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Kontsevich and Segal (K-S) have proposed a criterion to determine which complex metrics should be
allowed, based on the requirement that quantum field theories may consistently be defined on these metrics,
and Witten has recently suggested that their proposal should also apply to gravity. We explore this criterion
in the context of gravitational path integrals, in simple minisuperspace models, specifically considering de
Sitter (dS), no-boundary and anti—de Sitter (AdS) examples. These simple examples allow us to gain some
understanding of the off-shell structure of gravitational path integrals. In all cases, we find that the saddle
points of the integral lie right at the edge of the allowable domain of metrics, even when the saddle points
are complex or Euclidean. Moreover the Lefschetz thimbles, in particular the steepest descent contours for
the lapse integral, are cut off as they intrude into the domain of nonallowable metrics. In the AdS case, the
implied restriction on the integration contour is found to have a simple physical interpretation. In the dS
case, the lapse integral is forced to become asymptotically Euclidean. We also point out that the K-S
criterion provides a reason, in the context of the no-boundary proposal, for why scalar fields would start

their evolution at local extrema of their potential.

DOI: 10.1103/PhysRevD.105.026022

I. INTRODUCTION AND SUMMARY

Despite the fact that we live in a Lorentzian universe,
Euclidean and complex metrics are often used in theoretical
physics. For instance, quantum field theories are typically
defined on Euclidean 4-space, essentially because free
fields can then be described by convergent Gaussian
integrals. When gravity is included, a prominent example
is provided by black hole metrics in imaginary time, which
offer the quickest way of deriving the thermodynamic
properties of black holes [1]. It is a little surprising that
complex metrics can yield physically sensible results, and
the question arises as to which complex metrics ought to be
allowed.

Louko and Sorkin [2] looked at this question for top-
ology changing transitions in two dimensions, and found
that only certain kinds of complex deformations make
sense. The condition that they employed was to require a
scalar field theory to be well defined on the complexified
background in question, i.e., that the path integral for a
(real) scalar field on a given complex manifold should be
convergent. Supporting evidence came from the fact that
for such metrics they found that the Gauss-Bonnet integral

*jlehners @aei.mpg.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2022/105(2)/026022(8)

026022-1

does not change its value as one deforms the metric within
the allowed range, while this integral (which yields a
topological invariant) may have a jump in its value for
departures from the allowed domain.

Recently [3], Kontsevich and Segal (K-S) have
approached the issue of complex metrics more generally
and systematically. What they were chiefly interested in
was a determination of complex metrics on which quantum
field theories may consistently be defined. They imposed a
condition which can be seen as a generalization of the
Louko-Sorkin condition, namely that the path integrals for
all p-form actions should be convergent. A reason to
consider general p-form actions is that these admit local
covariant stress-energy tensors [4] and hence, by requiring
all of these to be well defined, one can ensure that generic
local quantum field theories make sense on these com-
plexified backgrounds. We will review their criterion
below. Let us highlight that K-S go substantially further,
as they propose that on such allowable backgrounds one
may construct a Hilbert space and that the theories may be
proven to be unitary. An interesting aspect of the K-S
condition is that it implies that real Lorentzian metrics
reside at the boundary of the domain of allowable metrics,
thus their point of view implies that Lorentzian metrics do
not sit in the “middle” of the space of allowable complex
metrics, but rather that Lorentzian metrics can only sensibly
be complexified in one direction.

Witten has recently initiated the study of the K-S
criterion for dynamical gravity [5], by analyzing numerous
examples of complex solutions to Einstein’s equations.
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He has shown that the K-S criterion eliminates many
pathological complex metrics, such as zero action worm-
holes, while retaining sensible metrics, such as complexi-
fied rotating black holes in asymptotically AdS spacetime.
Witten found that all examples that he studied provided
support for the validity of the K-S bound, when applied to
potential saddle points of the gravitational path integral.

In the present paper we will extend Witten’s work by
investigating the off-shell structure of gravitational path
integrals. The setting we choose consists of the simplest
minisuperspace models of quantum gravity. This is because
these models offer rather good analytic control, yet they are
examples where off-shell configurations play an important
role, as one needs to understand the off-shell structure in
order to define gravitational path integrals. Crucially, these
off-shell configurations consist of complex metrics, since it
is only in the space of complex metrics that one can find
convergent integration contours for the gravitational path
integral. (This is a direct consequence of the fact that the
Feynman path integral is an oscillatory, conditionally
convergent integral, for real metrics.)

We analyze three different settings; transitions between
classical boundary conditions, no-boundary path integrals
and AdS path integrals. One surprise that we find is that in
all three cases the saddle points of the integrals reside at the
boundary of the allowable domain of metrics. For classical
boundary conditions, this was to be expected, as the saddle
points represent Lorentzian geometries. But in the no-
boundary case the saddle points are complex, and in the
AdS case Euclidean—nevertheless, the saddle points are in
some sense at the edge of the space of metrics. This has the
consequence that the steepest descent contours associated
with these saddle points necessarily have one end at the
saddle points themselves. A direct implication is that one
cannot define the contour of integration for the lapse
function to run over full thimbles, but only over portions
of thimbles ending on saddle points. This may however be a
natural ending point, given that the space of allowable
metrics has a boundary there. In the AdS case, in particular,
we find that the resulting contour runs between two such
boundaries and is distinguished by preventing the metric
from changing signature, a physically sensible requirement.
In the dS and no-boundary cases we find that asymptoti-
cally (away from the saddle points) the integration contours
become Euclidean. Thus, optimistically, the present frame-
work may ultimately allow for a consistent definition of
Euclidean quantum gravity. Our results certainly provide
support for the idea that the Kontsevich-Segal approach has
relevance when extended to quantum gravity.

I1. K-S CRITERION

As alluded to above, K-S require the action for p-form
fields (with field strength F; ) to be well defined, in

Jid2Jps
the sense that a path integral over the kinetic term should be
able to converge for all field configurations [2,3,5],

leiS) <1 or |e:| <1 implying (1)

Re[\/ggjlkl . gijkHlFjl"'ijFkl'”ka} > 0. (2)

This condition is motivated by the fact that p-form fields
admit local covariant stress-energy tensors [4], and as such
they can be used to define local quantum field theories.
Conversely, restricting to complex manifolds on which all
(real) p-form actions are convergent means that one has the
possibility of defining consistent local quantum field
theories on such backgrounds. Locally, one can write the
metric in diagonal form

gix = Sjd;, (3)

where the 4; are complex numbers in general. Then, e.g., in
four dimensions, the convergence criterion (2), imposed for
p = 0, becomes the condition

—n < Arg(4;) + Arg(dy) + Arg(4;) + Arg(dy) <z.  (4)

For p = 1, there is one inverse metric in addition, which
will flip the sign of one of the terms in the relation above.
For p =2, two signs would be flipped. Imposing the
condition (2) for all p then becomes equivalent to the
requirement [3]

T = Z|Arg(/lj)| <z (5)

In other words, the sum of the absolute values of the
arguments of the metric components must remain below the
critical value z. Note that this bound is a pointwise
criterion, which in the present context will mean that it
must be satisfied at all times.

An immediate consequence of this condition is that the
Minkowski metric, and real Lorentzian metrics in general,
reside right at the boundary of the allowed domain, as they
have £ = z. This is a reflection of the fact that Lorentzian
path integrals are not absolutely convergent, but only
conditionally convergent. A further consequence is that
spacetimes with more than one time dimension are
immediately ruled out.

K-S were chiefly interested in quantum field theories on
nontrivial backgrounds but it seems natural (and useful) to
explore the consequences of this bound when gravity is
included and dynamical [5]. Minisuperspace models, in
which the metric is reduced to a small number of free
functions, provide a useful starting point as they are
tractable, yet retain the crucial quantum gravitational aspect
of allowing one to perform a sum over metrics. Thus we
will explore the bound (5) in several minisuperspace
settings involving both classical and nonclassical boundary
conditions.
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II1. CLASSICAL BOUNDARY CONDITIONS, FOR A
POSITIVE COSMOLOGICAL CONSTANT

We will be interested in gravitational path integrals in the
presence of a cosmological term A, of the form

w= [ pget [N [ )

H,

Depending on the boundary conditions and integration
contours, these will either represent transition amplitudes
between two 3-dimensional hypersurfaces H;, or wave
functions on a given hypersurface H; (with appropriate
conditions on H, see the discussion below). The boundary
conditions are encoded in the coefficients ¢ ;; for Dirichlet
boundary conditions we have ¢y = —1,c¢; = +1 and the
boundary terms involve the trace of the extrinsic curvature
K. A vanishing value of ¢(; leads to Neumann boundary
conditions instead. We will first analyze the case of
Dirichlet boundary conditions, for the case where the
universe transitions between two specified values of the
scale factor. This case will mainly serve to set up notation,
but it already highlights some rather general properties.

It is useful to restrict to a closed Robertson-Walker
metric written in the form [6]

N2
ds* = —?dt2 + qdQ2, (7)

where N is the lapse function, ¢(7) the square of the scale
factor, and dQ3 the metric on a unit 3-sphere of volume
272, This simple minisuperspace model is described (after
integrating by parts) by the action

3
S:2n2/dt[—qu+3N—NAq : (8)

where a dot denotes a derivative with respect to ¢. Note that
the action is quadratic in g. The canonical momentum p
conjugate to ¢ is given by

372
=4 9
p N4 )

The equation of motion and constraint respectively read

g 2A @ A

=3 a3t (0

As boundary conditions we will impose ¢(t = 0) = gy,
q(t = 1) = q;, where we have chosen the time coordinate
such that the initial and final hypersurfaces reside at
t =0,1 respectively. The total physical time elapsed
between the two hypersurfaces is determined by the lapse
N. The solution to the scalar equation of motion, though not
necessarily the constraint, is given by

q(1) = %NZ’Z + <‘11 ) —%N2>l+ qo- (11
Using this solution, the path integral over ¢ may be done by
shifting variables to ¢ = g+ Q(t), where Q(r) is an
arbitrary function vanishing at t =0, 1 (for details, see
[7]). This turns the integral over ¢ into a Gaussian over Q
(which merely contributes a prefactor that we will not
consider here), leaving us with an ordinary integral over
the lapse,

¥(q0.91) _/dNeéS% (12)
1 A s A 3(91 = 4q0)°
z—ﬂgsc(N)—%N +<3_5(QO+‘I1)>N_T-
(13)

This last integral admits four saddle points, located at

3 A 1/2 A 1/2
=—|x|l=qg, -1 +({=—qgy—1 . 14
N, A[ <3 q1 > <3 490 ) } ( )

The locations of the saddle points and their associated
steepest descent contours are shown in Fig. 1.

The saddle points at negative N are simply time reverses
of those at positive N. The saddle at small positive N
describes a universe that expands monotonically from g to
q1, while for the saddle at large N the geometry first shrinks
to the waist of the de Sitter hyperboloid and then reexpands
to the final value ¢,.

In this example the real N line represents Lorentzian
metrics, and thus this line represents the boundary of the
domain of allowable metrics. The saddle points thus sit
right on the boundary, as expected. But this implies that
the steepest descent contours (also known as Lefschetz
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FIG. 1. An example with classical boundary conditions. Here

we set A =3, go=7, q; =10 and show the plane of the
complexified lapse function N. The saddle points are in blue;
steepest descent contours are the solid green lines, while steepest
ascent contours are shown by the dashed green lines. The red line
indicates Lorentzian metrics, which reside at the boundary of the
domain of allowable metrics.
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thimbles) are cut at the location of the saddle points. A
standard Wick rotation effectively corresponds to a defor-
mation into the lower half plane, thus one would be led to
define the path integral only over the portion of the
thimbles residing in the lower half plane. Asymptotically
these thimbles approach the negative imaginary axis, on
which the metrics are Euclidean and X = 0.

Note that it becomes impossible to define a Lorentzian
path integral running over the full or half real N line; for
asymptotic convergence the integration contour would have
to lie in the upper-half plane, which is the region of the
wrong Wick rotation [8]. This exhibits a tension between
the K-S criterion and the Lorentzian viewpoint discussed
in [7,9]. Alternatively one could contemplate a contour
running between the outer saddle points just below the real
N line and passing below the pole at N = 0, but then the
two thimbles associated with the saddles at small || would
essentially cancel each other, thus eliminating the possibil-
ity of the universe expanding from today until tomorrow—
rather one would predict it to undergo a drastic bounce! In
fact it seems most sensible to define the path integral with a
contour running either in between the two saddles on the
positive N axis (or on the negative axis), or from negative
imaginary infinity to one of the saddles (which would
render the integral asymptotically Euclidean). The latter
would be closest in spirit to the examples we will discuss
below. All in all, it might be more reasonable to use
different boundary conditions, where the extrinsic curva-
ture is specified [10,11]; this would allow one to include
information about the expansion rate of the universe.
Within the present minisuperspace ansatz, such conditions
however overconstrain the solution for the scale factor,
implying that one must generalize the model. We leave this
for future work. One context in which a momentum
condition has already proven useful is the no-boundary
proposal, to which we turn next.

IV. NO-BOUNDARY PROPOSAL

One of the crucial questions in cosmology is how to
determine the initial conditions for the universe. The best
studied proposal in this vein is the no-boundary proposal of
Hartle and Hawking [12]. This is formulated in semi-
classical quantum gravity, by restricting the sum over
metrics—a context that is therefore ideally suited to test
the K-S criterion.

The main idea of the no-boundary proposal is that the
wave function of the universe should be given by a sum
over metrics that have the present 3-dimensional hyper-
surface as their only boundary, and for which the geom-
etries are rounded off in the past. Given that there is not
supposed to be an initial boundary, in order to implement
the proposal we simply do not put a boundary term on the
first hypersurface (¢, = 0). Consistency of the variational
problem then forces us to impose a Neumann condition
there [13]. More specifically, obtaining regular geometries

as the universe shrinks to zero size requires the momentum
condition (see for instance [14])

P|t:0 =Po = —677i. (15)

The sign on the right-hand side is chosen such that small
tensor perturbations acquire a Gaussian distribution, rather
than an inverse Gaussian one. The solution for the scale
factor respecting this condition and reaching a final value
q; at t =1 is given by

gyp(t) = %N2(t2 —1)+2Ni(t—=1)+¢q,. (16)

Once again the path integral over g can be done by shifting
variables, and results in the wave function being given
simply by a lapse integral,

Y(po.q1) :/dNei(SO)/h, (17)

1 A?
—5So(N) = —N?+iAN? — Aq\N —3q,i. (18)
2r 9
This time there are only two saddle points, which are
complex valued and represent geometries that are time
reverses of each other,

So(N) —%”2 {—ii <%ql - 1)3/2]. (20)

Before investigating the status of off-shell geometries,
we should first analyze the saddle points themselves. The
minisuperspace path integral gives these to us in a different
form than the “standard” Hawking instanton, which con-
sists of half of a (Euclidean) 4-sphere glued to half of a
(Lorentzian) de Sitter hyperboloid. This can be viewed as a
gluing of a solution with imaginary lapse onto one with real
lapse. Here, the saddle point solution we obtain has
constant complex lapse, and may be viewed as a kind of
shortcut from the “South Pole” of the instanton (at t = 0
where ¢ = 0) to the final hypersurface (where t = 1 and
q = q1). To compare these representations, it is useful

to transform to physical time by defining \/%dt = dT, then

we get

A

ANt
=T(t) = 2iarsinh(

?> —g. (21)

In Fig. 2 we plot the resulting path in the complex 7" plane
for the transformed constant N solution (in blue). We also
plot a different path, with the same end points but an

3
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FIG. 2. A no-boundary saddle point solution, shown in two
representations differing by the path taken in the complexified
time plane between the South Pole at H and the final hyper-
surface H;. Here we have chosen A =3, ¢; = 10 implying
that N, =3 —i.

intermediate evolution that is closer to the “Hawking”
contour, obtained by specifying 7' = 6(¢) with the choice

o(1) = —%(1 —"+ T, 0<r<1. (22)
In the plot we chose n = 3 (orange curve).

The reason for showing this alternate path becomes
apparent once we take a look at the associated K-S bound
(5). The values of X(r) for both paths are shown in Fig. 3.
As one can see from this figure, the minisuperspace saddle
point solution with constant lapse violates the K-S criterion
rather drastically at small 7. However, if we deform the time
contour to one that more closely follows a Euclidean
evolution first, and then approaches a Lorentzian evolution,
then the K-S criterion is satisfied at all times (this point was
first made in [5]). But really the two representations should
be seen as the same solution, since the path in the
complexified time plane can be modified according to
Cauchy’s theorem, as long as the end points remain fixed
and no singularities are encountered (see also [15]). In

Z |Arg Ajl

S ———

t
0.2 0.4 0.6 0.8 1.0

FIG. 3. For the two representations shown in Fig. 2, the K-S
criterion behaves very differently: the constant lapse version (in
blue) violates the criterion, while the modified path (22) (in
orange) is seen to satisfy it everywhere. The gray line indicates
the K-S bound, which must not be surpassed.

particular, both versions lead to the same action and thus
the same wave function. We will take the stance that we
deem any metric to be allowable if it can be transformed in
a similar fashion to a metric that satisfies the K-S criterion.

The case that we just analyzed contained no singularities.
For completeness let us point out that when anisotropies are
included, no-boundary instantons are known to develop
singularities, so that the ability to transform the time
contour may be restricted [16]. It would be interesting to
explore whether this might lead to a bound on the
anisotropies. We leave this question for future work.

We are now in a position to analyze the off-shell
geometries encountered in the path integral, implying that
we are interested in the value of

2

20) = [are (- 25) |+ lavetatnl. 23

The preceding discussion implies that in general it will be
rather difficult to conclusively decide whether a given
geometry is allowable or not, as one must in general know
all of its possible representations. In other words, we
always have the freedom to make similar changes to the
complexified time path as the one discussed above in order
to reduce X(¢), and in general this is a complicated
optimization problem. That said, it turns out that the
present case is actually tractable; just as for the constant
lapse saddle point (blue curve in Fig. 3), one may convince
oneself that for the geometries specified by (16) the
strongest violation of the K-S inequality occurs for small
t. Thus we may simply analyze the K-S criterion at = 0,
where the value of ¢ is fixed to be ¢(0) = ¢, —4 N? — 2N,
and this value will be independent of the time contour
chosen. Thus we obtain a lower bound X > 3|Arg(¢(0))|,
and if this bound is violated then we know for sure that the
geometry will not be allowable, because even a clever time
contour cannot lower the value of X. [Numerical explora-
tion of several examples has shown that “good” time
contours, analogous to (22), can indeed be found for cases
where 3|Arg(¢(0))| remains below z.]

Analytically we may already obtain some understanding
of the regions where metrics are disallowed. It is useful to
first analyze the limit of large absolute value of the lapse.
Then we obtain the approximation

2(t=0)>3

A
Arg (ql - §N2 - 2Ni> ‘ (24)

~3|Arg(-N?)|  (large|N]). (25)
where we have used the fact that A > 0. Thus we
immediately find that asymptotically the wedges —% <
Arg(N) <% and % < Arg(N) <% are disallowed. In
particular, the line of real N values is ruled out asymp-
totically. We can also analyze what happens near the saddle
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FIG. 4. Allowable metrics in the no-boundary proposal, shown
in the complex lapse plane. The allowable domain is in white,
while the eliminated metrics are in red. Saddle points are marked
by blue dots; solid green lines indicate steepest descent contours,
dashed green lines steepest ascent contours and arrows indicate
downwards flow. Here we used A =3, ¢; = 10.

points by writing N = N, + A, and work to linear order in
A. There we have

q(0) ~ £2A (%ql - 1>1/2. (26)

We will assume that g; > % For the saddle point on the left
(third quadrant) we thus find the condition 3|Arg(A)| < z,
implying that the allowed wedge is —% < Arg(A) <%.
For the saddle on the right (fourth quadrant) we likewise
obtain % < Arg(A) < %% Thus we find that, even though
the saddle points represent complex geometries, they are
surrounded by both allowed and disallowed regions, and
reside right at the edge of the allowed domain.

In Fig. 4 a numerical example of the (dis)allowed
domains is shown. This confirms the expectations we have
just developed. The allowable domain resides in between
the two saddles, and encompasses the Euclidean axis. The
thimbles are cut off at the location of the saddles, and the
“halves” that remain run off to minus imaginary infinity.
This leaves essentially just one possible way of defining the
contour of integration for the lapse, if we take into account
the fact that the no-boundary wave function is thought to be
real [12,17]. Namely, one has to sum the two half-thimbles
running up from minus imaginary infinity to the saddles.
These two contributions are complex conjugates of each
other (because N’ = —N_), resulting in a real wave
function. Note that it does not make sense to take the
contour to run over the negative imaginary half-axis, as

with the momentum condition (15) there is no pole at
N = 0 and thus this point does not represent a natural end
point for the contour. Rather, one has to integrate from
negative imaginary infinity, following the thimbles right to
the edge of the allowable domain.

V. AdS PATH INTEGRALS

We can perform an analogous analysis when the cos-
mological constant is negative. In this case we expect the
saddle points to be given by anti—de Sitter solutions. There
is a close analogy between path integrals with positive and
negative A, relating the no-boundary wave function to the
canonical partition function in AdS spacetime [17,18]. If
the AdS/CFT conjecture [19] is to hold, then we expect
the gravitational path integral with negative A to be well
defined [20]. This provides a good reason to investigate
what the K-S criterion implies in this context.

The formulas from the previous section can be trans-
ferred directly, though with A <0 the saddle points
become purely imaginary. They correspond to portions
of Euclidean anti—de Sitter space that cap off smoothly at
t = 0. N_ is the dominant saddle, while N, corresponds to
a saddle containing a second zero in the scale factor, and
may thus be expected to be singular upon inclusion of
perturbations [18].

The strongest constraint on allowable metrics once again
is found to come from ¢ = 0. We can understand several
features of the allowable domain of metrics analytically. At
large |N|, in particular, we can approximate X by

2(t=0)>3

A
Arg <q1 - §N2 - 2Ni> ‘ (27)

~ 3|Arg(+N?)|. (28)

Thus at large |N|, only the wedges —% < Arg(N) < £ and
% < Arg(N) < % belong to the allowable set of metrics,
and the asymptotic Euclidean directions are eliminated.
Further note that near the saddle points N = N, + A, we
again find

A A 1/2
q(0) ~ =2A (;Ni + i) = £2A (;ql - l) . (29)
Thus for N just above the saddle N, in the upper half plane,
or just below N_ in the lower-half plane, ¢(0) becomes
negative and X > 3z. This implies that once again the
saddle points reside directly at the boundary of the
allowable domain, even though the saddles are purely
Euclidean.

A graph of the numerically determined allowable
domain is shown in Fig. 5. This confirms the expectations
from the analytic approximations just presented. The
thimbles are cut off at the locations of the saddles, and
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(o)

FIG. 5. Allowable metrics for the AdS minisuperspace path
integral, shown in the complex lapse plane. Conventions are the
same as for Fig. 4, only that here A = -3.

this time only the portion of a thimble linking the two
saddles remains. One would thus define the path integral by
an integration over precisely this portion of the Euclidean
lapse axis. From (16) and (29) it is interesting to note that
this portion of the Euclidean axis is distinguished by the
metrics having an everywhere positive scale factor squared.
Hence, although we cannot define the integration to run
over the entire Euclidean axis (along which the lapse
integral in any case would not converge), the integration
contour is nevertheless in line with the sound physical
requirement that signature change should not occur.

VI. FURTHER COMMENTS

We have seen that the K-S criterion restricts the
integration contours for the lapse integral, and that it thus
restricts the possible dynamical evolutions of the universe.
This may be a welcome feature, since it may ultimately
provide reliable predictions from quantum gravity. Though
this is a long term goal, let us remark on a possible

consequence in the context of the no-boundary proposal.
There, if one adds a scalar field, one finds that at generic
locations in the scalar potential, finding a regular no-
boundary solution requires the scalar field to be complex
valued [21]. This runs against the assumptions inherent in
the criterion for allowable metrics [2,3]. If one now insists
on the scalar field taking real values, then the only solutions
that remain are those where the scalar sits at an extremum
of the potential. In the no-boundary setting, small values of
the potential come out as favored [22], so that it would be
implied that scalars would preferentially sit at a local
minimum. In the context of string theory, this might help
explain why physical constants are not observed to change
over space and time. Moreover, if one scalar starts out in an
“excited” state, it would be found at the top of a local
maximum of the potential, which might be able to explain
the initial conditions for an inflationary phase.

From what we have seen, it is clear that the restriction to
allowable metrics can be incorporated rather naturally in
the path integral approach to (semiclassical) quantum
gravity, while it is at present difficult to see how one
would implement such a criterion at the level of the
Wheeler-DeWitt equation. This is a question for future
research.

In closing, let us note that the restriction to allowable
metrics (in the Kontsevich-Segal sense) may lead to a
refinement of the old paradigm of Euclidean quantum
gravity; our results demonstrate that, at least in simple
settings, one is led to choose integration contours that
asymptotically correspond to Euclidean metrics. However,
instead of summing over purely Euclidean metrics, one
should rather follow the Lefschetz thimbles and interpolate
between this Euclidean infinity, where X vanishes, and the
boundary of allowable metrics, where X reaches . There,
at the boundary, is where the interesting solutions lie.
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