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In this short note we study null dimensional reduction of M5-brane covariant action. We analyze
longitudinal dimensional reduction that leads to nonrelativistic D4-brane and transverse reduction that
leads to NS5-brane in nonrelativistic string theory.
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I. INTRODUCTION AND SUMMARY

It has been known from the late 1990s that string theories
have origin in eleven dimensional theory: M-theory [1].
Since all string theories can be considered as limits of
M-theory it is clear that M-theory has to contain exten-
ded objects that are parent objects of fundamental
strings, D-branes and NS5-branes [2], for review see for
example [3]. The fundamental object of M-theory is
M2-brane as string is fundamental for string theory since
M2-brane electrically couples to three form Cð3Þ in the
same way as string couples to two form Bð2Þ. On the other
hand, a more interesting object in M-theory is M5-brane
[4–10]. This is a six dimensional object with an exceptional
property that on its world-volume self-dual three form field
propagates that cannot be described in Lagrangian formal-
ism. Despite this fact, covariant action for M5-brane was
proposed and extensively studied in [4–6]. In particular, it
was shown in [4] that this M5-brane dimensionally reduces
into a D4-brane under double dimensional reduction and it
was also shown in [11] that D3-brane action arises through
double dimensional reduction of M5-brane action on
torus [11].
In order to get more information about M5-brane

covariant action it would be certainly interesting to study
its properties in a different background. Such an example
could be analysis of M5-brane action under null dimen-
sional reduction of M-theory. It is well known that null
dimensional reduction is rather subtle in the case of the
gravity action [12,13] however it can be performed on the
level of equations of motion. Further, it is also well known
that null dimensional reduction of gravity leads to torsional

Newton-Cartan gravity [13,14] in lower dimensional space-
time. Clearly we can deduce that null dimensional reduc-
tion of M-theory would lead to torsional Newton-Cartan
string theory even if the precise analysis of this problem has
not been performed yet.1 On the other hand, it is possible to
ask the question how extended objects in M-theory map
under null dimensional reductions. In our previous
paper [18] we studied null dimensional reduction of the
M2-brane. We showed that when we have M2-brane
wrapped null direction we get fundamental string action
in torsional Newton-Cartan string theory. Further, when we
considered M2-brane transverse to this null direction we
got D2-brane action in the same background. Then we can
ask the question how this procedure can be applied in the
case of the M5-brane. Thee goal of this paper is to address
this problem. We first review dimensional reduction along a
spacelike circle that should lead to D4-brane in type IIA
theory. This procedure was first discussed in [4] but we
analyze this problem in more detail and in a slightly
different way. First of all we perform spatial dimensional
reduction of the M5-brane that leads to five dimensional
action with a propagating two form on its world volume.
Since two form in five dimensions is dual to one form it is
natural to perform duality transformations following [8,19].
We show that dual action for dimensional reduced
M5-brane action is D4-brane action in type IIA theory.
We would like to stress that this analysis could be
considered as dual to the analysis performed in [8] where
the starting point was D4-brane and then it was shown that
dual action corresponds to M5-brane action dimensionally
reduced along spatial dimension.
As the next step we extend this idea to the case of null

dimensional reduction of the M5-brane. We start with the
discussion of the background with null isometry following
[12,13]. Since it is not completely clear how to perform null
dimensional reduction in the case of three form Cð3Þ that
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appears as additional background field in M-theory we
restrict ourselves to the case when this form vanishes. Then
we insert this background metric into covariant M5-brane
action and we obtain its dimensionally reduced form. Again
since this action still depends on a two form field it is
natural to perform its duality transformation. Now we
should be more careful than in the case of the relativistic
M5-brane since the induced metric corresponds to a
Newton-Cartan metric where there is no Lorentz invariance
in the target space-time. For that reason we consider a more
general situation with diagonal components of spatial
metric hαβ, nonzero component of time one form τα
together with nonzero components of mα where the mean-
ing of these symbols will be given below. Then we will be
able to perform duality transformation as in the case of the
spatial dimensional reduction and we argue that the
resulting action corresponds to a D4-brane in the torsional
Newton-Cartan background. We also perform transverse
null isometry reduction of the M5-brane and we argue that
resulting action corresponds to the NS5-brane in the
nonrelativistic type IIA theory even if the resulting action
is very complicated.
Let us outline our results and suggest possible extension

of this work. We find an action for the D4-brane in torsional
Newton-Cartan type IIA theory. This is the main result of
this paper that together with the paper [18] proves that
extended objects in M-theory map under null dimensional
reduction to fundamental strings an D-branes in torsional
Newton-Cartan string theory. It is remarkable that these
actions have functionally the same form as their relativistic
counterparts since they depend on the pullback of the
Newton-Cartan volume form [14]. On the other hand, this
fact raises a very important question which is a relation
between D4-brane action derived in this paper and the form
of nonrelativistic Dp-brane in torsional Newton-Cartan
(NC) background as was found in [20,21]. In these papers
the nonrelativistic Dp-brane in torsional NC background
was found by T-duality from relativistic Dðpþ 1Þ-brane
in the background with lightlike isometry when this
Dðpþ 1Þ-brane is extended along the lightlike dimension
and we perform T-duality along it.2 This procedure is an
extension of the definition of torsional NC string [20,29–33]
to the case of higher dimensional objects. It would be
certainly very interesting to understand how these apparently
different actions for nonrelativistic Dp-branes in torsional
nonrelativistic string theories are related.
This paper is organized as follows. In Sec. II we review

the main properties of M5-brane action and perform
its dimensional reduction along the spatial dimension.
In Sec. III we perform dimensional reduction when the
M5-brane wraps null direction. Finally in Sec. IV we
briefly mention dimensional reduction of the M5-brane

when it is transverse to the null direction. The resulting
action should correspond to a NS5-brane in torsional
Newton-Cartan string theory as transverse dimensional
reduction of the M5-brane along a spatial circle corre-
sponds to a NS5-brane in type IIA theory.

II. COVARIANT M5-BRANE ACTION AND
SPATIAL DIMENSIONAL REDUCTION

In this section we introduce basic facts about covariant
M5-brane action and study its spatial dimensional reduc-
tion. The covariant form of M5-brane action was intro-
duced in [4–7]; see also [8,9]. Explicitly, we consider
M5-brane action in the form3

S ¼ −TM5

Z
d6ξ

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
ĝmn þ i

Ĥ�
mnffiffiffiffiffiffiffiffiffiffiffid∂a∂ap �s

−
ffiffiffiffiffiffi
−ĝ

p

4 d∂a∂a Ĥ�mnHmnr∂ra

#
; ð1Þ

where

d∂a∂a ¼ ∂maĝmn∂na; ð2Þ

and where

m; n ¼ 0; 1;…; 5 ð3Þ

are vector indices of d ¼ 6 world-volume coordinates ξm,

M; N ¼ 0; 1;…; 10 ð4Þ

are vector indices of D ¼ 11 target space-time coordinates
XM

ĝmn ¼ ∂mXMĝMN∂nXN ð5Þ

is the world-volume metric that is induced by embedding
the five-brane into D ¼ 11 background with metric ĝMN .
Further, we have

Ĥ�
mn ¼

1

6
ffiffiffiffiffiffi
−ĝ

p ĝmrĝnsϵrstuvwHtuv∂wa; ð6Þ

where Hmnl is the field strength for the world-volume
antisymmetric tensor Bmn:

Hmnl ¼ ∂lBmn þ ∂mBnl þ ∂nBlm: ð7Þ

Finally a is the world-volume scalar field that ensures the
covariance of the model.

2Another form of nonrelativistic D4-brane actions was derived
by a specific limiting procedure [22–25]; see also [26–28]. 3We work with the metric of the signature ð−;þ; � � � ;þÞ.
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The M5-brane action is invariant under the following
gauge symmetries [4]. The first one is usual gauge
symmetry,

δa ¼ 0; δBmn ¼ ∂mϕn − ∂nϕm: ð8Þ

There is another nontrivial gauge symmetry in the form
[4–6]

δBmn ¼ ϕm∂na − ∂maϕn; δa ¼ 0: ð9Þ

Finally the action is invariant under transformation [4–6]

δa ¼ ϕ; δBmn ¼
δaffiffiffiffiffiffiffiffiffiffiffid∂a∂ap �

Ĥ�
mn −Hmnpĝps

∂saffiffiffiffiffiffiffiffiffiffiffid∂a∂ap �
;

ð10Þ

where

Ĥ�
mn ¼ −

2ffiffiffiffiffiffi
−ĝ

p δLDBI

δĤ�mn ;

LDBI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
ĝmn þ i

Ĥ�
mnffiffiffiffiffiffiffiffiffiffiffid∂a∂ap �s

: ð11Þ

The symmetries (9) and (10) are fundamental properties of
M5-brane action (1). They ensure that Bmn equations of
motion reduce to self-duality conditions, see [4–6] for more
details. As was shown in [4] the equation of motion for aðξÞ
is a consequence of the equations of motion for Bmn and
hence it is not a new field equation. As a result a can be
directly eliminated by fixing the gauge transformations (9).
Following [4] we fix a by imposing condition

∂ma ¼ δ5m: ð12Þ

Then using (9) we get

δB5m ¼ 1

2
ϕm ð13Þ

and hence we can fix components of B5m to be equal to
zero:

B5m ¼ 0: ð14Þ

We impose this condition in case of spatial and null
dimensional reduction of the M5-brane.
Before we proceed to the case of null dimensional

reduction we review spatial dimensional reduction of
M5-brane. To do this we consider the eleven dimensional
line element in the form

ds2 ¼ e−
2
3
ϕgμνdxμdxν þ e

4
3
ϕðdy − CμdxμÞ2; ð15Þ

where μ; ν ¼ 0; 1;…; 9. We impose spatial dimensional
reduction when we presume that y coincides with ξ5 and
when all world-volume fields do not depend on ξ5 except a
that obeys the condition (12). Let us denote the remaining
world-volume coordinates as ξα; α; β; γ;… ¼ 0; 1;…; 4.
Then using (14) and also the fact that all world-volume
fields do not depend on ξ5 we find that there are nonzero
components of Hαβγ only.
Then with the help of (15) we find that components of

the induced metric are equal to

ĝαβ ¼ ∂αxμĝμν∂βxν ¼ e−
2
3
ϕgαβ þ e

4
3
ϕCαCβ;

ĝαy ¼ −e4
3
ϕCα; ĝyy ¼ e

4
3
ϕ ð16Þ

with corresponding components of the inverse metric ĝmn:

ĝαβ ¼ e
2
3
ϕgαβ; ĝyα ¼ e

2
3
ϕCγgγβ; ĝyy ¼ e−

4
3
ϕþ e

2
3
ϕCαgαβCβ;

ð17Þ

where gαβ is the induced five dimensional matrix and hence
gαβ is its inverse metric that obeys the equation

gαβgβγ ¼ δγα: ð18Þ

Further, using (16) we obtain

det ĝmn ¼ e−2ϕ det gαβ: ð19Þ

Let us now turn our attention to Ĥ�
mn that using (12) has the

form

Ĥ�
mn ¼

1

6
ffiffiffiffiffiffi
−ĝ

p ĝmrĝnsϵrstuv5Htuv: ð20Þ

Now since ϵmnrstu is a totally antisymmetric symbol we find
that all nonzero components have the form ϵαβγδω5 ≡ ϵαβγδω

so that

Ĥ�
mn ¼

e−2ϕ

6
ffiffiffiffiffiffi−gp ĝmαĝnβϵαβγδωHγδω: ð21Þ

To proceed further we use the fact that we can write

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
ĝmn þ i

Ĥ�
mnffiffiffiffiffiffiffiffiffiffiffid∂a∂ap �s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det ĝmk

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
ĝkl þ i

ĝkrĤ�
rsĝslffiffiffiffiffiffiffiffiffiffiffid∂a∂ap �s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

− det ĝln
p

;

ð22Þ

where
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ĝkl þ i
ĝkrĤ�

rsĝslffiffiffiffiffiffiffiffiffiffiffid∂a∂ap ¼ ĝkl þ i
1

6
ffiffiffiffiffiffi
−ĝ

p ffiffiffiffiffiffiffiffiffiffiffid∂a∂ap ϵkltuvwHtuv∂wa: ð23Þ

Now in the gauge ∂ma ¼ δ5m we obtain

det

�
ĝkl þ i

1

6
ffiffiffiffiffiffi
−ĝ

p ffiffiffiffiffiffiffiffiffiffiffid∂a∂ap ϵkltuvwHtuv∂wa

�

¼
������
e
2
3
ϕgαβ þ i 1

6
ffiffiffiffi
−ĝ

p ffiffiffiffiffiffiffiffid∂a∂ap ϵαβγδωHγδω gαγCγe
2
3
ϕ

Cγgγβe
2
3
ϕ e−

4
3
ϕ þ e

2
3
ϕCαgαβCβ

������
¼ det

 
e
2
3
ϕgαβ −

e
4
3
ϕgαγCγCδgδβ

e−
4
3
ϕ þ e

2
3
ϕCαgαβCβ

þ i
1

6e−
5
3
ϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2ϕCαgαβCβ

q ϵαβγδωHγδω

!

× ðe−4
3
ϕ þ e

2
3
ϕCαgαβCβÞ: ð24Þ

Let us now analyze the second term in the action (1) that using (12) takes the form

−
ffiffiffiffiffiffi
−ĝ

p

4 d∂a∂a Ĥ�mnHmnr∂ra ¼ −
ffiffiffiffiffiffi
−ĝ

p
4ĝyy

Ĥ�αβHαβγ ĝγ5

¼ −
e
2
3
ϕ

24ðe−4
3
ϕ þ e

2
3
ϕCαCαÞ ϵ

αβγδωHγδωHαβρgρσCσ: ð25Þ

Collecting these terms together we finally obtain the dimensionally reduced form of the action:

S ¼ −TD4

Z
d5ξe−ϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

 
gαβ −

CαCβ

1þ e2ϕCγgγδCδ
þ i

eϕgαα0gββ0

6
ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2ϕCγgγδCδ

q ϵα
0β0γδωHγδω

!vuuut
×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2ϕCγgγδCδ

q
−

e2ϕ

24ð1þ e2ϕCγgγδCδÞ
ϵαβγδωHγδωHαβρgρσCσ

þ 1

6

Z
d5ξVαβγðHαβγ − ð∂αBβγ þ ∂βBγα þ ∂γBαβÞÞ; ð26Þ

where we identified TD4 ≡ TM5

R
dy since we anticipate

that the action above corresponds to D4-brane action in
type IIA theory. However this correspondence is not quite
correct since the action (26) still depends on the field
strength of two form field Bαβ while Dirac-Born-Infeld
(DBI) action is defined using gauge field which is one
form. In order to find such an action we should perform
duality transformation following [8,19]. The first step is to
extend the action as in (26) that allows us to treat Bβγ and
Hαβγ as independent variables. Since now Bαβ is indepen-
dent it can be integrated out which implies

∂αVαβγ ¼ 0: ð27Þ

This equation has a solution in five dimensions in the form

Vαβγ ¼ ϵαβγδω∂δAω: ð28Þ

In order to find dual action we should integrate out three
formHαβγ . To do this we will perform an inverse procedure
to the analysis presented in [8,19]. Explicitly, we start with
the action (26) and find its dual formulation. Following
[8,19] we use five dimensional Lorentz invariance and
switch to the local inertial frame where gαβ ¼ ηαβ and
where we also presume that Cα has nonzero component C0

only. We further presume that there are nonzero compo-
nents H340 and H120 so that the matrix
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Mαβ ≡ gαβ −
e2ϕCαCβ

1þ e2ϕCγCγ þ i
eϕgαα0gββ0

6
ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2ϕCγCγ

q ϵα
0β0γδωHγδω ð29Þ

has the form

Mαβ ¼

0
BBBBBBBBBBBB@

−1 − e2ϕC2
0

1−e2ϕC2
0

0 0 0 0

0 1 i eϕffiffiffiffiffiffiffiffiffiffiffiffiffi
1−e2ϕC2

0

p H340 0 0

0 −i eϕffiffiffiffiffiffiffiffiffiffiffiffiffi
1−e2ϕC2

0

p H340 1 0 0

0 0 0 1 i eϕffiffiffiffiffiffiffiffiffiffiffiffiffi
1−e2ϕC2

0

p H120

0 0 0 −i eϕffiffiffiffiffiffiffiffiffiffiffiffiffi
1−e2ϕC2

0

p H120 1

1
CCCCCCCCCCCCA

ð30Þ

so that detMαβ is equal to

detMαβ ¼ −
�
1þ e2ϕC2

0

1 − e2ϕC2
0

��
1 −

e2ϕ

1 − e2ϕC2
0

H2
2

��
1 −

e2ϕ

1 − e2ϕC2
0

H2
1

�
; ð31Þ

where H340 ¼ H2; H120 ¼ H1. We also introduce notation V120 ¼ V1; V340 ¼ V2. Then the action has the form

S ¼ −TD4

Z
d5ξe−ϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

e2ϕ

1 − e2ϕC2
0

H2
2

��
1 −

e2ϕ

1 − e2ϕC2
0

H2
1

�s

þ TD4

Z
d5ξ

�
e2ϕC0

1 − e2ϕC2
0

H1H2 þ V1H1 þ V2H2

�
: ð32Þ

Let us solve equations of motion for H1 and H2 that follow from (32)

Δe−ϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ΔH2

2

1 − ΔH2
1

s
H1 þ ΔC0H2 þ V1 ¼ 0;

Δe−ϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ΔH2

1

1 − ΔH2
2

s
H2 þ ΔC0H1 þ V2 ¼ 0; ð33Þ

where

Δ ¼ e2ϕ

1 − e2ϕC2
0

: ð34Þ

The Eqs. (33) have solutions

H1 ¼ V2C0 ∓ e−ϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ V2

2

1þ V2
1

s
V1; H2 ¼ V1C0 ∓ e−ϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ V2

1

1þ V2
2

s
V2: ð35Þ

Finally inserting (35) into (32) we obtain

S ¼ −TD4

Z
d5ξ½e−ϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ V2

1Þð1þ V2
2Þ

q
− C0V1V2�; ð36Þ

where we used the fact that multiplication of two equations given in (33) leads to the result
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− e−ϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − ΔH2

1Þð1 − ΔH2
2Þ

q
¼ 1

ΔH1

ðΔC0H2 þ V1Þð1 − ΔH2
1Þ ð37Þ

and we have chosen the—sign in (35) to have an
action with correct sign. Then we finally introduce
Fαβ ¼ ∂αAβ − ∂βAα and restore world-volume covariance
so that the action (36) has the final form

S ¼ −TD4

Z
d5ξ

�
e−ϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgαβ þ FαβÞ

q

−
1

8
ϵαβγδωCαFβγFδω

�
: ð38Þ

This is action for the D4-brane in the background with
metric gμν and Ramond-Ramond form Cμ. Observe that we
proceeded in the inverse direction to the duality trans-
formation studied in [8] where the starting point was the
D4-brane in the background with nontrivial metric and
Ramond-Ramond one form. Finally note also that the
analysis performed in this section could be easily gener-
alized to the case of nontrivial background three form Cð3Þ,
following [4,8]. However we are not going to discuss this
generalization in this section since we will also consider
zero three form when we perform null dimensional reduc-
tion of the M5-brane.

III. NULL DIMENSIONAL REDUCTION
OF M5-BRANE

We begin this section with the review of basic facts about
null dimensional reduction of gravity.
Let us consider gravity background with null isometry

and perform its dimensional reduction, following [12,13].
We presume that we have vierbein ÊM

A and inverse ÊM
A

where M ¼ 0; 1;…; 10 and tangent space indices A;B ¼
0; 1;…; 10 that obey

ÊM
AÊM

B ¼ δAB; ÊM
AÊN

A ¼ δNM: ð39Þ

If we try to dimensionally reduce along null direction we
assume an existence of null Killing vector ξ ¼ ξM∂M that
obeys

LξĝMN ¼ 0; ξMĝMNξ
N ¼ 0: ð40Þ

Without loss of generality we choose adapted coordinates
xM ¼ ðxμ; yÞ where μ ¼ 0; 1;…; 9 and where x10 ¼ y so
that ξ ¼ ξy∂y. Then Lξĝ ¼ 0 implies that ĝ is independent
on y and the null condition on ξ implies

ĝyy ¼ 0: ð41Þ
To proceed further we introduce suitable ansatz for vier-
bein, following [12,13]. We split 11 tangent space indices

into a ¼ 1;…; 9 and the remaining as þ;− so that
ηab ¼ δab; ηþ− ¼ η−þ ¼ 1. Then we have the following
ansatz for ÊM

A:

Êμ
a ¼ eμa; Êμ

− ¼ S−1τμ; Êμ
þ ¼ −Smμ;

Êy
a ¼ 0; Êy

− ¼ 0; Êy
þ ¼ S; ð42Þ

and hence we have the following components of the
metric4:

ĝμν ¼ hμν −mμτν − τμmν; ĝμy ¼ τμ ¼ ĝyμ; ĝyy ¼ 0:

ð43Þ

Let us now consider induced metric on the world volume
of the M5-brane with world-volume coordinates m; n ¼
0; 1;…; 5 when we presume that M5-brane is extended
along y-direction. Explicitly

ξ5 ¼ y ð44Þ

so that the induced metric ĝmn has the form

ĝαβ ¼ hαβ −mατβ − ταmβ ≡ h̄αβ; ĝyy ¼ 0; ĝyα ¼ τα;

ð45Þ

where hαβ ¼ hμν∂αXμ∂βXν, mα ¼ mμ∂αXμ, τα ¼ τμ∂αXμ.
For further purposes we also write elements of the world-
volume inverse metric in the form

ĝyy ¼ 2Φ; ĝαy ¼ −v̂α; ĝyα ¼ −v̂α; ĝαβ ¼ hαβ; ð46Þ

where we defined

v̂α ¼ vα − hαβmβ; Φ ¼ −vαmα þ
1

2
mαhαβmβ; ð47Þ

and where we also introduced vα, hαβ through the relations

ταvα ¼ −1; ταhαβ ¼ 0; vαhαβ ¼ 0;

hαβhβγ − ταvγ− ¼ δγα: ð48Þ

It is important to stress that vα and hαβ are five dimensional
vector and tensor respectively.
Let us now proceed to the null dimensional reduction of

M5-brane action (1). First of all we again use the fact that
generally we have

4Before we proceed further we would like to stress that it is not
completely clear which ansatz we should use for null dimensional
reduction of three form Cð3Þ. We expect that it could have the
same form as in the case of spatial dimensional reduction and this
is currently under study. Since no definite result has been derived
yet we consider the case of zero three form field Cð3Þ in this paper.
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− det

 
ĝmn þ i

Ĥ�
mnffiffiffiffiffiffiffiffiffiffiffid∂a∂ap

!
¼ − det ĝmr

 
− det

 
ĝrs þ i

1

6
ffiffiffiffiffiffiffiffiffiffiffid∂a∂ap ffiffiffiffiffiffi

−ĝ
p ϵrstuvwHtuv∂wa

!!
ð− det ĝsnÞ: ð49Þ

As in the previous section we find that nonzero components of Hmnr are Hαβγ when we also imposed the gauge fixing
condition (12). Using these facts we find that the second bracket in (49) is equal to

− det

 
ĝrs þ i

1

6
ffiffiffiffiffiffiffiffiffiffiffid∂a∂ap ffiffiffiffiffiffi

−ĝ
p ϵαβγδωHγδω

!
¼ −

����� h
αβ þ i 1

6
ffiffiffiffiffi
2Φ

p ffiffiffiffi
−ĝ

p ϵαβγδωHγδω −v̂β

−v̂α 2Φ

�����
¼ −2Φ det

0
B@hαβ −

1

2Φ
v̂αv̂β þ i

1

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det h̄αβ

q ϵαβγδωHγδω

1
CA; ð50Þ

where in the final step we used the fact that

det ĝmn ¼
�����

0 −τβ
−τα h̄αβ

����� ¼
�����−τγh̄

γδτδ 0

−τα h̄αβ

����� ¼ 1

2Φ
det h̄αβ ð51Þ

together with the fact that the matrix

h̄αβ ¼ hαβ −
1

2Φ
v̂αv̂β ð52Þ

is inverse to h̄αβ ¼ hαβ −mατβ − ταmβ:

h̄αβh̄βγ ¼ δγα: ð53Þ

This can be easily proved using the fact that

h̄αβv̂β ¼ 2ταΦ; ταh̄αβτβ ¼ −
1

2Φ
: ð54Þ

With the help of these results we obtain that the gauge fixed form of the expression (50) is equal to

− det

�
ĝmn þ i

Ĥ�
mnffiffiffiffiffiffiffiffiffiffiffid∂a∂ap �

¼ −
1

2Φ
det

0
B@h̄αβ þ i

1

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det h̄αβ

q h̄αγh̄βδϵγδσωρHσωρ

1
CA: ð55Þ

Further we have

−
ffiffiffiffiffiffi
−ĝ

p

4 d∂a∂a Ĥ�mnHmnr∂ra ¼ 1

48Φ
ϵαβγδωHγδωHαβσv̂σ ð56Þ

so that we obtain M5-brane action dimensionally reduced along the null direction in the form

S ¼ −TM5

Z
dy
Z

d5ξ

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

1

2Φ
det

0
B@h̄αβ þ i

1

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det h̄αβ

q h̄αγh̄βδϵγδσωρHσωρ

1
CA

vuuuut

þ 1

48Φ
ϵαβγδωHγδωHαβσ v̂σ

3
75: ð57Þ
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It is important to stress that Φ is equal to − 1
2
v̂αh̄αβv̂β. However it is convenient to treat it as independent when we addR

d5ξBð2Φþ v̂αh̄αβv̂βÞ into action. Further, this action still depends on two form Bαβ however it is more natural to find its
dual formulation in the same way as in the case of the spatial dimensional reduction. In order to find such formulation we
again extend the action as in the previous section,

S ¼ −TND4

Z
d5ξ

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

1

2Φ
det

0
B@h̄αβ þ i

1

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det h̄αβ

q h̄αγh̄βδϵγδσωρHσωρ

1
CA

vuuuut

þ 1

48Φ
ϵαβγδωHγδωHαβσ v̂σ þ Bð2Φþ v̂αh̄αβv̂βÞ

3
75

þ 1

6

Z
d5ξVαβγðHαβγ − ð∂αBβγ þ ∂βBγα þ ∂γBαβÞÞ; ð58Þ

where we introduced effective nonrelativistic D4-brane
tension through the relation

TND4 ¼ TM5

Z
dy: ð59Þ

In (58) we treat Hαβγ and Bαβ as independent fields. Then
the equations of motion for Bαβ imply that Vαβγ is equal to

Vαβγ ¼ ϵαβγδω∂δAω: ð60Þ

Finally we should solve equations of motion for Hαβγ.
Since it is difficult to solve them in the full generality we
proceed in the similar way as in the previous section even if
we have to be more careful now. First of all we can still
presume that the space metric hαβ has the form

hαβ ¼ δiαδ
j
βδij; i; j ¼ 1;…; 4: ð61Þ

On the other hand, in the case of time one form we presume
that it is constant and equal to

τα ¼ τδ0α: ð62Þ

We further presume thatm has nonzero componentsm0,m1

so that h̄00 ¼ −2τm0, h̄01 ¼ −τm1 ¼ h̄10. Then since vα is
defined as ταvα ¼ −1 we have v0 ¼ − 1

τ. Finally, as in the
previous section we presume that nonzero components of
Hαβγ are H340 ≡H2, H120 ≡H1. Then the matrix Mαβ ¼
h̄αβ þ i 1

6
ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det h̄αβ

p h̄αγh̄βδϵγδσωρHσωρ has the form

0
BBBBBBBBB@

h̄00 h̄01 i h̄01ffiffiffiffiffi
−h̄

p H2 0 0

h̄10 1 i 1ffiffiffiffiffi
−h̄

p H2 0 0

−i h̄01ffiffiffiffiffi
−h̄

p H2 −i 1ffiffiffiffiffi
−h̄

p H2 1 0 0

0 0 0 1 i 1ffiffiffiffiffi
−h̄

p H1

0 0 0 −i 1ffiffiffiffiffi
−h̄

p H1 1

1
CCCCCCCCCA

ð63Þ

where we defined h̄ ¼ det h̄αβ ¼ h̄00 − h̄201. Then the extended action (58) has the form

S ¼ −TND4

Z
d5ξ

ffiffiffiffiffiffiffiffiffiffiffi
−

h̄
2Φ

s " ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − H̃2

1Þð1 − H̃2
2Þ

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
h̄ðv0Þ2
2Φ

s
H̃1H̃2 − Ṽ1H̃1 − Ṽ2H̃2

#

þ TND4

Z
d5ξB

�
2Φþ 2

m0

τ
þm2

1

�
; ð64Þ

where V1 ≡ V120, V2 ≡ V340 and where we performed rescaling H1;2 ¼
ffiffiffiffiffiffi
−h̄

p
H̃1;2, V1;2 ¼ 1ffiffiffiffiffi

2Φ
p Ṽ1;2. From (64) we obtain
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the following equations of motion:

−H̃1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − H̃2

2

1 − H̃2
1

s
þ ΔH̃2 − Ṽ1 ¼ 0;−H̃2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − H̃2

1

1 − H̃2
2

s
þ ΔH̃1 − Ṽ2 ¼ 0; ð65Þ

where Δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− h̄ðv0Þ2

2Φ

q
. If we multiply two equations in (65) together we obtain

H̃1H̃2 ¼ ðṼ1 − ΔH̃2ÞðṼ2 − ΔH̃1Þ ð66Þ

which allows us to express H̃2 as

H̃2 ¼
Ṽ1Ṽ2 − ΔH̃1Ṽ1

ð1 − Δ2ÞH̃1 þ ΔṼ2

: ð67Þ

Inserting this result into the first equation in (65) we obtain the quadratic equation for H̃1 that has the solution

H̃1 ¼
1

1 − Δ2

"
−ΔṼ2 � Ṽ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − Δ2Þ þ Ṽ2

2

ð1 − Δ2Þ þ Ṽ2
1

s #
: ð68Þ

Then inserting this result into (67) we also find H̃2 to be equal to

H̃2 ¼
1

1 − Δ2

"
−ΔṼ1 � Ṽ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − Δ2Þ þ Ṽ2

1

ð1 − Δ2Þ þ Ṽ2
2

s #
: ð69Þ

Finally inserting (68) and (69) into the action (64) we obtain

S ¼ −TND4

Z
d5ξ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

1

2Φ
ðh̄þ h̄V̂2

1Þð1þ V̂2
2Þ

r
−

1

2Φ
h̄v0V̂1V̂2 þ B

�
2Φþ 2

m0

τ
þm2

1

��
; ð70Þ

where we performed rescaling Ṽ1.2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Δ2

p
V̂1;2 and where we have chosen a solution with a þ sign in (68) and (69) in

order to get an action with correct sign. To proceed further let us observe that we can write

h̄ð1þ V̂2
1Þ ¼

������
h̄00 − h̄01h̄10 0 0

0 1 V̂1

0 −V̂1 1

������ ð71Þ

so that it is natural to introduce a redefined form of the metric h̄000 ¼ h̄00 − h̄01h̄10. Further, we have h̄v0 ¼ m0 þ
m1m0 ≡m0

0 introducing redefinedm
0
0. Using these results we can restore the general form of the action for the D4-brane in

the Newton-Cartan background in the form

S ¼ −TND4

Z
d5ξ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

1

2Φ
ðh̄αβ þ FαβÞ

r
−

1

16Φ
ϵαβγδωmαFβγFδω þ Bð2Φþ v̂αh̄αβv̂βÞ

�
: ð72Þ

Finally we can integrate B to replace 2Φ with −v̂αh̄αβv̂β. Then we can rewrite the action into an alternative form with the
help of the following manipulation:

1

2Φ
detðh̄αβ þ FαβÞ ¼

1

2Φ
det h̄αγ detðδγβ þ h̄γωFωβÞ

¼ detðHαγÞ detðδγβ þ h̄γωFωβÞ ¼ detðHαβ þHαγh̄γωFωβÞ
¼ detðHαβ þ F̃αβÞ; ð73Þ

NOTE ABOUT NULL DIMENSIONAL REDUCTION OF M5-BRANE PHYS. REV. D 105, 026027 (2022)

026027-9



where we introduced Hαβ and its inverse Hαβ as

Hαβ ¼ −τατβ þ hαβ; Hαβ ¼ hαβ − vαvβ ð74Þ

and also F̃αβ through the relation

F̃αβ ¼ Hαγh̄γδFδβ: ð75Þ

Finally we used the fact that

1

2Φ
det h̄αβ ¼ det

�
0 −τβ

−τα h̄αβ

�
¼ det

�
0 −τβ

−τα −τατβ þ hαβ

�

¼ det

�−τγHγδτδ 0

−τα Hγδ

�
¼ detðHαβÞ: ð76Þ

Then we obtain that the action (72) can be rewritten into the form

S ¼ −TND4

Z
d5ξ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðHαβ þ F̃αβÞ

q
−

1

16Φ
ϵαβγδωmαF̃βγF̃δω

−
1

8Φ
ϵαβγδωmαF̃βγτδ

�
−vσF̃σω þ 1

2Φ
ð1þ vδmδÞv̂σF̃σω

��
: ð77Þ

The action (72) or its alternative form (77) is the final form
of the nonrelativistic D4-brane action in the background
that arises by null dimensional reduction of M-theory. The
kinetic part of the action has standard DBI like form and
has functionally the same form as D2-brane action in
torsional Newton-Cartan background that was found in
[18]. However this result raises many questions. The
most important one is that the D4-brane action has
relativistic form even if it describes the D4-brane in the
torsional nonrelativistic background. In fact, if we consider
flat nonrelativistic space-time with τμ ¼ δ0μ, hμν ¼ δij,
i; j ¼ 1;…; 9 together with mμ ¼ 0 and zero gauge
field we get that the action reduces into manifestly Lorentz
invariant form S ¼ −TND4

R
d5ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det ∂αxμ∂βxνημν

p
;

ημν ¼ diagð−1; 1;…; 1Þ. This unsolved problem is even
more severe when we compare (72) with the form of
nonrelativistic D4-brane in the torsional NC background as
was found in [20,21]. In these papers the nonrelativistic
Dp-brane in torsional NC background was derived from the
relativistic Dðpþ 1Þ-brane that is extended along null
isometry by T-duality. In fact, we could expect that
following two chains of dimensional reductions and
T-duality transformations should be related in some way.
In the first one we perform null dimensional reduction of
the M5-brane that leads to the action given in (72). Then
performing T-duality along the longitudinal spatial dimen-
sion we get the D3-brane in T-dual theory. The second
chain corresponds to spatial dimensional reduction of the
M5-brane that leads to the relativistic D4-brane. Then
performing T-duality along the null direction we obtain

nonrelativistic D3-brane action as was found in [20,21].
At present it is not completely clear how these duality
transformations are related.
The second line in (72) contains an additional mysterious

term that has an exceptional property that it depends on the
world-volume fields vα; hαβ and which does not have its
analog in nonrelativistic action found in [20,21]. We are not
able to explain the origin of this term in the action and
certainly it would be very desirable to find its meaning.

IV. M5-BRANE TRANSVERSE TO NULL
DIRECTION

In this last section we briefly discuss the situation when
we presume that the M5-brane is transverse to the null
direction. In this case the induced metric has the form

ĝmn ¼ h̄mn þ τm∂nyþ ∂myτn; τm ¼ τμ∂mXμ;

h̄mn ¼ h̄μν∂mXμ∂nXν; ð78Þ

where

h̄mn ¼ hmn − τmmn − τnmm: ð79Þ

Note that this metric is nonsingular with inverse metric

h̄mn ¼ hmn −
1

2Φ
v̂mv̂n; ð80Þ

where again
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v̂m ¼ vm − hmnmn; Φ ¼ −vmmm þ 1

2
mmhmnmn; ð81Þ

where vm is a six dimensional vector that obeys
vmτm ¼ −1, vmhmn ¼ 0. Finally hmn is a six dimensional
singular matrix that obeys

hmnhnk − τmvk ¼ δkm; τmhmn ¼ 0: ð82Þ

In order to find the NS5-brane in torsional Newton-Cartan
background it is appropriate to express all components of
world-volume metric ĝmn and its inverse ĝmn with the help
of h̄mn; τm;mn, derivatives of y together with inverse fields
h̄mn; v̂m. In the case of ĝmn these relations are given in (78).
In the case of ĝmn the situation is more complicated and
after some calculations we find

ĝkl ¼ h̄kl þ 1

1þ 1
Φ v̂

m∂myþ 1
2Φ ∂myhmn∂ny

�
−

1

4Φ2
v̂kv̂l∂myh̄mn∂ny

þ 1

2Φ
h̄kp∂py

�
1þ 1

2Φ
v̂m∂my

�
v̂l þ 1

2Φ
v̂k
�
1þ 1

2Φ
v̂m∂my

�
∂pyh̄pl −

1

2Φ
h̄km∂my∂nyh̄nl

�
: ð83Þ

Then we obtain an action for the nonrelativistic NS5-brane
when we insert (78) and (83) into (1). Note that there are
two scalar fields yðξÞ, aðξÞ that propagate on the world
volume of the NS5-brane. In fact this result is similar
to transverse dimensional reduction of the M5-brane as
was studied in [7]. However due to the form of the metric
ĝmn, ĝmn it is impossible to simplify M5-brane action
further so that we will not write the explicit form of the

action for the NS5-brane in torsional Newton-Cartan
background here.
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