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The Cabibbo-Kobayashi-Maskawa matrix elements jVcbj and jVubj can be obtained by combining data
from the experiments with lattice QCD results for the semileptonic form factors for the B̄ → D�lν̄ and
B̄ → πlν̄ decays. It is highly desirable to use the Oktay-Kronfeld (OK) action for the form factor
calculation on the lattice, since the OK action is designed to reduce the heavy quark discretization error
down to the Oða4Λ4Þ ≃OðΛ4=ð2mQÞ4Þ level in the power counting rules of the heavy quark effective
theory (HQET). Here, we present a matching calculation to improve heavy-heavy and heavy-light currents
up to the λ3 order in HQET, the same level of improvement as the OK action. Our final results for the
improved currents are being used in a lattice QCD calculation of the semileptonic form factors for the
B̄ → D�lν̄ and B̄ → Dlν̄ decays.
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I. INTRODUCTION

The Cabibbo-Kobayashi-Maskawa (CKM) matrix con-
tains four of the fundamental parameters of the Standard
Model (SM) which describes flavor-changing phenomena
and CP violation [1,2].
The CKM matrix is a 3 × 3 unitary matrix, and jVcbj is a

CKM matrix element which describes flavor-changing
weak interactions between bottom and charm quarks.
jVcbj is an important quantity in particle physics. It
constrains one side of the unitarity triangle through the
ratio jVubj=jVcbj. It gives the dominant uncertainty in
the determination of the CP violation parameter εK in
the neutral kaon system, where there is currently tension
between the SM and experiment [3].
There are two competing and independent methods to

determine jVcbj: one is to derive jVcbj from the exclusive
decays (B̄ → D�lν̄ and B̄ → Dlν̄) and the other is to

obtain jVcbj from the inclusive decays (B → Xclν). There
exists currently 3σ–4σ tension between the exclusive jVcbj
and the inclusive jVcbj [4,5], which makes the study of
jVcbj even more interesting.
Another motivation to study the exclusive decays

(B̄ → D�lν̄ and B̄ → Dlν̄) is the tension in RðDð�ÞÞ
between the SM theory and experiment [6]. An update
from HFLAV [6] gave the combined tension in RðDÞ and
RðD�Þ to be about 3.8σ. A recent report from HFLAV [4]
and BELLE [7] claimed that the tension is about 3σ. Hence,
more precise determination of the semileptonic form
factors for the exclusive decays will be important to
confirm or dismiss a potential new physics possibility.
When we determine jVcbj from the exclusive decays

such as B̄ → D�lν̄, there are two different sources of
uncertainty: One comes from the theory, and the other
comes from experiment. Basically the experiments deter-
mine jVcbj · jF ð1Þj and the theory determines the form
factors jF ð1Þj. The dominant uncertainty in the calculation
of the semileptonic form factors jF ð1Þj comes from the
heavy-quark discretization [8]. Hence, it is essential to
reduce the heavy-quark discretization error as much as
possible in order to achieve higher precision in jF ð1Þj.
It is challenging to reduce the discretization errors for b

and c quarks, since the heavy quark masses are comparable

*wlee@snu.ac.kr
†leemjaehoon@kias.re.kr

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 105, 034509 (2022)

2470-0010=2022=105(3)=034509(22) 034509-1 Published by the American Physical Society

https://orcid.org/0000-0002-9040-4134
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.034509&domain=pdf&date_stamp=2022-02-18
https://doi.org/10.1103/PhysRevD.105.034509
https://doi.org/10.1103/PhysRevD.105.034509
https://doi.org/10.1103/PhysRevD.105.034509
https://doi.org/10.1103/PhysRevD.105.034509
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


with or greater than the inverse of the lattice spacing 1=a.
The Symanzik improvement program [9] does not work for
amQ ≈ 1. The Fermilab formalism [10] makes it possible to
control the discretization errors of bottom and charm
quarks on relatively coarse lattices. In the Fermilab
formalism, the lattice artifacts for heavy quarks are
bounded in the limit ofmQa → ∞, and they can be reduced
systematically by tuning coefficients of the action. With a
nonrelativistic interpretation of the Wilson action, one can
match the lattice theory to continuum QCD using the
heavy-quark effective theory (HQET) for heavy-light
systems [11–13] or nonrelativistic QCD (NRQCD) for
quarkonia [14,15]. Here we can estimate the lattice artifacts
due to neglecting the truncated higher order terms by using
the power counting of HQET or NRQCD.
A relativistic approach is also available for controlling

systematic errors due to heavy quark masses. In the heavy-
highly improved staggered quarks (HISQ) approach of
HPQCD [16–18], HISQ [19] valence quarks are simulated
on fine (a ∼ 0.045–0.09 fm) gauge ensembles with 2þ
1þ 1 HISQ sea quarks [20]. For the b quark, a number of
unphysically light masses (mh < mb) are used, and the data
are extrapolated to the physical point. The heavy-HISQ
approach has the advantage that the lattice currents are
automatically renormalized, which drastically reduces the
current matching error. This approach exchanges uncer-
tainty in the extrapolation for reduction in the match-
ing error.
The Fermilab action includes the dimension five oper-

ators of the Wilson clover action and is improved up to the
λ1 order in HQET [10]. Here, λ is an expansion parameter
for HQET:

λ ∼ Λ=ð2mQÞ; aΛ; ð1Þ

where Λ ≃ 500 MeV is a generic energy scale in HQET.
The Oktay-Kronfeld (OK) action is an extension of the
Fermilab action and is improved up to the λ3 order in HQET
[21]. In order to calculate weak matrix elements while
taking advantage of the full merits of the OK action, it is
essential to improve also the flavor-changing currents up to
the λ3 order at the tree level. In this paper we explain
additional operators needed to improve the currents up to
the λ3 order and a matching calculation to determine the
coefficients for these operators. The resulting improved
currents can be used to calculate the semileptonic form
factors for the B̄ → D�lν̄ and B̄ → Dlν̄ decays [22,23].
In Sec. II we briefly review the Fermilab formalism and

show the explicit forms of the Fermilab and OK actions. In
Sec. III we introduce an approach to current improvement
and build up the improved current. In Sec. IV we explain
the matching calculations and determine the improvement
parameters, the coefficients for the improved current
operators. In Sec. V we present an interpretation of the
matching calculation based on HQET. The HQET

interpretation clarifies the structure of the matching con-
ditions and provides a cross-check. In Sec. VI we present
the results for the improvement parameters and discuss
their continuum and static limits. In Sec. VII we conclude.
The Appendixes contain technical details on the matching
calculations and comparison of the continuum limit with
results from the Symanzik program.
Preliminary results for the improved currents were

presented in [24].

II. LATTICE ACTIONS FOR HEAVY QUARKS

The Fermilab method [10] is used to systematically
improve lattice gauge theories with Wilson quarks [25]
with masses comparable to the lattice cutoff, amQ ≃ 1.
Symanzik’s original local effective description of lattice
gauge theory [9] assumes amQ ≪ 1, and so it does not
apply to heavy quarks. Instead, HQET and NRQCD can be
used as alternative effective field theories to describe the
lattice artifacts of heavy quarks [26–28]. A dual expansion
in λ ∼ Λ=ð2mQÞ ∼ aΛ is used to construct the Oðλ1Þ action
of effective-continuum HQET. Using a generalized version
of Symanzik’s effective field theory together with effective-
continuum HQET and NRQCD, an improved version of
the Fermilab action was developed in Ref. [21]. It is called
the OK action, which includes improvement terms
through Oðλ3Þ.
The Fermilab method begins with the observation that

time-space axis-interchange symmetry does not needs to be
respected to tune the lattice action and currents to the
renormalized trajectory [29]. For systems with heavy
quarks, Ref. [10] introduced independent, mass-dependent
couplings for the spatial and temporal parts of the clover
term [30] and pointed out the sufficiency of including only
spatial terms at higher order, without altering the Wilson
time derivative. Constructing the transfer matrix and
deriving the Hamiltonian, it is shown that the discretization
errors remain bounded as amQ → ∞.
The analysis of the lattice Hamiltonian also led to

introducing an improved quark field for flavor-changing
currents [10]. Constructing flavor-changing currents with
the improved quark fields, the coefficients of the improve-
ment terms can be determined uniquely by matching two-
quark matrix elements. In Refs. [27,28], it was proven that
for improvement through OðλÞ in HQET it is sufficient to
match the improved field at tree level.
The equivalence of the lattice theory and HQET can be

expressed by the relation

Slat ≐ SHQET ¼
Z

d4xLHQET; ð2Þ

where the symbol ≐ means that, in the regime where both
theories hold, all physical amplitudes with external states
on shell are equal to each other, and
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LHQET ¼ h̄þ
�
D4 þm1 −

D2

2m2

þ zBiσ · B
2mB

�
hþ þ � � � ; ð3Þ

where zB is the matching coefficient for the chromomag-
netic term and m1, m2, and mB are the rest, kinetic, and
chromomagnetic masses of the quark, respectively. Here,
hþ is a heavy-quark field which satisfies γ4hþ ¼ hþ. When
we consider matching between the lattice theory and
HQET, the rest mass m1 makes no difference because it
does not affect the energy splittings and the matrix elements
[26]. The bare mass (or the hopping parameter) is deter-
mined by demanding that the kinetic mass m2 be equal to
the physical mass.
The explicit formula of the Fermilab action [10] is

SFermilab ¼ S0 þ SB þ SE; ð4Þ

where

S0 ¼ a4
X
x

�
m0ψ̄ðxÞψðxÞ þ ψ̄ðxÞγ4Dlat;4ψðxÞ

þ ζψ̄ðxÞγ · DlatψðxÞ −
1

2
aψ̄ðxÞΔ4ψðxÞ

−
1

2
rsζaψ̄ðxÞΔð3ÞψðxÞ

�
; ð5Þ

wherem0 is a bare quark mass, the parameter ζ breaks axis-
interchange symmetry if ζ ≠ 1, and rs is the Wilson
parameter for the spatial directions. The lattice covariant
derivative operators are

Dlat;μψ ¼ ð2aÞ−1ðTμ − T−μÞψ ; ð6Þ

Δμψ ¼ a−2ðTμ þ T−μ − 2Þψ ; ð7Þ

Δð3Þψ ¼
X3
i¼1

Δiψ ; ð8Þ

where the covariant translation is defined by

T�μψðxÞ ¼ U�μðxÞψðx� aμ̂Þ; ð9Þ

U�μðxÞ ¼ Uðx; x� aμ̂Þ; ð10Þ

where �μ represents the positive and negative directions
along the μ axis, and μ̂ is a unit vector along the μ axis. The
dimension five operators SB and SE are

SB ¼ −
1

2
cBζa5

X
x

ψ̄ðxÞiΣ · BlatψðxÞ; ð11Þ

SE ¼ −
1

2
cEζa5

X
x

ψ̄ðxÞα · ElatψðxÞ: ð12Þ

Here the chromomagnetic and the chromoelectric fields are

Blat;i ¼
1

2
ϵijkFlat

jk ; Elat;i ¼ Flat
4i ; ð13Þ

with the clover field-strength tensor

Flat
μν ¼

1

8a2
X
μ̄¼�μ;
ν̄¼�ν

signðμ̄Þsignðν̄ÞT μ̄T ν̄T−μ̄T−ν̄ − H:c: ð14Þ

Here signðμ̄Þ ¼ �1 for μ̄ ¼ �μ.
The OK action [21] includes counterterms up to λ3 order,

incorporating all dimension six and some dimension seven
bilinear operators. The OK action is

SOK ¼ S0 þ SB þ SE þ S6 þ S7; ð15Þ

where S6 (S7) represents counterterms of dimension six
(seven). Explicitly,

S6 ¼ a6
X
x

ψ̄ðxÞ
�
c1
X
i

γiDlat;iΔlat;i þ c2fγ · Dlat;Δð3Þg

þ c3fγ · Dlat; iΣ · Blatg þ cEEfγ4Dlat;4;α · Elatg�ψðxÞ;
ð16Þ

and

S7 ¼ a7
X
x

ψ̄ðxÞ
X
i

½c4Δ2
i þ c5

X
j≠i

fiΣiBlat;i;Δjg�ψðxÞ:

ð17Þ

The coefficients fcig are determined by matching the
dispersion relation, interaction with a background field,
and Compton scattering amplitude at tree level.
Taking redundant operators into account, the operators in

Eqs. (16) and (17) are a complete set for matching through
Oðλ3Þ at tree level. In general, at dimension six, there are
contributions from not only bilinears, but also four-quark
operators such as

½Q̄ΓQ�½Q̄ΓQ�; ð18Þ

½Q̄ΓQ�
X
f

½q̄fΓqf�; ð19Þ

where Q represents heavy quarks and qf represents light
quarks with flavor f. In the heavy-light system, however,
four-quark operators of the type in Eq. (18) contribute to
physical matrix elements only through heavy-quark loops,
and so contributions from these operators are suppressed by
at least an additional factor of λ2 [21]; such operators are
omitted from the OK action. When [heavy quark]-[light
quark] scattering is matched at tree level, one finds that the
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tree-level coupling of four-quark operators of the type in
Eq. (19) is proportional to a redundant coupling of the pure-
gauge action and can be eliminated by adjusting this
coupling [21]. Thus, the four-quark operators are neglected,
and the OK action has only six new bilinear operators.

III. IMPROVEMENT TERMS FOR THE LATTICE
HEAVY QUARK CURRENTS

In the calculation of hadronic matrix elements for B̄ →
Dð�Þlν̄ decay, heavy-quark discretization errors come from
both the hadronic states and the flavor-changing currents
[26,28]. Using the OK action for b and c quarks, we expect
the hadronic states of theB andDð�Þ mesons to be improved
up to λ3 order by the action itself. To take full advantage of
the OK action for b and c quarks, we must improve the
flavor-changing currents up to λ3 order, the level of
improvement of the OK action. Here we explain how to
improve the currents up to λ3 order using HQET.
The current improvement to first order in λ was studied

in [10,26,28]. If one neglects loop corrections, the current
improvement can be done by introducing an improved
quark field [10,28],

V lat
μ ¼ Ψ̄IcγμΨIb; ð20Þ

Alat
μ ¼ Ψ̄Icγμγ5ΨIb; ð21Þ

where ΨIf is (f ¼ b, c)

ΨIfðxÞ≡ em1fa=2½1þ ad1fγ · Dlat�ψfðxÞ: ð22Þ

Here, the normalization factor em1fa=2 is introduced to
cancel out the field renormalization of the lattice quark
fields: m1fa ¼ logð1þm0faÞ is the rest mass at tree level
(f ¼ b, c). The parameter d1 is an improvement parameter
to be determined by a matching condition. In [10,28], it is
shown that introducing the improved quark field Eq. (22) is
enough for the current improvement at tree level.
Here we would like to extend the idea of the improved

quark field to Oðλ3Þ. We need to find a complete set of
operators up to dimension six. The continuum Foldy-
Wouthuysen-Tani (FWT) transformation [31,32] is a good
starting point.
Let us review how to derive the HQET Lagrangian from

the QCD Lagrangian. The fermionic part of the QCD
Lagrangian in Euclidean space is

LDirac ¼ −Q̄ð=DþmÞQ; ð23Þ

where Q is a heavy quark field with mass m. At tree level,
the HQET Lagrangian can be derived by using a FWT
transformation, which decouples quark and antiquark. The
FWT transformation up to 1=m4 order is

Q ¼
�
1 −

1

2m
γ · Dþ 1

8m2
ðγ · DÞ2 þ 1

4m2
α · E

−
3ðγ · DÞ3
16m3

−
γ · Dα · E

8m3
−
fγ4D4;α · Eg

8m3

þ 11ðγ · DÞ4
128m4

þ 3ðγ · DÞ3γ4D4

16m4

þ ðγ · DÞ2γ4D4ðγ · DÞ
8m4

þ 3ðγ · DÞγ4D4ðγ · DÞ2
32m4

þ 5γ4D4ðγ · DÞ3
32m4

þ γ · Dfγ4D4;α · Eg
16m4

þ ðα · EÞ2
32m4

þ 1

16m4
fγ4D4; fγ4D4;α · Egg

�
hþOð1=m5Þ: ð24Þ

The corresponding HQET Lagrangian up to 1=m3 order is

LHQ ¼ h̄þ
�
−D4 −mþ 1

2m
D2 þ i

2m
σ · B

þ D · E − E · D
8m2

þ iσ · ðD × E − E × DÞ
8m2

þ 1

8m3
ðσ · DÞ4 − 1

8m3
ðσ · EÞ2�hþ þ � � � ; ð25Þ

where h is the heavy quark field in the rest frame of the
heavy quark, with quark field hþ and antiquark field h−:

h� ¼ 1� γ4
2

h: ð26Þ

In Eq. (25), we drop terms with the antiquark field h− for
simplicity. Equation (25) is consistent with the NRQCD
Lagrangian at the tree level [33]. A study on extending
Eq. (24) to arbitrary higher order is given in Ref. [34].
Taking the continuum FWT transformation as an ansatz,

we introduce the Oðλ3Þ-improved quark field on the lattice
as follows:

ΨIðxÞ ¼ em1a=2

�
1þ ad1γ · Dlat þ

1

2
a2d2Δð3Þ

þ 1

2
a2dBiΣ · Blat þ

1

2
a2dEα · Elat

þ a3dEEfγ4D4lat;α · Elatg þ
1

6
a3d3γiDlat;iΔi

þ 1

2
a3d4fγ · Dlat;Δð3Þg þ a3d5fγ · Dlat; iΣ · Blatg

þ a3drEfγ · Dlat;α · Elatg þ a3d6½γ4D4lat;Δð3Þ�

þ a3d7½γ4D4lat; iΣ · Blat�
�
ψðxÞ: ð27Þ

Here note that the terms up to dimension five are identical
to those introduced in Ref. [10]. To compare Eq. (27) with
the continuum FWT transformation in Eq. (24), let us
rearrange terms up to Oð1=m3Þ in Eq. (24) as follows:
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Q ¼
�
1 −

1

2m
γ · Dþ 1

8m2
D2 þ i

8m2
Σ · Bþ 1

4m2
α · E

−
fγ4D4;α · Eg

8m3
−
3fγ · D;D2g

32m3
−
3fγ · D; iΣ · Bg

32m3

−
fγ · D;α · Eg

16m3
þ ½γ4D4;D2�

16m3
þ ½γ4D4; iΣ · B�

16m3

�
h

¼ Ub · hb: ð28Þ

All the terms in Eq. (27) except the d3 terms have
corresponding terms in Eq. (28). The d3 term is necessary
to remove rotational symmetry breaking effects on the
lattice.

IV. MATCHING CALCULATION

Now, we need to determine the improvement parameters
di in Eq. (27). There are many relevant matrix elements for
matching. If we choose the simplest two-quark matrix
element, hcðp0; s0ÞjJμjbðp; sÞi (with J ¼ V, A), we can
determine d1–d4, but cannot determine the rest. To deter-
mine the remaining parameters, we match matrix elements
with one-gluon exchange. We can choose the four-quark
matrix element hlðp2; s2Þcðp0; s0ÞjJμjbðp; sÞlðp1; s1Þi,
with one spectator light quark l which exchanges a gluon
with heavy quarks. In the following two subsections, we
show matching calculations with two-quark and four-quark
matrix elements, respectively.

A. Matching two-quark matrix element

Let us consider the following matrix element of lattice
and continuum QCD:

hcðp0; s0ÞjΨ̄IcΓΨIbjbðp; sÞilat ¼ hcðp0; s0Þjc̄Γbjbðp; sÞicon;
ð29Þ

where Γ ¼ γμ; γμγ5 represents the Dirac matrices of the
flavor-changing currents, andΨIb and Ψ̄Ic are the improved
quark fields defined in Eq. (27). In the equations of this
and the following sections, we set a ¼ 1 for notational
convenience.
At tree level, the difference between lattice and con-

tinuum matrix elements comes from the spinors and
normalization factors,

ffiffiffiffi
m
E

r
uðp; sÞ ¼

�
1 −

iγ · p
2m

−
p2

8m2
þ 3iðγ · pÞp2

16m3

�

× uð0; sÞ þOðp4Þ; ð30Þ

The corresponding spinor on the lattice can be expanded as
follows:

N ðpÞulatðp; sÞ ¼ e−m1=2

�
1 −

iζγ · p
2 sinhm1

−
p2

8m2
X

þ i
6

3c1 þ ζ=2
sinhm1

X3
k¼1

γkp3
k þ

3iðγ · pÞp2
16m3

Y

�

× uð0; sÞ þOðp4Þ; ð31Þ

where

1

8m2
X
≡ ζ2

8 sinh2 m1

þ rsζ
4em1

; ð32Þ

3

16m3
Y
≡ 1

2 sinhm1

�
2c2 þ

1

4
e−m1

�
ζ2rsð2 cothm1 þ 1Þ

þ ζ3

sinhm1

�
e−m1

2 sinhm1

− 1

��
þ ζ3

4sinh2m1

�
: ð33Þ

Here N ðpÞ is the normalization factor for a spinor of the
external quark line on the lattice, while

ffiffiffi
m
E

p
is that in the

continuum. Explicit formulas for N ðpÞ, ulatðp; sÞ, uðp; sÞ
are given in Appendix C.
The matching condition can be expressed as

N bðpÞRð0Þ
b ðpÞulatb ðp; sÞ ¼

ffiffiffiffiffiffi
mb

Eb

r
ubðp; sÞ; ð34Þ

N cðp0Þūlatc ðp0; s0ÞR̄ð0Þ
c ðp0Þ ¼

ffiffiffiffiffiffi
mc

Ec

r
ūcðp0; s0Þ; ð35Þ

where subscripts b and c are introduced to distinguish
bottom and charm. Rð0ÞðpÞ represents the zero-gluon
vertex, which contains kinetic corrections and the normali-
zation factor from the improved quark field. The explicit
formula of Rð0ÞðpÞ is given in Appendix C. The overall
factor em1=2 from the improved quark field [in Eq. (27)]
cancels out the overall factor e−m1=2 in Eq. (31), which
leads to the matching condition of Eq. (34).
Expanding in pa and comparing terms up to Oðp3Þ, one

can determine d1, d2, d3, and d4. For example, from
matching in OðpÞ [10,28],

d1 ¼
ζ

2 sinhm1

−
1

2m
¼ ζð1þm0Þ

m0ð2þm0Þ
−

1

2m
: ð36Þ

The results for d2, d3, and d4 are given in Sec. VI.
Especially, the rotational symmetry breaking term with
d3 in Eq. (27) eliminates the unwanted symmetry breaking
term

P
3
k¼1 γkp

3
k in Eq. (31).

In tree level matching, the other improvement parameters
do not contribute to the two-quark matrix element. One
should choose matrix elements with external gluons or
gluon exchange. In the next subsection, we introduce a
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four-quark matrix element with additional light spectator
quarks, which includes a gluon exchange.

B. Matching four-quark matrix element

Let us consider the following four-quark matrix element
for matching:

hlðp2; s2Þcðp0; s0ÞjΨ̄IcΓΨIbjbðp; sÞlðp1; s1Þilat
¼ hlðp2; s2Þcðp0; s0Þjc̄Γbjbðp; sÞlðp1; s1Þicon; ð37Þ

where Γ ¼ γμ; γμγ5 are matrices of the flavor-changing
currents, l represents a light spectator quark (l ∈
fu; d; sg), and c and b represent charm and bottom quarks,
respectively.
At tree level, the connected diagram contains one-gluon

exchange between the light spectator quark and the heavy

quarks. Here we consider only the diagram with one-gluon
exchange at the b-quark line, shown in Fig. 1(a). The
diagram with one-gluon exchange on the c-quark line,
shown in Fig. 1(b), is identical if we switch b → c. The
lattice diagrams which correspond to the continuum dia-
gram in Fig. 1(a) are shown in Figs. 2(a) and 2(b). One-
gluon emission may occur through the one-gluon vertex of
the OK action as in Fig. 2(a) or through the vertex of the
improved quark field as in Fig. 2(b). The small black dot
attached to the current operator (cyan circle) with (without)
a gluon line represents the one-gluon (zero-gluon) vertex of
the improved quark fields. The charm quark part has a
separate matching factor which is completely factorized
from the bottom quark part.
Hence, let us focus on matching the lattice diagrams with

one-gluon exchange on the b-quark line in Fig. 2 to the
continuum diagram in Fig. 1(a). The matching condition is

(a) (b)

FIG. 1. Tree-level continuum diagrams with a gluon exchange. A colored box represents an insertion of the flavor-changing operator.
(a) One-gluon emission from the b quark. (b) One-gluon emission from the c quark.

(a) (b)

FIG. 2. Tree-level lattice diagrams with one-gluon exchange at the b-quark line. (a) One-gluon emission from the action vertex and (b)
one-gluon emission from the improved quark field. A cyan-colored circle represents an insertion of the flavor-changing current operator.
The black dot without a gluon line in (a) and in (b) represents the zero-gluon vertex from the improved quark fields. The black dot with a
gluon line in (b) represents the one-gluon emission vertex from the improved quark field.
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nμðqÞ½Rð0Þ
b ðpþ qÞSlatb ðpþ qÞð−gtaÞΛμðpþ q; pÞ

þ ð−gtaÞRð1Þ
bμ ðpþ q; pÞ�N bðpÞulatb ðp; sÞ

¼ Sbðpþ qÞð−gtaÞγμ
ffiffiffiffiffiffi
mb

Eb

r
ubðp; sÞ; ð38Þ

where q is a four-momentum of the emitted gluon, μ is a
Lorentz index, and ta is a generator of the SU(3) color
group. nμðqÞ ¼ 2 sinð1

2
qμÞ=qμ is the gluon line wave-

function factor [35]. Sb and Slatb are fermion propagators
of b quarks in the continuum and on the lattice, respec-
tively. Here Λμ is one-gluon emission vertex from the OK

action for b quarks. Rð0Þ
b and Rð1Þ

b;μ come from the improved

quark field for b quarks. Rð1Þ
b;μ represents the one-gluon

emission vertex from the improved quark field for b quarks.

Explicit formulas for Λμ and R
ð1Þ
b;μ are given in Appendix C.

Both the spatial momentum of the external b quark, p,
and the four-momentum of the exchanged gluon, q, are
OðΛQCDÞ: p; q; q4 ≈ ΛQCD. They are much smaller than the
physical b-quark mass, mb, and the lattice cutoff scale
1=a ≅ 1.6–4.5 GeV. Hence, it is possible to expand both
sides of Eq. (38) in power series of q=mb, p=mb, qa,
and pa.
When we expand in q and p on both sides of Eq. (38), a

careful treatment is needed with the expansion of the heavy
quark propagator, since it has pole structure. For example,
in the continuum, the heavy quark propagator with
momentum pþ q can be expanded as follows,

Sðpþ qÞ ¼ m − iγ · ðpþ qÞ
m2 þ ðpþ qÞ2

¼ mð1þ γ4Þ − iγ4ðp̃4 þ q4Þ − iγ · ðpþ qÞ
2imðp̃4 þ q4Þ þ ðp̃4 þ q4Þ2 þ ðpþ qÞ2

¼ 1

iðp̃4 þ q4Þ
1þ γ4

2
þ
�
1 − γ4
4m

−
γ · ðpþ qÞ

2mðp̃4 þ q4Þ

þ ð1þ γ4Þðpþ qÞ2
4mðp̃4 þ q4Þ2

�
þ � � � ; ð39Þ

where p̃4 is

p̃4 ¼ p4 − im ¼ i

�
p2

2m
−
ðp2Þ2
8m2

þ � � �
�
: ð40Þ

Note that ðp̃4 þ q4; pþ qÞ is the residual momentum of the
internal heavy quark with momentum pþ q. If we do the
power series expansion as in Eq. (39), then it is natural to
identify each term in the matrix element in terms of HQET.
Similarly, we can apply the power series expansion to the

OK-action heavy quark propagator [21]

Slatðpþ qÞ ¼ ½μðpþ qÞ − cosðp4 þ q4Þ
þ iγ4 sinðp4 þ q4Þ þ iγ · Kðpþ qÞ�−1; ð41Þ

where

KiðpÞ ¼ sinðpiÞ½ζ − 2c2p̂2 − c1p̂2
i �; ð42Þ

μðpÞ ¼ 1þm0 þ
1

2
rsζp̂2 þ c4

X
i

ðp̂iÞ4: ð43Þ

Here p̂i ¼ 2 sinðpi=2Þ. Since p; qμ ≪ 1=a;m0, we can
expand the lattice propagator as in Eq. (39),

Slatðpþ qÞ ¼ e−m1

�
1

iðp̃lat
4 þ q4Þ

1þ γ4
2

þ � � �
�
; ð44Þ

where the ellipsis represents higher order terms. Here,
note that

p̃lat
4 ¼ p4 − im1

¼ i

�
1

2m2

p2 −
1

6
w4

X
i

p4
i −

1

8m2
4

p4
�
þ � � � ; ð45Þ

where m2, m4, and w4 [21] are functions of the OK action
coefficients. Their explicit formulas are given in
Appendix E. In the construction of the OK action, the
dispersion relation of the heavy quark is already matched to
the continuum. This indicates that m2 ¼ m4 ¼ m and
w4 ¼ 0, so p̃lat

4 ¼ p̃4 through Oðp4Þ.
The expansions of the external quark spinors are intro-

duced in Eqs. (30) and (31). Finally, we need to expand the

lattice vertices Λμðpþ q; pÞ, Rð0Þðpþ qÞ, and Rð1Þ
μ ðpþ

q; pÞ in powers of pa and qa. They are analytic in pa and
qa, and the expansion is straightforward. Comparing both
sides of the expansion of the matching condition in
Eq. (38), we obtain a number of constraint equations for
the OK-action parameters ci and the current-improvement
parameters di. These constraints are sufficient to determine
all the improvement parameters di through λ3 order, and to
put constraints on a subset of the OK-action parameters ci.
The constraints are consistent with the ci given in [21].
In the discussion that follows, we identify the terms in

the expansion of the matching condition with contributions
from (lattice and continuum) HQET. This exercise sheds
light on the structure of the matching calculations and leads
naturally to useful cross-checks. Let us begin with the
matching calculation at leading order. First, let us choose
μ ¼ 4, the time direction. Then both sides of Eq. (38) are
identical,

1

iP4

ð−gtaÞuð0; sÞ; ð46Þ
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where P4 ¼ p̃4 þ q4. In HQET this contribution arises
from one-gluon emission from the one-gluon vertex of the
leading-order (LO) Lagrangian:

L0 ¼ hþ½−D4 −m�hþ: ð47Þ

Second, let us choose the spatial direction μ ¼ i (i ¼ 1,
2, 3). At leading order the right-hand side (RHS) of
Eq. (38) is

RHS ¼
�
−ið2pi þ qiÞ þ ϵijkΣjqk

2imP4

þ γi
2m

�
ð−gtaÞuð0; sÞ:

ð48Þ

Here the first term proportional to 1=P4 in Eq. (48)
represents gluon emission by the next-to-leading-order
(NLO) Lagrangian:

L1 ¼ h̄þ
�
1

2m
D2 þ i

2m
σ · B

�
hþ; ð49Þ

where the definition of the matrix Σi is in Appendix A. The
second term in Eq. (48) represents gluon emission by the
NLO correction term in the FWT field rotation for b quarks
in the flavor-changing current, given in Eq. (24).
Now, let us consider the left-hand-side (LHS) of Eq. (38)

with spatial direction μ ¼ i, which corresponds to the
lattice part in the matching condition,

LHS ¼
�
−ið2pi þ qiÞ

2im2P4

þ ϵijkΣjqk
2imBP4

þ γi
2m3

�
ð−gtaÞuð0; sÞ;

ð50Þ

where m2 and mB are the kinetic mass and the chromo-
magnetic mass at tree level, respectively,

1

2m2

¼ ζ2

m0ð2þm0Þ
þ rsζ
2ð1þm0Þ

; ð51Þ

1

2mB
¼ ζ2

m0ð2þm0Þ
þ cBζ
2ð1þm0Þ

; ð52Þ

and the coefficient m3 includes a correction from the
improved current

1

2m3

¼ ζð1þm0Þ
m0ð2þm0Þ

− d1: ð53Þ

The first two terms in Eq. (50) come from the lattice HQET
Lagrangian at NLO:

Llat
1 ¼ h̄þ

�
1

2m2

D2 þ i
2mB

σ · B

�
hþ; ð54Þ

which is the lattice version of Eq. (49). The matching
condition requires that all the masses equal the physical
mass: m2 ¼ mB ¼ m3 ¼ m. Here, m2 ¼ mB ¼ m is con-
sistent with the original matching of the OK action. The
relation m3 ¼ m reproduces Eq. (36),

d1 ¼
ζð1þm0Þ
m0ð2þm0Þ

−
1

2m
: ð55Þ

For the expansion through λ3 order, the full expressions
are given in Appendix B. The continuum part of the
expansion [the RHS of Eq. (38)] is given in Eqs. (B1)
and (B2). And the lattice part [the LHS of Eq. (38)] is given
in Eqs. (B3) and (B4). The mass parameters mi and
symmetry breaking parameters wi and dwi in Eqs. (B3)
and (B4) encapsulate the lattice artifacts. They are func-
tions of the OK-action parameters and the improvement
parameters di of the improved quark field. The explicit
formulas for mi, wi, and dwi are given in Appendix E. The
matching conditions are simply

mi ¼ m; wi ¼ 0; dwi ¼ 0: ð56Þ

As we present in Appendix E, the mass parameters mi
can be classified into two groups. The first group Ma ≡
fm2; mb;mE;m4; mB0 g contains the masses to be matched
by the action matching. The second group Mb ≡
fm3; mαE;…; m6; m7g contains the masses to be matched
by the current matching. We can classify the matching
conditions into

mi ¼ m; mi ∈ Ma; wi ¼ 0; action; ð57Þ

mi ¼ m; mi ∈ Mb; dwi ¼ 0: current: ð58Þ

The matching conditions of Eq. (57) are equivalent to a
subset of those for theOK action [21]: namely, the dispersion
relation and background field interaction. The matching
conditions of Eq. (58) determine a complete set of current
improvement parameters di at tree level. The explicit for-
mulas for di are summarized in Sec. VI.
In Sec. V, we will interpret the entire matching procedure

in the language of HQET. Interpreting Eq. (38) in terms of
the continuum and lattice HQET Feynman rules, we will
show how the matching conditions can be factorized
systematically.

V. CROSS-CHECK BY HEAVY QUARK
EFFECTIVE THEORY

We have cross-checked the final results presented in
Sec. VI in several ways. First, three researchers (Leem,
Bailey, Sunkyu Lee) have done the calculations, and con-
firmed them. Second, when we do the matching calcu-
lation, it produces about 150 constraints on the eleven
improvement parameters. The constraints also involve the
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coefficients in the improvement terms of the original OK
action. The final results reported here are consistent with all
the constraints as well as the OK action coefficients. Third,
we show that the results are consistent with factorization of
the matching condition in accord with the structure of
contributions from HQET. Here we explain this third
consistency check.
If we use HQET as a stepping stone for matching

between continuum QCD (↔ continuum HQET) and
lattice QCD (↔ lattice HQET), the matching condition
given in Eq. (37) can be described by HQET (lattice
HQET). Especially, the subdiagrams in Eq. (38) can be
described by HQET Feynman rules. For the continuum, the
RHS of Eq. (38) is

RHS

¼
�
Rð1Þ
HQ;μðpþ q;pÞ þ

X∞
n¼0

Rð0Þ
HQðpþ qÞ

�
1

iP4

Λð0Þ
HQðpþ qÞÞn

×
1

iP4

Λð1Þ
HQ;μðpþ q;pÞ

�
ð−gtaÞuð0; sÞ; ð59Þ

where Λð0Þ
HQ and Λð1Þ

HQ;μ represent the zero-gluon emission
and one-gluon emission vertices, respectively, which come

from the HQET Lagrangian in Eq. (25). Rð0Þ
HQ and Rð1Þ

HQ;μ

represent the zero-gluon emission and one-gluon emission
vertices, respectively, which come from the FWT trans-
formation in Eq. (28) between the QCD quark field Q and
the HQET field h. Here n represents the number of
perturbative insertions of higher order terms in the
HQET Lagrangian with no gluon emission. The spinor
uð0; sÞ ¼ γ4uð0; sÞ ¼ uvðsÞ can be understood as the
HQET spinor with v ¼ ð1; 0Þ. The explicit formulas for

Rð0Þ
HQ, R

ð1Þ
HQ;μ, Λ

ð0Þ
HQ, and Λ

ð1Þ
HQ;μ are given in Eqs. (D1)–(D6) in

Appendix D.
Now let us consider the lattice part. The LHS of Eq. (38)

can be arranged as follows:

LHS ¼
�
Rlat;ð1Þ
HQ;μ ðpþ q; pÞ

þ
X
n

Rlat;ð0Þ
HQ ðpþ qÞ

�
1

iP4

Λlat;ð0Þ
HQ ðpþ qÞ

�
n

×
1

iP4

Λlat;ð1Þ
HQ;μ ðpþ q; pÞ

�
ð−gtaÞuð0; sÞ; ð60Þ

where Λlat;ð0Þ
HQ and Λlat;ð1Þ

HQ;μ are the lattice counterparts of Λð0Þ
HQ

and Λð1Þ
HQ;μ. They can be interpreted as the vertices of the

HQET Lagrangian which is matched to the lattice action.
We showed 1=m terms of this Lagrangian in Eq. (54). At
order 1=m2, the lattice HQET Lagrangian is expressed in
terms of a single short-distance coefficient 1=m2

E,

Llat
2 ¼ h̄þ

�
D ·E−E ·D

8m2
E

þ iσ · ðD×E−E×DÞ
8m2

E

�
hþ: ð61Þ

As given in [10,21], the condition mE ¼ m determines the
chromoelectric coefficient cE in the action. At order 1=m3,
however, tree-level matching of the four-quark matrix
elements in Eq. (37) cannot give constraints on the two-
gluon emission terms. In [21], the full matching of the
action up to 1=m3 (or λ3) is presented using the two-gluon
emission vertices in Compton scattering. The explicit

formulas for Λlat;ð0Þ
HQ and Λlat;ð1Þ

HQ;μ are given in Eqs. (D7)–
(D9). They are consistent with the results in [21].

In Eq. (60), Rlat;ð0Þ
HQ and Rlat;ð1Þ

HQ;μ represent the zero-gluon
emission and one-gluon emission vertices, respectively,

which are the lattice counterparts of Rð0Þ
HQ and Rð1Þ

HQ;μ,

respectively. As Rð0Þ
HQ and Rð1Þ

HQ;μ come from the FWT
transformation between the QCD and HQET quark fields

[Eq. (28)], Rlat;ð0Þ
HQ and Rlat;ð1Þ

HQ;μ follow from the relation
between the lattice improved quarks and the HQET quarks,
for example,Ψb ¼ Ulat

b · hb. We obtain this relation, in turn,
from the expression for the improved field given in

Eq. (27). The explicit formulas for Rlat;ð0Þ
HQ and Rlat;ð1Þ

HQ;μ are
given in Eqs. (D10)–(D12).
As a result, the matching condition in Eq. (38) can be

factorized as the matching of individual building blocks as
follows:

Λlat;ð0Þ
HQ ¼ Λð0Þ

HQ; Λlat;ð1Þ
HQ;μ ¼ Λð1Þ

HQ;μ; ð62Þ

Rlat;ð0Þ
HQ ¼ Rð0Þ

HQ; Rlat;ð1Þ
HQ;μ ¼ Rð1Þ

HQ;μ: ð63Þ

Here Eqs. (62) provide the matching conditions for the
action. Similarly, Eqs. (63) give the matching conditions for
the improved currents. We obtain Ulat as follows:

Ulat ¼ 1 −
1

2m3

γ · D

þ 1

4m2
αE

α · Eþ 1

8m2
D2⊥

D2 þ i
8m2

sB
Σ · B

−
fγ4D4;α · Eg

8m3
αEE

−
3fγ · D;D2g
32m3

γDD2⊥

− 3fγ · D; iΣ · Bg
32m3

5

−
fγ · D;α · Eg

16m3
αrE

þ ½γ4D4;D2�
16m3

6

þ ½γ4D4; iΣ · B�
16m3

7

þ dw1

X
i

γiD3
i þ

dw2

8
½γ · D;D2�; ð64Þ

where the coefficients mi ∈ Mb and dwi are identical to
those in the expanded formulas in Eqs. (B3) and (B4).
Explicit formulas for mi and dwi are given in Appendix E.
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As a result, the matching relation for the flavor-changing
currents is

Ψ̄IcΓΨðxÞIb ≐ h̄cŪlat
c ΓUlat

b hb: ð65Þ

The matching conditions can also be written as

Ulat
b ¼ Ub; ð66Þ

where Ub is defined in Eq. (28). This relation is identical to
the matching conditions in Eq. (58).

VI. RESULTS

The final results for the improvement parameters
di are

d1 ¼
ζð1þm0Þ
m0ð2þm0Þ

−
1

2m
; ð67Þ

d2 ¼
2ζð1þm0Þ
m0ð2þm0Þ

d1 −
rsζ

2ð1þm0Þ
−

ζ2ð1þm0Þ2
m2

0ð2þm0Þ2
þ 1

4m2
; ð68Þ

dE ¼ −
2ð1þm0Þζ
m2

0ð2þm0Þ2
−
ðm0 þ 1ÞζcE
m0ð2þm0Þ

þ 1

2m2
; ð69Þ

dB ¼ d2; ð70Þ

drE ¼ d1dE
4

; ð71Þ

dEE ¼ 1þm0

ðm2
0 þ 2m0 þ 2Þ

�
−

1

4m3
þ ζð1þm0Þðm2

0 þ 2m0 þ 2Þ
½m0ð2þm0Þ�3

þ ζcEð1þm0Þ
½m0ð2þm0Þ�2

þ ð2þ 2m0 þm2
0ÞcEE

m0ð2þm0Þ
�
; ð72Þ

d3 ¼
3c1 þ ζ=2
sinhm1

− d1; ð73Þ

d4 ¼
ζ3ðm3

0 þ 3m2
0 þ 5m0 þ 3Þ

2m3
0ð2þm0Þ3

þ rsζ2ð3m2
0 þ 6m0 þ 4Þ

4m2
0ð2þm0Þ2

þ 2ð1þm0Þc2
m0ð2þm0Þ

−
ð1þm0Þ2ζ2
2m2

0ð2þm0Þ2
d1

−
rsζ

4ð1þm0Þ
d1 þ

ð1þm0Þζd2
2m0ð2þm0Þ

−
3

16m3
; ð74Þ

d5 ¼
d4
2
; ð75Þ

d6 ¼
2ð1þm0Þ

ðm2
0 þ 2m0 þ 2Þ

�
ζ2cE

4m0ð2þm0Þ
−

ζcEEðm2
0 þ 2m0 þ 2Þ

2m0ð1þm0Þð2þm0Þ
−
dE
4

�
d1 −

2ζð1þm0Þ
m0ð2þm0Þ

�
−

1

24m

�
; ð76Þ

d7 ¼ d6: ð77Þ

Here m0 is a bare quark mass defined in Eq. (5). For
numerical work, the procedure for obtaining m0 from a
hopping parameter κ is given in Ref. [36]. Note that m is
equal to m2, a kinetic quark mass defined in Eq. (E1). The
coefficients ci are parameters for the OK action.
Assuming m0a ≪ 1, we can cross-check the results

against those from the Symanzik improvement program.
In Table I, we show how the coefficients ci of the OK action
and di of the current behave in the continuum limit
m0a → 0. Here, we tune ζ so that m1 ¼ m2 and do not

fix the redundant coupling rs to make the comparison
clear. In Appendix F, we show the Symanzik improve-
ment of the OK action through Oða2Þ. The Oða2Þ study
gives restricted information on ci and di. It gives terms to
the next-to-leading order for cB, cE, d1 and only the
leading order for c1, c2, c3, cEE, d2, dB, dE. At higher
order, it does not give any information. The results from
Symanzik improvement are given in Eqs. (F11)–(F15)
(for c1, c2, c3, and cEE) and Eqs. (F21)–(F23) (for
d1; d2; dB, and dE). They are consistent with the
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expanded formulas of ci (the second column) and di (the
fourth column) in Table I.
Although theOða2Þ study gives partial information on ci

and di, it helps us to investigate a puzzle involving dE. The
problem is that our result for dE given in Eq. (69) is
different from that in Ref. [10]. The result for dE in
Ref. [10] is

dEðFNALÞ ¼
ζð1 − cEÞð1þm0aÞ

m0að2þm0aÞ

−
ζð1þm0aÞ

m2am0að2þm0aÞ
þ 1

2m2
2a

2
; ð78Þ

which is obtained for the quarkonium system by working
up to order v4 in the power counting of NRQCD. Our result
for dE is

dEðSWMEÞ ¼ −
2ð1þm0aÞζ

m2
0a

2ð2þm0aÞ2
−

ζcEð1þm0aÞ
m0að2þm0aÞ

þ 1

2m2
2a

2
: ð79Þ

Here, for the comparison, we replacem in Eq. (69) withm2

without loss of generality. Taking the continuum limit
(m0a → 0 and jpj=m ≪ 1) of these results gives

dEðFNALÞ ¼
1

16
ð3 − 2rs − r2sÞ

þ 1

48
ð3 − 2rs þ 3r2sÞm0aþOððm0aÞ2Þ;

ð80Þ

dEðSWMEÞ ¼ 1

48
ð1 − 6rs − 3r2sÞ

þ 1

48
ð−1þ 2rs þ 3r2sÞm0aþOððm0aÞ2Þ:

ð81Þ

As we can see, even the leading-order terms of dEðFNALÞ
and dEðSWMEÞ are different from each other. Our result
for the leading term in dEðSWMEÞ is consistent with that
from Symanzik improvement, given in Eq. (F23). We have
not found any problem in the derivation of dEðFNALÞ in
Ref. [10]. Hence, we do not yet understand the source of the
difference between dEðFNALÞ and dEðSWMEÞ. However,
Andreas Kronfeld, one of the authors of Ref. [10] (FNAL)
has derived dE independently, following our Feynman
diagram method, and produced results consistent with
dEðSWMEÞ [37]. The Hamiltonian method that produced
dEðFNALÞ is under investigation [37].
Next, let us consider the static limit. In the Fermilab

method [10,21], lattice discretization error is bounded in
the static limit. If we set the improvement parameters to
zero: dj ¼ 0, or the action coefficients to zero: cj ¼ 0, the
discretization error comes from mismatches between lattice
masslike terms miðdj ¼ 0; cj ¼ 0Þ and the physical mass
m, or from pure lattice artifacts wi and dwi. For example, if
one does not introduce the second order improvement
parameter d2 in the improved current, the discretization
error propagates from the discrepancy between 1=ð8m2Þ
and 1=ð8m2

D⊥Þjd2¼0 [with d2 ¼ 0 in Eq. (E9)]. Likewise, if
one does not introduce the chromoelectric term in the
action (cE ¼ 0), the discretization error will propagate from
the discrepancy between 1=ð4m2Þ and 1=ð4m2

EÞjcE¼0.

TABLE I. Behavior of the OK action coefficients ci (second column) and the current improvement parameters di (fourth column) in
the continuum limits. Here, ζ is fixed so that m1 ¼ m2.

Coefficient m0a → 0 (m1 ¼ m2) Coefficient m0a → 0 (m1 ¼ m2)

cB rs d1 1
4
ð1 − rsÞ þ 1

48
ð1þ 3r2sÞm0aþOððm0aÞ2Þ

cE 1
2
ð1þ rsÞ þ 1

12
ð−2 − 3rs þ 3r2sÞm0a

þOððm0aÞ2Þ
d2 ¼ dB 1

16
ð1 − 10rs þ r2sÞ þ 1

96
ð1þ 23rs þ 27r2s − 3r3sÞm0a

þOððm0aÞ2Þ
c1 − 1

6
þ 1

12
ð−1þ 5rsÞm0aþOððm0aÞ2Þ dE 1

48
ð1 − 6rs − 3r2sÞ þ 1

48
ð−1þ 2rs þ 3r2sÞm0aþOððm0aÞ2Þ

c2 ¼ c3 1
48
ð−1 − 6rs þ 3r2sÞ

þ 1
96
ð−1 − rs þ 3r2s − 3r3sÞm0a

þOððm0aÞ2Þ

drE
1

768
ð1 − 7rs þ 3r2s þ 3r3sÞ

þ 1
9216

ð−11þ 30rs þ 12r2s − 54r3s − 9r4sÞm0aþOððm0aÞ2Þ

c4 3
8
rs þ 3

16
ðrs − r2sÞm0aþOððm0aÞ2Þ dEE 1

384
ð−1 − rs − 3r2s − 3r3Þ

þ 1
15360

ð−9þ 80rs þ 110r2s þ 120r3s − 45r4sÞm0aþOððm0aÞ2Þ
c5 1

4
rs þ 1

8
ðrs − r2sÞm0aþOððm0aÞ2Þ d3 1

4
ð−1þ 5rsÞ þ 1

48
ð−1 − 3r2sÞm0aþOððm0aÞ2Þ

cEE 1
96
ð5þ 6rs − 3r2sÞ

þ 1
192

ð1 − 9rs þ 3r2s − 3r3sÞm0a
þOððm0aÞ2Þ

d4 ¼ 2d5 1
384

ð5 − 31rs þ 15r2s þ 3r3sÞ
þ 1

23040
ð29þ 570rs þ 360r2s − 1170r3s − 45r4sÞm0aþOððm0aÞ2Þ

d6 ¼ d7 1
768

ð−11 − 31rs − 9r2s þ 3r3Þ
þ 1

7680
ð−11þ 255rs þ 235r2s − 15r3sÞm0aþOððm0aÞ2Þ
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As we can see in Eqs. (E2) and (E9), 1=4m2
EjcE¼0 and

1=ð8m2
D⊥Þjd2¼0 behave smoothly as am0 → ∞. The other

terms of the action matching in Eqs. (E1)–(E6) and those
in the current matching in Eqs. (E7)–(E18) have the
same property. The smooth behavior makes it possible
to control the discretization errors even for heavy quarks
with mQa > 1.

VII. CONCLUSION

The goal of this paper is to improve the current operators
through λ3 order in HQET power counting, the same level
as the OK action. These improved currents can be used to
calculate the semileptonic form factors for the B̄ → D�lν̄,
B̄ → Dlν̄, B̄ → πlν̄, and B̄s → Klν̄ decays and the decay
constants fB and fD. Our final results for the improvement
coefficients di are presented in Sec. VI.
We adopt the concept of the improved quark field in

Ref. [10] and extend it to Oðλ3Þ at tree level. We find that
one needs to add seven more terms of higher dimension and
corresponding improvement parameters at order λ3 to
Eq. (A.17) of Ref. [10]. With one exception (the d3 term),
the higher dimension lattice operators are lattice versions of
operators in the continuum FWT transformation. The d3
operator is required to compensate for rotation-symmetry-
breaking contributions from the normalized spinors of the
OK action. Thus, we need 11 improvement terms in total.
Our matching conditions in Eqs. (34) and (38) determine

the improvement parameters uniquely. Our final results
given in Sec. VI have been checked in several ways. First,
three individuals (Jaehoon Leem, Jon Bailey, Sunkyu Lee)
have performed the calculation and cross-checked the
results against one another. Second, the matching condition
provides about 150 self-consistent constraint equations.
The constraint equations from the temporal and spatial
components of the one-gluon emission vertex are consistent
with each other. The constraint equations from the zero-
gluon emission vertex are also consistent with those from
two-quark matrix elements. As a by-product, the matching
condition reproduces the constraint equations for the zero-
gluon and one-gluon emission vertices of the OK action. In
addition, the matching condition can be expressed in terms
of contributions from continuum HQET [Eq. (59)] and
lattice HQET [Eq. (60)]. For the quark-level matrix
elements we match, the vertices of the continuum currents
and action are in one-to-one correspondence with the
vertices of the lattice currents and action [Eqs. (62) and
(63)]. This one-to-one mapping provides another cross-
check on the final results in Sec. VI. At the same time, we
note that Eq. (65) is established for the quark-level matrix
elements we match by constructing the rotation matrix from
the ansatz for the improved field.
There remains a puzzle involving dE. Our result

(SWME) is given in Eq. (79). At present, there is another
result (FNAL) for dE available in Ref. [10] which is

presented in Eq. (78). They are different from each other
even at leading order in the continuum limit. To check the
validity of our result, we have performed Symanzik
improvement assuming m0a ≪ 1 and jpj=m ≪ 1. We find
the result is consistent with our result for dE. However, we
have not found any problem with the derivation of dE in
Ref. [10]. Therefore, this issue needs further investigation.
This study is an essential step for lattice simulations of

decay constants and form factors with OK heavy quarks. To
take full advantage of the OK action, however, we should
consider radiative corrections. The dominant radiative
corrections are factorized as overall matching factors of
the lattice currents. For the Fermilab action, the one-loop
correction is already performed in Ref. [28]. We plan to
extend this work to the OK action in the near future. For the
next-to-leading-order corrections, additional improvements
in both action and currents may also be required. For the
OK action, the radiative corrections for the dimension five
operators (cB and cE terms) at the one-loop level are
desirable. For the current, the radiative corrections for the
dimension four and five operators (d1, d2, dB, and dE
terms) are also desirable. The radiative corrections may
produce four-fermion operators, but since they are dimen-
sion six or higher operators, they belong to significantly
higher orders in HQET power counting and may be
neglected. After obtaining the complete set of one-loop
corrections to the dimension four and five operators,
we expect the discretization error to be reduced to
Oðαsλ3Þ þOðλ4Þ ∼ 0.2%.
In the determination of jVcbj from the B → D�lν

exclusive decay, the heavy quark discretization error is a
significant contribution to the theoretical uncertainty.
Because of parametrization dependence [38–41], lattice
calculations near zero recoil are necessary for a reliable
determination of jVcbj. In a recent study of the FNAL/
MILC Collaboration [5], a joint fit is used with exper-
imental results (large recoil) and lattice calculation (near
zero recoil) to determine jVcbj. The final error of their
results is around 2%, and the theoretical uncertainty is 2
times larger than the experimental error. The uncertainty
from the quark discretization in [5] is of order αsa, a2, and
a3. Using the OK action and the improved current in this
paper (with radiative corrections), we expect to reduce
these errors significantly. In the lattice simulation with OK
quarks [23,24], our final goal is to reduce the theoretical
uncertainty to the same level as that of the future experi-
ment BELLE 2.
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APPENDIX A: NOTATION

We use the same signature for the γ matrices as in
Ref. [10]. The representation for Euclidean gamma
matrices is

γ ¼
�
0 σ

σ 0

�
; γ4 ¼

�
1 0

0 −1

�
; ðA1Þ

where σ are Pauli matrices. The γ-matrices satisfy the
Clifford algebra:

fγμ; γνg ¼ 2δμν: ðA2Þ

The remaining definitions are

α ¼
�

0 σ

−σ 0

�
; Σ ¼

�
σ 0

0 σ

�
; ðA3Þ

where αi ¼ γ4γi and Σk ¼ − i
4
ϵijk½γi; γj�.

APPENDIX B: MATCHING SUBDIAGRAMS

The expansion of the right-hand side (continuum) of
Eq. (38) through third order in λ is as follows:

RHSðμ ¼ 4Þ ¼
�
1

iP4

−
γ · ðpþ qÞ
2mP4

þ ðpþ qÞ2
2mP2

4

−
iγ · q
4m2

þ ϵijkΣi
qjpk

4m2P4

þ iðp2 þ 2q · ðpþ qÞÞ
8m2P4

−
iγ · ðpþ qÞðpþ qÞ2

4m2P2
4

þ iððpþ qÞ2Þ2
4m2P3

4

−
q · ðpþ qÞ

8m3
þ γ · q
8m3

q4 þ ϵijkΣi
iqjpk

8m3
þ γ · ðpþ qÞp2

16m3P4

þ γ · ðpþ 2qÞðpþ qÞ2
8m3P4

−
ðpþ qÞ2ð3ðpþ qÞ2 þ q2Þ

16m3P2
4

þ ϵijkΣi
iqjpkðpþ qÞ2

8m3P2
4

þ γ · ðpþ qÞððpþ qÞ2Þ2
8m3P3

4

−
ððpþ qÞ2Þ3
8m3P4

4

�
ð−gtaÞuð0; sÞ;

ðB1Þ

RHSðμ¼ iÞ ¼
�
1

2m
γi −

ð2pi þ qiÞ þ ϵijkiΣjqk
2mP4

þ iq4
4m2

γi −
iðpi þ qiÞ

4m2
þ ϵijkΣj

qk þpk

4m2
þ iðpþ qÞ · q

4m2P4

γi þ
iγ · ðpþ qÞpi

4m2P4

þ iγ · pðpi þ qiÞ
4m2P4

− ϵijkγ5
iqjpk

4m2P4

þ ϵijk
Σjqkðpþ qÞ2

4m2P2
4

− ið2pi þ qiÞ
ðpþ qÞ2
4m2P2

4

þ ðpi þ qiÞq4
8m3

−
q24
8m3

γi −
p2

8m3
γi

−
3ðpþ qÞ2 þ q2

16m3
γi −

piγ · ðpþ qÞ
8m3

−
ðpi þ qiÞγ · p

8m3
þ ϵijkΣj

iðpk þ qkÞq4
8m3

þ ϵijkγ5
qjpk

8m3
þ ð4pi þ qiÞp2

16m3P4

þ ð3pi þ 2qiÞðpþ qÞ2
8m3P4

þ ϵijkΣj
iðqk − 2pkÞp2

16m3P4

þ ϵijkΣj
iðpk þ 2qkÞðpþ qÞ2

8m3P4

−
piγ · ðpþ qÞðpþ qÞ2

8m3P2
4

−
ðpi þ qiÞγ · pðpþ qÞ2

8m3P2
4

−
q · ðpþ qÞðpþ qÞ2

8m3P2
4

γi þ ϵijkγ5
qjpkðpþ qÞ2

8m3P2
4

þ ϵijkΣj
iqkððpþ qÞ2Þ2

8m3P3
4

þ ð2pi þ qiÞððpþ qÞ2Þ2
8m3P3

4

�
ð−gtaÞuð0; sÞ: ðB2Þ

And the left-hand side (lattice) is
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LHSðμ ¼ 4Þ ¼
�
1

iP4

−
γ · ðpþ qÞ
2m3P4

þ ðpþ qÞ2
2m2P2

4

−
iγ · q
4m2

αE

þ iðpþ qÞ2
8m2

D2⊥
P4

þ iq2 þ 2ϵijkΣiqjpk

8m2
EP4

−
iγ · ðpþ qÞðpþ qÞ2

4m2m3P2
4

þ iððpþ qÞ2Þ2
4m2

2P
3
4

−
q2 − 2iϵijkΣiqjpk

16m3
αrE

−
q · ð2pþ qÞ

16m3
6

þ γ · q
8m3

αEE

q4 þ
γ · ðpþ qÞp2 − γ · ðp − qÞðpþ qÞ2

16m3m2
EP4

þ 3γ · ðpþ qÞðpþ qÞ2
16m3

γDD2⊥
P4

−
ðpþ qÞ2ðq2 − 2iϵijkΣiqjpkÞ

16m2m2
EP

2
4

−
ððpþ qÞ2Þ2
16m2m2

D2⊥
P2
4

−
ððpþ qÞ2Þ2
8m3

4P
2
4

−
dw1

6P4

X
i

γiðpi þ qiÞ3

−
w4

6P2
4

X
i

ðpi þ qiÞ4 þ
γ · ðpþ qÞ
8m2

2m3P3
4

ððpþ qÞ2Þ2 − ððpþ qÞ2Þ3
8m3

2P
4
4

�
ð−gtaÞuð0; sÞ; ðB3Þ

LHSðμ¼ iÞ ¼
�

1

2m3

γi−
ð2piþqiÞ
2m2P4

−
iϵijkΣjqk
2mBP4

þ iq4
4m2

αE

γi− i
2piþqi
8m2

D2⊥

þ ϵijkΣj
qk

8m2
sB
−
iðqiþ iϵijkΣjð2pkþqkÞÞ

8m2
E

þ iðpþ qÞ · qγi
4m3mBP4

þ ið2piþqiÞðpþ qÞ · γ
4m3m2P4

−
iðpiþqiÞq · γ
4m3mBP4

− iϵijk
qjpkγ5

4m3mBP4

þ ϵijkΣj
qkðpþ qÞ2
4mBm2P2

4

−
ið2piþqiÞðpþ qÞ2

4m2
2P

2
4

−
q24

8m3
αEE

γiþ
q4ð2piþqiÞ

16m3
6

þ qiq4
16m3

αrE

−
3ððpþ qÞ2þ p2Þ

32m3
γDD2⊥

γi −
3q2

32m3
5

γi

−
ðpþ qÞ · ð2pþ qÞ

16m3m2
E

γiþ
3qiγ · q
32m3

5

−
3ð2piþqiÞγ · ð2pþ qÞ

32m3
γDD2⊥

þð2piþqiÞγ · pþpiγ · q
16m3m2

E
þ iϵijkΣj

q4qk
16m3

7

þ iϵijkΣj
q4ð2pkþqkÞ

16m3
αrE

þ ϵijkγ5
3qjpk

16m3
5

− ϵijkγ5
qjpk

16m2
Em3

þdw2

8
ð−q · ð2pþ qÞγiþ γ · qð2piþqiÞÞ

þ 1

6
dw1γið3p2

i þ 3piqiþq2i Þþ
ð2piþqiÞððpþ qÞ2þ p2Þ

8m3
4P4

þ q · ð2pþ qÞqi
16m2m2

EP4

þð2piþqiÞðpþ qÞ2
16m2

D2⊥
m2P4

þ iϵijkΣj
qkðp2þðpþ qÞ2Þ

8m3
B0P4

þ iϵijkΣj
qkðpþ qÞ2
16m2

D2⊥
mBP4

þ iϵijkΣj
ð2pkþqkÞðq · ð2pþ qÞÞ

16m2m2
EP4

−
wB

8P4

ðpiq2−qip · qÞ

−
wB

16P4

iϵijkΣjqkq2þ
w4

6P4

ð2piþqiÞððpiþqiÞ2þp2
i Þþ

wB

8P4

iϵijkqjpkΣ · ð2pþ qÞþ w0
B

12P4

iϵijkΣjqkðq2i þq2kÞ

þ ðw4þw0
4Þ

12P4

iϵijkΣjqkðð3p2
i þ 3piqiþq2i Þþ ð3p2

k þ 3pkqkþq2kÞÞ−
ð2piþqiÞðpþ qÞ · γðpþ qÞ2

8m3m2
2P

2
4

þðpiþqiÞq · γðpþ qÞ2
8m3m2mBP2

4

−
q · ðpþ qÞðpþ qÞ2γi

8m3m2mBP2
4

þ ϵijkγ5
qjpkðpþ qÞ2
8m3m2mBP2

4

þ iϵijkΣj
qkððpþ qÞ2Þ2
8m2

2mBP3
4

þð2piþqiÞððpþ qÞ2Þ2
8m3

2P
3
4

�
ð−gtaÞuð0; sÞ: ðB4Þ

APPENDIX C: LATTICE FEYNMAN RULES

The one-gluon vertices of the OK action from Ref. [21] are as follows (set a ¼ 1):

Λ4ðpþ q; pÞ ¼ γ4 cos

�
p4 þ

1

2
q4

�
− i sin

�
p4 þ

1

2
q4

�
þ i
2
cEζ

X
i

αi sin qi cos
1

2
q4

þ cEE
X
i

γi · sin qi½sinðpþ qÞ4 − sinp4� cos
1

2
q4; ðC1Þ
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Λiðpþq;pÞ ¼ ζγi cos

�
piþ

1

2
qi

�
− irsζ sin

�
piþ

1

2
qi

�
−
i
2
cEζαi sinq4 cos

1

2
qi−

1

2
cBζϵirmΣm sinqr cos

1

2
qi

− c2

�
γi cos

�
piþ

1

2
qi

�X
j

4

�
sin2

1

2
ðpjþqjÞþ sin2

1

2
pj

�
þ 2sin

�
piþ

1

2
qi

�X
j

γj½sinðpjþqjÞþ sinpj�
�

−
1

2
c1γi

�
4cos

�
piþ

1

2
qi

��
sin2

1

2
ðpiþqiÞþ sin2

1

2
pi

�
þ 2sin

�
piþ

1

2
qi

�
½sinðpiþqiÞþ sinpi�

�

þ c3 cos
1

2
qi

�X
j

γj sinqj½sinðpiþqiÞ− sinpi�− γi
X
j

sinqj½sinðpjþqjÞ− sinpj�

− γ4γ5
X
r;m

ϵirm sinqr½sinðpmþqmÞþ sinpm�
�

− cEEγi sinq4½sinðp4þq4Þ− sinp4�cos
1

2
qi− 8ic4 sin

�
piþ

1

2
qi

��
sin2

1

2
ðpiþqiÞþ sin2

1

2
pi

�

− 4c5ϵirmΣm sinqr cos
1

2
qi

�X
j

�
sin2

1

2
ðpjþqjÞþ sin2

1

2
pj

�
−
�
sin2

1

2
ðpmþqmÞþ sin2

1

2
pm

��
: ðC2Þ

The zero-gluon vertex of the improved quark field is as follows:

Rð0Þðpþ qÞ ¼ em1=2

�
1þ id1

X
j

γj sinðpj þ qjÞ − 2d2
X
j

sin2
1

2
ðpj þ qjÞ

−
2

3
id3

X
j

γj sinðpj þ qjÞsin2
1

2
ðpj þ qjÞ − 4id4

X
j;k

γj sinðpj þ qjÞsin2
1

2
ðpk þ qkÞ

�
: ðC3Þ

The one-gluon vertices of the improved quark field are as follows:

Rð1Þ
4 ðpþ q; pÞ ¼ em1=2 cos

1

2
q4γ4

�
i
2
dE

X
j

γj sin qj − dEEγ4
X
j

γj sin qj½sinðp4 þ q4Þ − sinp4�

þ drE
X
j

sin qj½sinðpj þ qjÞ − sinpj� − idrE
X
j;l;m

ϵjlmΣj sin ql½sinðpm þ qmÞ þ sinpm�
�

− 4em1=2d6 cos

�
p4 þ

1

2
q4

�
γ4
X
j

�
sin2

1

2
ðpj þ qjÞ − sin2

1

2
pj

�
; ðC4Þ

Rð1Þ
i ðpþ q; pÞ ¼ em1=2

�
−d1γi cos

�
pi þ

1

2
qi

�
− id2 sin

�
pi þ

1

2
qi

�
−
1

2
dB

X
r;m

ϵirmΣm sin qr cos
1

2
qi

−
i
2
dEγ4γi cos

1

2
qi sin q4 þ drE

X
r;m

iϵirmΣmγ4 sin q4½sinðpr þ qrÞ þ sinpr� cos
1

2
qi

− drEγ4 sin q4½sinðpi þ qiÞ − sinpi� cos
1

2
qi þ dEEγi sin q4½sinðp4 þ q4Þ − sinp4� cos

1

2
qi

þ 1

2
d4

�
γi cos

�
pi þ

1

2
qi

�X
j

4

�
sin2

1

2
ðpj þ qjÞ þ sin2

1

2
pj

�

þ 2 sin

�
pi þ

1

2
qi

�X
j

γj½sinðpj þ qjÞ þ sinpj�
�
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þ 1

12
d3γi

�
4 cos

�
pi þ

1

2
qi

��
sin2

1

2
ðpi þ qiÞ þ sin2

1

2
pi

�
þ 2 sin

�
pi þ

1

2
qi

�
½sinðpi þ qiÞ þ sinpi�

�

þ d5 cos
1

2
qi

�
−
X
j

γj sin qj½sinðpi þ qiÞ − sinpi� þ γi
X
j

sin qj½sinðpj þ qjÞ − sinpj�
�

þ d5 cos
1

2
qiγ4γ5

X
r;m

ϵirm sin qr½sinðpm þ qmÞ þ sinpm�

þ 2d6γ4½sinðp4 þ q4Þ − sinp4� sin
�
pi þ

1

2
qi

�

− i
X
r;m

ϵirmd7½sinðp4 þ q4Þ − sinp4� cos
1

2
qi sin qrΣmγ4

�
: ðC5Þ

The factor for the external incoming fermion with momen-
tum p and spin s is given by N ðpÞulatðp; sÞ with the
normalization factor N ðpÞ and the spinor ulatðp; sÞ as
follows [10,21]:

N ðpÞ ¼
�
μðpÞ − coshE
μðpÞ sinhE

�
1=2

; ðC6Þ

ulatðp; sÞ ¼ μðpÞ − coshEþ sinhE − iγ · Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðμðpÞ − coshEÞðμðpÞ − coshE − sinhEÞp

× uð0; sÞ; ðC7Þ
where μðpÞ is given in Eq. (43) and uð0; sÞ is a constant
spinor which satisfies γ4uð0; sÞ ¼ uð0; sÞ. Here, N ðpÞ
corresponds to

ffiffiffi
m
E

p
and ulatðp; sÞ corresponds to the

continuum spinor as follows:

uðp; sÞ ¼ mþ E − iγ · pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðmþ EÞp uð0; sÞ: ðC8Þ

APPENDIX D: HQET FEYNMAN RULES

The zero-gluon vertex of the HQET Lagrangian is as
follows:

Λð0Þ
HQðpÞ ¼ −

1

2m
p2 þ 1

8m3
ðp2Þ2: ðD1Þ

The one-gluon vertices of the HQET Lagrangian are as
follows:

Λð1Þ
HQ;4ðpþ q; pÞ ¼

�
1 −

q2 − 2iϵijkqipjΣk

8m2

�
; ðD2Þ

Λð1Þ
HQ;iðpþ q; pÞ ¼

�
−

i
2m

ð2pi þ qiÞ þ
1

2m
ϵijkΣjqk þ

q4
8m2

ðqi þ iϵijkΣjð2pk þ qkÞÞ þ
ið2pi þ qiÞ

8m3
ððpþ qÞ2 þ p2Þ

−
1

8m3
ϵijkΣjqkððpþ qÞ2 þ p2Þ

�
: ðD3Þ

The zero-gluon vertex from Eq. (28) is as follows:

Rð0Þ
HQðpÞ ¼ 1 −

i
2m

γ · p −
1

8m2
p2 þ 3iγ · p

16m3
p2: ðD4Þ

The one-gluon vertices from Eq. (28) are as follows:

Rð1Þ
HQ;4ðpþ q; pÞ ¼ −

i
4m2

γ · qþ q4
8m3

γ · q −
1

16m3
ðq2 − 2iϵijkΣiqjpkÞ −

1

16m3
ðq2 þ 2p · qÞ; ðD5Þ

Rð1Þ
HQ;iðpþ q; pÞ ¼ 1

2m
γi þ

i
4m2

q4γi −
i

8m2
ð2pi þ qiÞ þ

1

8m2
ϵijkΣjqk −

q24
8m3

γi

−
3

32m3
ðγ · ð2pþ qÞð2pi þ qiÞ þ ðp2 þ ðpþ qÞ2ÞγiÞ −

3

32m3
iϵijkqkðΣjγ · pþ γ · ðpþ qÞΣjÞ

þ q4
16m3

ðiϵijkΣjð2pk þ qkÞ þ qiÞ þ
q4

16m3
ð2pi þ qiÞ þ

q4
16m3

iϵijkΣjqk: ðD6Þ
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The zero-gluon vertex of the lattice HQET Lagrangian is as follows:

Λlat;ð0Þ
HQ ðpÞ ¼ −

1

2m2

p2 þ 1

8m3
4

ðp2Þ2 þ 1

6
w4

X
i

p4
i : ðD7Þ

The one-gluon vertices of the lattice HQET Lagrangian are as follows:

Λlat;ð1Þ
4;HQ ðpþ q; pÞ ¼

�
1 −

q2 − 2iϵijkqipjΣk

8m2
E

�
; ðD8Þ

Λlat;ð1Þ
i;HQ ðpþ q; pÞ ¼

�
−

i
2m2

ð2pi þ qiÞ þ
1

2mB
ϵijkΣjqk þ

q4
8m2

E
ðqi þ iϵijkΣjð2pk þ qkÞÞ þ

ið2pi þ qiÞ
8m3

4

ððpþ qÞ2 þ p2Þ

−
1

8m3
B0
ϵijkΣjqkððpþ qÞ2 þ p2Þ þ i

6
w4ð2pi þ qiÞððpi þ qiÞ2 þ p2

i Þ −
i
8
wB1

ðpiq2 − qip · qÞ

−
1

16
wB2

ϵijkΣjqkq2 −
1

8
wB3

ϵijkqjpkΣ · ð2pþ qÞ − 1

12
w0
BϵijkΣjqkðq2i þ q2kÞ

−
1

12
ðw4 þ w0

4ÞϵijkΣjqkðð3p2
i þ 3piqi þ q2i Þ þ ð3p2

k þ 3pkqk þ q2kÞÞ
�
: ðD9Þ

The zero-gluon vertex from Eq. (64) is as follows:

Rlat;ð0Þ
HQ ðpÞ ¼ 1 −

i
2m3

γ · p −
1

8m2
D2⊥

p2 þ 3iγ · p
16m3

γDD2⊥

p2 − dw1

X
j

iγjp3
j : ðD10Þ

The one-gluon vertices from Eq. (64) are as follows:

Rlat;ð1Þ
HQ;4 ðpþ q; pÞ ¼ −

i
4m2

αE
γ · qþ q4

8m3
αEE

γ · q −
1

16m3
αrE

ðq2 − 2iϵijkΣiqjpkÞ −
1

16m3
6

ðq2 þ 2p · qÞ; ðD11Þ

Rð1Þ
HQ;iðpþ q; pÞ ¼ 1

2m3

γi þ
iq4
4m2

αE
γi −

i
8m2

D2⊥

ð2pi þ qiÞ þ
ϵijkΣjqk
8m2

sB
−

q24
8m3

αEE

γi

−
3

32m3
γDD2⊥

ðγ · ð2pþ qÞð2pi þ qiÞ þ ðp2 þ ðpþ qÞ2ÞγiÞ −
3iϵijkqk
32m3

5

ðΣjγ · pþ γ · ðpþ qÞΣjÞ

þ q4
16m3

αrE

ðiϵijkΣjð2pk þ qkÞ þ qiÞ þ
q4

16m3
6

ð2pi þ qiÞ þ
q4

16m7

iϵijkΣjqk þ dw1γið3p2
i þ 3piqi þ q2i Þ

þ 1

8
dw2ðq · ð2pþ qÞγi þ γ · qð2pi þ qiÞÞ: ðD12Þ

APPENDIX E: SHORT-DISTANCE COEFFICIENTS

The lattice short-distance coefficients which determine the action coefficients are as follows (set a ¼ 1):

1

2m2

¼ ζ2

m0ð2þm0Þ
þ rsζ
2ð1þm0Þ

;
1

2mB
¼ ζ2

m0ð2þm0Þ
þ cBζ
2ð1þm0Þ

; ðE1Þ

1

4m2
E
¼ ζ2

m2
0ð2þm0Þ2

þ ζ2cE
m0ð2þm0Þ

; ðE2Þ

1

m3
4

¼ 8ζ4

m3
0ð2þm0Þ3

þ 4ζ4 þ 8rsζ3ð1þm0Þ
m2

0ð2þm0Þ2
þ r2sζ2

ð1þm0Þ2
þ 32ζc2
m0ð2þm0Þ

; ðE3Þ
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1

m3
B0
¼ 1

m3
4

−
rsðrs − cBÞζ2
ð1þm0Þ2

; ðE4Þ

wB ¼ 4ðrs − cBÞζ3ð1þm0Þ
m2

0ð2þm0Þ2
þ 16ζðc2 − c3Þ

m0ð2þm0Þ
; w0

B ¼ cBζ − 4c5
1þm0

; ðE5Þ

w4 ¼
2ζðζ þ 6c1Þ
m0ð2þm0Þ

þ rsζ − 24c4
4ð1þm0Þ

; w0
4 ¼ −

rsζ − 24c4 þ 32c5
4ð1þm0Þ

: ðE6Þ

The lattice short-distance coefficients which determine the improvement parameters are as follows (set a ¼ 1):

1

2m3

¼ ζð1þm0Þ
m0ð2þm0Þ

− d1; ðE7Þ

1

4m2
αE

¼ ð1þm0Þζ
m2

0ð2þm0Þ2
þ ðm0 þ 1ÞζcE
2m0ð2þm0Þ

þ dE
2
; ðE8Þ

1

8m2
D2⊥

¼ −
ζð1þm0Þ
m0ð2þm0Þ

d1 þ
rsζ

4ð1þm0Þ
þ ζ2ð1þm0Þ2
2m2

0ð2þm0Þ2
þ d2

2
; ðE9Þ

1

8m2
sB

¼ −
ζð1þm0Þ
m0ð2þm0Þ

d1 þ
cBζ

4ð1þm0Þ
þ ζ2ð1þm0Þ2
2m2

0ð2þm0Þ2
þ dB

2
; ðE10Þ

1

16m3
αrE

¼ 1

16m3m2
αE

þ d1dE
4

− drE ; ðE11Þ

1

16m3
αEE

¼ ð1þm0Þðm2
0 þ 2m0 þ 2Þζ

4m3
0ð2þm0Þ3

þ ð1þm0ÞζcE
4m2

0ð2þm0Þ2
þ ðm2

0 þ 2m0 þ 2ÞcEE
4m0ð2þm0Þ

−
ðm2

0 þ 2m0 þ 2ÞdEE
4ð1þm0Þ

; ðE12Þ

3

16m3
γDD2⊥

¼ ζ3ðm3
0 þ 3m2

0 þ 5m0 þ 3Þ
2m3

0ð2þm0Þ3
þ rsζ2ð3m2

0 þ 6m0 þ 4Þ
4m2

0ð2þm0Þ2
þ 2ð1þm0Þc2

m0ð2þm0Þ

−
ð1þm0Þ2ζ2
2m2

0ð2þm0Þ2
d1 −

rsζ
4ð1þm0Þ

d1 þ
ð1þm0Þζd2
2m0ð2þm0Þ

− d4; ðE13Þ

3

16m3
5

¼ ζ3ðm3
0 þ 3m2

0 þ 5m0 þ 3Þ
2m3

0ð2þm0Þ3
þ cBζ2ð3m2

0 þ 6m0 þ 4Þ
4m2

0ð2þm0Þ2
þ 2ð1þm0Þc3

m0ð2þm0Þ

−
ð1þm0Þ2ζ2
2m2

0ð2þm0Þ2
d1 −

cBζ
4ð1þm0Þ

d1 þ
ð1þm0ÞζdB
2m0ð2þm0Þ

− 2d5; ðE14Þ

1

16m3
6

¼ 1

16m3m2
αE

−
ζ2cE

4m0ð2þm0Þ
þ ζcEEðm2

0 þ 2m0 þ 2Þ
2m0ð1þm0Þð2þm0Þ

þ dE
4

�
d1 −

2ζð1þm0Þ
m0ð2þm0Þ

�
þ 1

24m2

þ ðm2
0 þ 2m0 þ 2Þ
2ð1þm0Þ

d6; ðE15Þ
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1

16m3
7

¼ 1

16m3m2
αE

−
ζ2cE

4m0ð2þm0Þ
þ ζcEEðm2

0 þ 2m0 þ 2Þ
2m0ð1þm0Þð2þm0Þ

þ dE
4

�
d1 −

2ζð1þm0Þ
m0ð2þm0Þ

�
þ 1

24mB
þ ðm2

0 þ 2m0 þ 2Þ
2ð1þm0Þ

d7; ðE16Þ

dw1 ¼ d3 þ d1 −
3c1 þ ζ=2
sinhm1

; ðE17Þ

dw2 ¼
ζðrs − cBÞ
1þm0

d1 þ
ζ2ðrs − cBÞ þ 2ζðd2 − dBÞð1þm0Þ

m0ð2þm0Þ
: ðE18Þ

APPENDIX F: SYMANZIK IMPROVEMENT PROGRAM (m0a → 0 LIMIT)

In this section we consider the improvement of the action and current in the limitm0a → 0 throughOða2Þ. In doing so we
reproduce the leading-order behavior of the action and current improvement parameters in Table I. In the m0a → 0 limit,
one can expand the OK action in a,

SOK;a2 ¼
X
x

a4ψ̄ðxÞ
�
m0 þ γ4Dlat;4 þ ζγ · Dlat −

1

2
aΔ4 −

1

2
rsζaΔð3Þ

−
1

2
cBζaiΣ · BlatψðxÞ −

1

2
cEζaα · ElatψðxÞ þ c1a2

X
i

γiDlat;iΔlat;i þ c2a2fγ · Dlat;Δð3Þg

þ c3a2fγ · Dlat; iΣ · Blatg þ cEEa2fγ4Dlat;4;α · Elatg
�
ψðxÞ: ðF1Þ

The corresponding local effective Lagrangian through Oða2Þ is given by

SSym ¼
Z

d4xψ̄ðxÞ
�
m0 þ

�
γ4D4 þ

1

6
γ4a2D3

4

�
þ ζ

�
γ · Dþ 1

6

X
i

γia2D3
i

�

−
1

2
aD2

4 −
1

2
rsζaD2 −

1

2
cBζiaΣ · B −

1

2
cEζaα · E

þ c1
X
i

γia2D3
i þ c2a2fγ · D;D2g þ c3a2fγ · D; iΣ · Bg þ cEEa2fγ4D4;α · Eg

�
ψðxÞ

¼
Z

d4xψ̄ðxÞ
�
m0 þ γ4D4 þ ζγ · D −

1

2
aD2

4 −
1

2
rsζaD2 −

1

2
cBζiaΣ · B

−
1

2
cEζaα · Eþ 1

6
γ4a2D3

4 þ
�
c1 þ

1

6
ζ

�X
i

γia2D3
i þ c2a2fγ · D;D2g

þ c3a2fγ · D; iΣ · Bg þ cEEa2fγ4D4;α · Eg
�
ψðxÞ: ðF2Þ

If the action is to be improved throughOða2Þ, the action in Eq. (F2) should be equivalent to the Dirac action throughOða2Þ,
ψ̄ðxÞR̄½mq þ γ · Dþ γ4D4�RψðxÞ ¼ RHSof ðF2Þ; ðF3Þ

where the transformationsR and R̄ should be in terms ofm0a, γ · D, and γ4D4. To match the action throughOða2Þ, they are

R ¼
�
1þ 1

4
m0a −

1

4
rsζaγ · D −

1

4
aγ4D4 −

7

96
ðam0Þ2 −

1

48
am0ðaγ4D4Þ

þ
�
1

48
þ 3rsζ

16
−
r2sζ2

16

�
ðam0Þaγ · Dþ

�
−

1

48
−
rsζ
8

þ r2sζ2

32

�
ðaγ · DÞ2

þ 5

96
ðaγ4D4Þ2 −

r2sζ2

32
aγ4D4aγ · Dþ

�
1

48
þ rsζ

16
−
r2sζ2

32

�
aγ · Daγ4D4

�
; ðF4Þ
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R̄ ¼
�
1þ 1

4
m0a −

1

4
rsζaγ · D −

1

4
aγ4D4 −

7

96
ðam0Þ2 −

1

48
am0ðaγ4D4Þ

þ
�
1

48
þ 3rsζ

16
−
r2sζ2

16

�
ðam0Þaγ · Dþ

�
−

1

48
−
rsζ
8

þ r2sζ2

32

�
ðaγ · DÞ2

þ 5

96
ðaγ4D4Þ2 −

r2sζ2

32
aγ · Daγ4D4 þ

�
1

48
þ rsζ

16
−
r2sζ2

32

�
aγ4D4aγ · D

�
; ðF5Þ

where the coefficients of Eqs. (F4) and (F5) are fixed by
Eq. (F3). For example, the − 1

4
aγ4D4 term in Eqs. (F4) and

(F5) is tuned to fix the coefficient of aD2
4 in Eq. (F2) to be

− 1
2
. Not only determining Eqs. (F4) and (F5), Eq. (F3)

gives constraint equations on the action parameters
(ζ; cB; cE;…) at the tree level. For example, if one
compares the mass term on both sides of Eq. (F3), it gives
the relation between the physical quark mass and the bare
mass

m0 ¼ mq

�
1þ 1

2
m0a −

1

12
m2

0a
2

�
; ðF6Þ

which gives

mq ¼ m0 −
1

2
m2

0aþ 1

3
m3

0a
2: ðF7Þ

Through second order in a, the RHS of Eq. (F7) is equivalent
to the rest mass m1 ¼ Logð1þm0aÞ=a. Thus, Eq. (F7) is
equivalent to identifying the rest masswith the physical quark
mass. Likewise, if one compares the coefficients of aγ · D on
both sides of Eq. (F3), one obtains the constraint equation

1þ
�
1

2
−
1

2
rsζ

�
m0aþ

�
−

1

24
þ 1

2
rsζ−

1

8
r2sζ2

�
m2

0a
2 ¼ ζ;

ðF8Þ

which gives

ζ ¼ 1þ 1

2
ð1 − rsÞm0aþ 1

24
ð−1þ 6rs þ 3r2sÞm2

0a
2 þOðm0aÞ3; ðF9Þ

which is identical to Eq. (4.11) of Ref. [10]. As mentioned in Ref. [10], the above ζ value is determined by the condition
m1 ¼ m2.
Now, if we insert Eqs. (F7) and (F9) into the LHS of Eq. (F3), we obtain

R̄½mq þ γ · Dþ γ4D4�R ¼ m0 þ ζγ · Dþ γ4D4 −
1

2
rsζaðγ · DÞ2

−
1

2
aðγ4D4Þ2 þ aα · E

�
−
1

4
ð1þ rsÞ þ

�
−

1

24
þ 1

8
rs

�
m0a

�

þ 1

6
a2ðγ4D4Þ3 þ a2ðγ · DÞ3

�
−

1

24
−
rs
4
þ r2s

8

�

þ fγ4D4;α · Eg
�
5

96
þ 1

16
rsζ −

1

32
r2sζ2

�
; ðF10Þ

which determines

cB ¼ rs; ðF11Þ

cE ¼ 1

2
ð1þ rsÞ þ

1

12
ð−2 − 3rs þ 3r2sÞm0aþOðm0aÞ2; ðF12Þ

c1 ¼ −
1

6
þOðm0aÞ; ðF13Þ

c2 ¼ c3 ¼
1

48
ð−1 − 6rs þ 3r2sÞ þOðm0aÞ; ðF14Þ
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cEE ¼ 1

96
ð5þ 6rs − 3r2sÞ þOðm0aÞ: ðF15Þ

The (tree-level) matching of the action throughOða2Þ is done by specifying the action parameters according to Eqs. (F7),
(F9), and (F11)–(F15). If one defines qðxÞ ¼ RψðxÞ, then the Lagrangian of qðxÞ corresponds to the Dirac Lagrangian.
One can identifyR as the transformation required for the (tree-level) current improvement. Here we can eliminate terms

with the time derivative by using the equation of motion for the RHS of Eq. (F3),

ðaγ · DÞðaγ4D4ÞψðxÞ ¼ ð−ðm0aÞðaγ · DÞ − ζðaγ · DÞ2ÞψðxÞ; ðF16Þ

ðaγ4D4Þðaγ · DÞψðxÞ ¼ ða2α · Eþ ðm0aÞðaγ · DÞ þ ζðaγ · DÞ2ÞψðxÞ; ðF17Þ

ðaγ4D4Þ2ψðxÞ ¼ ðm2
0a

2 − ζ2ðaγ · DÞ2 − a2ζα · EÞψðxÞ; ðF18Þ

aγ4D4ψðxÞ ¼
�
−m0a − ζaγ · Dþ 1

2
rsζa2D2 þ 1

2
cBζiaΣ · Bþ 1

2
cEζaα · E

þ 1

2
ðm2

0a
2 − ζ2ðaγ · DÞ2 − a2ζα · EÞ

�
ψðxÞ: ðF19Þ

Then,

R ¼
�
1þ 1

2
m0a −

1

8
ðm0aÞ2

��
1þ

�
1

4
ð1 − rsÞ þ

1

48
ð1þ 3r2sÞm0a

�
aγ · Dþ 1

32
ð1 − 10rs þ r2sÞðaγ · DÞ2

þ 1

96
ð1 − 6rs − 3r2sÞa2α · E

�
þOððm0aÞ3Þ; ðF20Þ

which gives the leading behaviors of d1, d2, dB, and dE as

d1 ¼
1

4
ð1 − rsÞ þ

1

48
ð1þ 3r2sÞm0aþOððm0aÞ2Þ; ðF21Þ

d2 ¼ dB ¼ 1

32
ð1 − 10rs þ r2sÞ þOðm0aÞ; ðF22Þ

dE ¼ 1

48
ð1 − 6rs − 3r2sÞ þOðm0aÞ: ðF23Þ
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