
Impacts of inverse magnetic catalysis on screening masses of neutral pions
and sigma mesons in hot and magnetized quark matter

Bing-kai Sheng
Center for theoretical physics and College of Physics, Jilin University,

Changchun 130012, People’s Republic of China
and School of Fundamental Physics and Mathematical Sciences, Hangzhou Institute for Advanced Study,

UCAS, Hangzhou, 310024, China

Xinyang Wang *

Department of Physics, Jiangsu University, Zhenjiang 212013, People’s Republic of China

Lang Yu †

Center for theoretical physics and College of Physics, Jilin University,
Changchun 130012, People’s Republic of China

(Received 28 October 2021; accepted 18 January 2022; published 1 February 2022)

We investigate the screening masses of neutral pions and sigma mesons in hot and magnetized quark
matter in the framework of a two-flavor lattice-improved Nambu–Jona-Lasinio (NJL) model with a
magnetic-field-dependent coupling constant, which is determined by utilizing the results from lattice QCD
simulations. Since such a model can well reproduce inverse magnetic catalysis (IMC), by comparing with
the standard NJL model, we systemically analyze the impacts of IMC on the temperature and magnetic
field dependences of the longitudinal and transverse screening masses of the chiral partners, i.e., π0 and σ
mesons, as well as the screening mass differences between them. Particularly, it is found that the eB
dependences of two alternative (pseudo)critical temperatures for the chiral transition defined by σ − π0

meson screening mass differences are consistent with that defined by the quark condensate.
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I. INTRODUCTION

The properties of strong interactions, which are
described by the theory of quantum chromodynamics
(QCD), in the presence of external magnetic fields have
been extensively investigated in the past years (see, e.g.,
Refs. [1–3] for recent reviews). This is because of strong
magnetic fields that are expected to exist in the early
Universe [4,5], compact stars like magnetars [6], and the
noncentral relativistic heavy ion collisions at RHIC and
LHC [7–10]. In these physical situations, the magnitude of
the magnetic fields, ranging from m2

π to multiples of m2
π ,

could be comparable with strong interactions (eB≳ Λ2
QCD),

so that the properties of strongly interacting matter will be
significantly modified by such strong magnetic fields.

Particularly, there are a variety of new and intriguing
phenomena induced by the interplay between magnetic
fields and nonperturbative properties of QCD, for instance,
chiral magnetic effect [11–13], magnetic catalysis (MC)
[14–17], inverse magnetic catalysis (IMC) [18,19], and
vacuum superconductivity [20,21], and so on. Thus, a deep
and comprehensive theoretical understanding of QCD phase
structure under a background magnetic field is desired.
One of the important aspects of the QCD phase diagram

is the chiral symmetry breaking and restoration. It is well
known that the chiral condensate is the order parameter of
the chiral phase transition in the chiral limit. And, for
physical quark masses, this transition is changed from the
second-order one to the crossover at zero baryon density,
revealed by Refs. [22,23], but the chiral condensate can still
act as an approximate order parameter to exhibit the char-
acteristic behavior of chiral symmetry breaking and resto-
ration. When the external magnetic field is present, early
lattice studies [24–28], as well as almost all low-energy
effective models and theories of QCD [14–17,29–40],
showed that the chiral condensate increases as the mag-
netic field grows, a phenomenon called magnetic catalysis
[14–17]. Correspondingly, the chiral pseudocritical temper-
ature Tpc of the chiral crossover increases with the magnetic

*wangxy@ujs.edu.cn
†yulang@jlu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 105, 034003 (2022)

2470-0010=2022=105(3)=034003(19) 034003-1 Published by the American Physical Society

https://orcid.org/0000-0002-2507-0326
https://orcid.org/0000-0002-0401-8510
https://orcid.org/0000-0002-3431-7431
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.034003&domain=pdf&date_stamp=2022-02-01
https://doi.org/10.1103/PhysRevD.105.034003
https://doi.org/10.1103/PhysRevD.105.034003
https://doi.org/10.1103/PhysRevD.105.034003
https://doi.org/10.1103/PhysRevD.105.034003
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


field B. However, according to recent results of the lattice
simulations by employing staggered quarks with physical
quark masses, it is found that at low temperatures magnetic
catalysis still remains, while at the temperatures around the
chiral crossover, the chiral condensate would be surpris-
ingly decreased by the magnetic field, which is called
inverse magnetic catalysis [18,19]. As a result of such an
effect, Tpc is evidently reduced by the increasing of the
magnetic field strength [18,19]. Since then, there have been
a large number of studies [41–58] trying to explore the
underlying physics behind this puzzle problem. In particu-
lar, one possible idea is that by incorporating magnetic-
dependent or thermomagnetic-dependent coupling con-
stants in the Nambu–Jona-Lasinio (NJL)-type models
[46,47,51,52,55], IMC as well as the reduction of Tpc as
the magnetic field grows can be reproduced to a great
extent. And it might be considered as an indirect way of
introducing the sea effect in the effective model descrip-
tions, since such a contribution, qualitatively speaking, is
the main physical reason for the appearance of IMC, as
argued by the lattice simulations in Ref. [43].
On the other hand, the response of the properties of

mesons to B will also help to explore the phase structure of
QCD in an external magnetic field. For example, light
mesons like pions are Nambu-Goldstone bosons corre-
sponding to the chiral symmetry breaking, so the study on
their properties is conducive to understanding the chiral
phase transition under the magnetic field. Besides, for the
chiral partners such as neutral pions and sigma mesons,
their mass difference can be also considered as an order
parameter to describe the behavior of the chiral crossover.
For this reason, the pole masses of light mesons in the
presence of magnetic fields have been widely evaluated in
the framework of chiral perturbation theory [59], the linear
sigma model [60–62], NJL model [63–77], relativistic or
nonrelativistic constituent quark model [78–80], and lattice
QCD (LQCD) simulations [81–89]. In addition, another
important effect of the magnetic field on mesons is that
charged vector mesons are conjectured to condense for
sufficiently strong magnetic fields [20,21]. The existence of
the charged rho condensation has been studied by a lot of
work [20,21,81,82,84,87,88,90–101], and it is still an open
question right now.
However, as we have mentioned in Ref. [75], unlike the

pole masses, the screening masses of light mesons at finite
temperature under the magnetic field were studied in only a
few trials [64,65,70,75]. In fact, the screening meson
masses are also useful quantities for understanding the
properties of QCD, since light mesons play an important
role in nuclear physics as mediators of nuclear or quark
interactions and the range of force is determined by the
inverse of screening mass. Especially, the screening mass
difference between mesonic chiral partners is strongly
related to the chiral symmetry breaking and restoration
of QCD. Namely, the screening masses of them become

degenerate when the chiral symmetry gets restored. Hence,
the temperature dependence of meson screening masses at
vanishing magnetic field has been investigated in the NJL-
type models [102–106], in holography QCD [107], and in
LQCD [108–111]. But when a magnetic field is applied,
there were only several papers [64,65,70,75] that explored
the influence of magnetic fields on the screening masses of
mesons in the hot medium. Note that, in our recent work
[75], we systematically presented the calculations of the
screening masses for neutral pions under magnetic fields in
the NJL model within full random phase approximation
(RPA) and solved the limitations of the previous studies.
Now we hope to extend our evaluations to the screening
mass difference between neutral pions and sigma mesons in
the magnetic field, in order to analyze the effects of
magnetic fields on the chiral phase transition in an alter-
native way. Furthermore, it is found in Refs. [68,72,75] that
the pole masses of neutral pions suffer a sudden jump at
Mott transition temperature in the presence of an external
magnetic field. This discontinuity may disturb the study for
the B-dependent behavior of the chiral phase transition,
whereas the temperature dependence of the screening
masses for neutral pions has no jump behavior in the
whole temperature range at finite magnetic field [75]. This
implies that, compared with the pole masses, the screening
masses of mesons may play a better role in investigating the
chiral phase transition under magnetic fields.
In this work, we will concentrate on studying the impacts

of IMC on the screening masses of neutral pions and sigma
mesons, especially the mass difference between them, in
hot and magnetized quark matter within the framework of a
lattice-improved two-flavor NJL model, where IMC can be
well reproduced by adopting a magnetic-dependent cou-
pling constant [18]. In this scenario, we phenomenologi-
cally determine the magnetic field dependence of the four-
fermion interaction coupling constant utilizing the mag-
netic-dependent constituent quark masses, which are
inferred from the baryon mass spectrum as a function of
the magnetic field by employing lattice simulations [55].
Moreover, it should be emphasized that we choose the
proper-time regularization scheme which can guarantee the
sound velocities of mesons cannot be larger than unity,
according to the arguments in Ref. [75]. And an infrared
cutoff ΛIR is introduced by considering the color confine-
ment so as to remove unphysical decay thresholds for
sigma mesons into quarks and antiquarks [112].
Additionally, for the choice of the regularization scheme,
as argued in the recent Refs. [113,114], the vacuum
magnetic regularization scheme helps to avoid unphysical
results for the magnetization, in contrast with the magnetic-
field-independent regularization scheme. According to the
arguments in Ref. [113], we can find that this is because the
purely magnetic part in the former one experiences the
same regularization prescription as the vacuum part. And it
is not related to whether they separate the vacuum part from
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the purely magnetic part. Hence, our mixing up of the
vacuum and magnetic parts does not lead to any incon-
sistencies for the magnetization.
This paper is organized as follows. In Sec. II, we will

first introduce the two-flavor NJL model in the presence
of an external magnetic field and show the gap equation
in the mean field approximation. Next, in Sec. III, the
mesonic correlation function is derived by using the RPA
approach, and the analytical expressions of the polarization
functions for scalar-isoscalar and pseudoscalar-isovector
channels are calculated in detail by using the propagators
of quarks in the magnetic field. Then, in Sec. IV, after
incorporating the lattice-improved NJL model with the
magnetic-dependent coupling constants, we will show the
corresponding numerical results and make some discus-
sions. Finally, the summary and conclusions will be
presented in Sec. V.

II. NJL MODEL AND THE GAP EQUATION

In the presence of an external electromagnetic field, the
two-flavor NJL model [115,116] reads

LNJL ¼ ψ̄ðiγμDμ − m̂Þψ þ G½ðψ̄ψÞ2 þ ðψ̄ iγ5τψÞ2�; ð1Þ

whereDμ ¼ ∂μ þ iQ̂eAext
μ is the covariant derivative which

couples quarks to an external U(1) gauge field Aext
μ ,

i.e., the electromagnetic field, and Q̂ ¼ diagðQu;QdÞ ¼
diagð2=3;−1=3Þ is the quark charge matrix in the two-
flavor space. The current quark mass matrix is m̂ ¼
diagðmu;mdÞ and explicitly brings chiral symmetry break-
ing. In this paper, the current masses of up and down quarks
are set to equal with each other, i.e., mu ¼ md ¼ m0, but
the isospin symmetry is still broken by the external
electromagnetic field. The capital G is the coupling
constant corresponding to the scalar and pseudoscalar
channels, and τ ¼ ðτ1; τ2; τ3Þ are Pauli matrices in the
two-flavor space. The fields of quarks are denoted
by ψ ¼ ðu; dÞT.
The constituent quark mass m is determined by the gap

equation

m ¼ m0 − 2Ghψ̄ψi; ð2Þ

which is derived by using the Hartree approximation
[117,118]. Here, the quark (chiral) condensate hψ̄ψi is
defined by hψ̄ψi≡ −TrSðx; xÞ, where Tr denotes the trace
of the propagator of constituent quarks, i.e., Sðx; x0Þ in
flavor, color, and spinor space. The propagator of constitu-
ent quarks is defined by

ðiγμDμ −mÞSðx; x0Þ ¼ iδð4Þðx − x0Þ: ð3Þ

In this paper, we investigate the effects of an external
constant magnetic field on the screening masses of the

mesons and, thus, choose the Landau gauge Aext
μ ¼

ð0; 0;−Bx; 0Þ corresponding to the magnetic field B ¼
ð0; 0; BÞ along the positive z direction. The Lorentz
symmetry is broken by the background magnetic field at
zero temperature, i.e., SOð1; 3Þ → SOð2Þ ⊗ SOð1; 1Þ.
From Eq. (3), we can obtain the analytical result of the
propagator of constituent quarks in Minkowski space, i.e.,
gμν ¼ diagð1;−1;−1;−1Þ, and it reads

Sðx; x0Þ ¼ eiΦfðr⊥;r0⊥ÞS̃ðx − x0Þ; ð4Þ

where Φfðr⊥; r0⊥Þ ¼ QfeBðxþx0Þðy−y0Þ
2

is the so-called
Schwinger phase [119] and the index f is the flavor index,
i.e., f ¼ u, d and r⊥ ¼ ðx; yÞ. The translation invariant part
of the propagator S̃ðx − x0Þ reads

S̃ðx − x0Þ ¼
Z

d4p
ð2πÞ4 e

−ip·ðx−x0ÞS̃ðpÞ; ð5Þ

where

S̃ðpÞ ¼
Z

∞

0

ds exp

�
is½p2

0 − p2
3 −m2 þ iϵ� − isp2⊥

×
tanðsQfeBÞ
sQfeB

�
½γμpμ þmþ ðp1γ2 − p2γ1Þ

× tanðsQfeBÞ�½1 − γ1γ2 tanðsQfeBÞ�: ð6Þ

Here, p2⊥ ¼ p2
1 þ p2

2.
The gap equation in vacuum can be expressed explicitly

as follows by using the quark propagator of Eq. (4):

m ¼ m0 þ 4GmI1;vacðm2Þ; ð7Þ

where the integral I1;vacðm2Þ is defined by

I1;vacðm2Þ≡ Nc

8π2
X
f¼u;d

Z
∞

0

ds
e−m

2s

s
jQfeBj×cothðsjQfeBjÞ:

ð8Þ

At finite temperature, the rotation symmetry of spacetime is
further broken by the external heat reservoir, namely,
SOð2Þ ⊗ SOð1; 1Þ → SOð2Þ, which means that the system
is merely invariant under SO(2) transformation in the plane
which is vertical to the direction of the magnetic field. The
sum over the Matsubara frequencies of fermions needs to
be introduced to the integral of the quark momenta, i.e.,
p0 → iωF

l , where ω
F
l ¼ ð2lþ 1ÞπT, l ¼ 0;�1;�2…, and

the gap equation reads

m ¼ m0 þ 4GmI1ðm2Þ; ð9Þ

where the integral I1ðm2Þ is defined as follows:
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I1ðm2Þ≡ Nc

4
ffiffiffiffiffi
π3

p
X
f¼u;d

Z
∞

0

ds
e−m

2sffiffiffi
s

p ½Tθ2ð0; e−4π2T2sÞ�

× jQfeBj cothðsjQfeBjÞ; ð10Þ
and θ2ðu; qÞ is the Jacobi theta function [120]. Note that
when the temperature T goes to zero, I1ðm2Þ → I1;vacðm2Þ
is due to

lim
T→0

Tθ2ð0; e−4π2T2sÞ ¼ 1

2
ffiffiffiffiffi
πs

p : ð11Þ

As mentioned above, we employ the proper-time regu-
larization scheme with the ultraviolet cutoff ΛUV and the
infrared cutoff ΛIR [112,121,122] in the model. The
regularized integrals in the gap equations at zero and finite
temperature read

IPT1;vacðm2Þ≡ Nc

8π2
X
f¼u;d

Z 1

Λ2
IR

1

Λ2
UV

ds
e−m

2s

s
jQfeBj

× cothðsjQfeBjÞ ð12Þ
and

IPT1 ðm2Þ≡ Nc

4
ffiffiffiffiffi
π3

p
X
f¼u;d

Z
1

Λ2
IR

1

Λ2
UV

ds
e−m

2sffiffiffi
s

p ½Tθ2ð0; e−4π2T2sÞ�

× jQfeBj cothðsjQfeBjÞ; ð13Þ
respectively. Note that the gap equations at zero and finite
temperature, i.e., Eqs. (7) and (9), are in Euclid space, by
performing the Wick rotation s → −is.

III. THE SCREENING MASSES OF NEUTRAL
PION AND SIGMA MESON

We evaluate the screening masses of neutral pions and
sigma mesons by following Ref. [104]. First, we consider
the mesonic correlation function defined by

ηξξðxÞ≡ h0jT½JξðxÞJ†ξð0Þ�j0i; ð14Þ

where ξ ¼ π0 for the neutral pion, ξ ¼ σ for the sigma
meson, and capital T denotes the time-ordered product.
Note that there is no mixing term considered here. The third
component of the pseudoscalar isovector current is

Jπ0ðxÞ ¼ ψ̄ðxÞiγ5τ3ψðxÞ; ð15Þ

and the scalar isoscalar current is

JσðxÞ ¼ ψ̄ðxÞψðxÞ − hψ̄ðxÞψðxÞi: ð16Þ

Then, the Fourier transformation of ηξξðxÞ reads

χξξðkÞ ¼ i
Z

d4xeik·xh0jT½JξðxÞJ†ξð0Þ�j0i: ð17Þ

The correlation function in momentum space, i.e., χξξðkÞ,
can be obtained by using the RPA method [117,118], and it
is given by

χξξðkÞ ¼ ΠξðkÞ þ 2GΠξðkÞχξξðkÞ; ð18Þ

where the one quark-loop polarization function ΠξðkÞ is
defined by

ΠξðkÞ≡ −i
Z

d4p
ð2πÞ4 Tr½ΓξS̃ðpÞΓξS̃ðp − kÞ�; ð19Þ

and Γπ0 ¼ iγ5τ3, Γσ ¼ 1. Note that two Schwinger phases
of the quark-antiquark pair cancel with each other in the
neutral meson polarization functions. Substituting Eq. (6)
into Eq. (19) and completing the tedious calculations, we
obtain the explicit expressions of the polarization functions
at zero temperature as follows:

Ππ0;vacðk2⊥; k2kÞ ¼
Nc

4π2
X
f¼u;d

Z
∞

0

ds
Z

1

0

du exp

�
−m2s −

sð1 − u2Þ
4

k2k −
coshðsjQfeBjÞ − coshðsujQfeBjÞ

2jQfeBj sinhðsjQfeBjÞ
k2⊥

�

×

��
m2 þ 1

s
−
1 − u2

4
k2k

� jQfeBj
tanhðsjQfeBjÞ

−
jQfeBj½coshðsjQfeBjÞ − coshðsujQfeBjÞ�

2sinh3ðsjQfeBjÞ
k2⊥

þ jQfeBj2
sinh2ðsjQfeBjÞ

�
; ð20Þ

Πσ;vacðk2⊥; k2kÞ ¼
Nc

4π2
X
f¼u;d

Z
∞

0

ds
Z

1

0

du exp

�
−m2s −

sð1 − u2Þ
4

k2k −
coshðsjQfeBjÞ − coshðsujQfeBjÞ

2jQfeBj sinhðsjQfeBjÞ
k2⊥

�

×

��
−m2 þ 1

s
−
1 − u2

4
k2k

� jQfeBj
tanhðsjQfeBjÞ

−
jQfeBj½coshðsjQfeBjÞ − coshðsujQfeBjÞ�

2sinh3ðsjQfeBjÞ
k2⊥

þ jQfeBj2
sinh2ðsjQfeBjÞ

�
: ð21Þ
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Here, k2k ¼ k23 þ k24 and k2⊥ ¼ k21 þ k22. Note that we have made the Wick rotation s → −is and k0 → ik4.
At finite temperature, after making Matsubara frequency summation [118,123] we obtain the polarization functions as

follows:

Ππ0ðωB
m;k2⊥; k23Þ ¼

NcT

4
ffiffiffiffiffi
π3

p
X
f¼u;d

X∞
l¼−∞

Z
∞

0

ds
Z

1

−1
du

ffiffiffi
s

p
exp

�
−s½ðωF

l Þ2þm2� þ sð1−uÞωF
l ω

B
m−

s
2
ð1−uÞðωB

mÞ2

−
sð1−u2Þ

4
k23−

coshðsjQfeBjÞ− coshðsujQfeBjÞ
2sinhðsjQfeBjÞ

k2⊥
jQfeBj

���
m2þ 1

2s
− iωF

l ðiωF
l − iωB

mÞ

−
1−u2

4
k23

� jQfeBj
tanhðsjQfeBjÞ

þ jQfeBj2
sinh2ðsjQfeBjÞ

−
jQfeBj½coshðsjQfeBjÞ− coshðsujQfeBjÞ�

2sinh3ðsjQfeBjÞ
k2⊥

�
; ð22Þ

ΠσðωB
m; k2⊥; k23Þ ¼

NcT

4
ffiffiffiffiffi
π3

p
X
f¼u;d

X∞
l¼−∞

Z
∞

0

ds
Z

1

−1
du

ffiffiffi
s

p
exp

�
−s½ðωF

l Þ2 þm2� þ sð1 − uÞωF
l ω

B
m −

s
2
ð1 − uÞðωB

mÞ2

−
sð1 − u2Þ

4
k23 −

coshðsjQfeBjÞ − coshðsujQfeBjÞ
2 sinhðsjQfeBjÞ

k2⊥
jQfeBj

���
−m2 þ 1

2s
− iωF

l ðiωF
l − iωB

mÞ

−
1 − u2

4
k23

� jQfeBj
tanhðsjQfeBjÞ

þ jQfeBj2
sinh2ðsjQfeBjÞ

−
jQfeBj½coshðsjQfeBjÞ − coshðsujQfeBjÞ�

2sinh3ðsjQfeBjÞ
k2⊥

�
: ð23Þ

Since we evaluate the screening masses, the Matsubara
frequencies of bosons (mesons) ωB

m ¼ 2mπT with
m ¼ 0;�1;�2…, which emerge in Eqs. (22) and (23),
should be vanished, namely, k4 ¼ 0. As shown in
Ref. [104], the screening masses of mesons in a heat
reservoir but with vanishing magnetic field can be calcu-
lated by making use of the dispersion relation obtained
from Eq. (18), i.e.,

½1 − 2GΠξðk4 ¼ 0; k2Þ�jk2¼−m2
ξ;scr

¼ 0; for B → 0; ð24Þ

where k ¼ ðk1; k2; k3Þ. And it was pointed out that, by
using the prescription of Ref. [104], the meson screening
masses mξ;scr are always less than the threshold mass

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ðπTÞ2

p
at sufficiently high temperatures, so that

they do not develop an imaginary part. In the presence of an
external magnetic field, analogously, the longitudinal
screening masses mξ;scr;k and the transverse screening
masses mξ;scr;⊥ of the mesons are determined by

½1 − 2GΠξ;vacð0; k23Þ�jk23¼−m2
ξ;scr;k

¼ 0 ð25Þ

and

½1 − 2GΠξ;vacðk2⊥; 0Þ�jk2⊥¼−m2
ξ;scr;⊥ ¼ 0 ð26Þ

for T ¼ 0 and by

½1 − 2GΠξð0; 0; k23Þ�jk23¼−m2
ξ;scr;k

¼ 0 ð27Þ

and

½1 − 2GΠξð0; k2⊥; 0Þ�jk2⊥¼−m2
ξ;scr;⊥ ¼ 0 ð28Þ

for T ≠ 0.
Then, with the help of the method for regularizing the

polarization functions in Ref. [63], we make an extension
from the Pauli-Villars regularization scheme to the proper-
time regularization scheme with the infrared cutoff ΛIR.
The explicit regularized expressions of the polarization
functions at zero and finite temperature are changed to the
forms as follows, respectively:

ΠPT
ξ;vacðk2⊥; k23Þ ¼ 2IPT1;vacðm2Þ þ ðk2k þ 4m2ϵξÞIPT2;vac;kðk2⊥; k23Þ

þ k2⊥IPT2;vac;⊥ðk2⊥; k23Þ ð29Þ

and

ΠPT
ξ ð0; k2⊥; k23Þ ¼ 2IPT1 ðm2Þ þ ðk23 þ 4m2ϵξÞIPT2;kð0; k2⊥; k23Þ

þ k2⊥IPT2;⊥ð0; k2⊥; k23Þ; ð30Þ

where ϵξ is defined by

ϵξ ≡
�
1; ξ ¼ σ;

0; ξ ¼ π0;
ð31Þ

and
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IPT
2;vac;kðk2⊥; k23Þ ¼ −

Nc

8π2
X
f¼u;d

Z 1

Λ2
IR

1

Λ2
UV

ds
Z

1

0

du exp

�
−m2s −

sð1 − u2Þ
4

k23 −
coshðsjQfeBjÞ − coshðsujQfeBjÞ

2jQfeBj sinhðsjQfeBjÞ
k2⊥

�

×
jQfeBj

tanhðsjQfeBjÞ
; ð32Þ

IPT2;vac;⊥ðk2⊥; k23Þ ¼ −
Nc

8π2
X
f¼u;d

Z 1

Λ2
IR

1

Λ2
UV

du exp

�
−m2s −

sð1 − u2Þ
4

k23 −
coshðsjQfeBjÞ − coshðsujQfeBjÞ

2jQfeBj sinhðsjQfeBjÞ
k2⊥

�

×
jQfeBj coshðsujQfeBjÞ

sinhðsjQfeBjÞ
; ð33Þ

IPT
2;kð0; k2⊥; k23Þ ¼ −

Nc

4
ffiffiffiffiffi
π3

p
X
f¼u;d

Z
1

Λ2
IR

1

Λ2
UV

Z
1

0

du
ffiffiffi
s

p
exp

�
−m2s −

sð1 − u2Þ
4

k23 −
coshðsjQfeBjÞ − coshðsujQfeBjÞ

2jQfeBj sinhðsjQfeBjÞ
k2⊥

�

× ½Tθ2ð0; e−4π2T2sÞ� jQfeBj
tanhðsjQfeBjÞ

; ð34Þ

and

IPT2;⊥ð0; k2⊥; k23Þ ¼ −
Nc

4
ffiffiffiffiffi
π3

p
X
f¼u;d

Z 1

Λ2
IR

1

Λ2
UV

Z
1

0

du
ffiffiffi
s

p
exp

�
−m2s −

sð1 − u2Þ
4

k23 −
coshðsjQfeBjÞ − coshðsujQfeBjÞ

2jQfeBj sinhðsjQfeBjÞ
k2⊥

�

× ½Tθ2ð0; e−4π2T2sÞ� jQfeBj coshðsujQfeBjÞ
sinhðsjQfeBjÞ

: ð35Þ

It is easy to find out the anisotropy between the longi-
tudinal and transverse directions in terms of Eqs. (29) and
(30), since I2;vac;k ≠ I2;vac;⊥ and I2;k ≠ I2;⊥ at nonzero mag-
netic fields. Thus, the longitudinal screening masses are
different from the transverse screening ones, i.e., mξ;scr;k ≠
mξ;scr;⊥, when the magnetic field is present. But when
eB → 0, we have limeB→0 I2;vac;k ¼ limeB→0 I2;vac;⊥ at
T ¼ 0 and limeB→0 I2;k ¼ limeB→0 I2;⊥ at T ≠ 0. It means
that the Lorentz symmetry broken by the magnetic field is
going to be restored, i.e., SOð2Þ ⊗ SOð1; 1Þ → SOð1; 3Þ at
zero temperature and SOð2Þ → SOð3Þ at finite temperature.
Correspondingly, the relative index of refraction of the
medium [75] becomes unity (i.e.,

nξ;k
nξ;⊥ ¼ mξ;scr;k

mξ;scr;⊥ ¼ 1) in the

absence of the magnetic field, whether the system is in a heat
reservoir or not.

IV. NUMERICAL RESULTS

A. The B-dependent coupling constant G

As mentioned above, it is an effective and convenient
way to employ a magnetic-field-dependent four-fermion
coupling constant in the NJL-type models, in order to
incorporate inverse magnetic catalysis at high temperatures.
Hence, by following Ref. [55], we determine the magnetic
field dependence of the coupling constant G by using
the magnetic-field-dependent constituent quark masses

inferred from the baryon masses in the magnetic fields
obtained by lattice simulations.
Specifically, we first fix the model parameters including

the current quark mass m0 and the ultraviolet cutoff ΛUV,
by setting the predictions of the model for the pion massmπ

and for its decay constant fπ to their physical values, i.e.,
138 and 93 MeV, respectively. Then, to fix the magnetic-
dependent coupling constant GðeBÞ, we set the constituent
quark mass at each B to take the value inferred from the
first-principles input of the baryon masses. Note that, in this
paper, we introduce an infrared cutoff that provides the
quark confinement to eliminate unphysical quark-antiquark
thresholds for mesons. And the infrared cutoff ΛIR ¼
240 MeV which is approximately equal to ΛQCD. The
results of the fixed model parameters are m0 ¼ 11.8 MeV,
ΛUV ¼ 708 MeV, and GðT ¼ B ¼ 0ÞΛ2

UV ¼ 5.5, and the
values of the magnetic-field-dependent four-fermion cou-
pling constant GðeBÞ, as well as the constituent quark
masses used to fix them, are given in Table I. Moreover, the
curve of the coupling constant G as a function of eB is also
shown in Fig. 1, in comparison with that in Ref. [55].
Clearly, the coupling constant in our model decreases with
increasing magnetic field, which is qualitatively in agree-
ment with the results in Ref. [55]. And we need to
emphasize that, although the authors in Ref. [55] worked
in the Polyakov loop-extended NJL model (PNJL), they
solely employed the input at zero temperature when fixing
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the magnetic field dependence of G, and thus the Polyakov
loop contributed nothing.

B. The solution of the gap equation and the
pseudocritical temperature Tpc

In this subsection, we show the results of the constituent
quark mass and the quark condensate as functions of the
temperature at different values of eB in the framework of
both the standard NJL model and the lattice-improved NJL
model, as shown in Figs. 2 and 3, respectively. It is found in
Fig. 2 that, at a certain fixed temperature value, the
constituent quark mass m decreases with eB in the

lattice-improved NJL model with the magnetic-dependent
coupling constant, while the situation is on the contrary in
the standard NJL model with a constant GðB ¼ 0Þ.
On the other hand, as depicted by Fig. 3, in the standard

NJL model, the quark condensate increases with the
magnetic field at any temperatures, which is just referred
to as magnetic catalysis. However, in the case of the lattice-
improved NJL model, the quark condensate curves display
magnetic catalysis only at low temperatures but show
inverse magnetic catalysis at sufficiently high temperatures
around the transition, which is consistent with the lattice
results in Ref. [19]. Note that the same values of eB as
Ref. [55] are chosen for convenience in our calculations
when we evaluate the constituent quark mass and the quark
condensate.
Using the results of the quark condensates in Fig. 3, we

plot the pseudocritical temperature Tpc, defined by the
location of the inflection points of the quark condensate
curves, as a function of the magnetic field strength in Fig. 4.
It is obvious that our numerical results of TpcðBÞ in the
lattice-improved NJL model are qualitatively in good
agreement with the lattice results in Ref. [18] as opposed
to the standard NJL model. As shown in Ref. [55], the
authors actually used the PNJL model with magnetic-field-
dependent G to reproduce the IMC successfully. Our
numerical results in the lattice-improved NJL model with-
out the Polyakov loop are still consistent with those in
Ref. [55]. It implies that the key point for introducing IMC
in the NJL-type models is the magnetic-field-dependent
four-fermion coupling constant and the Polyakov loop is

FIG. 1. The coupling constant G as a function of eB compared
with the results in Ref. [55]. The blue line denotes the results in
this paper, and the red dots denote the results in Ref. [55].

TABLE I. The values of the magnetic-field-dependent coupling constant and the constituent quark masses used to fix them.

eB [GeV2] 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
m2 [GeV2] 0.097 0.096 0.094 0.091 0.087 0.083 0.079 0.074
G [GeV−2] 10.97 10.72 10.02 9.14 8.18 7.26 6.44 5.69

FIG. 2. The constituent quark mass as a function of the
temperature at different eB compared with the results of standard
NJL model.

FIG. 3. The absolute value of the quark condensate as a
function of the temperature at different eB compared with the
standard NJL model.
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not essential. For this reason, our robust lattice-improved
NJL model is qualified to investigate the effects of the IMC
on the screening masses of mesons.

C. The screening masses of neutral pion
and sigma meson

1. Results at fixed eB

The screening masses of neutral pions and sigma mesons
can be evaluated in terms of Eqs. (25)–(28). Now we begin
the discussion with the results of their screening masses as
functions of the temperature at different values of eB in the
cases of the standard NJL model and the lattice-improved
NJL model.
For the standard NJL model, the temperature depend-

ences of the longitudinal and transverse screening masses
for π0 and σ mesons at fixed eB ¼ 0.0, 0.2, 0.4, and
0.6 GeV2 are shown in the left panels in Figs. 5 and 6,
respectively. In general, the curves of longitudinal screen-
ing masses show similar behavior with those of transverse
ones. At low temperatures (T ≲ 150 MeV), the longi-
tudinal and transverse screening masses of both π0 and
σ mesons hardly change with the increase of temperature.
As the temperature becomes higher and higher, the longi-
tudinal and transverse screening masses of neutral pions

T
c
T
c
eB
=
0

FIG. 4. The pseudocritical temperature scaled by its eB ¼ 0
value as a function of the magnetic field compared with the
results from lattice simulations [18].

FIG. 5. Left panel: the longitudinal meson screening masses as functions of the temperature at fixed eB ¼ 0.0, 0.2, 0.4, and 0.6 GeV2

in the standard NJL model. Right panel: the same quantities in the lattice-improved NJL model.

FIG. 6. Left panel: the transverse meson screening masses as functions of the temperature at fixed eB ¼ 0.0, 0.2, 0.4, and 0.6 GeV2 in
the standard NJL model. Right panel: the same quantities in the lattice-improved NJL model.
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begin to increase with the increasing temperature T, while
both screening masses of sigma mesons first decrease and
then increase as T is growing. Especially, at a certain

temperature, defined by Tk
χ (or T⊥

χ ), the longitudinal (or
transverse) screening masses of neutral pions and sigma
mesons merge with each other. This phenomenon implies

that the chiral symmetry is restored at Tk
χ (or T⊥

χ ), because
neutral pion and sigma mesons are chiral partners. And it is

shown that the merging temperature, either Tk
χ or T⊥

χ , is
enhanced by the magnetic field.
As for our lattice-improved NJL model, the correspond-

ing numerical results of the meson screening masses are
shown in the right panels in Figs. 5 and 6. By comparing
with the results in the standard NJL model, we could
examine the effects of the IMC on the meson screening
masses. First, as shown by Fig. 5, it is evident that mσ;scr;k
obtained in the lattice-improved NJL model is reduced by
the magnetic field at low temperatures but is changed to
increase with B at high temperatures, in contrast to the
standard NJL. Second, as regard to mσ;scr;⊥, as shown in
Fig. 6, it remains enhanced by the magnetic field at low
temperatures in the lattice-improved NJL model, although
the extent of the increment is less than that in the standard
NJL model. However, while T is around T⊥

χ , mσ;scr;⊥
acquired by the lattice-improved NJL model increases with
B, similar to mσ;scr;k. Third, more importantly, when

approaching Tk
χ (T⊥

χ ), the results of the lattice-improved
NJL model show that the larger the strength of the magnetic
field, the lower the temperature where either mσ;scr;k
(mσ;scr;⊥) or mπ0;scr;k (mπ0;scr;⊥) starts to increase with T
remarkably, as opposed to the results in the standard NJL.
Consequently, the location where the two curves of the
screening masses of neutral pions and sigma mesons merge
together moves toward the vertical axis with the enhance-

ment of the magnetic field. That is to say, Tk
χ (T⊥

χ ) is
reduced by the increase of the magnetic field strength in the
case of our lattice-improved NJL model. In addition, it is
obvious that, in the high-temperature limit, the curves of
mσ;scr;⊥ (or mπ0;scr;⊥) at different values of eB in the
standard NJL tend to approach each other as T grows,
while those curves in the lattice-improved NJL model keep
increasing with T separately and parallelly.
Since the neutral pions and the sigma mesons are chiral

partners with each other, we could introduce their screening
mass difference to investigate the chiral phase transition as
an alternative of the chiral condensate, as we have dis-
cussed above. Explicitly, the normalized screening mass
difference between π0 and σ mesons in the longitudinal and
the transverse directions is defined by

ΔM̄k
σ;π0

ðB; TÞ ¼
Δmk

σ;π0ðB; TÞ
Δmk

σ;π0ð0; 0Þ
ð36Þ

and

ΔM̄⊥
σ;π0ðB; TÞ ¼

Δm⊥
σ;π0ðB; TÞ

Δm⊥
σ;π0ð0; 0Þ

; ð37Þ

respectively, where Δmk
σ;π0

¼ mσ;scr;k −mπ0;scr;k and

Δm⊥
σ;π0 ¼ mσ;scr;⊥ −mπ0;scr;⊥. And in Figs. 7 and 8, we

display the normalized difference ΔM̄k
σ;π0

and ΔM̄⊥
σ;π0 as

functions of the temperature at eB ¼ 0.0, 0.2, 0.4,
and 0.6 GeV2.
It is shown that, compared with Figs. 2 and 3, the

temperature dependences of ΔM̄k
σ;π0

and ΔM̄⊥
σ;π0 at dif-

ferent fixed values of eB are analogous to those of the
constituent quark mass and the chiral condensate, respec-
tively, no matter in the standard NJL model or the lattice-
improved NJL model. Concretely, at low temperatures

(T ≲ 100 MeV), ΔM̄k
σ;π0

or ΔM̄⊥
σ;π0 is nearly a constant

with respect to the temperature in both the standard NJL

FIG. 7. The normalized longitudinal screening mass difference

ΔM̄k
σ;π0

as a function of the temperature at fixed eB ¼ 0.0, 0.2,

0.4, and 0.6 GeV2.

FIG. 8. The normalized transverse screening mass difference
ΔM̄⊥

σ;π0 as a function of the temperature at fixed eB ¼ 0.0, 0.2,

0.4, and 0.6 GeV2.
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model and the lattice-improved NJL model. In the interval

of 100 MeV≲ T ≲ 200 MeV, the value of ΔM̄k
σ;π0 or

ΔM̄⊥
σ;π0 is sharply depressed by the growth of the temper-

ature, which means that the chiral symmetry is restoring in
this temperature range. At very high temperatures
(T ≳ 200 MeV), the screening masses of π0 and σ mesons
become degenerate with a good approximation, i.e.,

ΔM̄k
σ;π0 ¼ 0 or ΔM̄⊥

σ;π0 ¼ 0, and this fact signifies the
restoration of chiral symmetry accordingly. Therefore,
we can resort to the meson screening mass difference

ΔM̄k
σ;π0

(or ΔM̄⊥
σ;π0) as an order parameter instead of the

quark condensate to define the critical temperature of the
chiral phase transition.
Note that we define two critical temperatures by using

the π0 − σ screening mass difference: One is the inflection

point of ΔM̄k
σ;π0

(or ΔM̄⊥
σ;π0) curve, which is identified with

the pseudocritical temperature Tk
pc (or T⊥

pc) of the chiral
crossover, in analogy to the prescription for the quark
condensate, namely,

∂2ΔM̄k
σ;π0

∂T2

				
T¼Tk

pc

¼ 0 or
∂2ΔM̄⊥

σ;π0

∂T2

				
T¼T⊥

pc

¼ 0; ð38Þ

and the other is the merging point of mπ0;scr;k (or mπ0;scr;⊥)
andmσ;scr;k (ormσ;scr;⊥), which is the critical temperature Tk

χ

(or T⊥
χ ) signifying the chiral symmetry restoration, and the

definition reads

ΔM̄k
σ;π0

j
T¼Tk

χ
¼ 0 or ΔM̄⊥

σ;π0 jT¼T⊥
χ
¼ 0: ð39Þ

Nevertheless, since the chiral phase transition is actually a
crossover owing to nonzero current quark mass, a small
arbitrary value ϵ can be chosen to determine the critical

temperatures Tk
χ and T⊥

χ , e.g., ΔM̄k
σ;π0

j
T¼Tk

χ
¼

ΔM̄⊥
σ;π0 jT¼T⊥

χ
¼ ϵ ¼ 10−2 in our numerical calculations.

With the help of Tk
pc (T⊥

pc) and Tk
χ (T⊥

χ ), the effects of
the external magnetic field on these critical temperatures
can be analyzed in the following.

On the one hand, the pseudocritical temperatures Tk
pc and

T⊥
pc as functions of the magnetic field are shown in Fig. 9.

And the pseudocritical temperature Tpc defined by the
inflection points of the quark condensate from Fig. 3 is also
sketched for comparison. In general, the eB dependences of

Tk
pc and T⊥

pc are essentially coincident with that of Tpc not
only in the standard NJL model but also in the lattice-
improved NJL model, although somewhat less than Tpc. It
means that the normalized screening mass difference

ΔM̄k
σ;π0 and ΔM̄⊥

σ;π0 can effectively describe the chiral
phase transition also. Evidently, in the left panel in Fig. 9,

the value of Tk
pc (T⊥

pc) becomes larger and larger with the
increase of the magnetic field, which is in agreement with
the result obtained by the quark condensate in the standard
NJL model, whereas, in the right panel in Fig. 9, the

decrease of Tk
pc (T⊥

pc) with the increasing eB reflects the
IMC from the LQCD simulations.

On the other hand, the eB dependences of Tk
χ and T⊥

χ are
sketched in Fig. 10. The behaviors of them are quite similar
to those of the pseudocritical temperatures in Fig. 9,

although the values of Tk
χ (T⊥

χ ) are obviously larger than

Tk
pc (T⊥

pc) in both the standard NJL model and the lattice-
improved NJL model. In the left panel in Fig. 10, the

increase of Tk
χ and T⊥

χ with the growing eB reflects the MC
in the standard NJL model. In the right panel in Fig. 10,
their opposite behaviors varying with eB indicate the IMC
effect, which can be well reproduced in the lattice-

improved NJL model. Additionally, Tk
pc is almost the same

as T⊥
pc at any value of eB as shown in Fig. 9, since they have

nothing to do with the anisotropy of spacetime caused by
the external magnetic field. By comparison, in Fig. 10, the

difference between Tk
χ and T⊥

χ becomes larger and larger as

FIG. 9. The pseudocritical temperatures Tk
pc and T⊥

pc, as well as Tpc, as functions of eB in the standard (left panel) and the lattice-
improved (right panel) NJL models.
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eB increases, and T⊥
χ is always not less than Tk

χ . This is

because of the definitions of Tk
χ and T⊥

χ in the latter case:
It is not difficult to find that, in the low-momentum
expansion,

m2
σ;scr;k −m2

π0;scr;k ¼ 4m2 ð40Þ

and

m2
σ;scr;⊥ −m2

π0;scr;⊥ ¼ 4m2 ×
I2;kð0Þ
I2;⊥ð0Þ

; ð41Þ

where I2;kð0Þ¼ limq→0 I2;kðqÞ and I2;⊥ð0Þ ¼ limq→0 I2;⊥ðqÞ,
which are good approximations in the low-temperature

region [75]. In this ansatz, we could have
ðm2

σ;scr;⊥−m2

π0 ;scr;⊥Þ
ðm2

σ;scr;k−m
2

π0 ;scr;kÞ
¼

I2;kð0Þ
I2;⊥ð0Þ ≥ 1 and, thus, T⊥

χ

Tk
χ

≥ 1, both of which grow with the

increase of eB.

FIG. 10. The critical temperatures Tk
χ and T⊥

χ , as functions of eB in the standard (left panel) and the lattice-improved (right panel) NJL
models.

FIG. 11. Left panel: the longitudinal screening masses of π0 and σ mesons as functions of eB at fixed T ¼ 0.00, 0.10, 0.15, 0.18, 0.20,
and 0.25 GeV in the standard NJL model, and the curves for neutral pion at low temperatures are plotted on the bottom for visibility.
Right panel: the same quantities in the lattice-improved NJL model.
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2. Results at fixed T

In this subsection, we first continue to present the eB
dependences of mπ0;scr;k and mσ;scr;k at fixed T ¼ 0.00,
0.10, 0.15, 0.18, 0.20, and 0.25 GeV in Fig. 11, in order to
illustrate the effects of the IMC on the meson screening
masses further. Specifically, in the standard NJL model,
mπ0;scr;k reduces monotonically with the growth of eB at
either low or high temperatures, while in the lattice-
improved NJL model, mπ0;scr;k still decreases with eB at
low temperatures (e.g., at T ¼ 0 MeV and T ¼ 100 MeV),
despite that the extents of the decrease are smaller than
those in the standard NJL model, but when the temperature
is high enough (e.g., T ≥ 150 MeV), mπ0;scr;k turns to
increase with eB.
As concerningmσ;scr;k, it is interesting to find thatmσ;scr;k

increases in the standard NJL model but decreases in the
lattice-improved NJL model at low temperatures, as eB
grows. This is because, according to Eq. (40), sincemπ0;scr;k
is almost a constant with respect to eB at T ≲ 150 MeV, the
behavior of mσ;scr;k is mainly determined by that of the
constituent quark mass m, and m in the lattice-improved
NJL model decreases with eB as a result of the decreasing
behavior ofGðeBÞwith regard to eB, in contrast tom in the
standard NJL model. At very high temperatures, e.g.,
T ¼ 250 MeV,mσ;scr;k obviously becomes degenerate with

mπ0;scr;k and decreases in the standard NJL model but
increases in the lattice-improved NJL model with the
increase of eB instead. When around the chiral crossover,
we find thatmσ;scr;k increases with eB at T ¼ 180 MeV and
first slightly decreases and then increases with eB at
T ¼ 200 MeV in the standard NJL model, as shown in
the left panel in Fig. 11. However, as depicted by the right
panel in Fig. 11, mσ;scr;k first slightly decreases and then
increases with eB at T ¼ 180 MeV and turns to increase
with eB monotonically at T ¼ 200 MeV in the lattice-
improved NJL model.
Next, the plots ofmπ0;scr;⊥ andmσ;scr;⊥ as functions of eB

at fixed temperatures are shown in Fig. 12. One interesting
thing is that at low temperatures (i.e., T ¼ 0 and 100 MeV),
mπ0;scr;⊥ either in the standard NJL model or in the lattice-
improved NJL model is enhanced by the magnetic field, in
contrast tomπ0;scr;k. But the rising of temperature makes the
situation different: In the standard NJL model, mπ0;scr;⊥
turns to first decrease and then increase with the increasing
of eB at T ¼ 150 MeV and eventually becomes reduced
with eB at high temperatures (e.g., T ¼ 180, 200, and
250 MeV); while in the lattice-improved NJL model,
mπ0;scr;⊥ remains increasing with eB as the temperature
grows. As formσ;scr;⊥, when in the standard NJL model, the
eB dependences of mσ;scr;⊥ at different temperatures are

FIG. 12. Left panel: the transverse screening masses of π0 and σ mesons as functions of eB at fixed T ¼ 0.00, 0.10, 0.15, 0.18, 0.20,
and 0.25 GeV in the standard NJL model, and the curves for neutral pion at low temperatures are plotted on the bottom for visibility.
Right panel: the same quantities in the lattice-improved NJL model.
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qualitatively similar to those of mσ;scr;k. On the other hand,
when in the lattice-improved NJL model, although mσ;scr;⊥
andmσ;scr;k behave similarly to each other as eB increases at
enough high temperatures (T ≳ 150 MeV), there are some
difference between them at low temperatures (e.g., T ¼ 0
and 100 MeV): mσ;scr;⊥ increases with eB, while mσ;scr;k
holds decreasing with eB.
Then, by making use of the numerical results in Figs. 11

and 12, we examine the eB dependences of ΔM̄k
σ;π0

and

ΔM̄⊥
σ;π0 at different temperatures in Figs. 13 and 14,

respectively. Obviously, in the standard NJL model, only

magnetic catalysis can be uncovered byΔM̄k
σ;π0

andΔM̄⊥
σ;π0

that are enhanced by the increase of eB at arbitrary
temperature. However, both of them decrease with the

increasing eB at high temperatures (below Tk
χ or T⊥

χ , of
course) in the lattice-improved NJL model, which is
consistent with the corresponding inverse magnetic

catalysis acquired by the chiral condensate. Moreover, at
low temperatures, it is not difficult to find that, in both the

standard and the lattice-improved NJL models, ΔM̄k
σ;π0

shows the same eB dependence asm according to Eq. (40),
while ΔM̄⊥

σ;π0 acts much like the quark condensate as
eB grows.
Furthermore, by comparing Fig. 11 with Fig. 12, we can

find there are quantitative differences between mπ0;scr;k
(mσ;scr;k) and mπ0;scr;⊥ (mσ;scr;⊥) at fixed temperature in the
same model, which are related to the anisotropy of
spacetime caused by the background magnetic field and
will be discussed in the following subsection.

D. The ratio of sound velocities u⊥ξ =u
k
ξ

As mentioned in Ref. [75], the degree of the asymmetry
between the longitudinal and transverse directions, stem-
ming from the external magnetic field, can be measured by

the ratio of sound velocities u⊥ξ =u
k
ξ ¼ mξ;scr;k=mξ;scr;⊥, with

the definitions ukξ ¼ mξ;pole

mξ;scr;k
and u⊥ξ ¼ mξ;pole

mξ;scr;⊥. Thus, Figs. 15

and 16 show the T and eB dependences of the ratio u⊥ξ =u
k
ξ

for ξ ¼ π0 and σ mesons, respectively. According to our
arguments about the Lorentz symmetry breaking and the

causality in Ref. [75], it is expected that u⊥ξ =u
k
ξ¼1 at eB¼0

and u⊥ξ =u
k
ξ < 1 at eB ≠ 0 at zero and finite temperature,

which are in agreement with the results in Figs. 15 and 16.

Furthermore, u⊥
π0
=uk

π0
and u⊥σ =u

k
σ are both reduced by the

increasing eB because of the enhancement of the symmetry
breaking in coordinate space by the magnetic field, no
matter in the standard NJL model or in the lattice-improved

NJL model. Note that the eB dependence of u⊥
π0
=uk

π0
in the

standard NJL model, as shown in the left panel in Fig. 16, is
qualitatively in accordance with the result in Ref. [75].

FIG. 14. The normalized transverse screening mass difference ΔM̄⊥
σ;π0 as a function of eB at fixed T ¼ 0.0, 0.10, 0.15, 0.18, 0.20, and

0.25 GeV.

FIG. 13. The normalized longitudinal screening mass differ-
ence ΔM̄k

σ;π0
as a function of eB at fixed T ¼ 0.0, 0.10, 0.15,

0.18, 0.20, and 0.25 GeV.

IMPACTS OF INVERSE MAGNETIC CATALYSIS ON … PHYS. REV. D 105, 034003 (2022)

034003-13



In more details, it is shown in Fig. 15 that, at fixed

eB ¼ 0.2, 0.4, and 0.6 GeV2, both u⊥
π0
=uk

π0
and u⊥σ =u

k
σ are

temperature independent when T ≲ 50 MeV and then
gradually increase to unity as the temperature grows when
T ≳ 50 MeV. Obviously, it agrees with the result in

Ref. [75] that u⊥ξ =u
k
ξ depends on the magnetic field strength

only at low temperatures, where the screening effect of the
temperature can be decoupled from that of the magnetic
field. But when the temperature becomes sufficiently high,
the space symmetry broken by the magnetic field will be
recovered by the random thermal motion with the increas-
ing of T [70,75]. Besides, as depicted in Fig. 16, it is found
that at low temperatures there is always some discrepancy

between u⊥
π0
=uk

π0
and u⊥σ =u

k
σ (i.e., u⊥σ =u

k
σ < u⊥

π0
=uk

π0
< 1) at

finite eB on account of their mass difference, and, when

T ≳ Tk
pc or T⊥

pc, u⊥π0=u
k
π0

and u⊥σ =u
k
σ become degenerate

along with the restoration of chiral symmetry.
Finally, we study the eB dependence of the ratio

difference u⊥
π0
=uk

π0
− u⊥σ =u

k
σ, which is shown in Fig. 17.

And we could find that in the low-temperature region (e.g.,

T ¼ 0, 100, and 150 MeV), when eB≳ 0.5 GeV2, the ratio

difference u⊥
π0
=uk

π0
− u⊥σ =u

k
σ in the standard NJL model

continues increasing with eB, while the one in the lattice-
improved NJL model reaches saturation, although both of

FIG. 16. u⊥ξ =u
k
ξ as a function of eB at fixed T ¼ 0.0, 0.10, 0.15, 0.18, 0.20, and 0.25 GeV in the standard NJL model (left panel) and

the lattice-improved NJL model (right panel), respectively.

0.7

standard

FIG. 17. The ratio difference u⊥
π0
=uk

π0
− u⊥σ =u

k
σ as a function of

eB at fixed T ¼ 0.0, 0.10, 0.15, 0.18, 0.20, and 0.25 GeV in the
standard NJL model and the lattice-improved NJL model.

0.95 0.95

0.90

0.75

0.70

0.90

lattice–improved

FIG. 15. u⊥ξ =u
k
ξ as a function of T at fixed eB ¼ 0.0, 0.2, 0.4, and 0.6 GeV2 in the standard NJL model (left panel) and the lattice-

improved NJL model (right panel), respectively.
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them are enlarged with the increase of the magnetic field
when eB < 0.5 GeV2. Additionally, at a certain eB,

u⊥
π0
=uk

π0
− u⊥σ =u

k
σ in the lattice-improved NJL model is

smaller than that in the standard NJL model at low
temperatures, which is mainly attributed to the decreasing
behavior of GðeBÞ with respect to eB in the lattice-
improved NJL model.

V. SUMMARY AND CONCLUSIONS

In this paper, we incorporate IMC effectively in the
lattice-improved two-flavor NJL model by introducing an
eB-dependent coupling constant GðeBÞ to the four-quark
interaction [55]. The eB dependence of GðeBÞ is deter-
mined by utilizing the magnetic-field-dependent constitu-
ent quark masses inferred from the magnetized baryon
mass spectrum which is evaluated in LQCD. The lattice-
improved NJL model is shown to exhibit IMC at high
temperatures and a reduction of the pseudocritical temper-
ature as the magnetic field grows, which are consistent with
the lattice results in Refs. [18,19].
In order to investigate the effects of IMC on the meson

screening masses, we analyze the longitudinal and trans-
verse screening masses of neutral pion and sigma meson
in terms of the lattice-improved NJL model. For compari-
son, we also calculate meson screening masses in the
standard NJL model that the coupling constant is fixed
at GðeB ¼ 0Þ. For the sake of the decreasing behavior of
the coupling constant GðeBÞ with increasing eB, the
monotonicity of mπ0;scr;k and mπ0;scr;⊥ for neutral pions
with respect to the magnetic field in the lattice-improved
NJL model is different from that in the standard NJL
model when the temperature is adequately high, i.e.,
T ≳ 150 MeV. Concerning sigma mesons, because of
the same reason above, the monotonicity of mσ;scr;k with
regard to eB in the lattice-improved NJL model also differs
from that in the standard NJL model at low temperatures.
Meanwhile, although mσ;scr;⊥ in both the lattice-improved
NJL model and the standard NJL model monotonically

increases as eB grows in the low-temperature regime, the
extent of increase in the lattice-improved NJL model is
smaller than that in the standard NJL model.
In particular, it is interesting to find the fact that, when

around the transition temperature, the longitudinal and
transverse screening mass differences between σ and π0

mesons, i.e., Δmk
σ;π0 and Δm⊥

σ;π0 , increase with eB in the
standard NJL model but decrease with eB in the lattice-
improved NJL model, which is consistent with the pre-
diction by the quark condensate. By the aid of these

screening mass differences, Tk
pc and T⊥

pc, as well as Tk
χ

and T⊥
χ , are defined as (pseudo)critical temperatures of the

chiral transition. And we find that, in both the standard and
the lattice-improved NJL models, the eB dependences of

Tk
pc and T⊥

pc (T
k
χ and T⊥

χ ) are in good agreement with that of
Tpc by the quark condensate. Hence, it implies that
exploring behaviors of the screening mass differences of
chiral partners (e.g., π0 and σ mesons) may help to uncover
the underlying mechanism of IMC. It is expected that our
relevant predictions above could be proved or disproved by
lattice QCD simulations in the near future (e.g., a very
recent paper [124]), so that we can examine validity and
reliability of the hypothesis that the magnetic-field-depen-
dent coupling constant in the NJL model gives rise to IMC
in a phenomenological manner.
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