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We study holographically nonlocal observables in field theories at finite temperature and in the large d
limit. These include the Wilson loop, the entanglement entropy, as well as an extension to various dual
extremal surfaces of arbitrary codimension. The large d limit creates a localized potential in the near
horizon regime resulting in a simplification of the analysis for the nonlocal observables, while at the same
time retaining their qualitative physical properties. Moreover, we study the monotonicity of the coefficient
a of the entanglement’s area term, the so-called area theorem. We find that the difference between the UV
and IR of the a values, normalized with the thermal entropy, converges at large d to a constant value which
is obtained analytically. Therefore, the large d limit may be used as a tool for the study and (in)validation of
the renormalization group monotonicity theorems. All the expectation values of the observables under
study show rapid convergence to certain values as d increases. The extrapolation of the large d limit to low
and intermediate dimensions shows good quantitative agreement with the numerical analysis of the

observables.
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I. INTRODUCTION

The nonlocal observables have played an important role
in the study of theoretical physics over the years. The
gauge/gravity duality [1,2] has provided a solid tool for
their study at strong coupling, with several interesting
applications. Nonlocality in the context of gauge/gravity
duality is in principle associated to minimization problems
in curved space-times. These are mainly extremal surfaces,
which give rise to different nonlocal observables according
to their dimensionality. Such minimization problems are
very challenging even on flat spaces, and one would expect
that they would be unsolvable in curved space-times. Many
of them are; however in several cases the symmetry of the
space-time and the simplicity of the boundary conditions
make the problem tractable.

Wilson loop and entanglement entropy are two of these
prominent nonlocal observables. The Wilson loop exponent
is proportional to the leading contribution to the effective
potential between two static quarks and serves as an order

fdimitrios. giataganas @mail.nsysu.edu.tw
_r_pappasnikolaos .uni @gmail.com
'Lnick@ucy.ac.cy

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2022/105(2)/026016(19)

026016-1

parameter for confinement. The entanglement entropy is
the von Neumann entropy of the reduced density matrix of
a partition of the Hilbert space. The Wilson loop corre-
sponds to a two-dimensional minimal surface hanged from
the boundary of the holographic space, while the entangle-
ment entropy corresponds to a spatially codimension one
surface. These type of surfaces can have strip boundaries
that exhibit translational invariance on the directions trans-
verse to the strip separation. When the theory is conformal
their regularized areas can be found in closed form in terms
of elementary functions. The regularization of the ultra-
violet contributions is necessary for any such observable. In
entanglement these arise from local UV physics near the
entangling surface, while for the Wilson loop they amount
to the contribution to the interquark potential of the infinite
mass of the fundamental quarks. From the minimal surface
perspective, the UV contributions are associated with the
infinite distance required to reach the boundary from
the bulk.

In the presence of scales the nonlocal observables reveal
the richer properties of the theory but do not acquire a
closed form in terms of the physical scales of the theory. At
finite temperature, as the separation of the quarks increases,
the Wilson loop undergoes a phase transition from a
connected surface to a pair of disconnected surfaces, which
become energetically favorable. The phase transition
depends on the possible scales of the theory and occurs
at an intermediate temperature, where its analytical details

Published by the American Physical Society
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are not fully tractable. The holographic entanglement
entropy at zero temperature and even dimensions is related
to the central charge coefficient of the Euler density
contribution to the conformal anomaly, while in odd
dimensions a connection to the F theorems has been
shown [3,4]. This has motivated the proposal of several
¢ function candidates whose monotonicity is tighten up to
the satisfaction of the null energy conditions [5-8] with
interesting applications in holography [9-14]. Another
monotonic function along the renormalization group
(RG) flow is defined by the area theorem. For entangling
regions that cover almost the entire space-time, the entan-
glement entropy approaches the thermal entropy exhibiting
area subleading contributions. The coefficient of the area a
has been found to be decreasing along Lorentz invariant
RG flows [15,16]. The entanglement entropy as well as the
holographic functions a and ¢ have not been expressed in
an exact closed form in the presence of scales. Moreover,
their monotonicity is guaranteed only for theories with
Lorentz symmetry and therefore it is an interesting task to
analytically obtain them and study their properties along
the different RG flows.

In our approach we study these phenomena in the limit of
a large number of dimensions d, both analytically and
numerically. We rely on the fact that the bulk geometry is
well defined at any dimension and we will assume that the
dictionary between extremal surfaces and nonlocal observ-
ables is valid at any d. Moreover, the large d expansion in
our holographic study can be seen as a conceptual and
computational tool, since all the computational limits are
smooth. Although we note that the gauge/gravity corre-
spondence is microscopically well defined only for low
dimensions and interacting conformal field theories have
been known only for d <6, there is no obstruction in
defining the geometry at large d and assuming that
holography holds there. The computation of holographic
observables at large d can be always done given the
aforementioned assumptions and the extrapolation to lower
dimensions is always conceptually and computationally
possible, since smooth limits are involved. The story carries
some distant similarities to the large-N expansion in gauge
theories. A motivation for our study is to examine whether
at large d the geometrical computations are simplified. At
the same time one may study whether certain qualitative
properties of theories at finite d are captured by the large d
expansion, and how well the quantitative ones can be
approximated by the extrapolation of the large d results.
Notice that there are several interesting developments in
general relativity at large d, which also serve as a
motivation, see for example [17-20]. Surprisingly, the
large d expansions have been proven to be both qualitative
and in many cases even quantitatively accurate for the
gravitational studies, resembling in some sense the behav-
ior of the large-N extrapolation to lower values in gauge
theories. The explanation relies partly on the fact that for

large d, the gravitational potential becomes extremely
steep, which tends to separate the dynamics of the near
horizon region and the rest of the space, while preserving
most of the characteristics of the gravitational potential. We
will see that this is the case for the holographic studies in
this paper.

The large d expansion has been already used success-
fully in the context of holography in computing the zero
temperature phase transitions of holographic mutual infor-
mation [21], in the study of the holographic momentum
relaxation and of the superconductors [22,23], and in
hydrodynamic related studies [24-26]. Here we apply
the large d expansion in holography for the computation
of nonlocal observables. The expectation value of the
observable is determined by the boundary data of the
problem, in this case the length L of the surface, and the rest
of the scales of the theory. The main difficulty lies in
expressing the area of the surface in the bulk in terms of L
and the rest of the scales in the theory. There have been
numerous interesting approaches to tackle this problem,
including mainly those of applying different type of series
on the surfaces [27-29].

In our work we study how Wilson loops and Wilson
surfaces of arbitrary codimension behave in the large d
limit in thermal theories and in theories that exhibit
confinement. We find that the analysis becomes simpler
in this limit, while all the qualitative features of the theory
concerning the observables are still captured. Moreover,
quantitative extrapolation at low d shows a good agreement
in many cases. Then we move on to study entangling
surfaces at large d. We find again that the limit reduces the
complexity of the analytical computations. In addition, we
compute the coefficient a of the so-called area theorem that
has been found to exhibit monotonicity properties along the
RG flow. We find that the difference of the UV and the IR
contributions to the function a converges in the large d limit
to a certain number, simplifying tremendously the compu-
tation. This number reveals the violation of the area
theorem in the theories under discussion, as expected,
due to the breaking of Lorentz invariance. This suggests
that the large d limit is an invaluable tool for the (in)
validation of the RG monotonicity theorems. We also study
spatial surfaces of arbitrary codimension with a similar
profile as the entangling surfaces and derive their properties
at large d. We note that all the expectation values of the
observables under study show rapid convergence to certain
values as d increases. We observe that the extrapolation of
the large d limit to low dimensions shows a good
quantitative agreement with the numerical analysis on
the observables.

II. GRAVITY BACKGROUNDS

We consider spherically symmetric black holes in
AdS,,; space-times. Small anti-de Sitter (AdS) black
holes exhibit similar behavior with asymptotically flat
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black holes, which are unstable. Large AdS black holes
have positive specific heat and are thermodynamically
stable. They describe the high temperature phase of the
dual field theory. For a large mass they become planar with
a translationally invariant horizon

2

r? R2dr?
dstziJrl = —Ff(r)dl‘2 +r2f(r)

(2.1)

In order to avoid a conical singularity at the horizon, the
temperature must be

dr h
=—. 2.2
47R? (22)
The dual boundary theory lives on R?. It is strongly coupled
and has temperature 7.
The following complex coordinate transformation
[30,31]

r = rpl
277.' Tle ’

(2.3)

= ZﬂiTp1R2¢p1, ¢ == —2ﬂiTp1t

pb

X = 27TTp]Rxpl, re =171y,
relates the planar black hole to the soliton solution. The
subscript pl refers to quantities associated with metric
(2.1). The soliton metric reads

2 d
s> = —di? + (1= ) R2dg?
soliton?*! R2 rd

RZ
+ rza'xfl_2 + EYZREA dr.

rd
r (1 —r—f,)

Notice that the IR tip of the geometry is at r, and this is the
reason that the boundary theory confines.

There are several ways to define the large d limit. A
convenient way is to keep the horizon radius r;, fixed. As
we increase the number of dimensions, the potential
becomes more and more localized around the horizon of
the black hole. In the near horizon regime, the potential
develops a large gradient. For d — oo the observables in the
geometry are approaching closer to the zero temperature
ones. The large d expansion however has crucial
differences compared to the zero temperature results and
preserves the finite temperature properties of the theory.
The low temperature expansion corresponds to having the
black hole horizon far away from the boundary. On the
other hand, in the large d expansion the black hole horizon
can be close to the boundary and the expansion relies on the
localization of the potential around the horizon.

Moreover, notice that the limit of large d with r;, fixed
leads to an effectively large temperature 7. Qualitatively,

(2.4)

d
+r2dxy_, f(r)= (l_ﬁ)

the observables in this limit will reflect upon a hotter
environment and therefore they will signal phenomena
associated with high temperature. For example, as d
increases, we expect the critical length L. associated with
the Wilson loop phase transition to decrease. The exact
analysis of how this happens and the effect of the large d
expansion is one of the subjects of this paper.

In what follows we will study the holographic nonlocal
observables in the large d limit for the backgrounds (2.1)
and/or (2.4).

III. BASICS OF WILSON LOOPS AND LARGE d

One of the most interesting observables in strongly
coupled gauge theories is the Wilson loop, which acts as
an order parameter of confinement. It is given by the path-
ordered exponential of the gauge field traced in the
fundamental representation

1
We = NTrP exp (i?{Aﬂdx”).

It is a nonlocal observable where the expression above can
be integrated along any path in space. Its physical inter-
pretation is that taking an infinitely massive quark in the
fundamental representation along a loop, it will be trans-
formed by the factor (3.1). In this sense the Wilson loop
exponent is proportional to the leading contribution to the
potential between the quarks in a heavy meson state. Its
expectation value can be expressed in terms of the energy
eigenstates of the corresponding Hamiltonian, where in the
limit of large time 7, the dominant contribution comes as
follows

(3.1)

(We) 2 e™VWT T - co. (3.2)
In gauge/gravity duality the expectation value of the Wilson
loop is given by the action of a minimal surface bounded by
the curve on the boundary of space. Its expectation value is
given by

(We) = VA, (3.3)
where A is the regularized area of the minimal surface in the
curved space bounded by the boundary loop C.

The question here is how the number of dimensions
affects the Wilson loop expectation value. In holography
the action of the minimal surface with a rectangular
boundary consisting of a spatial edge of length L, which
represents the distance of the heavy static quarks along the
x direction, and the time direction of length 7 — oo is
given by

S:

T
2l / da\/_gtt(grrr/2 + gxx)' (34)

026016-3



GIATAGANAS, PAPPAS, and TOUMBAS

PHYS. REV. D 105, 026016 (2022)

We have considered a holographic element of the form
ds* = g,dt* + g, dx*> + g,,dr’, where the functions
depend on the holographic coordinate r. The boundary
of space is at r = co where the space-time metric elements
g, and g, diverge. The equation of the surface in the bulk
is given by integrating with respect to the loop parameter
the following expression

l"/(U)z — _gxx(gttgxx + CZ)

3.5
c*g,, (3:3)

2 .
’ = _gttgxx|r07

where ry is the turning point of the surface in the bulk. The
latter is related to the length of the surface on the boundary.
There are several ways the large d limit may be taken. Here,
we increase the number of dimensions of the theory while
we keep r, fixed. As d increases, an increasingly larger,
more localized potential appears around the horizon of the
black hole in the bulk. For d — oo the solution of the
equations is expected to approach the zero temperature
minimal surface. The large d expansion however has
crucial differences compared to the zero temperature result
and preserves the properties of the finite temperature
solutions. For each value of the turning point ry,
Eq. (4.1) gives two solutions with different boundary
values, a characteristic of finite temperature two-dimen-
sional minimal surfaces.

The boundary length L of a Wilson loop corresponds to
the size of a heavy meson extended along the direction x
and is given by the integration of (3.5) as

2
L= 2/” dry|— 9 (3.6)
o 9xe(GuGax + %)
where r;, is the r value at the boundary of the theory. The
dimension of the space d enters in the expressions above
only through the metric elements since the surface is of
fixed dimensionality. The area of the minimal surface can
be also expressed in terms of the turning point ry.
It is always divergent due to the infinite distance of the
bulk from the boundary in holographic space-times. To
regularize the infinities, we introduce a radial cutoff r,
which is large but finite and add a counterterm S, that
renormalizes S:

S=58,-5. (3.7)

where

9

S, = .
GiGxx + c?

(3.8)

At the end we take the limit r; — co. Notice that the
integral above has been doubled to take into account the

whole string by incorporating the symmetry of the string.
The integral along the radial dimension depends on the
number of the dimensions through the metric functions.

A. Renormalization of infinities and their
dependence on d

The renormalization of infinities can be done in several
ways. The infinite distance from the boundary corresponds
to the infinite mass of the meson quark and antiquark. So
subtracting their masses, it is their interaction energy that
remains. In fact the counterterm S, in (3.7) is given by the
dominant r, dependent term in the expression of the infinite
mass of the quarks given by

T Ty
Sm = E/ drv ~91t9rr> (39)

k

where r; is the deepest point in the bulk that a static straight
string originating from a point at the boundary can reach.
The counterterm depends only on intrinsic variables of the
cutoff surface at r,,, while §,, depends also on the state of
the theory. In the presence of horizons or cigar-type
geometries, r, denotes the horizon or the position of the
tip of space, respectively. Therefore, the dependence on the
dimensions d potentially enters through the metric elements
in this expression, although this is not necessary, since the
product in the integrand can be d independent.

The independence of the UV divergence on d in certain
theories is not surprising. The divergence is related to the
way that the string approaches the boundary. It is
perpendicular to the spatial dimensions running along
the r dimension, and therefore, for symmetric spaces like
the planar AdS black holes, there should be no d depend-
ence, as indeed happens.

An alternative renormalization scheme is motivated by
the different type of boundary conditions that the string has
in the d-dimensional space-time. Let us consider a theory in
d, > d dimensions in the presence of a number of space
filling (d; — 1)-dimensional branes. The Wilson loop in
this case can be thought of as corresponding to an open
string bounded by the loop C with Dirichlet boundary
conditions, since the string end point has complementary
Neumann boundary conditions along the space filling
d; — 1 branes. To reduce the theory in d dimensions we
perform T dualities along the d; —d directions, which
transform the Dirichlet boundary conditions to Neumann
ones, to end up with a Wilson loop obeying d Dirichlet
boundary conditions and d; —d Neumann boundary
conditions.

The above discussion motivates the Legendre transform
[32,33], since < W > should be thought of as a functional
of the coordinates in d dimensions and the momenta in
dy — d dimensions, which in our discussion here only the
radial one plays the major role. The Legendre transform is
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not diffeomorphism invariant, so we work in the Poincare-
like set of coordinates where it reads

Tp

, (3.10)

o

T [L/2 T
Steg = al dxp,r' = (p,r)

o

where p, is the conjugate momentum to the r coordinate
and does not depend explicitly on x. From this one may
read the counterterm

T
Sc =— (r\/ _gttgrr)

104

, (3.11)

r=ry

where at the boundary the term g, g, diverges and the
expression depends only on intrinsic variables of the cutoff
surface at r,. Note that the Wilson loops in the adjoint
representations are dual to higher-dimensional branes that
have similar profiles to the strings discussed above. The
renormalization of the infinities applies in a similar manner.
Notice that from now on we will drop the overall 7 factor
to simplify the presentation.

IV. HOLOGRAPHIC WILSON LOOP AT LARGE d

The Wilson loop surface at zero temperature is unique
for fixed boundary conditions. At finite temperature there
are two extremal surfaces with the same boundary.
One extremal surface, S, 1S the unstable one that
goes deep into the holographic direction and has area
Sunstable = Ssables Sstable 18 the stable surface that remains
closer to the boundary. It is the one that is physically
relevant for the meson potential. In the stable surface
brunch there is one more competition of dominance among
the different solutions. S .. 1S the connected surface
between the two end points, which competes in terms of
area or energy with the two disconnected straight-line
surfaces S,,. The Wilson loop phase transition takes place
when Sgupe = S,,, Which, for a fixed length, occurs with
the increase of the temperature of the theory. This could be
interpreted as the way the meson melts down to its
constituents, since the bound state is not anymore dominant
compared to having the quarks separated.

To extract the minimal surface dependence on d, we
substitute the metric elements (2.1) in the Euler-Lagrange
equation (3.5). Writing explicitly this equation for the
holographic background under study, we get

fr)rt
f(%)rg).

In this section we set R = 1. For d — oo the solution to the
equations approaches the zero temperature minimal sur-
face. The large d expansion of the finite temperature theory
however has crucial differences compared to the zero

Y (6)* = —f(r)r* <1 - (4.1)

temperature theory. For example, for each value of the
turning point rq, Eq. (4.1) gives two solutions with different
boundary values. Equation (3.6) gives for the boundary
length

L _2/°°dr%
° f(r)(

1 o0

- / drly,.  (42)
rf(r) _ o
o~ 1)

rg‘ ro

The surfaces that are close to the boundary of the space and
get deeper in the bulk as r, decreases will have increasing
boundary distance L. On the other hand, for surfaces that
are very deep into the bulk in the near horizon regime, as r;
decreases, their boundary distance L decreases. Therefore,
L(ry) is a function with a maximum point for some ry,
irrespective of the number of dimensions. The dependence
of the saddle point on the number of dimensions can be
estimated by an expansion of the derivative of the integrand
around r ~ ry. For d > 4, the value of r( at the maximum as
a function of d can be approximated to be

Fomax = 1671/4(d — 4)ir,, (4.3)

by setting ddL—r';‘ equal to zero and obtaining the leading

contributions near the boundary. Especially, for large d, the
approximation improves rapidly and reads

2 d 2 4\2
”Omaxﬁ”h<1+310g1+?<(10g3) —4)) (44)

This approximated expression captures well the qualitative
behavior of the dependence of minimal surfaces on the
number of dimensions. For low dimensions, as d increases,
the maximum of L(ry) moves towards the bulk, until a
critical dimension is reached, still in the regime of low d,
where the monotonicity changes. Further increase of d
moves the maximum closer to the boundary.

This summarizes the qualitative behavior of the minimal
surfaces and how, in the large d limit, they approach the
zero temperature surfaces. This analytical treatment is
justified by the numerical analysis of the latter sections
and is summarized in Fig. 5. In the numerical sections we
elaborate more on the features of the minimal surfaces and
their dependence on the number of dimensions d presenting
the accurate analysis.

A further analytical treatment involves an expansion of
the quantities in terms of € = 1 — r¢/rd. Expansion of (4.2)
with respect to € and integration gives

7 <2r(%> Le-l (3<d ;)r(#) _ 16F@)).

= \are) 24 51d) )

4
(4.5)
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On the other hand, to probe the phase transition we
compute the quantity S, —S. — (S,, — S.) which eventu-
ally leads to

G _g ___To (F(;) e—1 (41“(%) 3r #)))
ATEm T md \3r() T 12 \1() 139
Iy
T 4,
T (4.6)
where from (3.9)
1 rp
Sp=— [ dr (4.7)
na Jy,

This quantity is equal to the interaction potential between
the quark-antiquark pair, which is obtained by subtracting
from the energy the infinite quark mass (including the
thermal contribution). The equation written in this
form reveals the special properties of the d =4 case,
where the I" functions combine and simplify considerably.
Equation (4.6) has an immediate consequence on the
melting of the meson at large d. The mass term depends
inversely proportional on d only through the horizon of the
black hole (2.2). By keeping fixed the horizon position as
we increase the dimensionality of the theory, the mass term
remains the same. The melting of the meson occurs for the
L value for which the potential becomes equal to the S,,.
Assuming that the form of the potential almost saturates for
some value of d, we expect for large d, L.~ c;, which
implies that
L.T ~cid+ O(d). (4.8)
Indeed this is what we confirm with our numerical analysis
in the next section, where we also determine the subleading
terms. The assumption made on a converging form of the
potential at large enough values of d is natural, since the
gravitational potential localizes in the near horizon regime.
We can also try to determine the constant c;. By
combining Egs. (4.6) and (4.5) we obtain

1@ <4r(%) rd F(#))+ T
20 F(%)L 9F(%) rg6F(5f;—d) za’

Sto[ = SA - Sm =
(4.9)
where the conformal contribution L~! separates as we take

the large d limit. The expression that determines the critical
length is given implicitly at large d as

@) (rG)
Le=3re), <3r<%>

4! r;j> (4.10)
2V/drg)’ '

Although it cannot be solved analytically to give L.(T'), we
may confirm that as d increases, the critical length

decreases, as long as we keep r;, fixed, and the large d
result (4.8) holds. In particularl

LT "
corg!

d+ ... (4.11)

Notice that the expansion resembles the low 7" expansion,
although here all the expressions are valid for high temper-
atures (in contrast to the low 7" expansion). This is why we
are allowed to determine approximately the critical length.
We will confirm, in the numerical section, that the
extrapolation to low and intermediate values of d is well
justified.

A. Large d numerics

Having presented the analytical treatment of the Wilson
Loops at large d, we now turn to compute the parameters
numerically for intermediate and large number of dimen-
sions, where the analytical calculations and particularly the
evaluation of the integrals are intractable.

We begin the numerical integration by observing the
behavior of a minimal surface of a fixed turning point in
the bulk as we change the dimensionality of the theory. The
question we ask is how the extremal surface on the
boundary will adapt as we increase the number of dimen-
sions in order to keep fixed the turning point r;,/ r,. Ideally,
we would like to find a quick converging behavior at large
d, as we have argued in the analytical study.

For surfaces with turning points close to the horizon of
the planar black hole, we observe that the boundary length
develops a slight initial decrease with increasing d, while
still for low d, the monotonicity changes and L increases
until a saturation point. These surfaces belong to the
unstable branch of the extremization problem. For the
physically interesting surfaces in the stable branch that do
not probe the near-horizon regime, there is again a slight
decrease of L, while for a certain value of d, L starts
increasing with d until a saturation is observed. We find that
the saturation of the boundary length L happens at values
that can be considered to be of low dimensionality,
especially for the surfaces in the stable branch. This can
be understood from the fact that the geometry closer to the
boundary becomes increasingly insensitive to the number
of dimensions as d increases, and therefore, the minimal
surfaces that probe these regimes will reach faster the
convergent length L. The overall behavior of the physical
branch of the surfaces is plotted in Fig. 1, and for the
unstable surfaces in Fig. 2, where we plot the minimal
surfaces. Moreover, in Figs. 3 and 4 we plot the boundary
length of the surfaces, corresponding to the size of meson,

'One may use the properties of I" functions, I'(1 + z) = zI'(z)
and I'(1 — z) = 7/ (sin(#z)['(z)), to rewrite the expressions in
equivalent forms. For example, Eq. (4.10) is written in terms of
r(1/4).
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r
20

15 _

10

03 02 -0 01 02 03 X
FIG. 1. The shape of the stable branch surfaces with fixed
turning point rq = 1.6r,,. For the energetically favorable surfaces
there is a quick convergence to a certain surface, as we increase
the number of dimensions.

r
20

FIG. 2. The shape of the energetically nonfavorable surfaces
with ry = 1.08r;,, probing regimes close to the black hole
horizon. There is still a convergence to a certain surface but it
is slower compared to the stable surfaces.

for various fixed turning points in the stable and unstable
branch, respectively.

The purpose of the study so far is to examine the
geometric properties of the surfaces which generate the
strongly coupled physics. For this reason and for presen-
tation reasons, we do not normalize the boundary length
with the temperature of the theory in the figures.

Alternatively, the described extremal surface depend-
ence can be thought of in terms of fixed boundary length
L. A property of the minimal surfaces at finite temperature
is the existence of two solutions with different turning
point for a fixed distance L. As we increase d, we confirm
that the stable branch of our surfaces approaches the
T = 0 solution, while the stable branch of the surfaces is
dominating over the unstable. Nevertheless, the unstable
branch is always present irrespective of the dimensionality
of the theory and shrinks as we increase d. This

L
0.951

0.80

0.75 V

0.70

0.65

0.60

n L L L L L L yd
5 10 15 20 25 30 35 40

FIG. 3. The boundary length for surfaces with fixed turning
point with respect to the dimension of space. The turning point is
on the stable branch of the surface and it is the one that is
physically relevant. We observe a mild nonmonotonic behavior
for low-intermediate d and a quick convergence on a certain
length L with increasing number of dimensions.

L
0.60

0.55F

0.50}

0.45

0.40

0.35

0.30f

0.25f

L

50 100 150 200 250

FIG. 4. The boundary length for surfaces with fixed turning
point on the unstable branch. These surfaces probe the regime
close to the black hole horizon. We observe a clear nonmonotonic
behavior for low-intermediate values of d and a slower con-
vergence on a certain length L as the number of dimensions
increases. This is expected since these surfaces are closer to the
localized near horizon potential.

demonstrates the effect of the localization of the gravi-
tational potential in the near horizon regime as d
increases. In Fig. 5 we plot the L(r;) dependence on
the dimensions and we compare it to the 7 = 0 surface. It
is worthy to note in the figure that low d surfaces show a
slightly different behavior initially.

The discussion so far has been focused on the way
that the minimal surfaces behave as we increase the
number of dimensions. From the physical point of view,
the interest is mainly on the way that the energy of the
surface changes with respect to its boundary distance. In
other words how the energy of a heavy meson changes as
we place the bound state in a space with more dimensions.
The main interest is on the behavior of the critical
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d=5 d=4 d=3 d=2

12 1.4 16 1.8 200

FIG. 5. The boundary length dependence on the turning point
for surfaces of various dimension. Surfaces that are away from
the horizon of the black hole, that is for large r(, behave as being
at the vacuum solution even for intermediate values of d. As we
increase the number of dimensions, the right branch of the curve,
which corresponds to the stable minimal surfaces, approaches
quickly the T = 0 surfaces. The computational advantage of the
large d expansion lies in the weak dependence of the results on
the dimensionality and the preservation of both stable and
unstable branches for any d. In the plot we present L(ry) for
d =2 to d = 250. Notice the qualitatively different behavior of
d =2, 3, 4 curves that appear overlapping the red lines.

L;
0.90
]
0.85
0.80
0.75}
, . . . . . . vd
5 10 15 20 25 30 35 40

FIG. 6. The critical L., where the meson phase transition
happens, is where the connected minimal surface prefers ener-
getically to becomes disconnected with the same boundary
conditions. Notice the fast convergence to a plateau value and
that a four-dimensional field theory (d = 4) is approximated very
well by the large d expansion. The form of the curve for large and
intermediate d implies that the product LT is linear with respect
to d, confirming the analytic large d analysis (4.11).

temperature (or the critical length) where the meson melts
as we increase the dimensionality of space. That is the
critical distance L., where the energy of the connected
minimal surface becomes energetically unfavorable com-
pared to the two disconnected ones with the same
boundary conditions. This is the phase transition for
the meson.

To analyze this behavior we have to compute numerically
the integral of the energy (3.7) with respect to the integral of
the length (3.6). In practice we compute the integrals for
different turning points of the surface r, and then we trade r,
with L. The critical length decreases with d monotonically,
with a quick saturation to a plateau. The saturation point is
already achieved for a ten-dimensional field theory. The
results appear in Fig. 6. To an extent, this behavior reflects
the fact that an increasing d can be seen naively as
corresponding to an increase of the temperature. The plateau
of L. indicates that the gravitational potential is extremely
localized in the near horizon regime where the main
contributions to the potential come from the S,, term and
in particular of its horizon contribution. This is a main
difference with the low temperature expansion. All this is by
normalizing the dimensionful quantities with the fixed r;,.

The numerical results confirm our analytical expect-
ations (4.8) and (4.11) for large d and extend the analysis to
intermediate and low values of d. The large d lower bound
on L, is already saturated for d ~ 9. Comparing the critical
length L. of a one-dimensional field theory to the large d
result, we find a modification of about 18%, while the four-
dimensional field theory result gets modified only by 4% in
the large d expansion. The applicability of the large d
expansion for this observable is tremendous.

An almost perfect fitting can be made for large d on
the critical curve (6) as LT ~0.057d —2 x 107°0(1/d).
The leading coefficient matches the one in the analytic
expression (4.11) and the extrapolation to lower values
works very well. For example, for r, = 1 the extrapolation
to d =4 produces L. = 0.229 compared to the explicit
numerical value of 0.240. The large d expansion can be
applied reliably to lower dimensions by extrapolation.

B. Wilson surfaces of arbitrary codimension
and the large d limit

Let us generalize the analysis to Wilson surfaces of
space-time codimension d — ¢ — 1 (from the boundary
point of view). These could be associated with certain
configurations of extended objects such as g-dimensional
branes and antibranes in the higher-dimensional boundary
theories. The relevant boundary surface S extends along g
spatial directions and the time direction, and it is separated
along another spatial direction. For g = 0, the analysis
reduces to the Wilson loop. The Wilson surface observables
can be computed by minimizing a (g + 1)-dimensional
brane action in the bulk. The action in static gauge reads

2128, = 2T / e \/ ~9u(gxx + gprr?)do. (4.12)

where £ = 1/(T,.1V,) is given in terms of the tension
T, of the (g + 1)-brane and the volume V, of the ¢
spatial directions. In the limit 7 — oo, the quantity S, /7 is
expected to give the energy of the “brane-antibrane”
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configuration in the boundary theory. As before, we drop an
overall factor 7 in the rest of this section.
The first order equation of motion is

+1
r/2 — _gxx(gttgzx + Cz) , (4'13)

2
c grr
where in terms of the turning point r, we define

¢ = —g,/(ro)gix" (ry). For practical reasons the integration
can be expressed with respect to r as

2
2028, =2 / gy |~ — L1

119xx

(4.14)

As before we will consider the quantity S, =S4 — S,
where

(4.15)

2725, =2 / V=gndgndr.

which is free of any UV divergences as in Eq. (4.6). The
separation length on the boundary for the surface is

2
L = 2/\/ ¢ 'Z:fl 2 dr.
—Gux(Gugix + %)

The application of the generic formalism on the gravity
dual background gives

(4.16)

1 va4+2+/1 — wd
Lo [ VIow ! dy  (4.17)
o ro(1 —wiyd) (1—w)y2@+2)
Ty
and for the action
g+1
fo (4.18)

200+2) (1—ypd
1— Y

1
Zﬂ'lxﬂzSA = 2/
0 yq+2

where w = r,/ry and y = ry/r, both of which are less or
equal to one. The above expressions are written in such a
way that we can consecutively use the binomial theorem
to get

1 _Wd yd

2 1 1
L=— b dm(1 _ dn+—’
”odm+1+(2+q)(2n+1)c” W (1 = wh)rh
(4.19)
where
Cp 3= <n—é>_1"(n4+%) b = <m+n>
’ n Val(n+1)° mn m )
(4.20)

while repeated indices are summed from zero to infinity.
The minimal action now is equal to

2;’8+1
dm+1+(2n—1)(q+2)""
« de(l _ydm+1+(2n—l)(q+2) |y:0).

27752SA:

bm,n—l (1 _Wd)n
(4.21)

The divergence in the expansion has been isolated in the
second term in the brackets for m = n = 0, for any value of
q. This term is the one that gives the infinity and cancels
against the renormalization term, while for m, n # 0 it is
null. Therefore, S, can be written as

2028, = by
T T 1+ (2n—1)(q +2) !
q+1
X (1 = wd)ymydm 4 0 422
(1= whya + (4.22)

Notice the elegance of this exact finite expression when
written in this form. We highlight that the finiteness of
this expansion relies on the fact that the divergences turn out
to be isolated in single terms as we have shown. Moreover, in
the limit g — 0 is smooth and corresponds to Wilson loop.

In the large d limit the main contribution comes from
m = 0, and we can simplify significantly both expressions
(4.19) and (4.22) by reducing the number of independent
summations as

Lz%1+(2+;)(2n+1)c”(1_Wd)n% (423)
and
2128 2 en(1=wd) + A (4.24)
1+(2n=1)(qg+2) " g+1

For completeness, one may confirm the validity of the
above expressions by making an even more drastic
approximation at large d, as (1 —w?)" ~ 1, to obtain

2¢c,

~ 4.25
"E B g2k R)L (425)
and
+q, olta
28 - CnCr -
(B3+q+2k(2+9))'""1(14+q-2n(2+q))xL't4
errl

. 4.26
) (4.26)

Notice that the last two expressions, obtained by the drastic
approximation, serve as a validation of the approximation
and can be obtained analytically in other ways.
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For g = 0 the expansion is valid for the Wilson loops,
where already the first term of the summation, k = n = 0,
provides accuracy up to the first decimal digit. Roughly
speaking, by increasing the order of magnitude of the
summed terms by one, the accuracy is improved by one
decimal digit, compared with the expression (4.9).

We have studied the properties of the Wilson loop for a
large d dual field theory in the deconfined phase. The
Wilson loop in the confining phase has a different behavior,
which originates from the properties of the minimal
surfaces in geometries which exhibit confinement.

V. CONFINING QCD STRINGS AT LARGE d

The fluctuations of the flux tube of a meson in conformal
theory is independent of the number of dimensions.
Therefore at zero temperature and in the absence of any
scale in the theory, the Wilson loop should remain
unaffected by the number of dimensions. If a scale is
present, a temperature or a mass gap, the properties depend
on it and also on the dimensionality of the theory. In this
section we compute the holographic Wilson line for a
confining theory at large d.

The soliton solutions (2.4) exhibit confinement at long
distances and Coulombic behavior at short distances, a
qualitative behavior that matches the QCD lattice calcu-
lations. Here we discuss whether the large d behavior
preserves these features, and, while preserving them,
if there is a mechanism capable of extracting these features
in a manner simpler than the finite d holographic
computation.

The analytical manipulation of (3.11) and (3.9) leads to
the following expression for the potential

© 2
270/ S = L +2 / e
o Gxx it

o
- / vV =9009rr | *= cL + K(VO)’
Ty

(5.1)

where ¢ is given by (3.5) and is proportional to the string
tension. The discussion boils down to the behavior of the
terms in the brackets as the dimensionality increases. The
linear meson potential is recovered for large L, where
ro =~ 1. The terms in the brackets for the surfaces sitting at
the tip of the geometry give a constant finite contribution
K(r). Once we increase the number of dimensions, this
remains finite and converges to a constant value. The string
tension reads

2
c_rk

(5.2)

2ra 2rmad

and it is independent of the dimensionality of the theory.

Let us briefly study numerically the geometric properties
of the confining minimal surfaces at large d. Here we have
d > 3 since one of the spatial dimensions ¢ has been
compactified. For a theory of fixed dimension, we compute
numerically the Wilson loop for a wide range of interquark
distances in order to probe the regime of the linear potential
and the regime of the Coulombic behavior. The Wilson line
surface has a unique solution in the solitonic geometry. We
solve the differential Eq. (3.5) in the Coulombic regime at
small distances and we present its shape in Fig. 7. The
minimal surface at large distances, r ~ ry, is presented in
Fig. 8, where it has the characteristic behavior of an inverse
IT lying to large extend on the cutoff scale r; of the theory.
This behavior is universal as long as the dual theory
exhibits confinement and is independent of the dimension-
ality of the theory. It is the geometric feature of Wilson loop
that generates confining behavior. The two straight lines of
the inverse IT are subtracted by the infinite masses of the
quarks and one remains with a “flat” string at r = r;, which
leads to confinement. In summary, we observe that the
shape of the surface related to the confining Wilson loop is
approximately independent of the dimensionality of the
theory for large d, while as d increases the surfaces
converge to a certain surface.

We numerically compute the interquark potential with
respect to its distance L at various dimensions. The linear
confining potential for large L and the Coulombic potential
for small interquark distances is found irrespectively of the
dimensionality of the theory, as expected. The numerical
evaluation is shown in Fig. 9. The interquark potential
converges at large d to a given potential. The convergence
happens quickly and already for d ~ 14, we have reached a

201

)

-0.6 -0.4 -0.2 0.2 0.4 0.6

X

FIG. 7. The shape of the surfaces with fixed turning point
ro = 1.2r,. As we increase the dimensionality of the theory, the
minimal surface converges to a minimal surface and already for
d > 15, we observe no change on the surface.
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20,

Wy

-4 -2 0 2 4

X

FIG. 8. The surfaces with turning point at the tip of the theory,
in the plot for r =~ (1 + 107%)r;. This is the limit of large L. The
closest we approach the r;, the larger the boundary length gets.
For larger dimensions, we need to approach closer to the tip to
achieve the large interquark distances.

1.60 d=40 d=30 d=10

d=8 d=7 d=6 d=6 d=4 d=3

FIG.9. The quark potential for different dimensions. At smaller
distances L, the potential is of Coulomb type, while for larger
ones it becomes linear, revealing the confining nature of the
theory. We note the quick convergence to a certain stable form of
the potential plotted here in red. The convergence is achieved
already for low dimensionality, as of around d = 11, where
beyond that minimal changes are observed. This is demonstrated
in the plot by the density of V, lines in the intermediate and large
d regime. Notice that the gradient of the straight line for large L,
which corresponds to the string tension, remains unchanged for
different dimensionality. The lower dimensions are the ones with
the lower potential in the plot and the rainbow color convention is
followed as we increase the dimension of the theory.

regime where further changes are not noticeable as we
increase the dimensionality. The slope of the potential
determining the string tension ¢ is constant, and matches
(5.2), while the constant contribution K(r;) has converged
to a given value already.

The large d behavior determines with good accuracy the
string tension ¢ while the full potential V is only slightly
modified compared to that of the lower dimensions. In

particular, for a four-dimensional confining field theory, we
find that in the Coulombic regime the physical constant
coefficient of the L~! term in the potential differs only by
about 3%, while the constant term differs by about 30%
compared to the large d expansion. In the large L regime
the string tension is d independent, while the constant
L-independent term differs by 40%.

In summary, we see a quick convergence of our physical
quantities in the large d regime. The heavy quark physics in
the large d regime continues to capture all the qualitative
features of the low d regime, including confinement and the
Coulombic behavior. This is of course not unexpected.
Moreover, we observe that the physically interesting
quantities depend weakly on the dimensionality of the
theory. Our analysis strongly suggests that a wider appli-
cation of the large d expansion even in solitonic back-
grounds, not only in black holes, can be useful.

VI. ENTANGLEMENT ENTROPY AT LARGE d
A. Entanglement entropy at large d analytically

In this section we study a different type of extremal
surfaces, dual to the entanglement entropy. Let us apply the
coordinate transformation z = 1/r to bring the boundary of
(2.1) at z=0. To keep track of dimensions of various
quantities, let us restore the radius of curvature of AdS
space. The metric then takes the form

R? dz2 d
ds<21+1_Z_z(_f(z)dtszdxé—l‘FJ%), f(Z)ZI_i_;f'
(6.1)

We consider a strip subregion for the entanglement entropy
and follow the usual minimization procedure for the area.
The strip is the boundary of the entangling surface
comprising two parallel planes of spatial codimension
one, separated by a distance L along the x direction.
The minimization of the area reads

4Gy s = Ri=2 / doge \/9us + 9:7(0)%, (6.2)

where R9? is the (d —2)-dimensional spatial volume

transverse to the x direction and GE\‘,HU is the Newton’s

constant in d 4+ 1 dimensions. The length L of the strip
extending along the x direction is obtained by the manipu-
lation of /(o) in the first order equation of motion

-1 _ .2
Z/(5)2 — gxx(gx; c ) , (63)
¢ gZZ
where the constant ¢ := g?;!(z,) with z,, being the turning
point of the surface. The length L is given by
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9zz
= 2/ dz. 6.4
\/gxxgxx Z0 t=d ] - gxx gxx(z()) 1) ( )

The minimization integrals for the background under study

become
L=2 / g : .
: (1= (£)2D)

The extremal area reads

2 2
4G§\7+1)S _ Ri-1Rd-2 |-

(d-2)ed? 72| d-

To extract the large d contributions, we write the area in the
following form

RA-1Rd-2 2 L
§= (d+1) [ R
4Gy (d—2)e 20
2 1
— F 6.8
v (- )] e
where
1 1 1= y2(d—1)
F(z :/ dy —— -1 6.9
( O) 0 yd ! f(ZOJ’) ( )

is the finite term that depends on the turning point z,, and,
therefore, the length L of the surface. We expect the factor

R/ G;&Hl) to be proportional to a power of the number of
degrees of freedom of the boundary theory. The advantage
of the extremal area written in the form (6.8) is that we have
isolated the divergence in the first term, and we have
extracted the dependence on L, 7z, and d of the rest of the
terms.

For large separations L, corresponding to surfaces that
probe the IR, zj = z,, the finite part of the area takes the
form

(d+1)
4'GN Sfinite L 2 ( 1 )
— =i +—= |-+ F) - 6.10
RA-1Rd-2 ZZ’— Zg-z d—2 ( h) ( )
The first term is linear to L with a proportionality factor of
z)79. Let us consider the large d limit of the L independent
term. The factor — -15 is of order O(d "), while F(z;,) reads

1
PR - G

4G\ = QRd-IRA2 / g .
P )z(d—l))

(6.6)

0

The divergence of the integrand is of the order of z'7.

Therefore, we add and subtract the relevant term to isolate
the divergence, integrate the extra term from ¢/z, to 1, and
obtain the known result

1 1 1— 2(d-1)
F(zh):A dy—— Y 1 (6.11)

y -y

By factorizing the square root and taking the large d limit in
the square the integral can be done analytically and
expressed in closed form in terms of hypergeometric
functions

—d
y 1 2 y

y=0

=1

. (6.12)

which can be seen that for large dimensions it just
converges to a d independent value as, giving for F(z,,),

1

F(Zh) Z (613)

This result is essential for the area theorem which we
discuss later in the section and in the section with the
numerical analysis.

At this point it is instructive to define the relative
measure of entanglement in an excited state compared to
the vacuum state of the conformal field theory (CFT). An
appropriate definition [34] is

S-S,

S density —

where S and S, are the corresponding entanglement
entropies. Sgensiy 18 finite and cutoff independent. The
short distance divergences are identical in both theories,
since the corresponding UV fixed points are the same.
Using (6.10) and the vacuum state entanglement coming
from the integration of (6.6), one may obtain Sy, for
large L and large d to be equal to
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1 2 1
4GV R S (o 4 F ,
N density ZZ_I + Z,;:_zL d—2 + (Zh)

(6.15)

where we have utilized properties of the I functions (6.23)
and that Vol = R9ZL. In the large L limit, the
entanglement entropy S approaches the thermal entropy
sVol = R-1Vol/4G\ ™ z¢~1, since the entangling surface
covers the whole space, with subleading corrections. In this
limit it takes the form
S~ sVol + aArea, (6.16)

where the subleading second term contains a dimensionful
constant @ which is known to obey a monotonicity theorem
along the RG flow, known as the area theorem [15,16].

The validity of the area theorem can be understood as
follows. In the CFT vacuum there are no scales beyond the
CFT cutoff and the length of the strip, so the form of the
entanglement entropy is determined by dimensional
grounds. In the excited CFTs, there is a UV contribution
that matches to the CFT vacuum one since the theories have
the same UV fixed point. Therefore, the divergent con-
tributions in « included in the numerator of (6.14) cancel
against each other. There is a variety of additional finite
terms allowed by the scales in the theory that contribute to
a. In the presence of Lorentz symmetry, it is known that the
coefficient of these terms follows a holographic ¢ theorem
[5-8,14]. In the entropy density (6.16) defined above, the
contributions of @ can be understood as the difference
ar — ayy, and therefore, whenever the area theorem holds,
the difference has to be negative.

From (6.16), we get

S, ensil 4G(d+l) d_lA
2densty L 4 (ag _aUV)M

: i (617)

similar to [34], which upon a substitution to (6.15), and at
large d, leads to a simple dependence on the integral F(z;)
as ayy = ar — 57,F(z;,). At large d the area theorem
violation boils down to the computation of the sign of
F(z;). The large d expansion (6.13) shows that F(z,)
converges to a positive value, and therefore, at large d the
area theorem can be seen analytically that is violated

at large d. (6.18)

auy = AR — ﬂ,
4

The robustness of the large d expansion is tied with the
straightforward analytic proof of the area theorem viola-
tion. There is no need for numerical analysis or complicated
analytic computations. The fact that we can analytically
compute the function F(z;,) in this limit and conclude for
the area theorem in a relatively straightforward way
demonstrates one of the benefits of the large d expansion,

and its possible applicability to other theories and other
monotonicity theorems. In Sec. VIC we will elaborate
more on the area term computation and we will provide an
alternative evaluation of the a values.

Before we conclude this section, let us also briefly
comment on the properties of the entangling surface.
The area written as (6.8) depends on L through z,; that
is, through an expression that is not of a closed form. The
entangling surface at large d is given by the Euler-Lagrange
equation (6.2)

2d=1)

(o) = (o) (B-1). (619
The differential equation has two opposite sign solutions for
the derivative 7' (&), corresponding to symmetric branches of
the string solution with respect to the point x = ¢ = 0. The
derivative of z diverges when the surface becomes transverse
to the boundary for x = +L /2, where L is given by (6.5). At
large d, even for intermediate distances from the boundary,
one gets a temperature-independent approximation as
2(6) ~ 20d"¥(6/z9 + ¢,)"/?, where ¢, is the integration
constant. The constant may be determined by symmetry, as
¢y =~ 1/d, since z(0) = zo. The boundary length L given by
the solution z(L/2) = 0 is found to be inversely propor-
tional to the dimension as

L z

—_—~—

>~ (6.20)

for large d. Equation (6.20) is not unexpected, and agrees
with the entanglement entropy for the straight strip at zero
temperature. There the integral (6.5) is analytically
doable [5]

Lo I57), (6.21)

I3

The large d limit of this expression for surfaces with any
turning point, since there is no horizon scale in the theory,
gives

Lr—g 72

~ _

2 2d°

(6.22)

where we have used the expansions of the I" functions:

d+1\ V7 0 S
1\ 6y* + 7 )

where y is the Euler’s constant. Therefore, for large d, the
expectation is that the extremal surfaces follow an inverse
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dimension rule which we study below numerically for the
whole range of values of d.

B. Numerical analysis at low, intermediate, and large d

With the entanglement entropy computed analytically at
large d, and certain L limits, we now compute the integrals
for the whole range of dimensions. The intermediate and
low d regimes are not analytically tractable, while at the
large d regime the numerics confirm the analytic results.

Let us look at the solutions of Eq. (6.19) as we vary the
dimensionality. It has two opposite sign solutions for z’'(o),
corresponding to symmetric branches of the surface with
respect to x = o = 0. We are shooting from the turning
point of the surface toward the boundary. The boundary
points x = +L/2, where L is given by (6.5), are the points
where the derivative 7’ diverges, since the surface becomes
transverse to the boundary. We are fixing the tuning point
Zo and we are looking at the solution at different dimen-
sions. As we increase the number of dimensions, the
extremal surface requires smaller boundary distance to
probe the same point in the bulk. For low dimensions we
see noticeable changes of the surface as we vary d.
For higher dimensions the dependence on d becomes
weaker. Such a representative set of solutions are plotted
in Fig. 10.

The boundary length L decreases with the dimension-
ality, while the dimensionless quantity L7 remains con-
stant. The inverse d law has been derived for surfaces that
have turning points close to the boundary (6.21) and was
further supported by the large d expansion of the analytic

-0.6 -0.4 -0.2 0.60 0.2 0.4 0.6

FIG. 10. The shape of the entangling surfaces with fixed
turning point zo = 0.9z, for d =3 to d =40. The legend
contains only few representative values of all dimensions plotted,
to make the color correspondence obvious. As the dimensionality
increases, the extremal surface requires smaller boundary dis-
tance to reach a fixed radial location in the bulk. At higher
dimensions, depicted with red, we note an increased density of
surfaces, reflecting their weaker dependence on the number of
dimensions, due to the localization of the gravitational potential
in the near horizon regime.

vacuum solution. We notice that the function L(d) for
intermediate dimensions and surfaces that probe the near
horizon regime exhibits similar behavior. In particular, in
the large d approximation,

d &
€ (6.25)

the numerical coefficients ¢, and ¢ turn out to be of order
10~* and 107, practically negligible, while ¢, is of order 1,
as expected.

The entangling integrals are of higher dimensionality
and therefore depend stronger on the dimensionality of the
theory compared to the two-dimensional Wilson loop
surfaces, as it can be seen from our numerical analysis.
However, we still observe that the large d expansion
already captures the qualitative characteristics of the
extremal surfaces in the low d regime as shown in Fig. 11.

Let us now turn our discussion to the entanglement
entropy. We look at the simpler case of entangling surfaces
that probe the horizon of the black hole. For these type of
surfaces, we have shown that the finite part of the
entanglement entropy is proportional to L as (6.10)

d+1) g
Gz(v )Zl

1
RI-TRd-2 Stinite = L + 225, <— ) + F(Zh)) . (6.26)
Expressed in the above form the linear behavior in L is d
independent, and the dependence on dimensionality comes
nontrivially via the F(z,,) function. The analytical expres-
sion (6.13) of the F(z;,) at large d shows convergence to
1/4. The numerical analysis presented in Fig. 12 confirms
the analytical expansion for large d. In fact the integral

L

0.14
o Numerical
0.12 £
—d
0.10
0.08
0.06
0.04
0.02
d
0.00 50 100 150 200 250
FIG. 11. The length L of the extremal surfaces with turning

point zo = 0.9z, as the dimensionality of the theory increases.
For values of d ~ 30 and above, we observe an exact fitting for
L~ :—,, while even for lower dimensions we get approximately a
similar behavior with an accurate fitting. In the figure we present
the numerical evaluation of L(d) to show its matching with the
inverse dimension law ¢, /d, which is fitted. The plot begins for
intermediate values d = 15 up to the large d limit.
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F(zp)
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10 20 30 40 50 50 ¢
FIG. 12. The dependence of the function F(z;) on the number
of dimensions of the theory. The dashed line is the analytical large
d limit of (6.13). F(z,) approaches quickly the plateau value for
intermediate dimensionality. The color gradient corresponds to
increasing d and demonstrates convergence to 1/4.

approaches quickly its stable d independent value and then
it depends weakly on d:

Fys(zp)

F_15(21)
Fd—»oo(zh)

~(0.67,
Fd—»oo (Zh)

~0.86, ~0.95,

Fd—»oo (Zh)
(6.27)

which performs very well even as a quantitative extrapo-
lation. Moreover, it suggests that the large d expansion is a
useful tool for the search and study of monotonicity
theorems.

We also solve (6.9) for entangling integrals (6.7) that
probe away from the horizon of the black hole for a general
L. The results are presented in Fig. 13. For large L we
find that F(LT) always converges to a certain value,

d=6 d=5 d=4d=3

-0.2

FIG. 13. The dependence of the function F(z,) on the dimen-
sionality of the theory. Every single curve F(zy) is made for
surfaces with the same range of turning points from the near
horizon regime to the near boundary regime, while the dimension
d is kept fixed. The coloring labels the function F(z) at different
dimensions. As d increases, F(z,) is modified at a slower rate as
can be seen by the plotted red curves.

d=50 d=30 d=15

d=6 d=5 d=4 d=3

= /

FIG. 14. The entanglement entropy for different dimensions.
The cutoff has been subtracted and we keep only the finite part.
The entanglement is plotted for all dimensions for a fixed range of
the radial coordinates. The increase of d does lead to a certain
converging form for the entanglement entropy. In the legend we
present some representative values of the dimensions. The plot is
done for d = 3 to d = 50.

independent of the dimensionality of the theory. For large
L and d, F(z,) approaches 1/4. For large d, F(LT) jumps
quicker for even intermediate values of LT to the plateau
~1/4. In general in the large d regime the integrals
converge to a ceratin curve reflecting the narrowing of
the gravitational potential around the black hole horizon.
This is clearly evident in the computation of the entangle-
ment entropy with respect to the boundary distance L,
presented in Fig. 14. As the dimension increases the
entanglement converges fast to a certain form, which is
described by a simpler function of L.

As a final remark we note that the entanglement entropy
being an area of a codimension one surface depends
stronger on d than the Wilson loop. Nevertheless, for large
d, its dependence on the length strip L still approaches a
certain form and further increase of d does not cause further
change. This is the regime that the gravitational potential is
strongly localized in the near horizon. To make a quanti-
tative comparison, the entanglement entropy of a strip of
length L ~ 2 gets modified by 30% compared to the same
strip, say for example in d = 25. This extrapolation can be
considered as a well accepted one.

In the next section we generalize our computation to
spacelike surfaces of codimension ¢, which include the
entangling ones for ¢ = d — 1 and we express the expect-
ation values in closed form of infinite converging series in
terms of g and d. We also take the large d limit to show
analytically that the series converge to certain values and
that F(z;,) ~ 1/4.

C. Spacelike surfaces of codimension ¢

In this section we generalize our results for spacelike
bulk surfaces of spatial codimension d — g. The boundary
conditions are of a slab spatial volume of dimension g,
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separated along the x direction. For the special case of
q = d — 1, we get the entangling surface. The area for the
generic surface reads

S — R4~ 1/d0 g+ 9.7 (02 (6.28)

where R4~! is the (¢ — 1)-dimensional spatial volume of
the dimensions transverse to the x direction. This area will
be proportional to the entanglement entropy in lower-
dimensional boundary theories, once we compactify the
directions transverse to the slab. The first order equation of
motion reads

4 _ 2
Z/(O.)Z — gxx(g)zfx c ) ,
€79z

(6.29)

where the constant ¢? := gf.(zy) with z being the turning
point of the surface. The boundary length of the surface is
then given as

c? gzz
gxx gxx

(6.30)

while the extremal area

§ — Ra-1 gzzgxx .

/ dzgxx (6.31)

Applying our generic analysis on the background under
study, we get

1 yq
L =27 / dy, 6.32
" Jo Ty 6

and for the area

. (6.33)

1
H Y/ (T=wdy?)(1-y%)

where w = j—: The divergence is of the order of y? and we

isolate the relevant term by adding and subtracting the term
responsible for the divergence. To extract the large d
contributions, we write the area in the following form

2
1T

L 2 1
S=RIRI| = 4 = (F(z)——— ||,
20 (q—l)eq‘1+zg‘1< (@) q—lﬂ

where

1 1 1_
F(Zo)—A dyﬁ —1_ ——1 (6.35)

The expressions cannot be obtained in closed form in
terms of elementary functions. Instead they can be written
in terms of an infinite converging series. The length is
equal to

L:2Z0

Fn+i) T+ <z_0>”d (636)
C(n+1) (1 +d)r(1+2)\z,) =
where we have applied the binomial series once and then
we have integrated the expression. Then the area requires a
more careful consideration, due to infinities. Let us con-
centrate on the term F(zq) given by (6.35). By applying the
binomial expansion we get

1 1
F(z) :A dylﬁ <\/1 -y - 1>
+ /1 — y211 Z anndynd—q:| ,
n=1

where we have separated the first term of the sum in order
to group the potential infinities. The integrals then can be
performed analytically to get

L VGG = TR
M =

(6.38)

(6.37)

F(zo)=

for g # 1. Therefore the extremal surface (6.34) of spatial
codimension d — g has been written in terms of infinite
converging series.

Notice that the entangling surface is a special case of this
expression for ¢ = d — 1. It is interesting to apply for this
case the limit d — oo in (6.38). By applying the limits
carefully and considering the leading contributions of the
sum for low values of n and w — 1, which is equivalent to
29 = 2, We obtain

1
F(zg) = w,

i (6.39)

at large d,

which reproduces the right result F(z;,) ~ 1/4, following
the earlier numerical treatment of Fig. 12 and the analytical
one with the hypergeometric functions (6.13).

As an extra remark, we note that our current analysis
focuses on the study of entangling regions with
slab geometry which is interesting. The large-d analysis
of different type of surfaces is interesting in its own right.
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For different shapes of entangling surfaces the asymptotic
form of the observables is qualitatively different for even
and odd d. This is evident even in the zero temperature limit
where the entanglement entropy of a sphere of radius L
takes the form [5,34]

Rd lVol §d- 2 (d=k)/2 (L)d 2
= Pi + Po
4G (d+1) —

B L
+ po log -

where P is zero when d is odd, and k = 2(1) for even
(odd) d. Assuming that the asymptotic expansion com-
mutes with the large d expansion, the leading polynomial
terms of (6.40) admit a common limit for large d,
independently of the parity. However there are terms, like
the logarithmic one, that appear only in even or odd
dimensions. For generic entangling surfaces, in order to
keep track of all terms at large d that depend on the parity of
d, we can express the corresponding surface integral in
terms of infinite converging series, obtaining an expression
like (6.38). Notice that essentially we need to take into
account subleading terms in the large d expansion.
The infinite series provide information on how the
large d limit is sensitive on the parity of d. It would be
interesting to investigate these issues further as part of
future work.

+ > (6.40)

VII. CONCLUSIONS

In this paper we have considered minimal surfaces of
arbitrary codimension in AdS spaces of arbitrary dimen-
sionality. Our analysis includes Wilson loops as well as
entangling surfaces and the study of the monotonicity of the
area theorem. We have considered the limit of large number
of dimensions d, both analytically and numerically. We rely
on the fact that the bulk geometry is well defined at any
dimension and we assume that the holographic dictionary
between extremal surfaces and nonlocal operators is valid
at any d. Additionally, we show that the large d expansion
in our holographic study can be used both as a conceptual
and a computational tool, since all the computational limits
are smooth. We find that the large d analysis captures all the
qualitative holographic features of the low d analysis.
Moreover, the quantitative analysis of the observables is
in good agreement with the low d analysis, despite the
desirable simplifications in this limit. We also observe
convergence of our results to certain values, hinting at
certain universal behaviors in this regime. This partly relies
on the fact that for large d, the gravitational potential
becomes extremely steep, localized in the near horizon
regime with a steep gradient, which tends to separate the
dynamics of the near horizon regime and the rest of the

space. At the same time, it preserves the generic and
holographic characteristics of the gravitational potential
since a horizon is present.

Moreover, all the expectation values of the observables
under study show rapid convergence to certain values as d
increases. Therefore, in practice, the large d limit is a limit
of finite intermediate-low dimensions. In particular, the
convergence of the observables to their large d limit values
has been already achieved for dimensions around d = 10 to
d = 20. The extrapolation of the large d limit to low
dimensions shows a good quantitative agreement with the
numerical analysis on the observables. In particular, the
extrapolation leads to precision that is a few percent off to
about 30% off at most, as compared to the exact numerical
analysis. To some extend this reminds the behavior of
certain observables and their dependence on large N limit,
for example [35], although the mechanisms involved are
very are different. It is worthy to mention that similar
quantitative precision and dependency on the dimension-
ality have been observed in different holographic studies,
for example the phase transition of the mutual information
at zero temperature [21]. This suggests that the large d
expansion can in general be considered as a useful tool in
holography.

In addition, we were able to study analytically the
area theorem and to demonstrate that it is violated in the
large d limit in our theories. The violation relies on a
function that converges at large d to a certain value that can
be computed analytically. The violation itself is not a
surprise since the theory is in the thermal deconfining phase
with broken Lorentz invariance and the monotonicity
theorems are known to be difficult to satisfy in such
cases [7,34]. However, the fact that the computation in
the limit of large dimensions is tractable analytically and
conclusive consists a significant advantage. This suggests
that the large d limit as an invaluable tool for the
search, study, and (in)validation of the RG monotonicity
theorems.

We have also generalized our analysis to arbitrary
codimension Wilson loop surfaces and spacelike surfaces
expressing our results in closed form of infinite converging
series that depend on the dimensionality of the space
and the codimension of the surfaces. We have taken
there the large d limit to show how these expressions
simplify.

Our studies can be extended in several ways. One could
perform explicit computations of several other observables
related to the minimization of the string and brane actions.
We expect that the generic features found here will carry on
to all such observables in a similar way. Such computations
would further establish the use of the large d limit as a
holographic tool. In the same spirit one could also try to
construct the Einstein equations from Wilson loop or
entanglement entropy relations and study the bulk
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reconstruction in the large d limit. It would be also very
interesting to examine the effect of the large d limit in
(marginally) deformed theories, with broken global sym-
metries. For example, the anisotropic axion backreacted
theories of [8,36] and their observables [37] could be
considerably simplified at large dimensions. In this limit
the dual backgrounds could be derived analytically and
perturbatively irrespective of the magnitude of the aniso-
tropic deformation, which otherwise is not possible.
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