. One first identifies the fixed
points of the flow in the subspace of the couplings 4, u,, v,
by solving the system,

$/G =0,
ﬂ;{/g: 0,

(7.8a)

X = Uy, U1, U, Us. (7.8b)
In the full parameter space, these solutions correspond to
flow lines along the G-direction. One then evaluates fg at a
given solution, whose sign determines whether the flow
line goes to a Gaussian fixed point or a Landau pole.

Omitting the denominators in the expressions (1.13) and
(1.15b), the system (7.8) becomes a system of five poly-
nomial equations for five unknowns A, u,, v,, a = 1,2, 3.
We have studied it numerically with the following results:
(i) We have found no solutions in the right part of
the unitary domain, 4 > 1. In this respect (3 + 1)-
dimensional HG appears to be different from its
(2 + 1)-dimensional counterpart, which possesses
an asymptotically free fixed pointat A = 15/14 [21].

(i1) In the left part of the unitary domain, 4 < 1/3, we
found four solutions summarized in Table 1. All
these fixed points turn out to be asymptotically free.
Note that the two last points correspond to very
large values of v; and their validity requires further
investigation. As discussed in [23], the fixed points
at A < 1/3 are UV repulsive along the A-direction.
We indicate this in the last column of Table I. We do
not know if these fixed points are attractive or not
along the other directions.

It is worth stressing that the results above should be taken
with a grain of salt. Currently we do not have a firm proof
of the absence of fixed points at 4 > 1, nor do we claim that
the list of fixed points at 1 < 1/3 in Table I is exhaustive.

It was conjectured in [64] that the UV fixed points of HG
can lie at infinite 4 and that the limit A — oo is well-defined.
We find that all g-functions (1.15) are finite at 4 — oo,
whereas f3; is proportional to A

3(3 = 2u,)

407 u, 29, A= co.

pp=- (7.9)

This behavior is compatible with the conjecture of [64].
Notice that the point 1 = oo is UV attractive (repulsive) for
ug, > 3/2 (ug < 3/2). To identify fixed points of the RG
flow at 1 = oo, we looked for solutions of the system

Py/Gli—e0 = 0, (7.10)

X = Ug, Uy, Uy, V3.
We have found eight solutions listed in Table II. Three
among them are UV attractive along the A-direction and
correspond to asymptotically free fixed points. Clearly, the

“The directionality of the limit is not important: the resulting
expressions for the f-functions are the same at 1 = +oo.
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TABLE II.  Solutions of the system (7.10) corresponding to fixed points of Hofava gravity at A = co. The fourth
column lists the value of the fS-function for the coupling G at each solution, whose sign determines whether the flow
is asymptotically free or runs into strong coupling, as indicated in the fifth column. The last column tells if the point
is UV attractive along the A-direction in the space of all couplings.

u v vy V3 Po/ G? Asymptotically free? UV attractive along 1?7
0.01950 0.4994 —2.498 2.999 —0.2004 Yes No
0.04180  —0.01237 —0.4204 1.321 —1.144 Yes No
0.05530 —0.2266 0.4136 0.7177 —1.079 Yes No
12.28 —215.1 —6.007 -2.210 —0.1267 Yes Yes
21.60 —17.22 —11.43 1.855 —0.1936 Yes Yes
440.4 —13566 —2.467 2.967 0.05822 No Yes
571.9 —9.401 13.50 —18.25 —0.07454 Yes Yes
950.6 —61.35 11.86 3.064 0.4237 No Yes

structure of the RG flow around these points deserves
further investigation. More generally, this strongly moti-
vates a detailed study of the 4 — oo limit of HG. It is worth
mentioning that a similar limit naturally arises in con-
nection with nonrelativistic gravity to Perelman-Ricci
flows [65].

Let us stress again that presently we do not know if
Table II is exhaustive. We plan to return to a systematic
classification of fixed points of HG and its RG flow in our
future work.
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APPENDIX A: EXPLICIT EXPRESSIONS
1. Beta-function of G

The coupling G of HG is not essential; i.e., it is not
defined using the on-shell quantities. Hence its f-function
depends on the gauge choice. Reference [23] obtained this
p-function for the (3 4 1)-dimensional projectable model in
a subset of the two-parameter family of regular gauges
described in Sec. II A. The results are as follows:

—27 + 744 = 5722 — uy(5(1 = 34)(5 — 40) /2005 + 53 — 1422 + 9942)

(A1)

32 — 894 + 5722 + 3u, (26 — 794 + 5342) + 2u2(19 — 744 + 5122)),

(A2)

47 — 1543 + 11722 + 3u,(26 — 7924 + 532) + u2(23 — 834 + 4242)].

(A3)
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This set of gauges overlaps with the gauges used in the present work. Thus, the gauge (ii) coincides with the gauge (a),
Eq. (3.25), whereas the gauge (i) reduces to the gauges (b) and (d) for the appropriate choices of ¢ [see Egs. (3.27) and
(3.31)]. The expressions (A1) and (A2) are used in Sec. V to derive the f-function of the essential coupling G.

2. Polynomials in the p-functions of essential couplings

In this Appendix we collect the expressions for the polynomials appearing in Eqs. (1.15). For the f-function of the
coupling G the polynomials read,

PY = (1 - 2)*(180902 + 83202 + 160,(159v5 — 217) — 449405 + 2401), (Ada)
Py =3P, (A4b)

P§ = —(1 = 2)2[3(157794% — 203624 + 3967) + 64v3(814% — 824 + 1)
+2702(2794% — 2382 — 41) — 6v5(88234% — 106202 + 1561)
+ 160, (v3(6752% — 5824 — 93) — 230742 + 27324 — 365)]. (Adc)

PI = (1 — 2)2[2703(961% — 14342 + 401) + 6403(171712 — 2298 + 581)
+ 160,(194094% — 260044 + 6415 + 3v5(2741% — 36904 -+ 949))
+ 6v5(393314% — 587281 + 14873) — 34597712 + 2767504 — 52741], (A4d)

PJ = 2(1 — 32){1385453 — 3282631> — 5888(1 — 1)313
— (1= 2)2[1605(31194 + 840v5(1 — 2) — 2396)
— 303(905(3534 — 299) — 50124 + 8210)] + 2395972 — 49947}, (Ade)

PY = 2(1 = 32){1597094% — 3784714% + (1 — 2)*[160,(12431 — 412)

— 303(243v5(1 — 32) — 132804 + 4366)] + 2739331 — 55375}, (A4f)
PI = —6(1 — 32)%(84651> — 163104 + 3(1 — 2)205(254 4 27v3) + 7811), (Adg)
PY = 4(1 —32)2(484% — 381 + 7). (A4h)

Polynomials in the f-function of u, are the following:

P = =3(1 = 2)°[5376000% + 7899202 + 1420502 + 26880, (1540, + 6705 — 16)
+ 160,(423605 — 959) — 583805 + 329, (A5a)

Pl — 3 (A5b)

Pl = —2(1 — 2)[241920002 (1 — 2)% + 803(42645)2 — 864821 + 43837)
+ 12(58698 — 1069474 + 4824972) + 40320, (46205 (1 — 2)2 + 201v5(1 — )% + 3042 — 444 — 10)
+ 80, (625242 — 91884 — 1468) -+ 8v,v5(343354% — 711964 + 36861)
+ 5(2055642 — 307924 — 3696) + 45332 — 38814 + 1448], (AS5c)

Pl = —2(1 — 1)3[80640003(1 — 4)* + 8v2(2070942 — 320261 + 14957) + 12(616862
— 50875 + 20241) + 40320, (98 + 1540, (1 — 2)2 + 67vs(1 — 1)? + 21842 — 388))
+ 805 (305(783342 — 96561 + 4231) + 4(865842 — 168174 + 4324))
+ 05(815944% — 1896604 + 50262) — 29702 — 1529 + 62354], (A5d)
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Pl = (1= A)(1 = 32)[3203(1 — 2)2(40814 — 1191) + 121330834 — 30345342 + 2076574 — 37287)
+ 483840, (1 — 1)2(134 = 19) — 16w, (1 — 1)(7873/2 — 259224 + 18109
+ 305(541942 — 69702 + 1551)) — v5(319384% + 1504242 — 1273144 + 80334)
+ 1041543 + 118152 — 302394 + 10017), (A5e)

Pl = (1= 2)(1 = 32)[3203(1 — 2)2(6614 — 203) + v2(1047874°3 — 2403814 4 1683454 — 32751)
+ 161280, (1 — 2)2(134 = 19) + 160, (1 — 2) (1276142 — 146907 + 69
— 305(26772% — 35344 + 857)) — v3(1789624% — 46899042 + 3470701 — 57042)
+ 37996723 — 51238542 + 126609 + 1081], (ASF)

Pl = —4(1 - 32)2[658403(1 — 1)* — 2702(1 — A)2(3114 — 284) + 24w, (1 — 1)*(4051 — 584
+58105(1 = 2)) = 3vs(1 = 2)2(25074 + 2452) — 9267143 + 20565342 — 1300394 + 17539], (A5g)

Pl = —2(1 = 34)2[(1 = 1)2(7293(1 — 34) — 16v,(31334 — 1042) — 615 (116804 — 3863))

— 2129473 + 49430142 — 3410054 + 61647], (A5h)
Pl = —2(1 = 34)3((1 — 1)2(2430% + 3360, + 564603 + 3144312 — 610261 + 29033), (A5i)
Pl = 4(1 —31)3(4842 = 381 + 7). (A5))

Polynomials in the S-function of v; are the following:

Pyt = —(1 —2)%[11612160v; + 4720883 + 24192007 (500, + 18v; — 1)
+ 1203(40758v5 — 427) + 10080, (412403 + 4v, (72605 — 23) 4 6v3(81v; +4) — 31)
+ 780, (603(345v5 + 28) — 119) + 18v3(3v3(318v3 + 77) — 119) — 385, (A6a)

Py =3Py, (A6b)

Py = —(1 — 2)*{34836480v3 (1 — 1)? + 24v3(545954% — 1121344 + 57539)
+ 10803(2134%2 — 6022 + 389) + 1612800%[225v,(1 — 1)? + 81ws(1 — 1)? — 64% + 81 — 4]
+ 403[605(524014% — 1106261 + 58225) — 7228512 + 862041 — 22411]
—3603(19472% — 22364 + 375) + 2v,[3203(1907494> — 384238 + 193489)
—224v,(26132% — 31964 + 1051) + 528v,0v5(79354> — 161241 + 8189)
+ 24303(27034% — 56204 + 2917) — 4205(85351> — 96524 + 1885) + 7(225874> — 265164 + 3353)]
+ 20,1803 (968747 — 218864 + 12199) — 24v5(64474> — 74024 + 1387) + 524014% — 62686/ + 8885
+ 18v3(12451 — 15064 + 205) + 148054% — 189281 + 4151}, (A6c)

044009-28



BETA FUNCTIONS OF (3 + 1)-DIMENSIONAL PROJECTABLE ...

PHYS. REV. D 105, 044009 (2022)

v
Py =

U1
P =

Pl =

v
PG -

—(1 = 2)*{1161216003 (1 — 1)2 + 843(192674% — 650301 + 45763)

— 3240321172 — 2462 + 35) + 48384002 (250, (1 — )% + 9v;3(1 — 2)? — 247]
— 1203[6v5(194342 + 19381 — 3881) + 688694% — 793724 + 18995]

— 10803(22551% — 28524 + 683) + 6v; [3203(1754142 — 378221 + 20281)

— 2241,(20612% — 20927 4 499) + 5280, v5(54342 — 13404 + 797)

+ 24302 (1512 — 244 + 229) — 4205(930342 — 11188 + 2653)

+ 7(28539/% — 384201 + 9305)] — 61, [1812(227342 — 20344 — 239)

+ 2405(7175/2 — 88584 + 2115) — 6477742 + 874381 — 21261]

+ 1805(46872 — 64221 + 1567) + 7(67852 — 89924 + 2219)},

—2(1 = 2)2(1 = 32){102403(1 — 2)2(451 — 38) + 1728v3(1 — 2)2(74 — 6)

+ 12096002 (1 = 2)2(A + 1) — 403(1 — 2)[384(594% — 1094 + 50)v5

+ 2913342 — 552251 + 25452] — 902(87743 + 87142 — 42131 + 2465)

+ 0, [6403(1 — 2)2(12634 — 1343) — 160, (1 — 1) (3v5(246342 — 51824 + 2719)
+ 3353442 — 526704 + 19076) + 3(9v2(1 — 2)2(15134 — 1833)

+ 205(8223943 — 22625142 + 2055494 — 61537) — 6421943 + 2039734

— 2106414 + 71335)] + 40,[14402(1 — 2)2(1014 — 86) + 1205(196113 — 669912
+ 74351 — 2697) + 8085 — 74342 — 9300 + 8755] + 6v5(448743

— 928142 + 48074 + 7) + 5545243 — 12385342 + 816244 — 13195},

—2(1 = A)2(1 = 32) {16803 (5143 — 1494% + 1251 — 27) — 1083 (943 4 942
—250+7) — 403(1 = A)[18v5(1174% — 3664 + 109) — 28442 — 72651 + 5425]

+ 4032002 (1 — 2)2(A + 1) — 903 (34674% — 883942 + 62374 — 865)

+ 0 [6403(1 — 2)2(17174 = 581) — 160,(1 — 4)(3v5(274142 — 36904 + 949)

+ 2594042 — 406624 + 12022) + 2702(96143 — 23952 + 18354 — 401)

+ 605(5226743 — 14896312 + 1298811 — 33185) — 28835343 + 5422552

— 3333551 + 83485] — 20, [16202 (343 + 3512 — 514 + 13) + 2405 (12651

— 21912 + 6914 + 235) + 309713 — 4032342 + 131674 — 4451] — 120(655143
— 115932 + 61244 — 1112) + 10951943 — 25239642 + 1773574 — 34396},

2(1 = 32)%{5603(1 — 2)3(1034 — 13) + 10803 (1 — 1)3(414 — 11)

+ 403(1 = 2)3(23151 + 54(894 — 19) 5 + 807) — 3602 (1 — 4)3(6574 — 239)
—20;(1 = 2)[588812(1 — 2)3 + 1605(1 — 2)%(84005(1 — 2) + 2844 — 1451)
—2703(1 = 2)*(3534 — 299) — 6v5(1 — 2)2(50544 + 1585) — 14660913

+ 33078342 — 2207814 + 36675] — 20(1 — 2)2[5402(1692 — 2124 + 43)

+ 9605(A2 + 294 — 30) + 496851% — 668924 + 16249] — 6v5(1 — 1)2(760142
— 119944 + 4203) — 15115A* + 387584% — 2395042 — 80384 + 8337},
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PU = —2(1 = 32)2{42003 (60, + 1805 + 17)(1 — 1)3(1 = 34)
+ 108021505 — 67) (1 = 2)3(1 = 32) = 20, (1 — A)[164(1 — 2)2(40782 — 1357)
—72903(1 = 2)(1 = 34) + 6v5(1 — 2)2(142004 — 4703) + 19364543 — 44819142
+ 3139174 — 59575 + 20, (1 — 2)2[340202(342 — 44 + 1) + 2016v5(312 — 44 + 1)
+ 3966142 — 53228 + 13045] + 605 (1 — 4)2(10214% — 19584 + 799)
+ 2575124 — 9507843 + 1228982 — 63194/ + 9647}, (A6h)

Py = =2(1 = 32)3{4(1 = 2)3[21003 + 903(15v; — 67) + 3503(18v; + 17)]
+ 60, (1 — 2)[1680v,(1 — 2)2 + 8103(1 — 1)* + 24420v;5(1 — 2)? + 1020142
— 195582 + 9323] + 14w,(1 = 2)?[63162(1 — 1) 4+ 96w5(1 — ) — 9514 + 935]
— 6v3(1 = 2)%(5154 — 499) + 334923 — 51354% — 1051 + 1879}, (A6i)

Pyt = —4(1 —32)%[2v,(482% — 864> + 451 — 7) + 1634* — 53742 + 4771 — 105]. (A6j)
Polynomials in the S-function of v, are as follows:

sz = —3(1 —1)6(81)2 + 91)3 - 7)2(301)3 + 1067]2 + 3361)1 + 7), (A7a)

1P1112 — 37)82’ (A7b)

P = (1 - 2)*{=19203(11974% — 18084 + 611) — 1602[9v5(34294% — 52882 + 1859)
+4(3921)2 — 43224 + 291)] — 16203 (44742 — 6864 + 239) — 1803(4119/2 — 46281 + 371)
+205(695742 — 87722 + 975) — 336v,[19203(942 — 144 + 5)
+ 80, (1805(214% — 344 + 13) + 27342 = 2922 + 11) + 2703(5142 — 864 + 35)
+ 1805(11742 = 1204 — 1) — 137142 + 16184 — 191] — 1,[912(3798342 — 59248 + 21265)
+ 605(5441722 — 593802 + 3275) — 14345742 + 1737204 — 24327] + 14(248142 — 31821 + 687)}.  (A7c)

PL = —3(1 — A)*{336v,[6402(1942 — 26 + 7) + 8v,(18v5(134% — 184 + 5) + 38542 — 5164 + 123)
+2702(272% = 384 + 11) + 1805(17342 = 2324 + 55) — 176342 + 24021 — 583
+ 6403(27432% — 37282 + 985) + 1602 (3v5(742342 — 101364 + 2713)
+ 4(53492 — 71784 + 1719)) + v,(93(265114% — 363044 + 9793)
+ 605(7536142 — 1012681 + 24219) — 1787372 + 2442801 — 59607)
+ 16203(3272% — 4462 + 119) + 1802(55474% — 74842 + 1799)
— 605(310342 — 44927 + 1109) — 14(267742 — 35744 + 883)}, (A7d)
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Pl = (1= 2)2(1 = 30){6403(1 — 2)2(23694 — 1953) + 172803 (1 — 2)2(214 — 20)
—16(1 — 2)v3[3v3(614522 — 112984 + 5153) + 2(51242% — 145914 + 9193)]
— 902(169093 — 308412 + 115632 + 2369) + 13440, [-19203(1 — 1)}
+6(1 = 1)20, (1494 — 4805 (1 — A) — 137) — 10803(1 — 1)?
1 90;5(1 = 2)2(984 — 93) — 37243 + 122542 — 13174 + 462)]
+ 02[902(1 = 2)2(207414 — 17925) — 6v5(713943 + 3905342 — 973274 + 51135)
+ 29376943 — 56223942 + 2375234 + 29971] + 6v5(2982543 — 6871312 + 469231 — 8099)
+ 24565123 — 5510072 + 3632494 — 57837},

P = (1-2)2(1 = 31){6403(A — 1)2(329 — 9614) + 32403(3943 — 7322 + 414 —7)

— 1603(2 — 1)[3v3(108542 — 14824 + 397) + 2299042 — 278502 + 3776]

—2703(762523 — 196774% + 147031 — 2651) + 13440, [205(1 — 2)?(1814 — 137)

+9u3(1 — 2)2(384 — 31) + 14043 — 532 — 2154 + 122] + 1,[2703(6834% — 12731% + 6814 — 91)
10252343 — 23893542 + 1597774 — 23365) + 19311743 — 427691% + 2588074 — 27161]
3135943 — 586432 + 335654 — 6089) + 4994533 — 113189742 + 7826714 — 150059},

— 6v;(
— 6v3(
P = =2(1-32)*{8576(4 — 1)*v3 — 54v3(1 — 2)*(854 — 31) — 1823 (1 — 2)3(33974 — 1203)
+1603(1 = 2)3(111605(1 — ) + 6344 — 709) + 20160, (1 — 1)%(354> — 481 + 12)
—vy(1 = 2)[923(1 = 2)2(16691 — 1255) + 6w3(1 — 2)?(88604 — 1737)
+ 14503243 — 160534% — 96531 + 11135] — 6v5(1 — 4)?(21804> — 76231 + 5187)
—294052* + 752561 — 460264%> — 161521 + 16351},

Pr = —2(1 = 32)2{1603(1 — 2)3(727 — 21884) + 145803 (1 — A)3(1 — 34)
+ 1960202 (1 = 2)3(1 = 34) + 6720, (1 — )2(351% — 484 + 12)
+ vy (1= 2)[186302(1 — 2)2(1 — 32) — 78v5(1 — )2(11024 — 365) — 1119313
+ 25596512 — 1764591 + 32629] + 6v5(1 — 2)2(1481442 — 183714 + 3829)
— 478117* 4 1803044% — 23665442 + 1234721 — 19239},

Pyt = =2(1 = 32)3{6(28003 + 923903 + 121))(1 — 2)* — 605(1 — 2)2(7074 — 715)
+ 05 (1 = D)[62103(1 — 1) + 741005(1 = 2)? + 1059742 — 18998 + 8299)]
— 973943 + 180734% — 6487 — 1883},

Pyt = =2(1 = 32)%[20,(482% — 864> + 451 — 7) — 2952% + 12534 — 12714 + 301].
Polynomials in the f-function of v3 are as follows:

Py =—4(1—=2)5(8vy + 903 — 7)3,

PP =3Py,

Py = —(1 = 2)*(8vy + o3 — 7){768v3(1 — 1)(51 — 1) + 303(1 — 1)(7414 - 31)
+ 80, (v3(1 — 1)(6874 — 85) — 3064 + 4961 — 206) + v3(6514> — 764 — 719)
— 528647 + 68241 — 1426},
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P = —(1 = 1)*(8vy + 93 — 7){25602(1 — 2)(534 = 17) 4 903(1 — 1) (10294 — 319)
+ 805 (305(1 = 1) (8794 — 277) — 47042 + 5924 — 170)
+ 305(199542 — 27644 + 625) — 1742642 + 236081 — 5846}, (A8d)

Pl = —(1 = 2)2(1 = 30){—6402(1 — 1)[384v,(1 — )% + v5(49512 — 13581 + 863)
— 6(6974% — 9422 + 261)] + 160, [302(1 — 1)2(634 — 895)
+ v3(1 — 2)(3882342 — 532484 + 15061) + 3167443 — 761064% 4 570784 — 12630]
—2703(1 — A)2(2794 + 425) — 1202(248794% — 5988042 + 45529 — 10528)
+305(8769743 — 22016742 + 178243 — 45677) + 24009013 — 5428942 + 3579664 — 55386},  (A8e)

P = —(1 = 2)2(1 = 30){—6412(1 — 2)[13(10694% — 14344 4 365) — 6026/2 + 79324 — 2002)]
+ 160,[303(1 — 2)2(14454 — 517) — v5(3831743 — 8809342 + 625674 — 12791)
+2(233543 — 91752 + 91614 — 2297)] + 27v3(16943 — 49942 + 4514 — 121)
— 1202(159614% — 3641222 + 260151 — 5564) — 15(21691743 — 3868194 + 1889834 — 19945)
+2(26414913 — 5755912 + 3823754 — 71269)}, (AS8F)

Pg = 2(1=32)2{(1 — 2)>[30}(45v5(734 — 67) — 2(68351 — 5644)) — 25603 (3205 — 75)(1 — A)]
— 160, (1 — 2)?[105603(1 — 1)? — v5(39112% — 72434 + 3332) + 6(2134% — 4571 + 226)]
— 03(48772* — 408204 + 918804% — 808761 + 24939)
— 4(33304* — 728343 + 11624% + 61954 — 3396)}, (A8g)

P = —2(1 = 32)2{302(1 = 2)3[1350; (1 — 32) — 14(2894 — 92)]
+ 160, (1 = 2)2[v3(1 — 2)(412 — 12431) — 554242 + 72304 — 1788]
+ 05(1 = 2)(9311923 = 21178542 + 1472074 — 28337)
+ 4(48891% — 222193 + 3283442 — 185974 + 3117)}, (A8h)

Pg* = —6(1 = 31)*{302(15v; — 88) (1 — 1)° — v3(128923 — 311942 + 23374 — 507)
+4(12972% — 2877/ + 18581 — 282)}, (AS8i)

Pr = —4(1 = 31)3[v3 (4843 — 8642 + 451 — 7) — 15143 + 2572 — 1354 + 21]. (ASj)

APPENDIX B: COMMUTATOR OF AN OPERATOR IN A FRACTIONAL POWER

Here we derive the asymptotic series (3.51) for the commutator of an operator in a fractional power. The derivation starts
with the representation

1

A = — ood —a—1 —sA' Bl
F(—a)/o ssT% e (B1)

Next, for X(s) = [e™*, B] we have an equation,

dX
— = —AX —[A,Ble™*4 B2
- A, Ble ™, (B2)

with initial condition X(0) = 0. It is straightforward to verify that the solution has the form
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X(s) = - / " dsyemG= VAL, BlemsiA,

0
Using Egs. (B1) and (B3) we obtain

-1

(B3)

[A%, B] = e Am dss™! AS ds e"C=A[A, Ble=1A

-1 /oo K :
- dss™! (s A, Ble ™4 + / ds[e~(s—s0)A A, B e_“A>
— N R

__F(—a+1) a1 _ 1
=~ ra ABA

/ ™ dssa-] / sy [e-5-A, (A, Blle—s14.

['(=a) Jo 0

(B4)

In the last term we can again use the formula (B3) that will generate the second term in the expansion (3.51). Proceeding by

induction we obtain the representation

Y (=DY [ oo
[AB] =) " CilA.[A, ...[A. B]...]A"" + / dss_OH/ ds; —L——[e~6=)4 [A[A, ...[A, B]...]Je™4,
0 0 .

N—— F(—(Z)

n

n=1

(BS)
N

which is valid for arbitrary N. This yields the formula (3.51).

APPENDIX C: MORE ON UNIVERSAL
FUNCTIONAL TRACES

1. Coincidence limits of the heat kernel coefficients

The heat kernel K(s|x,y) = ¢**V)5(x, y) for the oper-
ator (4.2) satisfies the initial value problem for its heat
equation

0,k (slx,y) = F(V)K(s|x.y), (Cla)

K(0|x,y) = 6(x.y). (Cl1b)

The expansion (4.4) when substituted into Eq. (Cla)
leads to the sequence of equations for the HAMIDEW
coefficients a,(x,y),

o'V g = 0, (C2a)

(l’l + l)an+1 + Uﬂvﬂ&n+1

S T
= D-120(DV2a,) + (P—6R1>&n, n>0, (C2b)

where o# = V¥o(x, y) is the vector at the point x tangential
to the geodetic curve connecting x and y. In deriving these
recurrence equations we took into account that in the lowest
two orders of the s-expansion the heat equation is satisfied
in virtue of the equation for the Synge world function

o(x,y),

o= %V”GV”J, (C3a)

and its corollary, the equation for the Van Vleck—Morette
determinant (4.5)
D'V, (Do*) = d. (C3b)
These equations in their turn should be amended by the
initial conditions in the coordinate spacetime,
O-|y=x =0, vﬂ0|y=x =0, a0|y=x = T’ (C4)
the latter following from the initial condition (C1b).

By consecutively differentiating Eqs. (C2) and (C3) and
taking their coincidence limits one can systematically derive
in the closed form the expressions for the needed coinci-
dence limits (4.6). The result of these calculations which
basically reduce to the commutator algebra of covariant
derivatives (4.3) begins with the following list 271"

oly—r=0.  V,Vyo|_,=gu.
V”V,,Va0|y:x =0, Vﬂvyvavﬁd},zx = —%RM(QD/}),
(C5a)
V,9,V,V. Y0l
= - % (ViR aupy + ViR (wpi + ViR(aipy),  (C5b)

"The first and last indices in round brackets are symmetrized
with the factor 1/2.
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1
D2 =1, V,D'?,_ =0, V,V,D'%,_ =R,
(C3c)
V,V,V, DV = (v R4V Ry +VaR,,).  (C5d)
and
~ ~ n R 1~
a0|y:x =1 vua0|y:x =0, vﬂvva0|y:x = ERﬂl/’
. I
Vﬂvpvaady:x = gVWRU)a (C6a)
X R X (U T
a |y:x = P, Vﬂal |y:x = EVMP - gv Rvﬂ’ (C6b)
~ 1 Q, a
vﬂv’/al |,V=X = 180 (2R ﬂRau/h/ + 2R(1/M/4R /M - 4R;4(1R
N PO
+30R,, = V,V,R)T ~ R R,)
1 1~ .
+8V(ﬂv R Va + 2PRW + = 3 R,,.P]
1 N
+ gVFVUP, (C6C)
il = —— (Ruy R — Ry R + CIR)
a2|y:x _@( apys Y% + )
1 = 1
Lr.ew ety lop, C6d
D) 12" *3 2 *5 6 ( )

Higher-order coincidence limits, which we need up to

ol,_., VODV2| _ ., Vba V4ayl,_,. V?a,|,_,, and
&3|y:x, take pages, so we do not present them here.

To obtain the needed list of traces (4.18)—(4.22), we
apply this method in three spatial dimensions d = 3, u +—
i = 1,2, 3 using the symbolic tensor algebra package xAct
[44] for Mathematica [42]. For the tensor sector of the

theory we have I =5,/ = 88, (Rn) i 25E R jyuns

whereas for the vector sector 1 = 5; (R mn) = =R

0|y:x’

2. Divergences of tensor and vector traces

To evaluate the one-loop effective action of HG, we
compute the UFTs in the vector and tensor sectors using
the method described in Sec. IVA. We keep only the
logarithmically divergent part proportional to the infinite
integral over the proper-time parameter,

ds
o

InL?= (C7)

The UFTs are classified in Sec. IV B by the dimensionality
a of the coefficient function that they multiply in the action;
the dimension of the UFT itself is then 6 — a. Within each
group we order the UFTs by the number of derivatives
acting on the powers of Laplacian.

Let us start with the simplest traces of zero dimension
(a = 6). Their divergences cannot depend on curvature and
are expressed purely in terms of the metric. They have the
universal form

1 .
div
' vizN—z (_A>N+1/2 5()6, y) y=x
lnL2 (—1)N_1 (N 1)
= an? N = 1 Vi

Vi

(C8)

which is valid for both the tensor and the vector sectors.

Here gl(]N li) _, is the completely symmetric tensor built of

the metric by the recurrence relations

() _ 2 _
9ij° = Yijs Jijk1 =

gll Iy Zglllkglz R/SRY /SR

For other traces the full expressions are very lengthy
because of the large number of free indices that they carry
in general. To reduce the length, we can contract the indices
in various combinations which appear in the effective
action. Still, for the traces with @ =4 and 3 (linear in
curvature and in derivatives of curvature, respectively) the
number of possible contractions is too high to be listed
explicitly. On the other hand, these traces are obtained by a
straightforward algebra from the lower heat-kernel coef-
ficients listed in (C5) and (C6). Thus, we focus below on
the most laborious traces with a = 2 and a = 0, which
are quadratic and cubic in curvature. Full expressions for
uncontracted UFTs for all a = 0,2, 3, 4, 6 can be obtained
with the Mathematica code available at [50].

9ii9u + 991 + 9ugjix.  (C9a)

(C9b)

a. Traces with a =2, quadratic in curvature

These UFTs enter the divergent part of the action with
the coefficient functions linear in curvature (to form the
logarithmic divergences of the overall cubic power in the
curvature), so that they represent local quantities quadratic
in the curvature and having two free indices.

Tensor traces can have an even number of derivatives
running from zero to six. For the trace without derivatives
there are three possibilities of index contractions:
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- . InL? 1 1
(=A)28, K (x, y) |9V = gt R™R R?> + AR Cl10
(A28, (5 I = = s Vi 5 (3R R + 3R AR). (C10a)
1 L2 1 1
gkl(_A)l/25ijkl( y) d1v = . zfgu 30( Rm,lRmn+4R2+AR> (CIOb)
SL(=A)25,M (x, y)|dv, = — ! sInL? x /g —51Rm"R +—= ! R, ;R™ — lRRl —5’R2 1 sar). (C10c)
k 1672 D) PRI 157
For the two-derivative case there are nine contractions,
1
VV( A)1/25 "(x,y) 5,
1nL2 41 19 1 1 1
= R ——g;R,,R™ — —RR R? VVR AR;; AR Cl11
2 \/_< / 6091] mn 15 lj+2.gl] _'_ +10 logt] ) ( a)
1
gmngklv v W (X y) dlv
——lan\/_ Ik Rk+3 R R’””—i—lRR ! R* 4+ — VVR—i—lAR L AR (C11b)
=82 I\ 75w T g i 570 T 160 T o0 207 T 0%
1
gmnv vkmé ()C y) dlv
_ ! InL%/g L gitg +— L sig R™ + lRRl 15’R2+ V’VR+ ARl L siar (Cllc)
~ 822 I\~ 15 R Rkt 3501 Rmn 15 48° 60 60
5lvivk 1 (X )le
Y e
1 149 . . 8 119 .. 13 . 1
=—InL>/g( —=RiR" — —¢R,,,R™ — —— RRY + — ¢/ R? ViViR — - AR — L g7AR Cl1d
g2 \@(120 TR 0 T agd +12 40 307 ) (C11d)
klviv 1 5 d1v
g m (_A)l/g (X y)
:—1 L*/g( ——=R*R] + — ! Jd'R Rm"+LRRU‘—igifR2+iviva+iARif—igifAR , (Clle)
Ryt 309" Rmn 15 48 20 60 60
1
5llzvv ( )l/zajlmn('x y) d1v
= nl%/g ——R”‘R ! — LR, R™ + — : RR; —6’R2——VVR+ 29 AR’ ——5’AR (C11f)
120 60 7 20 16 120 120 30
vkvl 1 Siit le
14 37 13 .. 7 3 1
:—1 L? RiRM — ——giR, R™—— RRY g’ R? ViV/IR — — ARV — — g /AR Cl1
82 \/_<15 120 Fmn T3 R T g9 +6 20 607 > (Cllg)
v, s mn(x, )| —1an\[ g i 2 ~—&/R,,,R™ — 1—3RR” i5”R2+ VV"R+LAR"
Ay Ao 120 K7 0 60 80" 120

(Cl1h)
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1

mn le
vmvnmé (X y)
= lnL2 RR —|—1 R R””’—f—lRR : R> — 7VVR+11AR : AR (C11i)
- Vo Ik g T 150 T ag It Tep VN g0 S T 60
For the four-derivative trace there are five ways to contract indices:
V v vkvl 1 5 d1v
= InL?\/g R Rk — : R, R™ 1RR —1—1 R? 1VVR : AR;; : AR (Cl12a)
_47r2 9\ 30" k"~ go Gt = 30 My g 9t = 3 ViV T a0 A T 09
1
AAAVAS 1™ (%, )’) A
J ( A)S/Z
179 41 19 13 1 1
—1 L? RK R, R™ RR;; — —g;jR* ——=V,V,R — —AR;; AR C12b
\/§< 120 RikR5 5409 Rme R 0o RRyj =56 9uR™ =15 ViViR = g5 AR + 5591 ) (C120)
gm V v vkvl( )3/2 mnkl(x y) d1v
——lan\/_ —R RK — : R, R™ iRR + : R> — : —V,V.R LAR : AR (Cl12c)
T I\30" % T go Tt T30 96" T30 ViViR T a0 8N T g9
VAR T
(—a )32 M y
1 77 307 113 .. 55 .. 1 1 .
=—InL? R”‘R’ IR, R™ RRU —— giiR? — VVJR ARV g’AR ), (Cl2d
42" f( 208 Re+ 2009 RmnR™ + 7 967 3080 T ) (C12d)
vv VVm 1 S kl d1v
k W i (X, Y) 52
13 9 3 29 1 1
:—1 L*\/g| =~ RuR} R,,R™ — —RR;; R*——V,V,R — —AR; g;;AR 12
! f( i = o 9ulmn R =g KRR+ 35 iR =g ViViR =55 AR+ 1569 ) (C12)
There is only one way to contract indices for the trace with six derivatives:
1
m\7n d1v
VV Vkvv V Wémn (x y)
457 49 47 283 1 19
:—1 L? “ Ry Rk - R,,R"™ — —RR;; R>+=-V,V.R+_—AR; AR |. C13
or% */5(10 w160 T 20" T gg it gy ViV iR g AR g i ) (C13)
Vector traces In these groups there is one trace without derivatives:
InL? 1 1 11 1
A2 div = — —S’R"’R R*R;; ——R.R + —-8'R* + —5.AR Cl4
(=A)756)!(x y)ly~ 16;:2‘/5( 2001 R H g Ry =g KGR+ 10 0 + 359 (C14)
three traces with two derivatives:
DAY ! S (x,y) 9,
( )1/2
_InL? Rk 11 2 1 1 1
R RyR¥ — —RR;; R? V,V,R AR;; gi;AR Cl15
T \/_<15 iR = o0 9uRuRE = SRRy + 16 9 +2 202 T 509 ) (C152)
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1 . div. _InL? . 17 g 4 1, 1 1
vvk( )72’ ()2 =7 2*[<20 iRj =109 Rk = 15 RRi; 16958+ 15 VVR 15 Ry —gp9AR |-
(C15b)
vvf%ak(x y)|div :lan\/g . —R,;R* + 1 sr R+ — . RR"——(S"RZ——V VAR + LARk——eskAR
T (=2 T g2 20 0% T 437 10 60"
(Cl5c)
and a single trace with four derivatives:
1 d1v
VVVVk( )3/25 1, Y5
_ InL? 47 2 1 21 1 1
R% R RM RR;; R?-"—V,V,R———AR,; AR C16
v f( R} 240 9iRuRT 75 KRRy = 35 9R = 36 ViViR = 155 ARy + 15595 ) (C16)

b. Traces with a =0, cubic in curvature

These traces have dimension six and thus enter the divergent part of the action without extra curvature coefficients.
Hence, for our purposes, it is sufficient to calculate them with all indices contracted and integrated over the whole three-
dimensional space. In the integrals we freely integrate by parts in order to convert them to the sum of basic curvature
invariants of Eq. (2.1).

Tensor traces can have no derivatives, two derivatives, or four derivatives. There are two possible index contractions in
the traces without derivatives, which are expressed directly in terms of the coincidence limit of the third Schwinger-DeWitt
coefficient a3 u (x, x),

Bl (—A)3/26. K div _3lnL2 B 5.0
X6 (=A) ij (x,y) y=x T 352 X\/96k1 a3uu(x,x)

3InL> 233 673 5 67
- RIRIRY = =2 R, RUR 4+~ R} + —- RAR — ~— R,/ AR/
327 / x\[<45 210 T2520" Ta 420 )

(Cl7a)

N 3InL? N
/d3xgk19”(—A)3/25ijkl(x Y, = 3072 /d3x\/§gklgl]a3,-,-“(x’x)

3InL> 1 1 3 1 1
- dx/g( ——RIRIRF + —R,RR — ——R* + — RAR RyAR
327 / x\@( IR AT A 560 T2 AN Tage )

(C17b)

The traces with two derivatives admit three possible contractions of indices,

/d3xg,-jvkvl(— )1/25 ”(x y) div _/degklvivj(_ )1/25 kl(x y) d1v

mLz/aP Vil — L RririRe s LR RUR- 2 R4 L RARG L R,ARY
= —_ X —_— —_— JR—
1672 I\ "120™ 70 1120 ' 224 560

(C18a)

. . InL? 23 753 22 1 61
Bx5V, Vi(— 1/25 ki div —— /d3 —RIR], Rk R;;RVR———R>——RAR—_—R;;AR" ).
/ ¥ ViVi(=4) ey = =12 | VI g RiRR + 50K 105 "84 560

(C18b)
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The trace with four derivatives admits only one type of index contractions and reads

/d3kaV VIV ——76; (x, y) |2,

)1/2

(-

fons(-

Vector traces: There are two traces in this group,

InL?
8

2987
98RR

11R’R’R"+
1680

240

av _ 31nL2

= —RZR’R"
r= 3272

[ e 2 i

180 /

[ @xsi(-2)75x.)

In L2

RR!R
1672

3 j'_ 1/2 si dlv_
/deV,( A)V28 (x, y) S R,

/i35

3. Relations between universal functional traces of
different tensor ranks

Tensor traces witha =0, p <4, N+ 1/2=(p-3)/2
listed in Egs. (C17)—-(C19) are the most complicated ones,
because they require the knowledge of Vs (x,y)
VOD!2(x, y)l Voay(x. ) Vi (x,3)|y—
V2a,(x,y)|,—,» and a;(x, x). When used in the calculation
of the effective action, the indices of derivatives in them are
necessarily contracted with indices of the tensor delta
function. Such traces can be simplified to the case of
lower tensor rank—to vector and scalar ones.

Consider first the four-derivative trace. Since this trace is
already cubic in curvature, it is not multiplied by any
dimensionful quantity and enters as an integral (C19). We
use the general formula valid for an arbitrary kernel

G(x.y),

-

y=x> |y:x’

ViG(x.y) oy + VG y)lyey = ViG(rx).,  (C21)
and denote
A —— o YTy A
G )V =ViG(xy). GV, = VVG(x.y).

(C22)
|

1
/ FXVT TV 0,03
1

/ d%((viv,)z(_A—l/2

scalar)

= / d3x((_A)3/2 + ViRijvj(_A)_l/2 + vivj[(_A)_]/z’ vivj])éscalar(x’ y) |y:x'

044009-

7 1 141
UR—ﬁR* +3— RAR + ——

2240 1344 1120 (C19)

RUARU>.

43
210

253 29
—R;R'R+_—R'+ ——RAR - —

5 l
5040 1680 RijAR )

168
(C20a)

07 —R; R’JR
1680

3
1120

9
1120

13
560

3 _

RAR — —R; AR”).

l

(C20b)

Note the order of derivatives is important and gets reversed
with this notation. Neglecting the total-derivative terms,
we obtain

1
/ FXVIVV b )

3 i1 Kl
d*xV'V - A)uz‘s (x.y)ViVi|,—,.  (C23)
By the definition of the tensor delta function we have

5,8 (x, V)V, = ViV b (x.y),  (C24)
ij »Y) Vi Vi iV jYscalar »Y)s

PR
because fd3y5ijkl(x’ )’)vkvlfﬂ()’) = fd3y5ijkl(xv y) X
ViVip(y) = V,V,p(x) for any scalar test function ¢(x),

and Sy, (X, y) means the scalar delta function which is a
scalar with respect to the argument x and the scalar density
with respect to the second argument y. Thus (C23) can be
rewritten as

(_A)_l/z’ VIVJ]> 5scalar(x7 y) |y:x

(C25)
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The commutator in the last term can be calculated using
Eq. (3.51). We have used this identity as a check of the
symbolic computation result and verified that an indepen-
dent evaluation of the left-hand side (purely tensorial)
coincides with the scalar type functional trace on the right-
hand side.

The two-derivative traces contain three possible index
contractions. Two of them, Eq. (C18a), trivially reduce to
the purely scalar case,

/ PxgIV NV (~A)26, (x, )],

/d3kav< )1/2 kl(sscalax(x y>|y=x

= [ =)l (c26)
For the third trace (C18b) we have
[ ) 5 )
- [ @5 -a) 20, 50V
— [ @8 e e (€20)
where we took into account that &M (x, y)ﬁ, =

V6 (x y) from the definition of the vector delta
functlon 5k (x
we arrive at

,y). Commuting the Laplacian to the right,

/d3x6};Vj(— )UZV H(x Y)ly—

= %/dzx(vjvk(—A)uz(sjk(x’ y) = 8i(=A)¥25K(x, y)
SN CSEERAY
+8VI[(=8)2.V 5

(x.y)

)= (C28)

The first term can be further reduced to scalar traces, but
we do not do it here. This relation has also been used as a
check by independent calculation of the left- and right-
hand sides.

APPENDIX D: METRIC DECOMPOSITION
ON A SPHERE §“

Orthonormal basis of harmonics (6.6) on the d-dimensional

sphere, H?jw, is motivated by the tensor decomposition

into the transverse-traceless tensor, the vector and scalar parts

Note that unlike in the rest of the text, 6_,-k(x,
vectors with lower indices.

y) here acts on

1

(Dla)

T _ i TT _ i
ginTT =0,  VihIT=0, V=0 (DIb)
in which their ingredients 4" (x), &(x), E(x), and ¢p(x) are in

their turn expanded in the complete basis of irreducible tensor,
vector, and scalar eigenmodes of the covariant Laplacian (6.7).
The square-root normalization factors of the latter easily
follow from the relations which are valid for generic transverse
vectors &;, ¢; and scalars ®, ¥ on S¢,

4 / dx\/gV ;&) Vi) =2 / d?x\/g&; (—A—$R>Ci,
(D2)

/ ddx\/g(V’Vf —ég”ﬁ) (x )(VV g”A>‘P(x)
_ / dlx/G0(x) (‘%IAMERA)W(;C).

This provides orthonormality and completeness relations
for H’;‘j(m) (x),

(D3)

/Mﬁ@%ﬁ%wbﬁw,<w
1

HY (m) Hkl =—5,(x,y). D5

> 0)= o0 ). (09)

On S? the operator D;;*' is composed only of covariant
derivatives and covariantly conserved metric. In the cal-
culation of the matrix elements (6.10) all covariant deriv-
atives, including those in the definition of the spherical
harmonics (6.6), can be grouped into powers of the
Laplacian A. Then the replacement of A by its eigenvalues
tells us that the matrix elements in each sector are functions
of the eigenvalues of the Laplacian in this sector. This leads
to Eqgs. (6.11).

Clearly, in the tensor sector the function D,(n) is
polynomial in the Laplacian eigenvalues and has cubic
order, according to the dimensionality of D. In the vector
and scalar sectors this need not be the case a priori, because
of the normalization factors in (6.6b) and (6.6¢) with the
inverse powers of the Laplacian. In the vector sector,
however, the normalization factors cancel, due to the
identity

[Dijklv(kél) = v(iIDvé:j)» (D6)
valid for any transverse vector &;. Equation (D6) is just the
statement that D transforms a vector polarization of the
metric into a vector polarization.
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