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We present here two concrete examples of models where a sub-TeV scale breaking of their respective
T3 and As flavor symmetries is able to account for the recently observed discrepancy in the muon
anomalous magnetic moment, (g — 2),.. Similarities in the flavor structures of the charged-lepton Yukawa

matrix and dipole matrix yielding (g — 2) 4 give rise to strong constraints on low-scale flavor models when

bounds from lepton flavor violation (LFV) are imposed. These constraints place stringent limits on the off-
diagonal Yukawa structure, suggesting a mostly (quasi)diagonal texture for models with a low flavor
breaking scale A ;. We argue that many of the popular flavor models in the literature designed to explain the
fermion masses and mixings are not suitable for reproducing the observed discrepancy in (g — 2) » Which

requires a delicate balance of maintaining a low flavor scale while simultaneously satisfying strong LFV

constraints.
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I. INTRODUCTION

At the dawn of the LHC era, the physics community
awaited with bated breath for new electroweak physics
whose discovery many were convinced was just around the
corner. Defying expectations, more than ten years later and
after the ends of Runl and Run2, a clear sign of new
physics has yet to emerge.

That this is so especially puzzling, given the common
conviction that the Standard Model (SM) cannot be the
ultimate theory of everything due to the many questions it
leaves unanswered. Among others, it cannot explain the
presence of three families of fermions with different masses
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and mixings or accommodate the existence of dark matter
in the Universe. New physics associated with these “open
questions” is certainly required; the only remaining doubt is
at what scale this new physics is hiding.

In the case of dark matter, thermally obtaining the correct
relic abundance seems to point to the electroweak scale as
the scale associated with the dark matter particles, although
other mass scales are still possible. In contrast, flavor
physics, whose theoretical constraints in the SM come from
dimensionless Yukawa couplings, does not provide any
obvious hints as to the scale of the physics responsible for
generating these couplings.

Fortunately, there exist other flavorful couplings, such as
dipole moments, with nonvanishing mass dimensions that
could provide some information on the scale of the new
physics responsible for the observed flavor structures in the
SM. Any observation of new contributions to these
operators with flavor structures beyond those of the SM
Yukawa couplings would most certainly help shed light on
the origins of flavor; when coupled with the constraints
from other lepton flavor violating (LFV) processes, they
may also provide bounds on the masses of new particles
responsible for generating them.
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Admittedly, deviations in the dipole matrices from their
SM predictions may give only indirect evidence for an
underlying theory of flavor. New physics satisfying the
conservative ansatz of minimal flavor violation (MFV),
where the Yukawa couplings are the only source of flavor-
changing interactions, can still generate new contributions
to the dipole moments beyond those of the SM.

However, even when the underlying mechanism respon-
sible for generating the flavor structures of the Yukawa and
dipole couplings are fundamentally the same, differences in
their O(1) coefficients stemming from the details of how
they are generated may mean that these matrices are not
exactly proportional.

A framework, using effective operators, for how this
could occur is given in Refs. [1,2]. There, the one-loop
radiative corrections to the fermion masses, stemming from
the breaking of a low-energy flavor symmetry, also
generated the dipole matrices. Although the same under-
lying flavor symmetry controlled the flavor structure of
both operators, differences in their O(1) coefficients arose
from the distinct ways of attaching the photon line to the
diagrams generating the dipole transitions.

In such models, the rotation from the flavor to mass basis
which diagonalizes the fermion masses would not simulta-
neously diagonalize the dipole matrices, which may lead to
strong constraints from LFV observables. This sensitivity to
any deviation between the flavor structures of these two
operators make low-energy flavor models that can simul-
taneously explain both operators successfully rich targets
for study.

Excitingly, recent experimental results are beginning to
hint at just such deviations. The new results from the Muon
g — 2 experiment at Fermilab [3] have confirmed the long-
standing discrepancy between the SM prediction for the
anomalous magnetic moment of the muon, a,=(g,—2)/2
[4],' and the previous Brookhaven National Laboratory
measurements [35,36]. This outcome makes a strong case
for new physics interacting with SM muons at scales not far
above the electroweak scale. On the other hand, a similar 2¢
tension between theory and experiments for the electron
g — 2 is now under dispute. In the presence of an inde-
pendent and sufficiently precise measurement of o, one can
employ (g —2), as a test for new physics [37]. This has
become possible in recent years, and the most precise
result, obtained by employing matter-wave interferometry
with cesium-133 atoms [38], highlighted the discrepancy in
(9 —2),. Other hints may come from B physics, where
similar 3—4¢ deviations are providing hints for violations of
lepton universality [39].

"The community consensus value of muon g — 2 in the SM is
based on latest evaluations of the contributions from quantum
electrodynamics (QED) to the tenth order [5,6], hadronic vacuum
polarization [7-14], hadronic light-by-light [15-29], and electro-
weak processes [30-34].

As stated above, a precise determination of the flavor
structure of dipole moments would be crucial in determin-
ing the mechanism responsible for flavor in the SM. Of
course, one possibility is that we find the flavor structure of
the dipole matrix proportional to the SM Yukawa cou-
plings, as in a MFV scenario, providing only a lower bound
on the scale of flavor-dependent interactions. Nevertheless,
given that Yukawa couplings do not restrict the scale of
flavor breaking, it is still possible to have a flavor symmetry
broken at a low scale, such that the contributions to the
dipole moments are sizable.

In this work, we follow up on the ideas explored by some
of the authors in Refs. [1,2] by providing explicit con-
structions of flavor models capable of realizing these ideas.
As a proof of concept, we build two explicit models with
low-energy flavor symmetries based on the groups 7 ;3 and
As, capable of explaining the muon g —2 discrepancy
while satisfying all constraints from LFV dipole transitions.
We show that the required absence of LFV transitions while
maintaining a sizable contribution to the muon anomalous
magnetic moment restricts the structure of the flavor
symmetry or, alternatively, the scale of flavor symmetry
breaking.

The paper is organized as follows. In Sec. II, we review
the salient features of the framework proposed in
Refs. [1,2] for constraining low-scale flavor models using
the anomalous magnetic moment of the muon and LFV
observables in the language of effective field theories.
Sections III and IV contain the main results of this work:
explicit constructions of low-scale flavor models based on
the flavor groups 7 |3 and A5 capable of producing sizable
contributions to the muons anomalous magnetic moment
while evading LFV constraints. We provide some clarifying
remarks and comments on the general applicability of such
a framework to other flavor models and possible obstacles
to extending such an analysis in Sec. V. Finally, we
summarize and conclude in Sec. IV.

II. CONNECTING THE CHARGED LEPTON
YUKAWA STRUCTURE TO g-2

We begin by briefly reviewing the idea introduced in
Refs. [1,2] that the observed discrepancy in the anomalous
magnetic moment of a muon can be entirely explained by
accounting for contributions from the breaking of a low-
energy flavor symmetry. Such a framework works by
exploiting the similar flavor structures present in the dipole
matrix describing the anomalous magnetic moment, lepton
flavor violating transitions and electric dipole moment, and
the Yukawa matrix. When both operators are generated
from the same underlying theory of flavor, stringent
constraints from LFV observables then restrict the off-
diagonal entries of the charged lepton Yukawas.

As is well known, the charged-lepton Yukawa matrix is
not completely determined in the Standard Model; the only
constraint is that its diagonalization should yield the
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hierarchical charged lepton mass ratios y,/y, = m,/m, ~
0.005 and y,/y, = m,/m, ~0.059. A simple approach for
generating such hierarchies is through the spontaneous
breaking of an underlying flavor symmetry, transmitted to
the SM fermions by heavy messengers a la Froggatt-
Nielsen (FN) [40-42].

Integrating out these heavy messengers yields effective
Yukawa interactions of the form

LEH(p1@2--/ N}),

where L and # are the SM SU(2) doublets and singlets,
respectively. The ¢ are flavon fields, gauge-singlet scalars
transforming nontrivially under the chosen flavor sym-
metry which encodes its breaking, and A, is a scale
associated with the underlying flavor dynamics. In the
electroweak vacuum, such operators yield the mass matrix
vY; jilf j» where v ~ 246 GeV is the Higgs vacuum expect-
ation value (VEV), and the Yukawa matrix Y;; contains the
relevant suppression factors (¢)/A;. Since we are only
concerned with mass ratios, the flavor symmetry breaking
scale A, remains unresolved at this stage.

This scale can be determined if the physics responsible
for new contributions to the dipole operator, which miti-
gates the observed discrepancy in the muon anomalous
magnetic moment, is the very same flavor symmetry which
determines the Yukawa couplings; in this case, the dipole
operator IZGWPRKF"” will inherit the same basic flavor
structure as the Yukawa interactions. After spontaneous
symmetry breaking, it can be expressed as

ev - .o
;cDQCU<L1'O'”UPR£]'>F#U—'—H.C., l,]:1,2,3, (21)

where the dipole matrix C;; in the flavor basis, expressed in
units of GeV~2, contains similar factors of (p;)/A;.

Such tree-level Yukawa couplings will receive radiative
correction from loops involving the flavons appearing in
tree-level diagrams. Because of their similar flavor struc-
tures, it is expected that the same loops contributing to the
Y;; would also contribute to the C;;. Crucially however,
each entry in the dipole matrix will, in general, be
multiplied by a different O(1) factor related to the different
ways of inserting the external photon line in the dipole
operator. This implies that the dipole matrix is not exactly
proportional to the Yukawa matrix, and the transformation
from the flavor basis to the mass basis will not diagonalize
the dipole matrix.?

In terms of the dipole matrix, and after rotating to the
mass basis, the new physics contributions to the leptonic
anomalous magnetic moment Aa, are given by

?A similar effect can occur in the soft terms of supersymmetric
flavor models generated by a FN mechanism mediated by
supergravity, see [43—46].

meyv

Aa, = = Re(Cpy), £=e,ur, (2.2)
2

while the imaginary parts of C,, are related to the leptonic
electric dipole moments (EDMs),3

ev
dg = W Im(Cﬁ)

(2.3)

Similarly, off-diagonal couplings in the dipole matrix, in
the basis of a diagonal Y., contribute to LFV processes, in
particular, to the radiative decays,

BR(Z — ¢ 3a
=7y _ (ol +ICoe). (24)

BR(¢ — £W)  \22Gim?

The constraints on the dipole matrix from these proc-
esses are summarized in Table 1.

Following Ref. [2], we can assume that the entries of the
dipole matrix are of the order of the corresponding entries

of the Yukawa matrix in the flavor basis, C,p = K)X?,
where we have omitted the different O(1) coefficients that,
in general, can appear in each entry, and « is a global factor
that takes care of the relative size of the tree-level Yukawa
to the loop contribution to the mass. For example, a typical
value of k=~ 1/8 is expected when the dipole is loop
suppressed with respect to the mass, while x ~ 27° ~ 20 if
the mass has a radiative origin [2].

Using the observed discrepancy in the measured muon
anomalous magnetic moment to fix the scale Ay, we can
then employ the limits on various entries of the dipole
operators to obtain the following constraints on the flavor
structure of the leptonic Yukawa matrix:

15 </18.6 </12'8
Yemy| a8 2 < (2.5)
512'8 5/12.7 1

where A~ 0.225 is the Wolfenstein parameter.’

In view of the above constraints, our strategy for model

building is as follows:

(i) We propose a charged-lepton Yukawa matrix in the
flavor basis, arising from the breaking of an under-
lying flavor symmetry, so that the ratios of its
eigenvalues yield the observed charged-lepton mass
ratios.

(i) The dipole matrix is then generated with the same
flavor structure as the loop corrections to the

3See Refs. [47-50], for example, for a combined explanation of
(9—2),, and the relation to EDMs.

“The (11) element is determined by requiring the observed
mass ratio m,/m, ~ 4>, which could also be accommodated if
YBY3 ~ 23, while Y < 2.
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TABLE I. Current experimental limits on the sizes of the dipole matrix entries.

Observable Limit on coefficient (GeV~2) C.L. (%)
Aa, = (4.8 £3.0) x 10713 [51] Re(C,,) ~[-0.2,1.7] x 10710 95
Aa, = (251 £59) x 1071 [3,4,35] Re(C,,) = [1.0,2.8] x 107° 95
—0.007 < Aa, < 0.005 [52,53] Re(C,,) ~ [-5.9,5.0] x 10~* 95
d, < 1.1 x107% ecm [54] [Im(C,,)| <9.0 x 107" 90
d, <1.9%x107" ecm [55] [Im(C,,)| £1.5x107° 95%
d, <45x 107" ecm [56] [Im(C,,)| <3.7x 107 95
BR(u — ey) <42 x 1071 [57] [Ceul.1Cpe] $3.9 % 10714 90
BR(7 — ey) <3.3 x 1078 [58] IC..]. |Crel $4.3x 10710 90
BR(z — uy) < 4.2 x 1078 [59] |Cpiel. |Crul £5.0 % 10710 90

Yukawas, except for possible differences in the O(1)
factors of each entry, determined by the ways of
attaching the external photon line in the generating
one-loop diagram.

Rotating to the mass basis, we match the contribu-
tion of the (22) element of the dipole matrix to the
anomalous magnetic moment of the muon, so that
the experimentally observed value of (g—2), is
reproduced. From this, we determine the scale Ay.

(iv) We impose upper bounds from LFV observables to

the off-diagonal entries of the dipole matrix in the
mass basis, which, in turn, restricts the structure of
the Yukawa matrix.

In general, simultaneously satisfying all of the above
constraints in a realistic model is nontrivial and may not be
possible for a low flavor scale A;. As a proof of concept
that it can be done, in principle, in the following two
sections we build two explicit models based on the flavor
groups 7 |3 and As, respectively.

(iif)

I A 7,3 MODEL

T3 = Z13xZ5 is an O(39) finite subgroup of SU(3)
[60—64]. It contains two generators a and b, related to its
Z 13 and Z5 subgroups. These generators are nontrivially
related to each other, yielding the presentation

{(a,bla"™ = b* =1,bab™" = d*).

The group has two distinct complex 3-dimensional repre-
sentations, a trivial singlet, and a complex singlet. It is the
smallest discrete subgroup of SU(3) with two inequivalent
complex triplet representations, 3; and 3,. Each element of
the triplets has a unique Z3 charge,

3:(p'% 0 pY),

3,: (0" 07 %),

3:(p" 0% 00,

3,: (0%, 5. 0%), (3.1)

where p'3 =1. The Kronecker products and Clebsch-
Gordan coefficients of the group are summarized in
Appendix A.

An interesting feature of 7 ;3 is that the Kronecker
product of two triplets places the diagonal and off-diagonal
terms in different representations. This can be useful in
model building, specifically when there are different
constraints on the diagonal and off-diagonal elements of
the Yukawa matrices. Assuming the SM SU(2) doublets
and singlets transform as triplets, while the Higgs trans-
forms trivially under 7 5, the Yukawa matrix elements are
then generated from the Kronecker product of two lepton
triplets. If the two triplet representations are the same, each
diagonal and off-diagonal pair can be tagged with a distinct
Z,3 charge, as given by Eq. (3.1).

Although 7,3 has most often found use in describing
popular mixing patterns (such as tribimaximal mixing) in
the neutrino sector,” our aim here is to employ itin building a
new model capable of producing the flavor structure for the
charged-lepton Yukawa matrix given in Eq. (2.5). We leave
an extension of such a model to the neutrino sector for a
future work; however, as an example of a model which
describes both the charged lepton and neutrino sectors, we
present a modified A5 model found in the literature in Sec. I'V.

A. Tree-level model

As a concrete example, we take the SU(2) lepton doublets
and singlets to both transform as the 3, representation of 7 5:
L=(L\,L,,Ly)~3, and £ = (¢,,¢5,¢3) ~3,. In this
basis, the entries (Y ),; are given by the coefficients of L.

Our objective is to build a minimal Yukawa matrix
whose diagonalization yields the hierarchical charged-
lepton mass ratios. An intuitive understanding of how to
generate the desired Yukawa structure can be gained from
the fermion bilinears. From the 7|3 Clebsch-Gordan
coefficients, we have

>See Refs. [65-72] for the application of 73 in beyond the
Standard Model building.
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Ll f] Z‘lfl
Lz ® fz — Ezfz
L, 3, 43 3, Lyt

As promised, the diagonal and off-diagonal elements of the
Yukawa matrix are separated into the 3, and 3, represen-
tations, respectively. Each element has a unique 25 charge
according to Eq. (3.1) and can therefore be paired with a
flavon of conjugate charge.

For simplicity we take the SM Higgs to be a 7 ;5 singlet.
The Yukawa matrix is then generated by dimension-5 and
higher operators of the form LZH¢, where ¢ is a (combi-
nation of) flavon(s) transforming as a triplet/antitriplet
under 7 5.

The observed hierarchy in the charged-lepton masses
suggests a diagonal Yukawa matrix Y, ~ diag(4°, 12, 1).
Naively, one could generate this structure by employing
three flavons, all transforming as a 3, cf. Eq. (3.2), and
vacuum values 2°(1,0,0), 42(0,1,0), and (0,0,1), respec-
tively. In this case however, the hierarchy between the scale
of the first and third flavon VEVs would be large, O(4°).

Another option is a quasidiagonal Yukawa structure,
where Ylf1 is zero, and the electron mass is generated from
O(4%/?) entries in the Y!*7! elements. This can be achieved
with a single flavon VEV 4%/2(0, 1, 0) transforming as a 3,
cf. Eq. (3.2), thanks to the separation of diagonals and off-
diagonals terms.

We also require a sizable loop correction to Y%, as a
similar diagram will generate the contribution to (g — 2),, in

the dipole matrix. If Y2? is generated by the product of two
identical flavons ¢,,, one could expect a loop correction
from the quartic coupling (¢,,¢3,)?. Here, we make use of
the unique Z ;5 charges of the triplets to introduce a useful
subscript notation for the flavons, distinguishing them by
the elements of Y, to which they couple in vacuum.

However, as is shown, the contribution to the dipole
matrix is a product of a negative loop factor and the quartic
flavon coupling. Since the required contribution to muon
g—2 is positive, the flavon quartic coupling must be
negative. In this case, one should worry about the stability
of the potential; a simple remedy is to include a negative
mixed quartic coupling f,(@.¢5,)> while keeping the
couplings f>(¢2¢3,)* and B.(p.p;)* such that By, +
v Paf, is positive [73-77]. T |5 constrains this flavon ¢,
to be of the same representation as ¢,,, so that the mixed
quartic loop contributes to Y%, This implies that ¢, must be
@33, the flavon which couples to L;75, and therefore that
Y3 be generated by the product g3, at tree level.

Given the above reasoning, a minimal Yukawa structure
emerges where the matrix elements Y73, Y33, and Y2* are
generated from the following Lagrangian:

Z2f3 Z3f2
b I:3f1 ® Z1f3 . (3.2)
3, 1:152 3 Zzﬁ 3

- 1 1 1
S =LCH|— — — . (33
Y Af§013 + A2 $nPn + A #3333 (3.3)

The flavons transform under 7 ;3 as @33 ~ 31, @y ~ 3},
@13 ~ 31, aligning in the flavor vacuum along

(#33) = €(0,0, 1) Ay,
(@13) = €”2(0,1,0)Ay,

() = €(0,1,0)Ay,
(3.4)

where € ~ O(4), fixed by the observed lepton mass ratios.
Notice that we have to add a factor € in the VEV of ¢33, so

that the mass of 7 is reproduced with v/v/2 = 174 GeV
with an O(1) coefficient. Furthermore, in this way, higher
order operators like LZHg,(¢3;¢33)" are suppressed by a
factor € with respect to the leading order contribution.

At tree level, the operators in Eq. (3.3) can be generated
using heavy vectorlike messengers as mediators, as shown
in the Feynman diagrams of Figs. 1(a)-1(c). In principle,
without specifying the full UV theory, one would naively
expect mediators of all possible representations, generating
additional vertices. The simplest way to forbid such
dangerous operators is then to restrict the messenger
spectrum, which we do here by including only the three
mediators A, y, and /. This is the minimal set of mediators
required to generate the operators in Eq. (3.3). The
mediators are SU(2) singlets, and their 7 ;3 charges, along
with the charges of the other fields in the model, are listed
in Table IL

We note that one could also generate the same effective
operators by coupling the Higgs to # instead of L in the
relevant diagrams, in which case some of the mediators
would be SU(2) doublets. The choice in Figs. 1(a)-1(c) is
motivated by the relatively relaxed bounds on singlet
mediator masses compared to doublets [78]. As we see
later, successfully reproducing the correct value for
(9—2), requires a low flavor scale A, in this model,
which might be in tension with LHC bounds on SU(2)
doublet mediators [78].

While limiting the allowed mediators restricts the pos-
sible vertices to a great extent, dangerous terms allowed by
T 5 still remain. To further protect the desired flavor
structure of Y, against unwanted contributions from these
vertices, we introduce an Abelian Z, “shaping symmetry”’;
the origin of this shaping symmetry and the restricted
mediator spectrum must then be addressed in a UV
completion of the model.
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A A X X A A Xk Xk
(d) cubic (e) quartic

FIG. 1.

Feynman diagrams for effective operators generating the charged lepton Yukawa matrix. Here, x denotes a mass insertion.

Panels (a)—(c) show the tree-level contributions, while panels (d) and (e) show loop corrections. For panel (e), the mediator y;, = y(y')

when ¢, = (.022(4033)-

B. “Shaping” symmetry
There are six “expected” vertices involving two fermions
and a scalar in this model, as seen from Figs. 1(a)-1(c):
LAH, ¢Ay3, €392, €X' 933, xAp, and y'Agss. On the
other hand, ten “unwanted” vertices are still allowed by the
T 15 and SM charges, listed below in two categories:

(i) CA@s. CAQS,, C0is. CX 0in X A@is. X Ay, (3.5)

(il) €793 €X' 0. D@33 X By (3.6)

These vertices can be prevented by introducing a Z,
“shaping” symmetry. As there are nine fields and six

TABLE 1II. Transformation properties of matter, scalar, and
messenger fields. Here, #* = 1. The Z, “shaping” symmetry
prevents unwanted tree-level operators.

Fields L ¢ H ¢n o¢n ¢ A yx Y
su2, 2 1 2 1 1 1 1 1 1

13 3] 3] 1 3] 31 3] 31 1 1
Z, S T P R B R

vertices in the model, at least three of the fields will have
independent Z,, charges.

Denoting these charges with a [] notation, suppose
[L]=x, [¢/] =y and [H] =z. Then, from the desired
vertices, one has that

X+y+z
Al=-x-z [pul=—x-y=z. [pal=-"5—
_n xty+tz =X t+y—z
q_—X+y—z n
= -= 3.7

modulo n. Note that the quartic scalar vertex (¢33¢3,)>
required by the model is always allowed. The charges of
@ and @33 (and the corresponding mediators y and y’)
have been separated by n/2 so that the otherwise allowed
operator L H gy ¢33, which contributes to Y2732 at O(€?),
is no longer permitted.

The remaining dangerous operators in category (ii) are
prevented by any Z, symmetry for the charge assignment
given by Eq. (3.7). This follows from the fact that operators
in the first category are not allowed when
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3x+y+2z) #0 mod n. (3.8)

On the other hand, from Eq. (3.7), requiring all the field
charges to be integers, we have

x+y+z=0 mod?2, (3.9)
y—z—x=0 mod 2, (3.10)
and n=0 mod 2. (3.11)

The case for n = 2 is ruled out as then Eqs. (3.8) and (3.9)
would be in conflict. The next case n =4 is viable,
for example, with the charges shown in Table II using
y=0,x=z=1.

C. Loop corrections

With these Z, charges, the flavon potential is restricted
to have the following form:

V., = —1013013 — 130502 — H3053033

b

+ (A@i303, + He.) + >

b
2

(973013)*

ps

* 2

(@5022)* + = (933033)*

Pa

- (3.12)

+ |5 (@5033)* + He | + ...,

where the dots stand for additional operators related to all
possible contractions of quartic couplings of the form
@op.@;9p. The p; are the masses of the flavons, presum-
ably O(Ay), and A ~ O(Ay) is a cubic coupling. The f3; are
quartic couplings.

The cubic and quartic couplings present in the potential
induce loop corrections to the Yukawas. In Fig. 1(d), the
VEV of ¢}, contributes to Y*=!, similar to the diagram in
Fig. 1(a). The conjugate of the cubic term yields another
diagram like Fig. 1(a), with (¢5,¢3,) coupling to the ¢;3.
Fortunately however, the bilinear (¢},¢3,) in the repre-
sentation of ¢j; is zero in the vacuum and does not
contribute to Y%

The quartic interactions yield loop corrections through
Feynman diagrams of the form of Fig. 1(e). The pure
quartic terms (g,¢})* contribute to Y4. Since there is no
tree-level diagram with two ¢;3’s coupling to fermions,
Y1331 does not receive any loop correction from the pure
quartic term. On the other hand, the mixed quartic terms
(¢05,033)> and (@3302,)* contribute to YZ and Y3,
respectively.

D. Predictions

The Yukawa matrix generated by the operators of
Eq. (3.3) can be expressed as

0 0 €72
Y,=€¢| 0 & 0 |, (3.13)
e? 0 Y1

where we have introduced an O(1) coefficient y; to account
for a slightly different magnitude in the VEV of ¢33 with
respect to the others. From Eq. (3.13), the following mass
ratios are obtained:

2 5 5
m, Vi 4e €
—=1+=—(1—4/1+— | ~—~0.0003, 3.14
m, * 2¢° ( " J’%) " o1
2¢? 1 2
m, _2e — ~% L0045, (3.15)

mf_;1+ /1_|_4yL25 Vi
1

which, to a first approximation, are consistent with obser-
vations for € ~0.15 and y; ~0.5.

Radiative corrections to the Yukawa matrix of Eq. (3.13)
are generated by the diagrams in Fig. 1(d) and 1(e), where
the flavon lines can be closed through a cubic coupling A or
quartic coupling ;. They yield

f1(x2)
8Y,=er——%
¢T3
0 0 2y2y4€5/2
X 0 (Boya + Bays)€? 0 ,
2y,y4€%? 0 V1(B3ys + Pay2)
(3.16)

where f/(x) is the loop function given by

1+logx—x
fi(x) = ﬁ <0, (3.17)
and x, = m,/M,, with m, and M, generic masses for the
flavons and heavy mediators.

In principle, the radiative correction for each element has
a different loop factor f{(m2,_/MZ), where m,, corresponds
to the mass of the flavon contributing to the particular
element. If m, ~ (¢,), the masses of these flavons are
expected to differ by some orders of magnitude. However,
within the loop function, this variation can effectively be
approximated as a change in the O(1) coefficient. We
therefore take the loop factor as common to all elements,
introducing new O(1) coefficients y, and y; to take into
account the possible differences in mass of ¢,, and ¢s3.
Similarly, the cubic coupling A can be absorbed in the O(1)
factor yy, =A/M,.

The dipole operator is generated through diagrams
similar to those that give radiative correction to the
Yukawa couplings, albeit with a photon radiated
from the charged particle inside the loop, see Fig. 2.
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FIG. 2. Diagrams contributing to the dipole operators.
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Branching ratio of the LFV decay 7 — ey vs mass of the heavy mediator (~A) for several points that correctly reproduce the

mass of the charged leptons and Aa,. Our benchmark point in Table III corresponds to the red diamond.

The resulting matrix therefore has the same basic structure
as the radiative correction to the Yukawas in Eq. (3.16).
However, as it is a dimension-6 operator, an explicit
dependence on the flavor scale Ay is present,6

_ f2(x3) i
16 A
0 0 2y,y4€°/2
X 0 (Boy2 + Pays )€ 0 ;
2y2y4€%2 0 Y1(B3y3+ Bay2)
(3.18)

where again we have taken the loop function f,(x), given by

1 +4x(1+logx) —x*(5—2logx)
2(1—x)*

fa(x)= <0, (3.19)

®We assume here that this scale, where the flavor dynamics act,
is roughly the same as the mediator masses.

as common to all elements while capturing the differences in
the flavon masses through the factors y, and ys.

In total, nine free parameters determine the charged-
lepton masses and anomalous magnetic moments in this
model. To find their best-fit values, we scan and minimize
over the y? function given in Eq. (C1). The fine tuning of
the model is also computed for each fit, as indicated in
Eq. (C2). In the left panel of Fig. 3, we display a set of
points with fine tuning less than 10 [79] which provide
good fits to both the masses and (g — 2),. Mediator masses
of up to 430 GeV (705 GeV) can accommodate the
measured discrepancy in the anomalous magnetic of the
muon at the 1o (30) level. We select as a benchmark point
the one with the heaviest mediator mass which exactly
reproduces the central value of (g—2),, see Table IIL

As detailed in Table IV, our representative point in
Table III successfully reproduces both the charged lepton
masses and the anomalous magnetic moment of the muon.
Our model contribution to the electron g — 2 remains small,
so that the total prediction (SM + flavor model) and the
experimental result in Ref. [51] remain compatible at 1.66.
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TABLE III. Benchmark point for the 7 ;3 model.

Y1 Y2 Y3 Y4 )25 B3 P € Xy
0.50 050 350 070 025 156 —-6.24 0.15 0.08

TABLE IV. Predictions at the benchmark point of the 7 3
model.

m, (MeV) m, (GeV) m, (GeV) Aa,
0.507 0.103 1.806 2.51 x 107
Aa, Aa, BR(7 — ey) M, (GeV)
3.64 x 1071 —1.07 x 1077 6.52 x 10~ 388

Regarding LFV, while the transitions 4 — e and 7 — u are
absent in this model, the flavor-changing decay = — ey has
a sizable branching ratio which is predicted to be below
present limits but still testable with future sensitivity [80]
(see Fig. 3, left).

Finally, the right panel of Fig. 3 displays how the model
prediction for the anomalous magnetic moment of the
muon varies when the general mass for the heavy mediators
is modified for our chosen benchmark point. In this case,
we scan around the parameter values in Table III and select
sets which correctly reproduce the charged-lepton masses.
We note that for this specific point in the parameter space a
maximum mass of 710 GeV can be reached if the
prediction for the muon g—2 is allowed to fall within
the 30 range.

The relevant collider bounds on the masses of the
mediators in our model come from ATLAS searches for
vectorlike leptons (VLLs) [81], which exclude SU(2)
singlets with masses in the range of 114-176 GeV and
CMS searches for SU(2) doublets coupling only to taus
[82], which rule out masses between 120-790 GeV. We
note however that these limits have been obtained assuming
simplified models. A more detailed discussion can be found
in Ref. [78], where the authors interpret the experimental
findings in the context of flavorful VLLs. They conclude
that the masses of these particles have to be above 300 GeV
(800 GeV) if they transform as singlets (doublets) of
SU(2). These limits are satisfied in our model, where
the heavy mediators are defined as SU(2) singlets. If they
had instead transformed as doublets, there would be tension
with these bounds, as the largest possible mass capable of
reproducing (g —2), in our model is around 700 GeV.

IV. AN A; MODEL

As is the non-Abelian discrete group composed of the
even permutations on five objects. It has 60 elements and
five irreducible representations (irrep): one singlet 1, two
triplets 3 and 3/, one tetraplet 4, and one pentaplet 5

(12 + 2 x 32 + 42 + 52 = 60). It can be generated by two
elements, s and ¢, and is given by the presentation [83]

(s,t

s?= (st =1 =1). (4.1)
The Kronecker products and Clebsch-Gordan coefficients
of A5 are given in Appendix B.

As has been used extensively as a flavor symmetry for
explaining the observed lepton masses and mixings.7
Typically, the flavor symmetry is broken down into differ-
ent residual symmetries in the charged lepton and in the
neutrino sector. These residual symmetries constrain the
form of the flavon VEVs in each sector.

Following the analyses of Refs. [88-90], we consider
G, = 25 as the residual symmetry in the charged-lepton
sector. This implies that, in vacuum, the flavons ¢{ must be
symmetric under the transformations of the generators Q;
corresponding to the representation i of As [87,91],

Qi{ef) = (7). (4.2)
Under this condition, nonzero VEVs are possible only for
the triplet and pentaplet representations, and their vacuum
alignments are of the form

(93) = (€3.0,0)Ay,
(95) = (65,0,0,0,0)Ay,

<(p§’> = (63’v 0’ O)Afa

(4.3)
where €3, €3, and €5 are dimensionless real parameters. On
the other hand, following Ref. [91], the neutrino sector

respects a different residual symmetry, G, = Z, x CP, and
the VEVs invariant under this symmetry are

\/%(Zrl + Zr2>

w,—iw;
, (142¢)w, —iw; , —2n iz
i) = (14+20)w, +iw; | (ws) = 22 =iz '
w,+iw; 2 +iz;
21 +ipz;
(4.4)

where w,, w;, 2,1, 2,2, and z; are real parameters of mass
dimension one. An appropriate Z, ‘“shaping” symmetry
then keeps the flavons ¢¢ and ¢* restricted to the charged
lepton and the neutrino sectors, respectively.

A. Tree-level model

Following Ref. [87], we assign the leptons to triplets
under As: L= (L,,L,,L3)~3 and £ = (£,,65,¢,) ~3,
where the ordering of the components of the fields has been

"Some early examples include Refs. [84-87].
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chosen to be different in order to ensure a completely
diagonal charged lepton Yukawa matrix is generated. Four
flavons § ~ 1, 5 ~ 3, 95 ~ 3, and ¢ ~ 5 participate in the
charged-lepton Yukawa interactions. Assigning the Z,
charges of the fields as

[LeH] =q, [f=[p§) =n—q.

[ps] = (93] = (n—q)/2, (4.5)

the charged-lepton Yukawas arise from the Lagrangian

1
(050 +os08) |- (4.6)

- 1
¢ = LOH |—(E+ ) + —
LS A, <5+¢3)+A2f

At tree level, these effective operators can be realized by
the renormalizable vertices of the Feynman diagrams in
Fig. 4(a) and 4(b).

Here, the flavor interactions are mediated by the vector-
like fields Q and X . Both of these fields are chosen to be
SU(2) singlets to evade the collider bounds, similar to the
T 15 model. Under As, Q transforms as a 3, whereas X
transforms as either a 4 or 5 (either 3, 3/, 4, or 5) if it couples
to @3 (¢3).

These diagrams realize the following contractions:

((ZH)3(L”.§)3)1, ((EH)3(?€§0§)3)1’
(((Z‘H>3§03’)j<f(p3’)j)1’ (((Z‘H>3(p5)k(ffp5>k)l’

where j = 4,5 and k = 3,3,4,5. At tree level, the Lagrangian in Eq. (4.6) yields the diagonal Yukawa matrix

€: + 3€3 + 1€ 0
Y, = 0 €: + €3 + 3¢5 — 83 0 , (4.7)
0 €z — €3 + 3€3, — 8¢?

utilizing a similar e notation as for the 7 ;3 model and where the different O(1) numbers correspond to different ways of

contracting the operators in Eq. (4.6).

B. Loop corrections

Radiative corrections are generated by quartic flavon couplings of the form ﬂ,»(goi(p;‘)z, where i = 3/, 5, as shown in the
Feynman diagram of Fig. 4(c). These loop contributions are given by

i) 33 yys + Tesfsys 0 0
X
oY, = 3127;; 0 3€§,ﬂ3fy3 - 862,55)’5 0 ) (4.8)
0 0 3¢ By ys — 8efsys

where f (x) is the loop function in Eq. (3.17). As in the 7 |3
model, y; and ys are O(1) coefficients that account for
possible differences in mass of g3 and ¢s. The values of €3,
€y, and €5 are fixed by the conditions of reproducing the
correct charged lepton masses,

1

€3 = —(m, —m,) ~—0.0048,
} \/iv( : )
V2 m, —m
2 ~ Y __H ) ~ —
65_150 (me > )_ 0.00036,

3 +m,
e + 3¢ z—l\? (8m€ g e . i > ~0.00253.  (4.9)
v

As can be seen from Eqgs. (4.9), a certain level of fine-tuning
of the three VEVs is required to obtain the correct hierarchy

of charged leptons.8 Given that we have one undetermined
parameter, we require no fine-tuning at least for the
heaviest of the charged leptons, which implies that both
€s and 36%, should be of the same order; we choose

€:~0.00126, €2 ~0.00042. (4.10)

C. “Shaping” symmetry

As shown in Ref. [91], neutrino mixings are correctly
reproduced if the neutrino flavons are invariant under a
remaining Z, x CP symmetry. However, in this section,

The parameters €7 include different couplings of the medi-
ators to the flavons and lepton fields, apart from 1)12, and therefore
are not necessarily positive.
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FIG. 4. Tree-level and radiative contributions to the diagonal charged-lepton Yukawa matrix in the A5 model.

we are only interested in the effect of neutrino flavons
on the charged-lepton Yukawas. Following Ref. [91], we
assign the three right-handed neutrinos vg = (vg, , Ug,, Ug,)
to a 3’ representation, which yields the following neutrino
Lagrangian:

they do not change the diagonal structure of the matrix.
However, the off-diagonal Yukawa structure must be
protected against bounds from lepton flavor violation.
Neutrino mixings do not fix the size of neutrino-flavon
VEVs, while, in a seesaw scenario, neutrino masses involve
an additional scale, the right-handed neutrino mass; we are

Lz 1, o] 1 therefore free to choose the size of flavon VEVs with no
L* = LvgH A_f (04 + ¢5) + 2 VRVR A_f &1 (4.11) effect on the standard neutrino parameters. We can assume
‘ the largest of the neutrino flavon VEVs to be O(4?). Then,
when the corresponding Z,, charges are we should forbid contributions from operators containing
! up to five flavon fields. For example, some of the lowest
[LugH] = p 4] = [@%] = (n— p) (4.12) order contributions that must be prevented are ¢% (. ¢})s.
R - ’ 4] — 5] — - . .

The neutrino mass matrix obtained from these Dirac and
Majorana matrices is diagonalized with a golden ratio
mixing matrix [84,92,93].

Recall that the fields in the charged lepton sector have Z,
charges given by Eq. (4.5). The combined A5 x Z,
symmetry has to forbid neutrino flavons from contributing
to the charged-lepton Yukawas at lower orders. The
charged-leptons Yukawas receive contributions from the
1, 3, and 5 representations. Singlets are not problematic, as

TABLE V. Transformation properties of matter, scalar, and
messenger fields in the charged lepton sector. Here, p'> = 1. The
Z |, “shaping” symmetry prevents the mixing of neutrino sector
flavons with charged-lepton sector fields and vice versa.

¢ H ¢ @3 9oy ¢s Q X3 Zy Z4 Zs

Fields L
sU2), 2 1 2 1 1 1 1 11
3, 1.1 3 3 5 3 3 3 4
o

As
303 7 4 4

3, 5
Zi pt pt ot oS S g Tt Pt

(03.95)3. (05, 9%)s, (05, 90%)s, (5. 04). ¥4)s, etc.,
together with all possible combinations with daggered
fields.

An example of such a “shaping” symmetry is Z,, with
the following charge assignment:

€] = [§] = 6.
[p4] = [ws] = 5.

[pg] = [oy] = 3,
(4.13)

FIG. 5. Diagram contributing to a dipole operator.
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The charge assignment of the mediators can then be easily
determined from the Feynman diagrams in Fig. 4. We show
the field content of the charged fermion sector and their
charges in Table V.

D. Predictions

The dipole matrix is generated by loop diagrams similar
to Fig. 4(c), except with an external photon line connected
to the loop, as shown in Fig. 5. In contrast with the 7 |3

model, a mixed quartic coupling in the scalar potential is
not strictly necessary in order to obtain the correct sign of
(9—2),, and we can limit ourselves to considering only
self-couplings to close the loops. In fact, having several
independent diagrams in Fig. 4 contributing to the different
entries in the Yukawa matrix, we always have the freedom to
require Y, + Y, > 0butsY,, < Oatthe price of alevel of
tuning. The dipole matrix is directly derived from the
radiative mass contribution as C, = 22°8Y /(f — f2)/A7,

f ( ) 3€§,ﬂ3/y3 + 7€§ﬁ5y5 0 0
X
C, = 126/\(/; 0 3¢5y ys — 8e3fsys 0 ’ (4.14)
f
0 0 3e3Pyy3 — 8€3fsys

where f(x,,) is the loop function given by Eq. (3.19). The

structure has C., = C,, which automatically predicts the

anomalous magnetic moment of the 7 lepton to be
Aa, =" Aa, = 4.24 x 1078,

- (4.15)

Requiring C,,, to be in the range compatible with the
observed discrepancy in Table I,

1 15€2psvm,m
My ~Ap =

u
2(m,Aa, + m,,Aae)fZ(x‘/’5)'

(4.16)
If we consider #5 = 2z and €2 as in Eq. (4.9), we can derive
the maximum value for the mediator mass scale allowed by
the model, which reads A, < 844 GeV at the 1o level and
Ay <1354 GeV at 30. Higher values of A, can be reached
by also allowing for a level of fine-tuning in the 7 mass.

V. COMMENTS AND OUTLOOK

We have seen in the previous sections that it is still
possible to explain the observed discrepancy in the muon
anomalous magnetic moment through a low-scale flavor
symmetry in the leptonic sector. Nevertheless, given that
the dipole matrix for charged leptons is not expected to be
exactly proportional to the Yukawa matrix in these models,
the strong constraints from LFV processes require the
charged-lepton Yukawa couplings to be (quasi)diagonal in
the flavor basis, up to a very high order in the flavon fields.
This implies that the different operators for the e, y, and =
masses up to, at least, order 1%, contribute only to diagonal
Yukawa elements in the same basis after replacing the
flavon VEVs.

This is not simple and, in fact, is not possible for most
flavor models in the literature. The observation of

nonvanishing neutrino mixings implies that the charged-
lepton and neutrino mass matrices cannot be made simul-
taneously diagonal in a single basis. When the mass
matrices are expressed in terms of flavon VEVs (or
products of VEVs), this implies that some flavons must
contribute to the off-diagonal elements. If all flavons couple
to both the charged-lepton and neutrino sector, both
matrices will always have off-diagonal entries.

This is indeed what happens in most models aiming to
simultaneously describe the quark and lepton Yukawa
matrices, perhaps pointing to a grand unification scenario.
In these scenarios, up- and down-quark Yukawa matrices
are off diagonal, as well as the charged-lepton and neutrino
Yukawas (see, for instance, [43,94-99]). Taking as an
example the A(27) model of Ref. [99], we have only three
different flavons that break A(27) and provide the struc-
tures of the mass matrices with the following alignment:

0 (0
(c) (1) ~(p). (o) 7 i ,
e
(@a) 7 _11 (5.1)

The core prediction of the model is complex symmetric
Dirac and Majorana mass matrices with a universal texture
zero in the (11) entry for all fermion families, which at the
lowest order are of the form

(5.2)

ey 3
Ye.u X Ve €e,z/ € €e,y ’

with €, ~0.15 and ¢, ~ 0.05.

035021-12



CONSTRAINING LOW-SCALE FLAVOR MODELS WITH ...

PHYS. REV. D 105, 035021 (2022)

Clearly, if we take into account radiative corrections
involving flavons, this model would not be able to explain
the observed discrepancy of (g—2), that requires a
mediator mass below 1 TeV. The constraints from LFV
processes would push the mass of the mediator to a scale
A > 14 TeV, and therefore, the contribution to (g—2),
would be Aa, < 10713,

A partial solution to this problem is the “sequestering”
mechanism that we have used in the previous sections. In
this mechanism, the flavor symmetry, G,, is completely
broken by the full set of matrices M, and M, but M, and
M, are separately invariant under some nontrivial sub-
groups G, and G,. This is done by dividing the flavons in
two different subsets, ¢, and ¢,, breaking G, to G, and G,,
respectively, and coupling only, at leading order, to
charged leptons or neutrinos. However, it is not possible
to completely forbid ¢, and ¢, from coupling to both
sectors. This follows as the sequestering is obtained
through a global discrete Z, or even a continuous
Abelian symmetry. For a high enough order in the
numbers of flavons, we can always obtain zero or »n total
charge, and hence, both fields will be able to couple to the
opposite sector.

To be precise, for flavor symmetries reproducing the
observed neutrino mixings, it is enough to protect seques-
tering up to the size of the experimental errors on the
mixings. This means that if we accept an error on neutrino
mixings of order §sin#,,/ sinf;, < 0.03 ~? the correc-
tions to the charged-lepton Yukawa Y!? can be of the order
24Y33, a factor 4> smaller than the diagonal element Y22
Again, this would not satisfy the bounds of Eq. (2.5), and
this stronger bound would override the bound from the
anomalous magnetic moment on the flavor scale. The
precise bound on the flavor scale will depend on the
mechanism protecting the sequestering in each model.
Unfortunately, this mechanism is not specified in many
of the models that consider only leading order predictions.
In general, if we assume that the corrections to the charged
lepton Yukawas are those allowed by the experimental
errors on sin#;,, the bound on the flavor scale would be
Ay > 6.4 TeV, and the contribution to the muon g—2
is Aa, $4.9x 1078,

Therefore, we can see that lepton flavor violating
processes place very strong constraints on the structure
of the dipole matrix, which translates into very strong
constraints on the scale of flavor symmetry breaking and
mediator masses. Only models which protect the diagonal
structure of the charged-lepton Yukawas in the basis of
flavor interactions up to a very high orders are able to
explain the muon anomalous magnetic moment consistent
with LFV bounds. In most models, it is not possible to
completely reproduce the observed discrepancy, and the
contribution from the flavor symmetry is typically
negligible.

VI. CONCLUSION

The recent observation of the 4.2¢ discrepancy in the
muon anomalous magnetic moment at Fermilab strength-
ens our expectation for observing new physics at work
around the TeV scale. In this paper, we have pursued the
idea that this new physics contribution could come entirely
from the breaking of a low-scale flavor symmetry and have
built two explicit models based on the flavor groups 7 3
and As to demonstrate this.

The Yukawa matrix describing charged lepton masses
and mixings has the same flavor structure as the dipole
matrix yielding lepton anomalous magnetic moments and
flavor violation. However, because of O(1) differences in
the coefficients of their entries in the flavor basis, the dipole
matrix is not diagonalized along with the Yukawa. The off-
diagonal entries of the dipole matrix in the mass basis are,
up to a global loop factor, at least of the same order as the
corresponding entries in the flavor basis, barring accidental
cancellations. Stringent constraints from nonobservation of
lepton flavor violation strictly restricts these entries and, in
turn, the corresponding off-diagonal entries of the Yukawa
matrix in the flavor basis. Effectively, the charged lepton
Yukawas need to be (quasi)diagonal up to very high orders
in the Wolfenstein parameter 1 to evade LFV constraints.

It is very challenging to build models based on flavor
symmetries which can account for the entirety of the
discrepancy in the muon (g —2) while being consistent
with LFV restrictions. We have demonstrated that the flavor
groups 7 13 and A5 are suitable in this regard and have built
two models that fulfill our objectives when the flavor
symmetries are broken below the TeV scale.

For the 7 ;3 model, the Yukawa matrix in the flavor basis
is quasidiagonal, where the vanishing (11) entry is com-
pensated by the nonzero (13)-(31) entries. This gives a
nonzero contribution to 7 — ey which is within experi-
mental bounds and within reach of near future experiments
[80]. This model accounts for the observed discrepancy in
(9—2), at the 16 (30) level when the flavor symmetry is
broken at 430 GeV (705 GeV).

The A5 model yields a diagonal Yukawa structure in the
limit of exact sequestering. This diagonal structure can be
protected with the help of an appropriate discrete sym-
metry. In this way, it is possible to prohibit all LFV
processes to the required level and reproduce the contri-
bution to (g —2), at the 1o (30) level when the symmetry
breaking scale is 844 GeV (1354 GeV).

In both cases, the effect of symmetry breaking is trans-
ferred to the Standard Model fermions via vectorlike medi-
ators, which could transform as doublets or singlets under the
Standard Model SU(2), depending on the construction of the
Feynman diagrams. We have chosen these mediators to be
SU(2) singlets to avoid tight lower bounds on doublet
vectorlike leptons from collider searches.

The requirement of having a (quasi)diagonal Yukawa
structure to elude LFV constraints and simultaneously
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emulating the observed discrepancy in (g—2)ﬂ is very
challenging, and very few flavor symmetries have the
requisite structure that can facilitate this without fine-
tuning. We have identified two such symmetries and have
discussed briefly why many of the popular flavor sym-
metries in the literature would fail to achieve this feat. It
would be interesting to expand the models as discussed in
this paper to the quark and the neutrino sector, which we
leave for a future study.
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APPENDIX A: 73 CLEBSCH-GORDAN
COEFFICIENTS

In this appendix, we list the Clebsch-Gordan coefficients
of 75 following Ref. [63]:
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APPENDIX B: A; CLEBSCH-GORDAN COEFFICIENTS
In this appendix, we list the A5 Clebsch-Gordan coefficients following Ref. [87]:
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APPENDIX C: DETAILS OF THE FIT

The optimization problem of finding a good benchmark point for the model is based on minimizing the following cost
function:

12=120+x§:2(w>2+2<|017:1>27 (€D

k %0,
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where O stands for the observable with measured value
(Oy) £ 00, and model prediction Oy. In our case, k € [1,4]
runs over the three lepton masses and the anomalous
magnetic moment of the muon. The y2 implies a normal
distribution for the absolute value of the coefficients c; with
standard deviation o.. It is a prior that expresses the
requirement that a successful flavor model should feature
nonhierarchical coefficients and alleviates overfitting.

The fine-tuning of the model is determined as [79]

5 o C; 50/(
) Ki= 72 < >
0, 6c;

(€2)

AFN = Maxk’,- ’51(,[

where K € [1,4] and i € [1,7] run over the number of
observables and parameters, respectively.
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