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We study the parametrization and gauge dependences in the Higgs field coupled to gravity in the context
of asymptotic safety. We use the exponential parametrization to derive the fixed points for the cosmological
constant, Planck mass, Higgs mass and its coupling, keeping arbitrary gauge parameters α and β, and
compare the results with the linear split. We find that the beta functions for the Higgs potential are
expressed in terms of redefined Planck mass such that the apparent gauge dependence is absent. Only the
trace mode of the gravity fluctuations couples to the Higgs potential and it tends to decouple in the large β
limit, but the anomalous dimension becomes large, invalidating the local potential approximation. This
gives the limitation of the exponential parametrization. There are also singularities for some values of the
gauge parameters but well away from these, we find rather stable fixed points and critical exponents. We
thus find that there are regions for the gauge parameters to give stable fixed points and critical exponents
against the change of gauge parameters. The Higgs coupling is confirmed to be irrelevant for the reasonable
choice of gauge parameters.

DOI: 10.1103/PhysRevD.105.026013

I. INTRODUCTION

The functional renormalization group [1–6] is a powerful
method to tackle nonperturbative phenomena in quantum
field theory. For reviews, see Refs. [7–17]. Its application to
gauge theories has elucidated the nonperturbative nature of
gauge theories [13,18–26]. In particular, the functional
renormalization group has contributed towards asymptoti-
cally safe quantum gravity [27–29] which is formulated as
a nonperturbative quantum field theory. Its recent develop-
ments are summarized in Refs. [30–42]. A central object in
the functional renormalization group is the effective aver-

age action Γk and its second-order functional derivative Γ
ð2Þ
k

whose inverse form corresponds to the full propagator, so
that in general the gauge fixing is required for the gauge
field propagator in addition to the ultraviolet (UV)
regularization.
Physical quantities should depend on neither gauge

fixing parameters nor regularization schemes; however,

such an independence may be easily destroyed by the
gauge fixing and approximations in the quantum theory.
Therefore, we need to carefully handle their dependence
when we apply the functional renormalization group
especially to gauge systems. Good gauge choice may
be identified by allowing for a family of gauge and
identifying stationary points in the parameter space. This
is the principle of minimum sensitivity advocated in
Refs. [43–45].
Recently the effective potential for the Higgs field was

calculated in various works [46–55]. It is an important
quantity to understand the electroweak symmetry breaking
in the Standard Model of particle physics. The fixed points
of the quantum effective potential for the Higgs field was
studied by calculating beta functions of the couplings in the
theory, and it has been shown that quartic self-interaction of
the Higgs scalar field is an irrelevant coupling at the
asymptotically safe UV fixed point of quantum gravity.
This has an important prediction to the ratio of the masses
of the Higgs boson and top quark [53,54,56–60]. Moreover,
the understanding of the energy scaling of the Higgs mass
parameter is essential towards the gauge hierarchy problem.
It was pointed out in Ref. [61] that quantum-gravity
fluctuations make the Higgs mass parameter irrelevant
and thus could play a key role for solving the gauge
hierarchy problem. The determination whether the number
of the relevant coupling constants is finite and how many
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are there are also crucial questions for obtaining predictable
theory of quantum gravity. By including higher curvature
terms [62–66], these problems have been studied in pure
gravity [67–73]. Extensions to matter system including
standard model of particle physics and beyond are con-
sidered [53,74–79]. See also Refs. [80–82] as applica-
tions of the asymptotic safety scenario for gravity-matter
systems.
Although these works represent important progress, it is

also known to suffer from the gauge dependence in the
gravity contribution [83–85]. The question arises then how
much the obtained results are reliable in the physics of
spontaneous breaking of the symmetry. We would like to
study this problem by keeping the gauge parameters, and
check how much the results depend on them.
Another possible problem is that it is found that there

appears some unphysical poles in the cosmological con-
stant in the beta functions for the gravity couplings if one
uses the linear parametrization of the metric

gμν ¼ ḡμν þ hμν: ð1:1Þ

Because of this, it appears the results are unstable close to the
singularity. It is possible that the sign of the critical exponents
changes near the singularity, and thus drastically changes the
nature of the fixed points [53]. Thismight be a signal of phase
transition, but this cannot be treated in the polynomial
truncation. In the present setting, it would be better to
consider the region away from the singularity. In this respect,
it is known that such singularity in the cosmological constant
does not appear if one uses the exponential parametrization
for the gravitational fluctuation [49]:

gμν ¼ ḡμλðehÞλν ¼ ḡμν þ hμν þ
1

2
hμλhλν þOðh3Þ: ð1:2Þ

The parametrization was first used in Ref. [86], applied to
D ¼ 4 gravity in asymptotic safety [87–89] and later gener-
alized to more general parametrization to study various
parametrization dependence [45,90–93]. Here we choose
this exponential parametrization in order to avoid the
unphysical singularity and check the consistency with the
earlier results. This parametrization has also the advantage
that the resulting beta function does not depend on the gauge
choice [94,95].Howeverwewill find that this parametrization
also has some problem in the local potential approximation.
In this work, using the Wetterich equation [4], we study

the parametrization and gauge dependences of the fixed
point structure and the critical exponents in the Higgs-
gravity system by comparing the results with the expo-
nential (1.2) and linear (1.1) parametrizations with arbitrary
gauge parameters, and check if we can find reasonable
results despite these dependences. It turns out that if we use
a redefined Planck mass, the beta functions for the scalar
potential in the exponential parametrization become inde-
pendent of the gauge parameters, and we can discuss the

fixed points without apparent gauge dependence. This is an
advantage of the exponential parametrization, but the price
is that the anomalous dimension of the Higgs scalar
becomes large in general. However we have found that
its effect is actually not so big owing to the suppression
factor like 1=4. We have found that there is a reasonable
range of gauge parameters which give stable results against
change of the parameters. Relying on the principle of
minimal sensitivity, we conclude that the coupling of the
self-interaction of the Higgs field is irrelevant.
This paper is organized as follows: In Sec. II, we

introduce the effective action for the Higgs-gravity system
with two arbitrary gauge parameters. The two-point func-
tions, i.e., the Hessians, are also derived. The explicit forms
of the beta functions for the Higgs-gravity system are
derived with the full dependence on the gauge parameters
in Sec. III. The anomalous dimension for the Higgs scalar is
also given. In Sec. IV, we discuss the fixed points and
critical exponents in the exponential parametrization for
various choices of the gauge parameters, and comparae the
results in the linear parametrization. In Sec. V, we further
study the gauge parameter dependence of the fixed points
and anomalous dimensions. Section VI is devoted to the
summary of our results and conclusions. Technical details
of the calculations and definitions are relegated to
Appendixes. In Appendix A, we give the York decom-
position and discuss the Jacobian which arises in changing
the variables. In Appendix B, we give the definition and
properties of the Lichnerowicz Laplacians. Some technical-
ity in the variation of the action is summarized in
Appendix C. The flow equations and anomalous dimension
of the Higgs field are calculated in Appendix D.

II. ACTION AND HESSIANS

A. Gauge fixed action for the Higgs coupled to gravity

We would like to calculate the beta functions for
Higgs couplings, the Newton constant, and cosmological
constant with arbitrary gauge fixing parameters, in order to
check gauge dependence explicitly. The effective action we
consider is given by

Γk ¼ Γgravity þ ΓHiggs: ð2:1Þ

The gravity part Γgravity consists of the Einstein-Hilbert term,
gauge fixing, and Faddeev-Popov ghost terms given by

Γgravity ¼ −ZN

Z
d4x

ffiffiffi
g

p
Rþ ΓGF þ Γgh;

ΓGF ¼
1

2α

Z
d4x

ffiffiffī
g

p
ḡμνfμfν;

Γgh ¼
Z

ddx
ffiffiffī
g

p
C̄μ

�
∇̄2δμν þ 1 − β

2
∇̄μ∇̄ν þ R̄μ

ν

�
Cν;

ð2:2Þ
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where ZN ¼ 1=ð16πGÞ, ḡ ¼ detðḡμνÞ, α and β are (dimen-
sionful and dimensionless) gauge fixing parameters, and the
gauge fixing function fμ is

fμ ¼ ∇̄νhμν −
1þ β

4
∇̄μh: ð2:3Þ

Here the full metric is split into background ḡμν and
fluctuation hμν by the exponential parametrization (1.2)
and h ¼ ḡμνhμν ¼ hνν is the trace mode in the fluctuation
field. The covariant derivative ∇μ is a general relativity
metric covariant derivative constructed using the Levi-Civita
connection, and the barred one is constructed with the
background metric. We keep both the gauge parameters α
and β arbitrary in the following analysis in order to study the
gauge dependence of the results.
The Higgs field is a component of the doublet field

coupled to the SUð2ÞL and Uð1ÞY gauge fields as well as to
quarks and leptons. The contributions from those fields to
the beta function are smaller than the ones from the
graviton near the UV fixed point, and we can safely restrict
the discussions to a single scalar field with Z2 symmetry.
The action for the Higgs field is

ΓHiggs ¼
Z

d4x
ffiffiffi
g

p �
Zϕ

2
gμν∂μϕ∂νϕþ UðρÞ

�
; ð2:4Þ

where the effective potential is assumed to depend only on
the invariant ρ ¼ ϕ2=2.
To derive the flow equations in the system (2.1), we use

the Wetterich equation [4] whose form reads

∂tΓk ¼
1

2
Tr½ðΓð2Þ

k þRkÞ−1∂tRk�; ð2:5Þ

with t ¼ log k the dimensionless scale. Here, Rk is a

regulator function and Γð2Þ
k is the full two-point function,

i.e., the so-called Hessian. In the next section, we show the
Hessians for the effective action (2.1).

B. Hessians

We consider the theory on the Einstein space in which
the Ricci tensor is given by

R̄μν ¼
R̄
4
ḡμν: ð2:6Þ

Using the York decomposition described in Appendix A,
we can read off the Hessian for the gravity from, for
example, [88]1:

Igravityð2Þ

¼ ZN

�
1

4
hTTμν

�
ΔL2 −

R̄
2

�
hTT;μν −

3

32
σΔL

2
0

�
ΔL0 −

R̄
3

�
σ

−
3

16
hΔL0

�
ΔL0 −

R̄
3

�
σ −

3

32
h

�
ΔL0 þ

R̄
3

�
h

�
: ð2:7Þ

Here, ΔLi are the Lichnerowicz Laplacians defined in
Appendix B, and hereafter we drop the bars on the
covariant derivatives and Lichnerowicz Laplacians. We
will rescale the graviton fields as hμν → Z−1=2

N hμν so that
we can get rid of this factor from the Hessian, though it will
appear in other terms. Note that in the exponential para-
metrization, the gauge mode ξμ completely decouples from
the gauge invariant action. The gauge fixing term then
reduces to

IGF¼
1

2α̃

Z
d4x

�
ξμ

�
ΔL1−

R̄
2

�
2

ξμþ 9

16
σΔL0

�
ΔL0−

R̄
3

�
2

σ

þ3β

8
σΔL0

�
ΔL0−

R̄
3

�
hþβ2

16
hΔL0h

�
; ð2:8Þ

where α̃ ¼ ZNα is the dimensionless gauge fixing
parameter.
The Faddeev-Popov ghost is decomposed as

Cμ ¼ CTμ þ∇μ 1ffiffiffiffiffiffiffiffi
ΔL0

p CL; ð2:9Þ

with ∇μCTμ ¼ 0, and the same for C̄μ. The ghost action
reduces to

Γgh ¼
Z

d4x
ffiffiffī
g

p �
−C̄T

μ

�
ΔL1 −

R̄
2

�
CTμ

−
3 − β

2
C̄L

�
ΔL0 −

R̄
3 − β

�
CL

�
: ð2:10Þ

Since we are interested in the corrections to the Higgs
potential, we neglect those terms where the derivatives are
acting on the (background) scalar fields. The Higgs con-
tribution is then

Ið2ÞHiggs ¼ φ

�
Zϕ

2
ΔL0 þ

1

2
ðU0 þ 2U00ρÞ

�����
ϕ¼ϕ̄

φ

þ 1

2
Z−1=2
N hU0φþ 1

8
Uh2; ð2:11Þ

where the prime is the derivative with respect to ρ, and ϕ̄
and φ are background and fluctuation fields of ϕ, respec-
tively. Note that only the trace mode of the gravity
fluctuation couples to the Higgs potential in the exponential
parametrization.

1There are typos in the last terms in Eqs. (2.8) and (2.9) in
Ref. [88]; the factor should be 1 instead of 2.
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The Hessian for the transverse-traceless (TT) mode is
given by

1

2
hTT;μνΓTT

μν;αβh
TT;αβ; ΓTT

μν;αβ ¼
1

2

�
ΔL2 −

R̄
2

�
Eμναβ;

ð2:12Þ

with the unity matrix Eμναβ ¼ 1
2
ðḡμαḡνβ þ ḡμβḡναÞ. The

Hessian for the spin-1 transverse mode comes only from
the gauge fixing term (2.8) and is given by

1

2
ξμΓξξ

μ;νξν; Γξξ
μ;ν ¼

�
ΔL1 −

R̄
2

�
2

ḡμν; ð2:13Þ

after the rescaling ξμ →
ffiffiffĩ
α

p
ξμ. In the ðσ; h;φÞ basis, the

Hessian for spin-0 scalar modes becomes

1

2
ð σ h φ ÞΓS

0
B@

σ

h

φ

1
CA

≡ 1

2
ð σ h φ Þ

0
B@

Γσσ Γσh Γσϕ

Γhσ Γhh Γhϕ

Γϕσ Γϕh Γϕϕ

1
CA
0
B@

σ

h

φ

1
CA; ð2:14Þ

where

ΓS ¼

0
BB@

− 3
16
ðΔL0Þ2ðΔL0 − R̄

3
Þ − 3

16
ΔL0ðΔL0 − R̄

3
Þ 0

− 3
16
ΔL0ðΔL0 − R̄

3
Þ − 3

16
ðΔL0 þ R̄

3
Þ þ 1

4
Z−1
N U 1

2
Z−1=2
N U0 ffiffiffiffiffi2ρ̄p

0 1
2
Z−1=2
N U0 ffiffiffiffiffi2ρ̄p

ZϕΔL0 þM2
Hðρ̄Þ

1
CCA

þ 1

α̃

0
B@

9
16
ΔL0ðΔL0 − R̄

3
Þ2 3β

16
ΔL0ðΔL0 − R̄

3
Þ 0

3β
16
ΔL0ðΔL0 − R̄

3
Þ β2

16
ΔL0 0

0 0 0

1
CA; ð2:15Þ

where we have defined the effective Higgs scalar mass

M2
Hðρ̄Þ ¼ U0ðρ̄Þ þ 2U00ðρ̄Þρ̄: ð2:16Þ

There are also determinants that have to be taken into
account coming from changing field variables in the York
decomposition:

Detð1Þ

�
ΔL1 −

R̄
2

�
1=2

Detð0Þ

�
ΔL0

�
ΔL0 −

R̄
3

��
1=2

≡ Jgrav1Jgrav0: ð2:17Þ

See Appendix A for the derivation of this Jacobian.
Let us here consider properties of the fields appearing in

our Hessian. We first note that the scalar part in the gravity
Hessian (2.7) can be written as

−
3

32
s

�
ΔL0 −

R̄
3

�
s −

R̄
16

h2; ð2:18Þ

where

s ¼ ΔL0σ þ h; ð2:19Þ

is the gauge-invariant variable. On the other hand, if we use
the York decomposition, our gauge fixing function (2.3) on
the Einstein space (2.6) becomes

fμ ¼ −
�
ΔL1 −

R̄
2

�
ξμ −∇μ

�
3

4

�
ΔL0 −

R̄
3

�
σ þ β

4
h

�
:

ð2:20Þ
We see that for the choice of β ¼ 3, the scalar combination
in this gauge fixing function becomes precisely the gauge
invariant variable s modulo curvature term. We will see
that there is a singularity at β ¼ 3 in various quantities
in the following. The origin of this singular behavior is that
the longitudinal direction of the metric fluctuation is not
affected by the gauge fixing [45,90,91]. In other words, the
scalar modes in the gauge fixing function become exactly
the gauge-invariant combination and it does not fix the
gauge for this value of β. We also see related singularity in
the longitudinal mode of the ghost field (2.10).
The gauge fixing function can be written as

fμ¼−
�
ΔL1−

R̄
2

�
ξμ−

3−β

4
∇μ

�
ΔL0−

R̄
3−β

�
χ; ð2:21Þ

where

χ ¼ ð3ΔL0 − R̄Þσ þ βh
ð3 − βÞΔL0 − R̄

ð2:22Þ

is a new degree of freedom. We find that χ transforms as σ.
In the absence of matter, the last term in Eq. (2.18) is zero
on shell, and the Hessian for gravity is written entirely in
terms of the gauge-invariant variables hTT and s, and the
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gauge fixing is entirely in terms of the gauge-variant fields ξ
and χ. If we consider β → ∞, we have h ¼ −ΔL0χ, and the
gauge fixing strongly enforces the condition χ ¼ 0, inde-
pendently of α. This practically kills h, and setting α ¼ 0
removes the gauge-variant field ξ, and then we have only the
contributions from gauge-invariant variables. Since this
choice sets h ¼ 0, this is called a unimodular physical gauge
[49,88]. So the gauge choice α ¼ 0, β ¼ ∞ may be an
interesting physical gauge. Moreover, it is known that
singularities in propagators of the metric fluctuation fields
disappear in the pure gravity. However, in the presence of
scalar fields, we have seen that only the trace mode of the
metric fluctuation makes a contribution to the scalar poten-
tial, which vanishes in the β ¼ ∞ limit. This implies that the
metric fluctuations contribute only to Zϕ in this limit.

Another particular choice for the gauge fixing parame-
ters may be α̃ → 0 and β ¼ −1 [54,55,96,97]. For this
choice, the gauge-variant modes ξμ and χ are removed by
the gauge fixing and then the TT mode and the gauge
invariant scalar modes (2.19) remain as physical modes.
Note also that the choice α̃ → 0 and β ¼ 0 is often

employed. In this gauge fixing, β ¼ 0 keeps only ðΓð2Þ
GFÞσσ

which gives the kinetic term of the σ mode in the Landau
gauge α̃ → 0 [see Eq. (2.15)] and thus the structure of the
flow equations becomes simple.

III. FLOW EQUATIONS

The flow equation for the system (2.1) can be schemati-
cally written as

∂tΓk ¼
1

2
Tr

∂tRk

Γð2Þ
k þRk

����
hTThTT

þ 1

2
Tr

∂tRk

Γð2Þ
k þRk

����
ξξ

− Tr
∂tRk

Γð2Þ
k þRk

����
CTCT

−
1

2
Tr

∂tRk

Γð2Þ
k þRk

����
Jgrav1

þ 1

2
Tr

∂tRk

Γð2Þ
k þRk

����
scalar

− Tr
∂tRk

Γð2Þ
k þRk

����
CLCL

−
1

2
Tr

∂tRk

Γð2Þ
k þRk

����
Jgrav0

: ð3:1Þ

Here we employ the regulator such that Lichnerowicz
Laplacians are replaced by Pk ¼ ΔL þ RkðΔLÞ, i.e.,

RkðΔLÞ ¼ Γð2Þ
k ðPkÞ − Γð2Þ

k ðΔLÞ: ð3:2Þ

In this work, the flow generators in Eq. (3.1) are calculated
using the optimized cutoff [98]

RkðΔLÞ ¼ ðk2 − ΔLÞθðk2 − ΔLÞ: ð3:3Þ

In the calculation of the contributions of the spin-0 part,
we should use the matrix form to take into account the
mixing terms.
We define the dimensionless quantities by

Ũðρ̃Þ ¼ Uðρ̄Þ
k4

; ρ̃ ¼ Zϕρ̄

k2
; ð3:4Þ

as well as the dimensionless ratio

vðρ̃Þ ¼ 2Uðρ̄Þ
M2

Pk
2
¼ 2Ũðρ̃Þ

M̃2
P

; ð3:5Þ

where the Planck mass and its dimensionless version are
defined by

M2
P ¼ 2ZN; M̃2

P ¼ M2
P

k2
: ð3:6Þ

We find the flow equation for the dimensionless effective
scalar potential

∂tŨðρ̃Þ ¼ −4Ũðρ̃Þ þ ð2þ ηϕÞρ̃∂ ρ̃Ũðρ̃Þ þ 1

16π2
l4
0ð0Þ þ

1

16π2
l4
0ð−M̃2

sðρ̃ÞÞ

þ 1

8π2

�
1 −

ηϕ
6

��
1 − 2

4ð3 − α̃Þ
ð3 − βÞ2M̃2

P

Ũðρ̃Þ
�
l4
0ð−M̃2

sðρ̃ÞÞl4
0ðM̃2

Hðρ̃ÞÞ; ð3:7Þ

where ηϕ is the anomalous dimension of ϕ:

ηϕ ¼ −
∂tZϕ

Zϕ
: ð3:8Þ

Details of the derivation are given in Appendix D. Here M̃2
Hðρ̃Þ is the dimensionless version of the Higgs mass in Eq. (2.16)

and we have also defined a ρ̃-dependent mass of scalar modes in the metric fluctuations:
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M̃2
sðρ̃Þ ¼

4ð3 − α̃Þ
ð3 − βÞ2M̃2

P

�
2Ũðρ̃Þ − 4ρ̃ðU0ðρ̃ÞÞ2

1þ M̃2
Hðρ̃Þ

�
: ð3:9Þ

We have further introduced the shorthand threshold function

l2n
p ðxÞ ¼ 1

n!
1

ð1þ xÞpþ1
: ð3:10Þ

This function originates from loop integrals in the heat kernel expansion. See Appendix D 1 for the precise definition.
Next, we expand the potential in polynomials of ρ̃ around the origin ρ̃ ¼ 0:

Ũðρ̃Þ ¼ Ṽ þ m̃2
Hρ̃þ

λ̃

2
ρ̃2 þ � � � ; ð3:11Þ

where m̃2
H ¼ M2

Hðρ̄ ¼ 0Þ=k2. Note that Ṽ corresponds to the cosmological constant by 2Λ̃ ¼ 16πG̃NṼ ¼ 2Ṽ
M̃2

P
. From this

expansion (3.11), we define the ρ̃-independent part of Eq. (3.5) and Eq. (3.9), respectively, by

v0 ¼
2Ṽ

M̃2
P

; m̃2
s ¼

4ð3 − α̃Þ
ð3 − βÞ2 v0 ¼

�
4ð3 − α̃Þ

ð3 − βÞ2M̃2
P

�
2Ṽ; ð3:12Þ

We find the beta functions for each coupling in the scalar potential (3.11) as follows:

∂tṼ ¼ −4Ṽ þ 1

16π2

�
l4
0ð0Þ þ l4

0ð−m̃2
sÞ þ

�
1 −

ηϕ
6

�
l4
0ðm̃2

HÞ
�
; ð3:13Þ

∂tm̃2
H ¼ ð−2þ ηϕ þ AÞm̃2

H −
�
1 −

ηϕ
6

�
3λ̃

32π2
l2
1ðm̃2

HÞ

−
m̃4

H

8π2
4ð3 − α̃Þ

ð3 − βÞ2M̃2
P

�
l2
1ð−m̃2

sÞl2
0ðm̃2

HÞ þ
�
1 −

ηϕ
6

�
l2
0ð−m̃2

sÞl2
1ðm̃2

HÞ
�
; ð3:14Þ

∂tλ̃ ¼ ð2ηϕ þ AÞλ̃þ
�
1 −

ηϕ
6

�
9λ̃2

16π2
l0
2ðm̃2

HÞ þ
m̃4

H

4π2

�
4ð3 − α̃Þ

ð3 − βÞ2M̃2
P

�
2

l0
2ð−m̃2

sÞ

−
2m̃2

Hλ̃

4π2
4ð3 − α̃Þ

ð3 − βÞ2M̃2
P

�
l0
1ð−m̃2

sÞl0
0ðm̃2

HÞ þ
�
1 −

ηϕ
6

�
l0
0ð−m̃2

sÞl0
1ðm̃2

HÞ
�

−
3m̃4

Hλ̃

4π2
4ð3 − α̃Þ

ð3 − βÞ2M̃2
P

�
l0
1ð−m̃2

sÞl0
1ðm̃2

HÞ þ 2

�
1 −

ηϕ
6

�
l0
0ð−m̃2

sÞl0
2ð−m̃2

HÞ
�

−
2m̃6

H

4π2

�
4ð3 − α̃Þ

ð3 − βÞ2M̃2
P

�
2
�
2l0

2ð−m̃2
sÞl0

0ðm̃2
HÞ þ

�
1 −

ηϕ
6

�
l0
1ð−m̃2

sÞl0
1ðm̃2

HÞ
�

þ 4m̃8
H

4π2

�
4ð3 − α̃Þ

ð3 − βÞ2M̃2
P

�
2
�
l0
2ð−m̃2

sÞl0
1ðm̃2

HÞ þ
�
1 −

ηϕ
6

�
l0
1ð−m̃2

sÞl0
2ðm̃2

HÞ
�
: ð3:15Þ

Here we have defined

A ¼ −
∂

∂Uðρ̄Þ ð∂tUðρ̄ÞÞjρ̄¼0 ¼
1

16π2
4ð3 − α̃Þ

ð3 − βÞ2M̃2
P

l2
1ð−m̃2

sÞ: ð3:16Þ

This quantity represents the anomalous dimension induced by the metric fluctuations contributing to the scalar potential, so
hereafter we call it “the metric-induced anomalous dimension.” In Appendix D 5, the anomalous dimension arising from the
field renormalization of ϕ is found to be
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ηϕ ¼ 5

ð4πÞ2
1

M̃2
P

l4
1ð0Þ þ

12α̃

ð4πÞ2
1

M̃2
P

l6
2ð0Þ −

1

ð4πÞ2
4ð3 − α̃Þ

ð3 − βÞ2M̃2
P

�
1

4
l2
1ð−m̃2

sÞ −
9α̃ð3 − βÞ2
ð3 − α̃Þ2 l8

0ð0Þ

þ 9ðα̃ − βÞ2
ð3 − α̃Þ2 ðl8

1ð−m̃2
sÞ þ 2l8

0ð−m̃2
sÞÞ
�
þ 6α̃

ð4πÞ2
1

M̃2
P

�
l6
1ð0Þl2

0ðm̃2
HÞ þ

�
1 −

ηϕ
6

�
l6
1ðm̃2

HÞl2
0ð0Þ

�

þ 2

ð4πÞ2
4ð3 − α̃Þ

ð3 − βÞ2M̃2
P

�
l2
0ðm̃2

HÞ
�
l6
1ð−m̃2

sÞ þ
18ðα̃ − βÞ
ð3 − α̃Þ ðl8

1ð−m̃2
sÞ þ l8

0ð−m̃2
sÞÞ

þ 108ðα̃ − βÞ2
ð3 − α̃Þ2 ðl10

1 ð−m̃2
sÞ þ 2l10

0 ð−m̃2
sÞÞ −

108α̃ð3 − βÞ2
ð3 − α̃Þ2 l10

0 ð0Þ
�

þ l2
1ðm̃2

HÞ
��

1 −
ηϕ
8

�
l6
0ð−m̃2

sÞ þ
�
1 −

ηϕ
10

�
18ðα̃ − βÞ
ð3 − α̃Þ l8

0ð−m̃2
sÞ

þ
�
1 −

ηϕ
12

��
108ðα̃ − βÞ2
ð3 − α̃Þ2 l10

0 ð−m̃2
sÞ −

36α̃ð3 − βÞ2
ð3 − α̃Þ2 l10

0 ð0Þ
���

: ð3:17Þ

In Fig. 1, the beta functions (3.13)–(3.15) are diagrammatically displayed. In particular, the metric-induced anomalous
dimension A is generated by the one-loop diagram of scalar modes in the metric fluctuations which correspond to the fifth
diagram on the rhs of ∂tṼ in Fig. 1. The second terms on the rhs of ∂tm̃2

H and ∂tλ̃ in Fig. 1 also produce the effects with A.
For higher dimensional operators, we have commonly

ð3:18Þ

FIG. 1. Diagrammatic representation for the beta functions of the cosmological constant, the scalar mass parameter and the quartic
coupling denoted by a cross, a fat dot, and a fat box, respectively. The cross circle stands for the cutoff insertion into the propagator, i.e.,
∂tRk. An external line is a background field ϕ̄. The double-wiggly, single-wiggly, and dashed lines are the propagators for the spin-2 TT
tensor, spin-1 transverse vector and spin-0 scalar modes, respectively, while the dotted line is that of ghost fields and the Jacobians. The
propagator of the scalar field fluctuation φ is drawn as a solid line.
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where λn is a ϕn coupling which is denoted by a gray circle.
Diagrams contributing to ηϕ are shown in Sec. IV and
Appendix D 5.
Note that if we can neglect ηϕ and we redefine the Planck

mass squared by

4ð3 − α̃Þ
ð3 − βÞ2M̃2

P

≡ 1

M̂2
P

; ð3:19Þ

the explicit dependencies on the gauge fixing parameters in
the scalar potential (including the cosmological constant)
disappear. Therefore, using this redefined Planck mass, we
can discuss the beta functions for the scalar potential
without apparent gauge dependence.
On the other hand, the beta function of the (dimension-

less) Planck mass squared reads

∂tM̃2
P ¼ −2M̃2

P þ 1

8π2
13

3
l2
0ð0Þ þ

1

8π2
2β

3ð3 − βÞl
4
0ð0Þ −

1

48π2

�
1 −

ηϕ
4

�
l2
0ðm̃2

HÞ −
1

48π2
l2
0ð−m̃2

sÞ

þ 1

48π2
4α̃ − 15

3 − α̃
þ 1

8π2

�
1

2ð3 − α̃Þ þ
3 − α̃

ð3 − βÞ2 −
1

3 − β

�
l2
1ð−m̃2

sÞ: ð3:20Þ

The singularity at α̃ ¼ 3 disappears if the definition of m̃2
s

given in (3.12) is substituted. However, after the replace-
ment (3.19) is done, that singularity remains. We will
discuss this issue in Sec. V. Note that since the regulators
for the metric fluctuations have no dependence on M2

P

thanks to the rescaling hμν → Z−1=2
N hμν, there is no term

with the anomalous dimension ∼∂tM2
P=M

2
P on the rhs.

IV. LINEAR VERSUS EXPONENTIAL
PARAMETRIZATION

In this section, we study the dependence of the metric-
induced anomalous dimension A on the fixed-point values
of the Planck mass and the cosmological constant, and
the pole structure of the propagator of the metric fluctua-
tions, in the linear and exponential parametrizations. We
highlight the differences between the linear and exponential
parametizations.
As pointed out in the introduction, the result using the

standard linear split of the metric appears to have the
problem of singularities in the cosmological constant due to
poles in propagators of different modes involved in the
metric fluctuations. We would like to check if we can avoid
the problem in the exponential parametrization and extract
physical information by comparing the results with those
using the linear split. We will see that there is a pole even
for the exponential parametrization in the presence of scalar
fields. Such a pole is considered to signal the presence of a
phase transition, and should be studied beyond polynomial
truncation [8].

However, as mentioned in the previous section, the
redefinition of the Planck mass (3.19) eliminates the
apparent dependence of the gauge parameters from
the beta function of the effective potential in the absence
of ηϕ in the exponential parametrization. Therefore, we can
discuss the beta function of the Planck mass and the
anomalous dimension of the scalar field without gauge
dependence. When we compare the results between the
linear and exponential parametrizations, we take the gauge
parameters α̃ ¼ 0, β ¼ 1 (de Donder gauge) [47,53],
α̃ ¼ 0, β ¼ −1 (physical gauge) [54,55] and α̃ ¼ 0, β ¼
∞ (unimodular gauge) [49,87,88]. More precise analysis
on the gauge dependence in the beta function of the Planck
mass is presented in Sec. V.
Here we clarify a crucial difference in the contributions

from the metric fluctuations to the dynamics of the scalar
field between the linear and exponential parametrizations.
As will be seen later, the metric-induced anomalous
dimensions A and the scalar field ηϕ play a central role
in the deviation of the critical exponents of the couplings of
the scalar field from their canonical scaling. Let us consider
the flow equation for the two-point function of the back-
ground field ϕ̄ in a flat spacetime background ḡμν ¼ δμν:

δ2

δϕ̄ðpÞδϕ̄ð−pÞ∂tΓkjϕ̄¼0¼
Z

d4x½−∂tZϕp2þ∂tm2
H�: ð4:1Þ

To make the discussion simple, we set λ ¼ 0.
In the exponential parametrization, the flow equations

for Zϕ and m2
H are represented diagrammatically as

ð4:2Þ
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ð4:3Þ

where the double-wiggly, single-wiggly. and dashed lines denote the TT, spin-1 transverse vector, and spin-0 modes in the
metric fluctuations, respectively, while the solid line represents the scalar field. The fat dot and cross circle stand for Zϕ or
m2

H and ∂tRk, respectively. In particular, the first diagram on the rhs of Eq. (4.3) generates the metric-induced anomalous
dimension A. Note that the sunset diagrams [like the second line of Eq. (4.2)] with the TT mode vanish due to its transverse
property. We stress here that all modes in the metric fluctuations contribute to Zϕ, whereas the scalar potential receives
corrections from only scalar modes. As a consequence the apparent gauge dependence may be eliminated by the
redefinition of the Planck mass (3.19).
On the other hand, the use of the linear parametrization changes to the opposite situation:

ð4:4Þ

ð4:5Þ

The first three tadpole diagrams on the rhs of Eq. (4.5) yield
finite corrections to the metric-induced anomalous dimen-
sion A. An important fact is that the tadpole diagrams do
not contribute to the flow equation of Zϕ in the linear
parametrization.2

We thus expect that the exponential parametrization
produces a larger value of ηϕ and a smaller value of A
than those in the linear parametrization case. Even though
the exponential parametrization appears to be appropriate
because the gauge dependence can be absorbed into the
redefinition of the Planck mass, a larger value of ηϕ may
cause a potential problem in the present local potential
approximation, which requires ηϕ ¼ 0, and the derivative
expansion for the effective action may not be valid. So let
us first find the fixed points and critical exponents in our
setup and compare the results with the linear parametriza-
tion [53], and then check how the anomalous dimensions A
and ηϕ affect the results. Eventually we would like to see if
there is any optimal choice of β so as to make ηϕ small.

A. Fixed point

We first study how the fixed points for the Planck mass
and the cosmological constant change in the exponential
parametrization (1.2). To this end, we suppose hereafter
that the Gaussian matter fixed point, namely, matter
couplings, have only the trivial fixed point, m̃2

H� ¼ λ̃� ¼ 0.
The fixed point of M̃2

P and Ṽ in the linear parametrization
with α̃ ¼ 0, β ¼ 1 is found to be [53]

M̃2
P� ¼ 0.03366; G̃N� ¼ 1.182; Ṽ� ¼ 0.005420;

ð4:6Þ
whereas in our exponential parametrization, we find

M̃2
P� ¼ 0.03567; G̃N� ¼ 1.1154; Ṽ� ¼ 0.003539;

ðfor α̃ ¼ 0; β ¼ 1Þ; ð4:7Þ

M̃2
P� ¼ 0.020283; G̃N� ¼ 1.9617; Ṽ� ¼ 0.0025595;

ðfor α̃ ¼ 0; β ¼ −1Þ; ð4:8Þ

M̃2
P� ¼ 0.018998; G̃N� ¼ 2.0944; Ṽ� ¼ 0.0023747;

ðfor α̃ ¼ 0; β ¼ ∞Þ: ð4:9Þ

2The diagrams with the spin-1 transverse mode is proportional
to α̃, so the Landau gauge α̃ → 0 erases their contributions and
then ηϕ could be written as an apparent gauge invariant form, i.e.,
no β dependence, within contributions from scalar modes.
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In terms of the redefined Planck mass (3.19), one has, for
α̃ ¼ 0, β ¼ 1

M̂2
P� ¼ 0.01189; ĜN� ¼ 3.3464; Ṽ� ¼ 0.003539;

ð4:10Þ

and for α̃ ¼ 0, β ¼ −1,

M̂2
P� ¼ 0.027044; ĜN� ¼ 1.4713; Ṽ� ¼ 0.0025595:

ð4:11Þ

We do not find any reliable fixed point for α̃ ¼ 0; β ¼ ∞,
because the beta function is proportional to β. We will
discuss this problem in detail in Sec. V. The fixed points
(4.10) and (4.11) are related to (4.7) and (4.8), respectively,
via the relation (3.19).
We next assume that a fixed point of the Planck mass

exists and treat its fixed-point value as a constant parameter.
Note that a small value of the Planck constant corresponds
to a strong interaction of gravity.
With the redefinition (3.19), no dependence on the gauge

parameter appears in the beta function of the cosmological
constant since it does not have ηϕ. For vanishing matter
fixed points (m̃2

H� ¼ λ̃� ¼ 0), we find from Eq. (3.13) fixed
points of Ṽ:

Ṽ�jUV ¼ 1þ 32π2M̂2
P� −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 128π2M̂2

P� þ 1024π4M̂4
P�

p
128π2

;

Ṽ�jIR ¼ 1þ 32π2M̂2
P� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 128π2M̂2

P� þ 1024π4M̂4
P�

p
128π2

:

ð4:12Þ

In Fig. 2, we plot m̃2
s� ¼ 2Ṽ�ð4ð3 − α̃Þ=ð3 − βÞ2M̃2

PÞ ¼
2Ṽ�=M̂2

P� instead of Ṽ�. There also exist fixed points

for smaller values of M̃2
P� or M̂2

P�ð≤ 2−
ffiffi
3

p
32π2

≃ 0.00085Þ;

however, the fixed point values of m̃2
s there exceed 1

and thus we should exclude them. One can have these fixed
points of Ṽ written in terms of the original Planck mass M̃2

P
by using Eq. (3.19).
We see from Fig. 2 that for larger values of M̂2

P�, the mass
parameter m̃2

s�jIR converges to 1 which is a pole of the
threshold functions l2n

p ð−m̃2
sÞ and then Ṽ�jIR corresponds to

the IR fixed point, while Ṽ�jUV is the UV fixed point. In IR
regimes, the flow of m̃2

s may come close to m̃2�jIR which
would induce large effects of the metric fluctuations on
interactions including the cosmological constant itself.
Since the metric fluctuations tend to make the cosmological
constant smaller, it is argued in Refs. [99,100] that such
an IR instability around a pole in the propagator could play a
key role in realizing the tiny value of the cosmological
constant.

B. Critical exponents

We evaluate the critical exponents for couplings in the
scalar potential. Suppose here that the cosmological con-
stant and the Planck mass have a nontrivial fixed point,
while only the Gaussian fixed point is found for the scalar
mass parameter and the quartic coupling.
The critical exponents are defined by

θi ¼ −eig
�∂βi
∂gj
�����

g̃¼g̃�

; ð4:13Þ

where g̃i ¼ fM̃2
P; Ṽ; m̃

2
H; λ̃g and “eig” denotes evaluating

eigenvalues of a matrix.
Taking only the diagonal parts in the stability matrix ∂βi∂gj

into account, the critical exponents of the cosmological
constant, the scalar mass parameter, and the quartic
coupling is approximately given, respectively, by

θṼ ≃ −
∂βṼ
∂Ṽ
����
g̃¼g̃�

¼ 4 − A; ð4:14Þ

FIG. 2. The fixed-point value of the mass m̃2
s� as a function of the Planck mass squared. Left: m̃2

s� as a function of M̃2
P� with different

gauge parameter choices. Right: m̃2
s� as a function of M̂2

P�. The solid and dashed lines show the m̃2
s� with Ṽ�jUV and Ṽ�jIR defined in

Eq. (4.12), respectively.
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θm̃2
H
≃ −

∂βm̃2
H

∂m̃2
H

����
g̃¼g̃�

¼ 2 − ηϕ − A; ð4:15Þ

θλ̃ ≃ −
∂βλ
∂λ̃
����
g̃¼g̃�

¼ −2ηϕ − A: ð4:16Þ

Note here that for the critical exponent of the beta function,
one computes

∂
∂Ṽ

1

16π2
l4
0ð−m̃2

sÞjg̃¼g̃� ¼ A: ð4:17Þ

In the case of the exponential parametrization, the TT spin-2
tensor does not couple to the scalar potential, so it does not
induce the anomalous dimension A as can be seen in
Eq. (3.16). The critical exponent of the cosmological con-
stant evaluated by Eq. (4.14), however, may be insufficient
because the mixing effects with the Planck mass cannot be
neglected. More specifically, one should calculate

θM̃2
P;Ṽ

¼ −eig

0
B@

∂βM̃2
P

∂M̃2
P

∂βM̃2
P

∂Ṽ
∂βṼ
∂M̃2

P

∂βṼ
∂Ṽ

1
CA
������M̃2

P
¼M̃2

P�
Ṽ¼Ṽ�

: ð4:18Þ

We plot the metric-induced anomalous dimension (3.16)
as a function of M̃2

P� in Fig. 3 and as a function of M̂2
P�

in Fig. 4.
When ηϕ can be neglected, the critical exponents of

couplings in the scalar potential are given as a constant shift
−A from their canonical dimensions. In particular, the
critical exponent of the scalar mass parameter becomes zero

(or, equivalently, A ¼ 2) at the fixed point value of the
Planck mass,

M̂2
P� ¼

1

8π2
≃ 0.0126651: ð4:19Þ

The critical exponent of the cosmological constant vanishes
when A ¼ 4 for which

M̂2
P� ¼

2þ ffiffiffi
3

p

32π2
≃ 0.0118167: ð4:20Þ

At this value, one has Ṽ�jUV ¼ Ṽ�jIR.
Note here that using the linear parametrization produces

the metric-induced anomalous dimension A given by

Ajlinear ¼
1

24π2M̃2
P�

�
5l2

1ð−v0�Þ þ 3α̃l2
1ð−α̃v0�Þ þ

2ð3 − β2Þ
ð3 − βÞ2 l2

1ð−m̃2
L�Þ

þ
�
4α̃

ð3 − βÞ2 þ 2ð3 − β2Þv20� − 4ð3 − βÞ2v0�
ð3 − βÞ4 þ 16α2v20�

ð3 − βÞ4
�
l2
1ð−m̃2

L�Þ
�
; ð4:21Þ

FIG. 4. The metric-induced anomalous dimension A as a
function of M̂P� . For the fixed point of Ṽ, we use Eq. (4.12).

FIG. 3. The metric-induced anomalous dimension A as a function of M̃P� . The solid line corresponds to V�jUV. For the fixed point of
Ṽ, we use Eq. (4.12). The solid line corresponds to V�jUV and dashed line to V�jIR. The rhs panel zooms in on the region of smaller A.
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where we have defined the mass of scalar modes in metric
fluctuations:

m̃2
L ¼ 2ð3 − β2Þ

ð3 − βÞ2 v0 þ
4α̃

ð3 − βÞ2 ð1 − v0Þv0: ð4:22Þ

The first and second terms in Eq. (4.21) are contributions
from the TT spin-2 tensor (i.e., graviton) and the transverse
spin-1 vector, respectively, and the scalar modes of the
metric fluctuations yield the remaining terms.
We now give numerical results for the critical exponents

in the case of ηϕ ¼ 0. At the fixed points of the original
Planck mass squared M̃2

P, the critical exponents are
obtained for α̃ → 0, β ¼ 1 with Eq. (4.7) as

θ1;2 ¼ 2.59539� 2.12893i; θ3 ¼ −1.25264;

θ4 ¼ −3.25264; ð4:23Þ

for α̃ → 0, β → −1 with Eq. (4.8) as

θ1 ¼ 3.6402; θ2 ¼ 2.020; θ3 ¼ 1.6437;

θ4 ¼ −0.35628; ð4:24Þ

and for α̃ → 0, β → ∞ with Eq. (4.9) as

θ1 ¼ 4; θ2 ¼ 2; θ3 ¼ 2; θ4 ¼ 0; ð4:25Þ

where θ1 and θ2 correspond to the critical exponents
of the cosmological constant and the Planck mass squared,
respectively, whereas θ3 and θ4 are those of the scalar mass
parameter and the quartic coupling, respectively.
When the redefined Planck mass is used, we have found

a fixed point for α̃ → 0, β ¼ 1 and α̃ → 0, β ¼ −1 as in
Eqs. (4.10) and (4.11) at which the same critical exponents
as Eqs. (4.23) and (4.24) are observed.
To understand these results, several comments are

in order:
First, the negative critical exponents in Eq. (4.23) result

from a large value of A and all scalar interactions including
the scalar mass parameter become irrelevant. This is
because the fixed point value (4.7) and α̃ → 0, β ¼ 1

yields m̃2
s ≃ 0.59533 which locates close to the pole of

the threshold function. Indeed, for this value, one has
l2
1ð−m̃2

sÞ ≃ 6.1071. This casts a doubt to the validity of the
result.
Second, the critical exponents for couplings of the scalar

field for α̃ → 0, β → ∞ remain the same as the canonical
ones (4.25). This comes from the fact that the β dependence
appears in denominators of terms in the beta function of
the scalar potential (3.7) in terms of the original Planck
mass squared, so the limit β → ∞ (and α̃ ≠ 3) suppresses
the metric fluctuations. This results in no metric-induced

anomalous dimension even when the Planck mass has a
finite fixed point value.
Third, if we use the redefined Planck mass squared, the

beta function of the scalar potential has no explicit gauge-
parameter dependence in contract to the case of the original
Planck mass squared and the redefinition gives a finite A
except for M̂2

P → ∞. In this case we get the same result
as (4.24).
Finally, the discrepancy in β → ∞ discussed above could

be understood by taking ηϕ into account. On the one hand,
the metric fluctuation decouples from the scalar potential.
On the other hand, the kinetic term of the scalar field gets a
large contribution from the metric fluctuation, resulting in
the anomalous dimension with the redefined Planck mass

proportional to polynomials of β: ηϕ ∝ 1
M̃2

P
¼ ð3−βÞ2

4ð3−α̃ÞM̂2
P
.

Thus, we expect that in the limit β → ∞, the anomalous
dimension ηϕ diverges. Indeed, such a divergent behavior is
observed in the linear parametrization case as well. This
means that it is better that jβj is not too large.

C. Effects of the anomalous dimension

Let us now discuss the effects of the anomalous
dimension ηϕ of the scalar field. In order for the derivative
expansion to be valid for the effective action, jηϕj < 1

should be satisfied. We might allow somewhat larger jηϕj
within the current approximation because the loop effect of
the scalar field on the Planck mass squared and the scalar
potential has suppression factors such as ηϕ=4 and ηϕ=6;
see Eqs. (3.7) and (3.20). In the linear parametrization, ηϕ is
of order 0.1 [53]. In particular, the choice β ¼ 1 in the
Landau gauge α̃ → 0 gives the vanishing ηϕ in the case of
the linear parametrization. In the exponential parametriza-
tion, however, the TT mode, which is independent of the
gauge parameters, may make a significant contribution
to ηϕ.
The rhs of Eq. (3.17) has the ηϕ dependence arising from

the scalar field propagator. Here, we consider two cases:
(i) setting ηϕ ¼ 0 in the rhs of Eq. (3.17); (ii) solving for ηϕ in
Eq. (3.17). We call the former (latter) “no-resummed”
(“resummed”) ηϕ. The anomalous dimension ηϕ as a function
of M̃2

P is shown in Fig. 5 where we take α̃ → 0, β ¼ −1, and
set Ṽ ¼ 0 as an example. The resummed ηϕ becomes
relatively smaller than the no-resummed one. The larger
the value of ηϕ is, the larger is the difference between them.
For a reasonable value of ηϕ, however, we do not observe a
large difference between (i) and (ii). In the analyses hereafter,
we use the resummed ηϕ.
Including ηϕ, we obtain the fixed point values and the

critical exponents for different gauge fixing values as
follows:
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(i) α̃ → 0, β ¼ 1

M̃2
P� ¼ 0.036381; Ṽ� ¼ 0.0036794; ηϕ� ¼ −0.62968; ð4:26Þ

θ1;2 ¼ 2.40726� 2.30995i; θ3 ¼ −0.74809; θ4 ¼ −2.1184; ð4:27Þ

(ii) α̃ → 0, β ¼ −1

M̃2
P� ¼ 0.020658; Ṽ� ¼ 0.0023414; ηϕ� ¼ 1.4819; ð4:28Þ

θ1 ¼ 3.7098; θ2 ¼ 2.0541 θ3 ¼ 0.1844; θ4 ¼ −3.2975; ð4:29Þ

(iii) α̃ → 0, β → ∞

M̃2
P� ¼ 0.019837; Ṽ� ¼ 0.00195508; ηϕ� ¼ 3.18076; ð4:30Þ

θ1 ¼ 4; θ2 ¼ 2.0795 θ3 ¼ −1.1808; θ4 ¼ −6.3615; ð4:31Þ

In terms of the redeifned Planck mass, we have
(i) α̃ → 0, β ¼ 1

M̂2
P� ¼ 0.012127; Ṽ� ¼ 0.0036794; ηϕ� ¼ 1.0067; ð4:32Þ

(ii) α̃ → 0, β ¼ −1

M̂2
P� ¼ 0.027544; Ṽ� ¼ 0.0023414; ηϕ� ¼ 1.0852; ð4:33Þ

for which we obtain the same critical exponents as the
original Planck mass. The choice β → ∞ does not yield the
fixed point.
We find that the fixed point values are similar to the case

with ηϕ ¼ 0, while the critical exponents of the scalar mass
parameter and the quartic coupling change. This is because
an anomalous dimension of the scalar field of order 1 is

induced. The beta functions for M̃2
P and Ṽ have suppression

factors, ηϕ=4 and ηϕ=6, as mentioned above, whereas the
critical exponents of m̃2

H and λ̃ contains linear term in ηϕ as
given in Eqs. (4.15) and (4.16). In particular, the choice
β → ∞ for the original Planck mass yields ηϕ� ≈ 3 which
may be too large to accept the result. We study the gauge
dependence of ηϕ in the next section and investigate a
suitable choice for the gauge parameters.

D. Anomalous dimensions as functions of the
cosmological constant

Here we briefly examine how the critical exponents
change as functions of the cosmological constant. In
particular, it was observed in the previous section and in
Ref. [53] that the critical exponent for the Higgs mass
changes sign when Ṽ� approaches the pole of the propa-
gator. This casts some doubt on the validity of this behavior.
We have examined this and show the behavior of the
metric-induced anomalous dimension A in Fig. 6. We plot
A for the exponential parametrization and the linear one
with α̃ → 0, β ¼ 1 for which m̃2

L ¼ v0. We find that the
metric-induced anomalous dimension in the linear para-
metrization takes a similar form to the case of the
exponential parametrization:

FIG. 5. The anomalous dimension of the scalar field ηϕ as a
function of M̃2

P. We use α̃ → 0, β ¼ −1, and Ṽ ¼ 0 for the
presentation.
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Ajlinear ¼
3

8π2M̃2
P�

1

ð1 − v0�Þ2
: ð4:34Þ

For both linear and exponential parametrizations, there is a
pole at v0 ¼ 1. In the linear parametrization, the TT mode
in the metric fluctuations couples to the scalar potential and
thus generates a finite contribution to A. Hence, Ajlinear
tends to be larger than Ajexp.
This is opposite to the situation in the anomalous

dimension of the scalar field. As discussed in the beginning
of this section, the TT mode in the linear parametrization
contributes to A, but not to ηϕ. On the other hand, in the
exponential parametrization, A does not receive the TT
mode effects, whereas ηϕ does.

V. GAUGE DEPENDENCE

Because some results depend on the choice of the gauge
parameters, we would like to check quantitatively how the
results change depending on the gauge parameters, and
what physical implication may be extracted from the results

even if they depend on the gauge. Here we examine this by
changing the gauge parameters in the exponential para-
metrization. In terms of M̂2

P defined in Eq. (3.19), the beta
function of the cosmological constant has no apparent
gauge dependence [see Eqs. (3.12) and (3.13)]. In this
section, we concentrate on that of fixed point values of the
Planck mass and the anomalous dimension of the scalar
field ηϕ.

A. Planck mass and cosmological constant

Let us look for fixed points of the Planck mass for
various gauge parameters. To this end, we use the UV
fixed point of the cosmological constant Ṽ�jUV found
in Eq. (4.12).
We first recall the singularities in gauge parameters.

There is a singularity at β ¼ 3. This singular behavior is
observed in Refs. [45,90,91] and this is an artifact of our
choice of gauge fixing function as discussed in Sec. II B.
Besides, there is a singularity at α̃ ¼ 3: The flow equation
for the original Planck mass squared (3.20) has no
singularity for any choice of α̃, whereas the singularity
at α̃ ¼ 3 does not cancel in the beta function of the
redefined one. This arises from the fact that the choice
α̃ ¼ 3 erases the propagator of the trace mode h, which is
the only field in the metric fluctuations directly coupled to
the scalar potential with the exponential parametrization.
See Eq. (C5) in Appendix C and Eq. (D22) in Appendix D.
We show the gauge dependence of the fixed point value

of the Planck mass squared M̃2
P and the cosmological

constant Λ̃ in Fig. 7. Around the pole at β ¼ 3, the fixed
point values change drastically. For β well away from that
pole, the fixed point values for any choice of α̃ converge to
the value M̃2

P� ≈ 0.0190 and Λ̃� ≈ 0.125which are obtained
by taking β → �∞. In the Landau gauge α̃ → 0, such a
convergence takes place faster.
In Fig. 8, we show the gauge dependence of the metric-

induced anomalous dimension A which is proportional to
ð3 − α̃Þ. Therefore, A vanishes at α̃ ¼ 3 and flips the overall
sign. For α̃ < 3, the metric-induced anomalous dimension

FIG. 7. Gauge dependence of the fixed point value of the Planck mass squared (left) the cosmological constant Λ̃� ¼ Ṽ�=M̃2
P� (right).

The vertical dashed line indicates the location of the pole at β ¼ 3.

FIG. 6. The metric-induced anomalous dimension A defined in
Eq. (3.16) at M̂2

P� ¼ 1=8π as functions of v0� (solid line). The
dashed line shows the Eq. (4.34) case where M̃2

P� ¼ 1=8π, the
linear parametrization is used, and the gauge parameters are
chosen as α̃ ¼ 0, β ¼ 1.
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exceeds 4 for 1 < β < 4 and 2 for 0 < β < 5, and these
regions are not reliable.
Let us next check the redefined Planck mass. The

gauge dependence of M̂2
P� is depicted in Fig. 9. Here we

have used the fixed point Ṽ�jUV given in Eq. (4.12) and
therefore there is no reliable fixed point of Ṽ for

M̂2
P ≤ 2þ ffiffi

3
p

32π2
≃ 0.01182. This region is shown by gray in

Fig. 9. We see from this figure that M̂2
P has a strong

gauge dependence which is imported from the mass of
scalar modes m̃2

s . For 1 < β < 4 in α̃ < 3, and for any β
in α̃ > 3, the fixed point value of M̂2

P is not found. Those
just correspond to the region where A exceeds 4 or
becomes negative. Thus, we should not take these gauge
fixing parameters; the preferable region is α̃ < 3 and
β < 1. Note that for β → ∞, we have M̂2

P� to be infinity.

This is consistent with the fact that the metric fluctuation
decouples from the scalar potential in the limit β → ∞ as
we have seen in the previous section. The gauge
dependence of the metric-induced anomalous dimension
is shown in Fig. 10. This is the same as in Fig. 8 except
for 1 < β < 4 in which A exceeds 4.
From the above analysis, we conclude that the region

where the metric-induced anomalous dimension is larger
than 4 should be excluded. This means that the cosmo-
logical constant cannot be irrelevant within the local
potential approximation with ηϕ ¼ 0.
Even if A > 4 is admitted, the cosmological constant

cannot be irrelevant. To see this, we examine more precise
behavior of the critical exponents of M̃2

P and Ṽ given by the
eigenvalues of the stability matrix (4.18):

θM̃2
P;Ṽ

¼ −
1

2

8>>><
>>>:
∂βM̃2

P

∂M̃2
P

þ ∂βṼ
∂Ṽ �

�∂βM̃2
P

∂M̃2
P

−
∂βṼ
∂Ṽ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
4

∂βṼ
∂M̃2

P

∂βM̃2
P

∂Ṽ

ð
∂βM̃2

P

∂M̃2
P
− ∂βṼ

∂Ṽ Þ
2

vuuuut
9>>>=
>>>;

���������M̃2
P
¼M̃2

P�
Ṽ¼Ṽ�

: ð5:1Þ

FIG. 9. Gauge dependence of the redefined Planck mass squared M̂2
P�. In the gray region, no UV fixed point value of Ṽ is found. The

vertical dashed line corresponds to the pole at β ¼ 3.

FIG. 8. Gauge dependence of the metric-induced anomalous dimension Awith M̃2
P� and Ṽ�. The rhs panel shows the region of smaller

A in the lhs one. The vertical dashed line locates at the pole of β ¼ 3.
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When the off-diagonal parts are negligible, the critical
exponents are simply given by the diagonal parts:

θM̃2
P
≈ −

∂βM̃2
P

∂M̃2
P

; θṼ ≈ −
∂βṼ
∂Ṽ ¼ 4 − A: ð5:2Þ

On the other hand, when the off-diagonal parts are large so
that inside of the square root in Eq. (5.1) becomes negative,
the eigenvalues in Eq. (5.1) become imaginary and thus the
real part of the critical exponents is commonly given by

Re½θM̃2
P;Ṽ

� ≈ −
1

2

�∂βM̃2
P

∂M̃2
P

þ ∂βṼ
∂Ṽ
�����M̃2

P
¼M̃2

P�
Ṽ¼Ṽ�

; ð5:3Þ

for both M̃2
P� and Ṽ�. This is what happens in Eq. (4.23).

In Fig. 11, we plot the β dependence of each element of
the stability matrix in the Landau gauge α̃ → 0. For β well
away from the singularity at β ¼ 3, the off-diagonal parts
are negligibly small. In the region 0 < β < 6, however, the

off-diagonal part
∂βM̃2

P

∂Ṽ is significantly large, so that the
critical exponents tend to be imaginary. Moreover, we see
for 1 < β < 4 that − ∂βṼ

∂Ṽ turns to negative due to A > 4,

while−
∂βM̃2

P

∂M̃2
P
is positive and large. Hence, the real part of the

critical exponents (5.3) remains positive and the cosmo-
logical constant does not become irrelevant at least in the
current setup. See Fig. 12 in which the β dependence of
the real and imaginary parts of the critical exponents, θM̃2

P;Ṽ
,

are shown for the Landau gauge α̃ → 0. One can see that
the imaginary part appears for 0 < β < 6.

FIG. 10. Gauge dependence of the metric-induced anomalous dimension A with M̂2
P� and Ṽ�jUV. The pole at β ¼ 3 is shown by the

vertical dashed line.

FIG. 11. Gauge dependence of each element of the stability matrix (4.18) in the Landau gauge α̃ → 0. The position of the pole at β ¼ 3
is shown by the vertical dashed line.
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Figures 11 and 12 also tell us that the choice around
0 < β < 6 may not be appropriate in the sense of the
principle of minimal sensibility. We thus conclude again
that the values of β in this region which make − ∂βṼ

∂Ṽ ¼
4 − A negative should be excluded if the redefined Planck
mass is used.

B. Anomalous dimension of the scalar field

Here we study the gauge dependence of the anomalous
dimension of the scalar field ηϕ. Whereas we would have
concluded that the gauge choice 0 < β < 5 should be
avoided, we have to pay attention to the magnitude of
ηϕ. A large value of ηϕ violates the validity of the derivative
expansion for the effective action of the scalar field. In
particular, we expect that in the exponential parametriza-
tion, the tadpole diagram with a loop of the TT mode gives
a significant contribution to ηϕ. See Eq. (4.2). The explicit
form of ηϕ is given in Eq. (3.17). Indeed, in Sec. IV B, we
have observed large values of ηϕ for certain gauge
parameter choices, e.g., ηϕ ≈ 3 for β → ∞ and α̃ → 0.

We show the behavior of ηϕ in (3.17) as a function of β
for α̃ ¼ 0, 1, 2 in Fig. 13. First, we see that ηϕ takes larger
values if β > 3 for any α̃. This is not acceptable in terms of
the validity of the derivative expansion. Second, although
ηϕ for 0 < β < 3 is relatively smaller, it is sensitive to the
variation in β. For β < 0 and α̃ ≠ 0, one has ηϕ ≈ 3 or larger
which may be out of the validity of the derivative
expansion. If we permit ηϕ ≈ 1, the choice −5 < β < 0

with α̃ ¼ 0 seems to be suitable together with the principle
of minimal sensitivity.

VI. SUMMARY AND CONCLUSIONS

We have studied the parametrization and gauge depend-
ences in the Higgs-gravity system by using the func-
tional renormalization group. We have considered the
Einstein-Hilbert truncation for a gravitational sector and
used the exponential parametrization and compared the
results in the linear parametrization. Assuming an Einstein
spacetime for the background field, the beta functions
for the Planck mass squared, the cosmological constant

FIG. 12. Gauge dependence of the real (left) and imaginary (right) parts of the critical exponents θṼ , θM̃2
P
in the Landau gauge α̃ → 0.

The vertical dashed line shows the location of the pole at β ¼ 3.

FIG. 13. Gauge dependence of ηϕ. The vertical dashed line is located at β ¼ 3.
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and the scalar potential have been derived. We have used
these results to study the parametrization and gauge
dependences of the fixed points and the critical exponents.
We find that the results do depend on these, but if we
choose suitable range of gauge parameters, we may get
reasonable and stable results under the change of gauge
parameters, in accord with the principle of minimum
sensitivity.
For the comparison of the parametrization dependence,

the main features we have found are the following:
(1) An advantage of the exponential parametrization is

that only the trace mode h in the metric fluctuations
couples to the scalar potential including the cosmo-
logical constant. Consequently, the propagators of
the other modes (hTTμν , ξμ and σ) in metric fluctua-
tions have no artefactual poles arising from the
cosmological constant.

(2) The gauge parameters appear in the scalar potential
in a specific combination with the Planck mass, and
thus the beta function of the scalar potential is
written in an apparently gauge-independent form
by the redefinition of the Planck mass (3.19). This
allowed us to discuss the beta functions without
gauge dependence.

(3) These advantages, however, are valid only if we can
use the local potential approximation for the scalar
field, i.e., Zϕ ¼ 1 (or, equivalently, ηϕ ¼ 0). In the
exponential parametrization, we have found that the
loop corrections to ηϕ come from all modes includ-
ing the TT mode in the metric fluctuations which
entail ηϕ to be large. In the pure gravity, it appears
that large jβj is favored, but when the scalar fields
exist, the gravity decouples from the scalar fields
in the limit, and gives large contribution to the
anomalous dimensions. Thus the exponential para-
metrization has also its limitation, and the linear
parametrization may be better in this respect.

(4) These situations are opposite in the linear para-
metrization: the scalar potential receives loop effects
of all modes in metric fluctuations, whereas only the
spin-1 transverse vector and the scalar modes con-
tribute to ηϕ. Hence, although ηϕ is small, the scalar
potential have loop contributions from all modes
which are strongly gauge dependent.

For the gauge dependence of the fixed points and critical
exponents, we have shown
(1) There are singularities at β ¼ 3 and α̃ ¼ 3, and we

should be well away from these singularities to get
stable results. It appears that α̃ < 3 is preferable, and
α̃ ¼ 0 gives reasonable result. This point is also
expected to be a fixed point if we let α̃ run under the
renormalization group.

(2) In the pure gravity, it appears that large jβj is
favored. When the scalar fields exist, the gravity
decouples from the scalar fields in the limit, but
gives large contribution to the anomalous dimen-

sions. Considering the result on the gauge depend-
ence of the anomalous dimensions, we find that
−5 ≤ β ≤ −1 and α̃ ¼ 0 gives reasonable results.

These investigations imply that the optimization in the
gravitational sector tends to be in conflict with that in the
Higgs sector. One needs to find a suitable choice for
parameters such that both gravity and matter sectors are
reasonably optimized. In our study, we have found that the
region α̃ ∼ 0;−5 ≤ β ≤ −1 seems to give optimized choice
and the critical exponents are around

θ1 ∼ 3.7; θ2 ∼ 2.1; θ3 ∼ 0.2; θ4 ∼ −3; ð6:1Þ

where ηϕ gives relatively larger effect than A on the scalar
mass parameter and the quartic coupling. Although the
critical exponent of the Higgs mass parameter tends to be
smaller than the canonical one, it still remains to be a
relevant coupling within the present setups. We thus
conclude that the critical exponent for the quartic coupling
is negative, so that it is irrelevant, leading to the prediction
to the low-energy physics, but other couplings are likely to
be relevant. In particular we have shown that the cosmo-
logical constant never becomes irrelevant.
In general, it is expected that the improvement of

truncation makes parameter dependence mild. For instance,
it has been actually seen in Ref. [101] that by taking
subleading effects into account, one can realize almost the
gauge-parameter independence of the order parameter
for spontaneous chiral symmetry breaking in quantum
chromodynamics. An interesting question therefore is
how much gauge dependence is reduced by the improve-
ment of the gravitational sector, especially by constructing
the full nonperturbative propagator [102–105]. It is also
expected that systematic improvements of vertices
[106–115] beyond the background-field approximation
reduce gauge and parametrization dependences.
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APPENDIX A: YORK DECOMPOSITION

The York decomposition is defined by

hμν ¼ hTTμν þ∇μξνþ∇νξμþ
�
∇μ∇ν−

1

4
ḡμν∇2

�
σþ 1

4
ḡμνh;

ðA1Þ
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where

∇μhTTμν ¼ ḡμνhTTμν ¼ ∇μξ
μ ¼ 0: ðA2Þ

When Eq. (A1) is squared, we get

Z
d4x

ffiffiffī
g

p �
hTTμν hTTμν þ 2ξμ

�
ΔL1 −

1

2
R̄

�
ξμ þ 3

4
σΔL0

�
ΔL0 −

R̄
3

�
σ þ 1

4
h2
�
; ðA3Þ

where ΔLi are Lichnerowicz Laplacians defined in Appendix B. Note that we can freely insert the covariant derivatives
inside the above expression.
Let us here consider a Gaussian integral

1 ¼
Z

Dhμνe
−
R

d4x
ffiffī
g

p
hμνhμν : ðA4Þ

Because of the York decomposition, this integral is rewritten as

1 ¼ J
Z

DhTTμν DξμDσDhe−
R

d4x
ffiffī
g

p ½hTTμν hTTμνþ2ξμðΔL1−1
2
R̄Þξμþ3

4
σΔL0ðΔL0−R̄

3
Þσþ1

4
h2�; ðA5Þ

in which by performing the Gaussian integrals for each fields, the Jacobian should be identified with

J ¼ Detð1Þ

�
ΔL1 −

R̄
2

�
1=2

Detð0Þ

�
ΔL0

�
ΔL0 −

R̄
3

��
1=2 ≡ Jgrav1Jgrav0; ðA6Þ

where the suffices indicate which spin contributes. If we use new field variables

ξ̂μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔL1 −

R̄
2

r
ξμ; σ̂ ¼

ffiffiffiffiffiffiffiffi
ΔL0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔL0 −

R̄
3

r
σ; ðA7Þ

we do not have to introduce the Jacobian.
A similar decomposition should be made for the ghost fields, which is given in Eq. (2.9). Thanks to the inverse of the

squared (Lichnerowicz) Laplacian in front of the scalar ghost CL, the Jacobian associated to the decomposition does
not arise.

APPENDIX B: LICHNEROWICZ LAPLACIANS

The Lichnerowicz Laplacians are defined as

ΔL2Tμν ¼ −∇2Tμν þ Rμ
ρTρν þ Rν

ρTμρ − RμρνσTρσ − RμρνσTσρ;

ΔL1Vμ ¼ −∇2Vμ þ Rμ
ρVρ;

ΔL0S ¼ −∇2S: ðB1Þ

These operators have the useful properties of “commuting with covariant derivative” in the sense that

ΔL2ð∇μξν þ∇νξμÞ ¼ ∇μΔL1ξν þ∇νΔL1ξμ;

ΔL2ð∇μ∇νSÞ ¼ ∇μ∇νΔL0S: ðB2Þ
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APPENDIX C: VARIATIONS

We give variations for the effective action

Γk ¼
Zϕ

2

Z
d4x

ffiffiffi
g

p
gμν∂μϕ∂νϕþ

Z
d4x

ffiffiffi
g

p ½UðρÞ − ZNR�: ðC1Þ

With ϕ ¼ ϕ̄þ φ and the exponential parametrization (1.2), the second order of fluctuation fields in the effective action
reads

δ2Γk ¼
Zϕ

2

Z
d4x

ffiffiffī
g

p ½Hμν
2 ∂μϕ̄∂νϕ̄þHμν

1 ∂μφ∂νϕ̄� þ
Z

d4x
ffiffiffī
g

p ½V1 − ZNV2�; ðC2Þ

where

Hμν
1 ¼ hḡμν − 2hμν; ðC3Þ

Hμν
2 ¼ 1

8
h2ḡμν þ 1

2
hμλhνλ −

1

2
hhμν; ðC4Þ

V1 ¼
1

2

�
h2

4
Uðρ̄Þ þ ðU0ðρ̄Þ þ 2U00ðρ̄Þρ̄Þφ2 þU0ðρ̄Þ

ffiffiffiffiffi
2ρ̄

p
hφ

�
; ðC5Þ

V2 ¼
1

4
h2R̄þ hμν∇μ∇νh − 2hμν∇ν∇αhμα þ hμν∇2hμν þ

3

4
∇αhμν∇αhμν −

1

4
∇νh∇νh

−∇μhμν∇αhνα þ∇νh∇αhνα −
1

2
∇νhμα∇αhμν þ 1

4
∇μ∇νhμαhαν −

1

4
∇2hμαhαμ

þ hμνhαβR̄μανβ −
1

4
hμαhανR̄μν þ hð∇μ∇νhμν −∇2h − hμνR̄μνÞ: ðC6Þ

Note that in this work, we make the replacement hμν → Z−1=2
N hμν.

After employing the York decomposition, the Hessian has the following structure:

Γð2Þ
k ¼ 1

2

0
BBBBBB@

ðΓhTThTT Þμνρσ 0 0 ðVhTThÞμν ðVhTTφÞμν
0 ðΓξξÞμρ 0 0 ðVξφÞμ
0 0 Γσσ Γσh Γσφ

ðVhhTT Þρσ 0 Γhσ Γhh Γhφ

ðVφhTT Þρσ ðVφξÞρ Γφσ Γφh Γφφ

1
CCCCCCA
; ðC7Þ

where each component is separated into the kinetic term and the vertex as

ðΓhTThTT Þμνρσ ¼ ðKhTThTT ÞðPTTÞμνρσ þ ðVhTThTT Þμνρσ; ðC8Þ

ðΓξξÞμρ ¼ ðKξξÞðP1Þμρ þ ðVξξÞμρ; ðC9Þ
0
B@

Γσσ Γσh Γσφ

Γhσ Γhh Γhφ

Γφσ Γφh Γφφ

1
CA ¼

0
B@

Kσσ Kσh 0

Khσ Khh 0

0 0 Kφφ

1
CAþ

0
B@

Vσσ Vσh Vσφ

Vhσ Vhh Vhφ

Vφσ Vφh Vφφ

1
CA: ðC10Þ

Here, ðPTTÞμνρσ is the transverse-traceless (TT) projector which is given in a flat spacetime background, where the Fourier
transformation can be used, as

NOBUYOSHI OHTA and MASATOSHI YAMADA PHYS. REV. D 105, 026013 (2022)

026013-20



ðPTTðqÞÞμνρσ ¼
1

2
½ðP1ðqÞÞμρðP1ðqÞÞνσ þ ðP1ðqÞÞμσðP1ðqÞÞνρ� −

1

3
ðP1ðqÞÞμνðP1ðqÞÞρσ; ðC11Þ

with the transverse vector projector

ðP1ðqÞÞμν ¼ δμν −
qμqν
q2

: ðC12Þ

The kinetic terms K are given in Eqs. (2.12), (2.13), and (2.15) without the ϕ̄ dependence. In particular, the kinetic term of
the scalar modes is

0
B@

Kσσ Kσh 0

Khσ Khh 0

0 0 Kφφ

1
CA ¼

0
B@

− 3
16
ðΔL0Þ2ðΔL0 − R̄

3
Þ − 3

16
ΔL0ðΔL0 − R̄

3
Þ 0

− 3
16
ΔL0ðΔL0 − R̄

3
Þ − 3

16
ðΔL0 þ R̄

3
Þ þ 1

4
V
ZN

0

0 0 ZϕΔL0 þm2

1
CA

þ 1

α̃

0
B@

9
16
ΔL0ðΔL0 − R̄

3
Þ2 3β

16
ΔL0ðΔL0 − R̄

3
Þ 0

3β
16
ΔL0ðΔL0 − R̄

3
Þ β2

16
ΔL0 0

0 0 0

1
CA; ðC13Þ

while the vertices V arising fromHμν
1 ,Hμν

2 , and V1 have the
ϕ̄ dependence.

APPENDIX D: FLOW GENERATORS

In this Appendix, we explicitly show contributions
from each mode in the metric fluctuation. The regulator
matrices Rk replace the Laplacians z ¼ ΔL in K to
PkðzÞ ¼ zþ RkðzÞ. In this work, we employ the Litim
cutoff function RkðzÞ ¼ ðk2 − zÞθðk2 − zÞ.
Denoting the regulated kinetic terms by K̃, the flow

equation is expanded into polynomials of V as

∂tΓk ¼
1

2
Tr½ðK̃þ VÞ−1∂tRk�

¼ 1

2
Tr½K̃−1∂tRk� −

1

2
Tr½K̃−1∂tRkK̃

−1V�
þ Tr½K̃−1∂tRkK̃

−1VK̃−1V� þ � � � : ðD1Þ

Loop corrections to the cosmological constant and the
Planck mass are involved in the first term in Eq. (D1), while
those to the scalar potential UðρÞ and the field renormal-
ization factor Zϕ are obtained from the higher-order terms.
The Hessians of the spin-2 TT and the spin-1 transverse
vector modes have no dependence on the scalar potentialU,
so those does not induce quantum corrections to scalar-field
interactions, while the spin-0 trace mode (h) has a U
dependence in Khh and the mixing terms (Vhφ, Vφh) from
which the scalar potential receives quantum corrections
from the trace mode.

1. Heat kernel expansion

Before evaluating flow generators for each mode, we
briefly summarize the heat kernel technique. The flow
generator in this work typically takes a form

ζ ¼ 1

2
TrðiÞW½z ¼ Δi� ¼

1

2
TrðiÞ

∂tðaRkðzÞÞ
ðaPkðzÞ þ bÞpþ1

����
ðΦÞ

; ðD2Þ

where a, b are scale-dependent constants and i denotes the
internal space of a fieldΦ on which the Laplacian acts, e.g.,
i ¼ 2TT, 1T, etc. The heat kernel expansion gives

ζ ¼ 1

2ð4πÞ2
Z

d4x
ffiffiffī
g

p ½bðiÞ0 Q2½W� þ bðiÞ2 Q1½W�R̄þ � � ��:

ðD3Þ

Here, bðiÞn are heat kernel coefficients and the threshold
functions Qn are defined by

Qn½W� ¼ 1

ΓðnÞ
Z

∞

0

dz zn−1W½z�; ðfor n ≥ 1Þ; ðD4Þ

Q−n½W� ¼ ð−1Þn ∂
nW½z�
∂zn

����
z¼0

ðfor n ≥ 0Þ: ðD5Þ

When employing the optimized cutoff (3.3) for Eq. (D2),
Qn½W� can be expressed in terms of the shorthand threshold
function l2n

p introduced in Eq. (3.10) as

Qn½W� ¼ a−p
�
1 −

ηΦ
2ðnþ 1Þ

�
½2k2n−2pl2n

p ðm̃2
ΦÞ�; ðD6Þ
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where we have defined ηΦ ¼ −∂ta=a and m̃2
Φ ¼ b=ðk2aÞ.

For the heat kernel coefficients of the Lichnerowicz
Laplacians, see, e.g., Ref. [91]. Note that in a flat space-
time, the variable z can be identified with loop momentum
squared, q2 so for n ≥ 1

1

2ð4πÞ2Qn½W� ¼ 1

2

Z
d4q
ð2πÞ4

q2n−4

ΓðnÞ W½q2�: ðD7Þ

2. Transverse-traceless spin-2 mode

The Hessian for the TT spin-2 mode is given in
Eq. (2.12). Using the heat kernel expansion, one has

πTT ¼ 1

2
Tr

∂tRk

Γð2Þ
k þRk

����
hTThTT

¼ 1

2
Trð2TTÞ

� ∂tRk

Pk − R̄
2

�

¼ 1

ð4πÞ2
Z

d4x
ffiffiffī
g

p �
5l4

0ð0Þ

þ k2
�
−
25

6
l2
0ð0Þ þ

5

2
l4
0ð0Þ

�
R̄

�
: ðD8Þ

3. Spin-1 transverse vector modes

In the system, there are three spin-1 transverse vector
modes, i.e., ξμ, CT

μ (C̄T
μ ) and Jgrav1 which have the same

structure of the Hessian as in Eqs. (2.10), (2.13), and (2.17).
We denote these contributions by ηð1Þ, which is evaluated
by the heat kernel technique:

ηð1Þ ¼ 1

2
Tr

∂tRk

Γð2Þ
k þRk

����
ξξ

− Tr
∂tRk

Γð2Þ
k þRk

����
C̄TCT

−
1

2
Tr

∂tRk

Γð2Þ
k þRk

����
Jgrav1

¼ −
1

2
Trð1TÞ

� ∂tRk

Pk − R̄
2

�

¼ −
1

ð4πÞ2
Z

d4x
ffiffiffī
g

p �
3l4

0ð0Þ

þ k2
�
−
1

2
l2
0ð0Þ þ

3

2
l4
0ð0Þ

�
R̄
�
: ðD9Þ

4. Spin-0 scalar modes

We have ðσ; h;ϕÞ, CL (C̄L), and Jgrav0 as spin-0 scalar
modes. Among them, two fields should be physical. One of
physical modes is ϕ, while another is a linear combination
of σ and h. Other modes are unphysical. Denoting πð0Þ and
ηð0Þ physical and unphysical modes, respectively, their flow
generators are given by

πð0Þ þ ηð0Þ ¼ 1

2
Tr

∂tRk

Γð2Þ
k þRk

����
scalar

− Tr
∂tRk

Γð2Þ
k þRk

����
C̄LCL

−
1

2
Tr

∂tRk

Γð2Þ
k þRk

����
Jgrav0

: ðD10Þ

The last two terms can be simplified to be

− Tr
∂tRk

Γð2Þ
k þRk

����
C̄LCL

−
1

2
Tr

∂tRk

Γð2Þ
k þRk

����
Jgrav0

¼ −Trð0Þ
� ∂tRk

Pk − R̄
3−β

�
−
1

2
Trð0Þ

� ∂tRk

Pk − R̄
3

�
−
1

2
Trð0Þ

�∂tRk

Pk

�

¼ −
1

ð4πÞ2
Z

d4x
ffiffiffī
g

p �
4l4

0ð0Þ

þ k2
�
2

3
l2
0ð0Þ þ

9 − β

3ð3 − βÞl
4
0ð0Þ

�
R̄

�
: ðD11Þ

The first term on the rhs in Eq. (D10) is evaluated as
follows: We first calculate the inverse matrix of the Hessian
(2.15) with the regulator matrix Rk which replaces the
Laplacians in the Hessian by Pk. Then, we evaluate the
trace for the product of the inverse matrix of the Hessian
and the regulator matrix differentiated by the scale, ∂tRk.
In this way, one obtains

1

2
Tr

∂tRk

Γð2Þ
k þRk

����
scalar

¼ 1

ð4πÞ2
Z

d4x
ffiffiffī
g

p �
k4S2ðρ̃Þ

þ k2
�
S1ðρ̃Þ þ

1

6
S2ðρ̃Þ

�����
ρ̃¼0

R̄

�
;

ðD12Þ

where

S2ðρ̃Þ ¼ 3l4
0ð0Þ þ l4

0ð−M̃2
sÞ

þ 2

�
1 −

ηϕ
6

��
1 − 2

4ð3 − α̃Þ
ð3 − βÞ2M̃2

P

Ũðρ̃Þ
�

× l4
0ð−M̃2

sðρ̃ÞÞl4
0ðM̃2

Hðρ̃ÞÞ; ðD13Þ

S1ðρ̃ ¼ 0Þ ¼ 6 − α̃

6ð3 − α̃Þ −
�

3 − α̃

ð3 − βÞ2 −
1

3 − β
þ 1

3 − α̃

�
× l2

1ð−m̃2
sÞ: ðD14Þ

5. Anomalous dimension of the scalar field

Let us derive the anomalous dimension of the scalar
field, ηϕ induced by the metric fluctuations. The full result
is shown in Eq. (3.17).
We first note that we can consider a flat spacetime

background ḡμν ¼ δμν to obtain ηϕ, so the Fourier trans-
formation for fields can be employed, i.e.,
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Zϕ

2

Z
d4xδμνð∂μϕÞð∂νϕÞ ¼

Zϕ

2

Z
d4q
ð2πÞ4 q

2ϕðqÞϕð−qÞ: ðD15Þ

The flow equation for the renomalization factor of the scalar field is obtained by evaluating

∂tZϕ ¼ 1

Ω
d

dp2

δ

δϕ̄ðpÞ
δ

δϕ̄ð−pÞ ∂tΓkjp2¼0; ðD16Þ

where Ω ¼ R d4x ¼ ð2πÞ4δ4ð0Þ is a four-dimensional spacetime volume. Diagrammatically, there are the following
contributions: From Eq. (D1),

ðD17Þ

where solid and double-solid lines represent a scalar field and metric fluctuation fields hμν, respectively, and the cross circle
denotes the cutoff insertion in the propagator. For the first diagram (tadpole diagram), a vertex Hμν

2 given in Eq. (C4)
contributes, whereas the second and third diagrams (sunset diagrams) have two vertices of Hμν

1 . Below we calculate these
contributions explicitly.

a. Tadpole diagram

Before computing contributions from the tadpole diagram, we consider the trace of Hμν
2 , namely,

δμνH
μν
2 ¼ 1

2
hμνhμν: ðD18Þ

Hence, due to the functional trace in the flow equation, the first and third terms in Eq. (C4) cancel each other, and thus only
the second term in Eq. (C4) contributes. Moreover, as shown in Eq. (A3), the squared metric fluctuation field has no mixing
term between different modes.
First, we evaluate the contribution from a TT-mode loop which is denoted by a double wiggly line below.

ðD19Þ

where ðPTTðqÞÞρσμν is defined in Eq. (C11).
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Second, the loop effect of the transverse spin-1 mode is calculated. Denoting it by a single wiggly line, we obtain

ðD20Þ

Note that we have redefined the transverse vector mode as
ξμ → α̃1=2ξμ.
Finally, let us calculate contributions from the scalar

modes in the metric fluctuations for which we need the
2 × 2 vertex matrix,

�
Vσσ Vσh

Vhσ Vhh

�
: ðD21Þ

Their propagators are given as a 2 × 2 matrix, i.e., the
regulated propagator matrix reads

K̃−1j2×2 ¼
16

Pk− k2m̃2
s

0
B@− 1

3P2
k

ðβ2−3α̃ÞPkþ4α̃k2v0
ðβ−3Þ2Pk

ðβ−α̃Þ
ðβ−3Þ2Pk

ðβ−α̃Þ
ðβ−3Þ2Pk

ðα̃−3Þ
ðβ−3Þ2

1
CA;

ðD22Þ

with m̃2
s ¼ 4ð3−α̃Þ

ð3−βÞ2 v0 and the regulator matrix

Rkj2×2 ¼
1

16

 
3ð3−α̃Þ

α̃ ðP3
k − q6Þ 3ðβ−α̃Þ

α ðP2
k − q4Þ

3ðβ−α̃Þ
α̃ ðP2

k − q4Þ β2−3α̃
α̃ ðPk − q2Þ

!
:

ðD23Þ

As mentioned above, the traced Hμν
2 contains no mixing

vertex between σ and h, so we define the vertex matrix of
scalar modes as the following diagonal form

�
Vσσ Vσh

Vhσ Vhh

�
→ Vj2×2 ¼

Zϕ

ZN
Ω
p2

16

�
3q4 0

0 1

�
; ðD24Þ

where we already performed the symmetrization for the

loop momenta; qμqν → q2

4
δμν and pμ are external momenta.

We denote the propagator of scalar modes in the metric
fluctuations by a dashed line and evaluate contributions
from their tadpole diagram as follows:

ðD25Þ
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To summarize, the total contributions from the tadpole
diagrams are the sum of Eqs. (D19), (D20), and (D25).
Here we briefly comment on the case of the linear

parametrization for which the vertex with two-metric
fluctuations reads

Hμν
2 ¼

�
−
1

4
hαβhαβþ

1

8
h2
�
ḡμνþhμλhνλ−

1

2
hhμν: ðD26Þ

Taking the trace for this, we find that ḡμνH
μν
2 ¼ 0, thus there

are no contributions from the tadpole diagrams in the linear
parametrization.

b. Sunset diagrams

We compute the anomalous dimension of the scalar field
from the sunset diagrams which are given by last two terms
in Eq. (D17). We note that although the three-point vertex

ϕ̄ − h − φ arises from the scalar mass termm2 ffiffiffi
g

p
ϕ2, we do

not take it into account by assuming that scalar interactions
have only the Gaussian fixed point. Thus, we consider
contributions from only Hμν

1 .
We first recognize that the sunset diagrams with the

TT mode propagator does not contribute because within
the flow generator, loop momenta qμ included in the
vertex VhTTφ contract with the TT projector (C11) and
give qμðPTTðqÞÞρσμν ¼ 0.
We next consider the anomalous dimension ηϕ induced

by the interactions Vξφ and Vφξ. The flow equation contains
the following algebraic computation:

Tr½ðiqρδσαÞqρpσðiqμδνβÞqμpνðP1ðqÞÞαβ�¼−
3

4
q2p2: ðD27Þ

Using this, we obtain

ðD28Þ

where we have used qμðP1ðqÞÞμν ¼ 0 and pβðP1Þβαpα ¼ 3p2=4.
Next, we evaluate loop effects of spin-0 modes for which the following 3 × 3 vertex matrix is needed:

0
B@

0 0 Vσφ

0 0 Vhφ

Vφσ Vφh 0

1
CA: ðD29Þ

The flow equation for the two-point function of ϕ̄ is given by
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ðD30Þ

Here, K̃−1j2×2 andRkj2×2 are defined inEqs. (D22) and (D23), respectively, and thevertexmatrix is reduced to the2 × 2matrix

δ2

δϕ̄ðpÞδϕ̄ð−pÞ
�
VσφVφσ VσφVφh

VσφVφh VhφVφh

�

¼ Ω
Z2
ϕ

M2
P

�
2ðqμqν − δμν

4
q2Þqμpν × 2ðqρqσ − δρσ

4
q2Þqρpσ 2ðqμqν − δμν

4
q2Þqμpν × 1

2
δρσqρpσ

2ðqμqν − δμν

4
q2Þqμpν ×

1
2
δρσqρpσ

1
2
δμνqμpν ×

1
2
δρσqρpσ

�

→
Z2
ϕ

M2
P
Ω
p2

16

�
9q6 3q4

3q4 q2

�
; ðD31Þ

where in the last step, we symmetrized loop momenta by qμqν → q2

4
δμν.
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Continuing the evaluation of Eq. (D30), the scalar modes in the metric fluctuations gives

ðD32Þ

The total contributions from sunset diagrams to the anomalous dimension of the scalar field is the sum of Eqs. (D28)
and (D32).
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