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Chiral phase transition in three-flavor QCD from lattice QCD
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We analyze the pseudocritical behavior of three-flavor QCD using highly improved staggered quarks on
lattices with temporal extent N, = 8 and for quark masses corresponding to a pseudoscalar Goldstone mass
in the range 80 MeV < m, < 140 MeV. Our findings are consistent with the occurrence of a second order
chiral phase transition at vanishing values of the quark masses. The chiral phase transition temperature at

this finite value of the lattice spacing is determined to be 7. = 98f§ MeV. A comparison with a
corresponding analysis performed in (2 + 1)-flavor QCD suggests that the continuum limit extrapolated
chiral phase transition temperature in three-flavor QCD will turn out to be below 90 MeV.
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I. INTRODUCTION

The nature of the QCD chiral phase transition as a
function of the number of light flavors and the value of the
quark masses has been the subject of intense and ongoing
study ever since the first work of Pisarski and Wilczek [1].
It is now well-established that the transition is a crossover
for the physical values of the light and strange quark masses
[2]. The transition is, however, expected to become second
order and first order in the two-flavor and three-flavor
chiral limits, respectively. Consequently, a critical value for
the strange quark mass is expected to exist where a
tricritical point separates the region of first and second
order chiral phase transitions. This is sketched in the well-
known Columbia plot for the quark mass dependence of
phase transitions in QCD [3].

Lattice studies have provided strong evidence for the
expected second order nature of the chiral phase transition
in the two-flavor chiral limit also for physical value of the
strange quark mass. The transition is expected to belong to
the 3d, O(4) universality class if the anomalous U(1),
symmetry remains sufficiently broken; otherwise, a second
order phase transition belonging to the U(2) x U(2)
universality class is also possible [4]. However, as critical
exponents in both universality classes are similar a differ-
entiation between both possibilities will be difficult in
practice [4].

While the axial anomaly plays a decisive role for the
symmetry breaking pattern in two-flavor QCD, it is of less
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relevance in three-flavor QCD [4]. Irrespective of whether
or not the U(1), symmetry is effectively restored at the
chiral phase transition temperature, a renormalization
group (RG) analysis [5] suggests that the transition is first
order, as originally predicted in [1]. The functional RG
analysis of the three-flavor chiral transition, however,
suggests that a first order transition, only occurs for rather
small values of the pion mass, m, <25 MeV. This is in
accordance with lattice QCD calculations using staggered
fermions. Although such calculations find first order
transitions in calculations with unimproved gauge and
fermion actions [6], the bounds on the critical mass show
a strong cutoff and discretization scheme dependence
[7-9]. In calculations using improved staggered fermions
no direct evidence has been found for a first order transition
on lattices with temporal extent N, = 6 for m, 2 80 MeV
and a bound on the pseudoscalar Goldstone mass, above
which no first order transition exists, has been estimated to
be m§ ~ 50 MeV [10]. In calculations with O(a) improved
Wilson fermions [11] first order transitions have been
found at nonzero values of the quark masses and the
bound on the critical mass is weaker, mg < 110 MeV. This
bound, however, also is consistent with a continuous
transition in the continuum limit [11,12]. In fact, a recent
analysis of the order of the chiral transition as a function of
the number of flavors, performed with staggered fermions
and extrapolated to the continuum limit [12], suggests that
the chiral phase transition in three-flavor QCD is second
order, which is in contrast to RG analyses. However, as has
been pointed out, such analyses are based on a Landau-
Ginsburg effective action for the order parameter, which is
arrived at by integrating out all gauge degrees of freedom
ending up with a ¢* effective Lagrangian for the order
parameter field. The role of gauge fluctuations, however, is
subtle and may also influence the order of the chiral phase
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transition [13,14]. It also has been argued that a ¢°
contribution to the effective Lagrangian for the order
parameter may be of relevance and may allow for a second
order chiral phase transition to occur in QCD with number
of massless flavors being larger than two [12]. A continu-
ous transition in the chiral limit of three-flavor QCD thus
may not be ruled out entirely.

In addition to the exploration of the flavor dependence of
the chiral phase transition the determination of the chiral
phase transition temperature is of central interest. The
chiral phase transition temperature is expected to drop with
increasing number of flavors, n, [15] and will eventually
vanish at a critical value of the number of flavors,
corresponding to the conformal limit of QCD [16],
n; ~ 10. In recent years, different lattice estimates for both

the chiral crossover T,. as well the (2 + 1)-flavor chiral

transition temperature Tff:(”]), obtained using different
actions and with different choices of observables for setting
the scale, have converged [17-20]. The crossover temper-
ature, occurring for physical values of the two (degenerate)
light quark masses (m, = m,) and a strange quark mass,

mPs ~27m,, has been determined to within 1% to be
T, =156.5(1.5) MeV [17] and T, = 158.0 (0.6) MeV
[18]. In the limit of vanishing two light quark masses,
keeping the strange quark mass fixed to its physical value,
the phase transition temperature in the continuum limit has

been found to be Tf"':(ZH) = 1327} MeV [20]. A value
consistent with this number has recently been obtained also
in calculations with twisted mass Wilson fermions in a
(241 + 1)-flavor calculation [21].

In three-flavor QCD calculations the boundary for a first
order transition has been found at T/~ = 134(3) MeV
and a pseudoscalar mass, m§ ~ 110 MeV [11]. Irrespective
of whether, below this mass, indeed a first order transition
exists or whether this only corresponds to pseudocritical

temperature, this value for TZ":3 will drop further when
approaching the chiral limit, leading to a chiral transition
temperature below that of (2 + 1)-flavor QCD. In general it
is expected that the phase transition temperature drops with
increasing n. In fact, the functional RG analysis presented
in [15] suggests that the chiral phase transition temperature
in QCD with ny = 3 massless quarks is smaller by about
25 MeV compared to the two-flavor case.

In the study presented here we want to further explore the
nature of the chiral phase transition in three-flavor QCD
and, in particular, provide a first estimate of the chiral phase
transition temperature based on calculations with the highly
improved staggered quark (HISQ) action. These calcula-
tions extend earlier studies performed with the HISQ action
[10] on coarser lattices. We work here at N, = 8 compared
to N, = 6 used in [10].

The paper is organized as follows. In the next section we
introduce the chiral observables we will study to determine
the chiral phase transition temperature in three-flavor QCD.

Section III summarizes basic relations needed for our
discussion of finite size scaling (FSS) of chiral observables.
In Sec. IV we summarize some results on the chiral
transition in three-flavor QCD obtained previously on
coarser lattices and present a first comparison with data
on the disconnected part of the chiral susceptibility
obtained in our new study. In Sec. V we finally present
our results for the FSS analysis of the chiral order
parameter and its susceptibility, from which we deduce
the chiral phase transition temperature on lattices with
temporal extent N, =8. We give our conclusions in
Sec. VL

II. SIMULATION PARAMETERS
AND OBSERVABLES

A. Simulation parameters

The results that we present here were obtained from
lattice QCD simulations with three degenerate flavors. In
our calculations with staggered fermions we use the HISQ
action and a tree-level improved Symanzik gauge action.
This framework is identical to that used previously in finite
temperature calculations for (2 + 1)-flavor QCD [22-24] as
well as the three-flavor QCD calculations [10] performed
on lattices with temporal extent N, = 6.

The temporal extent of our lattices was fixed at N, = 8
throughout while the spatial extent was chosen to be one of
N, =24, 32 or 40. In order to control finite-volume effects
in our calculations we typically performed calculations at a
given quark mass value for two different values of N,.
The larger one is chosen such that m, L > 3 in the region of
the pseudocritical temperatures.

We used the Bielefeld GPU code [25] to generate around
10,000-50,000 hybrid Monte Carlo trajectories separated
by 0.5 TU (time units) for N, =40 and 1 TU for the
smaller volumes. These datasets have been generated
in 10 independent streams that have been decorrelated
initially using about 200 trajectories. The rational hybrid
Monte Carlo algorithm [26,27] was used to generate the
configurations and the step sizes were tuned so as to
achieve acceptance rates of 60-80%. We saved gauge
field configurations after every fifth time unit and per-
formed calculations of various chiral observables on these
configurations.

We generated datasets for different values of the quark
masses at up to 17 values of the temperature in the range
110MeV < T < 170 MeV. As a guidance for our choice of
bare quark masses we used the line of constant physics
(LCP) determined in Ref. [24] for the case of (2 + 1)-flavor

QCD. This LCP defines the value of the strange quark

mass, mb™* (), as a function of the gauge coupling f. It is

tuned to its physical value by demanding the mass of the 7
meson to stay constant on this LCP. We choose different
sets of three degenerate light quark masses, m,, corre-

sponding to m, = HmE™ (B), with H = 1/27,1/40,1/60
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and 1/80. Further details of our scale setting are discussed
in the next subsection.

B. Scale setting

In the continuum limit the relation between lattice cutoff
and gauge coupling = 10/¢* is controlled by the uni-
versal, asymptotic 2-loop f function of three-flavor QCD,

105,
p

with by = 9/(162%) and b, = 1/(4x*) and A; denoting the
QCD A parameter for the three-flavor lattice discretization
scheme. Equation (1) receives corrections at nonzero values
of the lattice spacing that depend on the observable used to
set the scale. We use here the nonperturbative § functions
fra(p) and a/r;(B) determined in (2 + 1)-flavor QCD for
the kaon decay constant, fxa, as well as the parameter r; /a
deduced from the slope of the heavy quark potential [24].

In all our figures we use the fx scaling function to
introduce a temperature on lattice with the temporal extent
N, =38,

—by/(2b})
ah, = F(§) = ( ) exp(—f/(20by)). (1)

_ 1 _ fx
aN, fxaN,’

(2)

where we set the scale for the temperature by using the

value fx = 156.1/4/2 MeV for the kaon decay constant as
has been done also in the determination of the chiral phase
transition temperature in (2 + 1)-flavor QCD [20]. We note
that this value agrees within errors with the average
provided by the Flavor Lattice Averaging Group (FLAG)
[28]. This scale setting also is used in all our fits to data. In
some cases we use fits based on the r /a parametrization to
obtain some idea about systematic errors in our results that
are not yet continuum extrapolated. As a physical value for
r; we use r; = 0.3106 fm.

As mentioned in the previous subsection we choose the
three degenerate quark masses in our simulations as
fractions of the strange quark mass used in the (2 + 1)-
flavor QCD calculations to define a LCP. For this we use
the parametrization of m5™*(f) given in Appendix C of
Ref. [24]. Our choice of three-flavor quark mass,
mi™* /80 < m, < mE™* /27 then corresponds to a light
pseudoscalar Goldstone mass in the range 80 MeV < m, <

~

140 MeV in the continuum limit of (2 + 1)-flavor QCD.

C. Chiral observables

On each saved gauge field configuration, we calculated
the chiral condensate, (), and its susceptibility, yio.
which are obtained from the free energy density of three-
flavor QCD, f(T,m,) =—(T/V)InZ(T,V,m,), as the
first and second derivative with respect to the quark
mass m,,

) = = L), @)
Htot — % (4)

q

The chiral susceptibility is represented in terms of dis-
connected, yg.,» and connected, y.,, contributions,
Yot = Xdisc T Xcon- These chiral observables are given in
terms of the inverse of the staggered fermion matrix,
D,(m,), and its higher powers,

_ ng

v = g3 e
1 np\? 2p-1 D-1)2
X disc —m 1 ((tr*D7") = (trD7")%),
ny )
Xcon:_4N,N§ <tqu > (5)

We evaluate these chiral observables using up to 100
Gaussian random vectors to evaluate the trace of the
inverse of D,. After calculating the traces on each con-
figuration, the observables were calculated by dividing the
total number of configurations into 10 bins and using the
jackknife procedure.

In the continuum limit the chiral observables defined in
Eq. (5) require additive and multiplicative renormalization.
The former arises from a ultraviolet divergent contribution
to the chiral condensate, (fy) = (fy)™ + (cyy/a*)m,,.
We use the strange quark mass m?™*(4) for multiplicative
renormalization of the chiral observables to define the order
parameter, M, and its susceptibility y;, as

M = mE™" ()= / f.

oM
Sy 6
M OH ( )
Here m?™* is our reference mass in three-flavor QCD,

whose choice is motivated by the LCP determined in
(2 + D-flavor QCD calculations, and H = m,/ mPs
This makes the observables dimensionless and RG invari-
ant up to logarithmic corrections. As we do not have direct
access to the UV-divergent contribution, we instead evalu-
ate the unsubtracted observables

M, = mIs)hys<ll7W>/f4,
o, = (Mt fh (7)
With this we have

(mghyS)Z

M:Mb—CUvN%Tz 9]
Tk
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(mphys)Z

N

7t ®)

XM = XM, — CUVN%TZ

Here the 1/a” divergence manifests itself as N2, since the
continuum limit is obtained by sending N, — oo at fixed 7.
For fixed, N, the UV term picks up a quadratic temperature
dependence and a logarithmic correction arising from the
anomalous dimension of the strange quark mass term m5™".
In fact, in a small temperature interval around the chiral
phase transition temperature the temperature dependence of
the UV term is to a good approximation linear in 7. This is
shown in Fig. 1.

Using the parametrizations of the strange quark mass in
lattice units, m?hys(ﬁ), and the kaon decay constant,
fra(p), given in [24] we evaluated the normalization
factor multiplying the UV constant cyy and interpolated
the result with a quadratic Ansatz. For this we find
(mghyS)Z

4
K

N2T? = 38.54(1 + 1.236T + 1.31(87)?),  (10)

with 6T = (T — 100)/100. This quadratic approximation is
shown as a solid line in Fig. 1. Here we also give the result
of a linear fit in the temperature interval [100:125 MeV].
We note that this UV term can be treated as part of the
regular contributions in a (finite-size) scaling analysis. We
will discuss this in more detail in the next section.

In order to eliminate the divergent UV contributions
explicitly in chiral observables we introduce the difference

In fact, this observable can also be considered as an order

parameter for the chiral phase transition. At high temper-
atures it vanishes, M, ~ H?, and at low temperatures it

70
phys\2 4
65 | (T NmEYS)2rik ]
. ”-
60 | s |
-
e
55 r A |
7
50 B
45 ¢ approximation: quadratic (solid) — 1
20 linear (dashed) - -
d
r T [MeV]

100 105 110 115 120 125 130 135 140 145

FIG. 1. The prefactor of the UV-correction term for N, = 8 and
cyv = 1. Lines show quadratic and linear approximations of the
parametrizations of mf™*(f) and fxa(B) obtained in (2 + 1)-
flavor QCD.

equals the order parameter M at H =0 but receives
different corrections at O(VH).

III. SCALING AND FINITE-SIZE SCALING
OF CHIRAL OBSERVABLES

As there is increasing evidence that also three-flavor
QCD will have a second order phase transition in the chiral
limit, or at a rather small quark mass, it is appropriate to
analyze thermodynamic observables in three-flavor QCD
also in terms of relevant scaling functions. As we are
currently analyzing the chiral limit at fixed values of the
cutoff the universality class of three-dimensional, O(2)
symmetric models would be appropriate, while the Z(2)
universality class is of relevance, if a second order phase
transition occurs at a small value of the quark mass, mg.

In the vicinity of a critical point, (7., mj), the
thermodynamic free energy, f(7,m,), can be resolved
into singular and regular contributions, f(7,m,) =
fs(T.my) + f.(T.,m,). The temperature and quark mass
dependence of f(T,m,) is expressed in terms of a
universal scaling function, f/(z), which is characteristic
for a particular universality class. Thus we have

fs(T.my) = hoh' 10 f 1 (z), z=1t/nP (12)
with ¢ and H being dimensionless variables constructed
from the temperature 7' and quark mass m,,

IT-T,

; _lmq—m;_H—HC
1y T.

= = . 13
ho  mPhys hy (13)

The constants /3 and § are critical exponents of the 3D, O(2)
universality class for which we use [29]

/= 0.3490, 6 =4.7798, (14)
while 7, and h, are nonuniversal constants that are
introduced to fix the overall normalization of the order
parameter M [19].

For small quark masses, in the vicinity of the chiral
transition temperature, 7., the dominant contributions to
the order parameter M and its susceptibility y,, arise from
the singular part of the free energy. Scaling relations for
these observables are then obtained by taking derivatives of
fs(z) with respect to H. We have

0
MTmg) = =B = Wopea),(15)
and
oM /o
am(T,my) :ﬁ:Tof*(Z)’ (16)
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respectively. Here fg(z) and f,(z) are also universal
functions of the scaling variable z, which can be obtained
from f(z). Both these functions have been determined
numerically using high-statistics Monte Carlo simulations
for the 3D, O(2) and O(4) universality classes [29-32]. We
will make use of the implicit parametrization provided for
these functions for the O(2) case in Ref. [33].

In the scaling regime the difference of order parameter
and chiral susceptibility, introduced in Eq. (11), is given in
terms of these scaling functions

M, = h'°(f(2) = £,(2)). (17)

From Egs. (15) and (16), it is readily seen that

(H—H)ym(0.h) f,(0) 1

Mo.n) ) 5 Y

irrespective of the quark mass m,. Curves for different
quark masses will have a unique crossing pointat 7 = T ..

We also will analyze the related observable, obtained
from the ratio of the nonsubtracted chiral order parameter
and its susceptibility, M, /yy, for various H at their
corresponding pseudocritical temperature [34]. The pseu-
docritical temperatures defined by the maximum of the
chiral susceptibility correspond to a specific value of the
scaling variable z, i.e. z = z,,

M(Tpmh) o _ fG(Zp
ZM(Tpc’h) B (H HC) f)((zp> ’

with z, = 1.58(4) and f(z,)/f,(z,) = 1.58 and 1.51 in
the O(2) and Z(2) universality classes, respectively. We
note that the rhs of Eq. (19) is solely determined by the
universal contribution which is an important aspect for the
analysis of the nature of the chiral transition [34].

Note that Eqs. (18) and (19) only hold provided the
quark mass is sufficiently close to mg so that the regular
contributions coming from f,(7',m,) can be ignored.

In addition to regular contributions, Eq. (18) also receives
corrections when the system size L is finite. Then the scaling
functions f(z) and f,(z) in Eqgs. (15) and (16) must be
replaced by the corresponding FSS functions fs;(z,z7)
and f,;(z.z;). Here z; = Ly/Lh*/? is a second scaling
variable and v = (6 + 1)/d with d =3 is the critical
exponent controlling the divergence of the correlation length
at the critical point. L, is another nonuniversal constant that
can be fixed through a normalization condition, e.g. for the
chiral condensate [35]. In the thermodynamic limit (L — o)
the finite size scaling functions, f;(z.z;) and f, ; (2, 21.),
go over to their infinite-volume equivalents f;(z) =
f6..(z,0) and f;((Z) = f;{,L(Z’ 0).

The infinite and finite volume scaling functions have
been determined for the 3D, O(2) and O(4) cases [33,35].

~—

(19)

In our FSS analysis we use a rational polynomial para-
metrization of the FSS functions [36] similar to what has
been used also for the analysis of FSS in O(4) spin
models [35]

As we will see, the observed transition is a crossover for
all the quark masses that we studied. According to the
standard picture of the phase diagram [3], this transition
should turn into a first order phase transition if the quark
mass is less than a certain value m, < mg. For m, = mj
then, the transition will be second order belonging to the
3D, Z(2) universality class. If on the other hand, the
expected first order region is absent, then the transition will
be second order belonging to the 3D, O(2) universality
class in the three-flavor chiral limit for fixed N,. Since we
did not find any evidence of a nonzero critical quark mass
mg in our study, we will assume mg = 0 in the following
and use the O(2) scaling functions for the rest of this work.

IV. CHIRAL ORDER PARAMETER
AND ITS SUSCEPTIBILITY

In the analysis of the chiral transition in (2 + 1)-flavor
QCD it has been found that in the continuum limit the
pseudocritical temperature is about 7,. ~156.5 MeV at
physical values of the quark masses and drops in the limit of
vanishing light quark masses to the value of the chiral phase
transition temperature of about 132 MeV. On lattices with
temporal extent N, = 8 the corresponding pseudocritical
and chiral phase transition temperatures are larger by 5 and
12 MeV, respectively. As we expect the pseudocritical
temperatures in three-flavor QCD to be smaller than those
ofthe (2 + 1)-flavor theory we explored in our calculations a
range of temperatures 100 MeV <7 < 170 MeV.

A. Chiral observables on N, =8 lattices

We present our results for the nonsubtracted chiral
order parameter, M, and its susceptibility, y,, , calculated
on lattices with temporal extent N, = 8, in Fig. 2. The order
parameter M, varies rapidly but smoothly, starting from
a high value and decreasing to a low value over the
temperature range considered here. For three-flavor
quark masses corresponding to H = 1/27 we observe
the most rapid change of M, at temperatures around
T ~ (135-140) MeV. In this temperature range also the
chiral susceptibility, yy,, has its maximum. This indicates
that at this quark mass value the pseudocritical temperature
in three-flavor QCD is shifted by about (20-25) MeV
relative to that of (2 + 1)-flavor QCD. This trend also
persists for the smaller quark masses examined by us.

Except for the case H = 1/60 we show in Fig. 2 results
for two different volumes. While the volume dependence is
negligible in M, and y,,, slightly above the corresponding
pseudocritical temperatures, evidence for a characteristic
volume dependence is seen at smaller temperatures. In fact,
contrary to what would be expected at or close to a second
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FIG. 2. Results for the nonsubtracted order parameter M, (top)
and its susceptibility y,,, (bottom) as a function of temperature
for all quark masses and volumes. Bands show polynomial
interpolations and are shown here only for better visualization
of the results on the largest lattice available at given quark mass.

or first order phase transition, we see no increase in the
peak height of y,, with increasing volume. Instead we
observe a slight decrease of the peak height of y;,, and a
shift of the peak position towards larger temperatures as the
volume is increased. At the same time the peak becomes
more pronounced with increasing volume. This behavior is
reminiscent of the finite volume effects known from an
analysis of finite size scaling functions in 3D, O(N)
symmetric spin models [33,35].

At fixed quark mass we also see evidence in the data for a
slight volume dependence of the nonsubtracted chiral order
parameter M. This is clearly visible in Fig. 2(top). In Fig. 3
we show the chiral order parameter as function of H for
several values of the temperature. As can be seen for
T > 140 MeV the order parameter depends linearly on the
quark mass and extrapolates smoothly to zero for H — 0.
At lower temperatures the quark mass dependence of the
location of the maximum in y,,, suggests that in the chiral
limit all our calculations correspond to a range of temper-
atures in the chirally symmetric phase.

For a first analysis of the quark mass dependence of M,
we thus fitted the data on the largest lattices available to an
Ansatz,

35
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+

FIG. 3. The nonsubtracted chiral order parameter M, as
function of H at fixed temperature. Lines show fits to the Ansatz
given in Eq. (20). The inset shows results for the fit parameter e.

M, = AH®. (20)

Results for the exponent e are shown in the inset of this figure.
Within errors it is consistent with unity for 7 > 140 MeV
and decreases continuously with decreasing temperature. At
the lowest temperature, 7 ~ 110 MeV, we find e ~0.27,
which is larger but compatible with the exponent one expects
to find at a critical point belonging to the three-dimensional
O(2) or Z(2) universality classes, i.e. e =1/5~0.21.

It is evident from Fig. 2(top) that finite volume effects are
relevant at lower temperatures and need to be treated
carefully to arrive at results in the thermodynamic limit.
We will analyze this volume dependence further in Sec. III.

B. Comparison with results from N, =6 lattices

Before going into a more detailed analysis of the volume
dependence and universal scaling behavior of our results,
obtained on lattices with temporal extent N, = 8, we want
to compare with earlier results obtained on coarser lattices
with temporal extent N, = 6. In that case results exist only
for the disconnected chiral susceptibility, )(j{,}jf, and critical

couplings had been extracted from the peak position of
xﬁ},ic. For better comparison with our current results we thus

also show this susceptibility obtained by us on lattices with
temporal extent N, = 8§, in Fig. 4. In Tables I and II we give
pseudocritical temperatures obtained from the peak posi-
tions of x4 for N, = 6 and 8.

In both cases we used the temperature scale determined
from the parametrization] of fxa.

'We note that the relevant range of couplings in n, =3
calculations is smaller than those for n, = 2 + 1. Differences
in temperature scales extracted from different physical observ-
ables thus are more pronounced. Comparing results obtained
from the parametrization of a/r; to that of fxa we find that the
former scale gives temperatures that are systematically larger by
about 10 MeV for N, = 6 and 5 MeV for N, = 8. Of course, in
the continuum limit both ways of scale setting will lead to a
unique temperature scale [37].
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FIG. 4. Results for the disconnected chiral susceptibility ;(ﬁ}shc as
a function of the temperature for all quark masses and volumes.

The calculations for N, = 6 [10] have been performed at
various temperature values, keeping the quark mass fixed in
units of the lattice spacing while in our current calculations
on N, = 8 lattices the quark mass is varied along a line of
constant physics by keeping the ratio H fixed. Using the
parametrization m?™*(f) we obtained the corresponding
ratio H at the pseudocritical coupling f3.(m,) also for the
N, = 6 datasets given in [10]. The resulting ratios H~! are
given in Table I.

The pseudocritical temperatures, obtained for N, = 6
and 8 from maxima in the disconnected susceptibilities” are
shown in Fig. 5. Here the data are plotted versus H'/#, with
p6 = 1.67 for the 3D, O(2) universality class. We fitted
these data using an Ansatz inspired by the universal scaling
of pseudocritical temperatures in the vicinity of second
order phase transitions [22],

T (my) = Te + a HYP (1= b H'ZVoUR) - (21)

The term proportional to b, arises from the leading regular
contribution to the free energy, being proportional to H.
However, as can be seen in Fig. 5 our data are not sensitive
to this correction. In fact, they are well described by a
straight line fit in terms of H'/#. The fits shown in the
figure for b, = 0 yield 795 = 108.3(4) MeV for N, = 6
and 95.8(7) MeV for N, = 8, respectively. They both have
a y*/d.o.f. less than unity.

This result, as well as the quark mass dependence of the
order parameter shown in the previous subsections moti-
vated a more detailed scaling analysis of the three-flavor
results for the chiral order parameter and its susceptibility,
which we present in the following section.

’Further details on the determination of these maxima are
discussed in Sec. V B.

TABLE 1. Results for the pseudocritical temperature obtained
from the location of peaks in ;(ﬂ,‘f: for N, = 6. They are obtained
from Ref. [10] as discussed in the text.

N, =6
—1 H
H m, N, T9se (MeV)
15.0 0.0075 16 138.2(4.4)
32.8 0.00375 24 129.8(1.1)
50.8 0.0025 24 126.9(2.7)
70.0 0.001875 24 124.2(1.3)
110.3 0.00125 24 120.2(1.3)
151.2 0.0009375 24 118.2(0.9)
TABLE II. Results for pseudocritical temperatures obtained

from the peak of the disconnected part of the chiral susceptibility
on the largest lattice used in simulations on lattices with temporal
extent N, = 8.

N,=38
H m, N, T3 (MeV)
27 0.00309 32 134.0(0.9)
40 0.00220 32 127.7(3.5)
60 0.00159 40 120.0(2.5)
80 0.001237 40 115.7(0.8)

V. FINITE SIZE SCALING ANALYSIS
OF CHIRAL OBSERVABLES

We want to improve here on our determination of the
chiral transition temperature obtained in the previous
sections through an analysis of disconnected part of the
chiral susceptibility on the largest lattices available. We will
analyze the finite size dependence of the unsubtracted
chiral order parameter M), and its susceptibility yy,.

140
disc

135 prc [MeV]

130

125

120
115
110 |
105

100 1
/B8
95 : : : : : : :
0 0.02 0.04 0.06 008 0.1 0.12 0.14
FIG. 5. Pseudocritical temperatures obtained from the location

of maxima in the disconnected chiral susceptibility on the largest
lattices available for various values of the quark masses as given
in Tables I and II. The straight line fits shown here are done for
H <1/40 and H < 1/27 for N, = 6 and N, = 8, respectively.
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As can be seen in Fig. 2 M,(T,m, N,) and
xm,(T.m,, N,;) show a sizeable volume dependence for
all the quark masses and for temperatures 7' < T ,.(m,,).
Above the pseudocritical temperature this volume depend-
ence is significantly weaker. We define the pseudocritical
temperature, 7', (m,, N,;), on lattices with spatial extent N,
as the location of the maximum of y,, for a given quark
mass and volume. We also define 7', (m,) as the infinite
volume pseudocritical temperature for a given quark mass.

A. FSS analysis of the chiral condensate
and its susceptibility

We start with an analysis of the difference of the chiral
order parameter and its susceptibility, introduced in
Eq. (I11). As discussed there this difference eliminates
any dependence of the chiral observables linear in H and
thus also is independent of leading correction to scaling
relations arising from regular contributions to the chiral
observables. In Fig. 6, we thus compare M, (T, m,, N,) to
the difference of FSS functions,

M;(<T’ mtpNa) = hl/a(fG,L(Zv ZL) _f)(.L(Zv ZL))' (22)

Aside from the critical temperature in the chiral limit, 7., a
fit to this Ansatz involves the three nonuniversal parame-
ters, hy, 29 = h(])/ﬁé/to, 200 = Lohg//j‘s, which determine the
overall amplitude of M, and set the scale for the scaling
variables z and z;, respectively. It is apparent from the
quark mass dependence of the maxima of y,, and the
estimate of 7. from the chiral extrapolations in a finite
volume, given in the previous sections, that the chiral phase
transition will be located at a temperature below 110 MeV.
We thus perform fits only for temperatures close of the
chiral transition temperature, i.e. for temperatures below
121 MeV. The results of such fits in different fit ranges for
the quark masses, H € [0, H,,,,] are given in Table III and
shown in Fig. 6. As can be seen the fits yield a good
y*/d.o.f. when leaving out the datasets for our largest

25 -
Mb'HXMb H' | Ng
27 |24
27 |32 —o~
40 |24 —v—~
40 |32 —&—~
60 |40 ——
80 |32 o~
Solid: Hyax=1/27 - 80 |40 3
Dotted: H,,,=1/40 T[MeV] @
0 L L L L
110 115 120 125 130

FIG. 6. Finite size scaling fits to the difference of the chiral
order parameter and its susceptibility, M, (T, mg, N,), with (solid
lines) and without (dotted lines) the largest quark mass ratio
H = 1/27. The gray region has been left out of the fits. The fit
parameters are summarized in Table III.

TABLE III. Nonuniversal parameters of the O(2) scaling
functions obtained from fits of the difference of order parameter
and chiral susceptibility, M,.

Huya  Fit  T.MeV) ip'" 2 Lo x/dof.

1/27 Singular 100(1)  72(1) 0.50(3) 4.05(7) 4.52
1/40 Singular  97(1)  83(3) 0.47(2) 4.15(6) 2.44
1/60 Singular  93(2) 94(6) 0.41(3) 4.16(7) 1.29
1/80 Singular 103(10) 62(24) 0.6(2) 4.1(1) 1.59

quark mass ratio H = 1/27. However, even when including
these datasets we obtain a reasonable fit result for 28 data
points using only the three nonuniversal parameters of the
3D, O(2) scaling functions.

A related observable is the ratio of the chiral suscep-
tibility and the chiral order parameter which has been used
in [20] to determine the chiral phase transition temperature
in (2 4 1)-flavor QCD,

H)(M,,(T’ mg, N,,) _ f}(,L (Z, ZL) + Hl_l/{sfreg(T)
My(T,my,Ny)  fgi(z.20) +H' VP f i (T)

(23)

Unlike the difference M, analyzed above this ratio is
sensitive to regular contributions as well as the subtraction
of a UV divergent term. It, however, eliminates the explicit
dependence on the nonuniversal scale parameter 4. For the
contributions of the regular term we use a leading order
Taylor expansion in the vicinity of the chiral transition

temperature, T,
T-T,. T-T,\2

freg(T> =ap+a ) T,

In the temperature range analyzed by us this regular term,
also takes care of the UV divergent contribution to the order
parameter, as is apparent from Fig. 1. We note that in this fit
Ansatz the nonuniversal parameter /s, does not explicitly
appear as an independent fit parameter, but is absorbed as

an overall factor h(l)/ ° in the fit parameters a; of the
regular term.

We perform a FSS analysis of the ratio given in
Eq. (23). We again performed fits in different fit intervals
Hel0,H,,| and a small temperature interval,
T/[MeV] € [0, 121]. In this temperature interval it suffices
to use a regular term, given by Eq. (24), with a, = 0.
Results of these fits are summarized in the upper part
of Table IV and are shown in Fig. 7 for the two cases
H.x = 1/27 and 1/40, respectively.

We note that the fits based on differences of M, and y,,,
and the fit of the ratio Hy,, /M), are in excellent agreement
with each other, although only the latter is sensitive to
regular contributions to the chiral observables. The param-
eters of the singular part of these fits are consistent with
each other within errors. The parameters of the regular term
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TABLE IV. Parameters of fits to the ratio Hy,,, /M, using the
Ansatz given in Eq. (23). The upper half shows fit results obtained
with a regular term including terms linear in temperature, while in
the lower half only results for fits with a constant term in the
regular part are shown. For the smallest bound on the quark mass
ratio, H,, = 1/80, we also show the result from a fit the uses
only the singular part of the fit Ansatz.

T. MeV)  zg ZLo 4o a;
H s Singular part Regular part  y2/d.o.f.
1/27 1012) 0.58(7) 4.048) —0.4(4) —04(32) 2.97
140 93(4) 037(7) 4.15(6) =5(2)  —14(4)  1.32
1/60  93(4)  0.4(1) 4.15(7) —4(2) 6(8) 0.77
1/27 101(1) 0.57(4) 4.04(8) —0.1(1) e 2.85
1/40 100(1) 0.56(4) 4.17(7) —1.6(3) 1.89
1/60  96(1) 0.49(3) 4.16(7) —3.1(4) e 0.73
1/80 98(8) 0.50(8) 4.1(1) —0.8(5.5) 1.06
1/80  100(1) 0.51(3) 4.09(8) 0.85

seem to be quite sensitive to the upper bound (H ,,,) for the
set of quark masses used in the fit. They are not well
determined in the small temperature interval used for these
fits. In fact, the y?/d.o.f. changes only little when only the
leading temperature dependent term in the fit is used. The
resulting parameters for this fit are shown in the lower half
of Table IV.

For the case of H,,, = 1/80 the regular contribution
vanishes within errors. We thus also give the result of a fit
that only uses the singular term in the fit Ansatz. As can be
seen this suffices to obtain a good fit at this small value of
the quark mass and yields fit results for the nonuniversal
parameters of the scaling functions that are in good
agreement with those obtained in a larger quark mass
range by including contributions from a regular term.

We also performed fits that include a quadratic correction
in the regular term. This allows us to enlarge the fit range
for temperatures above the transition temperature up to
values that correspond to the pseudocritical temperature for
the largest quark mass contributing to the fit. This way we
still obtain fits with y?/d.o.f. close to unity. Results of these
fits are summarized in Table V. We note that these fits give
large coefficients with opposite sign for terms linear and
quadratic in temperature. The reduced temperature factor
tto = (T —T,)/T. is about 1/3 at the upper end of the fit

0.90 ‘ ‘ ‘ 1

R -N

L Hyw /M Solid: Hng,=1/27 g —

1 0 27|24 -

070 o it

060 ©@ % i e

10|32 e

= 60 |40 o

- 80|32 ~&—~

. 80 |40 ~%=
. ——
0.20 ‘

110 115 120 125 130

FIG. 7. Finite size scaling fits to the ratio of chiral suscep-
tibility, ;(Mb(T, my, N,), and chiral order parameter,
M, (T, m,, N,), with (solid lines) and without (dotted lines)
the largest quark mass ratio H = 1/27. The gray region has been
left out of the fits. Shown is a fit as given in Eq. (23) with a regular
contribution linear in temperature (a, = 0). The fit parameters are
summarized in Table IV.

interval, 7 ~ 130 MeV, which is comparable with the
difference in magnitude of the coefficients a; and a,,
i.e. contributions from linear and quadratic terms in the
regular part compensate each other to a large extent. We
thus conclude that the parameters of the singular part of our
fits are well determined, while the parametrization of the
regular is not strongly constrained.

B. FSS analysis of the pseudocritical temperature

The chiral phase transition temperature 7. can be deter-
mined from a finite size scaling analysis of the pseudocritical
temperature T ,.(m,, N,), which can be obtained straight-
forwardly from our data for y, (T, m,, N,).

To determine T,.(m, N,) from the maxima of
m,(T,m,, N,;), 100 bootstrap samples were constructed
at the level of saved gauge configurations for each volume
and quark mass, followed by fitting the y,, data in the peak
region to a quadratic Ansatz for each such bootstrap sample.
Starting with a minimum of three points, the fit interval was
increased by adding one point at a time on either side of the
peak to go up to a maximum of five points in all. In this
way, we performed around 3-5 fits for each bootstrap
dataset. The final value of T',.(m,,N,) for a given quark
mass and volume was obtained by taking the mean of
all the fits performed on the 100 bootstrap samples and

TABLE V. Parameters of fits to Hy,, /M, using a regular term quadratic in the reduced temperature fy. We give
results for different fit ranges and cuts on the quark mass range: 7 < 135 MeV for H = 1/27, T < 130 MeV for

H =1/40, T < 126 MeV for H = 1/60.

T, (MeV) ) 21,0 a aj a,
H Singular part Regular part x*/d.o.f.
1/27 101(2) 0.55(6) 4.09(6) 2.0(7) —39(8) 139(20) 3.45
1/40 91(4) 0.33(6) 4.15(5) -0.5(2.1) —27(15) 81(26) 1.51
1/60 91(4) 0.33(7) 4.14(5) -1.6(1.4) —21(10) 60(17) 0.73
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TABLE VI. Results for pseudocritical temperatures obtained
from the maxima of the total chiral susceptibility on lattice with
temporal extent N, = 8 and different spatial lattice sizes.

H™! m, N, T, MeV) N, T, (MeV)
27 0.00309 24 136.0(1.2) 32 136.8(1.9)
40 0.00220 24 127.9(1.9) 32 131.9(1.2)
60 0.00159 . e 40 126.8(0.9)
80 0.001237 32 115.7(1.2) 40 118.4(1.4)

error was the standard deviation of this distribution. The
resulting estimates for the finite-volume pseudocritical
temperatures for all available lattice sizes are given in
Table VI. Similar procedure was used to locate the peak
position of ;(ﬂ,i,sbc for the highest available volumes for each
quark mass.

We present our results for 7', (m,, N,;) for all the quark
masses and volumes in Fig. 8. We fitted these data using the
FSS scaling Ansatz for T, deduced from the FSS Ansarz
for yy, (T, m,,N,) = OM,/OH using Eq. (23),

Ty(m,.N,) =T, (1 +%§L)H1/ﬂ5>, (25)

where z,(0) = z,, gives the location of the maximum of the
infinite volume O(2) scaling function f,(z) and z,(z, ) is a
parametrization of the finite volume dependence of this
peak location [36],

zp(z1) = 2,(1 = 1.361(8) /2, ™). (26)

This parametrization holds for z; < 0.9. The resulting fits
for the pseudocritical temperatures are also shown in Fig. 8,
again for the cases with and without including the largest
quark mass, H = 1/27, used in our calculations. The chiral
phase transition temperatures obtained from these fits are

145 ["Tpe [MeV] Hatched: Hrae=1/27 |
i 0(2) _
140 Solid: Hyag=1/40 1
H
135 ||||||||||||||||||I§|||.? 2 q 27 ke
130 40 Fed
i et
125 60
80 H+
120
115
[N/(NgHVPO)3
| | | | |

110
0.0 0.5 1.0 1.5 2.0 25 3.0 3.5

FIG. 8. Results for the peak location 7', (m,,, N ;) plotted versus
the finite volume scaling variable (z; /z; ¢)® = (N./(N,H"/#))3.
The data are plotted as points whereas the bands are the fit results
for two different choices of the fit interval in H.

TABLE VII. Results for the nonuniversal parameters entering

the fit to the pseudocritical temperature, T, given in Eq. (25).

H T, MeV) 20 L0 ;(Z/dof

1/27 102(2) 0.57(5) 3.8(2) 3.58
1/40 95(3) 0.41(5) 3.7(2) 2.68

given in Table VII. The chiral phase transition temperature
as well as the nonuniversal parameters z, and z; ( obtained
from the analysis of the maxima of y,,, are within errors in
agreement with those deduced from our analysis of M, and
the ratio Hy,, /M,.

In Fig. 9 we show extrapolation of the pseudocritical
temperatures to the chiral limit using 7', obtained on the
largest volumes available for each mass. This gives T, =
103(3) and 97(4) MeV with H,, = 1/27 and 1/40,
respectively. These numbers are in complete agreement
with the previously found numbers from the FSS fits. In
fact, the FSS fits shown in Fig. 8 suggest that the
pseudocritical temperatures, obtained on our largest latti-
ces, differ from the infinite volume extrapolated results by
less than 2 MeV.

We took into account the systematic differences in our
fits resulting from changes of the fit range for H as well as
the fit Ansdtze that include or leave out contributions from
regular terms in the different observables we fitted.
Averaging over all these fit results for 7. we obtain for
the chiral phase transition temperature in three-flavor QCD
on lattices with temporal extent N, = 8§,

T, =987 MeV. (27)

This result is consistent within errors with all fit results for
T, presented in Tables III to VII and shown in Fig. 10.

150 \ \
Tpc [MeV]
140 - 0@ IIIEII
green: Hpax=1/27 ‘I
130 7 red: Hpax=1/40 B

120 N=8 7

circle: highest vol.

110 square: inf. vol. from FSS

hatched: T, from FSS
100

H1/B6
|

| | | | | |
0 0.02 0.04 006 0.08 01 012 0.14 0.16

FIG. 9. The pseudocritical temperatures obtained from the peak
location 7', (mq,Ng) on the largest available volumes (circle),
plotted versus H'/%°_ Results at finite volume correspond to
m,L~4 (H' =27, 60) and m,L ~3.3 (H™! =40, 80), re-
spectively. Also shown are results for the infinite volume
extrapolated pseudocritical temperatures (squares) obtained from
the FSS analysis shown in Fig. 8.
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FIG. 10. Summary of the fit results for 7. obtained from
various observables using different fit Ansdtze and datasets as
discussed in the text.

Weighting with the Akaike information criterion or by the
inverse of the squared error form each fit yields estimates
for T. which agree very well with the value quoted
in Eq. (27).

Our result for the chiral phase transition temperature,
obtained from a scaling analysis for nonzero quark
masses corresponding to pseudoscalar Goldstone masses
m, 2 80 MeV, relies on the occurrence of second order
phase transition in the chiral limit. In support of this we
show in Fig. 11 the ratio M/, , evaluated at the position
of the maxima of y,, for fixed H. The dashed curves,
following the data, show the result of the fit to Hy,, /M,
given in Eq. (23), using a regular term up to quadratic order
in T and evaluated at T, obtained from Eq. (25), with
7,(z,) approximated by its infinite volume value z,(0).
This ratio is compared to straight lines with slopes given by
the parameter ratio of scaling functions for the 3D, O(2)
universality class (red) and three lines corresponding to the
Z(2) universality class, respectively. The latter is shown for
three hypothetical critical masses H ., below which a region
of first order transitions might exist in three-flavor QCD.
This comparison puts stringent bounds on the possible
on a critical quark mass below which a first order chiral
phase transition may still occur. For quark mass ratios
smaller than H =~ 1/60 results for Hy,, /M,, evaluated at

80 90 110 140 m, [MeV]
0.08 i : )
M/ @T
0.07 | oM, = Tpo N
0.06 | O(2)+reg. Hpoy=1/27 —oemee
0.05 | O(2)+reg. Hy,q=1/40
0.04 |
0.03
Z(2)@H=11160 —
002 Z(2)@H =1/240 —
0.01 Z(2)@H=1/320 —
0.00 P ‘ ‘
H
\\‘bo ,\\@0 \\b‘o \\fi\
FIG. 11. The ratio M,/yy, versus the quark mass ratio H

compared to scaling predictions from the O(2) and Z(2)
universality classes. The dashed curves (blue and green) show
the result of fits as discussed in the text.

T,.(m,, N,) are in good agreement with the parameter free
universal O(2) scaling function. This leaves little room for
a nonvanishing H. and a possible approach of the data for
M,/ yu, to the universal Z(2) scaling function. Our results
thus suggest a continuous chiral phase transition in the 3D,
O(2) universality class at least at finite values of the cutoff
corresponding to N, = 8.

VI. CONCLUSIONS

We have presented results on the chiral phase transition
in three-flavor QCD. Our calculations have been performed
for finite values of the lattice spacing, corresponding to
N, = 8. For the range of quark masses, corresponding in
the continuum limit to light pseudoscalar Goldstone masses
in the range 80 MeV < m, < 140 MeV we find no direct
evidence for a conjectured first order phase transition. In
the transition region we observe pseudocritical behavior
with a finite volume dependence that is consistent with the
expected FSS behavior in the 3D, O(2) universality class.
The parameter free comparison of the ratio M,,/yy, with
3D, O(2) and Z(2) scaling functions gives further support
for a second order phase transition in the chiral limit
of three-flavor QCD, at least on lattices with temporal
extent N, = 8. For the chiral phase transition temperature
at these nonvanishing values of the lattice spacing we
find 7. = 98" MeV.

In (2 4 1)-flavor QCD the chiral phase transition at this
value of the cutoff was about 10 MeV larger than the
continuum limit extrapolated phase transition temperature.
Assuming that cutoff effects are of similar magnitude also
in three-flavor QCD, in the continuum limit the chiral phase
transition temperature in three-flavor QCD is expected to
be below 90 MeV. This needs to be confirmed in future
calculation.

We also find that the pseudocritical temperature at a
pseudoscalar mass of about 110 MeV, which corresponds
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to H ~ 1/40, is about (30-40) MeV larger than T, i.e., it is
about 135 MeV as shown in Fig. 8. This is indeed consistent
with the estimate of the transition temperature at this value
of the pseudoscalar mass obtained with Wilson fermions
[11]. In this case, however, the transition temperature is
identified as the location of the end point of a region of first
order phase transitions. The difference between the two
results obtained within the staggered and Wilson fermion
discretization schemes, respectively, will need to be inves-
tigated further in the future.

The data corresponding to the plots in this work can be
found in Ref. [38].

ACKNOWLEDGMENTS
This work was supported by the Deutsche
Forschungsgemeinschaft (DFG, German Research

Foundation) Project No. 315477589-TRR 211 and Grant
No. 283286 of the European Union. This research used
awards of computer time made available through: (i) the
GPU-cluster at the Centre for High Energy Physics of the
Indian Institute of Science, Bangalore, India; (ii) the GPU-
cluster at Bielefeld University, Germany; (iii) a PRACE
grant at CINECA, Italy; (iv) the Gauss Center at NIC-
Jiilich, Germany. We thank the Bielefeld HPC.NRW team
for their support.

[1] R.D. Pisarski and F. Wilczek, Phys. Rev. D 29, 338 (1984).

[2] Y. Aoki, G. Endrodi, Z. Fodor, S. D. Katz, and K. K. Szabo,
Nature (London) 443, 675 (20006).

[3] F.R. Brown, E. P. Butler, H. Chen, N. H. Christ, Z.-h. Dong,
W. Schaffer, L. I. Unger, and A. Vaccarino, Phys. Rev. Lett.
65, 2491 (1990).

[4] A. Pelissetto and E. Vicari, Phys. Rev. D 88, 105018
(2013).

[5]1 S. Resch, F. Rennecke, and B.-J. Schaefer, Phys. Rev. D 99,
076005 (2019).

[6] F. Karsch, E. Laermann, and C. Schmidt, Phys. Lett. B 520,
41 (2001).

[7] E. Karsch, C. R. Allton, S. Ejiri, S.J. Hands, O. Kaczmarek,
E. Laermann, and C. Schmidt, Nucl. Phys. B 129, 614
(2004).

[8] L. Varnhorst, Proc. Sci., LATTICE2014 (2015) 193.

[9] P. de Forcrand and M. D’Elia, Proc. Sci., LATTICE2016
(2017) 081 [arXiv:1702.00330].

[10] A. Bazavov, H. T. Ding, P. Hegde, F. Karsch, E. Laermann,
S. Mukherjee, P. Petreczky, and C. Schmidt, Phys. Rev. D
95, 074505 (2017).

[11] Y. Kuramashi, Y. Nakamura, H. Ohno, and S. Takeda, Phys.
Rev. D 101, 054509 (2020).

[12] F. Cuteri, O. Philipsen, and A. Sciarra, J. High Energy Phys.
11 (2021) 141.

[13] A. Pelissetto, A. Tripodo, and E. Vicari, Phys. Rev. D 96,
034505 (2017).

[14] M. D’Elia, Nucl. Phys. A982, 99 (2019).

[15] J. Braun and H. Gies, J. High Energy Phys. 06 (2006) 024.

[16] M. P. Lombardo, K. Miura, T.J. Nunes da Silva, and E.
Pallante, Int. J. Mod. Phys. A 29, 1445007 (2014).

[17] A. Bazavov et al. (HotQCD Collaboration), Phys. Lett. B
795, 15 (2019).

[18] S.Borsanyi, Z. Fodor, J. N. Guenther, R. Kara, S. D. Katz, P.
Parotto, A. Pasztor, C. Ratti, and K. K. Szabo, Phys. Rev.
Lett. 125, 052001 (2020).

[19] S. Ejiri, F. Karsch, E. Laermann, C. Miao, S. Mukherjee, P.
Petreczky, C. Schmidt, W. Soeldner, and W. Unger, Phys.
Rev. D 80, 094505 (2009).

[20] H. T. Ding, P. Hegde, O. Kaczmarek, F. Karsch, A. Lahiri,
S.-T. Li, S. Mukherjee, H. Ohno, P. Petreczky, C. Schmidt,
and P. Steinbrecher, Phys. Rev. Lett. 123, 062002 (2019).

[21] A.Y. Kotov, M. P. Lombardo, and A. Trunin, Phys. Lett. B
823, 136749 (2021).

[22] A. Bazavov et al., Phys. Rev. D 85, 054503 (2012).

[23] A. Bazavov et al. (HotQCD Collaboration), Phys. Rev. D
86, 034509 (2012).

[24] A. Bazavov et al. (HotQCD Collaboration), Phys. Rev. D
90, 094503 (2014).

[25] L. Altenkort, D. Bollweg, D. A. Clarke, O. Kaczmarek,
L. Mazur, C. Schmidt, P. Scior, and H.-T. Shu, arXiv:
2111.10354.

[26] M. A. Clark, A. D. Kennedy, and Z. Sroczynski, Nucl. Phys.
B, Proc. Suppl. 140, 835 (2005).

[27] M. A. Clark, P. de Forcrand, and A. D. Kennedy, Proc. Sci.,
LAT2005 (2006) 115 [arXiv:hep-lat/0510004].

[28] S. Aoki et al. (Flavour Lattice Averaging Group), Eur. Phys.
J. C 80, 113 (2020).

[29] J. Engels, S. Holtmann, T. Mendes, and T. Schulze, Phys.
Lett. B 492, 219 (2000).

[30] J. Engels and T. Mendes, Nucl. Phys. B572, 289 (2000).

[31] J. Engels, L. Fromme, and M. Seniuch, Nucl. Phys. B675,
533 (2003).

[32] J. Engels and F. Karsch, Phys. Rev. D 85, 094506 (2012).

[33] J. Engels, S. Holtmann, T. Mendes, and T. Schulze, Phys.
Lett. B 514, 299 (2001).

[34] O. Kaczmarek, F. Karsch, A. Lahiri, and C. Schmidt, Acta
Phys. Pol. B Proc. Suppl. 14, 291 (2021).

[35] J. Engels and F. Karsch, Phys. Rev. D 90, 014501 (2014).

[36] F. Karsch, A. Lahiri, and M. Neumann, Finite size scaling
functions of the three dimensional O(2) and Z(2) univer-
sality classes (unpublished).

[37] D. Bollweg, J. Goswami, O. Kaczmarek, F. Karsch, S.
Mukherjee, P. Petreczky, C. Schmidt, and P. Scior (HotQCD
Collaboration), Phys. Rev. D 104, 074512 (2021).

[38] L. Dini, P. Hegde, F. Karsch, A. Lahiri, C. Schmidt, and
S. Sharma, Bielefeld University, 10.4119/unibi/2960835
(2022).

034510-12


https://doi.org/10.1103/PhysRevD.29.338
https://doi.org/10.1038/nature05120
https://doi.org/10.1103/PhysRevLett.65.2491
https://doi.org/10.1103/PhysRevLett.65.2491
https://doi.org/10.1103/PhysRevD.88.105018
https://doi.org/10.1103/PhysRevD.88.105018
https://doi.org/10.1103/PhysRevD.99.076005
https://doi.org/10.1103/PhysRevD.99.076005
https://doi.org/10.1016/S0370-2693(01)01114-5
https://doi.org/10.1016/S0370-2693(01)01114-5
https://doi.org/10.1016/S0920-5632(03)02659-8
https://doi.org/10.1016/S0920-5632(03)02659-8
https://doi.org/10.22323/1.214.0193
https://doi.org/10.22323/1.256.0081
https://doi.org/10.22323/1.256.0081
https://arXiv.org/abs/1702.00330
https://doi.org/10.1103/PhysRevD.95.074505
https://doi.org/10.1103/PhysRevD.95.074505
https://doi.org/10.1103/PhysRevD.101.054509
https://doi.org/10.1103/PhysRevD.101.054509
https://doi.org/10.1007/JHEP11(2021)141
https://doi.org/10.1007/JHEP11(2021)141
https://doi.org/10.1103/PhysRevD.96.034505
https://doi.org/10.1103/PhysRevD.96.034505
https://doi.org/10.1016/j.nuclphysa.2018.10.042
https://doi.org/10.1088/1126-6708/2006/06/024
https://doi.org/10.1142/S0217751X14450079
https://doi.org/10.1016/j.physletb.2019.05.013
https://doi.org/10.1016/j.physletb.2019.05.013
https://doi.org/10.1103/PhysRevLett.125.052001
https://doi.org/10.1103/PhysRevLett.125.052001
https://doi.org/10.1103/PhysRevD.80.094505
https://doi.org/10.1103/PhysRevD.80.094505
https://doi.org/10.1103/PhysRevLett.123.062002
https://doi.org/10.1016/j.physletb.2021.136749
https://doi.org/10.1016/j.physletb.2021.136749
https://doi.org/10.1103/PhysRevD.85.054503
https://doi.org/10.1103/PhysRevD.86.034509
https://doi.org/10.1103/PhysRevD.86.034509
https://doi.org/10.1103/PhysRevD.90.094503
https://doi.org/10.1103/PhysRevD.90.094503
https://arXiv.org/abs/2111.10354
https://arXiv.org/abs/2111.10354
https://doi.org/10.1016/j.nuclphysbps.2004.11.192
https://doi.org/10.1016/j.nuclphysbps.2004.11.192
https://doi.org/10.22323/1.020.0115
https://doi.org/10.22323/1.020.0115
https://arXiv.org/abs/hep-lat/0510004
https://doi.org/10.1140/epjc/s10052-019-7354-7
https://doi.org/10.1140/epjc/s10052-019-7354-7
https://doi.org/10.1016/S0370-2693(00)01079-0
https://doi.org/10.1016/S0370-2693(00)01079-0
https://doi.org/10.1016/S0550-3213(00)00046-8
https://doi.org/10.1016/j.nuclphysb.2003.09.060
https://doi.org/10.1016/j.nuclphysb.2003.09.060
https://doi.org/10.1103/PhysRevD.85.094506
https://doi.org/10.1016/S0370-2693(01)00798-5
https://doi.org/10.1016/S0370-2693(01)00798-5
https://doi.org/10.5506/APhysPolBSupp.14.291
https://doi.org/10.5506/APhysPolBSupp.14.291
https://doi.org/10.1103/PhysRevD.90.014501
https://doi.org/10.1103/PhysRevD.104.074512
https://doi.org/10.4119/unibi/2960835
https://doi.org/10.4119/unibi/2960835

