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The power spectrum of reconstructed cosmic microwave background (CMB) lensing maps is a powerful
tool for constraints on cosmological parameters like the sum of the neutrino masses and the dark energy
equation of state. One possible complication is the kinematic Sunyaev-Zel’dovich (kSZ) effect, due to the
scattering of CMB photons by moving electrons, which can bias the reconstruction of the CMB lensing
power spectrum through both kSZ-lensing correlations and the non-Gaussianity of the kSZ temperature
anisotropies. We investigate for the first time the bias to CMB lensing reconstruction from temperature
anisotropies due to the reionization-induced kSZ signal and show that it is negligible for both ongoing and
upcoming experiments based on current numerical simulations of reionization. We also revisit the bias
induced by the late-time kSZ field, using more recent kSZ simulations. We find that it is potentially twice as
large as found in earlier studies, reaching values as large as several percent of the CMB lensing power
spectrum signal, indicating that this bias will have to be mitigated in upcoming data analyses.
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I. INTRODUCTION

Cosmic microwave background (CMB) photons are
deflected by gravitational potentials while they travel from
the last scattering surface to us. This effect, known as CMB
lensing [1,2], remaps the CMB intensity and polarization
fields. Compared with galaxy lensing [3], CMB lensing can
probe matter inhomogeneities at relatively higher redshifts.
In addition, CMB lensing also helps constrain fundamental
cosmological parameters [4], including the sum of the
neutrino masses [4–6] and the dark energy equation of
state [5].
CMB lensing can be described by the lensing potential,

which is a line-of-light projection of the three-dimensional
gravitational potential weighted by a geometric lensing
kernel. The lensing potential can be reconstructed using a
minimum-variance quadratic estimator [7,8] using both
CMB temperature and polarization maps. Ongoing and
upcoming experiments, including Advanced ACT [9], SPT-
3G [10], and Simons Observatory (SO) [11], have sensi-
tivities for which temperature maps provide most of the
statistical weight for lensing reconstruction; proposed
future experiments such as CMB-S4 [12] and CMB-HD

[13] will have high enough sensitivity so that polarization
becomes the dominant channel for lensing reconstruction.
Besides lensing, CMB temperature maps also contain

signals from several secondary anisotropies including the
thermal and kinematic Sunyaev-Zel’dovich effects (tSZ and
kSZ), the integrated Sachs-Wolfe effect, and the Rees-
Sciama effect, and foregrounds from thermal dust, radio
synchrotron emission, and the cosmic infrared background
(CIB). Most of these contaminants can be removed or
suppressed by multifrequency component separation meth-
ods [14–17]. Since the kSZ effect preserves the blackbody
spectrum of the CMB,1 it cannot be removed by multi-
frequency component separation methods (internal linear
combination, or ILC) (e.g., as possible for the tSZ or CIB
fields [21]).2 Any significant bias to CMB lensing
reconstruction from the kSZ effect must be mitigated using
geometric techniques such as shear-only reconstruction
[24] or bias-hardened estimators [25–27].

*hoc34@pitt.edu

1There are higher-order relativistic SZ terms which have the
same velocity dependence as the kSZ effect [18–20], and they do
not preserve blackbody spectrum.

2The standard ILC can induce significant bias, which can be
mitigated by geometric methods such as profile hardening, and
by partial joint deprojection method [22]. The best-performed
combination of multifrequency and geometric methods is intro-
duced in [23].
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The kSZ signal has two physically distinct pieces: the
late-time contribution (below the redshift at which the
universe has become fully reionized) and the reionization
contribution (from the epoch before reionization is com-
plete). The bias to CMB lensing power spectrum measure-
ments from temperature anisotropies due to the late-time
kSZ signal was investigated in [28], showing that the large-
scale (L < 500) fractional bias can reach 0.5%, 2% and 3%
for Planck, Stage-III experiments (similar to SO) and
CMB-S4, respectively, when using lmax ¼ 4000, and about
half of that for lmax ¼ 3000, where lmax is the maximum
temperature multipole used in the lensing reconstruction
and L is the multipole of the reconstructed lensing map. In
this work, we investigate the bias due to the reionization
kSZ signal for the first time, and also revisit the late-time
kSZ bias. Since the kSZ effect produces negligible polari-
zation fluctuations, we consider only temperature anisot-
ropies. The redshift of reionization and its detailed kSZ
signature are not constrained to high precision by current
data; our conclusions are based on current numerical
simulations of reionization from the WebSky3 extragalactic
CMB simulations [29]. Our conclusions will have some
quantitative dependence on the exact reionization model
assumed, although they are unlikely to differ qualitatively. In
addition, a related but different analysis is performed in [30],
which computes the bias to CMB lensing reconstruction
arising from the fact that foreground fields (including the
reionization kSZ signal) are lensed by the some of the same
structures as the CMB. The bias arising from the intrinsic
non-Gaussianity of the kSZ field is not considered in [30],
and forms the focus of our investigation.
In this paper, we assume a ΛCDM fiducial cosmology

with the Planck 2015 parameters given in the third column
of Table IV of [31].
This paper is organized as follows. We revisit the CMB

lensing reconstruction using CMB temperature anisotro-
pies in Sec. II. In Sec. III, we introduce the kSZ effect and
explain how to estimate the bias induced by the kSZ effect
on the reconstructed CMB lensing power spectrum. We
describe the details of our simulations and the numerical
results in Sec. IV, and conclude in Sec. V. Analytical details
of the CMB temperature trispectrum and the kSZ effect can
be found in Appendices A and B.

II. CMB LENSING RECONSTRUCTION FROM
TEMPERATURE ANISOTROPIES

A gravitationally lensed CMB temperature map T̃ðn̂Þ
can be expressed as

T̃ðn̂Þ ¼ Tðn̂þ dðn̂ÞÞ; ð1Þ

where n̂ is the direction on the full sky, Tðn̂Þ is the unlensed
CMB temperature map, and dðn̂Þ is the lensing deflection
field. At lowest order in the deflection field, dðn̂Þ is a pure
gradient [1] given by

dðn̂Þ ¼ ∇ϕðn̂Þ; ð2Þ

where ∇ represents the angular derivative on the sphere
defined by n̂, and ϕðn̂Þ is the lensing potential. The CMB
lensing convergence is defined as

κðn̂Þ ¼ −
1

2
∇2ϕðn̂Þ; ð3Þ

which can be reconstructed by a minimum variance
quadratic estimator. Under the flat-sky approximation in
Fourier space, the temperature quadratic estimator is given
by [32]

κ̂ðLÞ¼1

2
L2AðLÞ

Z
l
gðl;LÞT totðlÞT totðL−lÞ; ð4Þ

where

gðl;LÞ ¼
CTT
l l ·Lþ CTT

jL−ljL · ðL − lÞ
2Ctot

l Ctot
jL−lj

; ð5Þ

κ̂ðLÞ represents the estimator for κðLÞ, and T tot is the
observed total temperature anisotropy field containing the
lensed primordial fluctuations T̃, the blackbody secondary
fluctuations, and detector noise (which we assume is
uncorrelated with the other components). The normaliza-
tion AðLÞ and weight gðl;LÞ both depend on the fiducial
lensed CMB power spectrum and the experiment’s beam
and noise properties. TheCtot

l in the denominator is the total
observed CMB temperature power spectrum. Note here we
denote

Z
l
≡
Z

d2l
ð2πÞ2 : ð6Þ

The expectation value of the power spectrum of κ̂ is

hCκ̂ κ̂
L i ¼ hκ̂ðLÞκ̂�ðLÞi ¼ hκ̂ðLÞκ̂ð−LÞi; ð7Þ

where hi represents hhiCMBiLSS which denotes an ensemble
average over different primordial CMB Gaussian realiza-
tions and large-scale structure realizations [33]. Thus, all
the maps inside the brackets are random variables. In the
real simulation introduced in Sec. IV, the Cκ̂κ̂

L are band-
powers binned on the two-dimensional reconstructed κ
Fourier map.3https://lambda.gsfc.nasa.gov/simulation/tb_mocks_data.cfm.
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To get an unbiased estimator of Cκκ
L , several

reconstruction biases are subtracted from Cκ̂ κ̂
L as

Ĉκκ
L ¼ hCκ̂ κ̂

L i − ðΔCκκ
L ÞGauss − ðΔCκκ

L ÞN1
− ðΔCκκ

L ÞMC − ðΔCκκ
L ÞFG; ð8Þ

where Ĉκκ
L is the estimator of Cκκ

L , ðΔCκκ
L ÞGauss is the

Gaussian bias induced by the Gaussian disconnected
component of the trispectrum in Eq. (A1),4 ðΔCκκ

L ÞN1 arises
from the connected terms of the CMB trispectrum con-
taining an integral over Cκκ

L [33], ðΔCκκ
L ÞMC is a

“Monte Carlo” (MC) bias that encapsulates biases which
have not been accounted for otherwise, such as higher-
order corrections,5 and ðΔCκκ

L ÞFG is the foreground bias. In
this paper, ðΔCκκ

L ÞFG is limited to the bias from the kSZ
effect ðΔCκκ

L ÞkSZ.

III. CMB LENSING POWER SPECTRUM BIAS
FROM THE kSZ EFFECT

The kSZ effect is induced by the bulk motion of the
ionized gas when CMB photons travel through the universe
[38]. The temperature fluctuations induced by the kSZ
effect in a direction n̂ are given by (in units with c ¼ 1)

ΔTkSZðn̂Þ
TCMB

¼ −σT
Z

dη
1þ z

e−τneðn̂; ηÞve · n̂; ð9Þ

where σT is the Thomson scattering cross section, ne is the
local number density of free electrons, and ve · n̂ is the
peculiar velocity of the electrons projected along the line of
sight, defined such that positive (negative) velocities point
away from (toward) our vantage point. The distribution of
the kSZ temperature fluctuations is non-Gaussian due to
gravitational and baryonic-feedback-induced non-linearities
in the gas distribution.
The kSZ effect is dominated by epochs with large

electron density fluctuations. The kSZ signal has two main
contributions [39]: the reionization contribution and the
late-time contribution. The reionization kSZ arises from the
local patchy and incomplete ionization during the epoch of
reionization [40–42]. The late-time kSZ, also known as the
post-reionization kSZ [43], arises after the epoch of
reionization, when the universe is fully ionized.
Figure 1 shows that on the smallest scales l ≳ 4000, the

kSZ effect starts to dominate the CMB temperature power
spectrum. The reionization and late-time kSZ power
spectrum contributions are comparable in magnitude.
The reionization kSZ is expected to be only weakly

correlated with CMB lensing, but the correlation of the
late-time kSZ and CMB lensing is much larger, for most of
the lensing fluctuations are generated at relatively low
redshift. However, the reionization kSZ signal is of
potential concern for lensing reconstruction bias because
of its intrinsically non-Gaussian pattern on the sky.
We assume secondary anisotropies have been removed

by multifrequency component separation methods (or with
geometric methods), and except the kSZ and lensing
signals. The integrated Sachs-Wolfe effect is also black-
body, but is negligible except on the largest angular scales.
Then the total CMB temperature map under the flat-sky
approximation can be written as

T totðxÞ ¼ T̃ðxÞ þ TkSZðxÞ; ð10Þ

where T̃ðxÞ is the lensed CMB field and TkSZðxÞ is the kSZ
signal.
The total temperature map T totðxÞ contains TkSZðxÞ

which is non-Gaussian and may correlate with lensing.
When we perform CMB lensing reconstruction with
temperature anisotropies using Eq. (4), we include the
Fourier modes TkSZðlÞ in the estimator. The non-
Gaussianity of kSZ and any kSZ-lensing correlation bias
the estimation of Cκκ

L since extra connected terms are
brought to the CMB temperature trispectrum as shown
in Appendix A.
Estimating this bias is straightforward. We use one set of

simulated kSZ realizations, described in the next section, to
represent TkSZðxÞ in Eq. (10), and generate another set of
Gaussian kSZ realizations TkSZ;gðxÞ with the same average
power spectrum. We also have a set of lensed CMB
realizations T̃ðxÞ. We define

T tot;gðxÞ ¼ T̃ðxÞ þ TkSZ;gðxÞ ð11Þ

which is similar to Eq. (10) except for the Gaussian kSZ
term. We apply the quadratic estimator in Eq. (4) to T totðlÞ

FIG. 1. The CMB power spectrum from lensed CMB, reioni-
zation kSZ, and late-time kSZ. The kSZ spectra are from the
WebSky simulation [29] and the Sehgal et al. simulation [44].

4In real experiments, we calculate the realization-dependent
Gaussian bias ðΔCκκ

L ÞRDN0 which depends on the CMB realiza-
tions [25,34].

5In this paper, the lensing potential we consider is Gaussian, so
no ðΔCκκ

L ÞN3=2 appears [35–37].
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and T tot;gðlÞ to obtain two sets of reconstructed lensing
convergence maps with power spectra of Cκ̂ κ̂

L;tot and Cκ̂ κ̂
L;tot;g.

Since T tot and T tot;g have the same power spectrum and
share the same lensed CMB realizations, they have the
same reconstruction biases shown in Eq. (8) on average.
Because T tot;gðxÞ is Gaussian and not correlated with T̃ðxÞ,
it does not induce the ðΔCκκ

L ÞFG in Eq. (8). Thus, the bias to

CMB lensing reconstruction from temperature maps due to
the kSZ effect can be estimated by

ðΔCκκ
L ÞkSZ ¼ hCκ̂ κ̂

L;toti − hCκ̂ κ̂
L;tot;gi; ð12Þ

where the brackets are the average over the two sets of
reconstructed lensing convergence maps.

FIG. 2. The fractional bias to the reconstructed CMB lensing convergence power spectrum induced by the reionization kSZ
trispectrum (blue curves), the late-time kSZ trispectrum (orange curves), and the full late-time kSZ bias (green curves), computed using
the WebSky simulation. The curves showing the reionization kSZ trispectrum bias, the late-time kSZ trispectrum bias and the
corresponding error bars are multiplied by a factor of 20 for visibility. The error bars are difficult to see by eye, even after the factor of 20
amplification. We use the temperature multipole range for CMB lensing reconstruction from lmin ¼ 30 to lmax ¼ 3000 (left panels) or
lmin ¼ 30 to lmax ¼ 4000 (right panels). Experimental parameters for the Planck SMICA, CMB-S3-like, and CMB-S4-like
configurations are given in Table I.
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This method to estimate ðΔCκκ
L ÞkSZ in Eq. (12) can be

applied to both the reionization kSZ and the late-time kSZ
signals [28]. A similar approach has also been applied in
[36] to estimate the non-Gaussian lensing bias in CMB
lensing reconstruction.
Since the reionization kSZ signal is only weakly corre-

lated with the CMB lensing field,6 the kSZ trispectrum
induced by its non-Gaussianity is expected to be the
dominant contribution to the CMB lensing reconstuction
bias. Thus, we can apply the CMB lensing reconstruction
algorithm to the reionization kSZ map directly without
adding the lensed CMB map and compute the bias by

ðΔCκκ
L ÞkSZ ¼ hCκ̂ κ̂

L;kSZi − hCκ̂ κ̂
L;kSZ;gi: ð13Þ

This bias estimate neglects terms arising from the corre-
lation between the kSZ and CMB lensing fields. For the full
kSZ signal including correlation of lensing with late-time
kSZ, we need to apply the CMB lensing reconstruction
algorithm to the sum of the lensed CMB map and the late-
time kSZ map, and estimate the bias using Eq. (12).

IV. SIMULATIONS AND RESULTS

As explained in Sec. III, we apply the CMB lensing
reconstruction algorithm to a set of independent reioniza-
tion kSZ realizations. These realizations are cut from a full-
sky kSZ map provided by the WebSky7 extragalactic CMB
simulations [29].
The reionization kSZ temperature map is provided in

blackbody thermodynamic temperature units, and is con-
structed from the free electron and velocity fields at
z > 5.5. It is uncorrelated with the lensing map and the
primary unlensed CMB map. The reionization kSZ simu-
lation [45] uses 40963 elements in a periodic box of side
length 8 Gpc=h. Three astrophysical reionization parame-
ters define the simulation: Mmin, the minimum halo mass
capable of hosting ionizing sources; λabs, the comoving
absorption system (Lyman-limit absorption systems) mean

free path; and ζion, the number of ionizing photons per atom
escaping each halo [45]. These parameters are chosen
as Mmin ¼ 109 M⊙, λabs ¼ 50 Mpc=h and ζion ¼ 50, and
yield a total Thomson scattering optical depth of τ ¼ 0.059
and a mean redshift of reionization of zre ¼ 7.93,8 con-
sistent with current constraints from Planck [46].
We perform the following analysis on this simulation:
(1) We get one full-sky reionization kSZ map TkSZðn̂Þ,

where the direction vector n̂ indicates a full-sky map.
(2) We generate 30 full-sky Gaussian reionization kSZ

maps TkSZ;gðn̂Þ with the same average power spec-
trum as that of TkSZðn̂Þ using HEALPY.9 We use
multiple Gaussian kSZ realizations to average down
the statistical error.

(3) We select regions spanning �45° in declination and
360° in RA from TkSZðn̂Þ and TkSZ;gðn̂Þ using
PIXELL.10 In the pixel space, the regions correspond
to 21600 pixels in width and 5400 pixels in height in
our simulation. We cut 36 nonoverlapping patches
with 1800 pixels both in width and in height from
each of the regions. So we obtain a set of 36
reionization kSZ cutouts TkSZðxÞ and a set of
1080 Gaussian reionization kSZ cutouts TkSZ;gðxÞ,
where the position vector x indicates we treat these
cutouts under the flat-sky approximation. Because
the cutouts are approximately independent regions,
we consider them as independent realizations.

TABLE I. Experimental configurations. Note that the actual
beam FWHM for the CMB-S4 reference design is 1.4 arcmin
[12]. We use 3 arcmin in this work to facilitate comparison with
[28].

CMB
experiment

Noise level
ΔT ½μK arcmin�

Beam FWHM
θFWHM ½arcmin�

Planck SMICA 45 5
CMB-S3-like 7 1.4
CMB-S4-like 1 3

FIG. 3. The bias to the reconstructed CMB lensing convergence
power spectrum from reionization kSZ trispectrum using lmax ¼
3000 (dashed lines) and lmax ¼ 4000 (solid lines) for Planck
SMICA, CMB-S3-like, and CMB-S4-like experiments. The true
power spectrum of the CMB lensing convergence is also shown
(black solid line).

6The reionization kSZ simulations used in this paper are
actually uncorrelated with the CMB lensing field.

7https://lambda.gsfc.nasa.gov/simulation/tb_mocks_data.cfm.

8https://www.cita.utoronto.ca/ malvarez/research/ksz-data/
run_params.txt.

9https://github.com/healpy/healpy.
10https://github.com/simonsobs/pixell.
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(4) We run the symlens11 flat-sky CMB lensing
reconstruction algorithm on the sets of TkSZðxÞ
cutouts and TkSZ;gðxÞ cutouts, and get two sets of
reconstructed convergence maps: κ̂kSZðxÞ and
κ̂kSZ;gðxÞ. Their power spectra Cκ̂ κ̂

L;kSZ and Cκ̂ κ̂
L;kSZ;g

are bandpowers binned in the two-dimensional
reconstructed Fourier κ maps. We use a multipole
bin width ΔL ¼ 150 for the analyses with

lmax ¼ 3000 and ΔL ¼ 200 for lmax ¼ 4000,
where lmax is the maximum temperature multipole
for CMB lensing reconstruction.

(5) Following [28], note that we do not include the
contribution of detector noise TdetðxÞ, making the
results less noisy without being biased. The detector
noise Fourier modes TdetðlÞ are only included in the
denominator of the weight gðl;LÞ in Eq. (5).

(6) The reionization kSZ-induced bias ðΔCκκ
L ÞkSZ is

estimated by Eq. (13). Note that in Eq. (13), the
angle brackets in the first term indicate the average

FIG. 4. The full late-time-kSZ-induced fractional bias to the reconstructed CMB lensing convergence power spectrum computed using
the WebSky simulation [29] (blue curves) and using the Sehgal et al. simulation [44] (orange curves, taken from [28]). The experimental
settings and temperature multipole ranges used in the lensing reconstruction are identical to those in Fig. 2. We find that the WebSky-
predicted biases are up to twice as large as those predicted by the Sehgal et al. simulation.

11https://github.com/simonsobs/symlens.
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bandpower of the set of 36 Cκ̂ κ̂
L;kSZ and the second

pair is the average bandpower of the set of 1080
Cκ̂ κ̂
L;kSZ;g in our simulations.

(7) The fractional bias is defined as ðΔCκκ
L ÞkSZ
Cκκ
L

, where Cκκ
L

is the power spectrum of the true CMB lensing
convergence field. The error bar on ðΔCκκ

L ÞkSZ is
estimated from the Gaussian kSZ realizations.

(8) As a comparison, we apply Step 1 to Step 5 above to
the late-time kSZ simulations from WebSky to
estimate the bias to CMB lensing reconstruction
from the late-time kSZ trispectrum using Eq. (13).
The late-time kSZ full-sky map from WebSky is
constructed from the free electron and velocity fields
at z < 4.5.

(9) We also estimate the full bias to CMB lensing
reconstruction from the late-time kSZ field, i.e.,
including terms from the kSZ trispectrum and the
kSZ-lensing correlation, by substituting Tkszðn̂Þ and
Tksz;gðn̂Þ with T totðn̂Þ and T tot;gðn̂Þ in Step 1, where
T totðn̂Þ ¼ T̃ðn̂Þ þ TkSZðn̂Þ and T tot;gðn̂Þ ¼ T̃ðn̂Þþ
TkSZ;gðn̂Þ. T̃ðn̂Þ is a full-sky lensed CMB temperature
map and TkSZðn̂Þ refers to the late-time kSZ full-sky
map from WebSky. The full bias from the late-time
kSZ field is estimated using Eq. (12).

In Fig. 2, we show the fractional bias to the CMB lensing
power spectrum induced by the reionization kSZ trispec-
trum, the late-time kSZ trispectrum, and the full late-time
kSZ for Planck, CMB-S3-like, and CMB-S4-like experi-
ments with lmax ¼ 3000 or lmax ¼ 4000, where lmax is the
maximum temperature multipole used in the CMB lens-
ing reconstruction. The experimental configurations are
defined in Table I; in order to facilitate comparison, we
adopt the same settings as used in [28]. The curves showing
the bias from the reionization kSZ trispectrum and the late-
time kSZ trispectrum in Fig. 2 have been multiplied by a
factor of 20 for visibility. We can see the fractional bias
from the reionization kSZ trispectrum is positive and
smaller than 0.25% at most scales, except for the largest
scales when considering lmax ¼ 4000. The late-time kSZ
trispectrum produces a comparable bias to that from the
reionization kSZ trispectrum. The full bias from the late-
time kSZ signal is at least one order of magnitude larger
than the other two. For all three cases, the bias with lmax ¼
4000 is larger than that with lmax ¼ 3000, as expected
since more foreground-contaminated modes are used in the
former case. Since the reionization kSZ field is only weakly
correlated with the CMB lensing field, it is safe to use the
bias from the reionization kSZ trispectrum to approximate
the full bias from the reionization kSZ field. Thus the full
reionization kSZ bias is much less significant than the full
late-time kSZ bias to the reconstructed CMB lensing power
spectrum.
In Fig. 3, we show the absolute bias from the reionization

kSZ trispectrum to the reconstructed CMB lensing con-
vergence power spectrum for different experiments along

with the true power spectrum of CMB lensing convergence.
Within this L range, the reionization kSZ-induced bias is at
least two orders of magnitude lower than the lensing
convergence power spectrum for CMB-S3-like and
CMB-S4-like experiments using lmax ¼ 4000, three orders
of magnitude lower for CMB-S3 and CMB-S4 with
lmax ¼ 3000, and four orders of magnitude lower for
Planck SMICA.
In Fig. 4, we show the full kSZ-induced fractional bias to

the CMB lensing power spectrum computed using the
WebSky simulation and using the Sehgal et al. simulation
[44]. The latter result is taken directly from [28]. The CMB
multipole ranges and experimental configurations are the
same as those in Fig. 3. For both sets of results, the full late-
time kSZ-induced bias is smaller than the statistical error
bars for Planck. For CMB-S3 and CMB-S4, the bias is
negative and about several percent for lmax ¼ 4000, and
about half that for lmax ¼ 3000. For CMB-S3 and CMB-S4
with lmax ¼ 4000, the bias from the WebSky simulation is
about 1.5 to 2 times of that computed using the Sehgal et al.
simulation. This is consistent with the result in Fig. 5,
which shows that the bispectrum of hTkSZTkSZκi is larger in
the WebSky simulation than in the Sehgal et al. simulation,
where TkSZ refers to the late-time kSZ signal and κ is the
CMB lensing convergence. This bispectrum appears in
Eq. (A7) in Appendix A, which is the largest overall
connected term of CMB trispectrum contributing to the
late-time kSZ-induced bias. The difference in these pre-
dicted biases also reflects the current uncertainty in our
understanding of the late-time kSZ field, and indicates that
data-driven methods should be used to mitigate the kSZ
bias, rather than methods assuming particular theoretical
models.

FIG. 5. A projection of the hTkSZTkSZκi bispectrum estimated
from the cross-correlation of T2

kSZ and κ, shown for each of the
WebSky late-time kSZ (blue) and the Sehgal et al. late-time kSZ
(orange) simulations. The curves have been binned with
Δl ¼ 50. Despite lower two-point power in the kSZ anisotropies
for the WebSky simulation, the cross-bispectrum with CMB
lensing is larger, which agrees with our observation that the bias
to CMB lensing is larger in the WebSky simulation.
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V. DISCUSSION AND CONCLUSION

The kSZ effect is the largest blackbody contaminant to
the CMB primary temperature anisotropies, and it cannot
be removed by multifrequency component separation
techniques. The kSZ signal has two contributions, the
late-time contribution and the reionization contribution. In
this paper, we focus on the bias to the reconstructed CMB
lensing convergence power spectrum induced by the
reionization kSZ signal. Since the reionization kSZ field
is only weakly correlated with the CMB lensing field, its
trispectrum should be the dominant contribution to the bias
to CMB lensing reconstruction. We estimate this bias by
applying the flat-sky CMB lensing reconstruction algo-
rithm to reionization kSZ simulations and corresponding
Gaussian realizations with the same power spectrum. We
also apply the same method to estimate the bias to CMB
lensing reconstruction from the late-time kSZ trispectrum
alone, and the full late-time kSZ-induced bias.
Using the WebSky simulation, we find that the fractional

bias from the reionization kSZ signal is positive and smaller
than 0.25% at L < 3000 when using lmax ¼ 4000 for
CMB-S3-like and CMB-S4-like experiments, and can be
even smaller when using lmax ¼ 3000. The fractional bias
computed using the WebSky late-time kSZ field is more
than 10 times larger than that from the reionization kSZ
field, which implies that the latter one is negligible for
ongoing and upcoming experiments. These conclusions are
based on the current numerical simulations of reionization
from WebSky, and results may differ somewhat for other
reionization models; however, the reionization-induced
bias is very unlikely to be comparable to that from the
late-time kSZ field for any reasonable reionization model.
As a comparison, we show that the bias induced by the

late-time kSZ trispectrum is comparable to that induced by
the reionization kSZ field, which are bothmuch smaller than
the full late-time kSZ bias. Thus, for the late-time kSZ, the
kSZ-lensing correlation contributesmuchmore than the kSZ
trispectrum, as also found earlier in [28] (see their Fig. 6).
In addition, we compare the bias from the late-time kSZ

field computed using the WebSky simulation to that com-
puted using the Sehgal et al. simulation in [28]. For CMB-S3
and CMB-S4 with lmax ¼ 4000, we find that the absolute
value of the former is about 1.5 to 2 times larger than the latter.
Considering the statistical precision of CMB-S3 and CMB-
S4, we confirm that the bias to CMB lensing reconstruction
from the late-time kSZ effect is non-negligible and requires
mitigation techniques, such as foreground-hardened estima-
tors [25–27] or shear-only reconstruction [24]. The former
technique effectively deprojects a point-sourcelike trispec-
trum from the lensing power spectrummeasurement,which is
expected to work well for the late-time kSZ signal. For the
latter technique, since the lensing shear (local quadrupolar
distortion) is less degenerate with the extragalactic fore-
grounds, the shear-only reconstruction is less sensitive to
foregrounds. Applying the shear-only technique to mitigate

the kSZ-induced bias was done for the Sehgal et al. kSZ bias
in [24]; we leave similar analysis for theWebSky simulations
to future work.
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APPENDIX A: kSZ BIAS TO CMB
TEMPERATURE TRISPECTRUM

The power spectrum of κ̂ can be written as

hκ̂ðLÞκ̂ðL0Þi ¼ 1

4
L2L02AðLÞAðL0Þ

×
Z
l1;l2;l3;l4

gðl1;l1 þ l2Þgðl3;l3 þ l4Þ

× hT totðl1ÞT totðl2ÞT totðl3ÞT totðl4Þi
× δðL − l1 − l2ÞδðL − l3 − l4Þ ðA1Þ

To understand the bias to reconstructed CMB lensing
power spectrum from the late-time kSZ and the reionization
kSZ, we check the trispectrum

hT totðl1ÞT totðl2ÞT totðl3ÞT totðl4Þi; ðA2Þ

where we decompose the T totðlÞ as

T totðlÞ ¼ T̃ðlÞ þ TkSZðlÞ: ðA3Þ

Again, note that we do not include Tdet, since it is Gaussian
with zero expectation and uncorrelated with any other
components.
The lensed CMB temperature Fourier modes can be

expressed as

T̃ðlÞ ¼ TðlÞ þ δTðlÞ þ δ2TðlÞ þOðϕ3ðlÞÞ ðA4Þ

with OðϕÞ correction

δTðlÞ ¼ −
Z
l0
l0 · ðl − l0ÞTðl0Þϕðl − l0Þ; ðA5Þ
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and Oðϕ2Þ correction

δ2TðlÞ ¼ 1

2

Z
l0

Z
l00
½l0 · l00�½l0 · ðl − l0 − l00Þ�Tðl0Þ

× ϕðl00Þϕðl − l0 − l00Þ; ðA6Þ

where ϕ is the CMB lensing potential.
In our calculation, we only include δTðlÞ. We assume

that the unlensed CMB is a Gaussian field. ϕ and TkSZ are
both not Gaussian. We ignore the ISW effect and the Rees-
Sciama effect, so we do not consider the correlation of
unlensed CMB with lensing CTϕ.
We plug Eqs. (11), (A5) and (A6) into Eq. (A2), and

check all the possible contractions. Any terms including
odd powers of TkSZ vanish on average according to its
symmetry [28]. The fields labeled with primes correspond
to the second reconstruction field κ̂ðL0Þ in Eq. (A1), and the
fields without primes correspond to the first one.
There are several types of contraction up to the order of

ϕ2 with even power of TkSZ:
type a:

ðA7Þ

type b:

ðA8Þ

type c:

ðA9Þ

type d:

ðA10Þ

(b1), (c1), (d1), (d2), (d3) are disconnected terms of
Eq. (A2), which should be accounted for in the
reconstruction Gaussian bias in Eq. (8). Since TkSZ;g

produces the same terms, these terms cancel in Eq. (12).
ða1Þ is a connected term of Eq. (A2), which includes a

hTkSZTkSZϕi bispectrum. (b2), (b3), (c2), (c3) are con-
nected terms of Eq. (A2), which include kSZ-lensing two-
point coupling introduced in [50,51]. All these connected
terms arise from the kSZ-lensing correlation, and are only
non-negligible for the case of late-time kSZ [28]. They do
not cancel in Eq. (12) by TkSZ;g, and contribute to the bias.
(b4) and (c4) are connected terms of Eq. (A2). They

include the connected part of the 4-point function involving
two kSZ and two lensing fields (denoted by the subscript c),
which do not cancel in Eq. (12). These terms may arise
from both the intrinsic non-Gaussianity of ϕ and TkSZ.
(d4) is a connected term of Eq. (A2), which includes the

connected part of kSZ trispectrum due to its non-
Gaussianity. It does not cancel in Eq. (12), and exists
for both late-time kSZ and reionization kSZ. To estimate
the contribution of this term, we can run CMB lensing
reconstruction algorithm on TkSZ as Eq. (13) shows.

APPENDIX B: THE KINEMATIC SZ EFFECT

The temperature fluctuations induced by the kSZ effect
in a direction n̂ are given by (in units with c ¼ 1)

ΔTkSZðn̂Þ
TCMB

¼ −
Z

dηgðηÞpe · n̂; ðB1Þ

where ηðzÞ is the comoving distance to redshift z, gðηÞ is
the visibility function, and pe is the peculiar electron
momentum.
The visibility function gðηÞ represents the Poissonian

probability that a photon is last scattered at a time η which
can be given by gðηÞ ¼ ðdτ=dηÞe−τ ¼ σTne;0ae−τ. ne;0 is
mean physical number density of free electrons, a is the
scale factor and τ is the optical depth. We define
pe ¼ ð1þ δeÞve, where δe is the free electron density
contrast, and ve is the electron velocity. The free electron
density contrast can be expressed as δe ¼ ð1þ δÞð1þ δxÞ,
where δ is the gas density contrast and δx is the ionization
contrast. So we have
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ΔTkSZðn̂Þ
TCMB

¼−σT
Z

dη
1þz

e−τð1þδþδxþδδxÞve · n̂; ðB2Þ

where the first contribution (∝ ve) is referred to as the
“Doppler” term, the second contribution (∝ δve) is the

“Ostriker-Vishniac” term, and the third contribution
(∝ δxve) is the “patchy” term.
The ionization is inhomogeneous during the epoch of

reionization, i.e., δx ≠ 0. The modeling of reionization kSZ
used in this work is described in [45,52].
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