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We study the spectra of two-gluon glueballs and three-gluon oddballs and corresponding equation of
state in 5-dimensional deformed holographic QCD models in the gravity-dilaton system, where the metric,
the dilaton field, and the dilaton potential are self-consistently solved from each other through the Einstein
field equations and the equation of motion of the dilaton field. We compare the models by inputting the
dilaton field, inputting the deformed metric, and inputting the dilaton potential, and find that with only 2
parameters, the 5-dimensional holographic QCD model predictions on glueballs/oddballs spectra, in
general, are in good agreement with lattice results except three oddballs states 07—, 27~ and 37~ From the
results of glueballs/oddballs spectra at zero temperature and the equation of state at finite temperature, we
observe that the model with quadratic dilaton field can simultaneously describe glueballs/oddballs spectra
as well as the equation of state of pure gluon system. The model with quadratic Ag(z) can describe
glueballs/oddballs spectra, but its corresponding equation of state behaves more like Ny =2 + 1 quark
matter, which is consistent with the dimension analysis at ultraviolet (UV) boundary. Our results suggest
that the Einstein-Maxwell-dilaton model with the profile ¢(z) = z? can be regarded as a candidate of dual
theory of pure gluodynamics. Though it is still difficult to find the dual theory of full QCD, the existence of
dual theory of pure gluodynamics would be quite encouraging.

DOI: 10.1103/PhysRevD.105.026020

I. INTRODUCTION

Glueball is one of the most crucial predictions from
quantum chromodynamics (QCD), whose non-Abelian fea-
ture makes it possible to form bound states of gauge bosons,
i.e., glueballs made of two/three gluons (gg, ggg, etc.), [1].
The gauge field plays a more important dynamical role in
glueballs than that in the standard hadrons, therefore study-
ing particles like glueballs offers a good opportunity of
understanding nonperturbative aspects of QCD. The glueball
spectra has attracted much attention for four decades [1], and
it has been widely investigated by using various nonpertur-
bative methods. For example, glueballs have been studied by
using lattice QCD [2—-11], by using effective models like flux
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tube model [12] and MIT bag model [13—17], by using QCD
sum rules [18-32] as well as by using the relativistic many-
body approach [33-35]. There are also some other analyses
of glueballs in Refs. [36—44]. For more information, please
refer to review papers [45-47].

On the other hand, the spin and mass of the glueball can
be constrained from high energy scattering data. Regge
trajectories a(r) = ay + &'t of the glueball have been used
to fit high energy pp and pp scattering cross section. The
C-parity even glueball, Pomeron exchange gives the lightest
J =2t glueball mass M =/t = 1.92 GeV. Analogy
with the “Pomeron,” C-parity odd “odderon” contributing
to large odd amplitude was proposed in the 1970s in
describing the high energy pp and pp scattering [48,49].
The odderon was regarded as a three-gluon state:

01 (K1, K2, k3) = d, G, )G (R2)GL(K3) (1)
where the lower indices refer to color and the upper ones
refer to the Lorentz structure, and d,;,. is the fundamental
symmetric tensor in SU(3). The evidence for the identifica-
tion of the odderon has been debated for a longtime.
Recently, the DO collaboration and TOTEM Collaboration
announced the evidence of a 7-channel exchanged C-parity
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odd odderons in pp and pp scattering [50]. Especially the
odderon’s contribution at the dip-bump region is very
essential. The mass of 37~ odderon M;-- = 3.001 GeV
and dacay width I'3-- = 2.984 GeV are extracted by using
the dipole (DP) Regge model to fit the scattering data
[51-54].

In Ref. [32], the oddball spectra has been calculated by
using the QCD sum rule. In this work, we are going to
investigate the glueball spectra in the framework of holo-
graphic QCD, which is based on the gravity/gauge duality,
or anti-de Sitter/conformal field theory (AdS/CFT) corre-
spondence [55-57]. AdS/CFT correspondence offers a
new possibility to tackle the difficulty of strongly coupled
gauge theories [58—61]. Many efforts from both top-down
and bottom-up approaches have been paid on examining
the nonperturbative properties of QCD [62], e.g., QCD
equation of state [63—65], phase transitions [66—72], fluid
properties of quark-gluon plasma, meson spectra [72—-84],
baryon spectra [85-87], as well as the glueball sector
[88—111]. In Refs. [112,113], by linearizing the fluctua-
tions around a classical o-model coupled to gravity ind + 1
dimensions, a gauge invariant (diffeomorphism invariant)
formalism for calculating the spectra of scalar glueballs and
tensor glueballs was developed, which was initially pro-
posed in Refs. [114-116]. This algorithmic formalism was
tested and some nontrivial applications were given in
Refs. [117-126]. The glueball mass spectra and decay rate
in the Sakai-Sugimoto model have been investigated in
Refs. [127-129]. Glueballs and oddballs spectra have also
been widely studied by using the bottom-up approach,
where some studies are based on hard-wall [73] and soft-
wall holographic QCD models [74] with the conformal
AdSs background metric.

A realistic nonconformal holographic QCD model should
reveal both the spontaneous chiral symmetry breaking and
color charge confinement or linear confinement, which are
two main features of QCD in the low energy regime. In the
top-down approach, the Sakai-Sugimoto (SS) model or
D,—Dyg brane system [75,76] is one of the most successful
nonconformal holographic QCD models. In the bottom-up
approach, the dynamical holographic QCD (DhQCD) model
constructed in Refs. [67,102,130] can simultaneously
describe both chiral symmetry breaking and linear confine-
ment, where the gluon dynamics background is solved by
the coupling between the gravity and the dilaton field ®(z),
which is responsible for the gluon condensate and confine-
ment, and the scalar field X(z) is introduced to mimic chiral
dynamics. Evolution of the dilaton field and scalar field in
5-dimensional space-time resemble the renormalization
group from ultraviolet (UV) to infrared (IR). This dynamical
holographic QCD model describes the scalar glueball spectra
and the light meson spectral quite well [67,102,130]. Except
the dynamical holographic QCD model, there are several
other nonconformal holographic QCD models in the
same gravity-dilaton system which can well describe

nonperturbative QCD properties, e.g., the Gubser model
[131-133] and the improved holographic QCD model
[134-136] with inputting of a dilaton potential, and the
refined model [137] and Dudal model [138] with inputting of
a deformed metric.

In the gravity-dilaton system, the metric, the dilaton field,
and the dilaton potential are self-consistently solved from
each other through the Einstein field equations and the
equation of motion of the dilaton field. In principle, the three
types of models, (A) inputting the form of the dilaton field,
(B) inputting the deformed metric, and (C) inputting the
dilaton potential, should be equivalent to describe the
background at zero temperature and zero density. We will
compare the spectra of glueballs/oddballs including scalar,
vector, as well as tensor states and their excitations with
those from the lattice QCD, and compare thermodynamic
properties with the lattice QCD results for pure gluon system
and/or 2 + 1 flavors system in these three types of models.
Though these models have been separately investigated on
thermodynamics and scalar/tensor glueballs, however, it is
still worthy to check the consistency of the models and
whether they can simultaneously describe the glueball
spectra and the equation of state. Only those models which
can simultaneously describe the glueball spectra and pure
gluon system’s equation of state are candidates of dual
theory of gluodynamics. It is still difficult to find the dual
theory of full QCD, the existence of dual theory of pure
gluodynamics would be quite encouraging.

The paper is organized as follows: we introduce the
general Einstein-Maxwell-dilaton framework in Sec. II.
Then in Sec. III we introduce five different models in the
gravity-dilaton system. In Sec. IV we introduce the glueball
and oddball operator and calculate the mass spectra in these
models and we compare the results of mass spectra with
lattice results, results from the QCD sum rule, and results
extracted from high energy scattering data. In Sec. V we
compare thermodynamic properties of these models with
lattice results. Finally, a summary is given in Sec. VL.

II. THE GENERAL EINSTEIN-MAXWELL-
DILATON SYSTEM

To keep the self-consistency of investigating the glueball
spectra as well as further studies on QCD matter at finite
temperature and finite chemical potential, we first introduce
the general framework of the Einstein-Maxwell-dilaton
(EMD) system, which comes back to the gravity-dilaton
coupling system at zero chemical potential. The total action
of the 5-dimensional holographic QCD model including
glueball/oddball excitations is

Sfotal = Si + S;’ (2)
where S} is the action for the background in the string
frame, and S is the action describing glueballs in the
string frame.
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The Einstein-Maxwell-dilaton action §} for the back-
ground in the string frame is

1
Si 2 2 dS.X\/ _2(1) |:RS + 4g3MN8M(D8Nq)
, WD) w0 s ni
Vs ((D) _ (4 ) €4§DgAMMg‘ NNFMNFM]V:| , (3)

where s denotes the string frame, K‘% = 87Gs, the G5 is the
5-dimensional Newton constant. The ¢° is the determinant
of the metric in the string frame: ¢* = det(gyy), and the
metric tensor in the string frame is extracted from

L2e 2A,(z)

dz?
dst— ( _f@)dR+ 2y ay +dy3+dy3) )

f(2)

where L is the curvature radius of the asymptotic AdSs
space-time. For simplicity, we set L = 1 in the following
calculations. The R* is the Ricci curvature scalar in the
string frame. The scalar field ®(z) is the dilaton field which
depends only on the coordinate z, F);y is the field strength
of the U(1) gauge field Ay,:

z

Fyn = OyAy — OyAy. (5)
The 5-dimensional field A, is dual to baryon number
current. 7(®) describes the coupling strength of A, in the
theory, V*(®) represents the potential of the dilaton field in
the string frame. A(®) and V*(®) are the functions that
depends only on the value of ©.

A. The Einstein-Maxwell-dialton system in the
Einstein frame
As discussed in Ref. [139], it is convenient to calculate the
vacuum expectation value of the loop operator in the string
frame, and it is more convenient to work out the gravity
solution and to study equation of state in the Einstein frame.
So we apply the Weyl transformation [140,141]

4
Gun = &9y (6)

to Eq. (3). Here g%, is the metric tensor in the Einstein
frame, the capital letter “E” denotes the Einstein frame.
Then, Eq. (3) can be written as

SE dxy/—gF [RE GEMNG @Oy D — VE(D)

_@

) gEMM GENN gy N] , (7)

with VE = ei®Vs,

Then we define a new dilaton field ¢:

b= \/gop. (8)

Now Eq. (7) becomes

s Bx/—gF {RE VN (D,) (O) = V()

h( (¢) Y N
—”TgEMMgENNFMNFM] ©

where V,(¢p) = VE(®), and hy(¢p) = h(P). According to
Egs. (4), (6), and (8), we can derive the line element in
Einstein frame:

1202A5(2)
ds? == —

d2
2 < —f(z )dr2+z+dy%+dy§+dy§>,

f(z)
(10)

Ap(z) = Ay(z) - \@cb(z} (11)

After applying variation to Eq. (9), we can derive the
Einstein field equations and the equations of motion of Ay,
and ¢ as follows

where

1
Ry — igf/lNRE —Tyn =0,
Viulhy () FMN] =0,

dVy(g) | F>dhy(d)\ _
dp 4 dp >_0’ (12)

with the energy-momentum tensor 7y

Oly/=50M ] - Fg(

1
Toy =1 [(aw)(am) L ok 7P (9p ) (9ph)
h _
— gV (¢)} + # <9EPPFMPFNP
1 o
—ZgﬁNgEPPgEQQFPQFpQ) (13)

We can safely suppose all the components of Ay, (z) are
zero except A,(z). Substituting Eq. (10) into the EOMs
Eq. (12), we then derive the EOMs for the components:

1 hy
A§’+A§<—E+h—4/+AE’):0, (14)
3 e XA 2
f”+f’<—g+3AE’)—L7§¢:0, (15)
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d 6 3f\ 1[4 3f
A%+—+A}Z<——+i>——<——+i)

6f z 2f z z  2f
L?e*ty
34,2+ 2" P 16
+ E + 3Z2f ’ ( )
2 2
A’g—A’E(—ZJrA;E)JF%:O, (17)
3 f L2e*Ae dV 4(¢p)
/l+ / __+_+3A/ _
? ‘/’( 2 f E) 2f  do
2,-245 A2 dh
z-e > t ¢(¢) — (18)
2L2F  d¢

In the above five equations, only four of them are indepen-
dent. Thus we can choose Eq. (18) as a constraint, which can
be used to check the solutions.

II1. FIVE DIFFERENT MODELS IN THE
EMD SYSTEM

In the gravity-dilaton system, the metric, the dilaton
field, and the dilaton potential can be self-consistently
solved from each other through the Einstein field equations
and the equation of motion of the dilaton field. At zero
temperature and zero chemical potential, the function
f(z) =1 and A,(z) =0, then Eq. (14) to Eq. (18) can
be simplified:

6 4 L?eMey
AL 2AL - 4342+ 2" TP (19
ET7 E+22+ o 32 (19)
2 2
Ag_%<_z+%)+¢6:0’ (20)
3 L2 dV 4(¢)
"+ -=+34% ) - £—=0, (21

where Eq. (21) is the constraint. Under the condition that
we have proper boundary conditions, if we input (A) the
form of the dilaton field ¢(z), or (B) the function Ag(z), or
(C) the dilaton potential V,(¢), we can solve the other two.
In principle, these three types of models of EMD system are
totally equivalent to describe the background in the
vacuum. However, at finite temperature and finite chemical
potential, the situation will become different. If we input
V(). the form of V,(¢) is independent of the temper-
ature/chemical potential, from Eq. (14) and Eq. (18), we
can solve different functions Az(z) and ¢(z) at different
temperature/chemical potential, which can be denoted by
Apr,(T.p.z) and @7, (T, pu.z). On the other hand, if we
input Ag(z) [or ¢(z)], whose form is independent of
temperature/chemical potential, we can derive V,(¢) with
temperature/chemical potential dependence, which can be
denoted by V,/,T.”(T,/,t, ¢). The two descriptions, that are

equivalent at vacuum, now become distinct from each other
at finite temperature/chemical potential. From now on, we
call fixing V,(¢) “description A,” fixing Ag(z) or ¢(z) is
denoted by “description B.”

It is more convenient to solve the system in the Einstein
frame from Eqgs. (19)—(21). In the following we list two sets
of vacuum solutions of V,(¢), Ag(z), and ¢(z) that satisfy
the EOMs.

A. Vacuum solutions: Set A

From the experiences in Refs. [137,138], we can input
the function Ag(z) in the Einstein frame, and solve V()
and ¢(z). The simplest ansatz for the deformed metric is
Ap(z) = —az?, and from Egs. (19)—(21) one can derive the
solution as following:

Ap(z) = —az?, (22)
Vp9) = —%ez(k("’”z (6(k(¢))* +5(k(¢))* +2),  (23)

$(z) =z 3a(3—|—2a12)+%\/8arcsinh{\/%z], (24)

where the auxiliary function k() is defined as the inverse
function of

o(3) = 31/3(3+23%) + % V/6arcsinh {\/%3] . (25)

which means k(¢(3)) = 3 with 3 = \/az. Starting from any
of the above three functions, together with proper boundary
conditions, we can solve other two functions from Eq. (19)
and Eq. (20).

From Eq. (24) we know that ¢(z=0)=0,
lim,_,  ¢(z) > +o0. At UV boundary (z — 0), the
asymptotic forms of V,(¢) and ¢ are given below:

377

3 1
L*V 0)=—12--¢> ——¢* - 6
+(¢ = 0) 27 129 ~ 729607
a7 o 53483 0
330674407 ~ 214277011200
1564351 b
— O 14 ,
11455249018752007 T O
(26)
$(z = 0) = 6\/az + 2o - Lasy Ly
N 3 15 63
S 9o T un T b3
072 T 3562 Tyam ™t
O, (27)
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From the UV asymptotic form of V,(¢), we can extract
the 5-dimensional mass square of ¢

M3 = -3. (28)

According to the mass-dimension relationship M? =
(A-¢qg)(A+g—4) and g = 0, the dimension

Ay =1, A, =3 (29)

At IR boundary (z = +c0), V,(¢) and ¢(z) behave as

LVy(p = +o0) = =2 (3) etefe gl a0)

P(z = +o0) = \/g{azz +§ (1 +1n G) +1n (azz))

9 1 1
——+0(—< ]| 31
T3a2 " <z4>} G
Equation (23) lead to the masses of glueballs m,
behave as

m, ~n?, when n — +oo. (32)

which shows the linear Regge behavior along n.

B. Vacuum solutions: Set B

As for another set of solution, we start from the form of
¢(z). One simple but nontrivial ansatz is to take the
quadratic form of ¢(z): ¢(z) = bz?. As discussed in
Refs. [67,102,130,139], the quadratic form of the dilaton
field is dual to a dimension-2 gluon condensation operator,
which is responsible for the linear confinement of the gluon
system. Then the solution V;(¢), Ag(z) and ¢(z) take the
form of

¢(z) = b2, (33)

ot (] ()]
_4{1'?‘ (%)T} (34)

2 X 3T, <7>]
biy/z

where I'(z) is the Euler gamma function, 7,(z) is the
modified Bessel function of the first kind.

From Eq. (33) we know that ¢(z=0)=0,
lim,_, ¢(z) > +o0. At UV boundary (z — 0), the
asymptotic forms are

A4(e) = =] RNEE)

L2V¢(¢—>0):—12—2¢2—%¢4 ﬁ¢6_m¢8
3 11 $10— 38 ne
11153700 6851160225
+0(¢"), (36)
Ap(z—0) _ Ly 4+ ! b*z8 — boz!?
30 4050 1184625
+ O(z'9). (37)

From the UV asymptotic form of V,(¢), we can extract the
5-dimensional mass square of ¢

M3, = —4. (38)

According to the mass-dimension relationship M? =
(A—¢q)(A+¢g—4) and ¢ = 0, the dimension

At IR boundary (z = +c0), V,(¢) and Ag(z) behave as

1.s 2 5112
L2V¢(¢—>oo):——2ZX3Z[F<Z>} 6{76_)¢%
T

<-Eiel)]
fosEen] o]}
Ap(z = o0) = _\sz +2ln(\/—z)—|—ln{ 837:%( )]

+(’)< Pz ) (41)

Again, from the asymptotic expansion of V,(¢) at IR
boundary, we can conclude that linear Regge behavior of
the masses of glueballs m,,:

m% ~n, when n — +oo, (42)

which shows the linear Regge behavior along n.

C. Five different models

The two sets of vacuum solutions listed above have
linear confinement and can produce glueball bound state.
Not all models can show such feature. According to
Refs. [136,142], if we require that the theory is confined
and bad singularities are absent, the asymptotic behavior of
V4(¢) at IR boundary should be

026020-5
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L2V¢(¢ - +oo) = cvecd)-l‘f""“‘(qs%.z 4. .)7
{L@ < Cd),l < %
X

3 Y=,  Cyois real number,

(43)

cpr =2, cp2 =0,

where cy is constant. When ¢ ; = ‘/76 and c;, > 0, the
behavior of the glueball spectra is

m, ~n2 when n — +oo. (44)

If cyr= % it becomes asymptotically linear Regge
behavior.

For comparison, we plot three different dilaton potentials
V() in Fig. 1. One of them is the Gubser model taken
from Ref. [133]:

_ —12cosh (0.606¢) + 2.057¢*

V¢(¢> L2

, (45)

the others two are Eq. (23) and Eq. (34). Here we set L = 1.

The dashed black line is e According to the conclusion
in Sec. IIT A, if the potential is more gradual than this line,
such as the blue line that represents the Gubser model in
Eq. (45), the theory is gapless and nonconfining.

As we stated below Egs. (19)—(21), there are two different
descriptions of the input of EMD system. Combining with
the two different sets of vacuum solutions Egs. (23)-(24) and
Egs. (34)—(33), we consider five models in this article.

10"
Gubser
104} model Il
model IV
& jom0
=S
3
108}
100}
0 10 20 30 40
(]

FIG. 1. These are three different dilaton potentials V(). The
longitudinal axis is the value of —V;(¢) in logarithm coordinate.
The horizontal axis is the value of ¢. The dashed black line is
5. The blue line, orange line, and green line represent the
potential in Eq. (45), Eq. (23), and Eq. (34) respectively. The
meaning of “model II” and “model IV” will be explained later.
The dashed black line is €5%. The bound is given by Eq. (44)
from Refs. [136,142]. If the potential is more gradual than this
bound, the theory is gapless and nonconfining.

1. Model I and I1

In model I, we use description-B and input Ag(z) as
Eq. (22):

Ap(z) = —az’. (46)

Note that the dimension of the parameter a is [E]* and its
value decides the energy scale of the EMD system.
According to Ref. [138], the simple quadratic form of
Ag(z) can produce Hawking/Page phase transition, which
is dual to confinement/deconfinement phase transition. At
vacuum, we use the boundary condition

$(z=0) =0. (47)

Combining the boundary condition Eq. (47) with the
EOMs Eq. (20) and Eq. (19), we can solve ¢(z) and
V(). The results are Eq. (24) and Eq. (23).

As for finite temperature and finite chemical potential, the
EOMs are Eq. (14)—(17). There may exist the black hole
[143] in space-time manifold, the metric of which in
conformal coordinate z is Eq. (10). The boundary conditions
are given as

A(z=0)=pu,
Al(z=12z,) =0,
flz=0)=1,
flz=2,)=0,
¢(z=0)=0, (48)

where z = 7, is the location of the event horizon of black
hole on the coordinate z, 4 is the chemical potential. Besides
the boundary condition Eq. (48), the form of /4(¢) are also
needed to solve the EOMs. However, we consider the ¢ = 0
case, which means A,(z) = 0 through the article. Thus our
calculations and results are independent on ().

In model II, we use description-A and input V,(¢) as
Eq. (23):

Vy(9) = —%ez(k(”’”z(ﬂk(d’))“ +5(k(#)? +2).  (49)

At vacuum, we use the boundary conditions

Ap(z=0)=0, (50)
P(z=0)=0, (51)
dg(z)|

], " 6v/a. (52)

Equation (50) guarantees the space-time is asymptotic AdSs
at UV boundary. Equation (52) contains a parameter a, the
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dimension of which is [E]* and the value of which decides
the energy scale of the EMD system. Given these boundary
conditions and the value of a in Eq. (52) being same with
that in Eq. (46), we can solve the EOMs at vacuum, then it
will be found that the solutions are totally equivalent to those
in model I at vacuum.

As for finite temperature and finite chemical potential,
the EOMs are Eq. (14)—(17). The boundary conditions are
given as

A(z=0)=n.
Afz=1z,) =0,
flz=0)=1,
flz=2z)=0,
Ap(z=0) =0,
$(z=0)=0,
Yo _eva (53)
< z=0

where z = z,, is the location of the event horizon of black
hole on the coordinate z, u is the chemical potential. We
should emphasize here that at finite temperature or finite
chemical potential case, the solutions here are different
from those in model L.

2. Model III and IV

In model III, we use description B and input ¢(z) as
Eq. (33):

¢(z) = b2 (54)

Note that the dimension of the parameter b is [E]?> and its
value decides the energy scale of the EMD system.
According to Ref. [74], the desired linear confinement
mﬁ ¢~ (n+S) of mesons at large radially excited quantum
number 7 or large orbitally excited quantum number S can
be reproduced in the background metric, in which the large z
(IR) asymptotic expansion of @ is ® ~ z2. At the same time,
according to Ref. [109], the quadratic dilaton ®(z) = z* in
the IR can also leads to confinement and an approximate
linear glueball spectrum. Substituting Eq. (54) into Eq. (20),
we can solve a general solution for Ag(z) with two
integration constants. However, the value of this general
solution is usually complex. If we force the reality of Az(z)
and consider the boundary condition

Ap(z=0) =0, (55)

we can derive Ag(z) and V(¢). The results are Eq. (35)
and Eq. (33).

As for finite temperature and finite chemical potential,
the EOMs are Eqgs. (14)—(17). The boundary conditions are
imposed as

Az =0)=p,
A(z=12z,) =0,
flz=0) =1,
flz=124) =0, (56)

where z = gz, is the location of the event horizon of black
hole on the coordinate z, y is the chemical potential.
Collecting these boundary conditions and Eq. (54),
Eq. (35), we can then solve the EMD system.

In model IV, we use description A and input V;(¢) as
Eq. (34):

Vy(9) =%2 x 2t x gt {FG)T{ [I%<%>]z
)

At vacuum, we use the boundary conditions

Ap(z=0) =0, (58)
?3342(21) =b, (59)

Again, we force that Ag(z) is real. The Eq. (58) guarantees
the space-time is asymptotic AdSs at UV boundary.
Equation (59) contains a parameter b, the dimension of
which is [E]? and the value of which decides the energy scale
of the EMD system. Given these boundary conditions and
the value of b in Eq. (59) being same with that in Eq. (54),
we can solve the EOMs at vacuum, then it will be found that
the solutions are totally equivalent to those in model III at
vacuum.

As for finite temperature and finite chemical potential,
the EOMs are Eqgs. (14)—(17). The boundary conditions are
given as

A(z=0)=p,
A(z=12,) =0,
flz=0) =1,
flz=2z,)=0,
Ap(z=0)=0,
Pp(z=0)=0 (60)

Given these boundary conditions, we still have the freedom
to choose the energy scale of the EMD system. We should
emphasize here that at finite temperature or finite chemical
potential case, the solutions here are different from those in
model III.
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3. Model V
In model V, we input ¢(z) as

26
3

#(z) 71/3d(3 + 2dz?) + 6 arcsinh [\/ﬁgz} . (61)

Note that the dimension of the parameter d is [E]* and its
value decides the energy scale of the EMD system.
Substituting Eq. (61) into Eq. (20), we force the reality
of Ag(z) and consider the boundary condition

Ap(z=0) =0, (62)

we can derive Ag(z) and V,(¢) numerically. Although we
cannot get the analytical form of A(z), we can still derive
its asymptotic expansions:

8 8 512 1664
A __ %32, °n 4 _ 3.6 4,8
£(z—0) 3dz +9dz 567dz +1701dz
311296  ,, 19972096
_ d6 12 14 .
280665 15324309 ° +0@")

(63)

As for finite temperature and finite chemical potential, the
EOMs are Egs. (14)—(17). The boundary conditions are
imposed as

A(z=0)=u,
A(z=1z,) =0,
f(z=0)=1,
flz=2,) =0, (64)

where z = z,, is the location of the event horizon of black
hole on the coordinate z, g is the chemical potential.
Collecting these boundary conditions, the Eq. (61), and the
numerical solution of Ag(z), we can then solve the EMD
system.

IV. SPECTRA OF GLUEBALLS AND ODDBALLS

In this section, we discuss the spectra of glueballs and
oddballs. There are two different methods to investigate
the glueball spectra in holographic QCD. The first
method can be called the “glueball fluctuations method”
as in Refs. [63,94,97,109,122,135], where the scalar and
tensor fluctuations are treated as the 5-dimensional fields
dual to scalar and tensor glueballs respectively. Another
method, which is used in this work, can be called the
“glueball excitations method,” where the action of the
related glueball fields are introduced and the glueballs are
treated as excitations from the background as used in
Refs. [99,100,103,104,144], where the glueball spectra
are treated in the same way as the meson spectra in the

bottom-up framework. In practice, the glueball fluctua-
tions method is more widely used in the top-down
framework, and the glueball excitations method is more
widely used in the bottom-up framework. We adopt the
glueball excitations method in this work in order to keep
the way of treating the meson spectra and glueball spectra
on an equal footing in the deformed holographic QCD
models.

Although we could consider more generic Lagrangians
[145], we still use the simple action describing scalar,
vector, and tensor glueballs/oddballs here. In the string
frame, the action is

Sy = —cg/dsx —g,e~P®

! 1
) { |:§ gSMNaMSaNS + Ee_cr.m.q)M‘zg,SSZ

1
[ @iV = O Vi) 04V = 05 Vi)

+ %e—fr-qu’M@jVﬂ

+ BVLTMNVLTMN V. TMINT yvu

+ VyTMNV T — %VMTVMT

+ %e‘cr-mmMsz (T"Nhygy — 72)]

+ terms for high spin fields (spin S = 3)}, (65)

where s denotes the string frame, ¢, describes the coupling
strength of glueballs part in the whole theory. The fields S,
Vuy, and 7T,y are 5-dimensional fields that are dual to
scalar glueball, vector glueball, and spin-2 glueball oper-
ators respectively. 7 = g*¥NT v, and T,y satisfies the
following constraints

VMTMN - O, T - O,

1 -
_ o4,
T, _Z—ze T s

Tw.=0.  (66)

As in Ref. [146], the parameter p is introduced to make a
distinction between glueballs (oddballs) with different
P-parity:

=1, for even parity,
{p parity (67)

p =—1, for odd parity.

Also we introduce a z dependent modified 5-dimensional
mass:

026020-8



SPECTRA OF GLUEBALLS AND ODDBALLS AND THE ...

PHYS. REV. D 105, 026020 (2022)

M3(z) = e ® M2, (68)

where ¢, ,, is a constant. The M% is listed in Table I given
by the AdSs/CFT; correspondence dictionary. The
AdSs/CFT, duality gives one-to-one correspondence
between 4-dimensional operators in the N =4 super
Yang-Mills theory and the spectrum of the type IIB string
theory on AdSs x S°. Based on the AdS/CFT dictionary, the
conformal dimension of a g-form operator at the ultraviolet
(UV) boundary is related to the 5-dimensional mass square
M% of its dual field in the bulk as follows [55-57]:

M;=(A-q)(A+q-4) (69)

A. Glueballs and oddballs

In the bottom-up holographic QCD models, one
can expect a more general correspondence, i.e., each 4-
dimensional operator O(x) corresponds to a 5-dimensional
field O(x, z) in the bulk theory. To investigate the glueball
spectra, we consider the lowest dimension operators with the
corresponding quantum numbers defined in the field theory
living on the 4-dimensional boundary. We show the C-parity
even/odd glueball and oddball operators and their corre-
sponding 5-dimensional mass square in Table I.

The lowest dimension gauge invariant three-gluon cur-
rents that couple to the exotic 07~ and 0™~ glueballs are
constructed in Ref. [31]:

3TI‘({(DTGW<X)>, (Derv(x))}(DﬂGﬂa(x>))’

&) =g
(70)

1({(D:Gpu (%)), (DG () HD,G o (%))
(71)
For trigluon glueball 17+, and 27, the currents that

match the unconventional quantum number and satisfy the
constraints of the gauge invariance are given in Refs. [27]:

jgﬁ( ) - gs

A (x) = g0, (G (0))[Gh, (x)][Goa(x)].
'()—gsf“bca (G, (0)][GY, (x)] [Ga (X)),
Jo ' Cly = Gaf0,1G, (0)][Gh, (0)][Goa(x)].
Ji D()—gsf”bc (Gl ()]G, (0)][Goa (%), (72)
and
Jra (%) = g2d™[GE, (x)][Gh, (x)][Goa()],
Jia B (x) = g2d*[GE, (x)][Gh, (x)][Gou(x)].
Jra € (x) = Gd[Ge, (x)][Gh, (x)][Goa(2)],
Jia P (x) = gd™ (G, ()]G, ()] [Gou ()], (73)

where d?*¢ stands for the totally symmetric SU.(3)
structure constant and gg; = gop — 0,05/ 0.

B. Equation of motion for scalar, vector, and tensor
glueballs/oddballs

From the 5-dimensional action for the glueball/oddball
in the string frame Eq. (65), we can derive the equation of
motion for the glueballs. The equation of motion for the
scalar glueballs S is given as

TABLE I. 5-dimensional mass square of C-parity even glueballs and C-parity odd oddballs. The operators are
taken from Refs. [27,31,32,94].

Jre 4-dimensional operator: O(x) A q M2
0+ Tr(G?) = E* - E* - B* - B* 4 0 0

0t Tr(GG) = E* - B 4 0 0

0t Tr({(D,G,,). (D.G,,)}(D,G,, 9 0 45
0 Tr({(DlG;w)’ (DTGPD)}(D/lGﬂ(l 9 0 45
1 F0, GG (Ghal. £40,[GLL1IGY,][Ghal. 7 ! 24

10, (G [Ghal. f40,[GIG7, )Gl

1 d<(E, - E,)B, 6 1 15
= dabc(E'a : Eb)Ec 6 1 15
2+ EYE} — B{ B¢ — trace 4 2 4

2-t E{B{ + B{E{ — trace 4 2 4

2+ d**<S[Ei (E, x B,)] 6 2 16
2 d*<S[Bi (E, x B,)'] 6 2 16
3t d“b‘S[B;B{jB"} 6 3 15
3 d* S[E} E} EX] 6 3 15
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— Pe(A-r0)g, Lls SIRA%) 8,1]
+ Zl—ze“xe—cr-m-@Mg,Ssn =m%,S,. (74)
Via the substitution
S, - z2e34P)S | (75)
the equation can be brought into Schrédinger-like equation
=S+ VsS, = mé’nsn, (76)

with the 5-dimensional effective Schrodinger potential

v 3AY + 5 — p@” N BA; -3 — p@']?
s 2 4
1
+ = e M7 . (77)

The equation of motion for the vector glueballs V,, is
given as

1
—_ Ze_(A“_p‘D) az |:E eAx_pq)azvn]

+ lee%se—cnm.‘bM;SVn =m3, V. (78)

Via the substitution
V, - ge Ay (79)
the equation can be brought into Schrodinger-like equation
Vit VoV, = m3,, V. (80)

with the 5-dimensional effective Schrodinger potential

v _Aé’+;—z—p<1>”+ (A} -1 pa']?
v 2 4
1
+ Z—QezAse‘Crvm-‘DM%ys. (81)

The equation of motion for the spin-2 glueballs 7~'MN is
given as

1 -
j— Z3 e—<3A.‘—P(D) aZ |:Z_3 e3Ax—p‘DaZTn:|

1 ~
+ e*he ™ m® ML T, =m
z

-
2 T=nd, T (8

Via the substitution

T, - e 410, (83)

the equation can be brought into Schrédinger-like equation

Ty + VT, =m T, (84)

with the 5-dimensional effective Schrodinger potential

v 3AY + 5 - p@” N 34} =3 — p@']?
T 2 4
1
2A5 a—Crm. P g2
—I—?e e Mz . (85)

According to Ref. [74], the equation of motion for the
high spin glueballs Hy p,...p,, the spin S of which are
larger than 2, is given as

1

e@5-DA=p®Y 74

25—1 .~ [(25—1)A,—p®)]
N 9, 251

-z
+ Z—lzeZAxe‘Cr-m-‘bM%ﬁHn =m3, , H,. (86)
where § = 3. Via the substitution
H, — ZZST*' —%[(ZS—I)AS—pd)]Hn’ (87)
the equation can be brought into Schrodinger-like equation
—Hy + ViH, = mi  H,, (88)
with the 5-dimensional effective Schrodinger potential

(28 = DAY 42551 — p@”

V., =
" 2
N [(28 — DA} = 2= — pa/]?
4
1
+ ?eZA:e‘Cr-m-q)M%’S. (89)

C. Numerical results of glueballs/oddballs spectra

We calculate the glueballs spectra using five different
holographic models defined in the last section. We list the
parameters used for calculating the glueballs spectra below.

1. Model I and I1

In model I and model II, the value of the parameter is
a = 0.4822 GeV?2. First, we do not consider the distinction
between glueballs (oddballs) with different P-parity and do
not introduce z dependent modified 5-dimensional masses,
that means p = 1 for even and odd parity, and c,, = 0.
Then we calculate the glueballs/oddballs mass spectra in
model I and II, which is denoted by “Model I, II(O)” in
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TABLE IL

The glueballs and oddballs mass spectra in the dynamical soft-wall model I and II without making a distinction between

glueballs (oddballs) with different P-parity and introducing z dependent modified 5-dimensional masses, compared with results from
lattice QCD and QCD sum rule. The units of all the data in the table are GeV. The lattice data in the column “LQCDI1,” column
“LQCD2,” column “LQCD3,” and column “LQCD4” are taken from Ref. [9], Ref [4], Ref [5], and Ref. [2] respectively. The QCD sum
rule results are taken from Refs. [22,27,31,32]. Here we also list the data predicted by the single pole (SP) and dipole (DP) Regge model
[51]: using the SP Regge model, the predicted mass for 27" glueball is 1.747 GeV; using the DP Regge model, the predicted masses for

2+ glueball and 37~ oddball are 1.758 GeV and 3.001 GeV respectively.

Jre LQCD1 LQCD2 LQCD3 LQCD4 QCDSR Model 1, 11(0)
0+ 1.653(26) 1.475(30)(65) 1.710(50)(80) 1.730 (50) (80) 1.50 +0.19 1.876
0r++ 2.842(40) 2.755(70)(120) 2.670 (180)(130) 2.0-2.1 2.541
(U 3.370(100)(150) 3.062
et 3.990(210)(180) 3.506
2t 2.376(32) 2.150(30)(100) 2.390(30)(120) 2.400 (25) (120) 20+0.1 7.895
ort+ 3.30(5) 2.880(100)(130) 22-23 8.506
0+ 2.561(40) 2.250(60)(100) 2.560(35)(120) 2.590 (40) (130) 2.05+0.19 1.876
0+ 3.54(8) 3.370(150)(150) 3.640 (60) (180) 2.1-23 2.541
1=+ 4.12(8) 18.484
1=+ 4.16(8) 19.137
Jre—t 4.2009) 19.752
2=F 3.07(6) 2.780(50)(130) 3.040(40)(150) 3.100 (30) (150) 7.895
2= 3.97(7) 3.480(140)(160) 3.890 (40) (190) 8.506
0= 4.780(60)(230) 4.740 (70) (230) 9. 231 3 25.155
1= 2.944(42) 2.670(65)(120) 2.980(30)(140) 2.940 (30) (140) 287917 14.713
1+ 3.80(6) 15.356
2+ 4.24(8) 4.230(50)(200) 4.140 (50) (200) 2.85+01 15.195
6.06 +0.13

3t 3.53(8) 3.270(90)(150) 3.600(40)(170) 3.550 (40) (170) 2781918 14.744
3+ 3.630(140)(160) 15.388
0~ 68f112‘ 25.155
1= 4.03(7) 3.240(330)(150) 3.830(40)(190) 3.850 (50) (190) 329114 14.713
27 3.92(9) 3.660(130)(170) 4.010(45)(200) 3.930 (40) (190) 3.161033 15.195
2= 3.740(200)(170) 15.839
3" 4.330(260)(200) 4.200(45)(200) 4.130 (90) (200) 3471, 14.744

Table II. We find the calculation results of the masses of
glueballs/oddballs, of which the 5D mass square M% in
Table I are large, are much heavier than the lattice data. That
is why we introduce a z-dependent modified 5-dimensional
mass of glueball/oddball fields in Eq. (68). The value of the
constant ¢, ,, in Eq. (68) is 0.4245, which means

M% (Z) — 6_0'4245¢M§ ,

model I, andII. ~ (90)

Here we briefly introduce how to determine the values of
these two parameters. There are totally 24 glueballs/odd-
balls states in Table II. We first choose the lattice results for
N = 13 glueballs/oddballs states:

Ot+t, Ot 2+t et o, 0,

P e R S SR Rl (91)

For the mass of every state, there are more than one lattice
result. We average these lattice results for every state and

then we use the least-squares method to optimize the model
parameters a and c, ,, For details, we minimize the quantity

N 2
M Ja M holo: ( Cr.m.)}
= s . 92)

n=1 Oi

(1 Crm

where m; 1, is the averaged lattice result for the ith glueball/
oddball state and o; is the standard deviation of the errors of
M, - M holog (@5 Crm.) 18 the calculated result for this state in
the holographic model I and IT when the value of @ and ¢,
are fixed. Here we sum for all the N = 13 selected glueballs/
oddballs states listed in Eq. (91). After fixing the parameters,
we calculate the masses for other 11 states as the predictions
of the holographic models.

Following the procedure in Ref. [147], we then analyze
the covariance of the parameters a and c,,, The uncer-
tainties in a is
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sa=3 00
a —1 Om; 1y

(93)

5mi,lattv

where 6m; ), is the uncertainties in the lattice data m; .
Similarly, the uncertainties in ¢, , is

N dc
r.m.
OCrm. = 9 5mi,latt' (94)
=1 OMj la
So the covariance of the parameters a and c, , is
o < (6ada)  (8adc,py) )
params —
N _da _da 2 N _da_ Ocim 2
I=1.0m; 1oy O =1 0m; o Om; o~ 1
= . (95)

N da 8Cr.m. 2 N 6Cr.m aCr.m.
_Oa_Occm 52 SN Ocom Do

0_2
i=1.0m; 1y OM o =10 g O o~ 1

where the symbol “()” represents an ensemble average and
the equation

TABLE III.

(96)

<5mi,1att5mi,latt> = 5ij0'12
is used. The symbol §;; in Eq. (96) is the Kronecker delta.
Equation (96) is valid since we assume that the errors
Om; 1, are statistically uncorrelated.
The numerical result is

1.9844 GeV?

2.0050 GeV*
Glzaarams =
3.1267

) x 1074, (97)
1.9844 GeV?

By using a similar method, we can calculate the covari-
ance of the holographic results for the glueballs/oddballs
spectra. The holographic results for the glueballs/oddballs
spectra and the standard deviations of their errors are denoted
by “Model I, II” in Table III

Note that the 5-dimensional field ® and ¢ are different,
the relationship between them is Eq. (8):

8
yo o

The glueballs and oddballs mass spectra in the dynamical soft-wall model, compared with results from lattice QCD and

QCD sum rule. The units of all the data in the table are GeV. The lattice data is taken from Refs. [2,4,5,9]. The QCD sum rule results are
taken from Refs. [22,27,31,32]. The data in the column labeled by EHM is the result of an effective holographic model from Ref. [109]
by using the glueball fluctuations method. Here we also list the data predicted by the SP and DP Regge model [51]: using the SP Regge
model, the predicted mass for 2" glueball is 1.747 GeV; using the DP Regge model, the predicted masses for 27+ glueball and 37~

oddball are 1.758 GeV and 3.001 GeV respectively.

JPe LQCDI1-4 QCDSR  EHM Model I, I Model III, IV(1) Model IIL, IV(2) Model V
0++ 1.475(30)(65)-1.730(50)(80)  1.50£0.19 1.475  1.876(28) 1.545(20) 1.593 1.954(28)
o+ 2.670 (180)(130)-2.842(40) 20-2.1 2755 2.541(37) 2.539(32) 2618 2.498(35)
0¥+t 3.370(100)(150) 3376 3.062(45) 3.211(41) 3311 2.944(42)
e 3.990(210)(180) 3.891  3.506(51) 3.760(48) 3.877 3.330(47)
2+t 2.150(30)(100)-2.400(25)(120)  2.0£0.1  2.180  2.689(28) 2.459(26) 2.203 2.755(27)
et 2.880(100)(130)-3.30(5) 2223 23899  3.208(29) 3.088(25) 3.006 3.195(26)
0+ 2.250(60)(100)-2.590(40)(130) ~ 2.05 = 0.19 2.323(34) 2.527(32) 2.606 2.268(32)
0*=*  3.370(150)(150)-3.640(60)(180)  2.1-2.3 2.932(43) 3.217(41) 3317 2.798(40)
1+ 4.12(8) 3.637(36) 3.920(36) 3.588 3.566(34)
1+ 4.16(8) 4.126(37) 4.479(36) 4221 3.990(33)
- 4.20(9) 4.538(41) 4.943(39) 4.730 4.353(35)
2+ 2.780(50)(130)-3.100(30)(150) 3.216(29) 3.306(26) 3.161 3.166(27)
24+ 3.480(140)(160)-3.97(7) 3.658(33) 3.737(34) 3.703 3.558(29)
0t~ 4740 (70) (230)-4.780(60)(230) 92713 3.428(41) 3.632(45) 3.165 3.420(40)
1+- 2.670(65)(120)-2.980(30)(140) ~ 2.87+07 3.216(35) 3.336(38) 2.954 3.212(34)
1+ 3.80(6) 3.735(34) 3.926(33) 3.652 3.655(31)
2+ 4.140 (50) (200)-4.24(8) 2.851016 3.131(37) 3.209(41) 2.786 3.147(35)
6.06 £ 0.13
3+- 3.270(90)(150)-3.60040)(170)  2.78+018 3.007(37) 3.025(44) 2.572 3.047(36)
3et- 3.630(140)(160) 3.555(34) 3.668(34) 3.369 3.51031)
0 6.871] 3.890(38) 4.249(38) 3.907 3.795(36)
1 3.240(330)(150)-4.03(7) 329714 3.508(34) 3.746(34) 3.441 3.446(32)
2 3.660(130)(170)-4.010(45)(200)  3.16+033 3.621(34) 3.903(33) 3.619 3.539(32)
2+ 3.740(200)(170) . 4.093(37) 4.426(35) 4211 3.951(32)
3-- 4.130(90)(200)-4.330(260)(200) 34772, 3.700(34) 4.017(33) 3.765 3.600(32)

026020-12



SPECTRA OF GLUEBALLS AND ODDBALLS AND THE ...

PHYS. REV. D 105, 026020 (2022)

2. Model III and IV

In model IIT and model IV, the value of the parameter is
b = 1.5360 GeV?. The value of the constant c,,, in
Eq. (68) is 0.4593, which means

Ms(z)? = e 04982 modellllandIV.  (98)

The covariance of the parameters b and ¢, is

5 ( (5b5b> <5b5cr.m.> )
Oparams —
P\ (8¢, m.0b) (8¢, mOCem.)
15.3217 GeV* 6.1579 GeV? 4
= x 107, (99)
6.1579 GeV? 4.0296

The method to calculate the value of the parameters b, ¢, ,,
and the covariance of the parameters agamms are similar to
that in subsubsection IV C 1.

The holographic results for the glueballs/oddballs spec-
tra and the standard deviations of their errors are denoted by
“Model III, IV(1)” in Table III.

In Ref. [146], the authors also use model III to calculate
the glueballs spectra. There they use the parameters b =
%EGeV2 [148] and ¢, = % We also calculate the glue-
balls spectra using these values of parameters and list the
results denoted by Model III, IV(2) in the Table III.

3. Model V

In model V, the value of the parameteris d = 0.2463 GeV?2.
The value of the constant ¢, ,, in Eq. (68) is 0.3576, which
means

Ms(z)? = e 037602 model V. (100)

The covariance of the parameters d and ¢, is

, ( (8d5d) (8dc, ) )
[0 =
params (8¢, m6d)  (5¢m 6Cm)
0.4898 GeV* 0.9016 GeV? D
= x 1074, (101)
0.9016 GeV? 2.4450

The method to calculate the value of the parameters d, ¢, ,, and
the covariance of the parameters af,arams are similar to that in
Sec. IVC 1.

The holographic results for the glueballs/oddballs spec-
tra and the standard deviations of their errors are denoted by
“Model V” in Table IIL

The corresponding results for glueballs and oddballs
spectra are also shown in Fig. 2 and Fig. 3, respectively.

4. Compare results with lattice QCD, QCD sum rule and
pp high energy scattering

We summarize our holographic results of glueballs/odd-
balls spectra and then compare them with the results from
lattice simulation and QCD sum rule in Table III. We also list
the result of an effective holographic model, which is taken
from [109] and is consistent with the data from lattice QCD,
where the authors treat the scalar and tensor fluctuations in
the gravity-dilaton action as the 5-dimensional fields that
dual to scalar and tensor glueballs respectively, i.e., the
glueball fluctuations method as we mentioned at the begin-
ning of Sec. IV. To explicitly see the difference between
results from holographic QCD models and those from lattice
simulation, we also list results in Fig. 2 for C-parity even
glueballs, and in Fig. 3 for C-parity odd oddballs.

In the framework of holography, the states J*¢ with the
same angular momentum J and the same C-parity corre-
sponds to different operators, however, the dimensions of
which are the same. Thus, they have the same dimension and
5-dimensional mass, and the mass splitting for different
P-parity states is realized by e ”® in Eq. (65). The states J”¢
with the same angular momentum J and the same P-parity
but different C-parity have different operators, the dimen-
sions of which are also different. Thus, they have different
5-dimensional masses, which naturally induces the mass
splitting for different C-parity states. From the results in
Table III, Figs. 2, and 3, we can see that with only 2
parameters, the model predictions on glueballs/oddballs
spectra in general are in good agreement with lattice results
except three oddballs states 07—, 27, and 37~. Here we also
would like to mention that the data predicted by the single
pole (SP) and dipole (DP) Regge model [51] to fit the high
energy pp scattering: using the SP Regge model, the
predicted mass for 2*" glueball is 1.747 GeV; using the
DP Regge model, the predicted masses for 2+ glueball and
37~ oddball are 1.758 GeV and 3.001 GeV, respectively.
These predicted values are a little bit lower than the results
predicted from holography but still in reasonable regions. It
might indicate that the mass 1.747 GeV/1.758 GeV 2++
glueball and mass 3.001 GeV 37~ oddball are hybrid
glueball/oddball states mixing with quark states.

V. EQUATION OF STATE

Thermodynamic properties of the Yang-Mills theory has
been investigated in the holographic frame [63,65]. Here,
with parameters used to calculate the glueballs/oddballs
spectra listed in Table III, we check the corresponding
thermodynamic properties of the system in our holographic
models.

A. Model I and II

In model I and model II, the value of the parameters are
a = 0.4822 GeV?, and the 5-dimensional Newtown constant
G5 = 1. Then we numerically calculate the thermodynamic
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FIG. 2. The mass spectra of JPC (C = 1) glueballs in the dynamical soft-wall model, compared with lattice data. This figure are split
into five panels, that are divided by black solid lines. From left to right, the mass data in these panels belong to 0™ states, 27 states,
0~ states, 1~ states, and 2™ states respectively. In every panel, the black dashed line split it into two parts. The left one contains lattice
data taken from Refs. [2,4,5,9]. The steel blue lines, goldenrod lines, olive drab lines, orange red lines are lattice data taken from Ref. [9],
Ref [4], Ref [5], and Ref [2] respectively. The minimal value and maximal value of a set of discrete data that belongs to the same glueball
state decide the positions of lower and upper bound of the bar in the figure respectively. The data in the right part are calculated in our
holographic models. The medium purple lines, sienna lines, sky blue lines, and magenta lines are results from Model I, II, Model III, IV

(1), Model III, IV(2), and Model V, respectively.

properties in model I and model II. In model II, we utilize the
numerical method in Refs. [133,149] to investigate the
thermodynamic properties. The results are different for these
two models, as we emphasized in Sec. Il C 1. The deconfined
temperature 7. = 480.956 MeV for model I with inputting
Ag(z) and T, = 465.924 MeV for model II with inputting
V 4(¢). We plot the thermodynamical quantities in Fig. 4. The

red points with error bar are lattice simulation of SU(3) Yang-
Mills results in Ref. [150].

It is noticed that even though model I and model II can
describe glueballs/oddballs spectra, the corresponding
thermodynamic properties shown in Fig. 4 are not in good
agreement with lattice results [150] for the pure gluon
system. From the asymptotic analysis of the dilaton field at
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FIG. 3. The mass spectra of J7C (C = —1) oddballs in the dynamical soft-wall model, compared with lattice data. This figure are split

into eight panels, that are divided by black solid lines. From left to right, the mass data in these panels belong to 0"~ states, 17~ states,
21~ states, 37~ states, 0™~ states, 17 states, 27~ states, and 37~ states respectively. In every panel, the black dashed line split it into two
parts. The left one contains lattice data taken from Refs. [2,4,5,9]. The steel blue lines, goldenrod lines, olive drab lines, orange red lines
are lattice data taken from Ref. [9], Ref. [4], Ref. [5], and Ref. [2], respectively. The minimal value and maximal value of a set of discrete
data that belongs to the same oddball state decide the positions of lower and upper bound of the bar in the figure, respectively. The data in
the right part are calculated in our holographic models. The medium purple lines, sienna lines, sky blue lines, and magenta lines are
results from Model I, II, Model III, IV(1), Model III, IV(2), and Model V, respectively.

UV boundary Eq. (27) in Sec. III A, we can see that the
leading order of the 5-dimensional dilaton field is a term
proportional to z, and the subleading order is a term
proportional to z3. So we expect the thermodynamic
properties of model I and II behaves more like quark

matter. We fix the value of the parameter a and tune the
value of Gs =1 to G5 =0.42 to meet the degrees of
freedom of quark matter. In this case, the critical temper-
atures remain unchanged. It is found that the equation of
state calculated in model I and II are qualitatively consistent
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result for model IT with inputting V,(¢). The red points are SU(3) lattice data taken from Ref. [150].

with the 2 + 1 flavors lattice results in Ref. [151]. We plot
the equation of state in Fig. 5. The red points with error bar
are lattice simulations of SU(3) equation of state taken
from Ref. [150] for pure gluon system. The purple points
with error bar are lattice simulations of Ny =2 + 1 QCD
equation of state taken from Ref. [151].

B. Model III and IV

We also check the corresponding thermodynamic proper-
ties of model III and model IV. In model IIII, we use two sets
of values of the parameters. The parameters A are
b = 1.5360 GeV?, and the 5-dimensional Newtown con-

stant G5 = 1.35; the parameters 5 are b = %ﬁ GeV? as in
[146], as we mention in Sec. IV C2, the 5-dimensional
Newtown constant G5 = 1.35. Again, we employ the
numerical method in Refs. [133,149] to investigate the
thermodynamic properties in model IV. We fix the values
of the characteristic energy scale [152] of the EMD system A
and the 5-dimensional Newtown constant G5: A = 1 GeV,
and G5 = 1.35. Then we numerically calculate the equation
of state for these two models respectively. The results are
actually different for the two models, as we emphasized in
Sec. III C 2. In model 111, the deconfined temperature 7', =
343.455 MeV for parameters A with b = 1.5360 GeV? and

T. = 354.131 MeV for parameters B with b = 23& GeV?2.

The deconfined temperature 7, = 269.371 MeV in model
IV with A = 1 GeV. We plot the equation of state in Fig. 6.
The red points with error bar are lattice simulation of SU(3)
equation of state for pure gluon system in Ref. [150].

We can see from Fig. 6 that the lines for parameters A
and parameters 5 in model III are totally the same with each
other. That is not surprising because all the quantities are
dimensionless in this plot.

C. Model V

In model V, we use the parameters d = 0.2463 GeV?, and
the 5-dimensional Newtown constant G5 = {—? Then we
numerically calculate the equation of state. The deconfined
temperature 7. = 522.489 MeV. We plot the equation of
state in Fig. 7. The red points with error bar are lattice
simulation of SU(3) equation of state from Ref. [150].

If we fix the value of the parameter d and tune the value
of Gs to G5 =0.39, the critical temperature remains
unchanged. However, the equation of state in model V
will be qualitatively consistent with the 2 + 1 flavors lattice
results, which is taken from Ref. [151]. We plot the
equation of state in Fig. 8. The red points with error bar
are lattice simulations of SU(3) equation of state taken
from Ref. [150]. The purple points with error bar are lattice
simulations of Ny =2+ 1 QCD equation of state taken
from Ref. [151].
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The results of equation of state from model I and model I with a = 0.4822 GeV? and G5 = 0.42. Upper left panel: the ratio of

entropy density over cubic temperature as function of scaled temperature 7/T .. Upper right panel: the ratio of pressure over quartic
temperature as function of scaled temperature 7/T .. Lower left panel: the energy density over quartic temperature as function of scaled
temperature 7'/ T .. Lower right panel: the trace anomaly over quartic temperature as function of scaled temperature 7//T .. The blue line
is for model I with inputting Ag(z). The orange line is for model II with inputting V,(¢). The red points are SU(3) lattice data taken
from Ref. [150], and the purple points are Ny = 2 + 1 lattice data taken from Ref. [151].

The equation of state calculated in the Einstein-Maxwell-
dilaton model in the holographic frame can be compared
not only with the lattice results for the pure gluon system,
but also with the lattice results for the 2 + 1 flavor system
[133,149,153]. As the conclusion of this section, we now
explain why we compare some of our holographic results
with those from lattice simulation of Ny =2+ 1 QCD
equation of state.

We start from the probe limit. The total action of 5-
dimensional holographic QCD model including glueball/
oddball excitations is

SS

total — S;) + SZ” (102)
where S} is the action for the background in the string
frame, and Sj is the action describing the glueballs in the
string frame. In principle, we should consider the whole
action and derive the EOMs, in which the fields @, A, A,
and f(z) are coupled with the matter fields. Thus, not only
the background affects the EOMs of the matter fields, but
also the matter fields provide back-reaction on the back-
ground. However, solving the fully coupled EOMs are
very difficult and we are still struggling to do that. So an
approximation called the probe limit is widely adopted in

the literature. In the probe limit, we first neglect the
coupling between the background and the matter part, and
then we solve the EOMs of the background. After deriving
the background, we can solve the EOMs of the matter
fields that live on the background. In this procedure, we
neglect the backreaction provided by the matter field on
the background, as we do in this work. Thus, in the probe
limit, the thermodynamic properties are entirely deter-
mined by the background. Correspondingly the dilaton
field can be solved self-consistently, then from AdS/CFT
dictionary, one can read the particle information of the
dilaton field.

Because we neglect the back-reaction, which means the
effect of the matter fields cannot be contained in the
background naturally, we input different V(¢) (or A,
or ¢) to produce different background solutions that are
used to mimic different 4-dimensional field theories, such
as pure gluon system, or Ny =2+ 1 QCD. To mimic
different 4-dimensional field theories, the key point is to
choose the appropriate value of dimension A,. We will
explain this in the following.

Considering the flavored QCD, to describe the meson
sector, the typical 5-dimensional action in bottom-up
holographic QCD can be written as [72]
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FIG. 6. The results of equation of state from model III and model IV. Upper left panel: the ratio of entropy density over cubic
temperature as function of scaled temperature 7/T .. Upper right panel: the ratio of pressure over quartic temperature as function of
scaled temperature 7/T .. Lower left panel: the energy density over quartic temperature as function of scaled temperature 7/T .. Lower
right panel: The trace anomaly over quartic temperature as function of scaled temperature 7//T .. The blue line is for parameters .A:
b = 1.5360 GeV2, and G5 = 1.35 in model III, in which we input ¢(z). The green line is for parameters B: b = # GeV?, and
Gs = 1.35 in model III. The orange line is for model IV, in which we input V,(¢) and the parameters are A = 1 GeV, and G5 = 1.35.
The red points is SU(3) lattice data taken from Ref. [150] for pure gluon system. The positions of the blue line and the green line are

totally the same in each panel.

1
Y K Rl

1
Caxp - +F%>}, (103)

442

where DMX = OMX —iAYX +iXAY, FyN = MAY —
VAV g —iAY g AY Rl AY = AT, AR = ARV, o
and 1% are the generators of SU(N,), and SU(N,)g
respectively, and ®(z) is the dilaton field. The dimension
of the scalar field X is Ay = 3. This leads to the bulk scalar
VEV has the following behavior in the UV region:

x(z~0) :mqéz+gz3+---.

(104)
According to the AdS/CFT dictionary, m,, is the current
quark mass, o is the chiral condensate, and { is a normali-
zation constant.

In the fully coupled consideration, where the back-
reaction is taken into account, the asymptotic behavior
of y(z) guarantees the appearance of the term proportional

to z in the UV asymptotic expansion of ®. This is true
because @ and y are coupled together in the fully coupled
consideration.

Now we get an important conclusion: to describe the
flavored QCD, there should be a term proportional to z in
the UV asymptotic expansion of ®@. But please keep in mind
that here we adopt the probe limit and use the background
without backreaction to mimic the flavored QCD. Thus,
taking the profile Ay = 3 is a natural way to produce the
term proportional to z.

In conclusion, we adopt the probe limit in the work.
Although we solve the background without considering the
back-reaction of the matter field, we can still use the
background to mimic different 4-dimensional field theo-
ries. To mimic the flavored QCD, we should take the profile
Ag = 3. Of course, we can choose another different value
of Ag to mimic the pure gluon system, which is Ay = 2 in
this work.

VI. CONCLUSION AND DISCUSSION

In this work, we study scalar, vector, and tensor glueballs/
oddballs spectra in the framework of 5-dimensional dynamical
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The results of equation of state from model V. Upper left panel: the ratio of entropy density over cubic temperature as function of

scaled temperature 7 /T .. Upper right panel: the ratio of pressure over quartic temperature as function of scaled temperature 7/T .. Lower
left panel: the energy density over quartic temperature as function of scaled temperature 7'/ T.. Lower right panel: the trace anomaly over
quartic temperature as function of scaled temperature 7/T .. The blue line is for model V, in which we input ¢(z) and the parameters are
d = 0.2463 GeV?, and G5 = %. The red points are SU(3) lattice data taken from Ref. [150] for pure gluon system.

holographic QCD model, where the metric structure is
deformed self-consistently by the dilaton field. In the frame-
work of holography, the states J©¢ with the same angular
momentum J and the same C-parity corresponds to different
operators, however, the dimensions of which are the same.
Thus, the corresponding 5-dimensional masses of these states
are also the same, and the mass splitting for different P-parity
states is realized by e~7® in Eq. (65). The states J©¢ with the
same angular momentum J and the same P-parity but different
C-parity have different operators, the dimensions of which are
also different. Thus, they have different 5-dimensional masses,
which naturally induces the mass splitting for different
C-parity states.

From the results in Table III, Figs. 2, and 3, we can see
that with only two parameters, the model predictions on
glueballs/oddballs spectra in general are in good agreement
with lattice results except three oddballs states 01—, 2~
and 37~. Here we also would like to mention that the data
predicted by the SP and DP Regge model [51] to fit the high
energy pp scattering: using the SP Regge model, the
predicted mass for 27 glueball is 1.747 GeV; using the DP
Regge model, the predicted masses for 27" glueball and
37 oddball are 1.758 GeV and 3.001 GeV respectively.
These predicted values are a little bit lower than the results

predicted from holography but still in reasonable regions. It
might indicate that the mass 1.747 GeV/1.758 GeV 2*+
glueball and mass 3.001 GeV 37~ oddball are hybrid
glueball/oddball states mixing with quark states.

From the results of glueballs/oddballs spectra at zero
temperature and zero density and the equation of state at
finite temperature, we obtain the following conclusions.
(1) For the same set of vacuum solutions to the Einstein
field equations and the equation of motion of the dilaton
field ¢(z), inputting the function Ag(z) and inputting the
dilaton potential V,(¢) give the different equation of state
indeed. (2) The model with quadratic dilaton field ¢(z) can
simultaneously describe glueballs/oddballs spectra as well
as the equation of state of pure gluon system. The model
with quadratic Ax(z) can describe glueballs/oddballs spec-
tra, but its corresponding equation of state behaves more
like Ny = 2 + 1 quark matter. These are consistent with the
dimension analysis at ultraviolet (UV) boundary. Our
results suggest that the dilaton field taking the simple
quadratic form can be regarded as a candidate of dual
theory for pure gluodynamics. Even though it is still
difficult to find the dual theory of full QCD, the possible
existence of dual theory of pure gluodynamics would be
quite encouraging.
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FIG. 8. The results of equation of state from model V. Upper left panel: the ratio of entropy density over cubic temperature as function
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