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Nonrelativistic scalar field theory with an attractiveself-interaction possesses nontopological extended
solutions with a finite energy in both finite and infinite-volume cases, namely, bright solitons. The
analytical form of the solution itself is well known, though analytical studying of the quantum fluctuations
in this background still requires more thorough investigation, for instance, analytical computation of
quantum corrections to this background within the saddle-point approximation. In the present work this gap
is filled. Both the 2-point Green’s function and quantum corrections to the background are analytically
computed and properly renormalized by means of the momentum cutoff procedure. It is deduced that
quantum corrections are indeed small provided that the particle number is large. Also, we see that
perturbation modes of the continuum spectrum at bright soliton background generate a gap in the energy
spectrum. Moreover, it turns out that the whole spectrum is continuous modulo zero-modes, which is

similar to Sine-Gordon solitons.
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I. INTRODUCTION

In quantum field theory two types of solitons are usually
considered. The first type is topological solitons [1-4],'
which exist thanks to some nontrivial mapping of internal
field space on coordinate space or space-time. For these
solitons the quantization procedure is very well developed
[6-8] and both analytical and numerical studies of their
quantum properties were carried out for different types of
such solitons and within different models [9-13]. The
situation is more subtle with nontopological solitons, which
can be stabilized by means of some conserved global current
and correspond to fixed global charge [14]. The procedure of
quantizing nontopological solitons in the relativistic case
was established in [15], but no actual computation according
to this procedure was ever done,” in spite of attempts given
for instance in works like [16], where integration along
symmetry direction was carried out. Nevertheless, it did not
allow the authors to go far beyond the classical solution.

*akovtun@mpp.mpg.de

'And of course, all the other incalculable references listed for
instance in [5].

’If we exclude Bose-Einstein condensates as nontopological
finite energy solutions.
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Although, there are some works that address questions of
fluctuating modes [17-19], neither analytical nor numerical
computations of the Green’s function or quantum correc-
tions® to the background of nontopological soliton like Q-
ball by means of semiclassical methods was carried out.
However, there are works [24,25], which suggests the
procedure of nonperturbative diagonalization of nonrelativ-
istic Hamiltonian enclosed in finite volume, which implies
cutting-off modes in the Hamiltonian leaving only those
with momenta p = {-2z/L,0,2x/L}, thereby reducing
infinite set of degrees of freedom to the finite one and then

3However, there is a work [20], which claims computation of
quantum corrections to the energy of Q-ball numerically. But for
me and all my colleagues I have discussed this work with the
results presented there are highly questionable. First of all, the
authors do not refer at all to original works by Friedberg, Lee,
Sirlin et al. and claim that they developed some other method,
which anyway seems to be literally the same or provides minimal
to none improvement compared to usual saddle-point technique.
Secondly, one can see that Eq. (11) in this work is simply
incorrect, because it does not account for the mixing between
complex field and its Hermitian conjugate (see Eq. (16) in my
work). The fact that this system of equations describing pertur-
bations in the Q-ball background cannot be diagonalized by
coordinate-independent transformation for the inhomogeneous
background is an easy fact to understand and this feature was
considered in all the literature somehow related to perturbations
at the top of nontopological configurations [16,18,19,21-23].
Though maybe there was some trick done by the author, which
was not mentioned at all. Thus, I must cast serious doubts about
the results.
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attempt to develop approximate quantization of the reduced
Hamiltonian. As a result [24] yields interesting analytical
results and [25,26] provide interesting numerical results.
However, this method becomes increasingly demanding for
a very large box or in case one wishes to include higher
momentum modes making it harder to go to the infinite
volume case. In addition, it is not sensible to ultraviolet
modes because basically this method introduces explicit
cutoff, which is not taken care of by renormalization, though
this method is impressively useful in order to capture
quantum effects qualitatively.

The fact that equations for quantum fluctuations at the top
of nontopological soliton are very difficult to solve does not
come as a surprise, because nontopological solitons are time-
dependent solutions and equations for their fluctuations are
not diagonalizable by coordinate-independent transforma-
tion due to this feature. In this work I pursue a little bit more
modest goal and compute all these things in the case of the
nonrelativistic field theory in 1 4+ 1 dimensions. The equa-
tion of motion of this theory is usually referred as the
nonlinear Schrédinger equation. It has analytical solutions in
both finite [27] and infinite [28] volume with finite energy
and finite spatial extensions called the bright soliton. Also
this equation was studied by the inverse scattering method
[29,30] and emerges in nonlinear optics [31]. I will study
quantum fluctuations in the background of the bright soliton.
In spite of the fact that it is hard to diagonalize equations of
motion for quantum fluctuations in the background of
soliton it is still possible to invert fluctuation operator, which
is the inverse 2-point Green’s function. Although, I must
admit that this is manageable thanks to the extreme
simplicity of this system as it does not contain any
square-integrable modes in the spectrum apart from non-
oscillating zero modes, which basically means that no finite-
energy modes are stuck inside potential well created by
bright soliton, which is very similar to the Sine-Gordon
soliton [32]. In order to carry procedure of quantization out, I
will make use of the identities found in [33], which involve
actual eigenfunctions for continuum spectrum and zero-
modes supplemented by additional “quasi”’-eigenfunctions,
which make actual eigenfunctions up to completeness.

To make reading more coherent let me state here the
main results of this work:

(1) I compute the 2-point Green’s function of fluctua-

tions in the background of the bright soliton. This
Green’s function has poles at

2
P
Ep:a)—l—%, (1)

where @ is the frequency of the bright soliton
rotation in the internal space.

(2) We see that in order to excite a particle in the back-
ground of bright soliton within the sector with fixed
charge we have to invest the energy equal to the gap w.

(3) Spectrum of quantum fluctuations in this background
is substantially continuous modulo zero-modes.
(4) The classical energy of the bright soliton E, =

N 02 ;
— 337 Moy 1s getting corrected

E=E, +JE

o, 1672
——@macoui(l\]— <5+ 15>+O(1/N)>

(2)

where ay = N(1/m?) is the dimensionless collec-
tive coupling of internal degrees of freedom of the
bright soliton consisting of the particle number N, and
dimensionless coupling of quartic self-interaction
2/m?. Hence, it is apparent that correction scales as
either O(h) oras O(N°) compared to classical energy,
and is small for large particle number N > 1.

I will keep the proper explanation of these results to the

main body and the conclusion.

The rest of the article is organized as follows: In Sec. IT I
present classical properties of bright solitons and connection
to the relativistic theory, then in Sec. Il I introduce the inverse
Green’s function of quantum fluctuations in the background
of the bright soliton and invert this operator in Sec. IV, where
discuss backreactions on the background and their compli-
ance with the demand of fixed particle number, then in Sec. V
quantum correction to the classical energy is computed.

II. CLASSICAL THEORY

In the present work I consider nonrelativistic field theory*
in 1 4+ 1 dimension confined in infinite spatial volume with
an attractive self-interaction given by Lagrange density

Jwl*. (3)
This theory has internal global U(1) symmetry

W — ey, (4)

which provides conserved charge, namely, particle number

N:/dx|1//

for solutions vanishing at infinity or having periodic
boundary conditions.

Varying action of this theory with respect to y* and y
one can deduce classical equations of motion

g (5)

*Sometimes called Schrédinger’s field theory, which is not to
be confused with Schrodinger picture.
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i+~ 8%!// toa |l//|2w 0, (6)
which is well-known nonlinear Schrédinger equation. These
equations possess well-known bright soliton solution [27,28]

mza)

wal(t,x) = e sech( 2ma)x), (7)

which has classical energy
8v2 (mw)3/ 2
3 A

and corresponds to the amount of particles

N:Li’"a””. (9)

Ey=-

Therefore, it is indeed a nontopological soliton as it is a finite
energy solution corresponding to fixed charge resulting from
global current conservation.

Note that the energy of this bright soliton is negative and
turns out to be binding energy as soon as we are working in
the nonrelativistic regime. However, we can make it up to
the full energy adding the rest energy carried by N quanta.
Hence, the full relativistic energy is

E(rel)

oo 252

where 1 = 1/m? is the dimensionless coupling constant.
So, we see that E; is indeed just correction to the rest mass,

i0, + 7= 0% + =y

—i0, + 5 0%

2m2 |l:'/c1|2

W l’Ucl

+2_,j;2 |l//cl|2

because for nonrelativistic approximation to hold the
inequality

Oy

o (11)

mly| >

must be satisfied, which results into

® < m, (12)
so we see that w/m is another dimensionless small
parameter. This is an important observation, because in
nonrelativistic theory there is no actual restriction for @
apart from its positiveness. But if we keep in mind the
relativistic setup, then it is evident, that @ has finite range
and moreover must be small for nonrelativistic approxi-
mation to hold.

Here we are finished with the classical properties of the
bright soliton and can turn to the study of quantum
fluctuations in its background.

III. QUANTUM FLUCTUATIONS

Equation for the inverse Green’s function in the back-
ground of the bright soliton is easy to derive by taking the
second variational derivative of the action at the solution of
classical equations of motion

528
Pr—" | Gulzy) = i (x— ),
/ X)Wy, ’

where x* = (x%,x!), w

Explicitly, this is

o= Wy, &Pz=dd7,

Gep(t,x;37,y) = i6(x — y)3(t — 7)04p (13)

ac

Oft-diagonal elements are time-dependent. This can be removed by following transformation

G(t,x;7,y)

where

is a unitary matrix.
Hence, this operator becomes just

i0, — 0 + 5= 0% + 54 f?

A
e

=T()G(t —7:x.y)T" (1),

(14)

(15)
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where f = f(x) = |ya(x)].
Notice that G(¢ —7;x,y) is time-translation invariant,
therefore we can perform Fourier transformation

d .
Ot - wix.y) = [ e 0Gny).  (17)

and SO(2) rotation

UG(r:x.y)UT = g(r:x.y), (18)
where
1/ 11
U:ﬂ<—1 1)' 1)

This results in the equation for Green’s function

—w + 5 0% + 6wsech? (v2mwx)

0+ P+ 34 f? -y (rixy)
Geb (73 %,y
-7 ~0 4508 + i f
= i6(x=y)8ap- (20)

Let me remark here. Notice that matrix U defined in (18)
is not actually a transformation to real basis it is just some
transformation of complex valued fields to some different
complex valued ones.

If we plug the profile of the bright soliton explicitly, one
could easily recognize Hamiltonians coming from super-
symmetric quantum mechanics. Unfortunately, their spec-
trum is of no use here, because equations are intertwined
due to coordinate dependence and cannot be diagonalized
by coordinate-independent transformation. Later we will
give one more argument of futility of the eigenfunctions of
the modified Poschl-Teller potentials in this case.

I finish this section by writing down explicit expression
for fluctuation operator

-y
Gep(r3%,y) = i6(x = y)Bap,  (21)

—y —w + 5= 0% + 2wsech?(v/2mawx)

2m

and introducing convenient notations

i _
( y) Gop(r3x,y) = i6(x = y)ap,  (22)
-y R ac

where

R

1
- 2—8,% — 2wsech?(V2mwx) + o,
m

~
I

1
- %8)26 — 6wsech?(V2mwx) + . (23)

In the next section I will invert this operator.

IV. ANALYTICAL FORM OF GREEN’S FUNCTION

A. Computation

Here we recall results from [33] and consider specific
functions, which can be turned to each other under the
action of operators (23).

First of all there are two sets of L?*(R) functions
satisfying following equations

{ierl (x)=0 { Ll (x) = =20r(x) '

X : A (24)
Rry(x) = 2wl (x) Ll,(x)=0

Apparently, only vector made of zero-modes /, and r| can
solve the tricky eigenvalue problem

ac

-L - I(x
IR
-y =R/ \r(x)
posed by the operator inverse to the Green’s function. There
is no any other linear combination which can be built out of
these functions to solve this eigenvalue problem.

However, there are continuum modes that solve this
eigenvalue problem:

i [ BN

and the corresponding eigenvalues are

) =-(o+L). (1)

2m

In spite of the fact that all of these functions do not solve the
whole spectrum of the operator, they form a full set of
functions satisfying following completeness relation

| TSR0+ 2o r@i6) = s =y, @8

which we will use to construct the Green’s function. This
relation tells us that we cannot find anything more. Now,
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we can actually conclude that if we took linear combina-
tions of eigenvalues of operators L. and R we could not
solve this problem, because they cannot be treated inde-
pendently. Completeness relation tells us that space of the
functions we are considering is actually the space of one
degree of freedom as it should be in case of nonrelativistic
field theory, if it were possible to diagonalize the fluc-
tuation operator and reduced it to two independent one-
dimensional eigenvalue problems, that it would imply two
propagating modes, which cannot be the case. There is no
doubling of degrees of freedom. Notice also that there are
no square-integrable oscillating modes lying in L?(R), both
square-integrable modes making up for completeness are
actually just some combinations of zero-modes, which
makes this problem simple. This tells us that only con-
tinuum spectrum contributes to corrections to the energy to
the contrary,for instance, to the case of kink.

Just for the purpose of convenience I will rewrite (24)
and (26) as

Ll (x) = Ara(x)
Rro(x) = A1, (x). (29)

All these functions are explicitly shown in Appendix.
Problem (13) consists out of four equations, they can be

split in two pairs. Let me show how to solve equations for

first pair of Green’s function components g (y;x,y)

and gy (73 x. y).
Equations for these two guys are

{ —Lgn(rix.y) = ygu (r;x,y) = id(x — y) . 30)

—Rgy (3 x,y) —yg11(r:x,y) = 0.
|

In order to solve these equation I assume the Green’s
function to be

gu(rsx,y) = Z(Sllll,ala(x)l:;(y) + sllrl ala( x)ra(y))

22 (55 aTaX)7a(y) + 31 aPa(X) 15 ()

a

g (rsx,y) =

(31)

Also we can rewrite delta function at the right-hand side
(rhs) of (30) using completeness relation (28). Then,
plugging all this into the first equation in (30) we get

Z(( S11a/11 ysgll.a—i)ra(x)l;(y)

+ (=t ada = 185 ra(D)ra(y)) =0 (32)

and also a similar thing for the second equation in (30).
Demanding everything to vanish identically we deduce 12
equations defining unknown coefficients

rl s
yszm—l—O

slla’1£1+ys2]a 0

_5110/1([:
, a=12p.  (33)

51 oha + 7S11 «=0

s21 ot T 7S11 «=0

Solving this linear system we get

. 20 todp o+ .
—ign (r;x,y) 2712()5)12()’)+/_00 Emlp(x)lp(y)’
i (rin) = =0 =) + [ 5l et (34)

and repeating same computation for two remaining components we deduce

—ign(yix,y) =

2w +oo d
~ e + [T
v o 27y — (0 + L)

—mnWMJO=-%h@ﬁﬂﬁ-%b@ﬂﬂﬂ*1[

o+f :
).

+o0 dp —y
——1 ri(y). 35
) (35)

In the end, in order to complete the computation, a contour of integration must be specified. I will do y integration by means

of Feynman prescription, namely, y?> — E?, +i07.
Summarizing all the results we get

G(1,

d)/ —iy(t—7
) = [ eI Uel

)UT(7)7 (36)
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B. Gap in the continuum spectrum

As the result of computation I deduced that the propa-
gator has poles at

»
E,=w+ o (37)
That is contrary to the vacuum dispersion relation.
Nevertheless, this gap can be easily explained by means
of the following argument.

The solution we are studying lies in the sector of fixed
charge N (particle number). Therefore, any perturbation
must not violate the number of particles which is con-
served. Thus, in order to excite particle in the bright soliton
background we must invest energy equal to w, that will
correspond to the fact that we moved system to another
sector with bright soliton composed out of N — 1 particles
and one external particle. Recall that for bright solitons
holds following integral property

dEy dN

=— 38
dw da) (38)
so we can see that if we take one particle out of soliton its
energy is changed by

AEC] = w, (39)

that is exactly the amount of energy which we need to excite a
particle from continuous spectrum at the top of bright soliton.
In other words we see, that energy of bright soliton with N — 1
quantas is the same as energy of bright soliton with N quantas
and one additional quanta from free spectrum

Eq(N=1)=Ey(N) +E,—g = Eq(N) + @. (40)

The important lesson here to keep in mind is that in this
approach if one considers some scattering process with m
particles in the background of bright soliton, these particles
will propagate in the background of bright soliton corre-
sponding to the number of particles N — m. Therefore, we
must remember that equalities (39) and (40) hold up to 1/N
corrections and when we add one particle we change w as well

ow =—.
N
Due to this fact, approximation holds if we do not excite too
many particles, which will result in the relative shift of @
larger than 1/N.

V. QUANTUM CORRECTIONS

Let me turn eventually to the computation of quantum
corrections. In order to do that formally, I introduce the
partition function first

- / Dy Dy* exp <i / dt / dxz:) =tr(e”T)  (41)

where the Lagrangian is given by (3).
Next we will restrict this functional to the configurations
having fixed charge by plugging in projector

P(N) = A Zﬂgexp (—ia(N =N —6N)),  (42)

where SN is the renormalization of particle number. We
need it here, because if we put a restriction on time-ordered
products (particle number in this case), they must be tuned
to be finite or, in other words, regularized as any other
measurable quantity.

After the inclusion of the projector partition function
becomes

B 2rda . + .
2= [DuDy [ exp(iSaly] +ialN +oN))

(43)

where we have included in the action part of the projection
operator

. a T/2
Seff[l//,l/ﬂ]:/dxdt(ﬁ—a)l//'w), w=7 T:/T/zdt.

(44)

Now we can employ the saddle-point approximation with
respect to both variables (y, ") and a. We shift them at the
classical solution

t,x) — L x)+ f(x
fren vt 1) s
a— ol +a
where f(x) is the modulus of (7) and w is the same
frequency as in the profile.
Hence, the partition function becomes

zy= [ vy [ 2”_“)T?exp (—ia < [astrw v +w) —6N>>

exp< / dtdx / dm’y

ry)w@yDD(—ﬂxw<

;((tt’;))) +i / a’t(ﬁim+a)5N— / dx&mfz(x)>>. (46)
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In this expression for the partition function
D(z —tx,y) = D(t,x)8(z — 1)5(x — y),

where D(1, x) is the differential operator of linear fluctua-
tions which we have specified in (16), thereby it constitutes
bilinear part of Lagrange density. Then, we derive inter-
action terms, which are included in the interaction density

(’18";1(23/1) (w'w)? + (4 +45n/1)2f(x)

= m(f(x)(y + ") +y'w). (47)

Lipe = (v +w" 'y

Notice that I have not included 6N and 6mf? here. The
reason for that is that they contribute only in the renorm-
alization of the energy of the bright soliton, and are totally
irrelevant for computation of diagrams. Also, at the level of
the first quantum correction we do not need the counterterm
04, so this is the only expression where I have put it just for
the sake of generality. We will not need renormalization of
coupling to compute the first quantum correction.

Let me comment also on the counterterm oN constituting
renormalization of particle number. From the first glance,
one can say that we do not have this term for vacuum,
which is not quite true. We need this to make sure, that at
the level of operator-averages charge is properly normal-
ized, namely, (T{N}) is UV-divergent due to time ordering,
thus we need 6N in order to cancel this. In other words,
application of the path integral formulation implies that we
use time-ordered products, which contain divergences we
have to take into account to get finite physical quantities.

Another important point is the integral over . It is evident
that in order for the whole partition function Zy to be
nonzero, the argument of a-dependent exponent must be
exactly zero. From the path integral definition of the
partition function with fixed particle number (46) we deduce
nonlinear restriction on the averages of quantum operators

|

E(N) = Eq + w(log D(f (x))(z ~

<T{ [ st ) + i) —6N}> —0. (43)

Here 7" implies time-ordering. In the following we will use
this condition to fix the counterterm responsible for charge
renormalization SN. This condition is very important as it
ensures conservation of the total charge. Here we compute
everything by perturbation theory. Therefore, (48) in the
interaction representation picture becomes

ZL <T{/ dx(f(x) (@ +§") + ")

o fame)om.

where all the operators are in the representation of inter-
action, but I will not specify this explicitly by putting
additional subscript at the field operators.

One can see from (47) that there are terms only propor-
tional to positive orders of coupling constant 1/m?, hence,
perturbation theory in this case is valid. But if one would
like to quantize this field canonically it is possible to
impose condition (48) on operators of the fluctuations.
Therefore, one can see that it is necessary to nonlinearly
modify operators of fluctuations in order to impose con-
servation of particle number [34].

Finally, everything is prepared in order to compute the
first correction to the energy of the bright soliton, which is

(50)

We will account for the corrections up to 4 order. Hence,
energy is

x,y) —log Dy (z —t|x —y)) — @SN — / dxsmf?(x) + O(4)

= Eat [ 505 (s0) = Prclp)) = 00N =am [ daf(x) + O, (51)

where classical energy is 7 independent and first correction
is of order A.

Let us start from evaluating energy coming from
functional determinant. We do it by means of the
same method as it was done for kink in [35]. Namely,
we assume for a moment that our system is enclosed to a
very large box of size L and quantize momenta. In order to
do that let us compute asymptotics of functions /,(x)
and r,(x)

1,(x) 5% exp (ipx + = 8(p)).

2
x—+oo . i
rp(x) — exp(tpx:l:ié(p)), (52)
where the shift of the phase is
P\ 2w/m
8(p) = —2arctan <—) . (53)
w — p*/(2m)
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We see that both functions approach exactly the same phase
shift simultaneously, reflecting the fact that they stand for
one scattering mode, not two separate modes. Then, we
impose quantization condition for momenta

Pos L+ 6(pys) = 2mn, for bright soliton,

Dvacl = 27n, for vacuum modes. (54)
Hence we get that
Pos. = Pyac = 5(’2“) +O(L72). (55)
We plug this in
lim 12(}%.5. (Pbs.) = Vvac(Pyac))
Lotoo2 &

) 1 p2 p2

-1 z bs. | _ Pvac
02 4 (("”Lzm) 2m

_ 1 pvacé(pvac) )
_Hm( Z LZ - +O(L™?)

L—+o00
dp pé(p)
=—|d . 56
2 / * / / 2% 2m (56)

Notice that I used here substitution

_; /_

in order to take infinite volume limit.

The resulting expression is divergent, but all these
divergences are naturally canceled by counterterms intro-
duced earlier. Here I evaluate them explicitly.

The first counterterm is mass renormalization coming
from original Lagrangian

a2 [ 2 s

2\/2a)/m/621—5.

(57)

Now we come to the most interesting part, namely,
evaluation of 6N. One can see that in the condition (49) two
operators having different orders with respect to A are
getting mixed. We evaluate this by perturbation theory
using L;,, defined in (47). Then condition for charge
renormalization in the specified approximation becomes

SN = <T{/dx(f( )W +97) + i )e"p( /dfdyﬁ““>}>

- / ({9 (0w

/ dx / drdyf(x

/ [ dedyf () (-iom) (7

YL (e x) + 07 (1.2)) @ (2.9) + 97 (2. 3) (2. y)y (=,

N

{Qr(e.x) + 97 (2.0)) (7. y) + 0" (z.9))})

y)}h +O@). (58)

Here all the operators are in the interaction representation picture.
Now let me recall that I have computed the Green’s function explicitly for rotated variables, namely,

(3)=e(2)

Hence, I will evaluate SN using these change of operators

)+ 90(y

»)

dyl
5N—/dx/%§(911(7,
dy
) )/g%z(
/ / 1 1672
2r 3 45

+2915(

D)+ [ dadyf )50) (gn(o

Y)+392(r

¥.y) —25M)>

x,y)/;l—; (#(

I must draw the reader’s attention to the fact that here I do not account for nonoscillating parts of Green’s function. These
are used them only for inverting differential operator, but as soon as they do not oscillate, they do not contribute to

propagation.
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Now we can sum up everything in formula for corrections and see that all the divergences are canceled and we are left

with the finite expression
2 1 16
\/“’/ ( /dx/ ———ﬂ)+0(/1)

dp dp pd(p)

E(N) = d

bty fan [ o= [0
8v2 (mw)3/? 5 1577

=—-— — A). 60

3 A o 3 * 45 +0() (60)

This is the final result. To make it more illustrative let us rewrite it in terms of collective coupling

A 2w
=2 N =28/ 61
Acoll. m2 m ( )

Reexpressing this through collective coupling, we get

;ﬁmagoll_ <N— ( ]f’;z) + 0(1/N)>- (62)

Therefore, we see that for sufficiently large N, quantum corrections are indeed just corrections to the classical energy of
bright soliton, or to be more specific, if we consider nonrelativistic field theory as the limit of the relativistic one, that would
be the correction to the interaction energy of the bright soliton constituents. And if we take into account the rest energy

E(N) = -

which is mN, we deduce

E<L(N) = mN [1 - ﬁagu (1 (5 + %) Lo /N2)>] (63)

In the end we also can explicitly restore 7 recalling the
Lagrangian

h2

L= iy — wl* (64)

where 1 = 1/m? is so-called scattering length, which is
h-independent. Also, we must take into account that mass
of a single quanta is proportional to 7, namely, m = mh,
where m is the frequency which is classical quantity.
Hence, we get that particle number scales inversely with 7

8\/2a)1
~ Vi

Thus, one can see that mN is a A-independent combination
as well as collective coupling a.,; and 1/N correction to
the energy actually stands for the O(%) correction as 7 is
encoded in the particle number.

VI. CONCLUSION AND OUTLOOK

To sum up, I have performed an analytical computation
of quantum fluctuations in the background of the bright
soliton (34), (35), (36), which is the extended solution
having finite energy in Schrodinger field theory in 1 41

|

dimensions with attractive self-interaction. First, I have
inverted the operator of quantum fluctuations or in other
words computed the 2-point Green’s function of quantum
fluctuations in the background of the bright soliton. This
propagator appeared to have poles in the continuum
spectrum E, = w + p*>/(2m). The gap o results from
the constraint imposed by fixed particle number in the
system and shows that if one excites a particle, the energy
equal to the gap @ must be invested in order to tear the
particle apart from the bright soliton. Excitation of a single
particle changes frequency as well, but only by amount of
energy regulated by 1/N corrections. Therefore, one must
keep track that the amount of quanta involved in the
scattering process should be small compared to N and if
one studies some scattering process of m particles this
scattering happens in the background of the bright soliton
with N —m quanta in it. Then I computed quantum
corrections to the energy of this solution (62). One can
see that quantum corrections are controlled by 1/N-
expansion and indeed small for N > 1.

In the end I would like to mention one more interesting
observation. One can see that there are no integrable
oscillating modes, this follows from the fact that only
the continuum spectrum solves the eigenvalue problem (25)
and all the others modes, which make up to completeness,
are actually just combinations of zero-modes of the bright
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soliton. This suggest analogy with the Sine-Gordon soliton
and poses a question, if there is similar factorization of
S-matrix for this model as it happens for the Sine-Gordon
model, and if there are objects dual to bright solitons.
Another thing I would like to mention is that it seems
possible to use the result of this article to quantize actual
relativistic soliton by deriving a proper nonrelativistic limit
and using solutions deduced in this work. This could
possibly allow us to compute quantum corrections for
the relativistic soliton as well but in the limit of small w/m.
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which obey the following normalization conditions

/dw(ﬂﬂ)—aw Li=12 (A3
and fulfill eigenvalue problem
(t n)(li(x)): A4
vi R ri(x) ’

i R LG -
p<x> \/E;(uﬂr%;) < @

2mwx)

2maxsech(v/2mawx)

— V/2i,/2p tanh (v2mwx) + 2w tanh (v 2mwx)2>
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Research School on Elementary Particle Physics) by
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APPENDIX: “EIGENFUNCTIONS” AND
COMPLETENESS RELATION

We have two linear differential operators inside the
fluctuation determinant, which are

A 1

R= —2—8§ — 2wsech?(V2mwx) + o
m

. 1

L= —2—8,% — 6wsech?(V2mawx) + . (A1)
m

These operators enjoy a set of function, which we will list
below. First part of the “spectrum” consist of L?(R)
functions

i(1 — v/2mex tanh (v2mawx) )sech(v/2max)
i tanh (v/2mawx)sech(v/2mawx)

, (A2)
|
with eigenvectors and eigenvalues
- ll (x) .
hy = with y =2w, and
ry(x)
- I (x
m—(“U with 7 =0 (A5)
ri(x)

Also there are two functions comprising the continuous
spectrum, namely,

, (A06)
ry(x) = % <a) - {% - v/2i,/2p tanh (\/Zma)x)>
which satisfy a different eigenvalue problem / dxr, (X)L (x) = 225(p — k). (A8)

(e ) e @

and obey momentum delta normalization

One can check that functions (A2) and (A6) make up
completeness relation

2
+
/ dpr,(x)l,(y) + Z ri(x

o0 =1

=d8(x—y) (A9)

036011-10



ANALYTICAL COMPUTATION OF QUANTUM CORRECTIONS TO ...

PHYS. REV. D 105, 036011 (2022)

[1] R.F. Dashen, B. Hasslacher, and A. Neveu, Nonperturba-
tivemethods and extendedhadron models in field theory. II.
Two-dimensional models and extended hadrons, Phys. Rev.
D 10, 4130 (1974).

[2] A. M. Polyakov, Particle spectrum in the quantum field
theory, JETP Lett. 20, 194 (1974), https://inspirehep.net/
literature/90679.

[3] H. B. Nielsen and P. Olesen, Vortex line models for dual
strings, Nucl. Phys. B61, 45 (1973).

[4] A. A. Abrikosov, On the magnetic properties of supercon-
ductors of the second group, Sov. Phys. JETP 5, 117 (1957),
https://inspirehep.net/literature/9138.

[5] N. Manton and P. Sutcliffe, Topological Solitons, Cam-
bridge Monographs on Mathematical Physics (Cambridge
University Press, Cambridge, England, 2004).

[6] J. Goldstone and R. Jackiw, Quantization of nonlinear
waves, Phys. Rev. D 11, 1486 (1975).

[7] J.L. Gervais and B. Sakita, Extended particles in quantum
field theories, Phys. Rev. D 11, 2943 (1975).

[8] N.H. Christ and T. D. Lee, Quantum expansion of soliton
solutions, Phys. Rev. D 12, 1606 (1975).

[9] R. F. Dashen, B. Hasslacher, and A. Neveu, Nonperturbative
methods and extended hadron models in field theory 2.
Two-dimensional models and extended hadrons, Phys. Rev.
D 10, 4130 (1974).

[10] G. 't Hooft, Computation of the quantum effects due to a
four-dimensional pseudoparticle, Phys. Rev. D 14, 3432
(1976); Erratum, Phys. Rev. D 18, 2199 (1978).

[11] Y. Ferreirés and A. Gonzélez-Arroyo, Quantum corrections
to vortex masses and energies, Phys. Rev. D 90, 025004
(2014).

[12] M. Bordag, A.S. Goldhaber, P. van Nieuwenhuizen, and D.
Vassilevich, Heat kernels and zeta-function regularization
for the mass of the supersymmetric kink, Phys. Rev. D 66,
125014 (2002).

[13] D. V. Vassilevich, Quantum corrections to the mass of the
supersymmetric vortex, Phys. Rev. D 68, 045005 (2003).

[14] S.R. Coleman, Q-balls Nucl. Phys. B262, 263 (1985);
Erratum, Nucl. Phys. 269, 744 (1986).

[15] R. Friedberg, T. D. Lee, and A. Sirlin, Class of scalar-field
soliton solutions in three space dimensions, Phys. Rev. D
13, 2739 (1976).

[16] R. Rajaraman and E. J. Weinberg, Internal symmetry and the
semiclassical method in quantum field theory, Phys. Rev. D
11, 2950 (1975).

[17] D.L.T. Anderson and G.H. Derrick, Stability of time-
dependent particlelike solutions in nonlinear field theories.
I, J. Math. Phys. (N.Y.) 11, 1336 (1970).

[18] L E. Gulamov, E.Ya. Nugaev, and M.N. Smolyakov,
Analytic Q-ball solutions and their stability in a piecewise
parabolic potential, Phys. Rev. D 87, 085043 (2013).

[19] A.Kovtun, E. Nugaev, and A. Shkerin, Vibrational modes of
Q-balls, Phys. Rev. D 98, 096016 (2018).

[20] N. Graham, Quantum corrections to Q balls, Phys. Lett. B
513, 112 (2001).

[21] R. Friedberg, T. D. Lee, and A. Sirlin, Class of scalar-field
soliton solutions in three space dimensions, Phys. Rev. D
13, 2739 (1976).

[22] M. N. Smolyakov, Perturbations against a Q-ball: Charge,
energy, and additivity property, Phys. Rev. D 97, 045011
(2018).

[23] A.G. Panin and M. N. Smolyakov, Classical behaviour of
Q-balls in the Wick-Cutkosky model, Eur. Phys. J. C 79,
150 (2019).

[24] G. Dvali, A. Franca, C. Gomez, and N. Wintergerst, Nambu-
Goldstone effective theory of information at quantum
criticality, Phys. Rev. D 92, 125002 (2015).

[25] R. Kanamoto, H. Saito, and M. Ueda, Quantumphase
transition in one-dimensional Bose-Einstein condensates
with attractive interactions, Phys. Rev. A 67, 013608 (2003).

[26] G. Dvali, D. Flassig, C. Gomez, A. Pritzel, and N. Winter-
gerst, Scrambling in the black hole portrait, Phys. Rev. D 88,
124041 (2013).

[27] L.D. Carr, C. W. Clark, and W.P. Reinhardt, Stationary
solutions of the one-dimensional nonlinear Schrodinger
equation. II. Case of attractive nonlinearity, Phys. Rev. A
62, 063611 (2000).

[28] N. Akhmediev and A. Ankevich, Solitons. Nonlinear Pulses
and Beams (FIZMATLIT, 2003).

[29] A.B. Shabat and V. E. Zakharov, Sov. Phys. JETP 34, 62
(1971), https://www.semanticscholar.org/paper/Exact-
Theory-of-Two-dimensional-Self-focusing-and-Zakharov-
Shabat/73ef172d46291e1b2235d4fea6d80078f5¢705¢f.

[30] S. Novikov et al., Theory of Solitons: The Inverse Scattering

Method, Monographs in ContemporaryMathematics
(Springer  Science &  Business Media, 1984),
ISBN:9780306109775, https://books.google.de/books?

id=GtvOvY30OO0bsC.

[31] A. Kumar, Soliton dynamics in a monomode optical fibre,
Phys. Rep. 187, 63 (1990).

[32] T. H. R. Skyrme, Particle states of a quantized meson field,
Proc. R. Soc. A 262, 237 (1961).

[33] J. Yan, Y. Tang, G. Zhou, and Z. Chen, Direct approach to
the study of soliton perturbations of the nonlinear Schro-
dinger equation and the sine-Gordon equation, Phys. Rev. E
58, 1064 (1998).

[34] M. N. Smolyakov, Nonlinear corrections in the quantization
of a weakly nonideal Bose gas at zero temperature, Chaos
Solitons Fractals 153, 111505 (2021).

[35] E.J. Weinberg, Classical Solutions in Quantum Field
Theory: Solitons and Instantons in High Energy Physics,
Cambridge Monographs on Mathematical Physics (Cam-
bridge University Press, Cambridge, England, 2012).

036011-11


https://doi.org/10.1103/PhysRevD.10.4130
https://doi.org/10.1103/PhysRevD.10.4130
https://inspirehep.net/literature/90679
https://inspirehep.net/literature/90679
https://inspirehep.net/literature/90679
https://doi.org/10.1016/0550-3213(73)90350-7
https://inspirehep.net/literature/9138
https://inspirehep.net/literature/9138
https://doi.org/10.1103/PhysRevD.11.1486
https://doi.org/10.1103/PhysRevD.11.2943
https://doi.org/10.1103/PhysRevD.12.1606
https://doi.org/10.1103/PhysRevD.10.4130
https://doi.org/10.1103/PhysRevD.10.4130
https://doi.org/10.1103/PhysRevD.14.3432
https://doi.org/10.1103/PhysRevD.14.3432
https://doi.org/10.1103/PhysRevD.18.2199.3
https://doi.org/10.1103/PhysRevD.90.025004
https://doi.org/10.1103/PhysRevD.90.025004
https://doi.org/10.1103/PhysRevD.66.125014
https://doi.org/10.1103/PhysRevD.66.125014
https://doi.org/10.1103/PhysRevD.68.045005
https://doi.org/10.1016/0550-3213(85)90286-X
https://doi.org/10.1016/0550-3213(86)90520-1
https://doi.org/10.1103/PhysRevD.13.2739
https://doi.org/10.1103/PhysRevD.13.2739
https://doi.org/10.1103/PhysRevD.11.2950
https://doi.org/10.1103/PhysRevD.11.2950
https://doi.org/10.1063/1.1665265
https://doi.org/10.1103/PhysRevD.87.085043
https://doi.org/10.1103/PhysRevD.98.096016
https://doi.org/10.1016/S0370-2693(01)00669-4
https://doi.org/10.1016/S0370-2693(01)00669-4
https://doi.org/10.1103/PhysRevD.13.2739
https://doi.org/10.1103/PhysRevD.13.2739
https://doi.org/10.1103/PhysRevD.97.045011
https://doi.org/10.1103/PhysRevD.97.045011
https://doi.org/10.1140/epjc/s10052-019-6638-2
https://doi.org/10.1140/epjc/s10052-019-6638-2
https://doi.org/10.1103/PhysRevD.92.125002
https://doi.org/10.1103/PhysRevA.67.013608
https://doi.org/10.1103/PhysRevD.88.124041
https://doi.org/10.1103/PhysRevD.88.124041
https://doi.org/10.1103/PhysRevA.62.063611
https://doi.org/10.1103/PhysRevA.62.063611
https://www.semanticscholar.org/paper/Exact-Theory-of-Two-dimensional-Self-focusing-and-Zakharov-Shabat/73ef172d46291e1b2235d4fea6d80078f5e705ef
https://www.semanticscholar.org/paper/Exact-Theory-of-Two-dimensional-Self-focusing-and-Zakharov-Shabat/73ef172d46291e1b2235d4fea6d80078f5e705ef
https://www.semanticscholar.org/paper/Exact-Theory-of-Two-dimensional-Self-focusing-and-Zakharov-Shabat/73ef172d46291e1b2235d4fea6d80078f5e705ef
https://www.semanticscholar.org/paper/Exact-Theory-of-Two-dimensional-Self-focusing-and-Zakharov-Shabat/73ef172d46291e1b2235d4fea6d80078f5e705ef
https://www.semanticscholar.org/paper/Exact-Theory-of-Two-dimensional-Self-focusing-and-Zakharov-Shabat/73ef172d46291e1b2235d4fea6d80078f5e705ef
https://books.google.de/books?id=Gtv0vY3OObsC
https://books.google.de/books?id=Gtv0vY3OObsC
https://books.google.de/books?id=Gtv0vY3OObsC
https://books.google.de/books?id=Gtv0vY3OObsC
https://doi.org/10.1016/0370-1573(90)90097-L
https://doi.org/10.1098/rspa.1961.0115
https://doi.org/10.1103/PhysRevE.58.1064
https://doi.org/10.1103/PhysRevE.58.1064
https://doi.org/10.1016/j.chaos.2021.111505
https://doi.org/10.1016/j.chaos.2021.111505

