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The covariant quantization of QED and QCD requires the introduction of subsidiary gauge-fixing and
ghost fields and it is crucial to understand the role of these in the energy-momentum tensor, and in the
momentum and angular momentum operators. These issues were discussed by E. Leader [Phys. Rev. D 83,
096012 (2011)], and certain key results from this study, namely that the subsidiary and ghost fields do not
contribute to the physical matrix elements of the canonical or Bellinfante momentum and angular
momentum, were utilized in the major review of angular momentum by E. Leader and C. Lorce [Phys.
Rep., 541, 163 (2014)]. B. Damski [Phys. Rev. D 104, 085003 (2021)] has rightly criticized as incorrect the
derivation of these results for the QED case by Leader (2011) and has given explicit expressions for the
contribution of the subsidiary fields to the physical matrix elements of the QED momentum and angular
momentum. We show, however, that the key results of Leader (2011), mentioned above, which are utilized
by Leader and Lorce (2014), are unaffected by Damski’s criticism and that his expressions for the
contribution from the subsidiary fields, in fact, vanish.

DOI: 10.1103/PhysRevD.105.036005

I. INTRODUCTION

It is well known that the covariant quantization of QED
and QCD, i.e., in which the photon vector potential AμðxÞ
and the gluon vector potential Aμ

a transform as genuine
Lorentz 4-vectors, is a nontrivial task [1–4] involving the
introduction of a scalar gauge-fixing field (Gf) in QED and
both a gauge-fixing field and Faddeev-Popov ghosts fields
(Gf þ Gh) in QCD. In both QED and QCD the expressions
for the linear and angular momentum operators include
terms involving all these fields and their role in physical
matrix elements of these operators, for the QCD case, is
discussed in the proofs of the renormalizability of QCD [5].
See also Sec. 14.6 of [6].
As explained in detail in [7] it is necessary to work in an

indefinite-metric space i.e., one in which the “length” or
norm of a vector can be either positive or negative and the
definition of the “physical states” with positive norm has to
be specified with care. It is also necessary to specify the
condition for an operator to represent a physically meas-
urable quantity i.e., to be an “observable.”
The situation is further complicated by the fact that

it is possible to deal with different versions of the

energy-momentum tensor tμν, of which the two most
important are the Canonical version tμνcan which follows
from Noether’s theorem and the Bellinfante version tμνbel
which is symmetric under (μ ↔ ν) and which differs from
tμνcan by a divergence term, as will be spelled out in detail
below. Both of these versions of the energy-momentum
tensor are conserved quantities. Based on these one can
define, in the standard way, the momentum operators Pμ

can

and Pμ
bel and the angular momentum operators Jican and Jibel.

Because the energy-momentum tensors are related by a
divergence, one can show that for the matrix elements
between any normalizable physical states, hΦjPμ

beljΨi ¼
hΦjPμ

canjΨi and hΦjJibeljΨi ¼ hΦjJicanjΨi.
Of key physical interest in QCD is the question of the

fraction of the momentum and angular momentum carried
by quarks and gluons in a hadron, with analogous questions
about electrons and photons in QED. Clearly to answer these
questions one has to know the contributions of the subsidiary
fields to the physical matrix elements of the above operators.
In all phenomenological papers dealing with the QCD case it
is assumed, without comment, that the contribution from the
subsidiary fields is zero. That the latter is true for the
Bellinfante case in QCD follows from the proof given in
Joglekar and Lee and discussed by Collins in the above-cited
works, where it is shown that the physical matrix elements of
a Becchi, Rouet, Stora, Tyutin (BRST)-exact operator
vanish. However, this argument does not apply directly to
the canonical case. Moreover, BRST transformations are
rarely introduced in the QED case, so I attempted in [7] to
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give a simple proof for the QED case, based on the direct
demonstration that for physical matrix elements in QED
hΦ0jtμνbelðGfÞjΦi ¼ hΦ0jtμνcanðGfÞjΦi ¼ 0. Since the BRST
approach does not work for the canonical case, I also
applied my “simple proof” to show that for QCD
hΦ0jtμνcanðGf þ GhÞjΦi ¼ 0.
Damski [8] has pointed out that this “proof,” for both the

canonical and Bellinfante cases in QED, is wrong, because
it assumes that the physical states alone form a complete
set and thus uses 1 ¼ P jΦihΦj, which is an incorrect
“resolution of the identity” because it leaves out the states
of negative norm. Although he does not comment on
QCD, Damski’s argument shows that the “proof” that
hΦ0jtμνcanðGf þGhÞjΦi ¼ 0 in [7] is also incorrect.
This criticism seems to imply that the conclusion reached

in [7], that the subsidiary fields do not contribute to the
physical matrix elements of the Canonical and Bellinfante
versions of the momentum and angular momentum in QED
and QCD, is false, but as will be shown, this implication is
wrong. Moreover, for the QED case, where Damski
presents explicit expressions for the contributions of the
subsidiary fields, we shall show that these do, in fact,
vanish.
We shall show the following:

(a) While, indeed, for the canonical case

hΦ0jtμνcanðGfÞjΦi≠0 and hΦ0jtμνcanðGfþGhÞjΦi≠0; ð1Þ

on the contrary, for the Bellinfante case, as claimed in [7]
and as expected on the basis of the general argument
in [5,6]

hΦ0jtμνbelðGfÞjΦi¼0 and hΦ0jtμνbelðGfþGhÞjΦi¼0: ð2Þ

(b) Despite Eq. (1), one has

∂μhΦ0jtμνcanðGfÞjΦi¼∂μhΦ0jtμνcanðGfþGhÞjΦi¼0 ð3Þ

and obviously an analogous result for the Bellinfante case
as a consequence of (2), which are key results utilized in the
major review [9] of the “angular momentum controversy.”
(c) Despite Eq, (1) it turns out that the subsidiary fields

do not contribute to the physical matrix elements of the
canonical version of the momentum or angular momentum.
This crucial result, as mentioned above, is normally
assumed without comment in phenomenological papers
on QCD.
We shall also comment briefly on the important differ-

ence between gauge invariance and gauge independence,
which was inadequately explained in [7].

II. PHYSICAL MATRIX ELEMENTS OF THE
BELLINFANTE ENERGY-MOMENTUM TENSOR

We shall show, as claimed in [7], that the physical matrix
elements of the gauge-fixing and ghost contributions

tμνbelðGf þGhÞ in QCD and the gauge-fixing contribution
tμνbelðGfÞ in QED, vanish. The proof given for the QED case
in [7], as pointed out by Damski [8], is incorrect, but the
result is actually true. Surprisingly it turns out that the QCD
case is simpler to deal with than the QED case, which can
be derived as a special case.

A. Quantum chromodynamics

The pure quark-gluon Lagrangian LqG is

LqG ¼ −
1

4
Ga

μνG
μν
a þ 1

2
ψ̄ l½δlmið=⃗∂ − =⃖∂Þ − 2gtalm=A

a�ψm: ð4Þ

In order to quantize the theory covariantly one has to
introduce both a gauge-fixing field BðxÞ and Fadeev-Popov
anticommuting fermionic ghost fields cðxÞ; c̄ðxÞ. The
Kugo-Ojima Lagrangian [10] for the covariantly quantized
theory is then

L ¼ LqG þ LGfþGh ð5Þ

where

LGfþGh ¼ −ið∂μc̄aÞDab
μ cb − ð∂μBaÞAa

μ þ
a
2
BaBa: ð6Þ

The physical states jΨi are defined by the subsidiary
conditions

QBjΨi ¼ 0; ð7Þ

QcjΨi ¼ 0; ð8Þ

where the conserved, Hermitian charge QB is given by

QB ¼
Z

d3x½Ba∂↔0ca − gBafabcAb
0c

c

− iðg=2Þð∂0c̄aÞfabccbcc�; ð9Þ

and the conserved charge Qc

Qc ¼
Z

d3x½c̄a∂↔0ca − gc̄afabcAb
0c

c� ð10Þ

“measures” the ghost number

i½Qc;ϕ� ¼ Nϕ ð11Þ

where N ¼ 1 for ϕ ¼ c;−1 for ϕ ¼ c̄ and 0 for all other
fields.
The Bellinfante energy-momentum tensor is

tμνbel ¼ tμνbelðqGÞ þ tμνbelðGf þ GhÞ ð12Þ

where
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tμνbelðqGÞ¼
i
4
½ψ̄ lγ

μD
↔ν

ψ lþðμ↔νÞ�−Gμβ
a Gν

aβ−gμνLqG ð13Þ

and the gauge-fixing and ghost terms are given by

tμνbelðGf þGhÞ ¼ −ðAμ
a∂νBa þ Aν

a∂μBaÞ − i½ð∂μc̄aÞDν
abcb

þ ð∂νc̄aÞDμ
abcb� − gμνLGfþGh: ð14Þ

This can be rewritten [4] as an anticommutator with QB

tμνbelðGf þGhÞ ¼ −
�
QB;

�
ð∂μc̄aÞAν

a þ ð∂νc̄aÞAμ
a

þ gμν
�
a
2
c̄aBa − ð∂ρc̄aÞAa

ρ

���
: ð15Þ

It follows from Eqs. (7) and (15) that tμνbelðGf þ GhÞ does
not contribute to physical matrix elements i.e.,

hΦ0jtμνbelðGf þGhÞjΦi ¼ 0 ð16Þ

so that

hΦ0jtμνbel;QCDjΦi ¼ hΦ0jtμνbelðqGÞjΦi ð17Þ

and hence that the subsidiary fields do not contribute to the
QCD expressions for either Pμ

bel or Jbel i.e.,

hΦjPμ
beljΦi≡

Z
d3xhΦjt0μbeljΦi ¼

Z
d3xhΦjt0μbelðqGÞjΦi

¼ hΦjPμ
belðqGÞjΦi ð18Þ

and

hΦjJibeljΦi≡ 1

2
ϵijk

Z
d3xhΦjxjt0kbel − xkt0jbeljΦi

¼ 1

2
ϵijk

Z
d3xhΦjxjt0kbelðqGÞ − xkt0jbelðqGÞjΦi

¼ hΦjJibelðqGÞjΦi: ð19Þ

B. Quantum electrodynamics

The most general covariantly quantized version of QED
is given by the Lautrup-Nakanishi Lagrangian density
[1,2], which is a combination of the classical Lagrangian
(Clas) and a gauge-fixing part

L ¼ LClas þ LGf ð20Þ

where

LClas ¼ −
1

4
FμνFμν þ 1

2
½ψ̄ði=∂ −mþ e=AÞψ þ H:c:� ð21Þ

and

LGf ¼ −∂μBðxÞ:AμðxÞ þ a
2
B2ðxÞ ð22Þ

where BðxÞ is the gauge-fixing field and the parameter a
determines the structure of the photon propagator and is
irrelevant for the present discussion.1

The physical states jΦi of the theory are defined to
satisfy

BðþÞðxÞjΦi ¼ 0 ð23Þ
where

BðxÞ ¼ BðþÞðxÞ þ Bð−ÞðxÞ ð24Þ

with Bð�ÞðxÞ the positive/negative frequency parts of BðxÞ.
For the conserved Bellinfante density one finds,

tμνbel ¼ θμνbel þ tμνbelðGfÞ ð25Þ

where θμνbel, which is referred to as the classical energy-
momentum tensor density, is

θμνbel ¼
i
4
ψ̄ðγμD↔ν þ γνD

↔μÞψ − FμβFν
β − gμνLClas; ð26Þ

where D
↔ν ¼ ∂↔ν

− 2ieAν, and

tμνbelðGfÞ ¼ −Aν∂μB − Aμ∂νB − gμνLGf: ð27Þ

As explained in Kugo-Ojima [10] the QED expressions
can be obtained from the QCD case by putting the structure
constants to zero and suppressing the color group labels, in
which case the gauge-fixing field B and the ghost fields c
and c̄ become free fields. The expression Eq. (9) for the
charge QB then becomes, in terms of creation and anni-
hilation operators,

QB ¼ i
Z

d3k
ð2πÞ32Ek

½c†kBk − B†
kck�: ð28Þ

Because the Fadeev-Popov ghosts are here free, the state
vector space V can be decomposed into a direct product
V ¼ Vphys ⊗ VFP where Vphys is the usual QED physical
state vector space. Moreover the ghosts are redundant, so
that one can work in the sector containing neither c nor c̄
ghosts i.e., Vphys ⊗ j0iFP. Hence the physical states in
QED can be taken to be jΦi ⊗ j0iFP. Using this and (28),
Eq. (7) can then be shown to imply (23). Hence

1The case a ¼ 1 corresponds to the Gupta-Bleuler approach
(see e.g., [11]) based on the Fermi Lagrangian. Note also that in
order to conform to the conventions used in the QCD case, the
expression for LGf differs from Nakanishi-Lautrup by a 4-
divergence.
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hΦ0jtμνbel;QEDðGfÞjΦi
¼FP h0j⊗ hΦ0jtμνbel;FreeðGfþGhÞjΦi⊗ j0iFP¼0 ð29Þ

where tμνbel;FreeðGf þ GhÞ is tμνbel;QCDðGf þGhÞ in which the
structure constants are put to zero and the gauge-fixing and
ghost fields are free. Thus

hΦ0jtμνbel;QEDjΦi ¼ hΦ0jθμνbeljΦi ð30Þ

and hence, as in QCD, the subsidiary fields do not
contribute to the QED expressions for the physical matrix
elements of either Pμ

bel or Jbel.

C. QED: Direct study of subsidiary fields

The argument showing that the gauge-fixing field in QED
does not contribute to the physical expectation value of the
Bellinfanteversion of the energy-momentum tensor and hence
does not contribute to the expectationvalues of the Bellinfante
versions of the momentum and angular momentum, based on
the QCD case, is rather abstract, so we here show that the
concrete expression for the gauge-fixing contribution to the
Bellinfante angular momentum, given in Damski’s paper [8],
which deals only with the free electromagnetic case, actually
vanishes i.e., we shall show directly that

hΦjJbelðGfÞjΦi ¼ 0 ð31Þ

where, in Damski’s notation

JibelðGfÞ ¼ Jidiv þ Jiξ: ð32Þ

Consider

hΦjJibelðGfÞjΦi ¼ hΦjJidiv þ JiξjΦi

¼
Z

d3zϵimnhΦjzmInðzÞ − znImðzÞjΦi

ð33Þ

with, following Damski,

InðzÞ ¼ An∂jF0j þ ð∂ · AÞ∂nA0: ð34Þ

Defining

BðzÞ≡ −∂ · A ð35Þ

andusing the fact that inDamski the fields are free, one obtains

InðzÞ ¼ An∂0B − B∂nA0: ð36Þ

We split the fields into their positive and negative frequency
parts

BðzÞ ¼ BðþÞ þ Bð−Þ; Bð−Þ ¼ ½BðþÞ�† and

AμðzÞ ¼ AðþÞ
μ þ Að−Þ

μ ; Að−Þ
μ ¼ ½AðþÞ

μ �† ð37Þ

with

AðþÞ
μ ðzÞ ¼

Z
½dk0�

Xσ¼3

σ¼0

ϵμðk0; σÞck0σe−ik
0·z ð38Þ

where the ϵμ are polarization vectors and the ck0σ are
annihilation operators and we use the shorthand

½dk0�≡ d3k0

ð2πÞ3=2 ffiffiffiffiffiffiffiffiffi
2ωk0

p : ð39Þ

In Damski’s notation one has

BðþÞðzÞ ¼ −i
Z

½dk�ωkLkωe−ik·z ð40Þ

where

Lk ¼ ck3 − ck0: ð41Þ

The physical states, as usual, are defined to satisfy

BðþÞðzÞjΦi ¼ 0; hΦjBð−ÞðzÞ ¼ 0: ð42Þ

Using these and the fact that the commutators

½BðþÞ; AðþÞ
μ � ¼ ½Bð−Þ; Að−Þ

μ � ¼ 0, it follows that

hΦjInðzÞjΦi ¼ hΦjAn∂0Bð−Þ − BðþÞ∂nA0jΦi
¼ hΦj½AðþÞ

n ; ∂0Bð−Þ� − ½BðþÞ; ∂nA
ð−Þ
0 �jΦi

¼ hΦjΦif½AðþÞ
n ; ∂0Bð−Þ� − ½BðþÞ; ∂nA

ð−Þ
0 �g;

ð43Þ

the last step following since the commutators are c-numbers.
The relevant commutators and polarization vectors are

½Lk; c
†
k00� ¼ −½ck0; c†k00� ¼ δ3ðk0 − kÞ;

½Lk; c
†
k03� ¼ ½ck3; c†k03� ¼ δ3ðk0 − kÞ ð44Þ

and

ϵμðk; 0Þ ¼ ð1; 0Þ; ϵμðk; 3Þ ¼ ð0; k=ωkÞ: ð45Þ

Substituting Eqs. (38), (40), (44), and (45) into Eq. (43), we
find, after some labor, that

½AðþÞ
n ; ∂0Bð−Þ� − ½BðþÞ; ∂nA

ð−Þ
0 � ¼ 0 ð46Þ

and thus that in QED
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hΦjJibel;QEDðGfÞjΦi ¼ 0; ð47Þ

in agreement with the more general derivation based on the
QCD case.

D. Bellinfante summary

To summarize, despite the incorrect proof for the QED
case given in [7], we have shown explicitly that the physical
matrix elements of the gauge-fixing and ghost contributions
to the Bellinfante version of the energy-momentum tensor,
in both QED and QCD, actually do vanish. Hence the only
contributions to the momentum Pμ

bel and angular momen-
tum Jbel are from photons and electrons in the QED case
and from quarks and gluons in QCD.
This latter property was thus correctly utilized in the

review paper [9]. Also, in writing down the most general
structure for the matrix elements of hΦ0jtμνbelðqGÞjΦi in [9],
use was made of the claim that

∂μhΦ0jtμνbelðqGÞjΦi ¼ 0: ð48Þ

This follows because the total tμνbel is a conserved operator
and, via (17),

∂μhΦ0jtμνbelðqGÞjΦi ¼ ∂μhΦ0jtμνbeljΦi ¼ 0: ð49Þ

Note also that this justifies the results in several papers in
the literature, e.g., Ji [12–14], Jaffe and Manohar [15],
Bakker, Leader and Trueman (BLT) [16] and Wakamatsu
[17,18], where the general structure of the physical matrix
elements of tμνbelðqGÞ (or its QED analog) is derived under
the unstated assumption that Eq. (49) holds.

III. PHYSICAL MATRIX ELEMENTS OF THE
CANONICAL ENERGY-MOMENTUM TENSOR

In [7] it was claimed that the physical matrix elements of
the gauge-fixing and ghost contributions tμνcanðGf þ GhÞ in
QCD and the gauge-fixing contribution tμνcanðGfÞ in QED,
vanish. The result given for the QED case in [7], as pointed
out by Damski [8], is wrong because of an incorrect use of
the “resolution of the identity” for a space with an indefinite
metric, and, although not discussed by Damski, also the
QCD result is wrong for the same reason.
Thus, in contrast to the Bellinfante case and contrary to

the claims made in [7], in QCD

hΦ0jtμνcanðGf þ GhÞjΦi ≠ 0 ð50Þ

and in QED

hΦ0jtμνcanðGfÞjΦi ≠ 0: ð51Þ

We shall analyze the consequences of these for theQCD case.
Completely analogous arguments hold for the case of QED.

There are two questions which have to be answered,
given (50):

(i) Is the analysis of the general structure of the physical
matrix elements of the quark-gluon tμνcanðqGÞ given in
[9] correct?

(ii) Do the subsidiary fields contribute to the physical
matrix elements of the canonical momentum Pμ

can

and angular momentum Jcan?

A. Structure of the physical matrix elements of the
quark-gluon t μνcanðqGÞ

The Bellinfante and canonical energy-momentum ten-
sors differ from each other by a divergence term of the
following form:

tμνcan ¼ tμνbel − ∂λGλμν; ð52Þ

where the so-called superpotential reads

Gλμν ¼ 1

2
ðMλμν

spin þMμνλ
spin þMνμλ

spinÞ; ð53Þ

and, crucially, is antisymmetric with respect to its first two
indices

Gλμν ¼ −Gμλν: ð54Þ

The Mspin involves a sum over all fields and is given in
terms of the Lagrangian by

Mμνρ
spinðxÞ ¼ −i

X
all fields

∂L
∂ð∂μϕrÞ

ðΣνρÞrsϕsðxÞ: ð55Þ

where ðΣμνÞrs ¼ −ðΣνμÞrs is an operator related to the spin
of the field. For example, for particles with the most
common spins, one has

spin − 0 particle ϕðxÞ ðΣμνÞrs ¼ 0; ð56Þ

spin− 1=2 Dirac particle ψrðxÞ ðΣμνÞrs ¼
1

2
ðσμνÞrs;

ð57Þ

spin− 1 particle AαðxÞ ðΣμνÞαβ ¼ iðδμαgνβ − δναgμβÞ:
ð58Þ

Examination of the structure of the Lagrangians in Eqs. (4),
(6) shows that since LqG does not contain any gauge-fixing
or ghost fields and LGfþGh does not contain any derivatives
of Aμ

a we may write

Mμνρ
spinðxÞ ¼ Mμνρ

spinðxÞjqG þMμνρ
spinðxÞjGfþGh ð59Þ

and thus in Eq. (52)
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Gλμν ¼ GλμνjqG þ GλμνjGfþGh ð60Þ

so that separately

tμνcanðqGÞ ¼ tμνbelðqGÞ − ∂λGλμνjqG ð61Þ

and

tμνcanðGf þ GhÞ ¼ tμνbelðGf þ GhÞ − ∂λGλμνjGfþGh: ð62Þ

Hence,

∂μt
μν
canðGf þ GhÞ ¼ ∂μt

μν
belðGf þ GhÞ − ∂μ∂λGλμνjGfþGh

¼ ∂μt
μν
belðGf þ GhÞ via ð54Þ ð63Þ

and thus for the physical matrix elements, using (16),

∂μhΦ0jtμνcanðGf þGhÞjΦi ¼ ∂μhΦ0jtμνbelðGf þ GhÞjΦi ¼ 0:

ð64Þ

Finally, then, since the total tμνcan is a conserved operator, we
obtain the key result

∂μhΦ0jtμνcanðqGÞjΦi ¼ ∂μhΦ0jtμνcanjΦi ¼ 0 ð65Þ

and the analysis of the general structure of the physical
matrix elements of the quark-gluon tμνcanðqGÞ given in [9],
which relied on this property, is correct.

B. Contribution of the subsidiary fields to the physical
matrix elements of the canonical momentum Pμ

can

and angular momentum Jcan
From Eqs. (18) and (61)

hΦjPμ
beljΦi ¼

Z
d3xhΦjt0μbelðqGÞjΦi

¼
Z

d3xhΦjt0μcanðqGÞjΦi

þ
Z

d3xhΦj∂λGλ0μjqGjΦi: ð66Þ

By the antisymmetry property (54) the last term is actually
a three-dimensional divergence ∂iGi0μjqG, yielding a sur-
face term at infinity, which, as always, is assumed to
vanish. Thus

hΦjPμ
beljΦi ¼

Z
d3xhΦjt0μcanðqGÞjΦi ¼ hΦjPμ

canðqGÞjΦi:

ð67Þ

But

hΦjPμ
beljΦi ¼ hΦjPμ

canjΦi ð68Þ

so that, indeed,

hΦjPμ
canjΦi ¼ hΦjPμ

canðqGÞjΦi ð69Þ

and the subsidiary fields do not contribute to the physical
matrix elements of Pμ

can. A similar argument shows that

hΦjJicanjΦi ¼ hΦjJicanðqGÞjΦi ð70Þ

and the subsidiary fields also do not contribute to the
physical matrix elements of Jican.

C. Canonical summary

To summarize, despite the incorrect proof given in [7]
concerning the physical matrix elements of the gauge-
fixing contributions to the canonical version of the energy-
momentum tensor in QED and the gauge-fixing and ghost
contributions to the canonical version of the energy-
momentum tensor in QCD, the essential property used
in writing down the most general structure for the QCD
matrix elements hΦ0jtμνcanðqGÞjΦi and the QED matrix
elements hΦ0jΘμν

canjΦi in [9], namely, that

∂μhΦ0jtμνcanðqGÞjΦi ¼ 0 and ∂μhΦ0jΘμν
canjΦi ¼ 0; ð71Þ

is correct.
Moreover, despite the incorrect derivation in [7], the only

contributions to the physical matrix elements of the
momentum Pμ

can and angular momentum Jcan are from
photons and electrons in the QED case and from quarks and
gluons in QCD. This latter property was thus correctly
utilized in the review paper [9].

IV. GAUGE INVARIANCE VS GAUGE
INDEPENDENCE

Although not strictly relevant to Damski’s criticism of
[7] it will be useful to comment on a statement in the latter
paper, which might be misleading. This concerns the rarely
commented upon difference between gauge invariance and
gauge independence, which is emphasized by Collins in
Sec. 2.12 of [6] and also in Sec. 2.5.2 of [9]. We shall
illustrate this in QED, but the same applies to QCD.
In canonically quantized QED one first chooses a gauge

and then quantizes the theory by specifying the commu-
tation rules which the operators must obey. One can then
consider gauge transformations on, for example, the oper-
ator for the photon vector potential

Aμ → A0
μ ¼ Aμ þ ∂μαðxÞ ð72Þ

where αðxÞ can be any reasonably behaved classical
(c-number) function, but cannot be a general function of
the operator Aμ, because if it was, the new A0

μ would no
longer satisfy the required commutation relations. The
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above thus represent only a restricted class of gauge
transformations.
A matrix element of an operator is gauge independent

when its value does not depend on which gauge is used in
calculating it i.e., does not depend on what method is used
to fix the gauge of the classical theory before quantizing the
theory. To yield a gauge independent matrix element an
operator must necessarily be gauge invariant in the
restricted sense above, but that is far from sufficient.
The only way to test for gauge independence in the context
of a canonically quantized theory is to calculate the
quantity using the theory quantized from the start in
different gauges.
This problem is alleviated when one uses the path

integral formulation, since there one does not deal with
operators; the Aμ are ordinary functions and one can handle
general gauge transformations in which αðxÞ can depend on
the fields. In this formulation the matrix element will be
gauge independent if the function representing the operator
is fully gauge invariant.
In Sec. VII of [7] it was shown that the matrix element of

the projection of the photon or gluon spin onto the direction
of motion is gauge invariant, in the above restricted sense,
but it was not emphasized that this does not make the
matrix element gauge independent. Indeed, Hoodbhoy and
Ji [19] have calculated the difference between these matrix
elements, evaluated in a type of axial gauge which has
Aþ ¼ 0 and in the Covariant gauge ∂μAμ ¼ 0, and shown
that it is not zero.

V. CONCLUSIONS

Damski’s criticism [8] of the proof given in [7] for
certain properties of the physical matrix elements of the

energy-momentum tensor tμν in QED is valid, and it is also
applicable to QCD, so that, contrary to the assertions in [7],
for the canonical case

hΦ0jtμνcanðGfÞjΦijQED ≠ 0 and

hΦ0jtμνcanðGf þ GhÞjΦijQCD ≠ 0: ð73Þ

Nonetheless the following crucial features for QED and
QCD, utilized in the angular momentum review [9] are in
fact correct:
(a) For the Bellinfante case, as claimed in [7] and as

expected for the QCD case from the general arguments
in [5,6]

hΦ0jtμνbelðGfÞjΦijQED ¼ 0 and

hΦ0jtμνbelðGf þ GhÞjΦijQCD ¼ 0: ð74Þ

(b) Despite Eq. (73) one has for the canonical case,

∂μhΦ0jtμνcanðGfÞjΦijQED ¼ 0 and

∂μhΦ0jtμνcanðGf þGhÞjΦijQCD ¼ 0: ð75Þ

And obviously an analogous result holds for the
Bellinfante case as a consequence of (74).

(c) Despite Eq. (73) the subsidiary fields do not contribute
to the physical matrix elements of either the canonical
or Bellinfante versions of the momentum or angular
momentum, a result which is normally assumed without
comment in phenomenological papers on QCD.

[1] B. Lautrup, Kgl. Danske Videnskap. Selskab, Mat.-fys.
Medd. 35, 1 (1967).

[2] N. Nakanishi, Prog. Theor. Phys. 35, 1111 (1966).
[3] N. Nakanishi, Suppl. Prog. Theor. Phys. 51, 1 (1972).
[4] T. Kugo and I. Ojima, Prog. Theor. Phys. Suppl. 66, 1

(1979).
[5] S. D. Joglekar and B.W. Lee, Ann. Phys. (N.Y.) 97, 160

(1976).
[6] J. C. Collins, Renormalization (Cambridge University

Press, Cambridge, England, 1984).
[7] E. Leader, Phys. Rev. D 83, 096012 (2011).
[8] B. Damski, Phys. Rev. D 104, 085003 (2021).
[9] E. Leader and C. Lorce, Phys. Rep. 541, 163 (2014).

[10] T. Kugo and I. Ojima, Prog. Theor. Phys. 60, 1869 (1978).
[11] J. M. Jauch and F. Rohrlich, The Theory of Photons and

Electrons (Addison-Wesley, Cambridge, MA, 1955).
[12] X.-D. Ji, Phys. Rev. Lett. 78, 610 (1997).
[13] X.-D. Ji, Phys. Rev. D 55, 7114 (1997).
[14] X.-D. Ji, Phys. Rev. D 58, 056003 (1998).
[15] R. L. Jaffe and A. Manohar, Nucl. Phys. B337, 509

(1990).
[16] B. L. G. Bakker, E. Leader, and T. L. Trueman, Phys. Rev. D

70, 114001 (2004).
[17] M. Wakamatsu, Phys. Rev. D 81, 114010 (2010).
[18] M. Wakamatsu, Phys. Rev. D 83, 014012 (2011).
[19] P. Hoodbhoy and X. Ji, Phys. Rev. D 60, 114042 (1999).

ROLE OF THE SUBSIDIARY FIELDS IN THE MOMENTUM AND … PHYS. REV. D 105, 036005 (2022)

036005-7

https://doi.org/10.1143/PTP.35.1111
https://doi.org/10.1143/PTPS.51.1
https://doi.org/10.1143/PTPS.66.1
https://doi.org/10.1143/PTPS.66.1
https://doi.org/10.1016/0003-4916(76)90225-6
https://doi.org/10.1016/0003-4916(76)90225-6
https://doi.org/10.1103/PhysRevD.83.096012
https://doi.org/10.1103/PhysRevD.104.085003
https://doi.org/10.1016/j.physrep.2014.02.010
https://doi.org/10.1143/PTP.60.1869
https://doi.org/10.1103/PhysRevLett.78.610
https://doi.org/10.1103/PhysRevD.55.7114
https://doi.org/10.1103/PhysRevD.58.056003
https://doi.org/10.1016/0550-3213(90)90506-9
https://doi.org/10.1016/0550-3213(90)90506-9
https://doi.org/10.1103/PhysRevD.70.114001
https://doi.org/10.1103/PhysRevD.70.114001
https://doi.org/10.1103/PhysRevD.81.114010
https://doi.org/10.1103/PhysRevD.83.014012
https://doi.org/10.1103/PhysRevD.60.114042

