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We describe the design of a gravitational wave timing array, a novel scheme that can be used to search for
low-frequency gravitational waves by monitoring continuous gravitational waves at higher frequencies. We
show that observations of gravitational waves produced by Galactic binaries using a space-based detector
like LISA provide sensitivity in the nanohertz to microhertz band. While the expected sensitivity is several
magnitudes worse than what can be achieved by pulsar timing arrays, it supplements other recent proposals
for gravitational wave searches in the microhertz regime. This regime is below the frequencies to which
LISA is directly sensitive, and above the frequency range generally targeted by pulsar timing array
searches. The low-frequency extension of sensitivity does not require any experimental design change to
space-based gravitational wave detectors, and can be achieved with the data products that would already be

collected by them.
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I. INTRODUCTION

Current and future observatories probe gravitational
waves in several regimes of the frequency spectrum.
Ground-based gravitational wave detectors, such as the
Advanced LIGO [1], Advanced Virgo [2], and KAGRA [3]
detectors, cover the ~20-2000 Hz range by measuring
induced gravitational wave strains of order 1072? in their
kilometer-scale Fabry-Pérot interferometers. In the near
future, the Laser Interferometer Space Antenna (LISA) will
probe the millihertz regime, measuring gravitational waves
using million kilometer-scale arms [4]. At nanohertz
frequencies, pulsar timing arrays indirectly measure gravi-
tational waves by monitoring an array of pulsars which
serve as standard clocks [5-9]. Strongly lensed, repeating
fast radio bursts [10] can also be utilized to detect
gravitational waves in a similar manner to pulsar timing
arrays, by monitoring changes to the arrival times of the
lensed burst images [11]. Astrometric observations of
distant objects can be used to search for photon deflection
caused by gravitational waves in the nanohertz regime,
along with an integrated constraint on a background of
lower frequency gravitational waves [12—14]. A key goal of
current and future cosmic microwave background surveys
is the search for primordial gravitational waves with
frequencies in the attohertz range through measurements
of B-mode polarization [15,16].

These techniques, together with current and future
observatories, cover a wide swath of the gravitational wave
spectrum. A gap remains between the lowest frequencies
accessible on the ground, ~1 Hz, and the highest frequencies
accessible to LISA. Several proposed observatories plan to
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cover the gap between ground-based interferometers and
LISA, including the DECi-hertz Interferometer Gravitational
wave Observatory (DECIGO) [17,18] and the Big Bang
Observer [19], and that regime may also be accessible with
atom interferometry [20,21]. Meanwhile, the sensitivity of
LISA is limited to frequencies >1073-10"* Hz by accel-
eration performance [22,23], while pulsar timing arrays
usually focus on the frequency regime < 107% Hz, limited
by the cadence with which pulsars in the network are
observed. The sensitivity of pulsar timing arrays can be
extended to higher frequencies by timing pulsars at a higher
cadence [24]. A recent study demonstrates that staggered,
lower-cadence observations of many pulsars can also extend
the sensitivity of pulsar timing arrays to higher frequencies,
>107° Hz [25]. This microhertz regime has been targeted by
at least one proposal [26] but remains unlikely to be covered
by direct gravitational wave searches in the next few decades.
Additionally, an interesting recent proposal showed that
high-cadence astrometric measurements obtained from pho-
tometric surveys can be used to search for gravitational
waves with frequencies ranging from nanohertz to micro-
hertz [27]. Another recent proposal suggests that precise
tracking of orbital dynamics can be used to detect gravita-
tional waves over a wide range of frequencies, 1078-10~* Hz
[28,29]. Yet another recent proposal suggests using ~10 km
diameter asteroids as natural test masses with low acceler-
ation noise to search for gravitational waves with frequencies
in the 1077-10> Hz range [30].

In this paper, we describe a new method that can be
used to search for gravitational waves in the microhertz
band. Gravitational waves emitted from Galactic binaries
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observed with space-based interferometers like LISA act as
stable oscillators that can be monitored to construct a
gravitational wave timing array. Within the LISA band, the
most common source of gravitational waves will be the
millions of white dwarf binaries present in the Milky Way.
About 10000 of them should be well resolved by the LISA
mission within its planned four-year lifetime. Additionally,
it is possible that LISA will detect other classes of binaries
emitting in the mHz regime, such as mixed binaries of
white dwarfs and neutron stars or black holes [31,32].
Most of these Galactic binaries will emit nearly mono-
chromatic gravitational waves during LISA’s lifetime, with
the evolution of the binaries dominated by gravitational
wave radiation.

A gravitational wave background, either stochastic or
coherent, imprints correlated phase modulations on the
gravitational waves from the binaries, similar to the timing
delays measured in pulsar timing arrays. A gravitational
wave timing array like the one described here benefits from
the large number of sources and continuous monitoring of
the whole sky, and it provides sensitivity to gravitational
waves in a frequency range 10~°—~10> Hz. The frequency
coverage of such a gravitational wave timing array is
illustrated in Fig. 1, along with several existing experiments
and future proposals for gravitational wave detection.
Constructing such an array with the observations from a
space-based interferometer like LISA requires no exper-
imental design changes nor a specialized observing cam-
paign. Gravitational waves are not subject to any plasma
dispersion effects in the interstellar medium or radio
interference at Earth that can complicate gravitational wave
searches with pulsar timing arrays [33]. On the other hand,
a gravitational wave timing array relies on intrinsically

Gravitational Wave Frequency (Hz)
107" 107* 107 107* 107> 10° 10> 10" 10°

Pulsar Timing Arrays  LISA* DECIGO* LVK
Gaia Astrometry Current Future”
- Detection Method
Roman Astrometry™ W Direct
¥ Indirect Electromagnetic
Gravitational Wave Timing Array* ¥ Indirect Gravitational Waves

FIG. 1. Targeted frequency range of several existing and
proposed gravitational wave detection methods. Direct detection
methods (red) include the existing ground-based detectors LIGO
[1], Virgo [2], and Kagra [3] (LVK), the space-based LISA, and
proposed DECIGO [18] detectors. Indirect methods (blue)
include existing pulsar timing arrays [5], astrometry with Gaia
observations [34], and proposed high-cadence astrometry with
the future Nancy Grace Roman Space Telescope [27,35]. The
gravitational wave timing array proposed here (purple) would use
LISA observations to detect gravitational waves indirectly.

weak gravitational waves as the primary signal to be
monitored, and this leads to lower sensitivity than direct
LISA measurements and pulsar timing arrays in the
regimes where those strategies are sensitive.

This paper is organized as follows. In Sec. II we discuss
the phase modulation induced on a gravitational wave
propagating in a flat spacetime which is perturbed by an
additional background gravitational wave. In Sec. III we
calculate the sensitivity of a gravitational wave timing array
using multiple methods. Section III A presents a timing
estimate approach leveraging existing results for pulsar
timing arrays [36], Sec. III B provides a matched filter
sensitivity estimate, and Sec. IIIC describes our most
complete frequency-domain Fisher estimates. Section IV
uses a mock Galaxy catalog and the results from Sec. III to
get realistic estimates of the sensitivity of a gravitational
wave timing array constructed from LISA observations
over a nominal four-year mission. Lastly, Sec. V discusses
the viability of such an array, the limitations of our
approximations, and future prospects.

II. MODULATION OF A CARRIER
WAVE BY A BACKGROUND WAVE

We consider an approximately monochromatic gravita-
tional wave with frequency w,., which we refer to as the
carrier wave. This wave propagates in the presence of a
lower frequency, modulating gravitational plane wave, with
frequency w,, < w,. To leading order in the modulating
wave amplitude, the observed phase evolution of the carrier
wave is

%za)c[l — 2R, (1)

where ¢ is the phase of the carrier, and z is a redshift
induced by the modulating gravitational wave. It is given
by [14,37]

where k is the direction of propagation of the modulating
wave and 7 is the unit vector pointing from the observer
towards the source of the carrier waves, as shown in Fig. 2.

The two terms h;;(t, k) and hij(t.., k) are the metric
perturbations from the modulating wave at the observer
and at the source of the carrier wave, respectively. In the
context of pulsar timing arrays, the first term is called the
Earth term, and the second the pulsar term. The time 7, =
t—d(1+n-k)/c incorporates the relative propagation
times of the carrier wave and modulating waves, where
d is the distance between the observer and the source of the
carrier waves.
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FIG. 2. Illustration of the proposed gravitational wave timing
array. An array of Galactic binaries within the Milky Way
produce gravitational waves whose frequencies are modulated
by a longer-wavelength gravitational wave, exemplified here by
one produced by a black hole binary. Unit vector 71, points from
the observer (such as LISA) to each galactic binary, and k denotes
the propagation direction of the modulating gravitational wave.
The inclination of the binary black hole is z, such that the binary is
face on for 1 =0. A, A,,, ., ®,, a., a, are the amplitudes,
angular frequencies, and phases of the carrier and modulating
gravitational waves, respectively.

When considering the timing residuals of pulsars, the
redshift of Eq. (2) is derived by considering the propagation
of a null geodesic between the source of the pulse and the
observer [14,38]. The same result is arrived at in our case by
noting that for w,, < ., the carrier wave is in the geometric
optics limit, so that the wave fronts propagate along geodesic
null rays, as discussed further in the Appendix A. The phase
of the carrier wave is then given by

. oo
(p(t,k)za)ct—wc/ z(¢, k)dr'. (3)
0

When searching for a stochastic background of gravitational
waves with pulsar timing arrays, the pulsar termin Eq. (2)isa
nuisance parameter that contributes to the timing noise for
each pulsar. It can often be neglected when estimating the
sensitivity of the array. Since we consider a binary source of
modulating waves, we find that this pulsar term potentially
contributes to the detected signal. Whether we can neglect
this term, which we call the carrier term, will thus depend on
the evolution of the modulating wave.

A. Source of modulating waves

We assume that the source of the modulating wave is a
supermassive black hole binary, which produces a trans-
verse-traceless gravitational wave
hij(t.k) = A H (k) cos ®(t) + Ax HY (k) sin®(r),  (4)
where @(7) is the phase of the modulating wave. The binary
has an inclination angle 1 relative to the line of sight, so that

the amplitudes of the plus- and cross-polarized waves are
related to a characteristic amplitude A,, through

1 + cos?t

AL =A,——,
2

Ay = A, cost. (5)

For later reference, we define two preferred transverse
polarization tensors ¢;;(k) and €(k), and a polarization
angle y. Then

H; = cos 2yef; 4 sin 2yefs, (6)
g +
H; = —sin2ye;; + cos 2ye;;. (7)

Assuming that the modulating binary evolves only due to
the emission of gravitational waves, its frequency evolution

is given by
12 (G 5/3
=3 (%5) ot ®)
5\ c

where M = (m;m,)3°/(m, 4+ m,)"/ is the chirp mass of
the binary, m, is the mass of the primary, and m, that of the
secondary. The modulating wave is approximately mono-
chromatic with frequency w,, over the timescale of the
observation, which is of the order of years (the lifetime of
the LISA mission). Equations (2)—(8) show that the phase
of the carrier wave is modulated sinusoidally by the
background wave, potentially at two distinct frequencies,
one associated with the local term and one with the carrier
term. The rate of change of w,, is a steep function of w,,,
and so at a fixed chirp mass we see that there are two cases.
Either the frequency evolves very slowly, even on time-
scales sufficiently long for light to propagate across the
Galaxy (~10 kyr), or else the frequency evolves rapidly
over such timescales. In the first case, we cannot neglect the
carrier term, while in the second we can. See Refs. [8,39]
for similar discussion of the monochromatic limit, as well
as [37] (Ch. 23.2).

B. Slow evolution of modulating source

First consider the case where we neglect the evolution of
the modulating binary. Then both the local (Earth) term
and the carrier (pulsar) term of the modulation have the
same frequency, but a relative phase difference due to
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propagation effects. The various sinusoidal terms combine
to give a redshift

z = A, Fsiny cos(w,,t — §), 9)

where

VAL + (ALH,)?

F = ~ , (10)
A, (1+k-n)
w,,d ~
=""(14+k-n), 11
="+ k) (1)
7
5:am+}/+ﬁ—§, (12)
AnHY,
tanﬂ_Aj,gHj”’ (13)

and where H,\,, = H};ii'i/ is the plus-polarized component
of the wave projected onto 71, and similarly for H,. We
have introduced a phase «,,, which is a reference phase for
the modulating binary, a phase # which varies with 7 at
fixed k, and a phase y which also depends on the distance to
the source of the carrier.

Overall this gives a modulated carrier wave phase

mec

~

p(tk)~rw.t—a, —

siny sin(w,,r —6), (14)

m

where we have introduced another reference phase a,. to
absorb the integration constant. Equation (14) shows that
the modulation of the phase is directly proportional to
number of cycles of the carrier that occur per half a cycle of
the modulating wave.

We mostly work in the frequency domain, where the
carrier signal is a sharp peak at a frequency f = f,, and
another peak mirrored around zero at f = —f . as required
for a real signal. The modulation produces a sideband peak
to each side of these carrier peaks, separated by f,, as
shown in Fig. 3. The redshift phase 6 introduces an
asymmetry in the two sideband peaks around each carrier
peak. Since we deal with a finite observation time 7', these
peaks are sinc functions rather than delta functions, with
finite widths in frequency space of order 1/T.

In the limit that the modulating binary does not evolve,
both the phase and amplitude of the modulating signal
depend on d, through y. Since the distance d to any Galactic
binary is unknown to the precision of a wavelength of the
modulating wave, y is a nuisance parameter that degrades
our ability to detect the influence of a modulating wave
on the carrier waves coming from a network of Galactic
binaries, all at different unknown distances.

However, if the frequency of the modulating wave
evolves over typical timescales ~d/c, then the local term
and the carrier term each produce distinct sidebands around

In(f)I®
(5)] o
? 5=0
1
ATAFf\* | T
v /\ /\/f\
—————— 1 1 A 1 -
Je=Tm Je Jetfm
FIG. 3. Schematic representation of the signal in the frequency

domain. The full width at half maximum of each peak is ~1/T
(highlighted with a red line), where T is the total observation
time.

the carrier. When the frequency of the modulating wave
evolves fast enough that the sidebands produced by the
local term and the carrier term are well-separated in
frequency space, the local term will provide a pair of
sidebands around each carrier peak whose amplitude does
not depend on d/c. We turn to this case next.

C. Fast evolution of modulating source

For the range of frequencies that we are interested in, we
can determine the parameter space where the modulating
frequency evolves enough to separate the local and carrier
sidebands for each Galactic binary. The local term would
then be common to all the carrier waves, up to a phase and
geometric factors that do not depend upon the distance d to
any binary. Meanwhile the carrier terms differ in frequency
and amplitude among the Galactic binaries, and can be
neglected as extra noise.

In order to treat the local and carrier sidebands as well
separated, we require that the change in the modulation
frequency over the propagation time of the carrier wave be
larger than the full width at half maximum (FWHM) of the
sideband peak in the frequency domain:

FWHM][sinc(zf,,T)] < fnd/c. (15)

Combining with Eq. (8), we see that the modulating
frequencies for which the local and carrier terms are well
separated satisfy

0.1 kpc\3/11 /100 Mg 5/11 4 yr\3/1

0.46 uH )
Jn= g Z( d > M T

(16)

We have chosen a small fiducial chirp mass and distance to
display the largest frequency for which the carrier (pulsar)
terms can be neglected.
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For modulating frequencies higher than this, the phase of
the Galactic binary wave in the presence of a modulating
wave simplifies to

A A, F
o(t, k)~ w.t—a, —— De

sin(w,,t —
wm

Comparing to the case where we include the carrier term,
we recover Eq. (17) from Eq. (14) by setting y = z/2 and
adding a factor of 1/2 to the modulating part. Further, if we
fix the location of the modulating binary along with its
inclination and polarization angles, F and $ depend only on
the sky location of the white dwarf binary and not its
distance from Earth. In practice, the sky position of a white
dwarf binary detected by LISA can be determined to a few
square degrees (see Sec. IV), and so we treat F' and S as
approximately known in what follows.

For later use, we define a convenient coordinate system
in which to evaluate the geometric quantities F and f.
Let the modulating wave propagate in the z direction, and

set the polarization tensors to be ¢; = &féj —&;e; and
€;; = &fe; + &2}, where &* and &” are unit vectors in the x

and y directions. In this basis, the redshift will be in terms
of 0 and ¢, the colatitude and longitude of the carrier
source,

0
F= sin2§ (cos?(2¢ — 2y )sin*s + 4cos?1)1/2,  (18)

{ [2cositan(2¢ — 2y)

6=a, + tan~
" 1 + cos%

(19)

We can further specialize to the two extremes of the
inclination. When the binary is face on, 1 = 0, the waves are
circularly polarized and

0
F = 2sin? 2 p=2(p—-w). (20)
When the binary is edge on, the modulating wave is linearly
polarized and

F = sinzgcos(&p —-2¢), p=0. (21)

The amplitude of the modulation is maximized in the
face-on case, and each carrier’s longitude ¢b contributes
to the effective phase of the modulation. For the edge-on
case, the amplitude depends on the longitude of the carrier,
but the phase of the modulation is common among the
galactic binaries.

D. Total gravitational wave signal

Considering the results so far, we can write the total
gravitational wave signal produced by a network of

Galactic binaries. Each binary produces a carrier wave
contribution 4; to the total measured strain /. Here i indexes
over the N Galactic binaries. If we account for both the local
and carrier terms of the modulation, in the limit that the
modulating frequency f, remains constant during time-
scales ~d;/c for all the Galactic binaries, we have

AmFifi .

hi(t) = Ajcos |2zfit — a; siny; sin(2zf,,t —6;) |,

m
~A;cos(2rfit — ;)
AAFifi

+
fm

siny; sin(2zf;t — a;) sin(2zf ,,t — 5;),
(22)

and the total signal arising from the sum of carriers is
h(t) =D (o). (23)

In the opposite extreme, where f,, evolves rapidly (but s still
approximately constant over the timescale 7" of the obser-
vations), we can neglect the effect of the carrier (pulsar)
terms. Then we can make the simple substitution y; — z/2
and divide A,, by an additional factor of two to get h(r).
Specifically,

hl(t) ~ Ai COS(zﬂfl‘t - a,-)
%sin&nﬁt — ;) sin(2zf,,t — a,, — ;)
(24)

in this case.

III. GRAVITATIONAL WAVE TIMING ARRAY
SENSITIVITY

We now turn to the problem of estimating the sensitivity
of a network of nearly monochromatic carrier sources to
modulation by a background, low-frequency gravitational
wave. We carry out the sensitivity estimate in three ways.
First, we use time-domain techniques borrowed from the
familiar method of time-delay measurements in pulsar timing
arrays to estimate the sensitivity of the gravitational wave
timing array. We confirm this approach using frequency-
domain methods, employing matched filtering to create
simple signal-to-noise ratio (SNR) estimates of the sensi-
tivity of the array. Finally, we use a Fisher matrix approach to
arrive at a more complete frequency-domain estimate for the
sensitivity of a gravitational wave timing array, applicable at
both high and low modulating frequencies.

A. Timing sensitivity estimates

Although not as accurate as the frequency-based sensi-
tivity approaches presented in subsequent sections, a timing
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estimate of the gravitational wave timing array sensitivity
provides a good approximation to the more complete
results, and illustrates the function of the array in a way
most analogous to pulsar timing array methods.

We break up the full length of the observation period T
into a set of segments each with duration 6¢. Within each
observation period of length 6¢, we consider the question of
how well we can measure a time (or phase) delay in the
arrival of gravitational waves from a Galactic binary. This
time delay could be caused, for example, by a long-
wavelength gravitational wave that is modulating the
frequency of the carrier wave. Within a given time interval,
this would appear as a small phase shift in the carrier signal,
which would not be present if the carrier frequency were
fixed. Let o,, be the error with which we can measure such
a time delay.

We model the gravitational wave signal from a single
Galactic binary as a sinusoid with amplitude A; and
frequency f;, and we denote the induced time delay by
t4. This simplified model does not fully capture the signal
from Galactic binaries in the presence of modulating waves
and results in an optimistic sensitivity estimate. The signal
waveform from the binary is given by

hi(t) = A; cos [2zf (1 — 1)) (25)

We assume that 6¢ is small enough that any drift in the
frequency f; over the duration is negligible, and we treat
the amplitude A; as constant during this window as well.

We approximate the noise on the observed gravitational
wave strain as white noise in the neighborhood of the
carrier frequency, since we treat f; as being nearly constant
over the period 6¢. Using S, (f) to denote the one-sided
power spectral density of the noise on the observed strain
(e.g., from the LISA mission [40]), we take S,(f;) to
denote the power spectral density of white noise with a
fixed value of S,(f = f;) for all f.

From here, we take a Fisher matrix approach, where the
parameters 0“ that we would like to estimate from our
observations are ¢4 and f;. Then the elements of the Fisher
matrix for a waveform given in the time domain are [41]

r.o_ 2 /5’/25'}11‘(1, ta, [i) Ohi(t, 14, f)

S ) w00 06"
The lower bound on the variance of any unbiased estimator
of these parameters can be found from the covariance
matrix given by the inverse of the Fisher matrix X, = I"}.
The Fisher matrix elements are straightforward to compute
and are given by

dr. (26)

1 Sn (fl)
s = (apy A2 (61 27)
thf’_ - 0, (28)

38,
fifi ”2 Al~25t3 ’

(29)

where we have assumed that the time delay 74 and the
period of the Galactic binary carrier wave are small
compared to 6¢. From here, we get the error in measuring
the time delay,

s _ 1 [S.(fi)
O-fd = ztdtd = E A2f25[’ (30)

given some observing “cadence” 1/6t.

To determine the sensitivity of a gravitational wave
timing array to the presence of a modulating wave, we must
combine the information provided by timing measurements
from N binaries, each with a timing measurement error
of o, , while the time-based subdivision of the full dataset
provides a cadence 1/6¢. This is analogous to finding the
sensitivity of a pulsar timing array whose measurements
have a given timing error and cadence, and thus we can
apply existing estimates for pulsar timing array sensitivity
curves.

The total strain sensitivity of a pulsar timing array may
be approximated as the sum of two power laws, describing
the low- and high-frequency limit, and given, respectively,
by [36]

3./0m 13 1/4 o, 5t
LOW ~
h¢ (fm)~27/4)(7f3 NN =T1) fﬁq}?’ ?sec.f

(31)

and

1602 1/4 ot
RECSH(f,,) ~ <WNI}1—1)> o1 fm T (32)

where @y, is the threshold SNR value above which a
detection is claimed, N is the number of pulsars in the

array, y is a geometric factor which is 1/+/3 for pulsar
timing arrays, 7 is the total time span of the observations,
and & is chosen such that ALV = pHIGH a4t 4 frequency of
2/T [36]. The spatially averaged geometric factor for the
gravitational wave timing array is y = (F) given by 4/3 for
face-on binaries and 1/6 for edge-on binaries. The char-
acteristic strain /. corresponds, up to factors of order unity,
with the amplitude of the modulating wave A,, defined in
Egs. (4) and (5). We can see from Eq. (30) that under the
approximations made in deriving that result, the resulting
gravitational wave timing array sensitivity curve does not
depend explicitly on 6t.

We apply this estimate to the gravitational wave timing
array results with N Galactic binaries included in the array,
using the assumption of rapidly evolving sources so that we
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can neglect the pulsar term as in [36]. In order to apply this
approximation to the gravitational wave timing array, we
need to go beyond the simplifying assumption implicit in
Egs. (31) and (32) to allow for different timing uncertainties
o,, for each binary. In Sec. IV we evaluate this sensitivity
estimate using a mock catalog of LISA sources, where o,
varies significantly among the binaries.

We introduce a modification to Egs. (31) and (32),
making the replacement

oy

W = [Zia;ﬂ_l/z. (33)

This replacement agrees in the limit of many identical
binaries and weights the contribution of each binary
according to its SNR in the expected manner. However,
it highlights another difference in the assumptions made
in [36] and our work: Egs. (31) and (32) are derived using
the cross-correlation among the pulsars in the network,
whereas our uncertainty estimates arising from Eq. (26)
come from an autocorrelation for each binary. As such, this
replacement is heuristic, and should not be taken as a
rigorous large-N limit.

We emphasize that due to differences in conventions and
definitions between our work and [36], we do not intend for
this to be a precise mapping onto their results. Our timing
estimate of the sensitivity is meant to illustrate the concept
of the gravitational wave timing array, and particularly, in a
way that is analogous to the measurements taken by pulsar
timing arrays. It does not match precisely with our results
from the more accurate frequency-domain approaches
given in subsequent sections. We compare this timing
estimate to frequency domain estimates using a mock
catalog of LISA detections in Sec. IV.

B. Matched filtering sensitivity estimate

A common approach to the detection of gravitational
waves is the use of matched filtering. We assume that the
noise in the gravitational wave detector is approximately
colored Gaussian noise, characterized by a one-sided
spectral noise density S,(f). It is then natural to define a
noise-weighted inner product between two frequency-

domain signals §(f) and A(f),

(3|h) = 4Ref”%dﬁ (34)

Here f; is a lower frequency cutoff for the integral, and f;
is an upper frequency cutoff which must be below the
Nyquist frequency (half the sampling rate of the time
series). We assume we work with the Fourier transforms of
real time-domain signals, so that the signals at negative
frequencies are given by the complex conjugate of the
signals at positive frequencies. The prefactors of Eq. (34)

account for these facts, and in what follows we write only
the positive-frequency parts of the signals h, with the
negative parts implied.

The optimal linear detection statistic for a signal 4 in
the presence of such noise 7 is the matched filter between
data, d = h + 7, and A. Its expectation value is the squared
SNR (e.g., [42]),

p* = (d|h) = (h|h). (35)

where the overbar denotes expectation value. Thus the
product of the signal with itself gives the (squared) SNR
that might be achieved by matched filtering.

We estimate the sensitivity of the gravitational wave
timing array by isolating the sideband contributions to the
gravitational waves of the array of monochromatic signals,
and squaring this contribution. We first treat the case where
we include the carrier (pulsar) terms in the modulation. Let
h(f) be the total gravitational wave signal; a finite-time
Fourier transform over the period of observation applied to
Egs. (22) and (23) gives

h(f) =Y _Ihi(f) +5:(0)), (36)

1

where the carrier wave contributions are

B Aieiai

2

hi or(f = fi): (37)

and around each carrier wave is a pair of sidebands whose
contributions are

- AiA, Fif»Sin]ﬁem" s
Si = : 4} [T (f = fi+ fm)
m

- €i§i5T<f - fi - fm)]' (38)

Here we write §;7(f) for the finite-time delta function
following [36],

6r(f) = Tsine(nfT), (39)

with T the total observation time. When zf7T > 1, 67 is

highly peaked around f = 0. We emphasize again that we

write only the positive-frequency parts of these signals.
The squared SNR in the sidebands is

Phae = D (5il5))- (40)

ij

In evaluating this product, we consider observation times T
long compared to the periods of any of the carrier waves, so
zf;T > 1. Then the products of sidebands around distinct
carrier signals have negligible overlaps, so that the product
vanishes when i # j. Similarly, when zf,, T > 1 we expect
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each of the two sidebands around each carrier to be well
separated, and the products of different sidebands vanish.
However, when we consider modulating waves with very
long periods of order 7, the two sidebands around each
carrier can have nonzero overlap with one another and with
the carrier peak.

It is convenient to first compute the squared SNR of a
single carrier wave peak,

2

p} = (hilh;) = ﬂ<€i0"5T(f—fz')|ei0”'5r(f—fi)>7

4
AT [ AT

~— / sinc?xdx = ——. (41)
ﬂSn(fi) —00 Sn(fi)

In going to the second line we made a coordinate trans-
formation x = z(f — f;)T, which centers the integral on
the location of the carrier wave peak and stretches out a
small region around that peak to a large domain. This
allows us to approximate S, (f) in the integral with its
constant value at the peak, and extend the integral over an
infinite range of x. We then used an integral identity for the
square of a sinc function.
Using the same approximations, we compute

{or(f - f,+fm |07 (f = fi+ fm))

AT
/ sinc? x+xm)dx:

ﬂSl‘l (fl) (fl)

The overlap of two factors of 6(f — f; — f.,) gives the
same result, but the overlap of neighboring sidebands is

(42)

Or(f = fi+Fu)lor(f = fi = fu))

ﬂSj?fi) /_°° sinc(x + x,,)sinc(x — x,,, )dx.  (43)

To resolve this we need the identity

/oo sinc(x + a)sinc(x + b)dx = zsinc(a — b).  (44)

[Se]

With these results we find

A2 .
Pide * # Z(piFifi siny;)?
m

2

- ;T’gsinc(ZﬂfmT)Z(PiFifi siny;)* cos(26;).

m i

(45)

This shows that the squared SNR is the weighted square-
sum of the individual carrier wave SNRs, so that the
sideband SNR grows with v/N. The terms are enhanced by
the factors f?/£2,, which count the number of cycles of the
carrier wave over which we accumulate the modulating

signal. At high modulating frequencies, zf,,7 > 1, we can
neglect the second term in Eq. (45), and we see that pg4.
decreases as 1/f,,, limiting sensitivity at high modulating
frequencies. For a generic modulating wave, we also expect
that §; varies randomly among the Galactic binaries, and so
this second sum also tends to be suppressed by contribu-
tions with different signs.

We also expect the gravitational wave timing array loses
sensitivity at very low modulating frequencies, a behavior
that is not captured in Eq. (45). We return to this issue in
Sec. III C and use only the high-frequency approximation
to Eq. (45) for the moment.

To get a sensitivity estimate, we can set a threshold SNR
Pwn above which we claim a detection of the sideband power.
Then the required modulating amplitude for detection is

2 f
Ap 2 ph—=
‘ NprmsFrmsfrms

-7 (%) i) Gor) () () )

X (fuT > 1), (46)

where rms is the root-mean-square value of the given quantity
over the array, assuming these variables are uncorrelated with
each other. Here we averaged over y; assuming a uniform
distribution of angles, appropriate for the case where we
include the carrier (pulsar) contributions to the modulation.

Since we are in the high-frequency limit, it is more
appropriate to assume that f,, evolves rapidly enough that
we can neglect the carrier term contributions to the side-
bands. In the case where we neglect the carrier terms, the
sideband signal is then

AA,Ffie% .
5, = % [e—t(a,,,+ﬁi>5T(f —fitfm)

ei((l,,,+/3i)5T(f —fi— fm)] (47)

Making the appropriate substitutions and taking the high-
frequency limit,

AZ
Plide ¥ #Z(pi}?ifi)z’ (fuT>1). (48)

Overall, the threshold modulating amplitude is increased
by a factor /2 compared to the case including the carrier
terms. The network is slightly less sensitive, because the
carrier terms do not (incoherently) contribute to the
measured signal in this regime.

C. Fisher matrix sensitivity estimate

The sensitivity estimate using the sideband SNR thresh-
old, Eq. (46), gives a reasonable result for modulating
waves with high modulating frequencies. However, our
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SNR estimate predicts ever-improving sensitivity at lower
fm» even for f, < 1/T. This is because the estimate
assumes more information can be extracted from the signal
than is actually available at these low frequencies. In reality,
uncertainties in the estimated parameters of the binaries in
the array and in the modulating wave itself correlate with
the uncertainty in the measured amplitude A,,, limiting our
ability to distinguish A,, from zero.

To capture these effects, we turn to a Fisher-based
estimate of the measurement uncertainties of the gravita-
tional wave timing array. In this language, we can detect the
modulating wave if the posteriors for A,, peak sufficiently
far from zero relative to their width. To estimate the width,
we need the relevant terms of the covariance matrix X, for
our signal model. As in Sec. III A the covariance matrix is
the inverse of the Fisher matrix I',,;,, whose entries are given

here by
Oh | Oh
Fab = <ﬁ >’ (49)

o6b

where ¢ is the vector of model parameters for the array.

In addition, when considering the sensitivity of this array
at low frequencies f,, the effect of a slow drift in the carrier
frequencies f; becomes important. This is true when
estimating the sensitivities of pulsar timing arrays, where
the low-frequency sensitivity of Eq. (31) is limited by the
need to fit the pulsar spin down rate. In binaries the
frequency can change due to the slow gravitational-wave
driven inspiral, and in the case of stellar binaries it can also
occur due to tidal interactions and mass transfer [43]. To

capture these effects, we allow for the slow evolution f ; of
the carrier frequencies and compute the Fisher matrix
including these parameters, but we take only the leading

(zeroth) order results in small f; for I, Our model for h(7)

and A(f) when including nonzero f; is described in
Appendix B.

1. Fast evolution of the modulating wave

We first treat the case where the evolution of f,, is fast
enough that we can neglect the carrier terms, as discussed
in Sec. IIC. In this case, the model parameters are
0 ={A,.a.f1.f1.As. ....A ., }. The first 4N entries
correspond to the parameters of the N Galactic binaries,
and the final two entries correspond to the parameters of the
modulating wave. For simplicity we do not incorporate
the F; and f; terms into the Fisher analysis in this case,
instead fixing the direction of propagation, polarization
angle y, and inclination  of the source of the modulation,
and assuming that the sky locations of the binaries are
relatively well measured. For the modulating wave, we
include only the modulating amplitude A,, and common
phase term «,,, as parameters in the Fisher matrix, meaning
that we marginalize over the phase to get a sensitivity

estimate of the gravitational wave timing array at a fixed
frequency f,.

We compute the entries of the Fisher matrix using the
same approximations as we did for pgq., but the compu-
tations are more involved. Some details and all the entries
of I',, are given in Appendix C. Our goal is to compute the
component of the covariance matrix X, 4 , describing
uncertainty in the measurement of A,,. At high modulating
frequencies, we find

1

SR {Zi@,r,-fi)l] T D> 1L (50)

in agreement with our SNR threshold estimate. The
dependence on the common phase «,, vanishes in this
limit, which is expected—for times long compared to the
period of modulation, the §; terms become very sharp, and
one can check that a global time shift will remove the a,,
phases from the gravitational-wave signal. In the case
where f,, is smaller, we cannot execute this global shift,
since the center of our observing window is used as our
origin of time, and the relative phase of the modulating
wave can change its impact on the carrier signals.
At low frequencies, we find

396900 -1
ZA,A, zW [Z[piFifi csc(a, + )| .

(fuT) < 1. (51)

We see that there is a steep loss in sensitivity towards very
small f,,, in agreement with expectations that the array is
insensitive to very low frequency waves. Note that the
apparent singularities at 6; =a,, +f; =0 and 7 are
artifacts of the expansion in small f,, 7, which does not
hold for these values of 9;. Instead, the power law becomes
£, shallower than f,°, for these cases.
The full expression for X, , is given by

ZA,,,Am =4 {Zip%F%(ﬂfiT)zg(ﬂfmT’ A +ﬂl) _17 (52)

where the definition of the function g is given in
Appendix E, Eq. (El), and is nonsingular for all §;. In
Fig. 4 we plot [g(zf,,T,a,, + ;)]~', which controls the
shape of the sensitivity curve of the array, as a function of
the dimensionless parameter zf,, 7. We plot the extreme
cases a,, + ff; = n/2, which gives the generic power law
behavior £, 4 o f8, and a,, + f; = 0, which displays
the shallower power law behavior at low f,,. This sensi-
tivity curve transitions from the high-frequency to low-
frequency limit around the frequency where the sidebands
plotted in Fig. 3 begin to blend with the main peaks, which
occurs when f,, ~1/T.
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FIG. 4. Generic shape of the variance of the amplitude of a
modulating wave as a function of modulating frequency after
marginalizing over {A;, a;, fi, fi, @, }, for the two limiting cases
in which all carrier phases are chosen such that a,, + f; = /2 or
a,, + f; = 0. The functional form of g is given in Eq. (E1). The
low- and high-frequency limits are shown with dashed lines. The
low-frequency limit of the variance has the generic form o f;°,
with a different scaling of f;* when a,, + f3; approaches 0 or 7.
The variance scales as f2, in the high-frequency limit.

We can repeat our Fisher analysis while also marginalizing
over f,, which gives a conceptually different sensitivity
estimate. Namely, rather than an estimate of the sensitivity to
a fixed frequency of gravitational waves, it incorporates the
uncertainties inherent in a search over modulating frequen-
cies. In this case, the high-frequency sensitivity estimate of
Eq. (51) remains unchanged, while the low-frequency
behavior becomes steeper, with £, 4 = 8.

2. Slow evolution of the modulating wave

When the modulating frequency evolves sufficiently
slowly, the sidebands produced by the local term and
carrier terms overlap. In this case, the carrier terms also
contribute to the modulating signal, and two complications
arise in the Fisher analysis. First, the phases 9; are no longer
determined by the common phase «,, and a function of sky
location f;. Instead, they depend on the unknown distance
to each Galactic binary d; through the phase y;. Second, the
amplitude of the modulation also varies with d;, due to the
presence of the factors siny;: see Eq. (14).

In this case we must consider an expanded vector of
parameters given by 6% = {A, a1, f1, f1,61, A1, As, ... ],
where we have defined A,,; = A,, siny;. So long as we treat
the common modulating frequency f, as a fixed parameter,
the resulting Fisher matrix is block diagonal, with a 6 x 6
block for each carrier. We can therefore invert each block
independently to find the uncertainties 64  on each of

the A,,;. The resulting expression for af‘m[ is similar to the
expression for £, 4 in Eq. (52), but without the sum over
binaries. This means that, at high frequencies,

531,,,,. ~2f5(piFifi)2, (fT)>1 (53)

and, at low frequencies,

22
o x o PPfese@) () <1 (59
The full expression, valid for all frequencies and values of
the phases o;, is given in Appendix E, Eq. (E2).

In order to compute the sensitivity of the whole array to a
common modulating wave with amplitude A,,, we must
combine the sensitivities from each of the carriers. We have
observations of N individual A,,;, and we would like to
determine the error on A,,, given that A,; = A,,siny;.
However, this constitutes N measurements with which to
constrain N + 1 correlated parameters, and it is straightfor-
ward to see that the Fisher matrix including A,, and all of
the y; is singular. This suggests that there is no unbiased
estimator with finite variance for the quantity A,, (without
imposing additional constraints). This is due simply to the
fact that a very large value of A,, could always be
compensated by some choice of the y; to produce the
same data. On the other hand, it is still possible to estimate
our sensitivity to detecting the presence of a modulating
wave. One procedure to do so is to compute the Moore-
Penrose pseudoinverse of the singular Fisher matrix, which
would allow us to find the constrained Cramer-Rao bound
on the variance of the modulating amplitude [44].

We will proceed by a different route, and utilize the
likelihood ratio test to compare a model that accounts for
the presence of a modulating wave with amplitude A,, and a
set of phases y; to the null hypothesis with no parameters.
Under the null hypothesis, any apparent modulation results
purely from noise. The log-likelihood ratio for these two
models is given by

D=-2 ln< (55)

where we estimate the likelihood as a Gaussian

(Ami + n; — Am sin 7/1')2
exp (— 202 , (56)

1
£- H \/E%z,

where n; is the Gaussian noise with variance 63 in the

measurement of each A,,;. The null hypothesis has A,, = 0.
Plugging this in to the likelihood ratio, and maximizing the
likelihood in the modulation model, we find

044005-10



GRAVITATIONAL WAVE TIMING ARRAY

PHYS. REV. D 105, 044005 (2022)

(Ami + ni)z
D=} (57)

mi

which, according to Wilks’s theorem, is asymptotically y?
distributed with N + 1 degrees of freedom [45]. The
expectation value of this likelihood ratio when a modulat-
ing wave is present is given by

siny; + n;)? 2
o) = (S A ENE) eyt e (s

i Ami

mi

where we have used the fact that the y; are uniformly
distributed and taken the average over the network,
(sin?y;) = 1/2.

Now since D(A,,) ~ y*(N + 1), after choosing a detec-
tion threshold we can write the sensitivity of the array as
the value of A,, that exceeds the threshold. In the limit of
large N, the quantity \/2D(A,,) is approximately Gaussian
distributed, \/2D(A,,) ~ N'(v/2N + 1, 1). We can therefore
approximate the threshold value of the modulating amplitude
A, for a j-o detection as

2 +2jV2N +1+1]12
e '

mi

A X (59)

We find Eq. (59) to be a very good numerical fit to the
threshold derived when using the y*(N + 1) distribution for
D(A,,), even for small N. As such, we use this more
transparent expression in Sec. IV when deriving the sensi-
tivity of the array in the limit of a slowly evolving
modulation.

Note that for an array of equally constraining binaries,
where all 6, =~ are equal, the threshold A,, i, scales roughly
as N~!/4, as is apparent from Eq. (59) in the large-N limit.
However, when the ¢, . are taken to be different for each
binary, the addition of poorly measured binaries to the array
can lead to an increased detection threshold by increasing
N (and thus the number of degrees of freedom of the
modulation model) without a significant change to > _; o;ii.
In practice, the maximum sensitivity of the array in the case
of slow evolution of the modulating wave is obtained by
retaining only the binaries that provide the most significant
contribution, those with the largest values of p;f;.

IV. GRAVITATIONAL WAVE TIMING ARRAY
USING MOCK LISA CATALOG

With the analytic sensitivity estimates in hand, we can
calculate the sensitivity of a gravitational wave timing array
based on LISA measurements of gravitational waves from
Galactic white dwarf binaries. The binary white dwarf
population in the Milky Way has been estimated to number
on the order of millions. It is expected that data from LISA
will be sufficient to individually resolve the gravitational

waves from about 10* white dwarf binaries with SNR > 7
over its planned four-year mission. Most of these binaries
would be very nearly monochromatic for the extent of the
LISA mission. The main source for their frequency
evolution is likely to be gravitational wave radiation, with
tides and mass transfer being effects only dominant in the
later stages of inspiral (at frequencies above 1 mHz [43]).

In order to have realistic inputs for white dwarf binary
parameters and their SNR as measured by LISA over a
four-year mission, we used the Radler dataset [46] created
for the LISA Mock data challenges, in combination with
the GBFISHER code [47]. GBFISHER computes the spacecraft
ephemerides during the observation time and, in combi-
nation with input sources, creates a time delay interferom-
etry data stream for the mission. After estimating the
confusion noise, it proceeds to give a matched-filter
SNR for each source. In this analysis, we only use white
dwarf binaries that GBFISHER identifies with SNR > 7 over
a four-year LISA mission. The median error on the sky
localization of these binaries is 3 square degrees, which
justifies our assumption that localization errors are negli-
gible in our analysis.

For each sensitivity estimate, we calculate the modulat-
ing amplitude needed for a 3-c detection. We denote this
threshold as A,, . The timing estimate of the gravitational
wave timing array sensitivity curve is calculated as the sum
of Eqgs. (31) and (32), using the timing residuals given by
Eq. (30), with ¢ chosen to match the contributions at
fm =2/T. In order to correctly weight the binaries con-
tained in the mock LISA catalog, we implement the
substitution shown in Eq. (33) as described in Sec. III A.
We use a detection threshold of ¢4 = 3 to roughly match
the 3-¢ criterion, and we average over the two limits of
face-on and edge-on inclinations.

For the frequency-domain analysis, as stated in Sec. III C,
we consider two extreme cases for the evolution of the
modulating wave: the fast case, when we can neglect the
carrier term, and the slow case, when the carrier term has
the same frequency as the local term. In the case of fast
evolution, we use the Fisher estimate for o, , given in full by
Eq. (52), and set A,, , = 36, . We average over the phases
0;, as well as the properties of the modulating wave: its
inclination i, polarization angle y, and direction of propa-
gation k. For the case of slow evolution, we use the likelihood
ratio threshold of Eq. (59), with j = 3 and the full expression
foro,,  from Eq. (E2). We average over the same parameters
as for the fast case. Furthermore, as discussed in Sec. [II C 2,
in the slow case we select only the binaries with the highest
p.f i, since including poorly measured binaries would worsen
the forecasted sensitivity of the array. We find that using the
ten best binaries from the mock catalog gives the optimal
estimate, and discuss this choice further below.

Figure 5 shows the estimated sensitivity curve for a
gravitational wave timing array based on LISA observa-
tions given by each treatment. We also include for
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FIG. 5. Forecasted sensitivity curves for a gravitational wave

timing array based on the mock LISA catalog assuming a four-
year mission. For the frequency-domain estimates, we show the
case where the modulation has a slow evolution in dark blue and
the case of fast evolution in light blue. The approximate
sensitivity in the fast-evolution case from the timing estimate
is shown in dashed light blue. For comparison, we also plot the
sensitivity of a pulsar timing array (PTA) assuming 5 years of
monitoring 36 pulsars with timing error 100 ns in dashed
light green.

comparison an estimate of pulsar timing array sensitivity,
which is calculated from Egs. (31) and (32) assuming an
array of 36 pulsars timed once per fortnight, with a total
observation baseline of 5 years, a timing precision of
100 ns, and a sky-averaged geometric factor y = 1/+/3;
this offers a direct comparison with results from [36]. In
dashed light blue is the timing sensitivity estimate of the
gravitational wave timing array. The light and dark blue
correspond respectively to the fast- and slow-evolution case
evaluated with the mock catalog.

The timing estimate of the gravitational wave timing
array shows a higher sensitivity than the more complete
frequency-domain estimates. This higher sensitivity is to be
expected, since the timing estimate is an order of magnitude
calculation and includes fewer parameters that correlate
with the amplitude of the modulation. In the regime where
both the gravitational wave timing array and pulsar timing
arrays have sensitivity, the pulsar timing array is about 7
orders of magnitude more sensitive. However, the sensi-
tivity of the gravitational wave timing array extends above
the maximum frequency of the pulsar timing array, all the
way to the lower end of the LISA band (~2 x 10° Hz).

The sensitivity of the gravitational wave timing array can
be improved in various ways, including via longer obser-
vation times or by monitoring a larger number of Galactic
binaries with lower detector noise. With a fixed number
of binaries in the array, the threshold A,y scales with
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FIG. 6. Dependence of the sensitivity of a gravitational wave
timing array on the number of Galactic binaries used in the array,
using a mock catalog of LISA observations [46,47] assuming a
four-year mission. The binaries are ordered by decreasing p;f;,
which controls the contribution of each binary to the sensitivity.
We use a 3-¢ detection threshold at a characteristic frequency of
10° Hz, and average over {1,y, IA<} In the slow-evolution case,
adding “noisy” observations degrades the sensitivity, and we find
that utilizing only the best 10 binaries gives the most sensitivity.
In the fast-evolution case, the best 10 binaries (about 0.08% of the
total resolved population) can account for ~40% of the con-
straining power on A,,, but adding binaries always improves the
sensitivity for the fast-evolution case.

observation time as 7~'/2 due to the linear increase in p?
with mission time. In general this provides a lower bound
on the improvement, since additional Galactic binaries will
be resolved above the SNR threshold with increased
observational time and can thus be added to the array.
Figure 6 shows how A, , changes with the number of
detected binaries in each of the frequency-domain estimates,
starting from those with the highest p; f;. We use the standard
four-year mission duration and plot A,, 4, at a frequency
fm =107 Hz (the high-frequency limit). For the fast-
evolution case, we use the high-frequency approximation
for the measurement error, so that A,, i, o« (>_; p?F?£2)71/2,

and again average over {1,y k}. As can be seen in the
figure, as few as 10 binaries (about 1/1000 of the total
resolved population) can account for almost half of the
sensitivity of the gravitational wave timing array in this
case. The threshold continues to improve with N even when
binaries with low p;f; are included, but those with the
highest p, f; contribute significantly more to the sensitivity
of the array. In the slow-evolution case, the sensitivity
decreases when more than the 10 best binaries are included,
and so we use only these best 10 in the corresponding
sensitivity curve of Fig. 5.
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V. DISCUSSION

In this paper we have discussed the concept of a gravi-
tational wave timing array. The array is composed of a large
number of Galactic binaries, observed continuously through
their gravitational wave emission by future detectors. Lower
frequency gravitational waves impact the propagation of
the signals from these binaries, modulating their phase.
This effect can be used to search for these low-frequency
gravitational waves in a matter directly analogous to pulsar
timing array searches for gravitational waves.

We have specialized our results to the gravitational
waves emitted by binary white dwarfs as measured by
LISA, using a mock galaxy catalog and a mock LISA
pipeline to estimate their properties. In this case, the array
provides sensitivity in the microhertz frequency regime, as
illustrated in Fig. 1. Our main analysis is in the frequency
domain, although we have also included an approximate
timing estimate to allow for direct comparison with the
standard pulsar timing array approaches. Our results show
that a gravitational wave timing array based on the nominal
four-year LISA mission lifetime would provide a sensitivity
to long-wavelength gravitational waves that is about 7
orders of magnitude worse than pulsar timing arrays in the
overlapping region. Despite being a much lower sensitivity,
an entirely independent probe into the nanohertz gravita-
tional wave sky may prove useful, since it is unaffected by
some of the major sources of noise for pulsar timing arrays,
including electromagnetic propagation effects in the inter-
stellar medium and radio interference at Earth. The gravi-
tational wave timing array also requires no change of
design for the LISA mission, since it can be achieved by
analyzing data that is already planned to be collected.

It is worth considering whether LISA or pulsar timing
arrays could measure the microhertz regime directly, since
their strain sensitivity is many orders of magnitude better
than would be achieved by the indirect analysis with a
gravitational wave timing array. As currently designed, the
low-frequency sensitivity of LISA is significantly limited
by acceleration performance, which effectively forms a
frequency cutoff for the mission at ~10™4-107> Hz [22,23].
Pulsar timing arrays can extend their sensitivity into the
microhertz regime by timing pulsars at a higher cadence
than ~2 weeks, as demonstrated by [24], achieving a strain
sensitivity of better than ~107'2 at 107® Hz. Staggered
observation of a large number of pulsars would also
provide sensitivity to gravitational waves with frequency
of several microhertz [25]. An interesting recent proposal
demonstrated that high-cadence photometric observations
may be useful for astrometric gravitational wave searches
in the microhertz regime [27]. Relative astrometry of
stars in the Galactic bulge with the Nancy Grace Roman
Space Telescope [35] may be capable of providing sensi-
tivity to gravitational waves in the microhertz regime.
High precision monitoring of orbital dynamics is another
avenue to search for microhertz gravitational waves [28,29].

In any case, the gravitational wave timing array provides
a valuable independent probe in the microhertz regime,
using data products which the LISA mission already plans
to produce.

Our sensitivity estimates could be improved by including
a more complete analysis of the effect of the carrier term
(the pulsar term in pulsar timing array literature) on our
sensitivity, possibly by modeling the frequency evolution
of the modulating wave explicitly. We do incorporate the
presence of a slow evolution of the frequency of each
binary in the array, whether it comes from gravitational-
wave driven inspiral or from effects such as mass transfer
or tides. Improvements could also be made with a more
realistic observing scenario for the LISA mission, taking
into account nonstationary noise [48] and the mission’s
duty cycle, as well as the need to demodulate the orbital
motion of the satellites from the raw data.

While we focused on the sensitivity of the array to a
coherent source of low-frequency gravitational waves,
it would be natural to also provide sensitivity estimates
for a stochastic background of low-frequency gravitational
waves, bursts of gravitational waves, and gravitational
wave memory. It would also be interesting to consider
the impact of additional sources of sidebands in the binaries
observed by LISA, such as orbital eccentricity, or inter-
actions with a companion star in triple systems. These
effects would not generate sidebands at a common spacing
for all the members of the gravitational wave timing array,
but they may contribute an important source of noise for
some of the binaries.

Although we have concentrated on the idea of a gravita-
tional wave timing array using LISA observations, the idea
may be applied to other situations. For example, the detection
of continuous wave sources by ground-based detectors
(see e.g., [49]), such as pulsars with some small equatorial
ellipticity, would open up an additional avenue. Searches for
common modulations in a collection of such sources could
benefit from the higher frequencies f; of the carrier waves,
since the sensitivity scales as f;/f,,, and could potentially
access the entire range of sub-Hz frequencies not directly
accessible to ground-based detectors. Previous work has
shown that observations of gravitational waves from cos-
mological neutron star binaries with a future observatory like
the Big Bang Observer or DECIGO could provide sensitivity
to a background of very low frequency gravitational waves
with f,, < 10712 Hz [50].

Gravitational wave astronomy is a rapidly evolving field
that has already provided important insights that would
not have been possible with electromagnetic observations
alone. New direct detection experiments and indirect
detection schemes are under development that will greatly
expand the frequency coverage and sensitivity with which
we can search for gravitational waves. The gravitational
wave timing array described here is a novel proposal that
offers a nearly cost-free extension of the sensitivity of
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future detectors to a currently unconstrained regime of
gravitational wave frequencies.
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APPENDIX A: MODULATION
OF A CONTINUOUS SIGNAL

In this Appendix we briefly discuss the geometric optics
formalism required to derive the phase modulation of a
monochromatic gravitational wave propagating in the
presence of another, lower frequency gravitational wave.
The high-frequency carrier wave propagates in a perturbed
flat spacetime g,, = n,, + h,, and is itself a tensor per-
turbation y,,. We use a gauge such that 4, is transverse and
traceless with propagation vector k*. The carrier wave is
emitted at a stationary source, and received by a stationary
observer at the origin of our coordinate system.

The curvature scale of the perturbation is given by the
wavelength of the modulating wave £ ~4,, and so
Am > 4,. This is the geometric optics limit, where high-
frequency waves propagate along null geodesics in the
curved spacetime, regardless of whether they are scalar,
vector, or tensor fields. The amplitude of these waves
decreases as the wave front expands, in order to conserve
quanta (see e.g., [S1]).

More precisely, we augment our gauge such thaty,, is in
Lorenz gauge and traceless with respect to g,,, so that
g"ﬁyaﬁ =0 and V,y,% = 0. Then in vacuum y,, obeys the
wave equation

VV,yw = 0. (A1)
To implement the geometric optics limit we expand the
carrier wave as
Yw = Aeuve_iq)/e’ (AZ)
where the phase function ¢ varies rapidly over scales £, the
polarization tensor is normalized as e(,/;e”ﬁ =2,andeisa
bookkeeping parameter which tracks orders in the rapidly
varying phase. The wave equation and gauge conditions are
then solved order by order in the parameter €. At leading
order, the result is
g"ﬂ(aa(p)(aﬁ(p) =0, gaﬁ(aa(p)vﬁ(au(p) =0, (A3)
where the second equation is arrived at by differentiating
the first and commuting the derivatives on the scalar ¢.

If we define the normal vector to the wave fronts of
constant phase as ¢, = 0,¢, we see that {* is a null
geodesic in the perturbed flat space, along which the carrier
wave propagates.

From here, we can quote the standard results for such a
null geodesic, perturbed by the modulating wave £, see
e.g., Refs. [14,38]. We expand ¢ = ¢y + ¢ + - - - and so
{F =y + Y + -+, counting orders in the small modulat-
ing wave amplitude. If the spatial normal from the observer
to the carrier source is 7', we have

(A4)

and ¢ given by Eq. (16) of [14].

The observed frequency at the origin is given by
contracting the observer’s 4-velocity u* = & with the
phase derivative

dg

dt z_”agaﬂ(€g+Cf> :wc(l _2)7
obs

(AS)

where the redshift z is quoted in Eq. (2). This expression is
used to compute the modulated phase ¢.

APPENDIX B: INCLUDING THE SLOW
EVOLUTION OF THE CARRIER FREQUENCIES

In this Appendix we consider the possibility that the
gravitational waves from Galactic binaries are not purely
monochromatic, and allow for a small linear time depend-
ence in their instantaneous frequency, so that the carrier
phase expands as ¢; = —a; + 2zf;t + nf;t>. This consid-
eration is motivated both by the fact that we expect some
non-negligible frequency drift over the lifetime of our
observations and also that we expect low frequency
modulating waves to be degenerate with the frequency
drift (as in the case of pulsar timing arrays).

When we include the slow evolution of the carrier
frequencies, the modulated signal from a single Galactic
binary is

h(t) = Ai COS Zﬂfit =+ ﬂf,’[z —Q;

AmFifi

~ A;cos(2nfit — ;) — nfi2A; sin(2af it — a;)

AAF f;

+ 1 m lfl
fm

X [sin(2zf;t — a;) + xf 12 cos(2mf it — ;).

siny; sin(2zf,,t — ;) |,

siny; sin(2zf,,t — &;)
(B1)

In the frequency domain, the carrier wave and sideband
signals are then
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h; IAi;zlai [67(f = fi) + i”fiéll/"(f_fi)]’ (B2)
_AA,Fifisin yie'
YTy,
X[ (87 (f = fi+ fou) Himf i85 (f = fi+ fm))
_elai(éT(f_fi_fm)+i”fi5/]/"(f_fi_fm))]' (B3)

Since we work to leading order in the slow frequency
evolution, we generally set f ~ 0 in our final expressions.
This means we only need to consider the additional terms

involving f ; when taking derivatives with respect to those
parameters,

a.]'clhi —

T(f =S (B4)
These results are needed for approximating entries in the
Fisher matrix Fa);, as described below.

APPENDIX C: DETAILS ON THE FISHER
MATRIX APPROACH

In this Appendix we give more detail on the Fisher
matrix approach for estimating the sensitivity of the
gravitational wave timing array.

1. Slow evolution of modulating wave

We treat first the case where both the local term (the
Earth term in the pulsar timing array literature) and carrier
term (the pulsar term in the pulsar timing array literature)
contribute to the sidebands with the same frequency offsets
(but differing phases). We define A,,; = A,, siny;, and our
parameter set is 0 = {A;, f1. a1, f1.81, Ap1. Ass ... }. We
hold f,,, the sky locations of the binaries, and the other
properties of the incident modulating wave fixed. The
resulting Fisher matrix is block diagonal, with one 6 x 6
block for each Galactic binary. To leading order in the small
A,,i, the entries in each block are given by

Pi
l—‘A,-A,v = XIQ ’ (Cl)
aa; — ,0,2, <C2)
(2T)’p;
Ffifi = 3 ’ (C3)
z 42
Ffifi = ? (n'T) Y4 (C4)
WH/)I F2f2

[s5 = 2 [1 + cos(26;) sinc(2xf,,T)],

piFif:

AmiAmi = 2f2 l [1 - COS(251) Slnc<2ﬂfn‘lT)]7 (C6)
for the entries on the diagonal, and
_ fi :

F - _szAmtf Cos(éi)SIHC(ﬂfrnT>’ (C7)
L5 = —erp%F,-Am,-%sin(&,-)sinc’(ﬂfmT), (C8)

fi :
T}, = —n(ﬂT)zp%FiAm,»f—mcos(&)smc”(ﬂfmT), (C9)

fi :
wa = —piF; f—sm( Jsine(zf,,T),  (C10)

fi .

[pa =alpiF, f—cos(&i)smc’(ﬂfmT), (C11)
Uy, =—a(al)*p}F; J%sm( i)sinc” (zf,,T), (C12)

for the off-diagonal entries in each block. The remaining
terms are zero to leading order.

Computing these entries requires the application of the
various approximations stated in the text, in particular that
fiT > 1 in all cases, resulting in narrow carrier wave
peaks, all well separated from each other. For example,
we have

o= (hylhy) 8y (hilhy)
Lan, = (04,h|04,h) = AAJ ~—

(C13)

For those terms which involve derivatives of the finite-time
delta functions, the following identities are useful:

o dsi
/ w sinc(x + b)dx = zsinc'x|,_, ,, (Cl4)
—00 X
/oo dsinc(x + a) dsinc(x + b) dx = —zsinc”x|,_,_,.
o dx dx
(C15)

These can be derived by differentiating Eq. (44) under the
integral.

2. Fast evolution of the modulating wave

In the case where we neglect the carrier term of the
modulation (the pulsar term in the pulsar timing array
literature), the parameters y; which differentiate the A,,;
and add an unmeasurable phase term to the J; are absent.
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While the amplitude of the sideband varies from carrier to
carrier, this variation depends only on the F;, which can be
determined from the sky location and which we therefore
neglect from our analysis. Meanwhile, the phase of the
modulation encoded in §; depends only on a common phase
a,, and the phases f;, which depend on sky location and
polarization content of the modulating wave. Thus for our
analysis, the sidebands of all the carriers share a common
unknown amplitude parameter A,, and phase term a,,. Our
parameter set is 89 = {Al,al,fl,fl,Az, s A}

The Fisher matrix for our total signal & breaks into a
4N x 4N block describing the Galactic binary parameters,
a rectangular 4N x 2 matrix mixing the binary parameters
with those of the modulating wave, and a final 2 x 2 block
with the modulating wave parameters. We need to keep
terms only to leading order in A,,. The 4N x 4N block is
block diagonal with a 4 x 4 sub-block for each carrier.
These sub-blocks have diagonal entries

Pi
AA; = A—lz (Cl16)
w = P (C17)
(aT)*p}

Ffifi = 3 ’ (Clg)

z* 42
Uyj, =< @T)"pi. (C19)

and nonvanishing off-diagonal entries
T, =—2(al)p? (C20)

afi 3 Pi-

The off-diagonal terms that couple the 4N binary param-
eters with A,, and «,, are

Cpa, = 2];‘,” (6;)sinc(zf,,T), (C21)

Tpa =aTplF; ZJJCC—mcos(éi)sinc’ (nfnT), (C22)
Uy, = —n(al)’piF; J}’m sin(8;)sinc” (zf,,T), (C23)
Lyu, =—piFA, ZJ]C”m cos(8;)sinc(zf,,T), (C24)
[t = —aTpiF A, f m sin(8;)sinc/(zf,,T),  (C25)
L, = —n(zT)?p?F Amf—cos(éi)sinc”(ﬂfmT). (C26)

2fm

Finally, the terms that involve only the modulating
source are

P; F2f2
Tan Z lgfz —cos(26;) sinc(2zf,,T)], (C27)
A ?F?f2
Tpe = "“g’fz’ﬂsinﬁéi)sinc@ﬂfmﬂ, (C28)
A F2 2
Loa, = Z "’Zlfz f [1 + cos(26;) sinc(2xf,,T)].
(C29)

APPENDIX D: INVERTING THE
FISHER MATRIX

In Appendix C we provide the Fisher matrix entries for
the measurement of the gravitational wave timing array
signal h. There we treat two extreme cases, the fast and
slow cases for the evolution of the modulating wave. Here
we discuss the aspects of inverting these matrices needed
for our sensitivity estimates.

In the slow case, our goal is to compute the entries
2, 4, Of the covariance matrix X,, = (I'""),,. These
entries are the squared measurement errors o, =~ of the
amplitudes A,,;. Since the Fisher matrix is block diagonal in
this case, inversion can be carried out blockwise, and it is
straightforward to get the entries £, , . In the fast case,
the common parameters «,, and A,, couple together the N
blocks which correspond to each Galactic binary, and the
inversion of I',;, to get £, , is more involved.

In the fast case, the Fisher matrix breaks into pieces as
follows. The parameters describing the individual binaries
form a 4N x 4N block a at the upper left of I', and this
submatrix is itself block diagonal, since the individual
binaries do not correlate with each other in our approxi-
mation. Denote each of the N 4 x 4 blocks as a;, with i
indexing the Galactic binaries. Next, the last M columns
of the first 4N rows of I' form a 4N x M matrix b, which
couples the binaries into the parameters of the modulating
wave. This array itself breaks into N 4 x M blocks b;, with
entries such as (by), 4 =Ty, Since T' is symmetric,

the first 4N columns of the final M rows are b ', made up
of N arrays b/ . Finally, in the lower right we have an
M x M matrix ¢ which covers only the modulating wave
parameters.

Now X, 4 sits in the lower-right M x M block of
¥ = I'"!. Denote these M x M entries of X ass. A standard
matrix identity, when applied to our decomposition of T,
yields

s=d!, (D1)
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N
d=c-b'a'b=c- Zb?ai"bi,

i=1

(D2)

where we have defined a useful auxiliary matrix d. The
decomposition of the inverse into sums over the contribu-
tion from each Galactic binary makes the inversion of the
Fisher matrix straightforward: the Fisher matrix can be built
using a single Galactic binary and inverted, and in the final

solution we need only to sum over the binary indices.
For example, consider a Fisher matrix where we include
two parameters of the modulating wave, A,, and «,,, and for
|

2

X Oy

a;a; fifi

Similar, but more involved expressions give the case we
treat in the text, where we include f;, but the main point
remains: the inversion can be carried out as if for a single
Galactic binary and the common parameters, and then
summing any term involving the binary parameters over
all the binaries in the network. This approach gives us the
full expressions for our measurement uncertainties given
below.

dA a, F(21 a; F(ZI fi - FA ara a; FA f-ra fi 2
Tl R W Vet v | B CE W G oty el 1

brevity remove f ; from our parameter list. Then, recalling
that I'y , =0=T}y, at leading order, the covariance
24 4, is given by

2 1
ma”]
R
alﬂam
. Ths
dA”’A/Yl - FA”’Am - ( ma' + - ,) ? (D4)
Z Faiaf Ffifi
(D5)
a;a; Ffifi

APPENDIX E: FULL EXPRESSION FOR THE
VARIANCE OF THE MODULATING
AMPLITUDE

In order to present the full expressions for the covariance
matrix entry X, , (in the case of a source of modulating
waves with fast evolution) and the variance 6, , (in the case
of a source of modulating waves with slow evolution), it is
useful to define an auxiliary function,

(X, 8;) = [(x8, = 6x7, — 15x2, + (6x}, — 75x2, + 45) cos(2x,,) + (x7, — 60x2, + 180)x,, sin(x,,) cos(x,,) —45)

X (=x,,(x2, — 12) sin(2x,,,)

- 6()6%1 - 1) COS(2xm) + 2(x4m - 3)6%,1 - 3))]

x [2x8,(2 cos(26;) ((x2, — 3) sin(x,,) + 3x,, cos(x,,)) (3(5 — 2x%) sin(x,,) + x,,(x2, — 15) cos(x,,))
+ (x2, = 6)(2x2, + 3)x2, + 6(15 — 4x2))x,, sin(2x,,) + 3(x}, — 24x2 + 15) cos(2x,,) —45)]7", (El)

with x,, = zf,,T.
Then in the case of a source with fast evolution, our
estimate for the measurement uncertainty comes from

X4, 4, Where we marginalize over {A;, a;, f;, fi a,} with
a (4N +2) x (4N +2) Fisher matrix. It is given by
Eq. (52). In the case where the source of modulating

waves evolves slowly, we need the uncertainty on each A,,;

|

measurement, so we compute the entry %, , = arising
from a 6 x 6 Fisher matrix, where we marginalize over
{A;,a;, fi, fi,6;}, for each binary. The result is

O-imi = ZAm[Am[ = U)Ithz(ﬂflT>2g(xma 5i)]_1' (E2)
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