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In this article we calculate the post-Newtonian limit of a general class of scalar-nonmetricity theories of
gravity. The action is assumed to be a free function of the nonmetricity scalar, the kinetic term of the scalar
field, two derivative couplings and the scalar field itself. We use the parametrized post-Newtonian
formalism to solve the arising field equations for the case of a massless scalar field in order to compare
several subclasses of this theory to solar system observations. In particular, we find several classes of
theories which are indistinguishable from general relativity on the post-Newtonian level and therefore,
should be studied further. Most remarkably, we find that this is the generic case, while a post-Newtonian
limit that deviates from general relativity occurs only for a particular coupling between the scalar field and

nonmetricity.
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I. INTRODUCTION

Being contested in numerous experiments during the
past century, general relativity is still the best gravitational
theory describing observations in our universe. However,
by fixing the mediator of gravity through the Ricci scalar as
curvature two equivalent possibilities are overlooked [1].
The first alternative ascribes gravity to the dynamics of the
tetrad via the torsion scalar. This equivalent formulation of
general relativity is called the teleparallel equivalent of
general relativity (TEGR) [2,3]. If we assume curvature and
torsion as being zero and simultaneously nonmetricity as
nonvanishing, we can construct the symmetric teleparallel
equivalent of general relativity (STEGR) [4-11]. Another
possibility invokes both torsion and nonmetricity [12,13].
However, even though all of these formulations are
equivalent, generalization thereof differs from each other.

A vast number of modifications of general relativity and
its alternative formulations in terms of torsion and non-
metricity mentioned above has been developed [14]. The
main motivation for studying such theories comes from
tensions between general relativity and current observa-
tions in cosmology, such as different measurements of
the Hubble expansion rate [15]. These observations hint
toward physics beyond the so-called ACDM model, which
aims to describe the universe using general relativity, a
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cosmological constant (A) and cold dark matter (CDM).
Among the most common modifications studied to address
these tensions are generalizations of the action functional to
a free function of the aforementioned scalar invariants of
curvature, torsion or nonmetricity, giving rise to the
so-called f(R), f(T) and f(Q) classes of gravity theories
[16-20]. Another, related type of modifications is obtained
by including an additional scalar field in the theory, which
couples nonminimally to the geometric quantities which
mediate the gravitational interaction, and can thus itself be
regarded as a mediator of gravity. This type of modification
gives rise to scalar-curvature, scalar-torsion and scalar-
nonmetricity theories of gravity [21-28].

In order to be considered as a viable theory of gravity,
any of the aforementioned modifications must not only
address the observational tensions in cosmology, but also
be in agreement with numerous precision observations of
gravitational waves [29-31] and gravity on stellar or solar
system scales [32]. The latter can comprehensively be
studied using the parametrized post-Newtonian (PPN)
formalism [33,34], which characterizes any metric theory
of gravity by ten (usually constant) parameters. Their
values predicted by any given theory of gravity can then
be compared to their experimentally measured values, giving
constraints on the considered theory or its parameters.

In this article we make use of the PPN formalism in order
to derive the post-Newtonian limit of a general class of
scalar-nonmetricity theories of gravity, which generalizes
the originally proposed class [27], following a similar idea

© 2022 American Physical Society
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as applied in scalar-torsion gravity [25], and allowing for a
gravitational action defined by an arbitrary function of
the nonmetricity scalar, two nonminimal coupling terms,
the scalar field and its kinetic energy, and which we will
therefore denote £(Q,X,Y,Z,¢) theories of gravity. For
this purpose, we make use of the previously developed
post-Newtonian expansion of symmetric teleparallel grav-
ity theories [35,36], which we enhance by including a post-
Newtonian expansion for the scalar field and a Taylor
expansion for the free function defining the action, in full
analogy to the case of scalar-torsion gravity [37]. Our
conventions and notation follow the textbook [33].

The outline of the article is as follows. In Sec. II, we
briefly review the field variables of scalar-nonmetricity
gravity and introduce the class of theories we study in the
remaining section. We briefly discuss the post-Newtonian
expansion of the field equations in Sec. IIL. In Sec. IV, we
solve these field equations up to the required perturbation
order. The resulting PPN parameters are shown and
interpreted in Sec. V. We end with a conclusion in Sec. VI.

II. FIELD VARIABLES AND THEIR DYNAMICS

Before defining the action and the resulting field equations
of the class of £(Q, X, Y, Z, ¢) scalar-nonmetricity theories,
we intend to review the underlying dynamical fields. As
usual in theories where nonmetricity is the mediator of
gravity, the dynamical fields are a Lorentzian metric g, and
an affine connection I ,,,. In addition we couple a dynamical
scalar field ¢p. We specify the properties of the connection by
demanding vanishing torsion

T7, = =207 =0 (1)
and curvature
Rpgm/ = 2(’«)[”177'6‘”] + 2[")1[/41#1‘6@] =0, (2)

whereas the covariant derivative of the metric with respect to
the dynamical connection (i.e., nonmetricity) is nonzero

Q/);w = vpg;w ;é 0. (3)

The combination of Egs. (1) and (2) leads to the form of the
connection

0=E,

Fp/w = (A_l)p/lavAl/w (4)
with 6[”/\’1,/] = 0. We consider an action of the form

S{g;wvrpuw ¢’)(] = Sg[g;twrpﬂw ¢] + Sm[g”y,)(], (5)

where y is an arbitrary set of matter field fields. The
gravitational part of the action

1
Sol 9w T7 - P —A/jd“x\/—_gE(Q,X, Y. Z,9), (6)

- 2x2
is a free function of the scalar field ¢, the nonmetricity scalar

1 1 1 1
Q=70 Q" +50,) Q" +30,0"~30,0". (1)

the kinetic term of the scalar field

X == S00,00,. Q
and the derivative couplings
Y =0'0,¢ ©)
and
Z=0"'09. (10)

which couple the scalar field to the two independent
contractions of the nonmetricity tensor
Q" =07, Q" = Q™. (11)

By varying the matter action §,, with respect to the metric

1
88, = —5/ @””5gﬂy,/—gd4x (12)
M

we obtain the energy momentum tensor ©**. The full
variation of the action S with respect to the metric then
leads to the field equations

o 1 o 1 o
= _Eg,ul/ + v/)(ﬁQPppw) + Egm/g[mv/)(ﬁYa/)¢) + Ev(ﬂ (EZau)d))

1
- EL:Q(ZQ/);M[Q/)UU - Qopu] - Qﬂpame + Q/) [ZQ(uu)p - Qﬂm/])
- £X8M¢au¢ + 2£YQ<ﬂaD>¢ - EZ(Qplwap¢ - ZQ(W)/’@,(]& - Q(ﬂab)¢) - Kz@;,w (13)
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and similarly a variation with respect to the scalar field
leads to the scalar field equation

o” -
0 - E¢ - V (ﬁyQﬂ + ﬁzQﬂ - ﬁyaﬂ¢) - [,(/) (14)

Note that Ly x y 7 4 is the derivative of the free function £
with respect to Q, X, Y, Z and ¢, respectively. We finally
remark that another field equation can be obtained by
variation of the action with respect to the flat, symmetric
affine connection; however this field equation is fully
determined from the previously displayed equations
through the Bianchi identities, and thus redundant [38].
We therefore omit it here for brevity and show only the
independent equations, which we will solve in the follow-
ing sections.

III. POST-NEWTONIAN APPROXIMATION

In order to compare this family of theories with obser-
vations, we employ the parametrized post-Newtonian
(PPN) formalism in its form detailed in the textbook
[33].1 First, we give some general remarks on the PPN
formalism and then, we review how to perform the post-
Newtonian expansion of the dynamical connection. We
start with the description of the matter part of the field
equation. As usual we assume a perfect fluid of the form

0" = (p + pIl + p)u'u* + pg*, (15)

with p, I1, p and u* being the rest energy density, specific
internal energy, pressure and four velocity, respectively. We
further assume a normalization of w*u”g,, = —1 for the
four velocity and compared to the speed of light ¢ = 1 the
velocity of the matter v = u’/u’ in a given reference frame
is assumed to be small. Next, we perform a perturbative
expansion in orders of the velocity O(n) « |7|". This has to
be done for the metric g,,, the matter fields @, the
dynamical connection I'”,,, the scalar field ¢ and the free
function £. The metric g,, will be expanded around the flat
Minkowski metric 77, = diag(—1,1,1,1)

2 3 4
G = N + h/w = N + h;w + h/w + h/w + 0(5) (16)

As a consequence, the energy-momentum tensor reads as

2
B = p(1 +IT+ > = hyo) + O(6), (17a)
®;; = pviv; + pd;; + O(6). (17¢)

'A slightly different formulation, with different conventions
regarding the definition of the potentials, is used in the new
edition [34].

Here, we used the standard assumptions for the orders of
the matter fields. Next, we make use of the form of the
connection in Eq. (4). As developed in [35], we expand the
coordinates around the coordinates of the coincident gauge
up to quadratic orders of the generators of a ‘“knight
diffeomorphism”

1
W= 2 4 580, (18)
with which the connection can be written as
Fp;w = aﬂaugp
1
+ E (gﬂaﬂayag'{fﬂ + 28(;45661/) 865/) - aﬂaugo—aagp)'
(19)

Now, we expand & similar to the metric in post-Newtonian
orders

2a 3a 4a

=& +¢& +¢ +005). (20)
Furthermore, we expand the scalar field ¢ around its

cosmological background value ®, which we assume to
be constant

P=D+y=®+y+y+y+y. (21)

The components of the dynamical fields, we have to
calculate are

2 2 3 4 2i 30 4i
hoo, — hijo hios heo, &, &L &L . (22)

Lastly, we have to deal with the free function £ in
the action. For this we perform a Taylor expansion, where
we assume the Taylor coefficients to be of velocity
order O(0):

L=1y+ l¢w+%l¢,,,z//2 +1p0+IxX+IyY +1,Z,
Lo=lo+ lTWﬂL%lQMV/Z HloxX+loyY +1gzZ +19oQ.
Lx=Ix+ ZX¢V/+%IX¢¢W2 +loxQ + IxyY + IxzZ + Ixx X,
Ly=1y+ lY(ﬁ’//"‘_%quﬁqbl//z +loyQ +lIxyX +1lyzZ + lyyY,
Ly=1y+ lz¢l//+%lz(/u/;l//2 +lozQ + xz X +1lyzZ+ 15,27,

1
Ly=1ly+1ppw+1lopT+IxyX +lyyY + 1747 +§l¢¢¢‘/’2-
(23)
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By combining all perturbative expansions of this section,
we can now calculate and solve the field equations in the
next section.

IV. SOLVING THE FIELD EQUATIONS

We now apply the post-Newtonian expansion displayed
in the previous section to the class of symmetric teleparallel
gravity theories outlined in Sec. II, in order to derive and
solve the post-Newtonian field equations. We proceed in
ascending velocity orders; the zeroth, second, third and
fourth velocity order is discussed in Secs. IVA, IV B, IV C
and IV D, respectively. Calculations have been performed
using xPPN [39]. Alternatively, one could make use of the
gauge-invariant approach to the PPN formalism [36,40];
the resulting equations for the constant coefficients we
obtain are identical.

A. Zeroth order and assumption

First of all for simplicity we assume a massless scalar
field in order to avoid solutions in terms of Yukawa type
potentials. This can be achieved by assuming both /,, and
lypp = 0. The zeroth order equations (calculated by
inserting g, = 1,, and ¢ = ®) read

0= l()l’],w, 0= lqg (24)
Therefore, the perturbed metric is given in the standard
PPN form if and only if /, = [, = 0. For the remainder of
this article, we will use these assumptions.

B. Second order

With the assumptions and the solutions of the zeroth
order field equations, we can now calculate the second
order field and scalar field equations. The only nonvanish-
ing components read

2 1 2ij 2i 2
EOO = K'ZID—EZQ<8/alh - Ah i) + lyA¢ = 0,

2 1 2 2k 2k 2

2 2kl
+ 8;j[Dhgo + 9;0ih

:0’

2k 2 2
— Dh y]) = 6ily A — 170,0,¢

2 2 2 2k 2k
E¢ — leQ’)‘I‘lyA(hoo—h k+2ak§ )
2ij 2k
+1,(=0,0;h +200,E )
=0. (25)

These three equations can be solved with the ansatz

2i

2 2 . 2
ho():alU, hij:a25,»jU, 5 20381)(, ¢:a4U. (26)

Here, U and y are the usual PPN potentials, which are
defined by the relations Ay = —2U and AU = —4xp.
Inserting this ansatz into the field equations leads to a
system of algebraic equations for the coefficients a;. In
order to determine the most general solution to this system,
one must distinguish different cases. The solution for the
generic case is given by

2 2

K K
= —, aHrn = —— R
4xl, > 4l
K'Z(IZ + Zly)

__ Klz+2ly) —o. 27
G T 6n(ly + 1)l 4 (27)

a

and is valid if and only if the denominator (Iy + I7)l, is
nonvanishing. Otherwise, the system is degenerate and one
must further distinguish between two cases. For [, = 0,
one cannot solve for a;. Since this component is required
for the Newtonian limit of the theory, as it governs the
contribution of the Newtonian potential, we conclude that
this case is not physically viable, and henceforth assume
lop # 0. Further assuming /y + I, = 0, one cannot solve for
as, as it cancels from the algebraic equations. For the
remaining coefficients one obtains the solution

_ K2 41%' + lle
4rly 35 + Ixly’
K2 lY

T 4n3B 1 iyly’

K2 2[%/ + lle
a ay = —— 5,
! > Anly 3 + Iyl

(28)

Ay

provided that 315 + Ixl, # 0. Otherwise, if 315 + Ixly =0
with [y # 0, one finds that the system does not possess any
solution with nonvanishing matter content. Finally, if
Iy = ly = 0, one obtains the solution

K2

(29)

ap, = day, = .
4zl
o

This contains general relativity as a special case.

C. Third order

At the third velocity order, the only nontrivial field
equation is given by

3 2 2 . 2
EOi = —sz’l)l' - lzaoai¢ + lQ(aoa[lhl] + 8’8[111,]0) (30)

Note in particular that the third order connection compo-
30
nent £ does not enter these equations and thus remains

undetermined, so that we can solve for the metric pertur-

3
bation hg;. This can be done by using the ansatz
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3
hoi = asV; + agW;, (31)

where V; and W; denote the standard PPN potentials
defined in [33]. Further, we need to substitute the second
order perturbations found in the previous section for the
different nondegenerate and degenerate cases. It is remark-
able that in all cases this procedure leads to the same
coefficient equation

K>+ 2nly(as + ag) = 0, (32)

and hence we have the solution
2

-, 33

a5+a6:

while their difference is not determined by the third order
field equations. The latter is an expected result, as it reflects
the invariance of the theory and its post-Newtonian limit
under (infinitesimal) diffeomorphisms.

D. Fourth order

We finally come to the fourth velocity order. We will not
display the full perturbative expansion of the field equa-
tions here, as it turns out to be lengthy, and we restrict
ourselves to presenting the steps which are necessary to
obtain the solution, starting with the nondegenerate case
lo(ly +17) # 0. In this case we find that the fourth order

4
field equations contain besides the component A, which

we need to solve for in order to determine the PPN
4 4

parameters, also the fourth order components #;;, £ and

4

¢. It turns out that these can be eliminated from the fourth

order equations by considering the linear combination

4ij 4 4 i
(2ly + zz)aia,E —(ly+1)A(Eg+ E; ) =0. (34)
|

To solve this equation, we make an ansatz of the form

4
ho() = (17U2 + a3d>1 + a9d>2 + Clloq)3 + a11¢4
+ap®y + azA, (35)

once again referring to [33] for the definition of the
appearing PPN potentials. In addition to the coefficients
a;, ...,aps in this ansatz, we also need to determine the
linear combination as—ae from the third order ansatz,
which is left undetermined in the third order equations.
By extracting the coefficients of the independent matter
terms in the fourth order equations, we find that they indeed
possess a unique solution for these coefficients, which
reads

3k? K
as—ag=———, a7 =—=">57,
>0 Baly T3
ag = K2 ag = K4
ST only 7 16n7
IS 3k?
ajp = 4—fle’ apr = 4—JrlQ’ ap=a;3=0. (36)

In the degenerate case Iy + [, = 0 and 303 + Ixlg # 0, the
4i
fourth order connection component £ does not enter the

4
field equations. One can isolate the component /i, from the
remaining fourth order components by taking the linear
combination

4 40 4

Using again the ansatz (35), we now find the solution

KZ Sl%+3lle K'2 4l%+lle 3]('2 2[%"‘[le K'2

As—e=—o o 2n 77 » Q=77 an 17 MMT o aa g BT

87y 313+ Iyl 4zl 3B+ Iyly 4rly 3B + Ixlg 21l

K 201+ 131xBly + 2B K1,
= :0, —2 = s 2 = —
2 G T 6T (3B +Ixly)? R A T
2455 + 2l§,lQ[7lX =2(lyy +1z4)] + lyle[ZlX(lX =2y, —lzp) + lylxy] + (28 + leQ)(6l%; +Ixlp)lgy
* 2 3 . (38)
(3ly + Ixlp)

Finally, for Iy =1y =1, =0 we find again the same
solution (36) as for the nondegenerate case. Hence, we
have determined all possible solutions for the fourth order,
without introducing any further distinction between differ-
ent cases beyond the one introduced at the second order.

[
V. PPN PARAMETERS

By comparing the solution for the metric perturbation
components we have derived in the preceding section to
their standard PPN form [32,33], we are now able to obtain
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the values of the PPN parameters for the different sub-
classes of scalar-nonmetricity theories we considered. We
start by recalling that the theories we study here are
restricted by the conditions /, = [, = 0 in order to possess
a Minkowski background solution, l(/,{/, = l,/,{/,,,, =0 for a
massless scalar field and [/, # 0 to obtain a well-defined
Newtonian limit. We find that after imposing these con-
ditions, the most generic class of theories satisfying [y +
l; # 0 exhibits the PPN parameters

p=y=1,

ag=m=m=0=0=_0=0,==0, (39)

=0

\4

and thus fully agrees with the PPN parameters of general
relativity. Potential deviations from these values are
encountered only in the subclass /y + [, = 0. Within this
subclass, we found that theories which in addition satisfy
Iy = ly = 0, so that the scalar field is minimally coupled to
nonmetricity at the linear order, again yield the same PPN
parameters (39). For theories with 303 + Ixlg #0 we
obtain the PPN parameters

205

S 40
4B 1 Il (40a)

y=1-

#0

_— (no Minkowski background]

i [non—constant PPN parameters]

=0

L/

£0

(B=r=1)

[no Newtonian hmlt

(no matter allowedj «—— M

(717 7))« +ixla]

FIG. 1.

Full classification of £(Q, X, Y, Z, ¢) theories. The path highlighted by thick arrows corresponds to STEGR. Theories with

p =y =1 are in full agreement with observations. Theories with deviating, but constant PPN parameters receive bounds on their
parameters, and are still in agreement if these bounds are met. Theories with massive scalar fields possess distance-dependent PPN
parameters and need a more thorough treatment. Other classes of theories are either pathological or need an extension to the standard

PPN formalism.
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. {120 + Bl [Tl +4(Lyy + Lz 4 Ly 15 [Lx (Ix 4 Alyy 4 217) = Iylxg) = (215 + Ixlo) (615 + Ixlp) Loy }

2038 +Iyly) (4B + Ixly)? ’

while the remaining parameters vanish again, indicating
that the theory is fully conservative, i.e., there are no
preferred-frame or preferred-location effects or violation of
total energy-momentum conservation. Taking a closer look
at this result, one finds that even in this class there is
another subclass given by [y =0 corresponding to a
minimally coupled scalar field at the linear perturbation
order which leads to the general relativity values (39).
Further, we find that for 4/3 + Ixl, = 0 the PPN param-
eters ff and y diverge. This is due to the fact that in this case
the contribution of the Newtonian potential U to the

2
perturbation hg, vanishes. Hence, also in these theories
no physically meaningful Newtonian limit is obtained. We
summarize our findings by listing all cases we studied and
their corresponding results in Fig. 1.

We conclude from our findings that the generic class of
scalar-nonmetricity theories of gravity with a massless
scalar field possesses the same PPN parameters as general
relativity, and is therefore indistinguishable from the latter,
and passes all solar system tests. Deviations for the
parameters f and y are found only for a particular subclass,
which contains the scalar-nonmetricity equivalent of scalar-
curvature gravity as a special case [27]. In this case, solar
system observations give bounds on the Taylor coefficients
of the Lagrangian function, and so also this subclass
contains theories passing the solar system tests. Another
possibility, which remains to be studied, is theories in
which the scalar field is massive, and in which its con-
tribution to the post-Newtonian limit depends on the
distance to the gravitating body. However, this study
exceeds the scope of this article.

VI. CONCLUSION

We have studied the post-Newtonian limit of a general
class of scalar-nonmetricity theories of gravity and calcu-
lated their PPN parameters for the case of a massless scalar
field. Our results show that generically a scalar field which
is nonminimally coupled to nonmetricity is suppressed in
the post-Newtonian limit and does not contribute to the
post-Newtonian dynamics, so that the PPN parameters
agree with those of general relativity. Deviations for the
PPN parameters f and y are found only for a specific
subclass of theories which are distinguished by their
coupling between the scalar field and nonmetricity.
Further, we find that also in this case all other PPN

(40b)

|

parameters agree with those of general relativity. Hence,
we find that the theories are fully conservative and
do not possess any violation of local position invariance,
local Lorentz invariance or total energy-momentum
conservation.

The most remarkable result of our work is the suppres-
sion of the scalar field in the post-Newtonian limit if it is
nonminimally coupled to the nonmetricity via any other
linear combination than the mixed trace 0¥, — Q,," at the
linear order. This particular coupling term also appears in
other results. Coupling to this term restores the conformal
invariance of scalar-nonmetricity theories when this is
broken through a nonminimal coupling to the nonmetricity
scalar Q [27]. Also in cosmology the behavior of theories
coupled to this term only differs qualitatively from the
generic coupling [41]. The fact that their PPN parameters
are exactly identical to those of general relativity, while
allowing for a richer cosmological dynamics, motivates
further studies of this class of theories and their implica-
tions for observations in cosmology and gravitational
waves, where higher order effects beyond the PPN param-
eters become relevant due to the strong gravity present at
the gravitational wave source.

Another possible line of future investigation is to allow for
a massive scalar field and study the resulting PPN param-
eters, in analogy to previous works on scalar-curvature
[42—44] and scalar-torsion theories of gravity [45]. A natural
question is whether the aforementioned suppression of the
scalar field is present also in this case, which would
significantly simplify the post-Newtonian limit compared
to the case of a nonvanishing scalar field contribution. In the
latter case, the PPN parameters are no longer constant, but
attain a dependence on the distance to the gravitating source,
which is in general highly nontrivial.
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