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Cubic color charge correlator in a proton made of three quarks and a gluon
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The three point correlation function of color charge densities is evaluated explicitly in light -one gauge
for a proton on the light cone. This includes both C-conjugation even and odd contributions. We account for
perturbative corrections to the three-quark light -cone wave function due to the emission of an internal
gluon which is not required to be soft. We verify the Ward identity as well as the cancellation of UV
divergences in the sum of all diagrams so that the correlator is independent of the renormalization scale. It
does, however, exhibit the well-known soft and collinear singularities. The expressions derived here
provide the C-odd contribution to the initial conditions for high-energy evolution of the dipole scattering
amplitude to small x. Finally, we also present a numerical model estimate of the impact parameter

dependence of quantum color charge three-point correlations in the proton at moderately small x.
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I. INTRODUCTION

In this paper we present explicit expressions for all
diagrams which determine the cubic light-cone gauge color
charge correlator (p?(g,)p”(g,)p(g3)) in a proton. The
proton is approximated by a nonperturbative three-quark
Fock state, plus a perturbative gluon. This is in continuation
of Ref. [1] where we derived analogous expressions for
(p(4,)p"(g>)), and of Ref. [2] where we presented
numerical results for the quadratic correlator (see also
Ref. [3] for a first phenomenological application). The
cubic correlator quantifies corrections to Gaussian color
charge fluctuations in the proton, and it provides a con-
tribution to the scattering matrix of a dipole which is odd
under C-conjugation.
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The S-matrix for eikonal scattering of a quark-
antiquark dipole off the fields in the target proton can be
expressed as! [4,5]

S(F.b) = ;Ctr<U(l;+§> UT(E-§>>. (1)

Here, b is the impact parameter vector while 7 denotes the
transverse separation of quark and antiquark. The operators
U (U") are (anti)path ordered Wilson lines of the field in
covariant gauge, representing the eikonal scattering of the
quarks at transverse coordinate X:

’]_De_igfdx_A+l'(X_’f)tl‘ )
(2)

C-conjugation transforms the generators of the fundamen-
tal representation ¢ — —(t4)7.

The S-matrix can be separated into its real part which at
high energy is dominated by C-conjugation even two-gluon

U(x) = Pei"f‘b‘“”(fﬁ)t“, Ut(x) =

l(- -+) denotes the matrix element between incoming and
outgoing proton states. It is defined in Eq. (9) below.
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exchange, and its imaginary part which starts out as C-odd
three gluon exchange:

|
D(7,b) =ReS(7,b) = N 3

(5T
>U<b+2>>, 3)
0 5) = mSF.5) = ——w( U AERAV

B =IO O) =N 2 2

P

Thus, the fact that the imaginary part of S(7, I;) is
nonzero is due to the existence of a color singlet three gluon
(t-channel) exchange with negative C-parity in QCD
[6-11]. Recently, the TOTEM and DO Collaborations have
presented evidence for a difference in p—p vs p—p
elastic scattering cross sections at a CM energy of
\/s=~2 TeV, and low momentum transfer |¢| < 1 GeV?
[12,13] (also see Ref. [14]). However, our focus here is on
cubic color charge correlations in the semihard regime,
which is related to the C and P odd contribution to the
dipole scattering amplitude.

The evolution of the dipole S-matrix in the high-energy
regime is described by the Jalilian-Marian, lancu,
McLerran, Weigert, Leonidov and Kovner (JIMWLK)
renormalization group equations [15-24]. These reduce
in the large-N, limit to the Balitsky-Kovchegov (BK)
equation [15,25]. High-energy resummation may modify
the intercept of the “hard Odderon” from its value of unity;
see the review [10] and references therein. The evolution

with energy specifically of the (hard) Odderon O(7, l;) has
been studied in Refs. [26-28]. Its knowledge is important
for various spin dependent transverse momentum depen-
dent (TMD) distributions such as the (dipole) gluon Sivers
function of a transversely polarized proton [29-31].
Furthermore, this amplitude is responsible for charge
asymmetries in diffractive electroproduction of a ztz~
pair [32,33], and exclusive production of a pseudoscalar
meson [34-38]. Last, the odderon is related to cubic color
charge density fluctuations (p“(g,)p”(g)p(Gs)) (see
below) and therefore provides insight into three-body
correlations in the proton. This may guide phenomeno-
logical models of correlated “hot spots” which have been
applied to proton-proton scattering at high energies [39-42]
(see also Ref. [43]). The existence of the cubic correlator
also implies that color charge density fluctuations in the
proton are not Gaussian.

A key limitation for quantitative predictions in the
energy regime of the Electron-Ion Collider (EIC) [44-47]
is the crude knowledge of the initial condition for the
evolution equations at moderately small x. Deriving the

NSRS T]

+U<13—

o

next-to-leading order (NLO) expressions for O(7, l;) due to
one gluon emission corrections in a proton target at x ~
0.01-0.1 is the main purpose of this paper. The corre-
sponding expressions at leading order (LO) have been
published in Refs. [34,48,49]. The latter paper also pro-
vides numerical estimates of cubic color charge correlators

and of O(7, I;) at LO, i.e., in the valence quark regime.
Bartels and Motyka [50] have also calculated the proton
impact factor for 7-channel three gluon exchange, which
agrees with the LO expressions for (p?(g,)p?(g.)p¢(g3))
given in Refs. [34,48,49], and soft gluon emission correc-
tions to proton-proton scattering at high energy.

The initial condition for the small-x evolution [26-28] of
ImS, which we derive here, depends not only on the impact
parameter and the dipole vectors but also on their relative
angle, and on the light-cone momentum fraction x in the
target. In fact, the BK equation in its standard formulation
evolves the wave function of the dipole projectile, and the
evolution “time” is then related to the minus component of
the momentum of the gluon in the proton target [5S1-53].
Ducloué et al. have reformulated [52] BK evolution at NLO
in terms of the target rapidity (or Bjorken-x). They obtained
an evolution equation which is nonlocal in rapidity and
which depends explicitly on the gluon’s plus momentum
fraction x = k; /P*. Therefore, it is important to determine
the dependence of the initial scattering amplitude not only

on impact parameter b and dipole size 7 but also its
dependence on x.

The amplitude for C-odd three gluon exchange is related
to the correlator of C-odd color charge fluctuations
[34,48,491,”
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Here, K = —(§, + G + §) is the (transverse) momentum

transfer given P =0 for the incoming proton, and |, g 1

shorthand for [ d*q/(2x)* We denote the C-odd part of the
correlator of three color charges as

(p“(G1)P"(@2)p°(43)) e = 7 d***$?G5(G1. G2- G3).  (6)

1
4
Note that G5(g,.q,.q3) from Eq. (5) is given by the
correlator of three covariant-gauge color charge densities.

*The sign of 7, (7,b) in Eq. (5) differs from Ref. [34]
because here we follow the convention of Kovchegov and
Sievert [54] with +ig in the exponent of the Wilson line U(X)
in Eq. (2), and with the covariant gauge operator relation
=V3 [dx"AT4(x7,X) = p*(%).
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However, in the weak field limit, a computation in light-cone
gauge is applicable.

The above correlator is symmetric under a simultaneous
sign flip of all three gluon momenta, and so —iImS(7, b) =
—iO(F, b) is imaginary.® Also, it vanishes quadratically in
any of the transverse momentum arguments so that
—iO(7, l;) is free of infrared divergences. The light-cone
gauge color charge density operator in the eikonal “shock

wave limit” is given by p?(k) = pgu(l;) + pgl(l;) with [1]

dxdq . -,
PR =3, [ St LBl bl ). ()

i,j,o

ﬂg1 gz (1),

dx,d? .
e [ St s, 7. ()
Abc
Here a',a and b',b denote creation and annihilation
operators for gluons and quarks, respectively.

In Sec. I we compute all contributions to
{p*(§1)p"(G>)p°(g3)) in a proton on the light cone in
light-cone gauge; specifically we consider the NLO cor-
rection due to the emission or exchange of a gluon which is
not required to be soft. In Sec. III we describe the Fourier
transform of the correlator to impact parameter space, and
present a numerical model estimate. A brief summary is
presented in Sec. IV. Appendix A summarizes the Fock
state description of the proton on the light front used
throughout this paper, Appendix B shows the cancellation
of UV divergences in the sum of all diagrams for
{p*(41)p"(42)p°(g3)), and in Appendix C we check the
vanishing of this correlator when g, — 0 or gz — 0.

II. CORRELATOR OF THREE COLOR CHARGE
OPERATORS, (p*(41)p"(42)p° (43))

In this section we compute the correlator of three
color charge operators (p®(g,)p?(»)p¢(g3)) where
P(4) = p§(q) + p§u(q)- This expectation value is defined
as the matrix element of the product of three color charge
operators between the incoming (|P)) and outgoing ((K|)
proton states, stripped of the delta functions expressing
conservation of plus and transverse momenta:

+)5<13 _R- Zq)

(Klp"(q1)p"

1623 PH5(P+ —

-

(42)p°(q3)|P).
©)

The structure of the proton state assumed in this work is
explained briefly in Appendix A.

X (p*(G1)p"(G2)p° (33)) =

3 . . [ A
In mixed representation iO(7, K) is real, however.

In general, this correlator has both even and odd com—
ponents under C-parity which transforms (#9);; — (t“)
and (T%),, = —(T9),, = (T%),,.” Note that the following
expressions apply when the number of colors N, = 3.

We shall use the shorthand notation § = ¢, + ¢, + ¢ =
P—K and Gij = q; + g, in the following expressions.’
Their corresponding diagrams are shown in the figures.
We label them as Fig.1(g3¢,9), for example, corresponding
to a diagram of the type shown in Fig. 1 (i.e., a gluon
exchange across the operator insertion by a quark with
itself, with at least one of the probes attached to that internal
gluon) where the first probe gluon (momentum ¢, color a)
couples to the internal gluon, the second probe gluon
(momentum ¢,, color b) couples to the second quark, and
the third probe (momentum g, color ¢) couples to the
third quark.

A. UV divergent diagrams

We begin with the UV divergent diagrams where a quark
exchanges a gluon with itself. The diagrams where one or
more of the probes attach to the gluon are shown in Fig. 1.

To prepare, we first list the matrix elements of one, two,
and three p,(g) between one-gluon states:

<f’ P d|pgl(§l)|ky’ o, C> = g(Ta)dc‘s,mf(Zﬂ:)D_l2kg+

x 8(k; = e1)6(k, — £ — Gy),
(10)

(€.p.dIp(G)p2(G2) kg 0, ¢) = G*(TT") 46,5 (27)P7!
x 20kt S(ki — £%)

X5(kg—f—§1 —2)s

(11)
(€, p., dlp&y(G1)rh(G2)r5(G3) kg, 0, €)
= @ (TT"T€) 4,5,,(2m)P~ "2k 8 (kS — £7)
x 8(ky =€ = Gy — G — G3)- (12)

The matrix elements of p,, (g) between one-quark states are
similar, with 7% — ¢“.

HCHCG tre [bZL 1 (dubL +lfab( )_) —trt€ fb 4= (dabc lfabc)
Therefore, terms propomonal to d**¢ are odd under C-conjuga-
tion while terms proportional to if?*¢ are even.

One may also classify according to “signature,” i.e., the sign
under exchange of the colors and momenta of any two external
gluons (charge operators).

®Thus, the notatlon here is different from Refs. [1,2] where ¢,
stood for g; — ¢».

036007-3



DUMITRU, MANTYSAARI, and PAATELAINEN PHYS. REV. D 105, 036007 (2022)

(n1019) \/ (92q19) U \J (92029 U (93029)

FIG. 1. UV divergent diagrams (propagators of external probes to be amputated) for (p?(g,)p"(g,)p°(g3)) where at least one of the
probes attaches to the gluon in the proton. The cut is located at the insertion of the three color charge operators.

With this we obtain

. 2¢° - R N
Flg'1<ggg) = 3. 1642 trTaTch/ [dxi] / {dzki]\yqqq(xl, kysxy, kys x3, k3)

X W0 (X1, ky = (1= x1)G; X0, ky + X245 X3, k3 + X3q)

(2z)P! dk, N S P P, s 2o P T o
s z(pr_kﬂ(Slwqaqg(pl;pl—kg,kg)wqaqg(pl—q‘pl—kg,kg—q)\S% (13)
g

with a symmetry factor of 3. Here the integration measures [dk;] and [dx;] and the proton valence quark wave function ¥,
are defined in Appendix A 1. The Lorentz invariant gluon phase space measure d~kg i1s given in Appendix A 2, the
phase space integral is calculated in Ref. [1], and the result is also included in Appendix B. Since
uTT?T¢ = iN, fe%¢ = —3(T%),,, it follows that this contribution is even under C conjugation. The remaining integral

over the longitudinal and transverse momenta of the emitted gluon can be decomposed into a finite function and a UV
divergent part [1]. We verify the cancellation of the UV divergences in Appendix B,

2¢0 1
3.16732
X W0 (X1, ky = (1= x1)G3 X0, ky + X245 X3, k3 + X3q)

Fig.1(q,9) — «(T9TP D¢ — ToTPT°) / [dx,] / (R (1 s s Ko . Ks)

et p
X ZPT 2(pT _ k+) <S|l//q—>qg(p1;p1 - kgv kg)Wq—»qg(pl —4q;P1— kg - QS’kg - QI2)|S>v (14)
g9

where (D¢),, = d“®. Performing the traces, the color factor becomes Ltr(DTeT? — trTPTT®) = N (db¢ — ifebe).
The first term corresponds to a C-odd contribution while the second one is even under C. The symmetry factor for this
diagram is 3.
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The diagram where instead the second gluon attaches to quark 1 (not shown) is given by

_ 20 1 .
Flgl(gqlg) = mitr(TaTcDb - TaTch)/ [dxi] / [dzki]lyqqq(X1, k];XQ, kz;X3, k3)
X W0 (X1, ky = (1= x1)G3 X0, ky + X2G5 X3, k3 + X3q)
(22! . R

dk S _ _
/2(p+_gk+) (SWrgoqq(P1s P1 = kg kW qg(Pr = G Pr = kg — Ga kg — G13)[S),  (15)
1

ZPT g

and the one where the first gluon attaches to quark 1:

: 29 1 : : - e
Fig.1(g94,) :3_16”32tr(T"T‘D“—T“T”TL)/[dxi]/[dzki]quqq(xl,kl;xz,kz;x3,k3)

X lPqu(xl’kl — (1 =x1)g: %2, ky + X245 X3, k3 + x3G)

(27)P~! / (ﬂca
< i
2pi J 2pi —kg)

-

<S|l/}}q—>qg(ﬁl;]_51 - kg’ kg)l/72—>qg(ﬁl - 521_51 - kg - Z])Iv ky - 6_1)23)|S> (16)

These diagrams come with a symmetry factor of 3 since the “active” quark may just as well be quark 2 or quark 3.
Continuing with the diagram where the third probe attaches to quark 2,

. 2 1 - - -
Fig1(0200) =~ s W T+ T77) [[1d] [yl Frss i By
X Wy (X1, ky 4 X1G = G123 X0, ko + X2 = G35 X3, k3 + X3q)
X 2pfr 2(P1+ _ k;r) <S‘l//q—>qg(p1’p1 - kg’ kg)Wq—»qg(pl —4q12:P1 — kg’ kg - q12)‘S>' (17)

The symmetry factor is 6 because the third gluon probe may also attach to quark 3.
Once again there are analogous diagrams (not shown) where the second or the first probe attaches to quark 2 (or to
quark 3):

. 2¢0 1 . - .
Fig.1(9g,9) = —tr(TaTCDb‘f’TaTCTb)/[dxi]/[dzki]qjqqq(xl’kl;xz,k2§x3,k3)

T 3.167°4
X Wy (X1, ky 4 x1G = G133 %0, ko + X2 = G5 X3, k3 + x3q)

(27)P-! dk, R I e o L e e
X zp;r 2(p1+ _ k+) <S|l//q—>qg(p1;p1 - ky’ky)l//q—»qg(pl —4q13:P1 — kgvkg - QIS)‘S>’ (18)
g9

5

g 1 (4 a a c 7 7 7
—3 ) 16”31tr(TbT D+T TbT )/[dx,-]/[dzki]‘I‘qqq(xl,kl;xz,kz;x3,k3)

X W0 (X1, ky 4 X1G = Gazs X0, ko + X2 — G5 X3, ks + X3q)

Fig.1(999,) =

@oP [ dk, o o oo
X 2p;r 2(p]+_k+)<S‘l//q—>qg(pl;p1_kg’kg)l//q—n]g(pl_Q23;p1_kg’kg_QZ3)‘S>' (19)
g

Their symmetry factors are 6.
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We continue with the diagrams where two of the probes attach to quarks,

. 29 - - -
Fig.1(q1419) _—mthrt“tbtc/[dxi]/[koi]‘quq(x,,k,;xz,kz;x3,k3)

X Wy (X1 ky + x1G = G5 X0, ky + X2G3 X3, k3 + X34)
(27‘[)1)_1
2pf

dk, O, :
2( k+) <S|l//q—>qq(pl’p1 - kgvkg)l//qﬁqg(pl —q:P1— k CI23» ] QI)|S> (20)

The symmetry factor is 3. The SU(N,.) relation f**“s” = LN .1 is useful for evaluating the color factor for this diagram.
Performing the trace, tr*t?¢¢ = % (d® + ifec), separates the C-odd contribution proportional to d**¢ from the C-even
contribution proportional to if*,

2g°
31643
x Wig,(xr, ky + 313 = G %2, Ky + X235 x5, k3 + x3q)
(27[)D—1

2py

Fig.1(¢199,) = — thrthtatc/[dxi]/[dzki]lpqqq(xlﬁzl;xb]_()2;)(37]_('3)

-

dk o oS i
/2( k+) <S|l//q—>qq(pl’p1 - kqvkq)l//;—»qg(pl —q4:P1— k q13’ q ‘IZ)|S> (21)

The symmetry factor is 3.

29

31673

X Wegq(x1, ki + 214 — G, ko + %23 3, ks + x34)

(27)P-!
2pf

Fig-l(QQICIl) = - thrtatbtc/ [dxi] / [dzki]‘quq(xl’l_C)];xza /_C)z;x&]%)

-

dk, . Lo
2( k+) <S|l//q—>qg(pl s pl - kgv kg)Wq—»qg(pl —4q:P1— kg — 412, Kg — Q3)|S> (22)

The symmetry factor is 3. Fig.1(q,9¢,) = 0. (26)
Fig.1 = 0. 23
g1(42419) (23) The symmetry factor is 6.

The symmetry factor is 6, to include the contribution where
the third gluon attaches to quark 3. Fig.1(9q,q,) = 0. (27)

Fig.1(¢1429) = 0. (24) ,
The symmetry factor is 6.

The symmetry factor is 6.

. Fig.1(99,9,) = 0. 28
Fig.1(g2941) = 0. (25) oa:122) @)
The symmetry factor is 6. The symmetry factor is 6.
: 29 1 azh e 2 7 T A
Fig.1(q2429) = 3. 161 2§N LUt [dxi] [ [k g (X1, kis X0, ko3 X3, k3)

X ‘quq(xl’kl +X1G — G1: X2, ky + X4 — G233 X3, k3 + x34)

(2)P-! dk e I Y T
X + 2( + 4 +) <S|l//q—>qg(p1;pl kq’kg)l//q—»qy(pl_q1;pl_kg»kg_ql)|s>' (29)

2p| P _kg
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The symmetry factor is 6.
5

. g 1 a4c 7 7 7
Fig.1(9299,) = —miNcm t tb/[dxi]/[dzki]lpqqu(xl’kl;xz’kZ;XS’kB»)
X Wy (X1, ky 4+ x1G = o3 X2, ky + X2 — G133 %3, ks + x3G)
(27)P"! dk, R T VU
S zpi»,- 2(p-lt,- _ k;.) <S|Wq—>qg(pl’pl - kg’kg)lllq—n]g(pl —4q2:P1— kgﬂ kg - qZ)’S> (30)

The symmetry factor is 6.

S

. 2 1 , > - -
Fig.1(99292) = —Ncmafbﬂ/[dxi]/[dzki]lpqqq(xl,kl;xz,kz;xs,h)

S 3.167°2
X Wyoq (X1, ky + X1 = G35 X2, ky + X2G — G125 X3, k3 + X3q)

(27)P-! dk N T 1YV
X zpi»,_ 2(p-lt,- —gk;) <S|Wq—>qg(pl’pl - kg’ kg)‘//q—n]g(pl —q3;P1— kgﬂ kg - CI3)’S> (31)
The symmetry factor is 6.

2 5 1 - - -
Fig.1(q3q29) = g —thr(tafbtc+lafcfb)/[dxi]/{dzki]‘quq(thl§X2,k2;xs,k3)

3-16732

X Wy (1. ky 4 x1G = 13 X0, ko + X204 = Go3 X3, k3 + X34 — G3)

(27)P! dk, R I TV

S zpi»,- 2(p-lt,-_k;_) <S|Wq—>qg(pl’pl_kg’kg)lllq—n]g(pl_thl_ gﬂkg_ql)’S>' (32)

The symmetry factor is 6.

5

. 2¢° 1 - R R
Fig.1(9399>) :mchtr(lafbfc+fafcfb)/[dxi]/[dzki]‘quq(xhk1§x2,k2;xs,k3)

X Wy (1. ky 4 x1G = o3 X0, ko + X2G — G13x3, k3 + X3 — G3)

(27)P-1 dk . L e e .
S 2( + £ ) <S|Wq—>qg(pl sP1— kg’ kg)‘//q—n]g(pl —q2:P1— kgﬂ kg - q2)’S> (33)

2PT Py — k;

The symmetry factor is 6.
S

. 2¢° 1 > -
Fig.1(9934>) :mithr(fatbfc+tafcfb)/[dxi]/[dzki]lyqqq(xbk1§x27k2;x3,k3)

X W0 (X1, ky +x1G = G35 X2, ky + X2G — G135 X3, k3 + X34 — 2)

(27)P-! dk, e T 1YV
X 2P1+ 2(pl+_k+)<S|Wq—>qg(pl;pl_kg’kg)lllq—n]g(pl_Qﬁpl_kgﬂkg_q3)’S>' (34)
g

The symmetry factor is 6.
We now proceed to the diagrams where all three gluon probes couple to quarks. First, there is the expectation value of

pqu(ql )pqu(Z]'Z)pqu(Zi?’) between |qQQ> three quark states:

g3

()" (@2)p"(d3)) = g/[dxi} /[dzki] [trfatbtcw*(xl’]zl — G+ X143 %0, Ky + 0,35 03, ks + x39)
— POV (xy kg = Gy + 1§ Xau Ko — Gy + 10303, K3 + X3)
— et W (xy, Ky = iy + X133 %0, Ky = G + 123 x3. K3 + X3G)
— w1V (xy Ky = Gip + 31§ X0, Ky — Gy + X235 x5, K3 + 139)
+ (1 e ) (xy Ky = Gy 1G5 X ks = G+ X203, ks — G + 133)]
2 l//(xl’]_él;xbl_éﬁx&]_é.?)‘ (35)
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o @30 @ a,qy @B a, qi

. o T T
| | | | | p+ | [ |
\ N

[} | K
| Pr | &
\ | /

|
Y \/ 1/2
(an/ 719191 (Zq»/ a30201)

FIG. 2. Two of the diagrams for (p&,(G1)p5.(42)pu(d5)) in the three-quark Fock state which involve the quark wave function

renormalization factor Z;/ 2()c) (“virtual corrections”). The cut is located at the insertion of the three color charge operators.

The first to fifth terms, respectively, correspond to Fig.2(¢,91q:), Fig.2(¢29»9,) + Fig.2(g39391),
Fig.2(q19241) + Fig-2(q19391). Fig.2(q29141) + Fig.2(q39191). Fig.2(¢3924,) + Fig. 2(¢2439: ). Two example diagrams
(first and seventh term in the previous expression) are shown in Fig. 2. The entire expression comes with a symmetry factor
of 3. To account for the quark wave function renormalization factor, we multiply it by Z,(x;)Z,(x;)Z,(x;) = 1 -
C,(x1) — C,(x2) — C,(x3) where C,(x) = O(g?). The explicit expression for C,(x) in the MS scheme is given in Ref. [1]
but is not needed here because we will verify that all UV divergences cancel.

The final set of UV divergent diagrams is shown in Fig. 3. Here, quark 1 exchanges a gluon with itself across the insertion
of the three charge operators while the three gluon probes attach in all possible ways to the three quarks,

5

, 2g : - - -
Fig.3(41919:1) :WZCFtrt“t”t‘/[dxi]/[dzki}‘l’qqq(x],kl;xQ,kz;x3,k3)

X Wy (1 ky = (1= x1)G: %0, ky + %243 X3, k3 + X3G)

(o) [ dk, I 1 T
X 2PT 2(p-lt,-_k;> <S|V/q—>qg(pl’p]_kg’kg)l//q—u]g(p]_q pl_kg_qvkg)|S>’ (36)

with a symmetry factor of 3.

(pa1a1) (q19201) (020211

/
(n19192) (220192) (q19202)

| g U B g [ R [ R g [N R 3 |
\ A/ \ 7 1/ \ 7 1/ \ 7 / \ N/
AV (439242) \/ \/ (920392) \/ \/ (a30392) \/ \/ (B3n1a2) \/ \/ (mas3a2) \/

FIG. 3. Final set of UV divergent “real emission” diagrams for {p®(g)p"(g,)p°(gs)) where all three gluon probes attach to quarks in
the proton. The cut is located at the insertion of the three color charge operators.
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25

31675 2N,

Fig.3(¢2q1q1) = r tbtc/[dxi]/[dzki}lpqqq(xl,zl;xz,Ez;x3,%3)

X Wy (1. ky + X109 = Gros Xo. ky + X0G — G35 %3, ks + x3G)

(2r)P-1 dk, . oL e L L - -
X 2(p1+ _k+) <S|l//q—>qg(pl;p1 _kg7kg)l//q—>qg(p1 — 4125 P1 _kg_QIZv kg)|S>’ (37)
g9

2pf
with a symmetry factor of 6.

297 1 > > >
Fig.3(q192q1) = 3 160 3Wtrtatctb/[dxi]/[dzki}lpqqq(xl,k];xz,kz;x%k3)

X quqq(xl’kl + X1 — G133 %2, ko + X2 — G2 X3, k3 + x34)

(2r)P-1 dk . N . L L
X 2PT 2(p1+—gk+) <S|l//q—>qg<p1;p1 g)l//q—u]g( QIS;pl_kg_QI3’kg)|S>v (38)
g

with a symmetry factor of 6.

29

1 - - -
Fig.3(¢29291) = 316 3Wmafbﬂ/[dxi]/[dzki]q’qqq(xhkl;xz,kz;x&k3)

X quq(xlvkl + X1 — G1: X2, ka + X2G — G233 X3, k3 + X34)

(27)P"! dk, I T 2T Ve R
X 2p;r z(p;r_k;)<s|u/q—>qg(pl’pl_kg’kg>l//q—>qg<p1_QbPl_kg_QI7kg)|S>7 (39)

with a symmetry factor of 6.

29

Fig.3(q3929:) = 31602 2N,

(trt“tbtc -+ tre¢e¢ tb) / [dx,-] / [dzki]‘l“qqq(xl, %l;xz, Ez;)@, i(})
X Wpo,(x1, kl + X1 = G13 X0, ka + X2G — G23 X3, k3 + X3G — G3)

(277;)1)_1
2pf

-

dk R . L L - L=
/ 2<p+ _gk+) <S|l//q—>qg(pl; P1— kgv kg)WZ—»qg(pl —4q15P1— kg — 41 kg)|S>7 (40)
1 g

with a symmetry factor of 6.

2g5
3.167° 2N,

Fig.3(¢19192) = tbtc/[dxi]/[dzkim’qqq(xhk1;xz,k2;x3,k3>

X W4 (X1, kl +X1G — Go33 X2, ko 4+ X204 — G131 X3, k3 + x34)

(27)P! dk, R U T
X zpi»,- z(p-lq-_kz.)<S|Wq—>qg(pl’pl_kg’kg)l//q—wg(pl_qﬂapl_kg_QZB’kg)|S>’ (41)

with a symmetry factor of 6.

2g°
3.167° 2N,

Fig.3(¢2q,192) =

e [ 18] [ @RI B i )
x Wy (X ky +x,9 — Ga3 X2, ky + X2G — G133 X3, k3 + X34)

(2”)D—1
2pf

dk, .
/2< k+) <S|l//q—>qq(pl’ P1— k(]v kq)l//Z—u{g(pl —q2,P1— kg — 4>, kg)|S>’ (42)

with a symmetry factor of 6.
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. 1 o o o
Fig.3(¢1929) = 3162 2N t”afbtc/[dxi]/[dzki]qquq(xhk1;xz,k2;x3,k3)

XWp o (X1 ky 4 x1G = G3: X0, kg + x2G — G123 X3, k3 + x3q)

(27[)D_1 (176 R N 7P s o o4 - I
X 2( + ! ) <S|l//q—>qg(pl;p1 _kgvkg>l//q—>qg(p1 — 43 P1 _kg_Q3’kg)|S>’

2Pfr Py — kZzL

with a symmetry factor of 6.

. ng - - -
Fig.3(¢2929>) :mcF<NC - 1)trtafbfc/ [dux;] / [ A2 ]W g (1. Ky Xa, ko X3, K3)

X Wy (X1, ky 4+ x1G5 X0, ko + X2G — G5 X3, k3 + X3q)

(27[)D_1/ dk, ) v L e e L e -
X : SIWpsaa(P1s P1 = koy kKW suo (P13 P1 — kg k)|S),
2p;r 2(pfr—k:]r)< | q qg( 1> P1 g g) q qg( 1> Pl g g)| >
with a symmetry factor of 6.
T — 295 a+b ¢ 2 7. 7. 7
Fig.3(¢39292) = 31658 (Ne =2)Cptrt?t?te [ [dx;] | [d°h;]W yqq (X1 ks xa, ko X3, K3)
X Wigq (X1, ki 4 x1G3 X0, ky + X2G — G123 X3, k3 + X3 — G3)
(2;:)0-1/ dk, X e -
: SWgqe(P1s D1 — kgs kg )Wgage (P15 D1 — kg k) |S),
2pfr 2(pfr—k:]r)< | q qg( 1> Pl g g) q qg( > Pl g g)l >

with a symmetry factor of 6.
29
3-167°
X Wygq (X1, ky + XG5 %0, ky + %2G — G133 X3, k3 + X34 — §)

Fig.3(929392) = (Nc—2)CFtUafob/[dxi]/[dzki]lpqqq(xl,7:1;x27/;2;x3,];3)

- - -

(Zﬂ)D_l dvkg ~ =2 .2 7 ~ 2.7
X zpfr 2(pfr _ k;) <S|’//q—>qg(p1§P1 - kg7kg)l//q—>qg<pl;pl - kg7 g)|S>7

with a symmetry factor of 6.

29
3-167°
X Wy o0 (X1, ky 4 X1G5 X0, ko + X2 — 13 X3, k3 + X3G — G3)

Fig.3(439392) = — (N, —2)CFtrf”lblc/ [dx;] / [dzki]lpqqq(xh]_C)I;XZ’I_()Z;XS’753)

(27)P-! dk I I VI
X 2[7?— 2<p?— _gk;.) <S|l//q—>qg(p],p1 - kg’ kg)Wq—»qg(pl,pl - kg’ kg)|S>’

with a symmetry factor of 6.

29

Fig.3(¢3q192) = (mafbfc*'mafcfh)/[dxi]/[dzki]q‘qqq(xhlzléxz’/zz;xs,/%)

"~ 3.162°2N,
X Wy (X1, ky 4+ x1G = G2 Xo. ko + X2G — 13 x3. k3 4+ X3 — G3)
S 2Pfr 2(pfr _ k;r) <S|Wq—>qg(pl’p1 - kg7 kg)Wq—»qg<p1 — {42, P1 — k_g — 4>, k_g)|S>’

with a symmetry factor of 6.
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29

3. 1675 2N,

Fig.3(q193¢2) = — (trtatbfc+t”a[ctb)/[dxi]/[dzki]q'qqq(xb]zl;xz,lzz;)%/%)

XWro (X1, ky 4 x1G = G3: X0, kg + X2G — 13 X3, k3 4+ X3 — G5)

(27)P-! dk, R Y P e w2 L om
X 2p;r 2<p;r_k+)<s|l//q—>qg(pl;pl_kgvkg>l//q—>qg(p1_CI3;pl_kg_q3’kg)|S>’ (49)
g

with a symmetry factor of 6.

B. Finite diagrams

1. Coupling at least once to the gluon

We now proceed to the UV-finite contributions. To write the following expressions in a more compact form we introduce
the integral operator

5
- g i s k
I:m/ [dx,-}/[dzki}‘quq(x],kl;xQ,kz;X3,k3)
o /min(xl.l—xz) % <1 {1 + Z2 Z1Z2> \/ /dzk lel - k . (50)
; X, Xy + X4 (z1P1 = k 9)

with z; = x,/x; and z, = x,/(x; + x,). We begin with the diagrams shown in Fig. 4 where two distinct quarks exchange a
gluon across the operator insertion, and where two of the probes attach to that gluon,

Z21_7)2_ (1 _ZZ)(kg_é)
- 7 —>\\2
(2292 = (1 = 22)(k, — )
X Wy, (X = xg. kg +x,§—kg+xglz;x2 —l—xg,kz—(1—x2)21'+kg—xgl_€;x3,k3 + x39). (51)

1 -
Fig.4(ggg) = —EtrT“T”T“I-

The symmetry factor is 6 which includes a factor of 2 for interchanging the gluon emission and absorption vertices between
quarks 1 and 2 (so that in |P) the gluon couples to quark 2, and in (K| it couples to quark 1),

2P — (1- Zz)(kg - Z112)
. = 2 2
(z2p2 = (1 = Zz)(kg —q12))
vaq(X1 =X ky + 2§ — Gy — kg + X, K3 x5 4+ X5, ky + X0G — G1o + kg — X, Ki X3, k3 + x3G).  (52)

1 -
Fig.4(q,99) = —Ztr(T“TbDC —TeT T)I -
x ¥

The symmetry factor of 6 includes a factor of 2 due to the contribution from Fig.4(g,gg) with the gluon emission and
absorption vertices between quarks 1 and 2 interchanged,

“‘ /“ \ / ‘\ | “ ““ “‘ |
\/ (999) \/ (q199) \/ (a299)

FIG. 4. A sample of UV finite diagrams for {p®(g,)p®(g.)p¢(g3)) where at least two of the probes attach to the gluon in the proton.
The cut is located at the insertion of the three color charge operators.

036007-11



PHYS. REV. D 105, 036007 (2022)

DUMITRU, MANTYSAARI, and PAATELAINEN

I b (-7
——te(T¢TDP — To7eT?)] . 212 (1—2)(k, f]”)
4 (z2p2 — (1 —Zz)(kg—6113))
k +xqf(;xz + Xgs ks + %24 — Gis + ]_ég - xgl_é;x3v k3 + x34)

Fig.4(9q,9) = 2
XlP;qq( xgv]_él +xl‘_1)_62_ (53)
The symmetry factor of 6 includes a factor of 2 due to the contribution of diagram Fig.4(gqg,g) (not shown) with the gluon

emission and absorption vertices between quarks 1 and 2 interchanged

1 - P —(1—2)(k, -G
Flg4(ggq1) _ _Ztr(TchDa _ TaTch)I . Zz_{)z ( ZZ)(_'Q 323) .
(z2p2 = (1 = Zz)(kg —G23))
X Wy (x) —xg ky +xG— Gy —k, + xgl?;xz + X4 ko + X2 — Gz + K,

—ng?;X3,z3 +X3§). (54)

Again, the symmetry factor for this diagram is 6 which includes the contribution of diagram Fig.4(ggg,) (not shown) with
the gluon emission and absorption vertices between quarks 1 and 2 interchanged,
1 Pr—33) — (1—2)(k, — G
Fig.4(¢2gg) = —~tr(TT* D¢ Zz(f’z :]3) ( ZZ)(_'[] j]lz) .
4 (22(P2 = 3) = (1 = 22)(ky = G12))
xgyl_él + x4 - ]_ég +xgl_€;x2 + Xy /;2 +x,G — §+];g

— TeT*T)] -
—x,K;x3, k3 +x33). (55)

X Wigq(x1

The symmetry factor is 6; this includes the contribution from Fig.4(q,gg) with the gluon emission and absorption vertices

between quarks 1 and 2 interchanged,
G2) — (1 —20) (ky —

1 B _ -
Fig.4(gq,g) = ——te(TT¢D? — TOT°T?)] - Zz(fz - So— 413 .
4 22(P2 = G2) = (1 = 22) (kg — G13))
X W (X = xg ky 4+ x1G — kg + x, K x5 + X kg + X0G — G + ky — x,K; x5, k3 + x34). (56)
The symmetry factor is 6.
1 - Pr—31) - (1=2)(k,— G
Fig.4(ggq,) = —~te(T*T? D¢ — TT*T*)] - ZZ(fz f“) ( szﬂ 223) .
4 (Zz(l’z—‘h)—(l —Zz)(kg—flz3))
(57)

X\Pqu( xg,z1+x1§ ]_5 +XgI?;XQ+Xg,]_€'2 +X22]>—é)+l_€'g—xgl?;.X3,k3 +X36]>

The symmetry factor is 6.

-

P2 — (1 - 22)(kg Fllz)

=

1
Fig.4(q399) = —trT“TbDCI 5
(z2P2 = (1= Zz)(k —412))
xqvkl+xlq k +ng;x2+xy’]_£2 +x2§_‘712+]zg_xyl?;x3vl_é3 +x3§_§3)‘ (58)

X lP:61‘1’1(

The symmetry factor is 6.

1 5y —(1— ]_C’ =
Fig.4(gqag) = 7 uT*T*D"T - b2 (1= 2)(k, 313)2
(2292 = (1 = 22)(k, = G13))
£, —x,Kixs ks + 13 -2, (59)

X‘P;qq( xgvkl +.X]§ k +ng;x2+xg,k2 +x2§—§13+kg—ng;x3,k3 + X3¢ 612)

The symmetry factor is 6.
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Fig.4(ggqs) — ltrT“Tchf- P2 = (1 = 22) (kg = G23)
: 3 = =~ 22
2 (z2P2— (1= ZZ)(kg — )
(x) = x4 k) +x19 — k, +xgl?;x2 + Xy ko + X0G — Gz + Kk, — xgl_f;x3, ky+x3g—¢q;). (60)

*
X Wigq

The symmetry factor is 6.
We continue with the diagrams shown in Fig. 5 where two distinct quarks exchange a gluon across the operator insertion,

and where one of the probes attaches to that gluon,
N, = —(-2)k, -G
Fig.5(q1q,9) = =ttt - 2_{72 ( 2)(_,g jh) 5
2 (Zzpz—(l—zz)(kg—%))
X ‘me(xl - xg, k1 + qu - kg + XgK - 623;X2 + Xg, k2 + XzL—]) - Zjl + kg - XyK;X:;, k3 +X3é’). (61)

The symmetry factor is 6 [this includes the contribution from diagram Fig.5(g,¢,g) (not shown) with the gluon emission

and absorption vertices between quarks 1 and 2 interchanged],
N = =1 =2)(k, -G
Fig.5(q19q1) = SCwired] - 222 o)l 32) 2
2 (Zzpz - (1 - Zz)(kg - C]z))
X W (0 = xg ky +x1G —ky+ xgl_f — G133 X + X5 ky + X2 — Gy + k= xgl_f; x3, k3 +x3q).  (62)

Again, the symmetry factor is 6 [this includes the contribution from diagram Fig.5(¢,gq,) (not shown) with the gluon

emission and absorption vertices between quarks 1 and 2 interchanged],

Zzﬁz - (1 - ZZ)(];q - 53)

N, -

Fig.5(991q,) = =~ trt"t?1¢1 - —== —
2 (22P2 = (1 = 22) (ky = 33))°

X W (X1 = xg ky 4+ x1G = kg + XK = G1o3%5 + Xg ko + X0G — G5 + kg — x,K: x3, k3 + x3¢).  (63)

Again, the symmetry factor is 6 [this includes the contribution from diagram Fig.5(gq,¢,) (not shown) with the gluon

emission and absorption vertices between quarks 1 and 2 interchanged],
22(P2 = G3) — (1 — 22)(k,

1 N -

Fig.5(¢2q:9) = <——(T“)b —i——ctrt“tctb)I- — -
4 2 (Zz(Pz—%)—(l—Zz)(kg—‘h))z
X Wiy (e = X, ki + 21§ = kg + x,K = Go3 60 + Xy Ky + 50 = Gis + kg — X, K3 23, k3 + 133). (64)

-4

The symmetry factor is 6, including the contribution from diagram Fig.5(g;¢,g) (not shown) with the gluon emission and

absorption vertices between quarks 1 and 2 interchanged,

Zz(ﬁz - 673) - (1 - Z2><kg - QQ)
7 - 2

1 N
M Tb TC trah s I-
(T%)¢q + 3 et > (22(P2 = q3) = (1 = 22)(k, — G2))
(65)

Fig.5(q2991) = <4
X ‘P;qq(xl — xg, kl —+ Xlé — kg —+ ng — él;.XQ + Xg, k2 + )Cza — 623 + kg - .ng;X3, k3 +X3é).

The symmetry factor is 6, including the contribution from diagram Fig.5(g;9¢,) (not shown) with the gluon emission and

absorption vertices between quarks 1 and 2 interchanged,
: Lo Ne .. Pr— ) — (1 —2)(k,— G
Flg.S(ngql) _ <4(T‘)ba+2Ctrt”t‘t”>1- 2(?2 ?2) ( 2)(_)g _?3)2
(22(P2—g2) — (1 = Zz)(kg - 43))
+ ng - al;x2 + Xg, k2 + Xza - 623 + kg - )CgK; X}, k3 +X3a). (66)

X ‘quq(xl —xg,k1 +Xla - kg
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The symmetry factor is 6, including the contribution from diagram Fig.5(gq,¢,) (not shown) with the gluon emission and
absorption vertices between quarks 1 and 2 interchanged,

1 N - 5y —3y) — (1—2,)(k, — G
Flgs(qlng) — <_ (Ta)bc +—Ctr[athlc>l. ZZ(_{’Z _?2) ( ZZ)(_}Q ?1) 5
4 2 (22(P2 = G2) = (1 = 22) (ky — G1))

X Wy (x) = xp k) +x1G —ky+ x,K = G3:% + X, kg + X24 — 1o + k) — x,K; x5, k3 + x3).  (67)

The symmetry factor is 6, including the contribution from diagram Fig.5(g,¢;¢g) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

-

>7 Zz(f’z - Z1'1) - (1 - Zz)(kg - 672)
(

22(Pr— @) = (1 - 2)(k, — §,))

- -

X ‘quq(xl — xg’ k] + xlij — kg + XgK - 53;)@ + )Cg, k2 + Xo4d — (412 + kg — )CgK; X3, k3 +X3a). (68)

i 1 NC a4c
Fig.5(q19¢2) = <4(T”)ac + 5w t

The symmetry factor is 6, including the contribution from diagram Fig.5(¢,gq,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

1 N. - pr—q;)— (1= k,— g
Fig.5(gq1q2) — <_ (Tc)ah —l——ctrtatth)] ) 22(52 f]l) ( 12)(_),] f?) 5
4 2 (z2(P2—q1) — (1 —Zz)(kg—%))

- -

X W (X1 = xg ky +x1G = kg +x,K = Goi X + xg ko + X0G — G5 + kg — x,K: x5, k3 + x3¢).  (69)

The symmetry factor is 6, including the contribution from diagram Fig.5(gq,q;) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

N. - D - g - 1 - ]_C' - 7
Fig.5(q2929) = = tet*s11 - Zz(_]?z _6,123) ( Z2>(*y _(.]l) 2
2 (22(P2 = Go3) — (1 = 22)(ky — G1))

X W0 (X1 = x,, 1?1 +x1q— 11, + ng(;xz + x,, I:z +xX§—q+ 1;11 —ng(;x3, l% + x39). (70)

The symmetry factor is 6, including the contribution from diagram Fig.5(g;¢;¢) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

(P2 —qi13) — (1 - Z2>(kg — )
(22(172 - Z113) - (1 - Zz)(kg - Eiz))
X Wy, (x) =X,k +x1G—k, —|—ng(;x2 +xg.ky + X2~ G+ k, _-ng—();x37k3 + x3G). (71)

N -
Fig.5(¢299,) = itrtbt“tcl- 5

The symmetry factor is 6, including the contribution from diagram Fig.5(g;gq;) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

22(P2 = Gi2) — (1 — 22)(ky — G3)
R T 22
(22(P2 = G12) = (1 = 22)(ky — 43))
X W (x) = xg ky +x0G —k, + ng(;xz + X4 ko + X0 — G + kg —xgl_f;x3, ks + x3G). (72)

N, -
Fig.5(99,9,) = T‘trt“tbtcﬁ

The symmetry factor is 6, including the contribution from diagram Fig.5(gq,¢;) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

036007-14



CUBIC COLOR CHARGE CORRELATOR IN A PROTON MADE OF ... PHYS. REV. D 105, 036007 (2022)

) 1 1 - Py (1—22)(]_‘; q1)
Fig.5(q3¢,9) = (—— T%),, — Nttt + —uTeT4(D? — T? >1~ -
(03019) = =3 Ter T ) s (1-2)(k,—4))

X W0 (X1 = x. kg +x1G —ky+x,K = G2i %) + X,k + X240 — Gy + k, —ng;x3,k3 +x3g —q3). (73)

The symmetry factor of 6 includes the contribution from diagram Fig.5(g3¢,¢9) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Zzﬁz - (1 - ZZ)(%g - Z12)
(2287 — (1 = 22) (kg — §2))’

x Wiy (x1 xg7k1+x161 kg+ng 311,x2+xg,kz+xm g> + k, —XgK»x37k3+x3CI g3). (74)

1 1 -
Fig.5(q39¢,) = (—Z(Tb)w = Netrt1 + 2 uTT? (D - T“))I :

The symmetry factor of 6 includes the contribution from diagram Fig.5(g39¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,
) sz’z - (1 - Zz)(kg 53)
= 7 S \\2
(2292 = (1 = 22)(ky — G3))
x Wy . (x; xg,kl + x4 - k +x, K —Gp:x +xg,k2 + X4 — ¢ —l—l_é - X, K; x3,k; +x3g — ¢»). (75)

1 1 R
Fig.5(9g5q,) = (—4 (T)pq = Netrt“s€t? 4 L uT?Te(D — T“))I

The symmetry factor of 6 includes the contribution from diagram Fig.5(gq3¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Zzﬁz - (1 - Zz)(kq 671)
> = - .2
(Zzpz - (1 - Zz)(k %))
X Wi (X xg’kl+xlq k+XK q3,x2+xq,k2+x2q g, + k, —xqf,x3,k3+x3q G>). (76)

1 1 -
Fig.5(q1939) = (—Z(Ta),,c = Newt“t"1° + 2 uT’T*(D* - TC)>1-

The symmetry factor of 6 includes the contribution from diagram Fig.5(¢,¢3¢g) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

2Py — (1= Zz)(kg )
- g - 2
2pr— (1 - Zz)(kg - 42))
X"P;;qq( xy,k1+x1§—kg+xgl?—§3;x2 -I-xg,kz-f—xz(?—312+kg—xgl?;x3,k3 +X3q—ql). (77)

1 1 R
Fig.5(¢19q3) = <—Z(Tb)ac = Netwt"#1¢ + a7 (D° - TC)>I- (

The symmetry factor of 6 includes the contribution from diagram Fig.5(g,gq3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

1 1 = by —-(1=-2)(k, -G
Fig.5(9q1¢3) = (——(Tc)ab — N et + —aTTe (D — T”))I' b2 (- 2)(k, :“) .
4 4 (2282 — (1 = 22) (ks — G3))

lei;qq( xgvk]+x16_kg+ng_62;x2+xg’k2 +x26_63+kg_ng;x37k3 +x321>_‘_]'l>- (78)

The symmetry factor of 6 includes the contribution from diagram Fig.5(gq,¢3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

(P2 = 2) = (1 = 22) (kg — §1)
2
(22(P2—G2) — (1 = Zz)(k - 4q1))
X W (x) =g ky +x1G = kg + x,K; % + X, ky + %24 — G1p + kg _-ng;XS’ k3 +x3g—q3). (79)

N,

: 1 5 a 1 a c\T
Fie S(as020) = (= 3 (1 = (D + Jure(00 = 7)1 )T

The symmetry factor of 6 includes the contribution from diagram Fig.5(¢3¢,g) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,
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(1019 \/ (02119) U \/ (g3019)

FIG.5. A sample of UV finite diagrams for {p?(g,)p"(g)p¢(g3)) where one of the probes attaches to the gluon in the proton. The cut
is located at the insertion of the three color charge operators.

. 1 N, 1 = 2P -d) - (1-2)(K, —a)
Fig.5 = | == (T") e = =5 (D?) e + - &TP(D* =TT |1 - —
£3(000) = (<37 = (P4 70" =) (a2 = 1) ~ (1 )&, ~ @2))°

4
X W (X =g,k + x1G =k, + x,Ki X0 + X,k + x2G — Gio + ky — x,K; x5, k3 + x3g — G3).  (80)

The symmetry factor of 6 includes the contribution from diagram Fig.5(¢3gq,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

. 1. N, 1 - n(Pr—d1) — (1 - 2)(k, — )
Flg.s<gqq>:(——<ma ~2¢(pe), +—trTC<D“—T“>Tb)1- L st
o 47 g e T (22(Br— 1) — (1= 22)(k, — 33))°

X W (X =g,k + x1q —k,+ XK x5 + xg, ko + X2 — Gz + k,— x,K; x5, ks +x3g —G2).  (81)

The symmetry factor of 6 includes the contribution from diagram Fig.5(gqsq;) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

. 1 N, 1 = 2(Pr—G3) — (1 - 2)(k,— G))
Flg.5<qqg>—(—(Tﬂ)c——<D“>ﬁ—trT“(DC—TC)Tb)I‘ P2 Ky ¢
0 47 4 4 (22(P2 = G3) — (1 = 22) (kg — 1))’

X Wigq (X1 = xgo ky +x1G — kg + X, K5 X5 4 X0, ko + x2G — G135 + kg — X K5 X3, k3 +x3G — G»). (82)

The symmetry factor of 6 includes the contribution from diagram Fig.5(¢;q3g) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,
Zz(f’z - Z13) - (1 - Zz)(kg - 52)
S o Z o \\2
(22(P2 = 43) = (1 = 22) (kg — 42))
X W0 (x) = xg ky 4+ x19 =k, + ngcxz + x5 ky + 222G — o3 + k= Xgl?;xy k3 +x3G—q1). (83)

: 1 NC 1 c c a\T
Fig.5(42005) — (—(T% _Ne oy, 4 L err (o~ o7 )1‘

4 4 4

The symmetry factor of 6 includes the contribution from diagram Fig.5(g;gq;) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

N

: 1 ' c c 1 c a\7
Fie:S(00:05) = (§ (T = (D) 4 07D =707 )T

Zz(f’z - 52) - (1 - ZZ)(kg - z12)
(22(P2—G2) — (1 = Z2><kg - q3))
X W, (X —xg ky 4+ x1G — kg +x,K: %) + xg ks 4+ X0G — Gos + kg — x,Ki x5, k3 + X3 —G).  (84)

2

The symmetry factor of 6 includes the contribution from diagram Fig.5(gq,¢;) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig.5(¢3q39) = 0, (85)
Fig.5(¢3993) = 0, (86)
Fig.5(g9g3q3) = 0. (87)
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2. Coupling only to quarks

Here we consider the diagrams where all three gluon probes couple exclusively to quarks in the proton. We begin with the
matrix element of p?(g,)p”(4,)p°(g3) in the |gqqg) Fock state. A few examples are shown in Fig. 6,

- P —(1—2)k
Fig.6(q19141) = —=Cptrt“t’11 - szz ( Zz)qu
(2272 — (1 — 22)k,)

X ‘I‘f]qq(xl _'xg’kl - (1 —.X'l)a) - kg +X9K;X2 —i—xg, k2 +x2é' + kg _ng;X3,k3 +X3§). (88)

The symmetry factor of 6 includes the contribution from diagram Fig.6(¢,q,¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

! - P33 - (1-2)k
Fig.6(¢2919:1) = —<CF ——> e Pl - ZZ(fz ?3) ( 22)492
2 (22(P2 = g3) — (1 = 22)ky)
x ¥

vaq(X1 = xg. k) +x1G = Gro — kg + x,Ki X + X ky + x24 — G5 + ky — x, K1 X3, k3 + x3g).  (89)

The symmetry factor of 6 includes the contribution from diagram Fig.6(q,¢,¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

. 1 1 = Zzﬁz - (1 - Z2>I_€(
Fig.6 =(Cpr—=— et 11 - =
ig.6(9391491) ( FT3 2NC) f (2252 — (1 = 2)k,)°

X ‘P;qq(xl _xg’kl —|—xﬁ]’— 512 — kq —|—ng;)€2 —|—xg,k2 +X2é) + kg —ng;X3,k3 +XSC_]) — 63) (90)

The symmetry factor of 6 includes the contribution from diagram Fig.6(g3¢,¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

! - (b= d) - (1-2)k
Fig.6(q19291) = - (Cp - —) trrereb 1 - 22(572 i]z) ( Z2)ﬁ92
2 (22(P2 = G2) = (1 = 22)ky)

X ‘I‘qu(xl —xg,k1 +X16— 513 - kg +ng;X2 +Xg,k2 +X2§ - 62 -+ kg —XgK;X3,k3 +)C36). (91)

The symmetry factor of 6 includes the contribution from diagram Fig.6(¢,q,¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

! - 2Pr—Gn) = (1 - )k
Fig.6(¢24241) = - <CF - —) et - ZZ(fz fB) (1= 20)k, i
2 (22(P2 = Go3) = (1 = 20)k,)

X W (X1 —xg ky 4+ X1 — Gy — kg +x,K: %0 + X0, ks 4+ X0G — Gz + ky — x, K x5, k3 + x3q). (92)

(m10191) \/ \./ (q191) (g39201) \/ \/ (430243)

FIG. 6. A sample of UV finite diagrams for (0(g,)p”(g»)p°(g3)) evaluated in the |ggqg) Fock state, where all three probes attach to
quarks in the proton. The cut is located at the insertion of the three color charge operators.

036007-17



DUMITRU, MANTYSAARI, and PAATELAINEN PHYS. REV. D 105, 036007 (2022)

The symmetry factor of 6 includes the contribution from diagram Fig.6(g,¢,¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

N = (Pr=Gy) — (1= 2)k
Fig.6(q3q2q1) = | (Cp — D)trt*ebe¢ + <CF ——C> trt“tctb} I- Zz(fz ?2) ( ZZ)_}gz
2 (Zz(l?z—ch)—(l—zz)kg

X IPqu(Xl —Xg,kl +qu—§1 _kg +XyK;X2 +Xy,k2 —|—qu—§2 +kg —XyK;X3,k3 +X3q— 63) (93)

The symmetry factor of 6 includes the contribution from diagram Fig.6(g3¢,¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

I N - by - (1-2)k
Fig.6(q19391) = <2CF——2C)trt”t"t”I- 2P — Zz)qu

2 (z2D2 = (1 = 22)k,
X W (X = xg ky 4+ X1 — Gi3 — kg + x,Kix0 + X ko + %0G + kg — x,Ki x5, k3 + X3 — G5). (94)

The symmetry factor of 6 includes the contribution from diagram Fig.6(g,¢3¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

N.. IR Py —q3)— (1 —2)k
F1g6(QQQ3ql) = (CF - l)trtatctb + <CF ——L> trt“tbtc} 1- 12(_1'72 ?3) ( Zz)_)yz
2 (Zz(Pz —613) - (1 _ZZ)kg

X ‘I—’qu(xl —xg,kl —|—x1§—§1 —kg—l-ng;xz —|—xg,k2 —|—XQ§—§3 +kg —XgK;X3,k3 +x3§— 62) (95)

The symmetry factor of 6 includes the contribution from diagram Fig.6(q,¢3¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

-

. 1 NNy 2Pr—(1=2)k
Fig.6(q3q939,) = (ZCF —E—T)trt el - (2Fr— (1 -2 ){')2
2P2 — (L= 22)Ky

X W, (X1 = x4, kg +x1G— g1 =k, + x,Ki X0 + X, ky + x2G + ky — X, K X3, k3 + x3§ — G23).  (96)

The symmetry factor of 6 includes the contribution from diagram Fig.6(g3¢3¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

1 - (-4 - (1-2)k
Fig’6(q1q1q2):_<CF_—>tI'tatth]. Zz(i’z j]l) ( 22)qu
2 (22(P2 = q1) = (1 = 22)ky)
x ¥

vaa(X1 = X0 k) +x1G — Goy — ky + x, K X0 + Xy, ky + X204 — Gy + ky — x, K3 X3, k3 + x3g).  (97)

The symmetry factor of 6 includes the contribution from diagram Fig.6(¢,¢,¢q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

1 - (P dn) — (1 - )k
Fig.6(929142) = —<Cp ——) trr? 1171 - ZZ(E)Z 313) ( Z2)ﬂ92
2 (22(P2 = q13) = (1 — 22)ky)
x ¥}

vaq(X1 = Xg. ki +x1G — G — ky + X, K5 x5 + X, ky + X2 — G13 + kg — x,K; X3, k3 + x3G).  (98)

The symmetry factor of 6 includes the contribution from diagram Fig.6(q;¢,¢q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,
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Ne - n(B—d) - (1-2)k
Fig-6(CI3Q1Q2)=KCF——‘)trt“tthJr(CF_l)matctb 7. Zz(fz ?1) ( zz)ﬁg
: (22(P2—G1) — (1 = 22)k,

X W, (x) = x4,k +X1G = Go —ky+ X, KX 4+ Xy ks + 224 — Gy + ky— x,K; x5, k3 +x3G — G3).  (99)

The symmetry factor of 6 includes the contribution from diagram Fig.6(¢3¢,¢;) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

-

12(1_52 - Z1>12) - (1 - ZZ)kg
(2a(P2 = G12) = (1 = 22)k,)”
X ‘P;qq(xl - xg, kl + Xlé - Z]>3 - kg +xgl?;x2 + xg, k2 + qu - 512 + kg - Xgl_{’; X3, k3 + X3a). (100)

. 1 -
Fig.6(q19,9,) = — (CF - E) trr?tb T -

The symmetry factor of 6 includes the contribution from diagram Fig.6(¢,q,q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

- By —3) = (1 - /—c)
Fig.6(q24242) = —Cptrt“s1°1 - Z2(f’ 2 ff) (1= 20)k,
(22(P2 —4) — (1 = 20)k,

x W, (X — x,, k, +x1é'—lzg+xgl?;x2 —|—xg,l;2 + X,q — §+;g—xgl?;x3,l;3 +x3g). (101)

2

The symmetry factor of 6 includes the contribution from diagram Fig.6(g;¢,q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

1 N - (P —Gn) - (1 -2k
Fig.6(q3929>) = <2CF - _C> trrab T - Zz(_l?z f]lz) ( Zz)_}g i
2 2 (22(P2 = q12) — (1 = 22)ky)

- -

X Wy (xy = xg kg +x0G — kg + x,Ki X0 + X, ky + X2G — G + ky — x,K; x5, k3 + X3 — G3). (102)

The symmetry factor of 6 includes the contribution from diagram Fig.6(¢3q,¢;) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

N R Pr— 1) — (1 =2k
Fig.6(q193¢2) = |:(C]:' — Dtrt?tP 1€ + (CF - —C> trt"tctb]l- Zz(fz _f]l> ( Z2>_,gz
2 (z2(P2 — 611) —(1- Zz)kg)

X Wy (X = xg ky +x1G — Gy — ky + x,Ks x5 + X ky + X0G — Gy + ky— x, K x5, k3 + X3 — G5).

(103)

The symmetry factor of 6 includes the contribution from diagram Fig.6(¢,¢g3q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Zz(f?z - 513) - (1 - Z2)kg
(Zz(ﬁz - 513) - (1= Zz)kg)
X lPZ(](](X] — Xgs kl +X1§ - kg +xgi<);x2 + Xgs k2 + x26 - 513 + kg - xgl_é; X3, k3 +x3§ - 52) (104)

1 N, -
Fig.6(¢29392) = <2Cp -5~ 7‘) b1 - .

The symmetry factor of 6 includes the contribution from diagram Fig.6(g;¢3¢q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

! - n(Br—3) - (1 -2k
2 2 (z2(P2—q1) — (1= Zz)kg)2

X Wy (x) = xg kg +x0G — kg + X, K3 X0 + X0, kg + x2G — Gy + ky— XK x5, k3 + X3 — Ga3). (105)
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The symmetry factor of 6 includes the contribution from diagram Fig.6(g3¢g3¢q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

, 1 NN e 2P—(1-2)k
Fig.6(q,q19;) = <2Cp—2—2>trt P11 - T )1€g2
2P2 =\ = 2Ky

X lPqu(X] — xg, kl +X1§ - 523 - kg +X9K;XZ +Xg,k2 +XZ§ + kg —ng;X3, k3 +X3q— 51) (106)

The symmetry factor of 6 includes the contribution from diagram Fig.6(¢,¢,¢q3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

N - Br—3) — (1 —2)k
Fig.6(qyq1q3) = |(Cr — vt + (Cp - ) trt“t"th]l- ZZ(fz f3) ( 2’2)}2
2 (22(P2—q3) — (1= Zz)kg)

X lPquOCl - )Cg, kl +X16 - (72 - kg +X9K;X2 +Xg, k2 +XQ6 - 53 + kg —XgK;)C3,k3 +X3§ - al)
(107)

The symmetry factor of 6 includes the contribution from diagram Fig.6(q;¢,q3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

i 1 N, - 2P —(1-2)k
Fig.6(¢3q193) = <2Cp—§—7>trt“lctbl-(zzﬁ2 a Zz),—(»g)z
2P2 — L = 22)Ky
x P*

qqq(xl - xg, kl +X16 - ij - kg +XgK;)C2 +Xg, k2 +XQ6+ kg —XgK;X3,k3 +X3§ - 613). (108)

The symmetry factor of 6 includes the contribution from diagram Fig.6(¢3¢,¢3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

-

N L 2(Pr=Gy) = (1 -2k
Fig.6(q192q3) = |(Cp — D)ttt + (CF ——C> trt"tbtc]l- Zz(fz _?2> ( ZZ)_,gz
(22(P2 = G2) = (1 = 22)ky)

2
X ‘meq(xl - Xg,kl +X1§ - 63 - kg +ng;X2 +xg, k2 —F)Cza> - 52 —+ kg —ng;X3,k3 +X3é) - 51)
(109)

The symmetry factor of 6 includes the contribution from diagram Fig.6(¢,q,¢3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

1 N - (P —Gn) - (1 -2k
Fig.6(¢29293) = <2CF————C>trt“tthI- ZZ(fZ f23) ( Zz)ﬁgz
2 2 (22(P2 = G23) — (1 = 22)ky)
x P*

dag(X1 = Xgo ki +x1G — kg + X K500 + Xy, ky + %2G — Gz + kg — XK X3, k3 + x3G — 1) (110)

The symmetry factor of 6 includes the contribution from diagram Fig.6(q,q,¢3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

-

Zz(f?z - Z12) - (1 - Zz)kg
- - 7 \2
(22(p2— @) — (1 = ZZ)kg)
X Wy (x) = xg kg +x0G —ky+ X, KX + X, kg + X2G — Go + ky— X, K x5, k3 + X34 — G13). (111)

1 1 NC a7
Fig.6(q39293) = <2CF -3 —7> tre¢ 1< ebT -

The symmetry factor of 6 includes the contribution from diagram fig.6(g3¢,¢3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.
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-

P2 = (1 = 22)k,
- 7 \2
2Py — (1= ZZ)kg)
X Wy (X1 = xg ky 4+ X1G = G5 = kg + x,K: %0 + xg. ko 4+ X0G + kg — x,K: X3, k3 + X34 — G1p). (112)

1 1 NC a <7
fig.6(q19395) = (ZCF —E—T)trt el - (

The symmetry factor of 6 includes the contribution from diagram Fig.6(¢,q3¢3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

22(1_52 - Z1'3) - (1 - Zz)kg

(22(P2 = G3) = (1 = 22)k,
XlP;qq( xg’kl+xlé_kg+ng;x2+xg’k2+x26_q3+kg_ng;x3’k3 +X36—§12). (113)

. 1 N, )
Flg.6(Q2Q3Q3) = <2CF - 5 - 7) trt"tbtcl .

The symmetry factor of 6 includes the contribution from diagram Fig.6(q,g3¢3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Py — (1 - Zz)kg
S =2
(Zzl?z - (1 - Z2)kg>

X W0 (x xg,kl—|—x12j—kg+xgl_f;x2+xg,k2+x221’+kg—xgl_f;x3,k3 +x3g—q). (114)

Fig.6(q393q3) = Cp(2 — N )rt“t1 -

The symmetry factor of 6 includes the contribution from diagram Fig.6(g3¢g3¢q3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

The final set of diagrams corresponds to the virtual corrections where two quarks exchange a gluon on either side of the
insertion of the p?(g,)p"(g,)p¢(g5) operator. Figure 7 shows a small subset of these diagrams. To write them in compact
form we introduce the integral operator

g L
— 3. 16”3 [dxl] / [dzki}‘l’qqq(xl, kl;x2, k2;x3, k3)

min(x;,1-x;) dx[
X/ | _J<1_Z1+22+Z122> /d2k (115)
* X, 2 X3 +x

We shall also include right away the contribution from the diagram where the gluon exchange occurs on the other side of the
insertion from quark 2 to quark 1. With this,

5y — (1 =2,k P —k P —G)—k
Fig.7(q19141) = Cptrt“t"1°J Zzi’z ( Zz)—*gz'< Zlfl = Zl(fl jl) ~g2>
(Zzpz - (1 - Zz)kg) (lel - kg) (Zl(l?l - Q) - kg)
x P*

saq (X1 xg,lzl +xg—q¢— l;g +xgl?;x2 + X, 1;2 + x,q + l_c)g —xgl_f;x3,l;)3 +x349). (116)

The symmetry factor of 6 includes the contribution from diagram Fig.7(¢,g,¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

e.qy b . edy OB g ey PP gadi o

é 8 §
=
=
g S
g &
g
g S S
S S S
/ T = e, 1 [ { C
+‘ \+\ \ [ p+ | g 8 [ [pt ] S
P ‘K*‘ P ‘ ‘\P,‘ g 8 ‘K*“ [P, S

‘PT; ‘KTJ ‘PT\‘ | || \Ep |\ Pr |

ot

0000000000000000, =

| / S
\/ (q19191) (@2q191) (430241 (a3a2a3

FIG.7. A sample of UV finite diagrams for (p®(g,)p”(§2)p°(g3)) evaluated in the |gqq) Fock state including O(g?) virtual correction.
The cut is located at the insertion of the three color charge operators.
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DUMITRU, MANTYSAARI, and PAATELAINEN
1 —(1-2)k P —k
Fig.7(¢2q191) = (CF_ i )t”atbtcj< Sl Zz)qu Zlfl *gz
2Py = (1 = 22)ky)” (2191 — k)

22(132 - 53) -
(117)

(22(P2 = G3) = (1 - 2
X"quq( xg,kl—i—xl(_j—(}lz—k —I—x_ql_f
The symmetry factor of 6 includes the contribution from diagram Fig.7(g,¢,¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged
N.+1 2P~ (1-2)k, ( 2P —ky z21(p1 — 3112) kg )
(P =k)" (@i(Br =) — k)’
(118)

)trt“tthJ — =
(2272 — (1 — 22)ky)
xg,lzl +Xx1G— Gy — k +xgk;x2 +xg,122 + X,q + lzg - x,K x3,k3 + X34 — 43)

1

Figj(%@ﬂl) = _<2CF -

X Wigq(x1
The symmetry factor of 6 includes the contribution from diagram Fig.7(¢3¢,¢,) with the gluon emission and absorption

N, +1 B, — (1 —2,)k
_ et )trt“t"thj< Z2_]}72 ( Z2)_)g2'
2 (22172 - (1 - Z2)kg (

Zl(ﬁl 513) k

vertices between quarks 1 and 2 interchanged
Fig.7(q19291) = <CF
(P2 —qp) = (1= Zz)k

+ 2’ > 2)
(Zz(Pz - 612) -(1 —Zz)k ) ( (Pl q1 ) kg)

xgvkl—"_xlq Gi3 — k+ I%x2+xg,k2+x2q 6]2+k —Xsz,k%‘i‘xM]) (119)

X Wigq(x1
The symmetry factor of 6 includes the contribution from diagram Fig.7(¢,q,¢,) with the gluon emission and absorption

vertices between quarks 1 and 2 interchanged

Fig.7(¢2929:1) = <CF - .
(Z2P2 —(
4 Zz(ﬁ2—§23)—(1—22)kg Zl(ﬁl_él)_kg >
- - 7 \2 - - 7 \2
(Zz(l?z - 6123) - (1 - ZZ)ky (21(191 - (11) - kg)
xg,kl +x19—¢; — /?g +xgl_f,x2 + X, ks + X2 — o3 +k - X, Kix3. k5 + x34). (120)

X Wigq(x1
The symmetry factor of 6 includes the contribution from diagram Fig.7(g,q,¢,) with the gluon emission and absorption

-

Z11_7)1 _kg

vertices between quarks 1 and 2 interchanged
Py — (1 - Zz)kq
732

N.+1
et >(trt“tbtc + trt“tftb)J( = S ——
2 (z2P2 = (1= Zz)kg (z21p1 — kg)

Fig.7(¢39291) = _(CF -
I 22(172—52)—(1 —Zz)kg A (ﬁ fh) k )
> > 22 > S 7 \2
(Zz(Pz - 612) - (1- Zz)kg (Zl(Pl - (]1> - kg)
Xquqq( xgvkl +xlq QI_k +xgl_€;x2+xg’k2+x267_a2+kg_ng x3’k3 +X%CI CI3)
(121)

The symmetry factor of 6 includes the contribution from diagram Fig.7(g3¢,¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged
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CUBIC COLOR CHARGE CORRELATOR IN A PROTON MADE OF
22132—(1—22>kg ) ( Zlﬁl—kg 21(131 613)_kg >
(2B2 — (1 = 2)k))> \(21P1 = k,)"  (21(Pr = G13) — ky)’

-

k + x, K; x2+xq,k2+xzq+kq—x K,Xs,k3 + X34 = G»).

(122)

N 1
Fig.7(q1q39:) = _(ZCF - + )trt”tctbj

X Wogq(x1

— X ki +x1G— G153 —
The symmetry factor of 6 includes the contribution from diagram Fig.7(¢,¢3¢,) with the gluon emission and absorption

vertices between quarks 1 and 2 interchanged
N.+1 By — (1 - 2)k, pr—k
Fig.7(¢2q39)) = —(CF— e )(trt“t”tc+trt“t“tb)1( ©2h ( ZZ) a1 L
(z2P2— (1= Zz) ) (lel - kg)
22(1_52—(73)—(1—22)kg ) 21(51—211)—1% )
72 _—_ 72
)kg) (Zl(pl _QI>_kg)

(22(P2—q3) —(1 =2,
X W, (x) —xg ky + x4 — G — k +ng(;x2+xg,k2+x2§—?]3+kg—ng X3, k3 + X34 — G»)
(123)

The symmetry factor of 6 includes the contribution from diagram Fig.7(q,g3¢,) with the gluon emission and absorption

vertices between quarks 1 and 2 interchanged
1 pr— (1 —2)k pr—k k,
Fig.7(q393q1) = _(2CF 5 )trtatbtcj szz ( ZZ)*gz' ( Zlfl *gz"" il D = )
(222 = (1= 22)k,)* \(zip1 = k)" (21(B1—G1) — k)
X W0 (x1 = xg ki 4+ x19 (71—kq+qu?;x2+xy,k2+x2§+kg—ng(;x3,k3 + X34 — G23) (124)

The symmetry factor of 6 includes the contribution from diagram Fig.7(¢3¢q3¢,) with the gluon emission and absorption

vertices between quarks 1 and 2 interchanged

Fig7(¢19142) = <CF—N”; l)trz“tbw< w2p2 (1 _ZZ)ﬁk"f P _f"z
2P — (1 _ZZ)kg ( 21P1 kg)
I 22(132—211)—(1 _ZZ)_I?g ) Zl(Pl 6123) E >
(22(132 - Z11) - (1 - Zz)kg ? (21(131 - (]23) k )2
k, + x,K;x +xg,k2+x2§—§1+§g—ng x3, k3 + x39) (125)

X Wigq(X1 = Xg ki + 31§ — Go3 —

The symmetry factor of 6 includes the contribution from diagram Fig.7(¢,¢,¢q,) with the gluon emission and absorption

vertices between quarks 1 and 2 interchanged

By — (1 —2,)k P —k
+ )tt“tLthJ< 2_{72 ( ZZ)_)gz' Zl_{’l _}gz
(2202 = (1 = 22)ky)” (2191 — k)

Fig.7(¢29192) = <CF -
(1- Zz)

4 Zz(ﬁz—f_iw)— 9 .

- = =2 - -, 7
(Zz(l?z - 6113) - (1 - ZZ)ky) (21(1?1 - (12) - kg)

G, — k +xgl_f;x2 + x,. Ky + X2G — 13 + l_ég - xgl?; X3, k3 + x39) (126)

XLquq( xgakl +xlé_QZ g
The symmetry factor of 6 includes the contribution from diagram Fig.7(g;¢,¢q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged
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K,
k,)?

N, +1

abr—(1=2)k, 2P~
)(trt”tbtc-i-trt“tctb).]( P2 = (1= 2)ky _21b)

Fig.7(q3919 =—(C - 5 k
(939192) F (Z2p2—(1_Z2)kg)2 (z1P1 -

12(132—‘?1)—(1 —Zz)kg ) 11(51 ) kq )
O = = =2
(Zz(Pz—‘h)—(l— )kg) (ZI(PI ) kg)
X W, () xq,k1+x1?j g — k +qu?x + x,, k2+x2§—§1+k9—xy1?;x3,k3 + X34 — G3).

(127)

The symmetry factor of 6 includes the contribution from diagram Fig.7(g3¢,¢q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

et 1>trtazbt6]< ﬁz — (1 _ Z2>k9 . Zlﬁl — kg
(2P = (1= Zz)k_q ’ (z1P1 — kg)2

- -

2(P2 — qi2) — (1 - 22)k, ) Zl(ﬁl—ﬁa)—kg>

Fig.7(q19,9,) = <CF -

+

=

- - 7 \2 - - 2
(z2(P2 = G12) — (1 = Z2)kg) (z1(P1 —q3) — kg)
X‘quq(xl Xg,kl +x1(})—Z]3—kg+ng?;x2+xg, k2+x221'—é'12+kg—xgl?;x3,k3 +X36). (128)

The symmetry factor of 6 includes the contribution from diagram Fig.7(g,q,¢,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

-

b —(1-2)k 2 -§) - (1 -2k, ) 2p —k,
(2282 = (1 =22)k,)" (B2 = @) — (1 = 22)k,)") (211 =K,
x Wy, (x xg,lzl+x12]'—lzg+ng;x2—I—xg,kz+x2q—q+kg—xgl?;x3,lz3—I—xﬁ). (129)

Flg7(QQqQQQ) = Cptrt”tbt"./(

The symmetry factor of 6 includes the contribution from diagram Fig.7(q,q,¢;) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

1 By — (1 —2)k Py —G1n) — (1 —2,)k P —k

¢t )trt“t”t"]( Zzi?z ( Zz)qu_F Zz(fz i]nz) ( Zz)ﬁ;;z). Z1£’1 qu
(z2P2 = (1 = ZZ)kg) (22(P2 = G12) — (1 = Zz)kg) (z1p1 — kg)

X W, (X1 = xg ky +x1G = kg +ng(;x2 + x4 ks + X2 — q12 + k, —xgl?;x3,k3 + X3 — q3)- (130)

Fig.7(q39292) = — (2CF -

The symmetry factor of 6 includes the contribution from diagram Fig.7(g3¢,q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

N.+1 5, — (1 -2,k 5 —k
Fig.7(q1q39,) = —(CF et )(trt“tctb —I—trt“tbtc)f( b2 = ( Zz}qg . Zlfl =
2 (z2P2 = (1= Zz)kq) (z1P1 — ky)
I Zz(ﬁz—ﬁl)—(l—zz)kg ) 21(131—613)—]% )
(22(1_52 - 51) - (1 - ZZ)kg)2 (Zl(ﬁl - 213) - kg)2

X Wy (x) = xg kg + 30§ — G3 — kg + X, K %0 4+ X, ky + X0 — Gy + kg — x,K; x5, k3 + X34 — G).
(131)

The symmetry factor of 6 includes the contribution from diagram Fig.7(¢,g3¢q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.
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N.+ 1>trt“tcth< P2 = (1 = 22)k, . (P2 = Gi3) — (1 = 22)k, ) b1~k
(2282 — (1 =22)k,)"  (2a(P2 = Gi3) = (1 = 22)k,)* /(211 —k,)°

X LI’;qq,( xq,kl + x4 - k —|—qu Xy + x4, ky + X4 — G13 —|—k - X, K x3, k3 + x3G — G»). (132)

Fig.7(42q392) = — (2CF -

The symmetry factor of 6 includes the contribution from diagram Fig.7(q,g3¢;) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

c+1 agbse g Zzﬁz—(l—zz)kg Z2(ﬁ2_51)_(1_z2>kg Zlﬁl—kg
tre et = =5 +t—— =5 =5
(z2p2 — (1 = ZZ)kg) (22(P2—¢1) — (1= Z2)kg) (z1P1 — kg)

X‘quq< Xg,kl +x1§—kg+ng;x2+xg, kz+)€26—ql +kg—ng;X3,k3 +X3§—523). (133)

Fig.7(q3q3q2) = (ZCF -

The symmetry factor of 6 includes the contribution from diagram Fig.7(g3¢3q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

- - -

N 1 20> — (1 —25)k 7P —k z1(py — —
e ¥ )trt"tthJ 2_{)2 ( 2>ﬁ92.< 1f1 - 1<£71 G23) =k, )
(z2P2 = (1 = 22)ky) (2191 — k)™ (21(P1 — G23) — k)
X Waqq (X1 = Xg, Ky +x1§—2123—kg+xg12;x2 +xgak2+xzzl+kg—xgl(;x3,k3 +x3—q1).  (134)

Fig-7(Q1Q1Q3) = _(ZCF -

The symmetry factor of 6 includes the contribution from diagram Fig.7(¢,¢»q3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

2Py — (1 - Zz)k 211 — k,
(22P2— (1 —Zz) ) (11171 —k )

Z2(f’2 - 53) - (1 - Zz)kg ) Zl(ﬁl - 672) - kg >

> o =2 _— 72
(22(P2 = 43) = (1 = 22)ky)” (21(P1 = G2) — k)
XWXy = xg k) +x1G— G — K, —l—ng(;xz + x5 ky +x2G — G5 + ky — X, K; x3. k3 + X3 — q).
(135)

N.+1

Flg7(qulq:;) = — (CF - )(tl‘tal‘ctb + trtatbtc)‘](

+

The symmetry factor of 6 includes the contribution from diagram Fig.7(g;¢,q3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

- -

N.+1 pr— (1 —2)k 5 —k i
_Net >trt“t”th Zz_{’z ( Zzlgz.( Zlfl Sy 21(P1 = 2) — ! )
(Zzpz - (1 —Zz)kg) (lel - kg) (Zl(pl ) k )

X W (X = x,. kg —i—xlé’—ﬁz—kg—l—ng(;xz—f—xg, k2—|—x221'+kg—xgl_(';x3,k3 + X34 — q13)- (136)

Fig.7(q3q195) = — (2CF

The symmetry factor of 6 includes the contribution from diagram Fig.7(g3¢,¢q3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

N.+1
o >(trt“tbtc + trt“tctb)J(

Fig.7(¢19293) = —(C - - =52
1 " (z2P2— (1= ZZ)kg)z (z1P1 — kg)z

Zz(f’z - Eiz) - (1 - Zz)kg ) Zl(ﬁl - Eis) - kg >
- - 72 > > 7 \2
(22(P2—q2) — (1 = Zz)kg (z1(P1 — q3) — kg)
quqq( xg,kl +X1§— 63 - kg —|—xg1_();x2 —|—xg, k2 +XZ6— 52 + kg —ng(;x3,k3 +X3a— 61)
(137)

+

The symmetry factor of 6 includes the contribution from diagram Fig.7(¢,q;q3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.
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-

N.+1 2pr — (1= 2)k s E Y — (1 =2k .
e ¥ )tl‘tal‘btc.]< 2P2 ( 22)_’924_ Z2(_{)2 ?23) ( ZZ)ﬁg2>' Z1_{91 _’92
(22D — (1 = 22)k,)*  (22(P2 = Gn3) = (1 = 22)k,)°/ (2151 — ky)

XLII* - N

daq (X1 xq,k1+x1‘] k +qu Xy 4 Xy ky + X0G = Go3 +k —XK x3. k3 +x3g —qy).  (138)

Fig.7(426293) = — (2CF -

The symmetry factor of 6 includes the contribution from diagram Fig.7(g,¢,¢3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

ot 1)mam( o= (1=a)k, | a(P =) - (1), ) _ab-k,
(22— (1= 22)k)*  (22(Pa—G2) — (1= 22)ky)*) (2151 — k)
x P¥

vaq(X1 = Xg. ky +x1G = kg 4+ X K5 x5 + X0, ko + X2G — G + kg — X, K5 x5, k3 + x3G — G13). (139)

Fig.7(q39293) = — (2CF -

The symmetry factor of 6 includes the contribution from diagram Fig.7(g3¢,¢3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

- - -

N.+1 By — (1= 2,)k B —k k
Fig.7(¢14393) = —(ZCF et )trz“tbt"J szz ( Zzlgz : ( Zlfl =L+ Zl(fl 4) = ;"2>
2 (22D — (1 = 22)k,)* \(z1D1 —k,)"  (21(P1 —G3) — k,)

X W0 (X1 = xg ky + x4 — g3 — kg + x,K; x5 + x,, k2+x2§+kg—xyl(;x3,k3 + X3¢ — G12)- (140)

The symmetry factor of 6 includes the contribution from diagram Fig.7(¢,¢g3q3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

N, +1 By — (1 —2)k B, —3) — (1 —2,)k 5 —k,
Fig.7(q2q3q3):—(2CF— et )trt“t”ﬂ( 12_1?2 ( Zz)ﬁ + Zz(_l?z ?3) ( Zz)ﬁg2>_ Z1f1 _)12
(z2p2 — (1 —Zz)k ) (z2(P2—gq3) — (1 —Zz)k ) (z1p1 —k )

X‘Pz;qq( xq,kl + x4 — k +x, K x2+xq,Ez+x2q q3+k - X, K x3,k3 + X3¢ — qG12)- (141)

The symmetry factor of 6 includes the contribution from diagram Fig.7(g;¢3q,) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Zzﬁz—(l —Zz)kg ) 21P1 _kg
> 7 \2 - 7 \2
(z2P2 = (1 = 22)ky)™ (2191 = Ky)
X W0 (x1 = xg ky 4 x1G = kg + x,K: %0 + X0, ky + X0q + kg — x,Ki x5, k3 + X3 — q).  (142)

Flg7(Q3q:},Q3) = _2CF(2 - Nc)trtatbtcj

The symmetry factor of 6 includes the contribution from diagram Fig.7(g3¢3¢q3) with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

III. THE CORRELATOR IN IMPACT PARAMETER SPACE

The vanishing of (p%(g,)p”(4)p°(g3)) when g, = 0 or g3 = 0 leads to a sum rule in impact parameter space. Let us first
separate C-odd and C-even contributions via

G3(§1-G2.43) ~ d* (p"(G1)p" (@) (§3)). G5 (q1-G2.G3) ~ if** (p*(G1)p" (G2)p° (43))- (143)

Introducing the total momentum transfer K= —(q1 + q» + gq3), where we assume P = 0 for the incoming proton, and the
relative momenta A, = ¢, — ¢, Ay3 = §» — g3, we can Fourier transform these correlators to impact parameter space:

th(l_)',& & ):/ de e—iz-kG§t<2A12+A23_K —A12+A23—K _A12+2A23 +K> (144)

(27)? 3 ’ 3 ’ 3

These functions satisfy the sum rule
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/dszgt(B,&n,&23) -0 (145)

when 2&12 = —&23 or &12 = —2&23 or &12 = &23 =0.
We proceed to show a numerical estimate for G5 (b) for
&12 = &23 = 0, normalized according to G5 (q;.¢>.43) =
4d(p*(41)p" (@) (§3))/g°. Here,  (p*(q))p" () %
p°(q3)) is given by the sum of all diagrams computed
above. For the numerical results we employ the “harmonic

-

oscillator” three-quark model wave function ¥y, (x;, k;) by
Brodsky and Schlumpf [55,56] used also in Ref. [2], which
assumes a Gaussian momentum distribution of quarks in
two transverse dimensions, with a specific x-dependent
width. Also, the magnitude of the NLO correction depends
on the value of the coupling for which we use o, = 0.2; and
on the collinear regulator (see Appendix B) which we take
as 0.2 GeV.

Our result is shown in Fig. 8. At x = 0.1 the correc-
tion to the LO result [49] is numerically small; similar
behavior was observed for the correlator of two color
charge operators in Ref. [2]. This is an important check
of the perturbative expansion about a three-quark Fock
state. With decreasing x the NLO correction grows
substantially.

Figure 8 also shows that the b-dependence of G5 does
not follow a positive definite 1-body “parton density
distribution,” or a proton thickness function, respectively,
at small b. Rather, n-body quantum correlations of color
charge depend nontrivially on the impact parameter,
reflecting in a change of sign of G5 at b~0.15 fm.
Last, we note that the generic magnitude of G35, for impact
parameters in the perturbative region, is similar to that of
the correlator of two color charge operators G, shown in
Ref. [2]. Hence, for realistic values of the coupling there are
substantial corrections to Gaussian color charge fluctua-
tions in the proton at moderately small x.

0.3
% 0.21
g °
S 0.1
x
< 00
S 014
© as=0.2

-0.2 - - .
0.0 0.1 0.2 0.3
b [fm]
FIG. 8. Numerical model estimate of the impact parameter

dependence of the C-odd part of the correlator of three color
charge operators in the proton.

IV. SUMMARY

We have computed the diagrams for the light-cone
gauge color charge correlator (p®(g,)p?(g,)p¢(g3)) in a
proton made of three quarks and a perturbative gluon
which is not required to carry a small light-cone
momentum. This correlator provides the leading correc-
tion to Gaussian color charge fluctuations in the proton.
It is independent of the renormalization scale since UV
divergences cancel, but as the correlator of two color
charge operators [1] it also exhibits logarithmic collinear
and soft singularities.

These results may be used to obtain a more realistic
picture of correlations in the proton at moderate x 2 0.01.
In particular, there exist contributions where one cannot
“pair up” the transverse momenta of two of the three
exchanged gluons, i.e., where the three probes hit the
target proton at three different impact parameters.
Furthermore, our explicit expressions could be used as
initial conditions (in the weak field / dilute regime) for
small-x evolution, in particular for impact parameter
dependent evolution [57-61] with a contribution that is
odd under C and P.

The expressions for (p*(g,)p?(G»)p¢(g3)) have a form
similar to those for (p?(g,)p"(g,)) obtained previously [1].
Therefore, they can be evaluated numerically using the
same code developed for the two-point charge correlator
[2]. We have provided first numerical estimates for the
C-odd part G5 of (p?(g,)p”(4,)p°(g3)) in Sec. IIl. We find
that the NLO correction due to the |¢ggqg) Fock state of the
proton is numerically small at x = 0.1 but that it increases
rapidly as x — 0.01. Also, the dependence of the three-
charge correlator on impact parameter b is rather nontrivial,
and its sign changes indicate b-dependent transitions in
the nature of the quantum correlations of color charge in the
proton. This result, together with published results on the
{p*p?) correlator [2], provides guidance for phenomeno-
logical models of color charge correlations in the proton
(at x ~0.01-0.1).
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APPENDIX A: THE PROTON ON THE
LIGHT FRONT

For completeness we briefly review in this appendix the
Fock state description of the proton on the light front as
used in the main text.

1. Three quark Fock state of the proton

The Fock space description of the eigenstates of the
QCD Hamiltonian on the light cone has been discussed
many times in the literature; see, e.g., Refs. [63—65]. Any
such state, such as the proton, will involve a super-
position of n parton Fock states, for arbitrary n. However,
it is well known from phenomenology that at x = 0.1 the
proton can be understood to first approximation in terms
of a state of three massive quarks (with the appropriate
flavors and spins, and in an antisymmetric color singlet
state); see, e.g., Refs. [55,56]. Therefore, we consider
such a phenomenological state of three massive quarks, a
“light-cone constituent quark model,” a reasonable point
of expansion, to which we add a perturbative |ggqg)
correction.’

We write the light-cone state of an on-shell proton with

four-momentum P* = (P*,P‘,I3) composed of three
quarks as

: . - -
|P) _—/N'/[dxi]/[dzki]‘yqqq(xl’kl;x%k2;x3’k3)

X Z €i1iyis | D1 113 P2y I3 D3, 13)[S). (A1)

A

N. =3 is the number of colors while |S) is the helicity
wave function of the proton, normalized to (S|S) = 1. We
have used the following compact notation:

dx dx,dx

[dxl']Eil 2 351—X1—X2—X3),
8)C|)C2X3

L, Rkdhdks - -

The three on-shell quark momenta are specified by their
light-cone momentum components p; = x;P* and their

"Let us also note that the two-point color charge correlator
{p*(g1)pt(g,)) at x = 0.1 receives fairly small corrections from
the perturbative gluon emission [2]. We take this as another
confirmation for the validity (at such x) of expanding from a state
of three massive quarks.

transverse components p; = xlf’—i- Iz,-. The quark colors
are denoted as ij,3. ¥, is the three-quark wave
function. It is symmetric under the exchange of
any two of the quarks: ¥ xl,El;xz,Ez;x3,lg3):

¥

a . 1 gq(
qqq(X2. ko3 X1, k3 x5, k3), etc.

For simplicity, we will assume that the momentum space
wave function ¥, does not depend on the helicities /; =
+1 of the quarks, i.e., that the helicity wave function
factorizes from the color-momentum wave function.
Helicity matrix elements are given by (h;) =0 and
<hlhj¢l> = —% (See Ref. [1])

We neglect plus momentum transfer so that &=
(K™ —P*%)/P* — 0. The proton state is then normalized
according to

(K|P) = 162°P*8(P* —K)5(P — K).  (A3)

The one-particle quark states introduced above are
created by the action of the quark creation operator on
the vacuum |0):

[p.i.h) = b, (p)[0). (A4)
The quark creation and annihilation operators satisfy the
anticommutation relation

{bju(k), b, (p)} = &), 168k +6(k™ = p*)5(k = p).
(A3)

so that

(k,j, hlp,i, i)y = &) 162K+ 8(k™ — pt)5(k — ). (A6)
Similarly, the operators which create or destroy a gluon
satisfy the commutation relations

laa (k). a},(p)] = 821673k 6(k* — p*)s(k — ). (A7)

The normalization of the valence quark wave function is
given by

-

1 - -
3 [ 18] [ @ g Bt Bt B = 1. (a8)

2. Three quarks and a gluon

In this section we outline the computation in light-cone
perturbation theory of the three quark plus one gluon wave
function, and of the virtual corrections [1,66,67].

The physical incoming one-particle quark state can be
written as a simultaneous perturbative and Fock state
decomposition in terms of the bare states
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lq(p. h. 1)) :Zrl/z( )(|Q(P’h i))o + Z /dk dk (27)°8(p* kq+_k;)‘s(ﬁ_lzq_Izg)’//q*qg(p’kq*kg)

h.o.j.a

< la(ky. i f)gkyr0.a))y + - ) (A9)

Here, the LCwf for ¢ — gg splitting is denoted as y,_,,, and the Lorentz invariant measures deq and (1ng are defined as

dk ™" d2k dkt  dP~2k
[ai= [ S e [ S (a10)
2k (22)° (27)2k" (27)

The latter form is used to regularize ultraviolet (UV) divergences by integrating over the momenta of all particles in D
dimensions. Here, an arbitrary scale y*> has been introduced so that the transverse integrals preserve their natural
dimensions. The quark wave function renormalization coefficient Z, can be calculated from the normalization requirement

{a(p.h.i)lg(p.h.i)) = o(a(p. h.1)lg(p. h.1))o = 2p* (22)*6%)(0). (Al1)
Now we replace each quark state in Eq. (A1) by the perturbative expansion in Eq. (A9). This yields

lg(p1, hys 1) q(pas hayin)q(ps. b, 03))]S)

C( i) i,
_ [(1 - )IQ(pl,hl,n ot > 29017 /+7g+wq—>qg<pl;p1 ko k)
2(p1 _kg)

W.o.j.a

< La(pr = koo . )glkes.@))o + - ]

® Kl —%y‘ﬂpzvhzviz))o‘f' Z 290“),‘5/%%4%(1?2 P2 — kg ky)

W.o.ja

< la(ps = ky. I )9l 0.0 + - ]

C,(p3) , . dk R
® Kl —%)V](P&hav%»o‘f' E 29(r )ji3/2(p+7_gk+)l//q—>qg(p3;p3 — kg ky)
g9

HW.o.ja 3

< 1g(ps = koo W )glkpe0.@))o + - ] ). (A12)

We have extracted the common factor 2g(#%); from y,.,, by defining .. (pi;pi—kyky) =

29(1*) i Wgmqe(Pi> Pi — kg, ky). The latter involves the quark helicities and the gluon polarization. Also note that C,(p;") ~
O(g*) while ., ~ O(g), and that terms of order O(¢*) and higher must be dropped. Finally, the integration over the plus
momentum of the gluon extends up to the plus momentum of the parent quark; for example, k; < p in the first line, and
SO on.

We also need to add to the right-hand sice of Eq. (A12) the O(g?) contributions where one quark emits a gluon which is

then absorbed by a second (distinct) quark. For example, if the first quark emits and the second quark absorbs the gluon, that
gives the contribution
dk

1 .
492(1“1)/[1 (ta)niz /2(7gk+) q—>qg(pl sP1— kg’ kg) Wlllqg—w (p27 kg; P2 + kg)
g9

I\ Hy.6.j.n.a

X |61(P1 - kg7h/1’j)61(1?2 + kg’ h'zv”)>0 ® |Q(P3»h3’ i3)>o|S>- (A13)

Here, the integration over k; extends up to min( pi, P — p3). There are analogous contributions corresponding to gluon
emission from quark 2 and absorption by quark 1 as well as from other pairings.
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APPENDIX B: CANCELLATION OF UV DIVERGENCES

Here, we verify the cancellation of UV divergences. We quote the following result from the appendix of Ref. [1]:

2p|

C
=27 ( )+2 3F(l ll,— m2>
g CF X1

where [, 1, are 2D transverse momenta ([T =

part does not depend on the momenta 1, 71. The parameter m

[68-71], and x is a cutoff for the soft singularity.
We begin by collecting the terms proportional to

93

8Cr

These are Eqs. (13), (14), (15), (16), (20), (21), (22), the

first term in Eq. (35) times —Cq(xl), and Eq. (36):

3 3
25if 427

4(dabc _ l'fabc) +2 (dabc + lfabc)

3 1
2= abc _ ; fabc\ _  _ ( Jabc  rabc
(0 = i) = 6 (d0 + i)
1 abc : rabc 1 abc abc
64 (d ifbe) 4 (d*¢ + ifabe)
8CF abc abc abc abc\ __
5 4(d +if )—|—4CF4(d +if?) =0

(B3)

Next, consider the diagrams which involve ‘I‘:;qq (x1, 121 +

X1G; X, 1?2 + X4 — G: X3, 123 + x3g) in Eq. (B2). These are
the first term in Eq. (35) times —C,(x,) and with quarks 1
and 2 interchanged; and half of Eq. (44):

_8Cr1

dabc
2 4 7

1
l'fabc) + 2CF . 2Z(dabc + l'fabc) =0
(B4)

Slmllarly, the dlagrams which involve ‘quq(xl,l_él +

X14; X, k2 + X0G; X3, k3 + x3¢ — q) in Eq. (B2) are the first
term in Eq. (35) times —C,(x3) and with quarks 1 and 3
interchanged; and the remaining half of Eq. (44) with
quarks 2 and 3 interchanged:

_8Cp1
2 4

1
+2Cp 2 (d" +if ) = 0

(dahc l-fabc)
(B5)

The above were diagrams where the transverse momen-
tum of all three probe gluons flowed into one single quark

o dk, .
+ 2( k+) <S|l//q—>qq(p1»pl - k kq)l//q—nlq( P1— l’ Pr— kg

- -

— I, k,— [ +1,)|S)

(B1)

If =0), C,(x) =1—=2Z,(x) is the O(g*) correction to the quark wave
function renormalization factor, and F is a UV finite function satisfying (0, 0; x/x,, m?

) — 0. Note that the UV divergent

is an infrared regulator for the DGLAP collinear singularity

{dxi] / [dzki]lpqqq(xh/zl;xz,lzz;x%]%)qlzqq(xhlzl -1 —x1)§§x2,/:2 +x251';x3,lz3 +X3§)Cq(x1)- (B2)

line. We now consider the divergent diagrams where one of
the momenta flows into a different quark line.

We begin with terms which involve ¥}, (x;. ki -+ X,1g—

G123 X0, Ky + %, — g3 %3, ks + x3q). These are Eq. (17),
the fourth line in Eq. (35) times —C,(x;), and Eq. (37):

13 Fl abc : rabc
‘12 T g i)

11
4-Z dabc r rabc =0.
+ 64( + ifabe)

(duhc + l'fabc)

(B6)

Now are terms which involve W} ,(xi.k; +x1G — G

X2, ]_52 + .X'z&) - 62;X3, ]_53 + x3c_]'): Eq (18), the third line
in Eq. (35) times —C,(x,), and Eq. (38):

13 8Cr 1
abc _ ; rabc F abc : rabc
= 455 (dehe = ifebe) 4 228 (dohe — i)
11
4-— dabc _ jfabcy — 0. B7
A (@ = i) (B7)

Next are terms which involve W}, (x;.k; +x,G — ga3:

X5, l?z + X34 — G1; X3, l% + x34): Eq. (19), the second line
in Eq. (35) times —C,(x,) and with quarks 1 and 2
interchanged, and Eq. (41):

13
—4-=

CFI abc : rabc
1> + 4(d + ifa)

(dabc + l'fabc)

11
4-= dabc + rabc =0.
+ 64( + ifabe)

(B8)
Terms which involve W, (x.k; +x;§ — g1 x2.ky +

X2q — 623;x3,lz3 + x3q) are the following: Eq. (29), the
second line in Eq. (35) times —C,(x,), and Eq. (39):

036007-30



CUBIC COLOR CHARGE CORRELATOR IN A PROTON MADE OF ...

PHYS. REV. D 105, 036007 (2022)

31 8C
—4=_ dabc : rabc F dabc abc
33 (@ if )+ = 4< + i)
11 b b
abc abc) — B
o (A i) (B9)

Terms which involve ¥, (x;, ki + X14 — G2; X2, ky +
X2 — @13;x3,%3 + x3q) are the following: Eq. (30), the
third line in Eq. (35) times —C,(x,) with quarks 1 and 2
interchanged, and Eq. (42):

31 8Cy 1

abc __ ; rabc abc
Jlae i) 1 5

l'fubc)

—_(Aabc _ ;fabcy _
+464(d ifabe) =0 (B10)

Terms which involve ¥}, (xi, 121 + Xx14 — §3; X3, 122 +
G — G X3, Ky + x3q) are the following: Eq. (31), the
fourth line in Eq. (35) times —C,(x,) with quarks 1 and 2
interchanged, and Eq. (43):

31 8Cr1
_ 4__(dabc + ifabc) 2F4 (dabc + lfabc)

11 abc abc_
427 (@04 if) =0

(B11)
Terms which involve ‘P,*Mq(xl,/zl + X1G; X2, ky + X2q —
G1osx3. ks + X34 — g3) are the following: Eq. (45), and
the fourth term in Eq. (35) times —C, (x3) with quarks 1 and

3 interchanged (followed by a second interchange of quarks
2 and 3):

1
— 4CF (dabc + lfabc) Fz(dabc + ifabc) —0.

(B12)

Terms which involve W; . (x|, kj 4+ x1G: X0, ky + x,G —
G13; X3, k3 + x3G — ¢,) are the following: Eq. (46), and
the third term in Eq. (35) times —C,(x3) with quarks 1 and

3 interchanged (followed by a second interchange of quarks
2 and 3):

8C

1
_ 4CF —FZ (dabc _ l'fabc) =0

(B13)

1 o s rabe
Z(dabc_lfb)+

Terms which involve W, . (x;. ki + x;q: X5, ky + X,G —
G1; X3, k3 + x34 — g»3) are the following: Eq. (47), and
the second term in Eq. (35) times —C,(x3) with quarks 1

and 3 interchanged (followed by a second interchange of
quarks 2 and 3):

Crl
_4CF4 (dabc + lfabc) Fz(dabc + l'fabc) =0

(B14)

The last structure to be checked corresponds to the
diagrams where each g; flows into a different quark line.
Terms which involve ¥, (xl,l_c)l +x14—4,: %, 122 +
X2G — G23x3. k3 + X34 — 3) are the following: Eq. (32),
the fifth line in Eq. (35) times —C, (xl), and Eq. (40):

3ldabc _ 8CF — gabe _ dabc _

22 2 2 62 (B15)

Terms which involve ¥, (xl,/_c)l + X194 — G2; X3, 122 +
X4 — 4y X3, 123 + x3g — g3) are the following: Eq. (33),
the fifth line in Eq. (35) times —C,(x,) with quarks 1 and 2
interchanged, and Eq. (48):

3 1 8C 8Cr 1 11

dabc dabc _ 4__dabc =0.

22 22 62 (B16)

Terms which involve W}, (x.k; + x4 — g3:x2.ky +

X4 — 4y X3 I% + x3g — ¢,) are the following: Eq. (34),
the fifth line in Eq. (35) times —C, (x3) with quarks 1 and 3
interchanged, and Eq. (49):

31 e 8Cr1

11
422 gove 4 —4_—dc = 0. (B17
22 2 2 62 ( )
APPENDIX C: WARD IDENTITY
In this section we verify that (p?(g,)p"(G»)p¢(q3))

vanishes when ¢, — 0 or g3 — 0 [72,73]; the first and last
of the three gluon probes couple to a color singlet proton state
and must not have infinite transverse wave length. On the
other hand, this correlator need not vanish when g, — 0 at
finite g, 5 since the second gluon probe in that case does not
couple to a color singlet. It is straightforward to confirm that
the expectation value of p® (g, )p”(g»)p° (G3) between three-
quark states at O(g*) written in Eq. (35) does indeed vanish
when either g, or g3 — 0 (see also Refs. [35,36,49]). In what
follows we consider the correction at O(g>). We first show
that the finite part of the UV divergent diagrams cancel when
either g, or g; — 0. After this we repeat the same exercise
and verify that the sum of the remaining finite diagrams also
cancel when either ¢, or g; — 0.

1. UV divergent diagrams

First, we verify that the subset of UV divergent diagrams
satisfies the Ward identity, i.e., that their finite parts cancel
when g, — 0 or g3 — 0. We only demonstrate here the case
g; — 0 but we have checked the symmetry of these
diagrams under g; < ¢3. For the purpose of more compact
expressions we will split off the “prefactor”
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5
29 S 2 / [dx;] / [k g (x 1 Kys X0, Kos xs, K3) First, we collect all the terms from the UV divergent
316z diagrams which involve the structure ¥, (x;,k; —
(1) (1 —X1>§12;X2J;2 + 24103 %3, K3 +x3¢12). These are
given by Egs. (13), (14), (15), (16), (17), (20), (21),
from the following expressions. (22), (36), (37):

NC. abe - NC abc ; fabc -
+3'71fh ‘F((]12,0;(11,m2)+3'7(db _lfb)‘F(Chz,O;al,mz)
NC abc  rabce abc : fabe = P
+3_(db +lfb). (QIZ’C]2’al»m)+3 (db lfb).F(q127ql;a17m2)
(da}n +if ) - F(Gp, 05, m*) =3 'Tc(dahc +if*) - F(G1a. Go; ay. m*)

. - - N . -
< (dbe — lfabc) 'F(%z, 611§0‘1vm2) -3 'Tc(dabc + lfabc> 'F(Q12,6]12§a1vm2)

—-6-

N_p|2l\>

(dabc + ifabc) . F(é’lz’ Zle;al’ mz) = 0. (C2)

3. dabc abce) 7-'; , 2 6 -
+ ( +if*) - Fqn, Gros . m*) + N4

Next, we collect terms which involve the structure ‘quq(xl,l;l X1 10— G130 Ky +X0G 1 — @i X ks +Xx3G1>). These are
given by Egs. (18), (29), (32), (38), (39), (40):

N abc ; rabc pd . 2
6 2. 4(d lf ) F(q1,0,a1,m> 6 2 4

NC > . - . . N -
- 6‘ﬁ[(d“h‘ + lf”]") + (dahc _ lf”b‘)] . F(qh();al,mz)
1
2N, -4

g (A +if ) - F(g,. 0;0.m?)

+6- (d® = if®) - F(G1.qy: o1, m*) +6- (dPe +if®¢) - F(qy. G an.m?)

2N, -4

—6: (@ 4+ if®P¢) + (¢ = if )] F(§y. Gizan.m*) = 0. (C3)

2N, -4

Similarly, the diagrams which involve the structure ¥, (x;, Ky +X1G12 = Goi Xo Ky + X2G1o — Gy X3, ks + X3G12). These
are given by Egs. (19), (30), (33), (41), (42), (48):

- N, . .
—6- (da/n + lfahc) F(qZ,O, al’mZ) _ (da/n _ l'fahc) . F(qZ,O, (xl,mz)
2-4 2.4
+6- 2 Z [(dabc + lfabc) (dabc _ ifabc)] . F(a’270;al’m2)
+6- TR (d®¢ + if®e) - F(Gs, Go; a1, m*) + 6 - o .4(dabc — if) . F(Gy. oy g, m?)
—-6- SN 4 [(dahc + l-fabc) + (dabc _ l'fuhc)] . F(é’z, 62;051, mZ) —0. (C4)

Finally, all the other UV divergent diagrams (in the g3 — O case) are proportional to the finite function F(0, 0; x/x,, m?),
which is zero.

2. Finite diagrams

In this section we verify that all the UV finite diagrams satisfy the Ward identity. As in the UV divergent case, the sum of
all finite diagrams should cancel when g; — 0 or g3 — 0. Here we only show details for the g3 — 0 case, but we have also
checked that the case g, — 0 satisfies the Ward identity.
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First, we collect all the terms from the UV finite diagrams which involve the structure

-
-

7. LP) — (1 - ZZ)(kg - Q12)
- 7 - 2
(Zzpz - (1 - Z2)(kg - 412))
X ‘I‘,*qu(x] - .Xg, kl + X]alz — kg + xgE;xz + )Cg, k2 - (1 - )Cz)Zjlz + kg - )Cgl_é; X3, k3 + X3é>12). (CS)

These are given by Egs. (51), (52), (55), (58):
1 1 1 . 1
—-6- EtrT“TbTC -6- Ztr(T“TbDC —T°T*T¢) - 6- Ztr(T“TbDC —T°T*T¢) +6- EtrT“TbDC =0. (C6)

Next, we collect terms which involve the structure

-
-

7. 221_52 - (1 _ZZ)(_lfg - 611)
(Zzl_”z - (1 - ZZ)(kg - 51))

X W (X = xg kg 4+ X1G10 — Go — kg + x,K: X0 + X, ko 4+ X412 — Gy + ky — x,K: X3, k3 + x3G12) (C7)

2

or

7. b= (1= )k~ @)
(Zzﬁz - (1 - Z2)(kg - 52))2

X Wi (X = xg kg 4+ X1G10 — Gy — kg + x,K: %0 + X, ky + X210 — G + ky — X, K3 X3, ks + x3G12). (C8)

Terms that involve the structure (C7) are given by Egs. (53), (61), (64), (73):
1 N. 1 N.
—6-—tr(TTD? = TTT?) + 6 -ttt + 6 - | =~ (T%),, + ="trts°t
4 2 4 2
1 b L b b
+6- ~1 (T%)., — N tre“tt” + ZtrT‘T“(D —-7°) . (C9)
Here the color factors can be simplified by noting that

N N
TUTIDC =20, T T = ’7 Fe b = (A ifere), (C10)

B

where N, = 3 and the structure constants d* and f%*¢ are totally symmetric and antisymmetric, respectively. This gives
1 /N. iN. 1 /N, iN,
—6-— _‘dabc ¢ rabc 6= _Ldabc ¢ rabc
4 ( 2 * 2 f ) * 4 < 2 + 2 !

1 N iN, 1 N iN,
6-— [ —=(T¢ c dabc _ ¢ rabc 6-— T¢ _ c dabc _ ¢ rabc =0. Cl1

Similarly, terms which involve the structure (C8) are given by Eqs. (54), (62), (65), (74):

1 N 1 N
-6- Ztr(T”TCD“ —T°T*T¢) +6- Tctrt“tctb +6- (+— (T?),0 + —Ctrt"t”tC>

4 2
+6- <_

Bl

1
(T?),, — N trttP1¢ + ZtrT"Th(D“ - T“)) =0. (C12)
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Let us then collect all the terms which involve the structure

7 el =3) - (1-2)(k - 3)
(22(P2 = G2) — (1 = 22) (ky = 1))

X Wy (xp = xg ky +x1G10 = kg + X, KX +x0,ky = (1 = x2)G1n + ky — x,K; x5, ks + x3G1)

or

7. Zz(f’z - Z11) - (1= Z2)<I_€g - Z]z)
(22(Pr = @1) — (1 = 22)(ky = G2))°

X Wyoq (X1 = Xg ky 4+ X1G10 = kg + XK %0 + xg, ko — (1 = %2)G 12 + kg — x,K; X3, k3 + X3G12).

Terms that involve the structure in (C13) are given by Egs. (56), (67), (70), (79):

1 1 N N
-6- Ztr(T“T“D” —TT°T?) +6- <+Z (T),. + ftrr“t%) +6- TCtrt“tbtc

N

1 . 1
N a __c a - a b _ Tbyc | —
+6 ( 5 (T = (D) + JuT(D T)T) 0.

Terms that involve the structure in (C14) are given by Egs. (57), (68), (71), (80):

1 1 N, N,
-6- Ztr(T“TbDC —T°T*T¢) +6- <+Z (T"),. + T‘trt“t"tb> +6- T‘trtbt“tc

1 N 1
+6- <_Z (T)ae =5 (D)o + 0T (D - T“)TC> =0.

We also have diagrams which involve the structure

7. 22(132 - 3112) —(1- Zz)kg

(Zz(ﬁz - Z1’12) - (1 - ZZ)kg)2

X Wy (xp = xg, ky +x1G10 — kg + x, K5 x5 + X0,k — (1 = x2)G10 + ky — x,K; x5, k3 + x3G15).

These diagrams are given by Egs. (72), (100), (101), (102):
N 1 1 N
+6 - TCtrt“t"tC -6- <CF - 5) trt?t°1 — 6 - Cptrt®t’1° 4+ 6 - <2CF 3" 76> tre?tbt¢ = 0.

We then consider terms that involve the structure

7. 2P — (1 _Z2)(kg —51)

= Z 2
(2292 = (1 = 22)(kg = G1))
X Wy (xp = xg, ky +x1G10 — kg + XK X5 + X0, ko + X2G10 — Gy + kg — X, K3 X3, k3 + X3G12 — G>)

or

-

7. 2P — (1 - Zz)(];g —q2)
(2257 = (1 = 22) (K, — @)

2

X Wy (xy = xg, kg +x0G10 — kg + X, KX + X0, ko + X2G12 — G + kg — X, K X3, k3 + X3G12 — Gy).
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Terms that involve the structure (C19) are given by Egs. (59), (76), (82):

1 1 1
+6- EtrT“T"D” +6- (-4 (T%),, — N trttb1¢ + ZtrThT“(D" - T“))

N,
4

1 1
+6- <+Z (T)pe = (D)o + 5 0T(D° = TC)Tb> =0.

Similarly, terms that involve the structure (C20) are given by Egs. (60), (77), (83):

1 1 1
+6-SUTT’ D" +6- (_Z (T%) g = Notet? 116 4 2T T (D° TC)>
1 N,
+6- <+_(Th)uc _TC

1
DY) 4+ —tT? (D¢ = TT¢ ) = 0.
: (D)o T (D5 = T)T*) =0

A similar set of diagrams are given by terms that involve the structure

22(Pr— 1) — (1 - 22)k,
(Zz(ﬁz - 51) - (1 - Z2)]_€g)

X Wi (X = xg kg 4+ x1G10 — kg + x,K = Goi X0 + X ko 4+ X412 — Gy + ky — x,K: X3, k3 + x3G15)

I-

2

or

7. Zz(f’z - Eiz) —(1- ZZ)’;g
(22(1_52 - Eiz) - (1 - ZZ)kg)2

x P*

Terms that involve the structure (C23) are given by Egs. (69), (97), (98), (99):
1 ‘ NC a c 1 a c 1 a4c
+6- (Z(TL)‘”’ +ur 1Pt > -6- (CF —§>trt P —6- (CF —§>trt 1t
N. b b
+6-|(Cr- > tre“t’1° + (Cg — 1)trt?s°e” | = 0.
Terms that involve the structure (C24) are given by Egs. (66), (91), (92), (93):
| N. 1 , 1 ,
+6- <Z (T)pq + 7trt”tctl’> -6- <CF - 5) trttt? —6 - (CF - 5) trev o
NC n b b "
+6-((Ck Y tr“t°t” + (Cp — Dttt ) = 0.
We then consider the structure

7. 221_52 - (1 - Zz)/:g
(Zzﬁz - (1 - Z2)kg)2

vaq(X1 = xg ky +x1G10 — kg + XK = G13x0 + X ky + X2G10 — G + ky — x,K; x5, k3 + x3G15).

(C21)

(C22)

(C23)

(C24)

(C25)

(C26)

(C27)

For the terms shown in Eqs. (63), (88), (89), (90) the structure above is multiplied with the three-quark wave function

Wi (x1 = xg ki +x1G10 = kg + X, K = G123 %0 + X, ko 4 X0G10 + kg — x,K: x5, k3 + x3G12),

and the sum of the color factors:

036007-35
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N, 1 11
+6- Ttrt“tbtc —6- Cptrtt’t — 6 - (CF - 5) et + 6 - <CF -5~ ZNC)trt”tth =0. (C29)

For the terms (75), (94), (95), (96) or (78), (106), (107), (108) the structure in (C27) is multiplied with the three-quark wave
function

Wi (X1 —xg kg +x1G10 — kg + X, K = G13x0 + X5, ko + X2G15 + kg — X, K X3, k3 + X312 — G2) (C30)
or

Wi gq (X1 = X ki +x1G1 — kg + XK — Go3 %0 + Xy ky + X2G10 + kg — x,K: X3, k3 + X3G15 — G1). (C31)

respectively. For the first set of terms, the sum of the color factors yields

1 1 1 N
+6- <_Z (T),, — Notrttt” + ZtrTbTC(D“ - T“)) +6- <2CF -3~ 7”) treec b

N 1 N
+6- ((CF - 70> bt + (Cp — 1)trt“t"t”> +6- <2CF —3- 70> tre?tP ¢ = 0. (C32)
Similarly, for the second set of terms
1 b 1 b b 1 N, b
+6-|—=—(T,, — Ntrt“t’tc + —tuTT(D” = T?) | + 6 | 2Cp — = — = |trt“1°t¢
4 4 2 2
2

N 1 N
+6- ((CF - 2C> rttt? + (Cg — 1)trt“t”t"> +6- <2CF —5" C> e’ = 0. (C33)

Finally, we consider the set of terms (112), (113), (114) that contain the structure in (C27) multiplied with the three-quark
wave function

Wi (X1 = xg. ky +x1G10 — k4 x, K — G12; %) + Xy, ky + XG> + ky = x,K;x3, ks — (1 —X3)q12)- (C34)

For these terms, the sum of the color factors:

1 N 1 N,
+6 . (2CF - E - 76) trt“tbl‘c 4+ 6- (ZCF - 5 - 76> trt”tbtc + 6- (ZCF - NCCF)trt"tbtc =0. (C35)

We are then left with two more contributions that contain the operator 1. These two contributions involve the structure

7. 22(132 - Z]1) - (1- Zz)kg
. =5
(Zz(P2 - 611) - (1 - Zz)kg)
X W0 (X1 = Xg ki 4+ X1G10 = kg + XK %0 + X0, ko + X0G10 — Gy + kg — XK X3, k3 + X341, — ¢2)  (C36)

and

I-

(ZZ(ﬁZ - 21)2) - (] - ZZ)kg
X W0 (X1 = xg ki 4+ X1G10 = kg + XK %0 + Xg, ko + X2G12 — Go + kg — x,K; X3, k3 + X312 — 41).  (C37)

Terms that involve the structure (C36) are given by Eqgs. (81), (103), (104), (105), and the sum of the color factors:
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1 N 1 N
+6- (——(TC)ab ——<(D)p + LT (D~ T“)T") +6- ((CF - 7) trr*1°e” 4+ (Cp — l)trt“tbtc>

4 4
1 Nc a+¢ b 1 NC asbsc
+6-<2CF—§—7)trttt +6 (2CF_2_ 2>trttt =0. (C38)

Terms that involve the structure (C37) are given by Egs. (84), (109), (110), (111), and the sum of the color factors:

1 N, 1 N.
+6- (+Z<TC)‘”’ - T‘(DC)M, + ZtrTC(D” ™ T ) +6- (( k- 7‘) tr*tb ¢ + (Cp — 1)trt“t“zb)
1 N, 1 NN .
+ 6 . <2CF - 5 - 7) trt“tbtc + 6 . <2CF - 5 - 7) tret tb = 0 (C39)

We then move on and consider contributions which involve the integral operator J. Let us start by considering terms
which have the structure

- -

2P — (1 —Zz)kg . < 2D _kg 21(1_51 —512) —/zg >
(

J = +
(22P2 = (1 = 20)k,

P — kg)2 (11(131 - 512) - ky)z
leqqq( x kl—(l—.xl)é)]z—kg—f—ng;xZ +xg,k2 +X2612+kg—.ng;X3,k3 +X3§12). (C40)

These terms are given by Eqs. (116), (117), (118), and the sum of the color factors:

N 1
o >trt“tth -6- <2CF -

We continue by considering the contributions which involve the structure

N, +1
+6 - Cptrt“t’t + 6 - <CF - c F )trt“tbtc =0. (C41)

- -

J( sz’z - (1 _ZZ)kg . Zzﬁl - /zg i Zz(ﬁz - 52) - (1 —Zz)lzg ) 11(131 - 51) - kg )
(2292 = (1 = 22)ky)* (22P1 = ky)*  (22(P2— G2) — (1 = 22)ky)* (z21(P1 — G1) — k,)?

X Wygq(xr = X0 ky +x1G12 — G4 —kg+XgK;xz +xg7k2+x2q12_§2+kg_ng;x3’k3 +x3q12).  (C42)

Terms that have this structure are given by Egs. (119), (120), (121), and the sum of the color factors:

1
c & )trtatct" +6- (CF -

The contributions that contain the structure

1 N.+1
+6 - <CF - e ¥ )trt“tbtc -6- (CF - C; )tr(t“tbtc +19°1%) = 0. (C43)

J 2P — (1 —Zz)kg ) ( 2P _kg i Zl(l?1 611) kg )
(221_52 - (1 - Z2>kg)2 (Zzﬁl - kg)2 (11(1_51 -q ) kg)2
X Wogq(x1 = xg kg = (1 = x1)G1p — 1 — kg + X, f(,xz +xg, ky + X210 + Ky — ng(ﬂ% ky +x3G1, —G2)  (C44)

are given by Eqgs. (122), (123), (124). The sum of the color factors:

1 N,+1 1
-6- <2CF et )trt“t"t” -6- <CF - C; >tr(t”tbt" +19°tP) -6 - <2CF et >trt“t”t" =0. (C45)
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The contributions that contain the structure

b= (1= 2)k)? (2281 =k)2  (22(Pa— 1) — (1 = 22)k,)? (21(Py = o) — k)2

X Wyoq (X1 = Xg ki +X1G10 = Go — kg + X, K3 X0 + Xg, ko + X0G10 — Gy + kg — x,K; X3, k3 + x3G1,)  (C46)

J< 2P~ (1-2)k,  2p1—k, n 2(Pr—q1) —(L—2)k,  z1(P1—q2) —k )
( p k

are given by Egs. (125), (126), (127). The sum of the color factors:

N 1 N, + 1 N,.+1
+6 - <CF et )trt“tbt“ +6- (CF - ‘; >trt“tctb -6- (CF - ‘; )tr(t“tbtc +1th) = 0. (C47)

Furthermore, the contributions that contain the structure

-

J. Zzﬁl _kg ( sz’z—(l —Zz>kg i 22(52—312)_(1 _ZZ)kg >
(z22P1 = ky)* \(22D2 — (1 = 22)kg)*  (22(P2 — G12) — (1 = 22)k,)?
X ‘quq(xl - xg, k] —l—xlc_jlz - kg + xgl_é;)(fz + .Xg, k2 - (1 - x2>612 + kg - xgl_f;x3, k3 + X3612) (C48)

and

b -k, (@%-U-@@_+@@rﬁﬂ—ﬂ—w@>
(2201 = kg)* \(2252 = (1 = 22)ky)*  (22(P2 = q1) = (1 = 22)ky)?

X Wy (X1 = xg ky 4 X1G10 — kg + X, K %0 + xg ko + X0G10 — Gy + kg — x,K: X3, k3 + X341, — g2)  (C49)

are given by Egs. (128), (129), (130) and Eqgs. (131), (132), (133), respectively. Correspondingly, the sum of the color factors

N 1 N, 1
+6 - <CF - C; )trt“t”tC +6- Cptrtthe — 6 - <2CF - C; >trt“tbtc =0 (C50)

and

N,+1 N,+1 N,+1
-6- <CF— "2+ )tr(t“t"tb +trttP1€) — 6 - <2CF - C; >trt“t°‘t” -6- <2CF— C; >trt“r”t“ =0. (C51)

The final set of contributions are given by Eqgs. (134), (135), (136); Egs. (137), (138), (139); and Eqs. (140), (141), (142).
These terms contain three independent structures

b — (1 -22)k, ( 2P —ky n 2(P2 = G2) — (1 = 22)k, )
(2292 = (1 = 22)ky)* \(22P1 —ky)*  (22(P2 = G2) — (1 = 22)k,)?
x P*

vaq(X1 = Xg Ky + X110 — Go — kg + X, K3 x5 4+ X ky + X2G10 + ky — X, K3 x5, k3 + X341, — G1),  (C52)

J

@a—@'<@m—a—m@_+@@rﬁg—u—m@>
(22131 - kg)2 (22132 - (1- Z2)kg)2 (22(1_52 - Ziz) - (1= Zz)kg)2
x P

vaq(X1 = Xg Ky +x1G10 — kg + X, KX + X0, kg + X2G12 — Go + kg — X, K3 x5, k3 + X341, — G1),  (C53)

J

and

J 2P — kg ) P — (1 - Zz)kg
(22131 - kg)2 (221_52 - (1 - Zz)kg)2
X W0 (x1 = xg ky + X112 — kg + ng(;xz + Xy ko + x2G15 + kg — xgl?;x?)’ ks = (1 =x3)q12), (C54)
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respectively. Correspondingly, the sum of the color factors

N 1 N, 1
c T )trt“tbtc—6-<CF— C;

—6- <2CF_

N
—6- (CF_

N
—6~2<2CF— 2+

ct1

and

>tr(t”tbtc +19°tP) - 6 - <2CF -

N
>tr(t“tbtc +14°t") — 6 - (2CF et

1 N,
>trt”t”t" -6- 2(2CF -

N.+1

>trt“t"t” =0; (C55)

1 N 1
>trt“tbt°‘ -6- <2CF - C; >trt"t"tb =0; (C56)

1
02+ >trt“t”t“ —6-2Cp(2 = N )trttb1¢ = 0. (C57)

This concludes our check that the sum of all UV finite diagrams cancel when either g, or g3 — 0.
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