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We revisit the possibility that the stochastic common-spectrum process recently detected by the
NANOGrav pulsar timing array experiment could be due to primordial gravitational waves (GWs).
A naive extrapolation down to interferometer scales of the blue GW spectrum required to explain
NANOGrav consistently with cosmic microwave background (CMB) observations would strongly violate
upper limits on the stochastic GW background (SGWB) amplitude from Laser Interferometer Gravitational
Wave Observatory/Virgo. In combination with the fact that there are over 19 decades in frequency between
CMB and interferometer scales, this motivates us to move beyond the commonly adopted approximation of a
pure power-law GW spectrum. We consider a broken power-law parametrization for the SGWB spectrum,
which turns from blue to red above the break frequency: while phenomenological, this choice maps to various
well-motivated early-Universe models, including scenarios featuring noninstantaneous reheating or a
nonstandard background expansion following reheating. After a detailed discussion of the contribution
of the resulting SGWB to the early-Universe radiation energy density, we constrain the broken power-law
model against a wide variety of multifrequency cosmological and GW observations. We find that this
phenomenological model is able to explain the NANOGrav signal while remaining in agreement with upper
limits on the tensor-to-scalar ratio on CMB scales, big bang nucleosynthesis constraints on the early-Universe
radiation energy density, and upper limits on the SGWB amplitude on interferometer scales. We briefly
discuss the very bright prospects for testing this model with next-generation probes across the GW frequency
landscape, which motivate further exploring connections to specific well-motivated early-Universe models.
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I. INTRODUCTION

The first detection of gravitational waves (GWs) from the
coalescence of two black holes (BHs) in 2015 [1] has opened
an entirely new window into the Universe, the behavior of its
most extreme objects, and the laws of physics at energy
scales and regimes that are completely unaccessible on Earth
[2-4]. While so far only resolved GW events have been
detected, the superposition of numerous incoherent GW
sources would instead generate a stochastic GW background
(SGWB). The existence of a SGWB is a firm prediction of
several well-motivated cosmological and astrophysical sce-
narios, operating both in the early and late Universe (see,
e.g., Refs. [5-7] for reviews). Merging supermassive BH
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(SMBH) binaries are perhaps the best motivated example on
the astrophysical side. On the cosmological side, SGWB
sources include, for instance, phase transitions and relics
thereof (including topological defects such as cosmic
strings). There is no doubt that a direct observation of the
cosmological or astrophysical SGWB would be a tremen-
dous achievement, whose implications for astrophysics,
cosmology, and high-energy physics would be momentous.

The predicted astrophysical and cosmological SGWB
spans an extremely wide frequency range. Significant
theoretical and experimental effort has gone into the devel-
opment of a diverse range of probes (currently running,
upcoming, or proposed), which will be able to search for
GWs (both resolved GW events or the SGWB) in various
frequency bands, from low-frequency (f ~ 1072 Hz) GWs
to GWs in the kilohertz band. From the lowest to the highest
frequencies, these probes and/or observables include (but are
not limited to) cosmic microwave background (CMB) B
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modes [8], spectral distortions [9,10], pulsar timing arrays
(PTAs) [11-13], binary resonance [14,15], and finally direct
detection with atomic [16—18], Earth- [19], and space-based
interferometers [20]. Of particular interest to this work are
PTAs, which are sensitive to GWs with frequencies in the
nanohertz range and exploit the fact that millisecond pulsars
behave as extremely stable clocks. GWs induce spatially
correlated fluctuations in the arrival times of radio pulses
from millisecond pulsars [21], which PTAs then search for.
The >O (nHz) region is of particular interest from the
astrophysical and cosmological points of view: the astro-
physical SGWB from merging SMBH binaries (SMBHBs)
is expected to peak within this band [22], and the same is true
for the cosmological SGWB arising within some of the
simplest models of cosmic strings [23].

A particularly well-motivated cosmological SGWB
source is cosmic inflation [24-30], the leading paradigm
for the solution of the flatness, horizon, and monopole
problems, as well as the generation of primordial density
perturbations. Inflationary vacuum fluctuations become
classical on large scales and induce both scalar and tensor
perturbations. Upon horizon reentry, the latter give rise to
the inflationary SGWB, imprinting a distinctive signature in
the CMB B-mode polarization, which is therefore among the
cleanest probes of the inflationary SGWB [8]. The amplitude
and scale dependence of the inflationary SGWB is typically
parametrized via the tensor-to-scalar ratio r (characterizing
the amplitude of tensor fluctuations relative to scalar ones)
and the tensor spectral index ny, respectively. The
simplest models of inflation, driven by a single dynamical
slowly-rolling (scalar) field, predict a spectrum of scalar
fluctuations that is nearly scale invariant (albeit slightly
red, with more power on large rather than small scales)
and highly Gaussian. These predictions are in excellent
agreement with observations, which strongly constrain
non-Gaussianity and deviations from scale invariance,
lending very strong support to the inflationary para-
digm [31].

Single-field slow-roll models also predict a power
spectrum of tensor fluctuations that is slightly red. To
leading order in slow-roll parameters, the tensor-to-scalar
ratio and tensor spectral index within these models satisfy
the so-called inflationary consistency relation [32],

r=—=8ng, (1)

which thus requires ny < 0 (hence a red spectrum), since
r > 0. Within these models, and given current constraints on
r [33], the amplitude of the inflationary SGWB on PTA and
interferometer scales is far too small to be detectable by these
probes, which would instead require a strong blue tilt or, in
any case, a strong enhancement on small scales. However, as
we will discuss in more detail in Sec. II, several well-
motivated inflationary (and noninflationary) models beyond
the simplest ones naturally predict a blue tilt for the tensor

power spectrum (see, e.g., Refs. [34-71]). Before moving
on, let us mention that there is certainly ample theoretical
motivation for going beyond the observationally highly
successful single-field slow-roll paradigm. For instance,
recent work within the “swampland” program has pointed
out difficulties in embedding the simplest inflationary
models within quantum gravity-consistent UV completions
[72-76], whereas such difficulties may be evaded when
moving past the single-field slow-roll paradigm [77-92].
Therefore, the possibility that nonminimal inflationary
models or alternatives to inflation leading to a blue tensor
spectrum may be probed at PTA or interferometer scales is
one that is highly worthy of consideration from both the
theoretical and observational points of view. This will be the
starting point for our work, which, as anticipated earlier,
shall be concerned with the SGWB in the 2O (nHz)
frequency range, to which PTAs are sensitive.

The North American Nanohertz Observatory for
Gravitational Waves (NANOGrav) is a PTA collaboration
that has been collecting pulsar timing data since 2004 [93].
NANOGrav recently released their 12.5-yr dataset [94],
which contains time-of-arrival measurements for 47 ms
pulsars observed at the Arecibo Observatory and the
Green Bank Telescope between 2004 and 2017. An analysis
searching for an isotropic SGWB by the NANOGrav
Collaboration in their 12.5-yr dataset yielded strong evidence
for a stochastic common-spectrum process against indepen-
dent red-noise processes [95], with Bayes factors found to lie
within the range 2.7 < log;o B < 4.5 depending on the solar
system ephemeris (SSE) modeling scheme adopted. This
result, if genuine and confirmed, raises the tantalizing
possibility that NANOGrav may have achieved the first ever
SGWB detection. The NANOGrav signal is consistent with a
SGWB with characteristic strain amplitude Acp ~ 107" ata
reference frequency f,, =1 yr~' #3 x 10 Hz.

It is worth pointing out that the NANOGrav detection
shows no evidence for quadrupolar spatial correlations [95],
as described by the Hellings-Downs (HD) curve [96].> The
lack of evidence for “tell-tale” quadrupolar HD correlations
constitutes grounds for caution with regard to claims of the
NANOGrav signal constituting a genuine SGWB detection,
and the NANOGrav Collaboration themselves advocate for a
prudent approach on the matter [95]. Intriguingly, the Parkes
Pulsar Timing Array (PPTA) Collaboration very recently
also reported evidence for a common-spectrum process with
amplitude and frequency range consistent with the
NANOGrav signal in their DR2 dataset [97]. However, this
tentative signal once again lacks convincing evidence for
quadrupolar HD correlations. Even more recently, similar
hints (though once more including the lack of quadrupolar

"The subscript “CP” stands for “common(-spectrum) process.”

The Bayes factor against a spatially uncorrelated common-
spectrum process lies within the range 0.37 <log;y B < 0.64,
again depending on the SSE model adopted [95].
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HD correlations) were reported in the European Pulsar
Timing Array (EPTA) 24-yr dataset [98], strengthening
the hints for the possible first detection of a SGWB in
the nanohertz range.3

Keeping in mind the important HD-related caveats
discussed above, it is nevertheless worthwhile to con-
template possible scenarios explaining the NANOGrav
signal, assuming it constitutes a genuine SGWB detection.
As mentioned earlier, the astrophysical SGWB from
merging SMBHBs is expected to peak within the range
probed by NANOGrav and remains a possible valid
interpretation of the signal [104], although the required
local number density of SMBHBs is a factor of 5 larger
than predicted by most astrophysical models [105]. Quite
predictably, the NANOGrav detection has stimulated
significant activity focused on identifying possible fun-
damental physics scenarios responsible for the signal,
mostly operating in the primordial Universe. Some of the
earliest interpretations of the NANOGrav signal involved
cosmic strings [106—109] or second-order effects associ-
ated with the formation of primordial BHs from the
collapse of large curvature perturbations [110,111], but
various other theoretical scenarios have been considered
since then (see, e.g., Refs. [112-161] for examples, as
well as Ref. [162] for a comprehensive characterization of
various possible sources for the NANOGrav signal).

Another intriguing possibility, which was first explored by
one of us in Ref. [163], and then further in Ref. [164], posits
that the NANOGrav may be due to an inflationary SGWB.
In particular, under the commonly adopted assumption of a
pure power-law parametrization for the underlying primor-
dial tensor power spectrum, Ref. [163] finds that explaining
the NANOGrav signal requires (a) a very blue (ny > 0)
primordial tensor power spectrum, and hence a violation of
the consistency relation in order to remain consistent with

*The possibility that NANOGrav may have observed GW
polarization modes other than the standard tensor transverse (TT)
ones present in general relativity (GR) was first discussed in
detail in Ref. [99]. The authors claimed strong evidence for scalar
transverse (ST) polarization modes, and no evidence for scalar
longitudinal (SL) or vector longitudinal (VL) polarization modes.
A similar study was performed in Ref. [100] on data from the
International Pulsar Timing Array (IPTA), a collaboration com-
prising the EPTA in addition to NANOGrav and PPTA [101],
finding this time weak evidence for ST polarization modes and
placing upper limits on the amplitude of TT polarization modes
consistent with the NANOGrav signal. Yet another related study
was performed in Ref. [102] on PPTA data, finding no evidence
for either of the TT, ST, SL, and VL polarization modes, but only
placing upper limits on the amplitude thereof, posing questions as
to the origin of the tentative detection of ST polarization modes in
earlier works. Finally, the NANOGrav Collaboration themselves
searched for non-GR polarization modes in Ref. [103], again
finding a preference for ST modes over TT ones, while showing
that including modeling of SSE systematics and/or removing
pulsar JOO30 + 0451 from the analysis reduces the significance of
the ST modes detection.

upper limits on the tensor-to-scalar ratio (and therefore the
SGWB amplitude) on CMB scales and (b) a very low
reheating temperature, in order to not violate big bang
nucleosynthesis (BBN) constraints on the radiation energy
density in the early Universe. Related findings were also
reported in Ref. [164], where late-time entropy production
between the end of inflation and the BBN epoch was also
taken into consideration. The possibility that the NANOGrav
signal may be due to inflationary GWs remains therefore
viable, but would require an inflationary model beyond the
simplest single-field slow-roll ones, and a nonstandard
reheating and/or postreheating scenario.

In this work, we shall keep pursuing the intriguing
possibility that the NANOGrav Collaboration may indeed
have detected a primordial SGWB, remaining agnostic as
to whether the latter is related or not to inflation. Our
analysis goes beyond these earlier works (and, in particular,
Ref. [163]) in at least three important respects:

(i) We go beyond widely adopted, but overly simplistic,
approximation of a pure power law for the primor-
dial SGWB spectrum.

(ii) In addition to BBN bounds, we also take into
account SGWB constraints at higher frequencies
from Laser Interferometer Gravitational Wave
Observatory (LIGO)/Virgo [165,166], which the
model studied in Ref. [163] would naively violate.

(iii) We perform a fully fledged likelihood analysis
including (besides NANOGrav) other standard cos-
mological datasets to more properly constrain the
primordial SGWB interpretation of the NANOGrav
signal, paying particular attention to the Hubble
constant H,, whose inferred value can be particularly
sensitive to the existence of a blue GW spectrum,
given the contribution of the latter to the effective
number of relativistic species Nz, which correlates

The first of the above three points is particularly important.
While the approximation of SGWB power spectrum being
described by a pure power law across various decades in
frequency is widespread, it might not be justified when
considering probes spanning a wide frequency range and
hence providing a large lever arm [167]: for instance, there
are 19 decades in frequency between the scales probed by
CMB experiments such as Planck and interferometers such
as LIGO/Virgo. Here, we shall go beyond the power-law
form for the primordial tensor power spectrum, adopting a
phenomenological broken power-law ansatz, recently pro-
posed in Ref. [168]. While phenomenological, this para-
metrization (which we shall refer to as “broken power-law
spectrum’) covers a broad range of early-Universe scenarios,
ranging from noninstantaneous reheating to a nonstandard
postreheating background evolution.

The rest of this paper is then organized as follows.
In Sec. II we introduce the standard power-law SGWB
spectrum and the associated energy density and number of
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relativistic species N, before presenting the broken power-
law SGWB power spectrum and discussing the associated
observational quantities such as N. In Sec. III we introduce
the GW observations against which we constrain the model,
placing constraints on the SGWB energy density within
various frequency ranges. In Sec. IV we outline the
cosmological data and analysis methodology adopted. Our
results, and, in particular, constraints on the broken power-
law SGWB spectrum and the possibility of the NANOGrav
signal being due to primordial GWs, are presented in Sec. V.
Finally, we draw concluding remarks in Sec. VI.

II. STANDARD AND NONSTANDARD
PRIMORDIAL GW SPECTRA

A. Standard power-law spectrum

The primordial spectrum of tensor perturbations P (k)
is a key quantity to connect theoretical early-Universe
predictions (including those from inflation) to cosmologi-
cal observations. A widespread choice in the literature is
that of assuming that the primordial tensor spectrum scales
as a pure power law across various decades in comoving
wave number k,

k

PYm (k) = Ag(k,) <k—> )

where A7 is the amplitude of the primordial tensor power
spectrum (itself related to the tensor-to-scalar ratio
r=Ap/A,, where A, is instead the amplitude of the
primordial power spectrum of scalar perturbations) at
the pivot scale k,, ny is the tensor tilt assumed to be a
constant throughout the spectrum, and the superscript “pl”
stands for “power law.” It can be convenient to express the
above spectrum in frequency space, with frequency f
related to k by k = 2xf.

Within single-field slow-roll inflationary models, the
consistency relation implies r = —8ny, and therefore a
negative tensor spectral index and, correspondingly, a red
GW spectrum. However, as alluded to earlier, this is not
necessarily the case in a number of other (less minimal but
not for this reason less motivated) early-Universe scenarios
(particularly those involving violations of the null-energy
condition), including but not limited to inflationary models
based on modifications to gravity [34-39], noncommutative
space-times [40,41], spatial or temporal diffeomorphism
invariance breaking [42—46], and, more generally, violations
of the null-energy condition [47], or models involving
couplings to gauge fields and spin-2 fields [48—54], particle
production during inflation [55-57], elastic media [58], a
non-Bunch-Davies initial state [59], higher-order effective
gravitational action corrections [60], second-order effects
[61] (possibly associated with the formation of primordial
BHs), sound speed resonance or a decrease in the GW sound
speed during inflation [62,63], as well as alternatives to

inflation such as string gas cosmology [64—68], ekpyrotic
scenarios [69,70], and matter bounces [71].4

The tensor power spectrum Py(n, k) at a given con-
formal time # is related to its primordial counterpart

PP (k) as follows:
Pr(n.k) = T3(n )PF™ (k), (3)

where 7 (1, k) is the transfer function, which accounts for
the evolution of tensor perturbations across the various
epochs of the Universe’s expansion history up to 7.
Assuming that reheating at the end of inflation is followed
by the standard epochs of radiation domination, matter
domination, and dark energy domination, the transfer
function admits a simple analytical approximation (see
Refs. [172-178]), which we too shall adopt.5

Another key quantity in connecting theory to observa-
tions is the GW energy density today pgw, given by

kuy Pr(k)
= dink———% [T (k 2 4
PGW /km n 327;Ga2[ (k,no)]°, (4)

where 7, is the current conformal time, and ’ denotes a
conformal time derivative. The upper and lower integration
limits kyy and kR correspond to physical ultraviolet (UV)
and infrared (IR) cutoff scales. For the purpose of com-
parison to observations, it is also convenient to define the
GW dimensionless density parameter Qgw, given by (see,
e.g., Refs. [60,180,181])

_ Ldpow _ 1 (K
W= . dink 12 \agH,

)ZT%M)P‘F‘“(@, )

where H, and q, are the current values of the Hubble
expansion rate and scale factor, respectively, and p. =
3H}/8xzG is the critical density of the Universe today.

In particular, we shall denote by QPGIW the GW density
parameter (as a function of frequency) associated with the

pure power-law primordial tensor spectrum P‘;ﬂm’pl(k) given
in Eq. (2), i.e., obtained combining Egs. (2) and (5).
Mathematically speaking, the IR and UV cutoffs are
introduced since the integral in Eq. (4) would diverge in the
IR for ny < —4 and in the UV for ny > —2. Physically
speaking, for the IR cutoff, the only modes that contribute to
the radiation energy density at any given time are subhorizon
modes, as those are the ones that oscillate and propagate as
massless modes, hence contributing to the local energy
density (although this statement is to some extent ambigu-
ous, as the total energy density is a quantity that can only be

4See, e.g., Ref. [169] for a comprehensive discussion of
inflationary models and alternatives leading to a blue spectrum,
motivated by BICEP2’s claimed detection in 2014 [170,171].

>See Ref. [179] for a recent reappraisal of some of these widely
adopted approximations.
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measured averaging over several wavelengths). This implies
that kg is a time-dependent quantity, as the horizon itself is
time dependent. In this work we shall be concerned with a
blue GW spectrum, for it is the UV modes that dominate the
energy density integral. Therefore, we can safely take the
limit kg — 0 Hz, or more precisely the limit kg /kyy — 0,
with virtually no impact on our results (see Ref. [182] for
related discussions).

The choice of UV cutoff is, instead, more arbitrary,
although our being interested in a blue GW spectrum
implies that this choice will nonetheless have an important
impact on our results. If inflation is responsible for the
production of primordial tensor modes, one expects an
UV cutoff given the size of the horizon at the end of
inflation. For grand unified theory (GUT)-scale inflation
and instant reheating, this would correspond approxi-
mately to kyy ~ 102 Mpc™' and hence fyy ~ 10° Hz
[183]. However, a more conservative assumption could
be that of not committing to any specific early-Universe
model for generating GWSs, but simply to require that the
power-law spectrum extends over ~60 e-folds, i.e., the
maximum amount of hot big bang expansion. For a pivot
scale of k, = 1072 Mpc™', this implies kyy/k, ~ 1074,
leading to kyy ~ 10?2 Mpc~! and therefore f;y ~ 10% Hz,
a result which is very close to that obtained from the
previous inflation-based argument [182].

Less conservative arguments could be used to justify
higher values of fyy. For instance, one would, in any
case, expect that the largest possible wave number for
GWs produced in the early Universe is set by the
Planck scale, for which kv ~ 1037 Mpc™! and accordingly
fuy ~ 108 Hz. This choice was adopted, for instance, in
Ref. [67]. A slightly less aggressive choice could be to
replace the Planck scale by the GUT scale, from which
one gets kyy ~ 10°* Mpc~! and fyy ~ 10%° Hz. Of course,
a sharp cut in k space is a simplification and one would, in
fact, generically expect a smooth transition between modes
that contribute to the energy density and modes which do not.
However, we do not expect this choice to have a significant
impact on our results. We will discuss our specific choice for
Sfuv later in Sec. II B, when discussing the choice of broken
power-law spectrum we adopt, going beyond the pure power
law in Eq. (2).

For a blue GW spectrum (ny > 0), the integral in Eq. (4)
can be solved by adopting the aforementioned analytical
approximations for the transfer function 7 (n, k). Up to
corrections of order kyy /kr, which are extremely tiny, this
gives (see, e.g., Ref. [182] for the full calculation)

_ ASV kUV r 1
POV = 322G\ k, ) 2np(an)?

Asr kUV nr
= , 6
24n, < k. > Prot (6)

where the second line is only valid deep during the radiation
domination era and follows from the fact that during this
epoch 1/(an)* = H* = 82Gp,y/3. Here, py is the total
energy density of the Universe, which during radiation
domination is given by the sum of the photon (y), neutrino
(v), and GW energy densities,

7 (443
Pt = Py TPy + Pow =Py 1+§ i Negr

7 (4\*3
=py<1+§<ﬁ> 3.046>+pc,w, (7)

where the first line defines the effective number of relativistic
degrees of freedom N (including contributions from
photons, neutrinos, and GWs), and in the second line we
are assuming that the three Standard Model neutrino families
provide the standard contribution N = 3.046 [184].°
Therefore, the total effective number of relativistic degrees
of freedom is given by Nogr = N%; + NG = 3.046 + NGV,
which defines the GW contribution to N4, given by Ng}"’ .
If the GW energy density is a subdominant component of
the total radiation energy density, i.e., pgw/pPii <K 1, wWe
can substitute Eq. (7) into Eq. (6) and solve for N to
obtain an expression that depends only on Ay, r, ny, and
kyy (see Ref. [182]). Taylor expanding to first order in
Pow/ Pt leads to the following expression for N g:

8 /11 4/3 Ar kUV nr
N = 3.046 3.046 + - | — J , (8
. +[ +7(4> ]24”T<k* ®)

an expression that we stress again is valid only if the GW
energy density is small compared to the total radiation
energy density, which fortunately is the case given obser-
vational constraints. From Eq. (8) we can directly read off
NGV, given by

8 (1IN\43] A,r [k nr
(‘,wz 04 e s uv
vars o3 () Ja (2)" @

which we recall is only valid for a blue GW spectrum.

In the literature, the assumption of the primordial tensor
power spectrum scaling as a pure power law up to the
cutoff frequency kyy as in Eq. (2) is a widespread one: see,
e.g., Refs. [163,182,183,195-201], as well as the Planck
2018 constraints on inflation paper [31], for an inevitably

SThis standard value has recently been reevaluated by several
groups to include a more precise treatment of flavor oscillations
and finite-temperature effects with the final results converging
toward N ~ 3.044 (see, e.g., Refs. [185-191]). While we adopt
the older standard value N 4 = 3.046, we note that adopting the
latest value would have virtually no impact on our results, given
the precision of current cosmological data, while even the
precision of near-future cosmological data will still be more
than 1 order of magnitude worse than AN ~ 0.002 [192-194].
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incomplete example of recent works adopting this
assumption. Other commonly adopted simplifying
assumptions include that of a standard thermal history
with an instantaneous transition from the early-Universe
phase responsible for sourcing the primordial fluctuations
(be it inflation or an alternative mechanism, usually taking
place at a very high-energy scale) to the phase of radiation
domination, i.e., an instantaneous reheating phase with no
extended matter or stiff matter domination era prior to the
usual radiation domination era.

However, all of these are clearly approximations at best,
at least for the case of the inflationary SGWB. For
instance, by making use of the powerful inflationary flow
formalism, it was recently argued in Ref. [167] that, in an
ensemble of realistic single-field inflationary models, a
power-law extrapolation from CMB to interferometer
scales can overestimate the amplitude of primordial tensor
modes by up to 2 orders of magnitude. The largest
frequencies are sensitive to the non-slow-roll dynamics
toward the end of inflation, where the expansion rate and
slow-roll parameters vary relatively rapidly, typically
leading to one or more breaks in the primordial tensor
spectrum (see, e.g., Refs. [163,202-204] for related
discussions). As a result, the tensor spectral index mea-
sured on CMB scales can be completely uncorrelated from
the same quantity probed on interferometer scales. We
remark, however, that the analysis of Ref. [167], strictly
speaking, only applies to single-field models that, as
discussed in the Introduction, we know cannot accom-
modate the NANOGrav signal due to the latter requiring a
strongly blue GW spectrum.

B. Broken power-law spectrum

To consider a more realistic SGWB spectrum, we go
beyond the simple assumption of a pure power law across
various decades in frequency discussed previously. In par-
ticular, we consider a phenomenological broken power-law
scenario (which, however, we shall later justify on a
theoretical basis) effectively corresponding to the SGWB
power-law index changing from n; to a at a characteristic
scale k, [168]. More specifically, the dimensionless GW

density parameter Ql()}p\lv (with “bpl” standing for ‘“broken
power law”) is related to the previously introduced Q‘élw

[itself associated with the pure power-law primordial tensor
spectrum given in Eq. (3)] as follows:

QIC);W (k < ka)’
QR = { ) (10)

where the scale k, scale corresponds to a break frequency
fa~1.5x107(k,/Mpc~!) Hz. We envisage the break
frequency to be O (nHz) < f, SO (Hz), so that the
NANOGrav signal falls within the first half of the spectrum,
and constraints from LIGO/Virgo are relevant to the

postbreak spectrum. On the other hand, the break can allow
us to fit the NANOGrav signal while not running afoul of
constraints on the SGWB amplitude on O(10) Hz frequen-
cies from LIGO/Virgo, provided a < O (or at the very least
a < nr), so that the postbreak spectrum is less strongly blue,
if not red. In our analysis, we shall require @ < 0, so that the
high-frequency part of the SGWB spectrum is red, as this is
the only way a possible SGWB detection from NANOGrav
can be reconciled with LIGO/Virgo’s nondetection.

While the choice of introducing the broken power-law
parametrization in Eq. (10) is phenomenological in nature,
we shall now argue that it is theoretically justified, as it can
actually cover a very broad range of early-Universe scenarios
(as discussed in more detail in Ref. [168]). It is important to
note that, in Eq. (10), we have introduced the broken power-
law parametrization at the level of dimensionless GW
density today. This can be interpreted as arising from at
least two fundamentally different classes of scenarios: a first
one where it is the transfer function that is modified (for
instance, due to the propagation of primordial GW's through
nonstandard epochs of the expansion of the Universe)
leading to the broken power law, and a second one where
it is instead the primordial tensor power spectrum that
features a broken power law, where the break could be
due to processes inherent to the GW production mechanism.
At the level of Q'é%lv, these two distinct theoretical origins are
completely degenerate. While we shall discuss in detail
various theoretical scenarios leading to a break in the GW
spectrum, and falling within either of the two categories
described above, in our later analysis we shall remain
completely agnostic as to the underlying theoretical origin
of the break, while simply adopting the phenomenological
view that Eq. (10) can cover a broad range of interesting
early-Universe scenarios.

The broken power-law spectrum is best suited to describe
models with a nonstandard background evolution, i.e., where
the Universe does not transition from inflation to radiation
domination following an instantaneous reheating process
[164,168,205]. For example, an extended noninstantaneous
reheating period, possibly with a low reheating scale, leads
to an extended early matter domination before the usual
radiation domination: this scenario leads to a break in the
GW density, which is captured by setting a = ny — 2, with
k, determined by the reheating temperature.

More generally, if the Universe is dominated by a
fluid with effective equation of state wg prior to radiation
domination, the effect is also that of a break in the
GW power spectrum, captured by setting a = np+
2(3wesr — 1)/(1 4+ 3wygp), with f, related to the temper-
ature at which the Universe switches to being radiation
dominated. In particular, this expression recovers the case of
an extended matter domination era, where we; = 0 and

"In this case, the exact relation between the break wave number
and the reheating temperature is given by Eq. (14) in Ref. [168].

043520-6



PRIMORDIAL GRAVITATIONAL WAVES FROM NANOGRAV: A ...

PHYS. REV. D 105, 043520 (2022)

therefore @ = ny — 2. Another theoretically interesting case
is that where the Universe undergoes a kination or stiff
matter domination phase, where w.i; = 1 and therefore a =
ny + 1 (see, e.g., Ref. [206]). However, this case will not be
of interest to our work, as it makes the GW spectrum even
bluer on small scales, thereby worsening the disagreement
with LIGO/Virgo. The broken power-law spectrum can also
describe the effect of late-time entropy injection (for
instance, through the decay of an additional scalar field
other than the inflaton), although in this case the exact value
of a depends on the specific entropy injection details [168].

The scenarios described above effectively lead to a change
in the transfer function appearing in Eq. (3), which generally
takes a factorizable form with the various factors accounting
for different physical processes (e.g., the standard radiation-
to-matter transition or the nonstandard scenarios described
above). However, as alluded to earlier, the broken power-law
spectrum can also effectively describe scenarios where it is
the underlying primordial power spectrum that features a
break in the spectral index n7, which is therefore nonuniform
across the frequency range. In fact, many early-Universe
models predicting a blue spectrum on CMB scales typically
predict a break in the spectral index on smaller scales. One
class of examples are inflationary models where the inflaton
is coupled to the field-strength tensor of vector (gauge) fields
(see, e.g., Refs. [207-211]). In these models, production of
gauge fields is typically effective over an extended period
during inflation, leading to a blue spectrum for modes that
exit the horizon during this period (see, e.g., [55-57)).
However, when gauge field production eventually stops
being efficient, the associated spectrum returns to being red,
decreasing at higher frequencies. Alternatives to inflation
may also predict a break in the spectral index of the
primordial tensor spectrum.

In this work, we shall therefore adopt Q'?}Igv as a phe-
nomenological but well-motivated choice beyond the pure
power-law approximation utilized in many works. Given our
choice of setting @ < 0 so that the high-frequency part of the
SGWB spectrum is red, the choice of fyy ends up playing a
very marginal role. In fact, since the SGWB spectrum is blue
for f < f, and red for f > f,, integrated quantities such as
pPgw Or, equivalently, N are mostly affected by the form of
the spectrum around f,: the low-frequency part of the
integral is mostly insensitive to fir being the respective
part of the spectrum blue and similar for the high-frequency
part of the integral being mostly insensitive to fy . For this
reason, in the following, we shall adopt the conservative
choice of setting fyy ~ 10® Hz. As discussed earlier in
Sec. IT A, this choice arises by requiring that the power-law
spectrum extends over ~60 e-folds [182,183], while not
committing to any specific (inflationary or non) early-
Universe scenario. However, the less conservative choice
of fuv ~ 10¥ Hz would not qualitatively affect our results.

Before closing, a comment on some of the nonminimal
primordial scenarios discussed above is in order: in

particular, we have mentioned the possibility of low-scale
reheating and/or a nonstandard postreheating background
expansion such as kination, which modify the expansion of
the Universe prior to the usual radiation domination phase.
While nonminimal, these scenarios are far from being exotic
and are not hard to come by under rather generic assump-
tions. For examples, scenarios where reheating occurs at
lower temperatures or is delayed (in some cases due to
known Standard Model physics such as the dynamics of the
Higgs boson) have been studied in, e.g., Refs. [212-215],
with the recent analysis of Ref. [216] finding that reheating
temperatures as low as Ty, ~ O (MeV) are consistent with
Planck data. On the other hand, in kination scenarios, the
expansion rate of the postinflationary Universe is dominated
by the kinetic energy of a fast-rolling scalar field, leading to
an effective equation of state wey ~ 1 [217]. Such scenarios
have been studied in detail in recent years, particularly in
light of their possible implications for the production of dark
matter [218-221].

The assumption of a break in the SGWB spectrum makes
it particularly important to constrain such a spectrum using
a multifrequency approach. That is, making use of obser-
vations sensitive to the GW energy density across as wide a
frequency range as possible. In the following, we shall
therefore discuss the diverse class of cosmological and
astrophysical observations we shall use to constrain this
scenario.

III. CONSTRAINTS ON GRAVITATIONAL WAVES
ACROSS THE FREQUENCY SPECTRUM

The landscape of current and future probes of GWs is
extremely vast, diverse, and complementary, allowing one to
probe the signatures of GWs across a wide range of times
and frequencies. Some of these probes (e.g., interferometers)
are sensitive to the SGWB in a certain relatively narrow
frequency band, whereas other probes carry an integral
sensitivity to the SGWB energy density in a wide frequency
range (e.g., BBN). Below we briefly present the GW probes
we will make use of in this work.

A. Interferometers

Large laser interferometers can be used for GW direct
detection, through the effect of a passing GW shortening
or lengthening the two arms of the interferometers, in turn
affecting the resulting interferometric patterns. Two state-
of-the-art current GW interferometers are the LIGO and
the Virgo interferometer [222,223], both of which are
sensitive to GWs in the 10 — 10* Hz frequency range. To
date, the LIGO and Virgo Collaborations have detected
~90 resolved GW events resulting from the mergers of
stellar objects (black holes and neutron stars) [224] and, in
doing so, opened a remarkable window onto the Universe
and revolutionized our understanding of gravity, in part
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thanks to coincidental multimessenger observations
across the electromagnetic spectrum [225-239].

Besides resolved events, interferometers can be used to
search for a possible astrophysical or cosmological SGWB,
such as the one we are considering in this work. LIGO and
Virgo have placed an upper limit on the amplitude of the
SGWB in the frequency range 20 < f/Hz < 86. Following
other works, we shall take the following 95% confidence
level (CL) upper limit [165,166]":

QGW<kLV) 5 1.7 x 10_7, (11)

where kv ~2.3 x 10! Mpc™! is the comoving wave
number corresponding to a frequency fiy ~ 35 Hz,
which we take as representative for LIGO/Virgo’s
limit (following earlier work), and “LV” stands for
“LIGO/Virgo.” More recent constraints place an even
tighter limit, Qg (kLy) < 6.6 x 107, at a frequency of
f ~25 Hz [240].”

We note that the limit in Eq. (11) is sensitive to the SGWB
energy density at a specific wave number. In particular, the
frequency f1v ~ 35 Hz falls within the postbreak part of the
broken power-law GW spectrum of Eq. (10). Therefore, only
the part of the spectrum for k > k, or, equivalently, f > f,
needs to be considered in order for theoretical predictions to
be compared to LIGO/Virgo’s upper limit in Eq. (11).
Hence, we expect LIGO/Virgo constraints on the SGWB
amplitude to mostly constrain the break frequency f, and
postbreak spectral index a. For purely illustrative purposes,
in Fig. 1 we show a benchmark example of the broken
power-law SGWB spectrum, indicating the NANOGrav
signal and LIGO/Virgo’s upper limit. As can be seen, a
break in the GW spectrum is clearly required to reconcile a
prebreak blue spectrum explaining NANOGrav with LIGO/
Virgo’s upper limit.

Looking to the near future, prospects for direct detec-
tion of resolved GW events and the SGWB with inter-
ferometers and other types of surveys are very bright. The
frequency window between O(1077) and O(10°) Hz will
be covered by a diverse range of experiments, including
but not limited to space-based laser interferometers, next-
generation ground-based detectors, binary resonance
probes, and space-based atom interferometry. In Sec. VI
we will discuss in more detail future probes of GWs
(including the broken power-law SGWB spectrum we are
considering) across the GW frequency landscape.

¥Strictly speaking, this limit assumes a fiducial value for H,
(which should scale in such a way that Qgw ng when
scanning over H(, in our subsequent analysis). However, we
do not expect this point to have a significant impact on our
results.

The data products of LIGO/Virgo O3 are available at https://
dcc.ligo.org/LIGO-G2001287/public.

r=0.001, nt=0.9, o=-1, fo= 10 [Hz]
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FIG. 1. Benchmark example (consistent with data) of the

broken power-law SGWB spectrum considered in this work
(gray dash-dotted line), with tensor-to-scalar ratio r = 1073,
prebreak tensor spectral index ny = 0.9, break frequency
fo=10"* Hz, and postbreak tensor spectral index a = —I.
The plot indicates the tentative NANOGrav signal (red star)
and LIGO/Virgo’s upper limit (blue diamond, where O1 and O3
stand for first and third observing run, respectively), as well as an
indicative BBN limit on the SGWB energy density (gray dotted
line): as is clearly seen seen, a break in the GW spectrum is
required to reconcile a blue spectrum explaining NANOGrav
with LIGO/Virgo’s upper limit. This figure is based on Fig. 1 of
Ref. [164], in order to provide a direct parallel with their results.

B. Pulsar timing arrays

PTAs aim for a SGWB detection by exploiting the fact
that millisecond pulsars behave as extremely stable clocks.
A SGWRB traveling between an ensemble of pulsars and us
would leave its imprint through fluctuations in the arrival
times of radio pulses, which would be spatially correlated
[11-13]. By searching for these correlations, PTAs can
search fora SGWB in the 10~ — 10~7 Hz frequency range.
Current and planned PTA surveys include NANOGrav
[95], PPTA [241], and EPTA [242], collectively constitut-
ing the IPTA [243]. Moreover, the Square Kilometer Array
is expected to potentially be able to detect thousands of
millisecond pulsars and thus might play an important role
in the landscape of future PTA surveys [244].

It is customary to report the results of PTA searches in
terms of the GW strain power spectrum as a function of
frequency h.(f), which is related to Qgw(f) by

QGw(f) :7f2hc(f)' (12)

The GW strain power spectrum is typically approximated
as a power law at a reference frequency fy, =1 yr™!
(a numerically convenient value given the frequencies to
which PTAs are most sensitive), with amplitude and
spectral index given by Acp and acp, respectively,
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he(f) = Acp(f)“”_Acp(f)zch, (13)

yr yr

where the spectral index acp is often exchanged for the
related quantity ycp =3 —2acp. The SGWB resulting
from merging SMBHBs is expected to be described by
ycp = 13/3 or, equivalently, acp = —2/3 [245-247].

In this work we shall consider the NANOGrav signal
[95], which with all the caveats discussed earlier we shall
interpret as a genuine SGWB detection. The NANOGrav
Collaboration fitted the power-law approximation of the
strain power spectrum in Eq. (13) to their five lowest
frequency bins with highest signal to noise, in the fre-
quency range 2.5x107° < f/Hz<9.0x1078, and
obtained joint constraint on log;y Acp and ycp. We note
that, for a SGWB spectrum behaving as a pure power law at
least up to the NANOGrav frequency range, such as the one
we are considering since the break occurs for f, = O(nHz),
the tensor spectral index ny is related to ycp and/or acp as
ny =5—ycp =2+ 2acp, whereas Acp scales as Acp

V7 [163,178].

C. Big bang nucleosynthesis

Big bang nucleosynthesis, taking place in the very earliest
stages of our Universe, is the process responsible for the
production of light nuclei other than those of 'H (see, e.g.,
Ref. [248] for a review). BBN is primarily responsible for the
production of “He, alongside smaller amounts of 3He,
deuterium (*H) and tritum (H), "Li, and "Be, with 3H
and "Be later decaying to *He and "Li, respectively. The final
yield of light elements, tightly constrained observationally, is
highly sensitive to the expansion rate of the Universe,
usually assumed to proceed as in a radiation-dominated
Universe following reheating in the standard scenario.
Therefore, BBN will be highly sensitive to a nonstandard
SGWRB spectrum such as the one considered, given that blue
primordial GWs contribute to the energy density of the
Universe as an extra radiation component.

Unlike the previously discussed constraints from inter-
ferometers (LIGO/Virgo) and PTAs (NANOGrav), which
are mostly sensitive to the SGWB spectral density at a
certain frequency (fy and fy,, respectively) or within a
narrow frequency band, BBN carries integrated sensitivity to
a wide range of frequencies from fg gg to fyv. as captured
by an effective number of relativistic species NSYppy
defined analogously to Eq. (7) starting from Eq. (4). In this
case, the relevant IR cutoff is given by fg ggy ~ 1071° Hz,
approximately corresponding to the comoving horizon at the
time of BBN, when the temperature of the Universe was
T ~O (MeV). For the broken power-law model, it is
relatively straightforward to show that NSfX,VBBN is approx-
imately given by

GW
Nt BN

rAS f nr| fa
. nr |:<—*> :|fIR.BBN
+03rA [<f> }fw (14)

with pivot scale given by k, = 0.01 Mpc™' (or, equivalently,
f+ = 1.5x 1077 Hz), and as stated earlier we fix fg gpn =
10719 Hz and fyv = 10® Hz [182,183]. Inserting numbers,
the above expression becomes

As a 2 i
[(310”(;;)) -G
rAg o fa\ 1
s [ (5))" o

where |a| = —a, since we require o < 0 in order for the
high-frequency part of the SGWB spectrum to be red and
satisfy LIGO/Virgo limits, while simultaneously explaining
the NANOGrav signal with the blue low-frequency part of
the SGWB spectrum.

Let us examine more closely the two contributions to
NGPsgn in Eq. (15), with the first line corresponding to the
low-frequency part of the spectrum (f < f,) and the second
line corresponding to the high-frequency one (f > f,).
Unsurprisingly, we see that the contribution to NGYgpy
from the low-frequency part of the broken power-law
spectrum is dominated by the highest available frequencies
(i.e., those around the break f,), and similarly, the con-
tribution to NGy from the high-frequency part is domi-
nated by the lowest available frequencies (i.e., again those
around the break f,). As anticipated earlier in Sec. II B, this
occurs as we are within the regime where ny > 0 and a < 0,

e., where the low-/high-frequency part of the SGWB
spectrum is, respectively, blue/red. Therefore, the blue
(low-frequency) part of the spectrum will be most sensitive
to the highest available frequencies, and conversely for the
red (high-frequency) part, implying that NG5y ends up
being dominated by modes around f,,.

Neglecting subdominant terms, we find that Eq. (15) can
be well approximated by

0.3rA; fa nr
= G107 ()) ) 0o

Observational determinations of the abundances of light
elements severely restrict Ngf}NBBN Different probes return
different limits, but we can safely take N§'zpy < 0.4 as an
indicative upper limit [249-253]. Moreover, we find that for
f, within the range 107° < f, < 35 Hz, i.e., within the
NANOGrav and LIGO/Virgo frequencies, the —ny/a term
is always several orders of magnitude smaller than the
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FIG. 2. Evolution of NerE’BBN as a function of ny, r, and f,, as captured by Eq. (16), neglecting the —1 /a term, which is subdominant
as argued in the main text. Left: curves of constant Ng‘f’YBBN in the log;, r — ny plane, saturating the N, er}?j’BBN < 0.4 limit, indicatively
corresponding to the upper limit on the amount of extra radiation set by BBN, for different values of the break frequency f, (as per the

NGW

color coding). Right: evolution of N gy

(as per the color coding).

fqo-dependent term, and hence can be safely neglected.lo In
any case, we stress that, within our subsequent numerical
study, we use the full expression for NGPppy given
in Eq. (14).

The evolution of NGy as a function of ny, r, and f, is
shown in Fig. 2. In particular, the left panel shows curves of
constant Ngf}f’BBN in the log,, r — ny plane saturating the

NGYspn S 0.4 limit, whereas the right panel shows the

evolution NGYpp\ as a function of ny for different values
of r and f,. In producing Fig. 2, we neglect the a-dependent
term in Eq. (16) as argued earlier. From the left panel, we see
that the choice of f, can significantly influence the allowed
value of ny: the lower the break frequency, the larger ny is
allowed to be. This is again unsurprising: reducing f,
reduces the contribution to NG5y from the highest avail-
able frequencies in the low-frequency part of the SGWB
spectrum, as is clear from the first line of Eq. (15). This
behavior, wherein lower values of f, allow for higher values
of nr, is reminiscent of a similar behavior observed by one of
us in Ref. [163] when considering different reheating temper-
atures Ty, as there is approximately a one-to-one

070 see this, one can estimate the last term on the right-hand
side of Eq. (16) with the aid of Eq. (10). A lower limit to |a| can
be obtained by considering the lowest possible value of f,,
corresponding to the NANOGrav frequency f ~3 x 1078 Hz,
and saturating the inequality set by the LIGO/Virgo limit. Setting
the left-hand side of Eq. (10) to the LIGO/Virgo upper limit
(Qgw ~ 1.7 x 1077), relating this to the SGWB energy density
Qgw indicated by NANOGrav (Qgw ~ 5.6 x 107), and using
the fact that k/k, = f1v/fe = 35/(3 x 107%), we find the rough
lower limit |a| 2 0.15. It is trivial to show that, for any value of
the tensor spectral index 0.7 < np < 1.3 (required to explain
NANOGrav, as shown in Ref. [163]), the last term on the right-
hand side of Eq. (16) is always at least 17 orders of magnitude
smaller than the first term.

as a function of ny for different values of the tensor-to-scalar ratio r and break frequency f,

correspondence between f, and T,: for instance, reheating
temperatures T, ~ 10'°/10°/100 GeV approximately cor-
respond to break frequencies f,~ 100/1073/107% Hz,
respectively. From the right panel, we instead see that the
higher the tensor-to-scalar ratio r and break frequency f,, the
more rapidly N Sf}’f'BBN increases with nr, a fact which is again

unsurprising.

D. Cosmic microwave background

The cosmic microwave background, the relic radiation
from the epoch of recombination, is an extremely impor-
tant probe of early-Universe physics. For what concerns
our study, we will be interested in the CMB at two
different levels. First, the CMB probes GWs at extremely
low frequencies (f < 1076 Hz), through their imprint on
the B-mode polarization pattern: therefore, measurements
of the B-mode power spectrum and, in particular, limits on
the tensor-to-scalar ratio r (e.g., Ref. [251]) can directly
constrain the low-frequency part of our SGWB spectrum.

Second, the CMB is highly sensitive to the energy density
of any extra radiation component, particularly through the
effect of the latter on the damping of tail of the small-scale
(large multipole ¢) power spectra (Silk damping) [254] and
on the early integrated Sachs-Wolfe (EISW) effect, both
of which are tightly constrained by Planck CMB data
[255-258]. As with BBN, the CMB is sensitive to a large
range of modes, from fircvmp to fyy. Therefore, the
expression for Ngf}f’CMB ends up being analogous to the
BBN one, given in Eq. (14), except for the lower integration
limit in the first line (low-frequency contribution) being
giVen by fIR.CMB instead of fIR,BBN'

In principle, not only is fjrcyp much lower than
firsen ~ 1071° Hz, but it is a time-dependent quantity, as
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at any given time only subhorizon modes oscillate and
propagate as extra radiation components. However, to
simplify the discussion, we can again resort to the fact that
the low-frequency part of the SGWB spectrum is blue. This
leads to the expectation that the most important low-
frequency contributions to NG come from modes
around the break frequency f,, and similar for the high-
frequency contributions, given that the high-frequency part
of the SGWB is red. In practice, this implies that NG\ is

mostly insensitive to fig cmp and fyy, given that fig cpp <
107" Hz < f, and fyy ~ 108 Hz>> f,. Formally, this
means that we can safely set fig cmp ~ 0 Hz, and that the
expression for N Sf}’_"CMB (relevant for the computation of the
CMB temperature and E-mode polarization anisotropy
power spectra) is identical to that for N&}YBEN in Eq. (14).

IV. DATASETS AND METHODOLOGY

We now place observational constraints on the broken
power-law SGWB spectrum we consider, with energy
density spectrum given by Eq. (10), to examine whether it
is possible to explain the NANOGrav signal while remaining
consistent with a wide range of observational datasets,
including those discussed in Sec. III. In our baseline analysis,
we only consider CMB measurements alongside the con-
straints on the SGWB spectrum mentioned in Sec. III and the
NANOGrav signal, which we treat as a genuine SGWB
detection (with all the caveats discussed in Sec. I). In a later
extended analysis, we further consider late-time cosmological
measurements, to test whether they significantly improve
cosmological parameter constraints, finding the answer to be
negative.

In our most general analysis, we consider a ten-parameter
model extending the standard six-parameter A cold dark
matter (ACDM) model by allowing four additional param-
eters to vary: the tensor-to-scalar ratio r, the prebreak tensor
spectral index n; (not satisfying the inflationary consistency
relation r = —8ny and hence independent of r), the break
frequency f,, and the postbreak tensor spectral index a. Note
that we consider purely adiabatic initial conditions, while
restricting our analysis to a spatially flat Universe and fixing
the sum of the neutrino masses to 0.06 eV, the minimum
value allowed within the normal ordering, as the neutrino
mass is known to correlate very weakly with inflationary
parameters [259-261]. Finally, we set the scalar and tensor
pivot scales to 0.05 and 0.01 Mpc™', respectively.

Theoretical predictions for cosmological observables in
the presence of the broken power-law SGWB spectrum are
obtained through a modified version of the Boltzmann solver
CAMB [262]. We add a module to camB that calculates the
SGWB energy density as a function of wave number/
frequency for a given choice of cosmological parameters
and the quantities NGYppy and NGy (Which as argued
earlier are approximately identical). Moreover, this module
computes the amplitude of the SGWB strain power spectrum

Acp at the NANOGrav reference frequency fy,, as para-
metrized by Egs. (12) and (13), so that we can later treat it as
a derived parameter.

We perform a Bayesian statistical analysis to constrain the
model in question. We set flat priors on all cosmological
parameters, except for r and f,, with the prior ranges chosen
to be wide enough as to not cut the associated marginalized
posterior distributions where these are appreciably nonzero.
For r, we instead set a prior flat in log;, r. This choice makes
the exploration of the parameter space much more efficient,
particularly since explaining the NANOGrav signal while
complying with upper limits from Planck and BICEP2/Keck
Array requires a small but nonzero r, as shown by one of us
in Ref. [163]. These considerations suggest that a prior flat in
log;, r may more correctly encapsulate our prior knowledge
than a prior flat in r does. Similarly, as f, can span a wide
range encompassing several orders of magnitude, we set a
prior flat in log; f,, which better captures our prior
information on the break frequency.11

The posterior distributions for the cosmological param-
eters are sampled by means of Markov chain Monte Carlo
(MCMC) methods. We generate MCMC chains by using the
cosmological MCMC sampler CosmoMC [263], modified to
interface itself with the modified version of cAMB discussed
previously and to include the additional observations
(including NANOGrav) we further discuss below. The
convergence of the generated MCMC chains is monitored
via the Gelman-Rubin parameter R — 1 [264], and we set the
requirement R —1 < 0.01 in order for the chains to be
considered converged.

As far as CMB data are concerned, we consider
measurements of CMB temperature anisotropy and polari-
zation power spectra, and their cross-spectra, from the
Planck 2018 legacy data release [251]. We combine the
high-Z Plik likelihood for the CMB temperature (TT)
within the multipole range 30 < <2500, and for the
CMB E-mode polarization (EE) and temperature-E-mode
polarization (TE) cross-power spectrum (both within the
multipole range 30 < Z < 2000), with the low-£TT-only
likelihood based on the Commander component-separa-
tion algorithm in pixel space within the multipole range
2 < ¢ <29, and the low-ZEE-only SimAll likelihood in
the multipole range [265]. We also make use of the
likelihood for the Planck CMB lensing power spectrum
reconstructed from the temperature four-point function
[266]. Finally, we include the BICEP2/Keck Array B-
mode polarization likelihood, which strongly constrains
the amplitude of the tensor-to-scalar ratio at CMB scales
[33,267,268] (rgos < 0.06 at 95% CL when combined
with Planck). Note that the high-Z part of the CMB TT and

"More precisely, we actually set a prior flat in log, o k,, with k,
the break wave number. However, given the proportionality
relation between k, and f,, a prior flat in log;( &, translates
to a prior flat in logq f,-
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EE likelihoods indirectly constrains NG\, through the
effect of extra radiation on the damping tail and the EISW
effect, as discussed in Sec. III D.

Following earlier work [60], we treat the LIGO/Virgo
upper limit on Qgw(fry) reported in Eq. (11) as a half-
Gaussian prior on the amplitude of the SGWB energy
density at the frequency in question, which is thus treated
as a derived parameter. We choose to use this constraint and
not the most recent ones [240] to obtain the most
conservative results possible.

We instead treat the BBN limit as a hard upper limit on
NSYopn < 0.4. However, we stress that this information is
essentially redundant, given that within the assumed
SGWB spectrum NGV ~ NSPppy, and the adopted
CMB likelihoods already set a tighter limit on NG\oyip.
through the effect of the latter on the damping tail and the
EISW effect.

For what concerns the NANOGrav signal, we approxi-
mate this as a multivariate Gaussian on the two derived
parameters log;g Acp and ycp, defined in Egs. (12) and (13)
and evaluated at the reference frequency fy, relevant for
NANOGrav. Specifically, if we denote by x(6) the vector of
derived parameters x = {log,0Acp(@).7cp(@)}, where 0 is
the ten-dimensional vector of cosmological parameters, we
approximate the NANOGrav log-likelihood as being given
by

2 0
In £NANOGray (0) = —)%(M()’ (17)

2 . .
where yyanoGray 15 given by

Xanogry = (¥(0) =) 27N (x(0) —p).  (18)
In Eq. (18), u ~ (—15.2,5.3) is the vector of mean values for
the derived parameters log;gAcp and ycp, and X is the
covariance matrix (with 7" denoting the transpose operation),
which we numerically determine to be X ~ (-1, ~5182). To
test the goodness of the multivariate Gaussian likelihood
approximation in Egs. (17) and (18) with the approximate
values of u and X we determined, we draw 10000 random
samples from the probability distribution function defined by
L(x) and verify that the associated 68% and 95% CL
constraints on log;y Acp and ycp fall to very good approxi-
mation within the corresponding 16 and 2¢ contours given
in the right panel of Fig. 1 of Ref. [95]. While this is of
course an approximation, for the purposes of our analysis it
provides a sufficiently precise compression of the informa-
tion content of the tentative NANOGrav detection.' Finally,
while in Egs. (17) and (18) we have retained the dependence

'zAltematively, we note that the log;qAcp and ycp posterior
samples for the NANOGrav signal are available at https://github
.com/nanograv/12pSyr_stochastic_analysis.

on the full set of cosmological parameters €, we stress that, to
very good approximation, the NANOGrav likelihood mostly
depends on the tensor-to-scalar ratio r (with a minor
dependence on A, as well as on Q,, and H, themselves
depending on the fundamental parameters @,,, @,., and 9, all
of which are very well constrained by the CMB) and the
tensor spectral index ny, with ycp depending only on ny
since ycp = 5 — ny as discussed earlier. In any case, we
numerically determine log;, Acp and ycp at each step of our
MCMC analysis.

Our baseline analysis combines CMB data from Planck
and BICEP2/Keck Array, constraints on the SGWB energy
density from LIGO/Virgo and BBN, and the tentative
NANOGrav detection. We refer to this combination of
likelihoods as “base.”

At a later stage, we combine the base dataset with
additional late-time distance and expansion rate measure-
ments. In particular, we consider baryon acoustic oscillation
(BAO) measurements from the 6dFGS [269], SDSS DR7
MGS [270], and BOSS DR12 samples [271]," distance
moduli measurements from the Pantheon type Ia Supernovae
(SNela) compilation [273], and measurements of the expan-
sion rate H(z) from cosmic chronometers (CC), using the
relative ages of massive, early-time, passively evolving
galaxies as first proposed in Ref. [274] and reported in
Refs. [275-282] (see Table 1 in Ref. [283])."* We refer to the
combination of BAQO, SNela, and CC measurements
as “late.”

Our goal in combining the base and late dataset
combinations is to check whether the latter can improve
the determination of the SGWB parameters, in particular,
a and f,. Since BAO, SNela, and CC measurements do not
directly constrain the SGWB spectrum, one might legit-
imately wonder why to expect an improvement in first
place. The reason is that these measurements help improve
constraints on parameters that may be degenerate with the
SGWB ones and, in particular, the tensor-to-scalar ratio r.
Moreover, as we stated earlier, log,yAcp carries some
amount of dependence (albeit very weak) on Q,, and H,,.
In any case, we find a posteriori that adding the late dataset
combination to the base one does not improve the con-
straints on the SGWB parameters, implying that the
aforementioned degeneracies play a very marginal role
in our analysis.

“When this project was initiated, the likelihood for the
completed lineage of SDSS experiments, including, in particular,
the legacy eBOSS measurements [272], was not yet publicly
available. In any case, we expect that the inclusion of the latter
measurements would not quantitatively alter our results, given
our a posteriori finding that the inclusion of late-time measure-
ments returns cosmological constraints that are virtually identical
to those obtained from the base dataset combination alone.

We have conservatively chosen to omit the measurements
reported in Ref. [284], given the concerns on these measurements
recently raised in Ref. [285].
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In our analysis, we choose to proceed in two distinct
steps to better understand to what extent the data are
actually sensitive to the beyond-ACDM parameters (in
particular f,, r, and ) and to aid the convergence of our
MCMC chains. In a first instance, we fix f, and r to certain
sets of values and examine the resulting constraints on ny
and a (as well as the other cosmological parameters). We
find that the data are not strongly sensitive to @, so in the
second instance, we fix this parameter and vary all the other
nine cosmological parameters. However, we perform a final
sanity check to ensure that varying o does not significantly
affect our results, finding this to indeed be the case. We
would also like to stress that, as we are taking into account
rather negative values of a, considering the more stringent
constraints on the SGWB amplitude given by the more
recent LIGO/VIRGO results [240] would not qualitatively
affect our results.

V. RESULTS AND DISCUSSION

As stated above, we start by understanding to what extent
the data are sensitive to the break frequency f, and the
tensor-to-scalar ratio ». We do so by fixing these parameters
and considering the base dataset combination. Specifically,
we fix f, to the values 10, 1073, and 107% Hz and r to the
values 0.06 (saturating constraints from Planck and
BICEP2/Keck Array within a ACDM + r model), 1073,
and 107°. In particular, the break frequency is chosen to lie
between the NANOGrav and LIGO/Virgo frequencies. The
results of these tests are reported in Table 1.

We find, as expected, that the smaller the (fixed) value
of r, the larger the inferred value of ny. This is not
unexpected and is in line with the findings in Ref. [163]:
if the SGWB amplitude on CMB frequencies is smaller, the
tensor tilt will necessarily have to be larger in order for the
SGWB amplitude to grow more quickly with increasing
frequency and match the amplitude of the NANOGrav signal
at the respective frequency. This behavior is clearly shown in
Table I, where the first three rows report the inferred value of
ny as a function of the (fixed) value of r, and we can see that

TABLEI. Constraints on the SGWB parameters using the base
dataset combination. In the first three analyses f, and r are fixed,
while in the fourth analysis these two parameters are varied
(while fixing @ = —3). The constraints obtained within the latter
analysis are very stable against the further introduction of « as a
free parameter. Quoted intervals correspond to 68% CL intervals,
whereas quoted upper/lower limits correspond to 95% CL upper/
lower limits.

fav r fa (HZ) r nr

Fixed 10‘6/10‘3 1070 1.31 £0.03
Fixed 10-6/1073 1073 0.98 +0.03
Fixed 1076/1073 0.06 0.79 £ 0.03
Free < 10707 > 10760 0.97+0.19

the former decreases (increases) while the latter increases
(decreases).

For what concerns the break frequency f, we find that, as
long as this parameter lies below a certain value, it has little
effect on our results: in other words, within this range, the
likelihood is roughly flat along the f, direction. Larger
frequencies, however, are unable to match the amplitude of
the NANOGrav signal while respecting NGV constraints
(again in line with what was found earlier in Ref. [163],
focusing on the reheating temperature 7, which can be
related to f,). For instance, we find that f, = 10 Hz
requires a very low value of Acp < 107'° in order not to
run afoul of NG constraints and is thus unable to explain
the NANOGrav signal, therefore being disfavored by our
analysis.

Here, we have allowed a to vary, requiring this parameter
to be negative so that the high-frequency part of the broken
SGWB spectrum is red. We find, as expected, that we can
only set an upper limit on this parameter. This is not
surprising since, leaving aside NS\ constraints for the
moment, an arbitrarily large negative a can be invoked in
order for the high-frequency part of the SGWB spectrum to
be consistent with LIGO/Virgo’s upper limit. For example,
for r = 107° we find @ < —2.8 at 95% CL, whereas this
limit changes to @ < —0.9 and @ < —0.7 for r = 1073 and
r = 0.06, respectively. It is worth mentioning that these
results, alongside those reported in Table I, can easily be
seen to satisfy the relation @ = —2 + ny, expected from
models with noninstantaneous reheating: this confirms that,
in light of our observational constraints, the broken power-
law SGWB spectrum adopted can be interpreted in the
context of these models [164,168,205].

In the second part of our analysis, we vary all cosmo-
logical parameters (including f, and r), except for a. The
reason is that we expect the likelihood to be roughly flat
along the a direction: in fact, any sufficiently negative «
will fit the data and, more precisely, the upper limit set by
LIGO/Virgo equally well. If we do not commit to any
specific theory, there is, in principle, no well-motivated
theoretical lower limit to the value a can take within our
phenomenological parametrization of Eq. (10). Since we
are mostly interested in constraints on the prebreak part of
the SGWB spectrum, i.e., the one responsible for explain-
ing the NANOGrav signal, we decide to fix a = —3. This
arbitrary value is sufficiently negative as to not impact our
results: in other words, as per the results of the first part of
our analysis, this choice guarantees that the broken power-
law SGWB spectrum will be consistent with the LIGO/
Virgo upper limit for any choice of parameters explaining
NANOGrav.

We present a triangular plot of the constraints on the
main parameters of interest in Fig. 3, including the derived
parameter NGV, which quantifies the contribution of
the SGWB spectrum to the radiation energy density.
We find that this parameter is very strongly constrained
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Triangular plot showing 2D joint and 1D marginalized posterior probability distributions for log;, r, ny, log,o(f,/Hz), and

N Sf}’v from the base (red contours) and base + late (green contours) dataset combinations, with the former only including CMB and GW
observations (including the tentative NANOGrav signal) and the latter also including late-time distance and expansion rate BAO, SNela,
and CC measurements. The corresponding constraints have been obtained by varying all the cosmological parameters except for the
postbreak frequency «, fixed to o = —3. It is clear that the inclusion of late-time measurements has a negligible effect on the resulting

constraints.

to NSV <0.11(0.28) at 68% (95%) CL, given the impact
of extra radiation on the damping tail and EISW effect,
both tightly constrained by CMB data. Let us stress that
this result strictly depends on the assumptions made,
including the standard 5 dependence in the transfer
function. This implies that our results may not, in general,
be applicable to models that, while being compatible with
the broken power-law SGWB spectrum, have a different 5
dependence in the transfer function (as these may provide

different NGV constraints). However, to understand
whether this is the case requires committing to a specific
nonstandard model of inflation, whereas here we have
taken a model-agnostic phenomenological stand.
Moreover, we obtain a detection of nonzero r, with the
lower limit r > 2.5 x 10~ at 95% CL, consistent with
earlier findings in Ref. [163], as smaller values of « would
require too large a tilt, disfavored by the NANOGrav
signal (and, in particular, the constraints on ycp). Our
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analysis also confirms that we require an extremely blue
spectrum for frequencies below the break, as we infer
ny = 0.97 £ 0.19." In addition, we find an upper limit on
the break frequency, with f, < 0.2 Hz at 95% CL.: this is
again as expected given the results of our previous
simplified analysis with f, and r fixed, as larger values
of f, would run afoul of constraints on NGV,

The results discussed so far were obtained using the base
dataset combination. We include the late dataset combination
to see whether this improves constraints on any of the
cosmological parameters. We find that this mostly leads to
improvements in the inferred values of non-SGWB derived
parameters, such as Q,, and H,. For instance, the inferred
68% CL constraints on H shift from H, = (67.38 & 0.53)
to Hy = (67.78 £ 0.40) kms~! Mpc~!. Therefore, unlike
what was found by some of us using earlier data in
Ref. [200], a blue GW spectrum is unable to solve or even
alleviate the Hubble tension [46]. It is known that a larger
value of N is, in principle, a viable way of alleviating the
H, tension, as a larger radiation component reduces the
sound horizon, allowing for a larger value of H (see, e.g.,
Refs. [286-300]). However, the updated datasets we have
used here severely constrain Ngf}’v (primarily through its
impact on Silk damping [254] and the EISW effect
[255-258]), therefore strongly limiting the possibility of
appreciably raising H, within this model. We also find that
constraints on the SGWB parameters are virtually unaf-
fected, only improving very slightly (and to an extent that is,
in principle, compatible with a statistical fluctuation given
the convergence level of the MCMC chains), implying that
degeneracies with non-SGWB parameters whose determi-
nation is improved by including late-time datasets plays no
major role in our analysis.

Finally, as a sanity check, we perform a run where we
vary all ten cosmological parameters including @, for which
we set a flat prior with a purely indicative lower prior limit
of —10. We find that the constraints on the other nine
cosmological parameters are very stable against the intro-
duction of a as a free parameters. Moreover, we infer a
rather loose upper limit on @ < —0.6 at 95% CL, a limit that
was well satisfied in our previous analysis where we chose
to fix @ = —3. This final analysis confirms that the like-
lihood is roughly flat in the a direction provided a is
sufficiently negative, and that fixing this parameter to a
sufficiently negative value does not have an appreciable
effect on our results, which are mainly constraining the
parameters governing the prebreak part of the broken
power-law SGWB spectrum (parameters that we are also
most interested in).

Overall, our results show that the broken power-law
SGWB spectrum can be brought in agreement with a wide

"This is broadly consistent with the earlier findings of
Ref. [163], which, however, did not perform a full Bayesian
analysis but just a parameter scan.

multifrequency range of observations and constraints,
ranging from CMB and BBN to interferometers, while
at the same time potentially explaining the tentative
NANOGrav detection. In particular, the break in the
power spectrum, which can be justified by several well-
motivated fundamental physics scenarios as discussed in
Sec. II B, can significantly reduce the SGWB contribution
to the radiation energy density in the early Universe as
captured by Ner}V , which would otherwise be very large
within the simple power-law model [163,200], while
allowing the SGWB spectrum to remain in agreement
with constraints from LIGO/Virgo. All of this is possible
for a wide range of break frequencies f, and postbreak tilt
a, as long as the latter is negative so that the postbreak
SGWB spectrum is red, while being blue for lower
frequencies (to explain the NANOGrav signal while
remaining in agreement with upper limits on the tensor-
to-scalar ratio on CMB scales).

VI. CONCLUSIONS AND PROSPECTS

NANOGrav’s possible SGWB detection [95] could con-
stitute a significant milestone toward our understanding of
the physics of the very early Universe. While the most
natural candidate for a signal in the nanohertz range is an
astrophysical SGWB arising from the merger of SMBHE, it
is worth investigating whether NANOGrav’s signal could
instead be cosmological in nature. One of the best motivated
candidates in this sense is a SGWB generated during an early
period of inflation. In this paper, we have reexamined the
possibility that NANOGrav may have detected primordial
GWs, arising from inflation or early-Universe alternatives to
inflation. In particular, we have extended earlier works by
going beyond the overly simplistic assumption of a pure
power-law SGWB spectrum, considering constraints on the
SGWB amplitude from a variety of sources, and performing
a more complete analysis adopting various precision cos-
mological datasets.

We have considered a broken power-law SGWB spec-
trum [Eq. (10)], with the spectral index changing from ny to
a above a characteristic break frequency f,. While we have
taken a phenomenological stance, without committing to
any specific early-Universe model, we have argued (see
Sec. II B) that such a phenomenological parametrization is
actually flexible enough to cover a wide range of interesting
early-Universe models. These include scenarios altering the
SGWRB transfer function, such as inflationary models with
low-scale reheating and/or a nonstandard background
evolution following reheating and late-time entropy injec-
tion, as well as scenarios altering the primordial SGWB
power spectrum, such as models involving particle pro-
duction or alternatives to inflation.

This particular choice of SGWB spectrum allows us to
explain the tentative NANOGrav detection in the O (nHz)
range, while complying with upper limits on the tensor-to-
scalar ratio on CMB scales [f < O(107'%) Hz] and on the
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FIG. 4. Benchmark examples of the broken power-law SGWB spectrum considered in this work, with r = 107*, f, = 10~3 Hz,
a = —1, and three different values of ny = 1.0 (gray solid line, consistent with the NANOGrav signal), 0.7 (gray dashed line, marginally
consistent with the NANOGrav signal), and 0.4 (gray dash-dotted line, inconsistent with the NANOGrav signal). The colored curves
indicate the expected sensitivity curves of future experiments (as per the color coding) briefly discussed later in Sec. VI, with (solid
curves) and without (dashed curves) the contribution of astrophysical foregrounds. Figure adapted from Fig. 8 of Campeti et al., J.
Cosmol. Astropart. Phys. 01 (2021) 012 [301]. Reproduced by permission of IOP Publishing.

SGWB amplitude on interferometer scales [f ~ O(10) Hz].
In particular, we require a spectrum that is blue for
frequencies below the break and red above, with the break
frequency lying between the PTA and interferometer ranges.
The break helps (a) ensure consistency with LIGO/Virgo’s
upper limits (a requirement that had been missed earlier in
Ref. [163]) and (b) suppress the SGWB contribution to the
radiation energy density in the early Universe (as captured
by the parameter N}), which in turn is key in order not to
run afoul of CMB and BBN constraints.

We constrain the broken power-law SGWB spectrum
using a wide range of cosmological and astrophysical
datasets, including CMB (Planck and BICEP2/Keck
Array) and BBN, limits from LIGO/Virgo, the tentative
NANOGrav signal, which we interpret as a genuine
detection, and late-time measurements of the expansion
history. This dataset combination strongly constrains the
GW contribution to the radiation energy density, with the
95% CL upper limit NGV <0.11. At the same time, we
find that explaining the NANOGrav detection requires a
very blue spectrum below the break, with ny = 0.97+
0.19, and, of course, a nonzero value for the tensor-to-
scalar ratio, with the 95% CL lower limit » > 2.5 x 1077,
perfectly in agreement with upper limits from the non-
observation of a primordial B-mode polarization signal.
We find that the model is able to satisfy BBN and LIGO/
Virgo limits for a wide range of values for the postbreak
tilt @ < 0, while we find the 95% CL upper limit on the
break frequency f, < 0.2 Hz

The constraints we obtained on the SGWB spectrum
parameters are still rather loose, primarily due to the

sparsity and still limited precision of the available datasets
constraining the SGWB across 20 decades in frequency
(although we recall that CMB and BBN carry integrated
sensitivity to the SGWB spectrum throughout a wide
frequency range). Several next-generation experiments
will fill the gap between PTA and interferometer frequen-
cies [301] as shown in Fig. 4. Here we plot three
benchmark example SGWB spectra such as the one we
considered (with three values of nz, respectively, con-
sistent, marginally consistent, and inconsistent with the
NANOGrav signal), alongside the expected noise curves
of some of these upcoming experiments (with and without
the contribution of astrophysical foregrounds, whose
inclusion lowers the expected sensitivity level of these
experiments), as obtained in the very detailed analysis of
Ref. [301]. It is clear that the sensitivities of these
experiments (featuring improvements of up to 2-3 orders
of magnitude compared to existing ones) and their
expanded bandwidth will significantly aid our ability to
constrain the SGWB spectrum considered, particularly for
what concerns the break frequency and tensor tilt below
and above the break.

Examples of upcoming surveys that will be extremely
helpful toward further testing the phenomenological model
we considered include, but are not limited to, the following
(in brackets the frequency range these will probe): the SKA,
which is expected to detect thousands of millisecond pulsars
(10™° — 1077 Hz) [244], u Ares (107° — 1072 Hz) [302],
LISA (10~* — 107! Hz) [303], BBO [304] and DECIGO
(10~ — 10 Hz) [305], DO (10~* — 10 Hz) [306], AEDGE
(1072 — 10° Hz) [17], as well as the Einstein Telescope
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(10° — 10° Hz) [307]. Binary resonance, for instance,
through laser ranging of the Moon, artificial satellites around
Earth, and timing of binary pulsars, will be able to probe a
wide frequency range encompassing the O (uHz) gap
between the most sensitive bands of PTA and interferometers
[14,15]. Future CMB missions such as the space-based
LiteBIRD [308] and the ground-based CMB-S4 [192] and
Simons Observatory [193,194] will be able to probe values
of the tensor-to-scalar ratio as low as O(1073) through the
associated primordial B-mode polarization signal. The
combination of all these probes will enable a precise
characterization of the SGWB spectrum across 21 decades
in frequency,'® potentially allowing us to distinguish
between different theoretical origins for the phenomenologi-
cal spectrum we have assumed, and, in particular, whether
the latter is sourced by quantum vacuum fluctuations in the
metric tensor, sources such as production of gauge fields
coupled to the inflaton or primordial scenarios alternative to
inflation.

While a detection of spatial quadrupolar correlations is
required for the NANOGrav signal to be confirmed as a
genuine SGWB detection, we believe there is nonetheless
reason to be cautiously optimistic, particularly given PPTA
and EPTA’s tentative detections in a similar frequency range
[97,98]. With these caveats in mind, our work reinforces the
possibility (also discussed in previous works [156,163,164])
that the NANOGrav signal may be primordial in origin,
associated with early-Universe scenarios such as inflation or
alternatives thereto. Fitting a wide range of precision
cosmological and astrophysical datasets within a phenom-

16Including BBN information will potentially extend the range
to 29 decades, given our assumption of fyy ~ 108 Hz, although
we stress once more that our results are insensitive to this choice.

enological (but representative of several well-motivated
theoretical scenarios) broken power-law SGWB spectrum
[168], we have confirmed that this interpretation requires
several deviations from the standard picture (e.g., instanta-
neous reheating and standard postreheating background
evolution) and reinforced the importance of multifrequency
GW observations toward better understanding the dynamics
of the primordial Universe. While we await a definitive
confirmation of NANOGrav’s signal, there are several
interesting avenues for follow-up work, particularly related
to connections to more specific primordial scenarios (infla-
tionary or not) and observational implications thereof, such
as primordial BHs, observable non-Gaussianity, or connec-
tions to the possible nontensorial nature of the NANOGrav
signal [99,100,102,103]. We defer the investigation of these
and related issues to future work.
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