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Light pseudoscalar meson and heavy meson scattering lengths
to O(p?) in heavy meson chiral perturbation theory
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We calculate the threshold 7" matrices of the light pseudoscalar meson and heavy meson scattering to
fourth order in heavy meson chiral perturbation theory. We determine the low-energy constants by fitting to
the lattice QCD data points through both the perturbative and iterated methods and obtain the physical
scattering lengths in both formalisms. The values of the scattering lengths tend to be convergent at fourth
order for most of the channels in the perturbative method. The value of the scattering length for the channel
DK(I = 0), which involves the bound state D%,(2317), is obtained correctly in the iterated method. Based
on the heavy diquark-antiquark symmetry, we also estimate the meson and doubly charmed (bottom)
baryon scattering lengths, and find that the bound states can be generated with high probability in the
channels K=, (I = 0) and KZ,,(I = 0). We strongly urge the LHCb Collaboration to look for the very
narrow KZ,, state with IJ” = 0%‘ through either the electromagnetic decay or the iso-spin violating strong

decay Q. .7.
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I. INTRODUCTION

Since the discovery of the charm-strange meson
D?,(2317) with J* = 0" [1-3], many investigations have
been devoted to this puzzling state because its mass lies
significantly below the quark model predictions [4—7]. The
low mass puzzle of the D%,(2317) inspired various explan-
ations, which include the D®)K molecular [8-11], the
cqgs g tetraquark state [12—15], the conventional charmed-
strange mesons with coupled-channel effects [16], and
the lattice QCD simulations [17-22] (for a detailed review
see Ref. [23]). In Ref. [20], the low-energy interactions
between light pseudoscalar mesons and charmed pseudo-
scalar mesons were studied. The S-wave scattering lengths
of the DK(I =0,1), D,K, Dr(I =3/2), and D,x were
calculated using Liischer’s finite volume technique in full
lattice QCD. The scattering lengths of the Dz (I = 1/2),
DK(I =1,0), and DK at the physical pion mass were
predicted. The attraction in the channel DK(I = 0) is so
strong that a pole can be generated, and the result supported
the interpretation of the D?;(2317) as a DK molecule.
Since the D¥(2317) couples to the DK channel strongly,
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the detailed study of the S-wave DK scattering will help us
understand the nature of this exotic state.

The scattering length is an important observable in the
scattering process, which encodes the information of
the fundamental interaction and can be extracted from
the threshold 7" matrix. It is a popular method to obtain the T
matrix from the chiral perturbation theory (ChPT). However,
the low-energy constants in the chiral Lagrangian need to be
determined from the experimental data. It is a good choice to
take the lattice QCD data for the light pseudoscalar meson
and heavy meson interaction from Refs. [19-22,24-26]
when the experimental data is scanty. In lattice calculations,
the light pseudoscalar meson masses are always larger than
their physical masses. Therefore, the extrapolation of the
scattering length from the nonphysical meson mass to the
physical value is necessary with the help of ChPT.

ChPT is a useful and efficient tool to study the hadronic
physics at low energies. Based on Weinberg’s power-
counting [27,28], the chiral expressions can be organized
by the power of the small external momentum or the meson
momentum (or mass). The heavy baryon chiral perturbation
theory (HBChPT) was proposed and developed to solve
the power-counting problem which occurs in baryon ChPT
[29-31]. Many achievements have been obtained in SU(2)
HBChHPT [32-39]. From Refs. [40-47], it turned out that the
calculations in SU(3) HBChPT can also lead to reasonable
predictions.

Similar to the HBChPT formalism in the meson-baryon
interaction, we use heavy meson chiral perturbation theory
(HMChPT) to deal with the charmed mesons [48]. In
this framework, the heavy meson D is nonrelativistic.
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However, the 1/M corrections disappear when the thresh-
old amplitudes are considered in HMChPT. Thus, there is
no difference when the scattering lengths are either calcu-
lated in the HMChPT or the covariant ChPT (for a review of
these approaches, see Ref. [49]).

In our previous paper [50], we have calculated the light
pseudoscalar meson and heavy meson S-wave scattering
lengths up to O(p?) in HMChPT and obtained a positive
scattering length for the channel DK (I = 0). Note that, a
repulsive interaction has a negative scattering length in our
convention. Therefore, the channel DK (I = 0) is attractive.
However, the T matrix would not produce a pole in the
perturbative calculation, which corresponds to a bound state
or resonance. Thus, the perturbative scattering length for the
channel DK (I = 0) would not turn into a negative one. In
fact, the channel DK (I = 0) with a bound state [D?,(2317)]
has a strong enough attractive interaction, and can lead to a
negative scattering length. Then, the calculations with vari-
ous iterated methods are performed in Refs. [20,51-56].
They all obtained a negative scattering length for the channel
DK (I = 0) based on the amplitudes below order O(p*).
Nevertheless, an attractive interaction can lead to either a
positive scattering length or a negative one. Thus, the
perturbative calculation for the scattering length is also
necessary. In this paper, we will calculate the threshold T
matrices of the light pseudoscalar meson and heavy meson
scattering to O(p*) in HMChPT in order to obtain a more
precise perturbative result. Then, we will also use the iterated
method to calculate the scattering length in order to obtain the
correct scattering length for the channel which may admit a
bound state or resonance. At last, we estimate the mesons and
doubly charmed (bottom) baryon scattering lengths based on
the heavy diquark-antiquark symmetry.

This paper is organized as follows. In Sec. II, we present
the chiral Lagrangians up to O(p*). In Sec. III, we present
the Feynman diagrams and results of the threshold T
matrices. In Sec. IV, we outline how to derive scattering
lengths from the 7 matrices. Section V contains the
presentation and discussion of our results. The last section

|

1+/

H =
2

(Pyy* + iPys),

P = (D°,D*,DY),

H=y"H"" = (P,'y" + iPTys)

is a brief summary. Appendixes A and B contain the
various scattering lengths of the light pseudoscalar meson
and doubly charmed (bottom) baryons, respectively.

II. CHIRAL LAGRANGIAN

In order to calculate the light pseudoscalar meson and
heavy meson scattering lengths up to order O(p*) in
heavy meson chiral perturbation theory, the corresponding
effective Lagrangian can be written as

_ r@ (1) 2) 3) (4)
The traceless Hermitian 3 x 3 matrices ¢ include the
pseudoscalar Goldstone boson fields (z, K, K, 5). The
lowest-order SU(3) chiral Lagrangian for the Goldstone
meson-meson interaction take the form [57]

E(ﬁ = fztr<uﬂu/‘ +)%>, (2)
where f is the pseudoscalar decay constant in the chiral limit.
The axial vector quantity w* = £{£", &£} contains an odd
number of meson fields. The quantity y, = &Ty& + &xé
with y = diag(m2, m2,2m% — m?) introduces explicit chiral
symmetry breaking terms. We choose the SU(3) matrix

U= 52 = eXp<l¢/f)’ (3)

which collects the pseudoscalar Goldstone boson fields.
The lowest-order chiral Lagrangian for the heavy mesons
in the heavy quark symmetry limit is

1 . - - -
Ll = —((iv- OH)H) + (Hv -TH) + g(Hu,y'ysH), (4)
where v, = (1,0,0,0) is the heavy meson velocity, the
chiral connection I'* = £ [£7, 9#¢] contains an even number

of meson fields and the doublet of the ground state heavy
mesons reads

1+/

= (5

(6)

P; = (D",D**,D{¥),.

(3)

For the calculation of the threshold 7" matrices, the heavy meson Lagrangians Eg}) Liy» and EE_‘}; in the heavy quark

symmetry limit read

£g; = co(HH)tr(y ) + ¢ (Hy H) — co(HH)tr(v - uv - u) — c5(Hv - uv - uH)

— cy(HH)tr(uw'u,) — cs(Hu'u,H),

LY = k(Hly_, v - ulH),

b=
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ES; = e (HH)[(v-0v-u)(v-0v-u)]+ ex(H(v-0v-u)(v-0v-u)H). (9)

Here, the terms with quark mass in 553()/) are not considered
explicitly. Indeed, for the quark mass terms, some of the
dimension four low-energy constants (LECs) simply amount
to quark mass renormalizations of some of the dimension
two ¢;. Thus, the contributions from the quark mass terms
can be absorbed into the dimension two LECs. We can
neglect the quark-mass terms in our calculation. The
predictions for the scattering lengths will not be affected.
This is a very general phenomenon of ChPT calculations in
higher orders (for details, see, e.g., Refs. [34,57]).

III. THRESHOLD T MATRICES

We present the explicit expressions for the threshold T
matrices to O(p*) in the chiral expansion. In order to obtain
a more compact representation for the 7" matrices, the four
subfunctions are introduced,

Vo —
L(my,m,) = m%—m%lnw, (10)
my
R
Ly(my,my) = + [ — m3 (i,, Mt Vmi = my vmlmz)
ny
(11)
[ 2 _ 2 m
A(my, my) = \/m5 — m7 arccos —, (12)
n;
M(a.p.y) = ami + pmygmz + ym;. (13)

Here, the L;(m;,m,) contains the imaginary part and
comes from the iterated diagrams (g), (m), and (n) of
Fig. 1. The leading-order (LO), next-to-leading order
(NLO), next-to-next-to-leading order (N2LO), and next-
to-next-to-next-to-leading order (N3LO) T matrices are
from the diagrams (a), (b), (c), and (d) in Fig. 1, respec-
tively. At N2LO and N3LO, we have the contributions from
the one-loop diagrams (e)—(j) and (k)—(r) of Fig. 1, which
involve the vertices from the Lagrangians 5225 and E%
respectively. The contributions from the vector charmed
mesons will not be considered explicitly in this paper. The
influence of the D* on the scattering lengths may be
marginal [55]. The description for the S-wave scattering
lengths is expected to be a good approximation in the
calculation. In the following T matrices of the elastic light
pseudoscalar meson and heavy meson scattering, we use
K= (K*, KT and K = (K° K~)T. The superscripts of
the T matrices denote the total isospin. In the channels with
an isoscalar n-meson or D -meson, the total isospin is
unique and does not need to be specified. We take the
renormalized (nonzero quark mass) decay constants f x ,

|

instead of f (the chiral limit value, zero quark mass). For
the construction of the one-loop and the counterterm T
matrics, the scale-independent LECs &, €, and e, are used.
Thus, all terms In(m, k ,/u) have disappeared in our final

expressions. The Gell-Mann-Okubo (GMO) relation m,, =

\/(4m% —m2)/3 has also been used to simplify the

equations. The ¢, and ¢4 (c3 and c5) terms are different
at N3LO only. They are strongly correlated with each other.
However, we will keep all of them because the prediction of
the physical quantity will not be affected when the
correlations are considered. Then, the 7T matrices with
the four orders read

(a) (b) (c) (d)
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FIG. 1. Tree and nonvanishing loop diagrams in the calculation

of meson-heavy meson scattering lengths to the fourth order in
HMChHPT. Dashed lines represent Goldstone bosons and solid
lines represent pseudoscalar heavy mesons. The heavy dots, filled

squares, and open circles refer to vertices from £g}), Eggb and

ES;,, respectively.
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(1) 2(4C0 + Cy + c4)m%<} { mz 2élm‘,‘(
Tpx = {0} o+ { + Li(mg,my) +< -
DK ro f %< NLO Sﬂzf % K N2LO f %(

1
N 69127 f {192coM(40. =5.7) = 96¢,[M (48.5. =5) + 36my (mz + mi)Li(mg.my)]

— 60, M(1,-8,7) — ¢5[M(1753, =8, 19) + 1728m3 L;(mg. m,)] + 48¢,M (40, =5, 7)

+ 8¢5[M(-170,7,19) —216m§<L,-(mK,m,,)]}} . (14)
N3LO

70 _ {2mK} Jr{2(400‘|‘4C1 +02+C3+C4+Cs)m%<}
DK — 2 5
Tk Tk NLO
16kmy  3m%
(T i e oo
2(@1 + éz)m4 1

+ {— 7 Gy (19260M(40,5.7) + 966, [M (204, ~41.5)

—36mg (5my — 3m2)A(—mg, m,)] — 6c,M(1,-8,7) 4 ¢3[M (35578, —19) — 1728myA(—my, m,)]

N2LO

+ 48¢,M(40,=5,7) + 8¢5 [M(478,7,19) — 216m3A(—my. m,?)]}} , (15)
N3LO

(1) mg (86'0 +4C1 +2C2+C3 +2C4+C5)m%( 8]2']’}1113( m%(
Thok=\""71 + 2 R ) Te 2 1T
JxJ)io Tk NLO Ik
(22, + &,)mj
- 3A(mK, mn) + L(mK, m”)}}NZLO + {_ f%( K 6912][2‘}0‘}{ {19200M(40, —5, 7)
+96¢,[M(78,-23,5) + 18mg (Sm — 3m%)A(my, m,) + 18my(mx + m32)L(mg, m,)]
— 60,M(1,-8,7) — ¢3[M(902,8, —19) + 864my.A(my, m,) + 864m3 L(mg, m,)]

+48¢,M(40,-5,7) + 8c5[M(154,7,19) + 108m%A(my, m,) + 108myL(mg, m,,)]}} , (16)
N3LO

70 _ [m (8co —4dcy +2¢y — ¢34+ 2¢4 — c5)m% 8ikmy  3m%
DK — ) 2 + 2 2 162f* [mk
fx)io fx NLO Tk 7fk
—251 + éz)m‘ll(

(
+ A(mg,m,) + L(mg, m, } +{ 192¢ M (40, -5,7
(o) + Llmgma)l | G 11926M(40, -5.)

+96¢[M(—174,13,5) + mg(—=90m% + 54m2)A(mg., m,) + 54(m% + m2)L(my, m,)]
— 60, M(1,-8,7) — c3[M(4408, —8,19) + 864myA(my, m,) — 2592my L(mg, m,)|

+ 48¢4,M (40, —5,7) 4 8¢c5[M(—-494,7,19) — 108m} A(mg. m,) + 324m3 L(my, mn)]}} , (17)
N3LO

TDXK: { mK} +{(8C0+4C1+2C2+C3 +2C4+C5)m%<} +{_81‘<m§( SmK {
LO NLO

Ik [k fx  16m’f
(2?1 + Ez)m‘}( 1
A(mg,m,) — L(mg, m, - 192¢,M (40, 5,7
Ay = Lmgomg))} o { BRI 02,40, 5,7
+192¢1[M(25,9.2) — 9Img (5Smy — 3m3)A(mg, m,) — 2Tmg(mi 4+ m%)L(mg, m,)]
— 60, M (1,-8,7) — c3[M(—845,-32,4) + 864myA(my, m,) +2592my L(my, m,)|

+48¢,M (40, =5,7) + 32¢5[M (64, -11,1) = 2Tm3A(mg, m,) — 81myL(mg, m,,)]}} , (18)
N3LO
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mg (8co +4cy +2¢y + ¢35+ 2¢4 + c5)m% 8ikmy  3m%
TDsk =\ 2 + 2 2 > 4 [mK
fx 1o I NLO I 167~
(28, + e,)m% 1
- Aemgm) + Limeml} o+ { -
e : NoLO & 69122 f
+192¢,[M(25,9.2) + 9mg (5Sm¥k — 3m2)A(—mg,m,) + 2Tmyg(m% + m2)L;(mg. m,)]
—6c,M(1,-8,7) + c3[M (845,32, —4) + 864m3A(—my, m,) + 2592m3 L;(mg, m,)]

{192¢,M (40, -5,7)

+ 48¢4M (40, —5,7) 4 32¢5[M (64, —11,1) + 2Tmy A(—mg, m,) + 81my L;(mg., mﬂ)}}}N%O, (19)

G/ _ [ _Ma (8co +4cy +2¢y + ¢34 2¢4 + cs5)my 8km3  m2
Tpr = {__2} + { 2 Y2 T et [3mz
fﬂ LO fﬂ NLO er 0 fﬂ
+2A( )] et e 1 e M1, 5) + 32¢,[M(1,7,16)
m.,,m - C s Ly Cc s I
moE N2LO f72[ 768772f4 0 !
+ 12m,(m2 + m%)A(m,, mg)] + 4cy(mt — miy) — c3[my — 98ms — 192m3A(m,,, my)]
4 320,M(1,1,5) + 8¢s[M(1,1,22) + 24m3A(m,, mK)]}} , (20)
N3LO

70/2) _ {2m,,} N {(800 +4cy +2¢, + ¢35 +2c4 + cs)m,z,} {161'<m,3, m2 fom,
NLO

s fz fr 1erf
(2@1 + éz)l’ﬂﬁ.
+ A(my, mg) — 3A(—my, mK)]}NzLO + {— 7 7682 jl[{128c0M(1, 1,5)
+32¢1[M(1,7,16) — 6m,(m2 + m%)A(m,, mg) — 18m,(m2 + m%)A(—m,, mg)]
+dey(my —my) — c3[my — 98my + 96m3A(m,, my) + 288m3A(—my, my )]

+32¢,M(1,1,5) + 8cs[M(1,1,22) — 12m3A(m,, my) — 36m3A(—m,, mK)}}} , (21)
N3LO
2(46‘0 + Cy + c4)m,2, 1 >
TD,.JZ = {O}LO + 2 + _Tmﬂ{A(_mm mK) + A(m,,, ml()]
Iz NLO 87 fx N2LO

ZElmi 1
+ {— I + 38427 {64coM(1,1,5) + 32¢(m2 + m%)[m% — 6m2

+ 6m A(=my, myg) — 6mA(my, mg)| + 2¢,(my — mg) — c3[my + 96m
+96m3A(my,, mg) — 96mIA(—m,, mg)] + 16¢,M(1,1,5) + 8cs[M(1,1,—12)

+ 12miA(=m2, mg) — 12m A(m,,,mK)]}} , (22)
N3LO

TDn = {O}LO+ { [4(24C0+6C2+Cg+66‘4+£‘5) (24C0— 126‘1 +6C2+C3+6C4+C5) ]}
NLO

92

L my me) + Lmym) b+ ]
—m m,,m i\m,, m
16rfy T K oro | 2567

+ 32¢[-9mZm%k + 6m2m2 + my + 2m, (5m% — 3m2)L(m,. mg) + 2m,(=5m%
+3m2)L i(my,, mg)] — deomy — 3 [32m +m} + 32L;(m,, mg) — 32L(m,, mg)]

2f4 {12860mK(m,7 + mK)

+ 32¢c,m¥ (m + mk) + 8cs[my + mim: — 4mj} — 4m L(m,. my)

—4m2L,-(m,7,mK)]}}N3LO, (23)
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1
Tp,=1{0}0+ {— [8(12¢o + 12¢; + 3¢y + 2¢3 + 3¢y + 2¢5)m% — 2(12¢y + 24¢; + 3¢, + 2¢3

9f2

3
+ 3¢y + 2c5)m,2[]} + {
NLO

2
——m
8afy "

L (my. i) + Ly(m,. m,a]}

N2LO

1
+ {W{64c0m%(m%( +m}) + 32¢ci[11mim} — 6mim% + m¥

2ff’

+ 2m, (5mg — 3mz)L;(m,. mg) — 2m, (5my — 3mz)Lm,. mg)| — 2c,my

— ¢3[=32my + my — 32my Li(m,, mg) + 32m, L(m,, mg)] + 16c4mi (m; + my,)

+ 8cs[my + myxmd + 4my + 4m; Ly (m, myg) — 4m3 L(m,, m,()]}}

IV. SCATTERING LENGTHS
The S-wave scattering length is defined through

M
=— T 25
a 87[(M+m) ths ( )

where m and M denote the light and heavy meson mass,
respectively. We take the sign convention that a repulsive
interaction has a negative scattering length. In order to obtain
a correct description for the channels which may include
bound states or resonances, the 7 matrix must be iterated to
infinite order. We can use a Lippmann-Schwinger equation
with a cutoff range scale, denoted by p, to obtain a finite
result, as done in Ref. [58]. For a single channel separable
potential, the scattering length is given by

1 -1
a = dpom (1 - E:uaBom) . (26)

Here ap,,, includes the contributions from all the diagrams
except for the iterated diagrams (g), (m), and (n) of Fig. 1 in
this work. The contributions from the three diagrams can be
obtained through the iteration of the diagrams (a) and (b).
Thus, our calculations include all the contributions from
the tree diagrams, the renormalization diagrams, and the
crossed diagrams up to forth order in the iteration of the
potential. As a result, the scattering lengths will not include
explicitly the imaginary parts.

V. RESULTS AND DISCUSSION

Before making predictions, we have to determine the low-
energy constants. We have the values ¢, = 0.0045 GeV~! and
c; =0.1112 GeV~! from Ref. [55] through the relations
ho = 2M0€0 and hl = 2MOC|, where MO = 1918 MeV is
taken for the charmed system [59]. For the other LECs,
we have two fitting strategies to determine the pertinent
constants. One is using the perturbative scattering length

. (24)
N3LO

formula, Eq. (25), and the other is using the iterated scattering
length formula, Eq. (26). For the perturbative formula, the T
matrices are from the Eqgs. (14)—(24), and for the iterated
formula, the contributions from the iterated diagrams (g),
(m), and (n) of Fig. 1 should be subtracted.

A. Perturbative fitting

Now we determine c;345, K, €;, and e, using the
perturbative formula, Eq. (25) and the lattice data of the
five channels [DK(I =0), DK(I =1), Dz(I =3/2),
DK, D,x] which include the values of the scattering
lengths and the masses of the pion, kaon, D, and D; mesons
from Ref. [20], and the GMO relation is used throughout
this paper. The corresponding lattice values of f, and fg
are used from Ref. [24], and we always choose f, = 1.2f,
in this paper. The lattice data are obtained by using the
unphysical quark mass, then the mass of the light meson
can achieve a large value (~700 MeV). However, the chiral
expressions are expanded in terms of m,/A,, where m,
denotes the mass of the light meson and A, is the chiral
symmetry breaking scale (~1 GeV). The large mass of the
light meson maybe the cause of the problem of the
convergence. Besides, the prediction for the scattering
length should be independent of the inputs. Therefore,
we take three different fits denoted as Fit p1, Fit p2, and Fit
p3 which include the (M007, M010), (M007, MO10,
MO020), and (M007, M010, M020, M030) data from
Refs. [20,24], respectively. Thus, there are 10, 15, and
20 data in total for Fit p1, Fit p2, and Fit p3, respectively.
The resulting LECs with the correlations between the
parameters for the three fits can be found in Table I
The values of the LECs from Fit p1 and Fit p2 are roughly
consistent, and the resulting LECs from Fit p3 are the large
differences because the large mass of the light meson are
taken. However, the results from Fit p3 are still valid
because the light meson mass is still smaller than the chiral
symmetry break scale (~1 GeV). The uncertainty for the
respective parameter is statistical, and it measures how

036016-6
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TABLE I. Values of the various fits with the correlations between the parameters through the perturbative
scattering lengths formula, Eq. (25). For a detailed description of these fits, see the main text.

Fit pl cH c3 Cy Cs K e e,
¢y (GeVTh 0.53+3.12 1.00 —-0.83 -0.99 0.83 0.90 -0.25 -0.73
c3 (GeVh) —2.82 £3.59 1.00 0.90 —0.99 —0.86 0.67 0.49
¢y (GeVTh —0.26 £2.71 1.00 -0.90 -0.91 0.38 0.69
cs (GeVh) 322+444 1.00 0.86 —-0.67 —-0.49
K (GeV™?) 0.87 £0.51 1.00 -0.33 —0.85
¢, (GeV™?) —0.44 £ 1.30 1.00 —-0.18
2, (GeV™?) —6.15 £4.54 1.00
i*/d.o.f. 2L —1.14

Fit p2 Ch c3 cy Cs K ey e
¢y (GeVh) 0.96 £2.02 1.00 —0.76 —0.99 0.77 0.81 —0.44 —-0.53
c;3 (GeVTh) —3.46 £ 1.84 1.00 0.84 -0.99 -0.70 0.86 0.21
cy (GeVTh) —0.63 +1.68 1.00 —0.84 —0.82 0.55 0.48
cs (GeVh) 4.08 +2.28 1.00 0.71 —0.86 -0.22
k (GeV™?) 0.98 £0.29 1.00 -0.41 —-0.84
2, (GeV™?) —0.05 £ 0.66 1.00 —0.11
e, (GeV~?) —7.62 +2.65 1.00
y*/d.of. % =130

Fit p3 cy c3 Cy Cs i 2 e,
¢y (GeVh) -1.05£1.15 1.00 —-0.69 —0.99 0.71 0.78 —0.66 —-0.45
c3 (GeVh) —0.34 £0.83 1.00 0.76 -0.99 -0.51 0.89 0.03
cs (GeVTh) 1.34 +£0.93 1.00 -0.79 -0.76 0.74 0.40
cs (GeVh) 0.20 +1.03 1.00 0.54 -0.90 —-0.05
K (GeV™?) 0.54 £0.17 1.00 -0.43 —-0.85
¢, (GeV™?) 0.99 +£0.35 1.00 -0.07
2, (GeV™3) -535£1.62 1.00
y*/d.of. % = 1.67

much a particular parameter can be changed while main-
taining a good description of the fitted data. However, the
LECs cannot really vary independently of each other
because of the mutual correlations, as detailed in
Refs. [60,61]. Thus, the large uncertainties for LECs in
our fits will not make the errors of the scattering lengths
become large, because a full error analysis requires a
complete covariance matrix which indicates the mutual
correlations between the parameters. One of the reasons for
the large uncertainties is that the number of data is small but
the number of parameters is large. We can find that the
errors of Fit p3 are smaller than the ones of Fit pl. The
other reason is that the LECs correlate each other, espe-
cially for the ¢, and ¢4 (c3 and cs5). The absolute value of
the correlation between ¢, and ¢4 (c3 and cs) is very close
to one (0.99), which is consistent with the fact that the
difference of the 7 matrix only appears at N3LO.
Therefore, we can remove one of them. However, all of
them are still retained in our calculation because the
prediction of the scattering length will not be affected
when the correlations are considered. Besides the large

uncertainties and the strong correlations, the values of the
LECs are of natural size. The result is consistent with the
assumption that the contributions from the D* vector
mesons are marginal. We can also find that the absolute
value of ¢, (c4) is much smaller than c5 (c5) in Fit pl and
Fit p2 because the ¢, (c,) term is suppressed by 1/N, as
compared to the c; (c¢5) term. In Fit p3, the feature is inverse
because the large masses of the light pseudoscalar mesons
reduce the fitting accuracy.

The corresponding scattering lengths from the three fits
are shown in Fig. 2. The scattering lengths of the five
channels except for the DK (I = 1) from all of the three fits
are in good agreement with the data from lattice QCD when
m, ~ 301,364 MeV. For the DK (I = 1), the value of the
scattering length from lattice QCD has large error (~34%)
at m, ~ 301 MeV. However, the channel at this pion mass
only has a small repulsive interaction (~ — 0.14 fm) which
is far away from the nonlinear region generated by the pole
of the iterated scattering length formula. Thus, the large
error for the data point should have a small influence on the
prediction for the strong attractive interaction. For Fit pl,
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FIG. 2. Comparison of the results of the five-channel fits through the perturbative formula, Eq. (25), to the lattice data of the scattering

lengths from Ref. [20].

the predictions of the scattering lengths at m, ~
511,617 MeV are away from the lattice QCD in most
data points, but they still have the same order of magnitude.
For Fit p2 and p3, the descriptions of the scattering lengths
at m, ~ 511,617 MeV have been improved, but the devia-
tions are significantly larger than the ones at the smaller
mass of pion. The chiral expansions for the scattering
lengths are expanded in terms of the m, x ,/A. Therefore,
the large mass of the light pseudoscalar meson causes the
poor convergence and reduces the reliability of the pre-
dictions of the scattering lengths. Nevertheless, the values
of the extrapolation from the low mass to high mass are

consistent with the results from lattice QCD in the same
order of magnitude.

In the following, we make predictions of the scattering
lengths for the 11 channels at the physical values using the
LECs determined above. We use the values of the phy-
sical parameters: m, =139.57MeV, myx=493.68 MeV,
f»=92.07MeV, fr=110.03MeV, M, =1869.66 MeV,
Mp, = 1968.35 MeV from PDG [62]. The results with the
three different fits are shown in Table II. The errors of the
scattering lengths in the total values are estimated from
the statistical errors of the LECs using the error propagation
formula with the correlations. We can see that the errors
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TABLEII.  Predictions of the scattering lengths through the perturbative formula, Eq. (25). The LECs are from the
three different perturbative fits, see Table 1. The scattering lengths are in units of fm.

Fit pl O(p) O(p?) O(p?) o(p?) Total
) 0.00 0.07 —0.12 +0.19i 0.09 — 0.13i 0.04(3) + 0.07(16)i
o) 0.51 0.29 0.77 0.41 1.98(93)
0} ~0.25 0.18 ~0.49 0.33 —0.23(3)
0 0.25 ~0.04 0.73 ~0.16 0.80(6)
ap x ~0.26 0.18 ~0.38 0.24 —0.21(7)
ap.k 0.26 0.18 0.21 4+ 0.29i 0.33 4+ 0.19i 0.97(47) + 0.49(22)i
4G/ ~0.12 0.02 ~0.04 0.04 —0.09(3)
a1 0.24 0.02 0.02 ~0.01 0.27(2)
T
ap.» 0.00 0.01 ~0.04 0.05 0.02(2)
apy 0.00 0.11 0.00 +0.21i 0.02 — 0.10i 0.13(8) + 0.11(3)i
ap,, 0.00 0.32 0.00 + 0.43i 0.18 + 0.20i 0.50(26) + 0.62(13)i
Fit p2
) 0.00 0.09 ~0.12 +0.19i 0.06 — 0.16i 0.03(3) + 0.03(8)i
o) 0.51 0.35 0.87 0.47 2.20(52)
o) ~0.25 0.22 ~0.55 0.36 ~0.22(2)
HO) 0.25 ~0.05 0.79 ~0.23 0.76(6)
ap.x ~0.26 0.22 ~0.43 0.24 —0.22(4)
ap, 0.26 0.22 0.26 + 0.29i 0.34 + 0.25i 1.07(27) + 0.54(10)i
a8/ ~0.12 0.03 ~0.04 0.03 —0.09(2)
4172 0.24 0.03 0.02 ~0.02 0.27(2)
T
ap,» 0.00 0.01 ~0.04 0.05 0.02(2)
ap, 0.00 0.14 0.00 +0.21i 0.00 — 0.11i 0.14(5) + 0.10(1)i
ap,y 0.00 0.38 0.00 + 0.43i 0.19 + 0.23i 0.57(15) + 0.65(7)i
Fit p3
o) 0.00 0.08 —0.12+0.19i 0.04 — 0.02i —0.00(2) + 0.17(4)i
) 0.51 0.16 0.44 0.34 1.44(30)
o) ~0.25 0.12 ~0.33 0.24 ~0.22(2)
0] 0.25 0.04 0.57 ~0.16 0.70(4)
ap.x ~0.26 0.12 —0.21 0.20 ~0.15(2)
ap. 0.26 0.12 0.04 + 0.29i 0.25 + 0.03i 0.66(15) + 0.33(4)i
4B/ ~0.12 0.02 ~0.03 0.06 ~0.07(2)
a1/ 0.24 0.02 0.01 0.02 0.28(1)
T
ap.» 0.00 0.01 —0.04 0.05 0.03(1)
apy 0.00 0.09 0.00 +0.21i 0.09 — 0.05i 0.19(3) + 0.16(0)i
ap,, 0.00 0.21 0.00 + 0.43; 0.16 +0.11i 0.37(8) + 0.53(3)i

from the LECs with large errors are not too large to be
unacceptable because of the correlations between the
parameters. The errors in the respective orders are not
given because we do not fit the scattering lengths up to the
corresponding orders, and the values of the scattering
lengths from the respective orders (i.e., the contributions
exclude the lower orders) are presented. We can find that
the results tend to be convergent for most of the channels in

the three fits. The results from the three fits are almost
consistent, and the large difference does not occur. The
reason is that the formulas for the predictions are linear, and
the results are not very sensitive to the inputs. There exist
only weak attractions or weak repulsions in most channels.
We find that the channel DK (I = 0) has strong attraction
but still not strong enough to generate the well-known
bound state D%;(2317). The value of the scattering length
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TABLE III.

Eq. (26). For a detailed description of these fits, see the main text.

Values of the various fits with the correlations between the parameters through the iterated scattering lengths formula,

Fit ul

¢ 3 Cq Cs Kk e 2 U
¢, (GevV™h —4.60 +4.58 1.00 -0.92 -0.99 0.89 0.92 0.70 0.75 0.19
c; (GeV™h 332+342 1.00 0.94 -0.98 —-0.87 -0.57 -0.71 -0.10
¢, (Gev™h 4.10 +3.47 1.00 -0.91 -0.92 —0.68 -0.75 -0.17
cs (GeV™h) -5.11+3.73 1.00 0.92 0.44 0.78 —-0.07
K (GeV™?) —0.06 +0.17 1.00 0.41 0.77 —-0.19
¢, (GeV™?) 2.38 +1.65 1.00 0.39 0.80
2, (GeV™3) —-5.78 +1.83 1.00 —0.11
u (GeV) 1.03 +0.36 1.00
y?/d.o.f. #28 =130
Fit u2 cH c3 cy Cs i e e u
¢y (GeV™h -3.03£1.76 1.00 —0.45 -0.99 0.48 0.63 0.35 —0.46 -0.53
c3 (GeV™h 0.96 £ 0.98 1.00 0.52 -0.98 —-0.63 0.45 0.54 0.69
cy (GeV™h) 272 +1.27 1.00 —-0.55 —0.66 -0.28 0.48 0.56
cs (GeV™h) -0.53+1.23 1.00 0.73 —0.46 —-0.61 —0.78
K (GeV™?) 0.48 +0.38 1.00 -0.23 -0.95 —-0.89
2, (GeV™?) 1.29 £0.38 1.00 0.28 0.41
e, (GeV~?) —8.19 +3.38 1.00 0.81
u (GeV) 0.545+0.124 1.00
y%/d.o.f. B2 = 1.66
Fit u3 cy c3 cy Cs i € e u
¢, (GeV™h) -6.26 £ 1.36 1.00 -0.83 -0.99 0.83 0.90 —0.83 0.38 -0.83
c;3 (GeV™h) 339+ 1.84 1.00 0.88 -0.99 —0.84 0.97 —0.41 0.91
cs (GeV™h) 525+ 1.16 1.00 —-0.88 -0.91 0.88 0.38 0.86
cs (GeV™h) -5.16+2.23 1.00 0.86 -0.98 0.54 —-0.95
K (GeV7?) —0.16 4+ 0.06 1.00 -0.84 0.44 -0.92
2, (GeV™3) 2.18 £0.64 1.00 -0.52 0.95
¢, (GeV~3) —-544+1.12 1.00 —-0.61
u (GeV) 1.164 +0.228 1.00
y?/d.of. % =141

should be large enough to roll over into a negative number
which is estimated to be —1.05 fm in Ref. [20]. Thus, the
iterated method is necessary to describe the channel with a
bound state.

B. Iterated method

Then we determine the constants using the iterated
formula, Eq. (26). The constants include the LECs
(c2345» K, €1, &), and also the cutoff range scale u. The
lattice data and the conventions are the same as the
perturbative method, except that the lattice QCD data of
the channel DK (I = 0) is also included from Ref. [22]. The
data point near the physical value is used where m, =
156 MeV and my = 504 MeV. For the values of the M,
fr and fg, we take their physical parameters from PDG,
see above. The difference is ~12% for m,, and only ~2%
for mg. Thus, the deviation from these parameters is
expected to be small. We also take three different fits

indicated as Fit ul, Fit u2, and Fit u3 which correspond to
the data of the five channels used in the perturbative
method. Therefore, there are 11, 16, and 21 data in total
for Fit ul, Fit u2, and Fit u3, respectively. The resulting
LECs with the correlations for the three fits can be found in
Table III.

The iterated scattering lengths formula is nonlinear
which can make the correlations become nonsense.
However, the correlations with the uncertainties of the
constants can still be used to measure the errors of the
scattering lengths when the formula is linear in the local
region. Fortunately, the three fits for the six channels at the
lattice points all fall in the approximate linear region, and
there are no unacceptable large values. The absolute value
of the correlation between ¢, and ¢4 (c3 and c¢5) is still very
close to one, which also means that the nonlinear effect is
marginal in the six channels at the lattice points. The values
of the LECs are also of natural size, and better results are
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FIG. 3.

lengths from Refs. [20,22].

obtained in the three iterated fits. We present the correspond-
ing scattering lengths from the three iterated fits in Fig. 3. We
can clearly see that the results are improved significantly,
especially for m, ~ 511,617 MeV. In the channel D,z and
DK(I =0), the scattering lengths from all of the three
iterated fits are in good agreement with the lattice data points.
However, for the DK (I = 1), the scattering length at m,, ~
301 MeV still has a large deviation because of the large error
from the lattice data point, but they have the same order of
magnitude.

After the constants are determined using the lattice data
points, we make the predictions of the scattering lengths for
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Comparison of the results of the six-channel fits through the iterated formula, Eq. (26), to the lattice data of the scattering

the 11 channels at the physical values in the iterated formula.
The values of the corresponding physical parameters are
from PDG, see above. The results from the three iterated fits
are presented in Table I'V. For comparison, the values from
the other two methods [20,56] are listed in the table. The
errors of the scattering lengths are also estimated from the
statistical errors of the constants using the error propagation
formula with the correlations, as done in the perturbative
method. The scattering lengths in our calculation have no
imaginary parts because the contributions include all the
diagrams except the iterated one-loop diagrams, and the
iterated scattering length formula only involves the real part.
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TABLE IV. Predictions of the scattering lengths through the iterated formula, Eq. (26). The LECs are from the
three different iterated fits, see Table III. The scattering lengths are in units of fm. For the entries marked by
asterisks, only the values without uncertainties are given. See the main text for details.

Fit ul Fit u2 Fit u3 Liu2013[20] Guo2019[56]

al) —0.03(4) -0.01(3) —0.06(1) 0.071093 4-70.1710%2 —0.0170% +i0.391 00
%), —1.55(39) —1.42(28) -1.67(45) —0.841017 —-1.511972

alll -0.23(2) -0.24(2) -0.21(1) -0.20(1) —0.201001

a) 8.76* 1.81(48) 8.95* 0.84(15) 21.9*

ap.x —0.14(3) -0.17(3) —0.14(1) —0.18(1) —0.20+001

ap.k 0.14(36) 371.58" 0.05(18) —0.09709¢ + i0.447 002 —0.57100¢ +i0.35700%
a3/ -0.07(4) —0.06(2) —-0.05(1) -0.100(2) —0.1030.993
all/?) 1.45(169) 0.61(11) 6.00° 0.3740% 0.401003

ap,x 0.02(3) 0.03(2) 0.05(2) -0.002(1) 0.012+9.993

apy ~0.04(14) 0.03(8) ~0.09(2) 0291077 +i0.617050
ap,, —0.18(8) 0.03(16) -0.19(2) —0.3910% +i0.06- 0%

For most channels in the three fits, reasonable values are
obtained. Unfortunately, the values from the DK(I = 0)
(Fit ul, u3), DK (Fit u2), and Dz(I = 1/2) (Fit u3),
marked by asterisks, are dominated by the nonlinear effect
and have huge uncertainties. The reason for the non-
linear effect is that a bound-state pole can be generated
by using parameters which are close to the physical values.
However, the bound-state pole is physical only when all of
the parameters are from the physical values. The values
with the asterisks are too large to be accepted as the
physical values. We can find that the values of the three
channels are not all in the nonlinear region for the three fits,
which indicates that the results are sensitive to the inputs. In
other words, we can not really improve the results through
the advanced analysis method. The more constraints, e.g.,
using more lattice QCD data points, are one of the most
effective methods to obtain the physical scattering lengths.
Except the values dominated by the nonlinear effect,
most values are either small negative or positive numbers
which indicate the small repulsive or attractive interactions.
However, at this time the values of the channel DK (I = 0)
for the three fits are large enough to roll over into negative
numbers which are attractive enough to generate the well-
known bound state D%,(2317). The result for this channel
is also consistent with the one from Refs. [20,55,56]
within errors. For the channels DK(I = 1) and DK, large
negative numbers were obtained in Ref. [55], which does
not mean that the bound state can be generated because of
the large imaginary parts.

Finally, we can estimate the meson and doubly
charmed (bottom) baryon scattering lengths through
the heavy diquark-antiquark (HDA) symmetry, as done
in Ref. [63]. We take the values of the physical
baryon masses: Mz =3621.55MeV, Mg = 3778 MeV,
Mz, = 10202 MeV, and Mg, = 10359 MeV from the
PDG [62] and the relativistic quark model [64]. The other

physical parameters and LECs are taken as above. The
perturbative and iterated methods have also been used to
predict the scattering lengths. The results are presented in
Appendixes A (charmed baryons) and B (bottom baryons).
From Tables V, VI, and VII, we can see clearly that the
channel KZ..(I =0) has strong attraction but still not
strong enough to generate any bound state. After using the
iterated formula in Table VIII, the value of the scattering
length for the channel KZ,.(I = 0) becomes large enough
to roll over into a negative number which is attractive
enough to generate a bound state. The same feature also
exists in the channel K=, (I = 0) from Tables IX, X, XI,
and XII. The other features for the mesons and doubly
charmed (bottom) baryon scattering lengths are almost the
same as the above pseudoscalar meson and heavy meson
scattering. For comparison, we also list the meson and
doubly charmed baryon scattering lengths from Ref. [65]
where the unitarized chiral perturbation theory combined
with the leading-order amplitudes was used in Table VIII of
Ref. [65]. The uncertainties of the scattering lengths for
the channel KE,,,,(1 = 0) also can become huge, which
indicates that the value is also dominated by the nonlinear
effect.

VI. SUMMARY

In the past decades, many near-threshold nonconven-
tional new hadron states were discovered, many of which
contain one, two, three, or even four heavy quarks. Unlike
the nucleon-nucleon interaction which has been studied
very carefully for several decades, the interactions either
between the pseudoscalar mesons and heavy hadrons or
between two heavy hadrons are not known well. These
interactions are crucial to unveiling the underlying struc-
tures of many so-called hidden-charm tetraquarks, penta-
quarks, or even doubly charmed T, states.
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Besides these manifestly exotic hadrons, the interpreta-
tion of the conventional hadron spectrum also requires the
precise knowledge of the hadron-hadron interaction. For
example, without the knowledge of the zz, zK, and KK
interactions, we are unable to really understand the low-
lying scalar mesons below 1 GeV. Moreover, we all know
that there exist very strong couple-channel effects in the
formation of the low-lying parity-odd nucleon and hyperon
excitations such as N(1535), A(1405) etc. where the
pseudoscalar meson and nucleon/hyperon interaction is
the underlying driving force. Similarly, the strong DK
S-wave interaction leads to the strong channel coupling
between the DK scattering channel and the bare c5 state in
the quark model, which results in the physical D%,(2317)
state. Although there exist various denotations or terminol-
ogy such as the DK molecule etc. for the D%(2317), the
underlying dynamics is more or less the same and the DK
interaction plays a pivotal role.

The scattering length provides valuable information of
the hadron interaction. In this work, we have calculated the
threshold 7" matrices of the light pseudoscalar meson and
heavy meson scattering to fourth order in heavy meson
chiral perturbation theory. We fitted the nonphysical lattice
QCD data points to determine the LECs through the
perturbative and iterated methods, which led to a good
description of the scattering lengths at most of the lattice
QCD data points. The physical scattering lengths were
obtained by extrapolating the corresponding parameters to
their physical values. The values of the scattering lengths
tend to be convergent at fourth order for most of the
channels in the perturbative method. The value of the
scattering length for the channel DK(I =0), which
involves the well-known bound state D%,(2317), was
obtained correctly in the iterated method.

Based on heavy diquark-antiquark symmetry, we have
also estimated the meson and doubly charmed (bottom)
baryon scattering lengths. We want to emphasize that the
bound states can be generated with high probability in the
channels K=, .(I = 0) and KE,,(I = 0) through the kaon
and B/, scattering. This doubly charmed molecule state
is very similar to the D7,(2317) state in many aspects
because of the heavy diquark-antiquark symmetry. The
quantum number of this state is 1J7 = O%‘.

Considering the orbital excitation is typically around
400-500 MeV in the quark model, this state may strongly
couple with the P-wave Q.. state with the quark content
ccs/bbs and 1JP = O%‘. The physical state should lie
slightly below the KZ,, /pp threshold. The only kinemat-
ically allowed strong decay mode is €2../;, + 7, which
violates the isospin symmetry. Hence its strong decay width
is around ~0.1 MeV or even less. Its E1 electromagnetic
decay width is comparable with its strong decay width,
around 100 keV. We strongly urge the LHCb Collaboration
to look for the P-wave excitations of the .../, and identify
this very narrow signal in the coming future.
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APPENDIX A: MESON AND DOUBLY CHARMED
BARYON SCATTERING LENGTHS

This appendix gives Tables V—VIIIL.

TABLE V. Values of the mesons and doubly charmed baryons scattering lengths in the calculation of the
perturbative formula, Eq. (25). The LECs are from the Fit p1 of Table I. The scattering lengths are in units of fm.

— (= — T
Here B, = (B, EL)T.

Fit pl O(p) o(p?) o(p?) O(p?) Total
40 —0.28 0.20 ~0.55 0.37 —0.26(3)
KZ,.
o) 0.28 —0.04 0.82 ~0.17 0.89(7)
KE,.
o) 0.00 0.08 —0.13 +0.22 0.10 — 0.14 0.05(3) + 0.08(18)i
RO 0.56 0.32 0.86 0.46 2.20(103)
axa,, 0.28 0.20 0.23 +0.33i 0.36 +0.21i 1.07(53) + 0.54(24)i
aza,, ~0.28 0.20 —0.42 0.27 —0.23(8)
402 ~0.12 0.03 —0.04 0.04 ~0.10(4)
o172 0.25 0.03 0.02 ~0.01 0.28(2)
e, 0.00 0.01 —0.04 0.05 0.02(2)
as. 0.00 0.13 0.0 + 0.24i 0.02—0.11i 0.15(9) + 0.13(3)i
aye, 0.00 0.36 0.00 + 0.48i 0.20 + 0.22i 0.56(29) + 0.70(14)i
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TABLE VI. The description is the same as Table V, except that the LECs are from the Fit p2 of Table I.

Fit p2 O(p) O(p?) O(p?) O(p*) Total
L0 ~0.28 0.24 —0.61 0.39 ~0.25(3)

K=,
L0 0.28 ~0.05 0.87 ~0.26 0.84(6)

KE..
o) 0.00 0.09 ~0.13 + 0.22i 0.07 — 0.18i 0.03(3) + 0.03(9)i
a® ) 0.56 0.39 0.97 0.52 2.45(58)
axo,. 0.28 0.24 0.29 + 0.33i 0.37 + 0.28 1.19(29) + 0.60(11)i
axao, ~0.28 0.24 ~0.48 0.27 ~0.25(4)
L0/ ~0.12 0.03 —0.04 0.04 ~0.10(3)

=
L172) 0.25 0.03 0.02 ~0.02 0.28(2)

TZe
re,. 0.00 0.01 ~0.04 0.05 0.03(2)
az. 0.00 0.16 0.0 + 0.24i 0.00 — 0.13i 0.16(6) + 0.11(1)i
a0, 0.00 0.42 0.00 + 0.48i 0.22 + 0.26i 0.64(17) + 0.73(7)i

TABLE VII. The description is the same as Table V, except that the LECs are from the Fit p3 of Table 1.

Fit p3 O(p) O(p?) O(p?) O(p*) Total
4 ~0.28 0.13 ~0.37 0.27 ~0.25(2)

KE..
40 0.28 0.04 0.63 ~0.18 0.78(5)
RN 0.00 0.09 —0.13 4+ 0.22i 0.04 — 0.02i ~0.00(2) + 0.19(5)i
oo} 0.56 0.17 0.49 0.38 1.60(33)
axa,. 0.28 0.13 0.04 + 0.33 0.28 + 0.03i 0.73(16) + 0.36(5)i
axa. ~0.28 0.13 -0.23 0.22 ~0.17(3)

(3/2) ~0.12 0.02 ~0.03 0.06 ~0.08(2)
2172 0.25 0.02 0.01 0.02 0.29(1)
e, 0.00 0.01 ~0.04 0.06 0.03(1)
ae. 0.00 0.10 0.0 + 0.24i 0.11 — 0.06i 0.21(3) + 0.18(0)i
a0, 0.00 0.23 0.00 + 0.48 0.18 +0.12i 0.41(9) + 0.60(4)i

TABLE VIII. Values of the mesons and doubly charmed baryons scattering lengths in the calculation of the
iterated formula, Eq. (26). The LECs are from the three different iterated fits, see Table III. The scattering lengths are
in units of fm. Here ., = (E/;", 2,)". For the entries marked by asterisks, only the values without uncertainties are
given. See the main text for details.

Fit ul Fit u2 Fit u3 Guo2017 [65]
all) -0.24(3) -0.25(2) -0.22(2) —0.19102
) —6.15* 2.81* -5.04* 52,-3.6,—1.4
ol —0.04(4) -0.01(3) —0.06(2) —0.221014 4 i0.455 59
% —1.19(21) —-1.29(24) -1.20(19) —0.497019
akaq,, 0.16(43) —7.80* 0.06(20) —0.55" 011 +i0.1310%9
aka,, —0.15(3) —0.18(3) -0.15(1) -0.191092
a2 —0.07(3) —-0.07(2) —0.05(1) —0.0957 590
A1/ 1.73* 0.65(12) 16.26* 0.55101¢
dra, 0.02(3) 0.03(2) 0.05(1) 0.03+001
4z, —0.05(15) 0.03(10) —0.09(2) —0.7210% 4 i0.30%5 ¢
e, —0.19(8) 0.04(18) -0.20(2) —0.267093 +j0.021 09
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APPENDIX B: MESON AND DOUBLY BOTTOM BARYON SCATTERING LENGTHS
This appendix gives Tables IX-XII.

TABLE IX. Values of the mesons and doubly bottom baryons scattering lengths in the calculation of the
perturbative formula, Eq. (25). The LECs are from the Fit p1 of Table I. The scattering lengths are in units of fm.
Here 5, = (8),.5;,)".

Fit pl O(p) o(p?) o(p?) o(p*) Total
ag(ll —0.31 0.22 —0.60 0.40 —0.28(3)
Zbb
a(,?l 0.31 —0.04 0.88 —0.19 0.96(8)
Zbb
a;_(ll 0.00 0.09 —0.15 4+ 0.23{ 0.11 —0.15{ 0.05(4) 4+ 0.08(19):
Zbb
aﬁ?l 0.61 0.35 0.93 0.50 2.39(112)
Zbb
aga,, 0.31 0.22 0.25 + 0.35i 0.39 4- 0.237 1.16(57) + 0.58(26)i
agq,, —0.31 0.22 -0.45 0.29 —-0.25(9)
a2 —0.13 0.03 —0.04 0.04 —0.10(4)
T=pp
a2 0.26 0.03 0.02 —0.02 0.28(2)
T=ph
Az, 0.00 0.01 —0.04 0.05 0.02(2)
ayz,, 0.00 0.14 0.0 4+ 0.26i 0.02 —0.12i 0.16(10) 4 0.14(3)i
a0, 0.00 0.39 0.00 + 0.52i 0.22 + 0.24i 0.61(32) 4+ 0.76(16)i

TABLE X. The description is the same as Table IX, except that the LECs are from the Fit p2 of Table I.

Fit p2 O(p) o(r?) oY) o(p*) Total
o) -0.31 0.26 ~0.66 0.43 -027(3)
a2 031 ~0.06 0.95 -0.28 0.91(7)
—=bb
o) 0.00 0.10 ~0.14 + 0.23i 0.07 — 0.20i 0.03(3) + 0.04(10)i
©) ’ 0.61 0.42 1.05 0.57 2.65(63)
Zbb
aka,, 031 0.26 0314035 0.40 + 0.30i 1.28(32) + 0.65(12)i
aka,, -0.31 0.26 -0.51 0.29 -0.27(5)
JER) -0.13 0.03 ~0.04 0.04 -0.10(3)
TEpp
i) 0.26 0.03 0.02 -0.02 0.29(2)
T=ph
dre,, 0.00 0.01 ~0.04 0.05 0.03(2)
az, 0.00 0.17 0.0 +0.26i 0.00 — 0.14i 0.17(6) + 0.12(1)i
aye, 0.00 0.46 0.00 + 0.52i 0.24 +0.28i 0.70(18) + 0.80(8)i

TABLE XI. The description is the same as Table IX, except that the LECs are from the Fit p3 of Table I.

Fit p3 O(p) o(p?) o(p?) o(p*) Total
5{11 —0.31 0.14 -0.40 0.29 -0.27(2)
Zbb
aﬁ?l 0.31 0.05 0.69 —0.19 0.84(5)
Zbb
aﬁ-(ll 0.00 0.09 —0.14 + 0.23i 0.05 —0.02i —0.00(2) + 0.21(5)i
Ebb
aﬁ-?l 0.61 0.19 0.53 0.41 1.74(36)
Zbb
aka,, 0.31 0.14 0.05 + 0.35i 0.30 4 0.04i 0.80(18) + 0.39(5)i

(Table continued)
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TABLE XI. (Continued)

Fit p3 O(p) O(p?) O(p?) O(p*) Total

are, ~0.31 0.14 ~0.25 0.24 ~0.18(3)
0/ ~0.13 0.02 ~0.03 0.07 ~0.08(2)
L0/ 0.26 0.02 0.01 0.02 0.29(1)

”=’bb

ara,, 0.00 0.01 ~0.04 0.06 0.03(1)
as, 0.00 0.11 0.0 + 0.26 0.12 = 0.07i 0.23(3) + 0.19(0)i
e, 0.00 0.25 0.00 + 0.52i 0.19 +0.13i 0.45(9) + 0.65(4)i

TABLE XII. Values of the mesons and doubly bottom baryons scattering lengths in the calculation of the iterated
formula, Eq. (26). The LECs are from the three different iterated fits, see Table III. The scattering lengths are in units
of fm. Here &, = (£),,E;,)7. For the entries marked by asterisks, only the values without uncertainties are given.

See the main text for details.

Fit ul Fit u2 Fit u3
al) —0.24(3) -0.27(2) -0.23(2)
40 ~2.84* 4.51° ~2.43*
KEy,
o —0.04(4) -0.01(4) -0.07(2)
Zbb
a% —1.02(18) —1.22(22) —1.00(23)
aka, 0.18(49) —4.52* 0.06(22)
Q, —0.16(3) —0.19(3) —0.16(1)
(3/2) -0.07(3) -0.07(2) —0.05(1)
22 1.99* 0.68(13) 2.01%
T=ph
drg,, 0.02(4) 0.04(2) 0.05(2)
a,z,, -0.05(16) 0.04(11) -0.10(2)
a0, —0.20(8) 0.04(20) —0.20(2)
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