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In this short note we study null dimensional reduction of MS5-brane covariant action. We analyze
longitudinal dimensional reduction that leads to nonrelativistic D4-brane and transverse reduction that

leads to NS5-brane in nonrelativistic string theory.
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I. INTRODUCTION AND SUMMARY

It has been known from the late 1990s that string theories
have origin in eleven dimensional theory: M-theory [1].
Since all string theories can be considered as limits of
M-theory it is clear that M-theory has to contain exten-
ded objects that are parent objects of fundamental
strings, D-branes and NS5-branes [2], for review see for
example [3]. The fundamental object of M-theory is
M2-brane as string is fundamental for string theory since
M2-brane electrically couples to three form C®) in the
same way as string couples to two form B(?). On the other
hand, a more interesting object in M-theory is M5-brane
[4-10]. This is a six dimensional object with an exceptional
property that on its world-volume self-dual three form field
propagates that cannot be described in Lagrangian formal-
ism. Despite this fact, covariant action for M5-brane was
proposed and extensively studied in [4—6]. In particular, it
was shown in [4] that this M5-brane dimensionally reduces
into a D4-brane under double dimensional reduction and it
was also shown in [11] that D3-brane action arises through
double dimensional reduction of MS5-brane action on
torus [11].

In order to get more information about MS5-brane
covariant action it would be certainly interesting to study
its properties in a different background. Such an example
could be analysis of M5-brane action under null dimen-
sional reduction of M-theory. It is well known that null
dimensional reduction is rather subtle in the case of the
gravity action [12,13] however it can be performed on the
level of equations of motion. Further, it is also well known
that null dimensional reduction of gravity leads to torsional
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Newton-Cartan gravity [13,14] in lower dimensional space-
time. Clearly we can deduce that null dimensional reduc-
tion of M-theory would lead to torsional Newton-Cartan
string theory even if the Precise analysis of this problem has
not been performed yet.” On the other hand, it is possible to
ask the question how extended objects in M-theory map
under null dimensional reductions. In our previous
paper [18] we studied null dimensional reduction of the
M2-brane. We showed that when we have M2-brane
wrapped null direction we get fundamental string action
in torsional Newton-Cartan string theory. Further, when we
considered M2-brane transverse to this null direction we
got D2-brane action in the same background. Then we can
ask the question how this procedure can be applied in the
case of the M5-brane. Thee goal of this paper is to address
this problem. We first review dimensional reduction along a
spacelike circle that should lead to D4-brane in type IIA
theory. This procedure was first discussed in [4] but we
analyze this problem in more detail and in a slightly
different way. First of all we perform spatial dimensional
reduction of the M5-brane that leads to five dimensional
action with a propagating two form on its world volume.
Since two form in five dimensions is dual to one form it is
natural to perform duality transformations following [8,19].
We show that dual action for dimensional reduced
MS5-brane action is D4-brane action in type IIA theory.
We would like to stress that this analysis could be
considered as dual to the analysis performed in [8] where
the starting point was D4-brane and then it was shown that
dual action corresponds to MS5-brane action dimensionally
reduced along spatial dimension.

As the next step we extend this idea to the case of null
dimensional reduction of the M5-brane. We start with the
discussion of the background with null isometry following
[12,13]. Since it is not completely clear how to perform null
dimensional reduction in the case of three form C®) that

ISee also [15]. For another study of nonrelativistic limits of
M-theory, see [16,17].
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appears as additional background field in M-theory we
restrict ourselves to the case when this form vanishes. Then
we insert this background metric into covariant M5-brane
action and we obtain its dimensionally reduced form. Again
since this action still depends on a two form field it is
natural to perform its duality transformation. Now we
should be more careful than in the case of the relativistic
MS5-brane since the induced metric corresponds to a
Newton-Cartan metric where there is no Lorentz invariance
in the target space-time. For that reason we consider a more
general situation with diagonal components of spatial
metric 7%, nonzero component of time one form 7,
together with nonzero components of m, where the mean-
ing of these symbols will be given below. Then we will be
able to perform duality transformation as in the case of the
spatial dimensional reduction and we argue that the
resulting action corresponds to a D4-brane in the torsional
Newton-Cartan background. We also perform transverse
null isometry reduction of the M5-brane and we argue that
resulting action corresponds to the NSS5-brane in the
nonrelativistic type IIA theory even if the resulting action
is very complicated.

Let us outline our results and suggest possible extension
of this work. We find an action for the D4-brane in torsional
Newton-Cartan type IIA theory. This is the main result of
this paper that together with the paper [18] proves that
extended objects in M-theory map under null dimensional
reduction to fundamental strings an D-branes in torsional
Newton-Cartan string theory. It is remarkable that these
actions have functionally the same form as their relativistic
counterparts since they depend on the pullback of the
Newton-Cartan volume form [14]. On the other hand, this
fact raises a very important question which is a relation
between D4-brane action derived in this paper and the form
of nonrelativistic Dp-brane in torsional Newton-Cartan
(NC) background as was found in [20,21]. In these papers
the nonrelativistic Dp-brane in torsional NC background
was found by T-duality from relativistic D(p + 1)-brane
in the background with lightlike isometry when this
D(p + 1)-brane is extended along the lightlike dimension
and we perform T-duality along it.> This procedure is an
extension of the definition of torsional NC string [20,29-33]
to the case of higher dimensional objects. It would be
certainly very interesting to understand how these apparently
different actions for nonrelativistic Dp-branes in torsional
nonrelativistic string theories are related.

This paper is organized as follows. In Sec. II we review
the main properties of M5-brane action and perform
its dimensional reduction along the spatial dimension.
In Sec. III we perform dimensional reduction when the
M5-brane wraps null direction. Finally in Sec. IV we
briefly mention dimensional reduction of the MS5-brane

2 Another form of nonrelativistic D4-brane actions was derived
by a specific limiting procedure [22-25]; see also [26-28].

when it is transverse to the null direction. The resulting
action should correspond to a NS5-brane in torsional
Newton-Cartan string theory as transverse dimensional
reduction of the M5-brane along a spatial circle corre-
sponds to a NS5-brane in type ITA theory.

II. COVARIANT MS5-BRANE ACTION AND
SPATIAL DIMENSIONAL REDUCTION

In this section we introduce basic facts about covariant
MS5-brane action and study its spatial dimensional reduc-
tion. The covariant form of M5-brane action was intro-
duced in [4-7]; see also [8,9]. Explicitly, we consider
MS5-brane action in the form®

S = —Tys / d6gN _ det(@mn it >
V Oada

- %ﬁ*mmmmaml , (1)
where
dada = d,,ad™0,a, (2)
and where
m, n=0,1,...,5 (3)

are vector indices of d = 6 world-volume coordinates &,
M, N=0,1,...,10 (4)

are vector indices of D = 11 target space-time coordinates
XM

gmn = am‘)(ngMNan‘XN (5)

is the world-volume metric that is induced by embedding
the five-brane into D = 11 background with metric g,y .
Further, we have

N 1
H:’;m = —gmrgnsersmvatuvawa7 (6)

6v=9g

where H,,,, is the field strength for the world-volume
antisymmetric tensor B,,,:

Hmnl = alen + amBnl + anBlm' (7)

Finally a is the world-volume scalar field that ensures the
covariance of the model.

*We work with the metric of the signature (= 4+, 4).

026027-2



NOTE ABOUT NULL DIMENSIONAL REDUCTION OF M5-BRANE

PHYS. REV. D 105, 026027 (2022)

The M5-brane action is invariant under the following
gauge symmetries [4]. The first one is usual gauge
symmetry,

da =0, OBn = Ontby — 0y (8)

There is another nontrivial gauge symmetry in the form
[4-6]

5an = ¢mana -

Opad,, ba = 0. (9)

Finally the action is invariant under transformation [4—0]

o N J,
da = ¢, 0B, = 761/\ H*mn - Hmnp.aps i ,
V dada V dada
(10)
where
~ 2 6L
thn = - o5

\/__géﬁl*mn ’
I’_\I*
EDBI_\/_det<gmn+i TL) (11)
V dada

The symmetries (9) and (10) are fundamental properties of
M5-brane action (1). They ensure that B,,, equations of
motion reduce to self-duality conditions, see [4—6] for more
details. As was shown in [4] the equation of motion for a(&)
is a consequence of the equations of motion for B,,, and
hence it is not a new field equation. As a result a can be
directly eliminated by fixing the gauge transformations (9).
Following [4] we fix a by imposing condition

Opa =5, (12)
Then using (9) we get
1
5BSm = Ed’m (13)

and hence we can fix components of Bs,, to be equal to
Zero:

BSm - O (14)

We impose this condition in case of spatial and null
dimensional reduction of the M5-brane.

Before we proceed to the case of null dimensional
reduction we review spatial dimensional reduction of
MS5-brane. To do this we consider the eleven dimensional
line element in the form

ds® = e g, dx'dx* + e (dy — C,dx")?,  (15)

where p,v=0,1,...,9. We impose spatial dimensional
reduction when we presume that y coincides with & and
when all world-volume fields do not depend on &> except a
that obeys the condition (12). Let us denote the remaining
world-volume coordinates as &, a,f,7,...=0,1,...,4.
Then using (14) and also the fact that all world-volume
fields do not depend on & we find that there are nonzero
components of H s, only.

Then with the help of (15) we find that components of
the induced metric are equal to

N N —2 4
g”ﬂ = a(lxﬂgﬂuaﬂxy =e 3¢gar/3 + 63¢C(1C[)”

Oay = —e%¢Ca, Gyy = e (16)

with corresponding components of the inverse metric §™":

=gl o= e§‘/’Cy g, PV =e W +e0C g C 5,

(17)

where g, is the induced five dimensional matrix and hence
g™ is its inverse metric that obeys the equation

gaﬁgﬁy = 52 (18)

Further, using (16) we obtain

det g, = e™>¢

det gop. (19)
Let us now turn our attention to A, that using (12) has the
form

* lAA
Hy = —— €

mn 6\/—_§ gmrgns

Now since 5™ ig a totally antisymmetric symbol we find
that all nonzero components have the form e®7%3 = ¢#ré®
so that

”mvSHtuv- (20)

_2¢
H,, = gmagnﬂeaﬁy&wH (0} (2 1)

mn 6 \/—

To proceed further we use the fact that we can write

ﬁ*
—det (@mn + liml)
\/ V Oada
er* gsl
= y/—det §,;1 [ — det gkl +id 2o )\/—detﬁln,

V dada

(22)

where
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Akrﬁ]* ~sl 1
le + ig /fiq — @kl 4+ — €kltuvamvawa_ (23)
V dada 6v/—gV dada
Now in the gauge 9,,a = &,, we obtain
det <f}k1 + i;Gk”"”WH, 0 a)
P uv-w
6+/—gV dada
g i PIOH,,  TCe
— 6v/=gV dada
C,gPex e 4 &9 Cg7 Cy
30 gor B
= det| ¥ g — _53 J chcég& +i ! ePrH 5,
e +e7Cof"Cy 6ot /mdetgy /1 + e CogPCy
X (e_%’ + e%‘/’Cag”ﬂCﬂ). (24)
Let us now analyze the second term in the action (1) that using (12) takes the form
- %gﬁ*mnHmnrara = A_g ﬁ]*aﬁH(l/}}’gyS
40ada 4"
e
— _ eaﬂyﬁm H » Ha , g/mc{;‘ 25
24(e7 + ¢ C,C7) ool .
Collecting these terms together we finally obtain the dimensionally reduced form of the action:
CaC . e{/)gaujg B /
S=-Tp, / dee? —det(gaﬂ— 2 {/)C’” e T ”2 — V10t
r9Cs  6y/=detyg 1+e¢CygV Cs
X /14 e*C,g°Cs
2¢
- ¢ Eaﬁ}/&wH(; Hﬁgp"C
24(1 + ez"’C},gy‘sC(;) rowTane ’
1
+ 6/ dsivaﬁy(Ha[)’y - (a(tB/iy + a/}B]/a + ayBaﬂ))’ (26)

where we identified Ty = T)ys [ dy since we anticipate
that the action above corresponds to D4-brane action in
type IIA theory. However this correspondence is not quite
correct since the action (26) still depends on the field
strength of two form field B,; while Dirac-Born-Infeld
(DBI) action is defined using gauge field which is one
form. In order to find such an action we should perform
duality transformation following [8,19]. The first step is to
extend the action as in (26) that allows us to treat B, and
H .5, as independent variables. Since now B, is indepen-
dent it can be integrated out which implies

8,V =0, (27)

[
This equation has a solution in five dimensions in the form

V{lﬂy — €a/3y5w 85 Aw . (28)

In order to find dual action we should integrate out three
form H 5,. To do this we will perform an inverse procedure
to the analysis presented in [8,19]. Explicitly, we start with
the action (26) and find its dual formulation. Following
[8,19] we use five dimensional Lorentz invariance and
switch to the local inertial frame where g,5 = 1,4 and
where we also presume that C, has nonzero component C,,
only. We further presume that there are nonzero compo-
nents Hyyy and H |, so that the matrix

026027-4
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e*C,C e? / L
M(lﬂ = ga[)’ - 1 2¢05C ﬁcy +1i gaajgﬂﬁ ea/jyéwHy(sa)
e, 6y/—detg,/1 + e*C,C
has the form
2¢C2
-1- W 0 0 0 0
L
0 1 IWHBL‘O O 0
L
Maﬂ = 0 —1 m[i&m 1 0 0
L
0 0 0 1 l—m
L
0 0 0 —1 \/TTCZHIZO 1
0

so that detM,; is equal to

e*C} e ) e )
detMaﬂ = —<1 + 1 _e2¢c(2)> <1 - 1 — 82¢C%H2> (1 —?%%Hl

Sk —¢ e 2 e 2
s T [ e (1 ‘ﬁwc{g%) (1 ‘ﬁwcgf“)
€2¢C0
+Tpy / d5§<H1H2 +VH, + V2H2>.
1—e¥C}

Let us solve equations of motion for H; and H, that follow from (32)

1 - AH?
Ae~? | ——2H, + ACyH, +V; =0,
1- AH%
_, [1-AH]
Ae mH2+ACOH1+V2:0,
2
where
Ao
T1-ec

The Egs. (33) have solutions

14 V3 14+ V2
H, =V,C —f/’,/ 2y, H,=V,C 4 Ly,.
1 26g F e 1—|—V%1 2 1Co F € 1+V§2

Finally inserting (35) into (32) we obtain

S=~Tps [ el 1+ VD1 + V) - CoVivil,

where we used the fact that multiplication of two equations given in (33) leads to the result

026027-5
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— e\ [(1 = AHY)(1 - AHY)

1
= A—I-11 (ACoH, + V)(1 — AH?) (37)

and we have chosen the—sign in (35) to have an
action with correct sign. Then we finally introduce
Fop = 0,Ap — 0pA, and restore world-volume covariance
so that the action (36) has the final form

S=-Tpy / ¢ {e_d’\/ —det(gop + Fap)
1 afydw C F.F 38
- g € al pyt éw |- ( )

This is action for the D4-brane in the background with
metric g,, and Ramond-Ramond form C,,. Observe that we
proceeded in the inverse direction to the duality trans-
formation studied in [8] where the starting point was the
D4-brane in the background with nontrivial metric and
Ramond-Ramond one form. Finally note also that the
analysis performed in this section could be easily gener-
alized to the case of nontrivial background three form C®),
following [4,8]. However we are not going to discuss this
generalization in this section since we will also consider
zero three form when we perform null dimensional reduc-
tion of the M5-brane.

III. NULL DIMENSIONAL REDUCTION
OF MS-BRANE

We begin this section with the review of basic facts about
null dimensional reduction of gravity.

Let us consider gravity background with null isometry
and perform its dimensional reduction, following [12,13].
We presume that we have vierbein Ey? and inverse EM
where M =0, 1,...,10 and tangent space indices A, B =
0,1,..., 10 that obey

EyiEMy =53 Ey'EN, =8y (39)
If we try to dimensionally reduce along null direction we
assume an existence of null Killing vector & = &Y, that
obeys
Legun =0, EMgynel =0, (40)
Without loss of generality we choose adapted coordinates
M = (x*,y) where p =0,1,...,9 and where x' =y so
that § = £0,. Then L;g = 0 implies that § is independent
on y and the null condition on &£ implies

9yy = 0. (41)

To proceed further we introduce suitable ansatz for vier-
bein, following [12,13]. We split 11 tangent space indices

into a=1,...,9 and the remaining as +,— so that
Nap = Oqp- N =1n_, = 1. Then we have the following
ansatz for E,*:

fa AR £y
ES =ef, W =S T = —Smy,
Eo=0.  E~=0. EF=s (42)

and hence we have the following components of the
metric*:

G = by —my 7, — 7M. Gy =7, = Gy Gyy = 0.

(43)

Let us now consider induced metric on the world volume
of the M5-brane with world-volume coordinates m,n =
0,1,....,5 when we presume that M5-brane is extended
along y-direction. Explicitly

=y (44)

so that the induced metric g,,, has the form

gaﬂ = h(l/)’ —MyTy — T My = haﬂ’ gya = Ta»

(45)

gyy =0,

where hyp = h,,0,X"0pX", my = m,0,X*, 1, = 7,0,X".
For further purposes we also write elements of the world-
volume inverse metric in the form

Y =20, § = Pr=-0" §%=h, (46)

where we defined

A

1
b = v* — h%my, O = —v*m, + Emahuﬁmﬂ, (47)

and where we also introduced v*, h** through the relations

T, h® =0, 1%he =0,
haph! — 2,07 — = & (48)

T, 0% = —1,

It is important to stress that v* and A% are five dimensional
vector and tensor respectively.

Let us now proceed to the null dimensional reduction of
MS5-brane action (1). First of all we again use the fact that
generally we have

“Before we proceed further we would like to stress that it is not
completely clear which ansatz we should use for null dimensional
reduction of three form C®). We expect that it could have the
same form as in the case of spatial dimensional reduction and this
is currently under study. Since no definite result has been derived
yet we consider the case of zero three form field C®) in this paper.

026027-6
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1

ﬁ*
—det (gmn +i ﬁﬂ\ > = —det gmr <_ det (grs + Zf grstuvamyawa> ) (_ det gsn)' (49)
V 0ada 6V dada/—7

As in the previous section we find that nonzero components of H,,,, are H,3 when we also imposed the gauge fixing
condition (12). Using these facts we find that the second bracket in (49) is equal to

o i1 apriw Y
—det grs +1 e(lﬁyﬁa)H so | =— h + l6\/ﬁ\/—_g€ H}/(Sa) )
6@;1}/—@ 7 —p 2P
1 1
= 2 det| WV — oG bW e e, | (50)

6\ /= det ,jlaﬁ

where in the final step we used the fact that

0 -z —z,h%5 0 1 _
det§,, = I P R (51)
Ty haﬂ Ty haﬁ 20
together with the fact that the matrix
jiob = gt — L ey (52)
20
is inverse to A,z = hop — MaTg — T,Mg:
hosh’' = 8. (53)
This can be easily proved using the fact that
host? = 27,® iy (54)
a a*s a p 2®

With the help of these results we obtain that the gauge fixed form of the expression (50) is equal to

a; 1 _ 1 -
- det (gmn + l%) = — ﬁ det ]’laﬂ + 17_ hayhﬁﬁeyégprawp (55)
V dada 64/ —dethys
Further we have
/=5 . 1
- v 7 am g 0a = aﬂyéwH H N 56
49ada mnrO a4 48(1)6 yow aﬂav ( )
so that we obtain MS5-brane action dimensionally reduced along the null direction in the form
S=-Tys [dy [ & ) R —
=—1ys y ¢ 50 et Ngp + 1 ——F———== "Ny Nps5€ cwp
6\ /= det h’aﬂ
1 Byé A
+ ea/y mHy(Su)H(l/)’UUU . (57)

480
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It is important to stress that @ is equal to —%@“Eaﬂﬁﬂ . However it is convenient to treat it as independent when we add
J PEB2D + @“fzaﬁ ”) into action. Further, this action still depends on two form B, however it is more natural to find its

dual formulation in the same way as in the case of the spatial dimensional reduction. In order to find such formulation we
again extend the action as in the previous section,

1

1 - R
S = _TND4 / d5£ —ﬁdet I’la/} + ii_hayhﬁéé‘yégmpngp
6\ /= det haﬂ
1 a/iy(‘}wH H N B(2® "01]7! W
+48—¢)€ yéw (lﬂﬂv + ( +v aﬁv )
1
+e / dEVY (Hyg, — (04Bg, + OB, + 0,Byg)). (58)
where we introduced effective nonrelativistic D4-brane hap = 5;5251.]., i,j=1,..,4. (61)
tension through the relation
T _r J 59 On the other hand, in the case of time one form we presume
ND4 = S M5 Y- (59) that it is constant and equal to

In (58) we treat H 4, and B, as independent fields. Then

the equations of motion for B,; imply that V7 is equal to Ta = 00 (62)

VA = P10 9sA,,. (60)  We further presume that m has nonzero components 1, 1,

] ) ) so that hyy = —2zmg, hgy = —tm; = hjy. Then since v* is

Finally we should solve equations of motion for Hg,. defined as 7,0 = —1 we have ©° = — L. Finally, as in the
a P >

Since it is difficult to solve them in the full generality we
proceed in the similar way as in the previous section even if
we have to be more careful now. First of all we can still

previous section we presume that nonzero components of
Hp, are Hiy = H,, Hiy) = H,. Then the matrix M,; =

presume that the space metric A, has the form hap + imhwhﬁée”&”"”’Hﬂw has the form
- - . il
/’loo hOl lﬁHz 0 0
hio 1 iﬁHz 0 0
_jh S
l\/%Hz l\/_—]lez 1 0 0 (63)
L
0 0 0 1 l\/_—;lH1
L
0 0 0 —i \/—_F,Hl 1
where we defined / = det i_zaﬂ = hgy — P_z%l. Then the extended action (58) has the form
| h ~ ~ [ h(™2. o
S = —TND4/de 50 \/(1 —H})(1 = H3) +1 /- (2q>) H\H, —V,H, - V,H,
5 Mo 2
T

where V| = V20, V, = V3% and where we performed rescaling H,, = V—hH,,, V|, = \/%5\71.2. From (64) we obtain

026027-8
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the following equations of motion:

_ 1 -Hj} _ _ 1 -H? .
—H\\| —=2+AH, -V, =0,-Hy\ | —=L+AH, -V, =0, (65)
\/1—H% \/1—H§
h(v0)?

where A = /— =5~ If we multiply two equations in (65) together we obtain
ngzz(vl—Aﬁz)(Vz—Aﬁl) (66)
which allows us to express H, as
- V,V,— AH,V,

i, = ~ - 67
> (1=ADH, + AV, (67)

Inserting this result into the first equation in (65) we obtain the quadratic equation for A, that has the solution

_ - o 1=+ V3
H, = —AV, £ V| ————=5]|. 68
7 1-A2 TN -aY) 492 (68)
Then inserting this result into (67) we also find H, to be equal to
. N e S e
= —AV £ V| ———=5|. 69
-N V- + 73 (69)
Finally inserting (68) and (69) into the action (64) we obtain
| N 1 -~ =«
S = —TND4/d5§ \/—(h LRV +V2) = — T, U, + B( 20 + 270 4 m? ||, (70)
20 20 T

where we performed rescaling V,, = V1 — AZ\A/LQ and where we have chosen a solution with a 4 sign in (68) and (69) in
order to get an action with correct sign. To proceed further let us observe that we can write

hoo = horhyg 0 0

h(1+ V%) = 0 1 v, (71)
0 -V 1

so that it is natural to introduce a redefined form of the metric A, = hoy — hoih\o. Further, we have h1® = mg +

mymqy = my, introducing redefined m. Using these results we can restore the general form of the action for the D4-brane in
the Newton-Cartan background in the form

1 - 1 _
S =—Tnps / ¢ {\/ =5 ap + Fap) = @6“’} 0 m o F g, Fap + B(2® 4 0%hys0P) | (72)

Finally we can integrate B to replace 2® with —@“f_zaﬁ@/’. Then we can rewrite the action into an alternative form with the
help of the following manipulation:

_ 1 _ _
ﬁ det(h,,ﬂ + Fa/,v) = ﬁdet hay det(5}; —+ hy‘ Fu)ﬂ)
= det(H,,) det(3}, + F'"F,5) = det(H,y + H, i""F, )

= det(H 5 + Fop). (73)
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where we introduced H 4 and its inverse H as

Haﬂ = —TaTp + ha/j,

and also F op through the relation

HY = pb — poph (74)

Fa/} — Ha},ljlyéFﬁﬁ. (75)

Finally we used the fact that

1 _ 0 -5 0 —15
~—deth,s = det - = det
20 -7, h —T, T, T+ Ny

—t, H't
= det( ’ o

-7,

) = det(H ,p)- (76)

Then we obtain that the action (72) can be rewritten into the form

= 1 .
S = _TND4 / dsf |:\/— det(Ha/; + Faﬁ) - ﬁé”aﬁyéwmaFﬁ},Féw

1 - - 1 -
- ST‘) €aﬂy§wmaFﬂ},1'5 (—UUFGM + ﬁ (1 + U5m5)66F0w>:| . (77)

The action (72) or its alternative form (77) is the final form
of the nonrelativistic D4-brane action in the background
that arises by null dimensional reduction of M-theory. The
kinetic part of the action has standard DBI like form and
has functionally the same form as D2-brane action in
torsional Newton-Cartan background that was found in
[18]. However this result raises many questions. The
most important one is that the D4-brane action has
relativistic form even if it describes the D4-brane in the
torsional nonrelativistic background. In fact, if we consider
flat nonrelativistic space-time with 7, :52, hy = 6ij,
i,j=1,...,9 together with m, =0 and zero gauge
field we get that the action reduces into manifestly Lorentz
invariant  form S = —Typy [ d°E\/—detd X" Dpx’n,,.
N = diag(=1,1,...,1). This unsolved problem is even
more severe when we compare (72) with the form of
nonrelativistic D4-brane in the torsional NC background as
was found in [20,21]. In these papers the nonrelativistic
Dp-brane in torsional NC background was derived from the
relativistic D(p + 1)-brane that is extended along null
isometry by T-duality. In fact, we could expect that
following two chains of dimensional reductions and
T-duality transformations should be related in some way.
In the first one we perform null dimensional reduction of
the MS5-brane that leads to the action given in (72). Then
performing T-duality along the longitudinal spatial dimen-
sion we get the D3-brane in T-dual theory. The second
chain corresponds to spatial dimensional reduction of the
MS-brane that leads to the relativistic D4-brane. Then
performing T-duality along the null direction we obtain

I

nonrelativistic D3-brane action as was found in [20,21].
At present it is not completely clear how these duality
transformations are related.

The second line in (72) contains an additional mysterious
term that has an exceptional property that it depends on the
world-volume fields %, h*# and which does not have its
analog in nonrelativistic action found in [20,21]. We are not
able to explain the origin of this term in the action and
certainly it would be very desirable to find its meaning.

IV. M5-BRANE TRANSVERSE TO NULL
DIRECTION

In this last section we briefly discuss the situation when
we presume that the M5-brane is transverse to the null
direction. In this case the induced metric has the form

gmn = hmn + Tmany + amyTn’ Tm = Tﬂaﬂ’lX”7
Ijlmn = I:l/wamxﬂanxu: (78)
where

ilmn = hmn = Ty — Ty My, (79)

Note that this metric is nonsingular with inverse metric

1
hmn — hm}’l _ _@m@n (80)

20 '

where again
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An

1
P =" —h"m,, ®=—-v"m, + Emmhm"mn, (81)
where 9™ is a six dimensional vector that obeys
"1, = —1, v"h,,, = 0. Finally A™" is a six dimensional
singular matrix that obeys
My — 7,05 = 8K, 7, i = 0. (82)

In order to find the NS5-brane in torsional Newton-Cartan
background it is appropriate to express all components of
world-volume metric §,,, and its inverse §"" with the help
of h,,,, t,,, m,, derivatives of y together with inverse fields
h™ ™. In the case of §,,, these relations are given in (78).
In the case of §™" the situation is more complicated and
after some calculations we find

_ 1 1 _
Akl :hkl+ _7%@3’" hmnan
g L+ & 0"0,0y + 5 0y 3,y b Oy CnY
! o y( 1 ! "o,y | o L 1 ! "0,y |0, yhP! ! o, yo, yh 83
+ﬁ py +ﬁv mY |V +ﬁv +ﬁv mY py _ﬁ mYOny . ( )

Then we obtain an action for the nonrelativistic NS5-brane
when we insert (78) and (83) into (1). Note that there are
two scalar fields y(&), a(£) that propagate on the world
volume of the NS5-brane. In fact this result is similar
to transverse dimensional reduction of the MS5-brane as
was studied in [7]. However due to the form of the metric
Gmn» g™ it is impossible to simplify MS5-brane action
further so that we will not write the explicit form of the

action for the NS5-brane in torsional Newton-Cartan
background here.
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