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We calculate the masses of the gqg g tetraquark ground state and first radial excited state in a constituent
quark model where the Cornell-like potential and one-gluon exchange spin-spin coupling are employed.
The three coupling parameters for the Cornell-like potential and one-gluon exchange spin-spin coupling are
proposed mass-dependent in accordance with lattice QCD data, and all model parameters are predeter-
mined by studying light, charmed, and bottom mesons. The theoretical predictions for light tetraquarks are
compared with the observed exotic meson states in the light-unflavored meson sector, and tentative
assignments are suggested. The work suggests that f(1500) and f,(1710) might be ground light

tetraquark states with J = 0.
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I. INTRODUCTION

Low-lying baryons and mesons, even for the light quark
sector (with the exception of the would-be Goldstone
bosons of the chiral symmetry breaking, first the pions),
can be reasonably described in nonrelativistic quark models
(NQM), where the interaction of constituent quarks is
interpreted in terms of potentials which are usually phe-
nomenologically motivated [1].

Theoretical predictions for meson mass spectrum can be
found in [2-6]. Most L = 0 and 1 meson nonets in NQM
can be easily associated with the well-established exper-
imental candidates, with reasonable flavor symmetry
breaking and binding assumptions, except for the scalar
3P, nonet for which there are too many observed candidates
[7]. The experimental status of light mesons is shown in
Fig. 1 in an approximated mass scale, where the mesons of
an isovector, a strange isodoublet, and two isoscalars are
grouped together to represent a flavor nonet. The total
angular momentum J, orbital excitation L, spin multiplicity
28 + 1, and radial excitation n of the states are used for
classification. The vertical scale is v = n + L — 1, and the
horizontal scale is the L. The ground state pseudoscalars
(JP€ =0"") and vectors (17~) are well established.
However, a number of predicted radial excitations
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FIG. 1. Tentative ¢gg mass spectrum for the three light quarks in

SU(3) symmetry. The shaded assignments are clear and defini-
tive [8].
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(n > 1) and orbital excitations (L > 0) are still missing and
some observed meson candidates do not fit into quark
model conventional meson mass spectra easily [8].

The research on conventional gg states conducted for
more than a half century provide us with a good knowledge
to understand their underlying structures. Exotic meson
states such as glueballs, hybrids, and tetraquarks have been
widely studied in the past two decades, especially focusing
on the states having same quantum numbers as conven-
tional gg systems. We will briefly review and discuss some
typical exotic mesons in Sec. III.

In this work, we apply the same model as the one in
Ref. [9] to predict the mass of all possible light tetraquark
configurations. The paper is organized as follows. In
Sec. II, we work out the possible configurations of color,
spin, and spatial degrees of freedom of tetraquark states. In
Sec. III, tetraquark mass spectra are evaluated in the
constituent quark model applied in previous works [9—
12], and the theoretical results are compared with exper-
imental data and tentative assignments for light tetraquarks
are suggested. A summary is given in Sec. IV.

II. THEORETICAL MODEL

The quark and antiquark transform under the fundamen-
tal and conjugate representations of SU(n), respectively,
with n = 3, 2, 2 for the color, spin, and flavor degree of
freedom. The color part of the wave function of a tetraquark
is a [222], singlet of the SU.(3) group. The Young tabloids
[2]¢ and [11]5, and [22] and [211]; of the SU.(3) group
characterize the permutation symmetry of the two quarks
cluster (gg), and the two antiquarks cluster (gg) of
tetraquark states, respectively. Thus the [222]; color singlet
of tetraquark states demands the following configurations

Vegs = (216(0192) ® [225(9344).
Wigs = 11]3(4192) ® [211]3(344)- (1)

Considering that a gqg g tetraquark state of four light
quarks must be a color singlet and antisymmetric simulta-
neously under any permutation between identical quarks,
one gets all the possible color-spatial-spin-flavor configu-
rations of the gg and g g cluster listed in Table 1. Here we
have used that the fundamental and conjugate representa-
tions of SU(2) and SU,(2) for quarks and antiquarks are
the same.

The possible spin combinations are

§=0,1,2 _ qq
Yien = {W?Sq:l] ® l’/?sq:l]]s:mz’
Wiieo) =ity ® Vil
Wiogo) =i ® V(Lo (2)

TABLE 1.  All possible color-spatial-spin-flavor configurations
of ggq and g g cluster.
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The color and spin wave functions take the same forms as
the ones for charmoniumlike tetraquarks in Ref. [9].

The relative Jacobi coordinates and the corresponding
momenta of light tetraquark are defined as

- | P
x1:ﬁ(71—r3)a
- | P
Xzzﬁ(rz—m)’
R
x3:§(r1—|—r3—r2—r4),
R .
X021(71+72+F3+r4)’
dx;
5 — g 25 3
pi=ui— (3)
where u; are the reduced quark masses defined as
Uy = Uy = Uz =mygq, (4)

where 7; and m,, , are the coordinate and mass of the u and
d quark.

The total tetraquark spatial wave function may be
expanded in the complete basis formed by the functions,

WL = Z A(ny,ny,n3, 1y, 1, 1)
{”i*li}

X, (X1) @ Wy, (X2) ® Wy, (X3),  (5)

where v, ;. are harmonic oscillator wave functions and the
sum {n;,[;} is over ny, ny, ns, Iy, I, I3. N, and L are the
total principle quantum number and orbital angular
momentum number of the gqg g tetraquark respectively.
One has N = (2”1 + ll) + (27’[2 + lz) + (27’13 + l3) The
spatial wave functions y; are employed as complete bases
to study tetraquark states with other interactions. The bases
size is N = 14 in the calculations, and the length parameter
of harmonic oscillator wave functions is adjusted to

036001-2



STUDY OF LIGHT TETRAQUARK SPECTROSCOPY

PHYS. REV. D 105, 036001 (2022)

450 MeV to get the best eigenvalue. The complete bases of
the tetraquarks are imported from Ref. [9].

The nonrelativistic Hamiltonian for studying the meson
and tetraquark systems, which is the same as the one in
Ref. [9], takes the form,

H = Hy + HOSE,

H, = — Mave Lk,
’ Z <2 e 2mk>

k=1

B..
E C C t
+ <_1621 A. > (A,»jrij—’“),

i<j L

ZCH’IZC /IC_) ' _) (6)

i<j

H hyp —

where m,. are the constituent quark masses, and M3*® is the
spin-averaged mass. A¢ and &; in Eq. (6) are the quark color
operator and the spin operator, respectively.

The string tension coefficient A and Coulomb coefficient
B of Cornell potential V(r) = Ar — B/r may take different
values for different hadron sectors while being fitted to
experimental data, which happens not only in quark model
studies but also in lattice QCD studies [13,14]. The Cornell
potential is employed to fit the QCD data of interquark
potentials (V) at finite quark mass (m,) in Refs. [13,14],
and the fitting results suggest that both the string tension
coefficient A and Coulomb coefficient B are mass depen-
dent, taking the forms A = a + bm, and B = By\/1/m,,
respectively. A mass dependent Coulomb coefficient B is
also suggested in Ref. [15]. For more detailed discussion,
we refer to Ref. [9]. The hyperfine coefficient C;; is
proposed to have the same mass dependence as the
Coulomb-like interaction, assuming that the hyperfine
interaction and Coulomb-like interaction are from the same
route of one gluon exchange.

Therefore, A;;, B;;, and C;; in Eq. (6) are proposed to be

l]’ l]’
mass dependent coupling parameters, taking the form

1 1
Ajj=atbmy.  Bjj=Bo [~ Cij=Coy["—.
1 ij

with a, b, B, and C, being constants. The reduced mass of

2m m;
ij> defined as mi +mf The four

constituent quark masses and four model coupling param-
eters are determined by comparing the theoretical and
experimental masses of conventional mesons as follows,

ith and jth quarks, m;

m, 4 = 380 MeV, my; = 550 MeV,
m, = 1270 MeV, my, = 4180 MeV,
a = 67413 MeV?, b =35 MeV,

By = 31.7 MeV'/2, Cy = —188.8 MeV¥2. (8)

We employ m, , =380 MeV in the work, which is
slightly larger than the conventional value around
350 MeV. It is found that a bigger m, , ranging from
380 to 450 MeV leads to good fitting results to the mass of
p(770), p(1450), D°(1870), D*(2010)°, B°(5279), and
B*(5325), and when m, , = 380 MeV the fitting results
are 788, 1455, 1876, 2043, 5218, and 5371 MeV respec-
tively. The other fitting results and details are shown
in Ref. [9].

III. RESULTS AND DISCUSSION

We evaluate the mass spectra of the ground and first
radial excited light tetraquarks in the Hamiltonian in Eq. (6)
including the color-spin interaction Hy,,, which may mix up
different color-spin configurations. There is no mixing
between different flavor configurations as we treat the
Hamiltonian flavor independent. Because of the cross
terms,

eigenstates of the Hamiltonian are linear combinations of
ViV im0 A4 WigeW(igr) as well as wig g, and
Wg@,gwfié,)o)- There is no configuration mixing for J =1
and J = 2 states since no cross term is found.

Possible combinations of the color-spatial-spin-favor
configurations of the gg and g g clusters, as shown in
Table I, lead to the total isospins for all the eigenstates in
Table II. The theoretical masses of the ground and first
radial excited light tetraquarks of various quark configu-
rations are listed in Table II, together with experimental
data of some exotic mesons which will be reviewed and
discussed separately in this section.

A. J =0 states

The meson mass spectrum has been studied by using the
quark model for more than a half century. Especially, the
heavy (c and b) flavor sector is well described by the NQM,
and the predictions of NQM are accurate even for higher
excited states. However, in the light meson region, the
problem of understanding some exotic light mesons, first
fo states, has puzzled people for many years.

For the states with J?¢ = 0"+, three isoscalar resonan-
ces: the f(1370), f(1500), and f,(1710) which are likely
non-qg candidates are mainly reviewed in Ref. [24]. One
conclusion reached is that none of the proposed gg ordering
schemes in scalar multiplets is completely satisfactory. The
f0(1370) and f((1500) decay mostly into pions (27 and
4r), and the f(1710) decays mainly into KK final states.
Naively, one implies an nii(= uit + dd) structure for the
fo(1370) and f,(1500), and an s5 structure for
the f(1710).
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TABLE II. Ground and first radial excited light tetraquark masses, experimental data of some exotic mesons from the cited sources,
and tentative assignments. / denotes isospin.
J qqq g configurations nS M (MeV) Assignments MP (MeV) I' MeV) Process
J=0 \W§®3y/(50:£0),y/g®_y/<51:£1)>, 1S 1431 f0(1500) 1473 £5 108 +9 pp — (nn)x [16]
I1=0 1812
28 1886
1986 f0(2020) 2037 £8 296 + 17 pp — (mm)= [16]
VWi WigsW i) 1S 1676 fo(1710) 1760+ 15715 125425710 w(2s) - yria (KTKT)
1=0,1,2 (7]
1759 + 6104 172410732 J/w = y(m) [18]
2041 £0(2020) 2037 £ 8 296 + 17 pp — (mm)= [16]
28 2141 fo(2100) 2081+ 1342 273727470 T/w = y(m) [18]
2252 f0(2200) 2170 +£20*0 2204607  w(2s) > yata (KTK7)
[17]
J=1 ‘V’g@,g‘/’(Sl:@l,OQ’ I=1 1S 1858 b1 (1960) 1960 =+ 35 230 £ 50 pp — or’, ona®,
nta [19]
28 2262 b,(2240) 2240 + 35 320+ 85 pp — on®, onr®,
atx~ [19]
lws il ), =1 1S 1823
0 25 2280
WegeV o) =0 1S 1678 hi(1595) 1594 + 15710 384 + 60779, 7=p — (wn)n [20]
28 2081 hy(1965) 1965 £ 45 345+ 75 pp — on, wr’z® [21]
W o wian), I=0,1,2 1S 1875
el 25 2331
J=2 \y/g@]éy/(ﬂ:@%l)), I1=0 1S 1936 X,(1930) 1930 £ 25 450 £ 50 a~p — (m)n [22]
28 2339 f2(2340) 236203010 33475 J/w = y(mm) [18]
|¢/§®3y/(51:®%1>>, 1S 1978 X,(1980) 1980+2+14 297+12+6 yy — (KTK™) [23]
1=0,1,2 28 2435 £2(2300) 23274+£9+6 275+36+20 yy = (KTK™) [23]

However, the 13 P, state is always the lightest state in the
three 13P, states (J = 0, 1, 2) in potential model studies
[2-6], which is confirmed in the observation of the y,.;(1P)
and y,;(1P) for charmonium and bottomonium mesons
respectively. Since the mass splitting between y . (1P) and
Xc2(1P) is around 150 MeV, and the mass splitting between
Xp0(1P) and x> (1P) is around 50 MeV [24], one may
conclude that the 13 P, nii and s5 states should be obviously
lighter than 1°P, nii and s5 states which are widely
accepted as the f,(1270) and f%(1525), respectively [8].
Thus, the f(1500) and f((1710) are too heavy to be
accommodated as conventional mesons.

In yy collisions, both of the f(1500) and f(1710) are
not observed by ALEPH in yy — z"z~ [25], and the
fo(1500) is also not observed by Belle in yy — 7%2°
[26], which does not favor an nn interpretation for the
fo(1500). Several glueball interpretations are proposed:
the f((1370) is mainly nf, the f((1500) mainly glueball,
the f((1710) dominantly s5 [27,28], or the f,(1710) as the
glueball [29,30].

The f,(1710) and f,(2200) are observed by Belle in
vy = KOKY [31]. The mass, total width, and decay
branching fraction to the KK state I',, B(KK) are mea-
sured. One conclusion is that the f,(1710) and f,(2200)

are unlikely to be glueballs because their total
widths and I',,B(KK) values are much larger than those
expected for a pure glueball state. The f,(1500) is
observed by BESII in J/w — yzz [32] and by BESIII
in J/w — ynn [33] with a much smaller rate than for
the f(1710), which speaks against a glueball interpreta-
tion of the f((1500). Recently, The f(1500) is studied in
the framework of supersymmetric light front holographic
QCD (LFHQCD) and identified as a isoscalar tetra-
quark [34].

As the review and discussion above, neither a conven-
tional meson nor a glueball interpretation for the f(1500)
and f((1710) is completely satisfactory.

The f,(1370) is assigned to be the 13P, s5 state by a
recently quark model study of 5§ meson mass spectrum [6],
which is consistent with quark model mass spectrum
studies [3—5] but conflict with the experimental conclusion
that the f(1370) decays mostly into pions. Actually, since
the average mass of the f,(1370) is from 1200 to
1500 MeV [24], the broad f,(1370) resonance may
correspond to two different states, each with the nn or
ss content. Therefore, some resonances around 1370 MeV
observed in the KK channel might be good candidates for
the 13P, s5 state [6].
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Since both the f,(1500) and f,(2020) were observed by
E835 in the process pp — (nn)z [16], we may group the
fo(1500) and f(2020) to be the ground states and first
radial excited states respectively, with J =0, of the
w§ ®3‘//(So:£ W ®61//<S]:le)> mixed configuration.

Considering that both the f(1710) and f,(2100) were
observed by BESIII in the process J/w — y(nn) [18], and
the f,(2020) was observed by E835 in the process pp —
(mm)7 and their decay widths are in the same order [16], and
both the f,(1710) and f(2200) were observed by BES in
the process w(2s) — ya"z~(K*K~) with the same order
decay widths [17], we may assign the f,(1710) and
f0(2020) to be the ground states, the f,(2100) and
f0(2200) to be the first radial excited state with J =0
of the [ ®3W(51:£|)sl/’§ ®5V/(So:£0)> mixed configuration,
respectively.

Two states with masses 1812 and 1886 MeV are
predicted in the calculation, which are close to X(1835)
and X(1840). The X(1835) is interpreted as a baryonium
[35-37] or the second radial excited state of #'(958)
[38,39]. The X(1835) has been observed and confirmed
mainly by BESIII since 2005 [40-44], with the mass
determined ranging from 1825 to 1910 MeV in various
decay processes. The X(1840) is observed in the decay
process J/w — y3(zt ) [42], and can theoretically take
the O™ quantum numbers. More experimental data in the
1800-1900 MeV region are essential to reveal whether
there might be more resonances in the mass region.

B. J =2 states

Two well-established 2** states, the f,(1270) and
£5(1525), are widely accepted as the isoscalar 13 P, mesons
for ni and s5 structure respectively [8], which is consistent
with the theoretical predictions of mesons [2—6]. At higher
masses, the f,(1950) and f,(2010) appear to be solid [24],
and the f,(2010) is assigned to be the 23P, s5 state while
f2(1950) does not fit into quark model spectrum easily
[4,6]. Another two established tensor states, the f,(2300)
and f,(2340), do not fit into quark model spectrum either.

The broad f,(1950) has been observed in several
processes decaying to 4z [45], i [22], and K™K~ [23].
Based on assuming that the #1 and the K™K~ are the
dominant decay modes of the f,(1950), the f,(1950) is
unlikely to be n7 state. And it may not be a s5 state too
since the 2°P, s3 state is occupied by the f,(2010) [6].
Meanwhile, the big mass difference of the two f5(1950)
determined in the two processes 7~ p — (n)n [22] and
yy = (KTK™) [23] leads us to propose that they are likely
two different states. We may use the X,(1930) and
X,(1980) to represent the states of #y and K*K~ decay
modes respectively.

Since both the X,(1980) and f,(2300) are observed in
the process yy — (K" K~) with the similar decay widths
[23], one may naturally pair the X,(1980) and f,(2300)

together. Therefore, we may assign the X,(1980) and
f0(2300) to be the ground and first radial excited states,
with J =2, of the (3, ® 3,)(1, ® 1,)s_, configuration,
respectively.

Since both the X,(1930) and f,(2340) can decay to 1y
and their decay widths are in the same order, we may group
the X,(1930) and f,(2340) to be the ground and first radial
excited tetraquark states respectively, with J = 2, of the
(6, ® 6.)(1, ® 1,)5_, configuration.

C. J =1 states

With JP€ = 17-, the h;(1170) and h,(1415) are con-
vinced ground states of niz and s§ isoscalar mesons,
respectively, and the b,(1235) is the ground state of
isovector mesons in the quark model [2,6,24]. However,
the i (1595) observed by BNL-E852 in the z7p — (wn)n
process [20], the /;(1965) with a mainly decay channel wn
[21], and the b,(1960) and b,(2240) observed in the
process pp — wn’,ona’, xt 7~ [19] do not fit into the
g meson mass spectrum.

The main decay channel of the /,(1595) and h,(1965),
wn, is observed for neither the A, (1170) nor h;(1415)
while the decay widths of the /;(1595) and £, (1965) are in
the same order, one may tentatively pair the /;(1595) and
h1(1965) together and separate them from conventional
mesons. We may group the £,(1595) and %,(1965) to be
the ground state and first radial excited states, respectively,
with J = 1, of the (6, ® 6,)(1; ® 1,)5_, configuration.

We may tentatively assign the b;(1960) and b, (2240) to
be the ground and first radial excited states, with J = 1, of
the (6, ® 6,)(1, ® 0,),_, configuration, respectively. The
b,(1960) and b,(2240) are paired since they are observed
in the process pp — wn’, ona’, xtx~ [19] and their
decay widths are in the same order. There are very
rare experimental data for b states except for the estab-
lished b,(1235), and the b,(1960) and b,(2240) are
not established states in PDG [24]. More experimental
data for b; states are required to make more unambiguous
assignments.

As shown in Table II, the ground and first radial excited
J =0, 1, 2 light tetraquark states predicted in the work
have been tentatively matched with experimental data in
pairs. We have provided in the work a possible tetraquark
interpretation for some exotic meson states. For the
interpretation that those exotic particles might be the
mixture of gg meson, glueball, and tetraquark, one may
refer to Refs [46—48]. It may be suggested that pure
tetraquark states are searched experimentally via double-
charged channels since I = 2 tetraquarks are predicted.

IV. SUMMARY

The masses of ground and first radial excited light
tetraquark states have been evaluated, with all model
parameters predetermined by fitting the masses of light,

036001-5



ZHAO, XU, KAEWSNOD, LIU, LIMPHIRAT, and YAN

PHYS. REV. D 105, 036001 (2022)

charmed and bottom mesons. A tentative matching has
been made between the predicted ground and first radial
excited light tetraquark states and the believed exotic
mesons.

For J = 0 states, the work suggests that the f(1500)
and f((2020) might be the ground and first radial excited
states respectively of the |w§®3y/(s():£ )”//g®6‘/’(31=@(>)1)> mixed
configuration, and that the f,(1710) and f,(2020)
might be the ground states, and the f(2100) and
f0(2200) might be the first radial excited states
of the [ ®3wf]:£l),z//g®éw(50:£0)> mixed configuration,
respectively.

For J = 2 states, we first assume that the f,(1950) may
represent two different resonances because of the large
mass difference of the f,(1950) determined in the two
processes 7~ p — (qn)n [22] and yy — (K*TK~) [23]. Then
we have tentatively assigned the X,(1980) and f,(2300) to
be the ground and first radial excited states of the (3, ®
3.)(1; ® 1), configuration, respectively, and the
X,(1930) and f,(2340) to be the ground and first radial

excited tetraquark states respectively of the (6, ® 6,)
(I, ® 1,)4_, configuration.

For J = 1 states, the work supports that the /;(1595)
might be the ground light tetraquark state of the (6, ® 6,)
(1; ® 1)g_, configuration, and the &, (1965) might be the
first radial excited state of the /;(1595). The assignment of
the b,(1960) and b;(2240) is rather ambiguous in the
work, that is, the b;(1960) and b,(2240) may be paired to
be the ground and first radial excited states, respectively, of
the (6, ® 6,)(1, ® 0,)s_, configuration.
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