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We study exponentiated soft exchange in (d + 2)-dimensional gauge and gravitational theories using the
celestial conformal field theory formalism. These models exhibit spontaneously broken asymptotic
symmetries generated by gauge transformations with noncompact support, and the effective dynamics of
the associated Goldstone “edge” mode is expected to be d-dimensional. The introduction of an infrared
regulator also explicitly breaks these symmetries so the edge mode in the regulated theory is really a
d-dimensional pseudo-Goldstone boson. Symmetry considerations determine the leading terms in the
effective action, whose coefficients are controlled by the infrared cutoff. Computations in this model
reproduce the Abelian infrared divergences in d =2 and capture the resummed (infrared finite) soft
exchange in higher dimensions. The model also reproduces the leading soft theorems in gauge and
gravitational theories in all dimensions. Interestingly, we find that it is the shadow transform of the
Goldstone mode that has local d-dimensional dynamics: the effective action expressed in terms of the
Goldstone mode is nonlocal for d > 2. We also introduce and discuss new magnetic soft theorems. Our
analysis demonstrates that symmetry principles suffice to calculate soft exchange in gauge theory and

gravity.
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I. INTRODUCTION

Gauge theories and gravitational theories in asymptoti-
cally flat spacetimes exhibit well-known universal infrared
behavior. Soft theorems govern the form of scattering
amplitudes at the boundaries of kinematic space, and
repeated soft exchange exponentiates in a way that is
independent of the microscopic details of the scattering
process. Universality follows from symmetry, and both of
these phenomena ultimately derive from the asymptotic
symmetry structure of gauge theories in flat spacetime.

In the Coulomb phase, gauge transformations with
noncompact support act nontrivially on physical states.
These “large gauge transformations” are broken by the
perturbative vacuum and correspond to flat directions in
field space protected by symmetry. The unbroken global
part of the gauge group gives rise to global charge
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conservation, but the local transformations are more akin
to Goldstone bosons for an infinite-dimensional symmetry
group. These universal features find natural expressions in
the celestial conformal field theory (CFT) formalism. The
isomorphism between the Lorentz group in d + 2 dimen-
sions and the Euclidean conformal group in d dimensions
can be exploited to recast standard S-matrix elements as
“celestial correlators” that resemble those of a d-dimen-
sional CFT (CFT,). In this language, the unbroken sym-
metry group ensures the existence of a conserved current
which is the shadow transform of a soft operator [1] and
which satisfies the local Ward identities required of a CFT},.
In this paper, we demonstrate that the shadow transform of
the Goldstone mode (corresponding to the broken sym-
metries) also has local d-dimensional dynamics, and that
those dynamics fully reproduce the effects of soft
exchange. Given that soft exchange occurs over large
scales in the bulk, it is somewhat surprising that it can
be captured by a local action in a lower dimension. We
believe that our result lends support to the holographic
interpretation of the celestial CFT formalism. There is a
small body of previous work addressing soft exchange in
celestial CFT, primarily in four dimensions [2-8]. The
methods and rationale in these treatments differ signifi-
cantly from ours but the results for the case d =2 are
equivalent.

Published by the American Physical Society
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Our analysis relies on the well-known (dimension-
independent) exponentiation of soft exchange in Abelian
gauge theory and gravity. If (O;---0,), denotes the
S-matrix element calculated with an infrared (IR) cutoff
w1 on loop momenta and A is the scale chosen to separate
hard from soft, then

(O)---0,), = e—r(w\)<(91 e

u

Oua- (11)

The quantity I" can be calculated from one-loop exchange
diagrams and depends on the two scales u, A and the
quantum numbers of the external hard particles. The hard
amplitude (O, --- O,), is model dependent, but the expo-
nential factor e™' is universal and one would like to
compute it using symmetry principles. To do this, we
separate fields into hard and soft pieces, integrate out the
hard modes, and consider the effective action for the slow
modes:

©1--02), = [ldo] [ldplesminnio, ..o,

g <Ol PPN On>A /[d(ps]e_Ssol'l[(ﬂx]_Sim[(ﬂxvj].
(1.2)

The form of the second equality relies on the identi-
fication of the soft modes ¢, with the Goldstone edge
modes associated with asymptotic symmetries. These
degrees of freedom are effectively d-dimensional, and
we expect their “dynamics” to be Euclidean. At this stage
of the calculation, the external particles are accounted for
by classical sources j for ¢, and the matching condition
reads

/[ngS]e_Ssoﬂ[(ﬂs]_Sim[(ﬂsvj] — e—r.

The form of the interaction term S, [¢;, j| is completely
fixed by the symmetry transformation properties of the
external states under the broken symmetries. In order to
determine Sy, [, it is essential to understand the pattern
of symmetry breaking in the IR regulated theory. The
models that we consider exhibit infinite-dimensional
groups of spontaneously broken symmetries G whose
unbroken finite-dimensional subgroups we denote by G.
For instance, in the case of U(1) gauge theory on R'4*+1,
the group G consists of maps S — U(1) and G = U(1)
corresponds to the constant maps. If the G/G edge modes
were true Goldstones, then the effective action Sy [;]
would be invariant under a nonlinear realization of the full
infinite-dimensional group of G transformations. In the
U(1) example, a simple model for such an action is a
d-dimensional U(1) gauge theory in which one only
integrates over (and does not quotient by) the trivial flat
connections C, = 9,C(x). However, the introduction of

the infrared regulator breaks these symmetries, so the
effective action can also contain symmetry breaking terms
that give an action to the Goldstone modes and S5 [¢;] is
the leading symmetry breaking term. It takes the form of a
(nonlocal) mass term for the flat connection C,, in the case
of Abelian gauge theory. In the models that we consider the
resulting path integral is Gaussian and can be evaluated
explicitly. The coefficient of Sy, [@,] is then determined by
matching onto the infrared divergence and it depends
explicitly on the infrared cutoff. The resulting action can
be used to compute the resummed soft exchange in any
dimension. Interestingly, it is the shadow mode that has
local dynamics: the action expressed in terms of the
Goldstone variable is nonlocal when d > 2. “Integrating
in” a second degree of freedom related to external soft
insertions results in a model that also reproduces the
leading soft theorems in gauge and gravitational theories
in all dimensions.

Although we do not treat the non-Abelian case com-
pletely, our symmetry considerations do lead to a natural
conjecture for the infrared action that fits in well with
known analogies between nonlinear sigma models in two
dimensions and non-Abelian gauge theories in four dimen-
sions. In two dimensions the fluctuations of the non-
Abelian Goldstone bosons are strongly coupled and tend
to disorder the system and restore the symmetry. A similar
statement applies to the four-dimensional soft gluon when
viewed as the order parameter for a spontaneously broken
non-Abelian large gauge symmetry: the soft gluon is
strongly coupled in four and fewer dimensions, and the
strong dynamics generically leads to the confining (unbro-
ken) phase of gauge theory. In fact, a motivating point for
this work is the observation that the infrared phases of
Goldstone bosons in d dimensions match those of gauge
theories in d + 2 dimensions. Both are infrared free (in the
broken phase) when d > 2 and generically strongly
coupled when d < 2. We hope to return to this case in
future work and to continue to explore what is two-
dimensional about four-dimensional gauge theory.

The outline of this paper is as follows. In Sec. II, we
review soft theorems and soft exchange in gauge and
gravitational theories in the language of conformal corre-
lators. In Sec. III, we extend these results to include
magnetic and dyonic states, and introduce a variety of
new magnetic soft theorems. In Sec. IV we use sym-
metry principles to derive the d-dimensional actions that
reproduce soft exchange and soft theorems in (d + 2)-
dimensional models. Section V concludes with open
questions, and the Appendix contains derivations of
important integral formulas.

II. PRELIMINARIES

In this section we review known results on the infrared
sector of gauge theory and gravity, beginning with a
discussion of the relationship between S-matrix elements
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and conformal correlation functions. We then review soft
theorems and infrared divergences in the language of these
correlators.

A. S-matrix as a conformal correlator

The Lorentz group in d + 2 dimensions is isomorphic
to the Euclidean conformal group in d dimensions. This
correspondence can be exploited to recast scattering

amplitudes on R'4*! in terms of the correlation functions
of a CFT,.

1. Poincaré and conformal algebra
The Poincaré algebra is generated by the operators P,
and M, (u,v=0,...,d+ 1) satisfying the commutation
relations
[P,.P,] =0, M, P,| = 2in,,P,,

[M/“,,Mpo.] = 4inVi[/4MU]E]’ (21)

where n = diag(—1,+1,...,+1). The Lorentz generators
M, are linear combinations of the conformal generators
Japs D, Ty, and K, (a,b =1, ...,d),

Jab = M yp, D:Md+l,07

Ta = MO,a - Md+1,a’ Ka = MO.a + Md+l.a' (22)

The Lorentz algebra implies that these generators satisfy

the Euclidean conformal algebra

[Jah’ ch] = 4l5&[a']b]g] ’

ap K| = 206Ky,
[K,,D] = —iK,,

[Julﬂ Tc] = 2i60[uTb]v
T4, D] = +iT,,
[Tm Kb] = _Zi(ﬁabD + Jab)'
(2.3)
The J,, generate SO(d) rotations, T, and K, generate
translations and special conformal transformations, and D is
the dilation operator. The mutually commuting generators

P* decompose into two scalars P = P? 4 P4+! and a vector
P¢ which mix under the action of the conformal algebra:

Japs PT1=0,  [Japs P]=2i6:1aPy),  [Jap, P7]=0,

[P*,K,|=—2iP,, [P*.T,]=0, [P*,D]=+iP"*,
[P~.T,]=—-2iP,, [P~.K,)=0, [P~.D]=—iP",
[Py, D]=0, [P, Ty]==i64P", [Py Kp]=—iqP.

(2.4)

2. Momenta and polarizations

The S-matrix computes an overlap between multiparticle
in and out states. It is a function of the momenta, spins,

and other quantum numbers associated with these states.
In order to recast the S-matrix as a conformal correlator,
it is useful to parametrize the momenta and polari-
zation vectors in a way that makes the connection
between the Lorentz group and the conformal group
manifest. A convenient parametrization for the momenta
is given by

PH(@.x) = op(0.x).  P'(o.x) = ¢ (x) + (m*/o?)n",

(2.5)
where ¢ and n are both null vectors given by
P =SR2 -, =L 0n o),
(2.6)

Momenta appearing in the scattering amplitude will be
denoted by p = p*(w;, x;). We will adopt the conven-
tion in which outgoing momenta have ; = sign(w;) = +1
and incoming momenta have n; = —1. In these variables
the Lorentz invariant inner product takes the form

A 1
Pi- by = =5 by +mi o} +mjfw],

a __ ,a _ a
xi; = xj —xj.

(2.7)

In addition to the momenta, spinning states are also
labeled by their polarizations (little group representation).
The d independent polarization vectors for a massless spin
one gauge boson will be taken to be

£a(x) = 04" (x) = (x,. 63, —x,). (2.8)
These satisfy
n'ga(x) =0, ﬁi'ga(x_/) = ('xlj)a’
ga(xi) : SIJ(Xj) = 611/7' (29)
It is also useful to define the polarization sum
I (x) = &y (x)e™ (x)
=" 4+ 20" ¢ (x) 4+ 2n*¢*(x).  (2.10)

The polarization tensor for a massless spin two graviton is
given by

e (x)ef () + e (X)eh ()] = 20,T (),

(2.11)

and the corresponding polarization sum is

026009-3



DANIEL KAPEC and PRAHAR MITRA

PHYS. REV. D 105, 026009 (2022)

7 (x) = i ()27 ()

— % [T1#7 (x)T1¥ (x) + T1#° (x)T1%° (x)]

1

_ EH’“’(x)HP"(x). (2.12)

The Lorentz invariant phase space measure in this para-
metrization takes the form

dd+1 0
/ Op = /ddx/ dww?
p 0

In Sec. I C we will discuss virtual soft exchange and off-
shell loop momenta in loop integrals. A convenient para-
metrization is £ = w[¢*(x) + xn*]. Integrals over off-shell
momenta are given by

/d‘”zf /dd / da)|a)|d+1/ de.  (2.14)

3. Scattering states and conformal correlators

(2.13)

A scattering amplitude with m outgoing particles and
n —m incoming particles is given by

Ay ={p1s s PulPmsts - Pa)
<0|T{a0m( ) Out(pm)am-H (pm+1)
ai’ (pa)}10), (2.15)
where a™°"(p,) are the in and our annihilation operators.

We will suppress the additional spin, color, and/or flavor
indices of these operators when they play no role. We can
rewrite this amplitude in a suggestive way by defining

Oi(w;.x;) = a (p(.x,))0(w;) + @™ (—p(w;,x,))0(—w;).

(2.16)

According to this definition, when ®; < O the operator
inserts the CPT conjugate incoming particle. The scattering
amplitude then takes the form
An = <Ol(a)l’xl)"'On(wmxn»' (217)
Equation (2.17) is simply a rewriting of the scattering
amplitude, and it is not immediately obvious why this
representation is advantageous. Its utility derives from a
reinterpretation of the Lorentz transformation properties of
the operators (2.16). Lorentz invariance fixes the trans-
formation properties for an annihilation operator

[a™'(p), M/w] = jl(lil}a?m(p)’ j/(jt/) =L, + S/(jz/)
(2.18)

LMD - _2ip[ﬂapu]

S,(,',,) is the spin angular momentum operator for the ith
particle. Combining (2.18) with the definitions (2.2), (2.16)
and the parametrization (2.5), one can determine the
transformation properties of O; under the Euclidean con-
formal group. The transformations take a particularly
simple form for massless operators (see [1] for details):

is the orbital angular momentum, and

[Oi(w, %), T,] = i9,0i(w, x),

(O1(.%). ] = =i(x,0 = 10,)O(@. %) + SO (w. x).
[0(@,x), D] = i(x*0, — 09,)O;(w, x),

[0i(w, x),K,] = i[x*0, — 2x,x" 0}, + 2x,00,,)O;(w, x)

+ 22080, (@, x). (2.19)
Here, the SO(d) little group generators Sg’; act in
the representation determined by the spin of ;.
Equation (2.19) is precisely the transformation law for
a d-dimensional conformal primary operator, with the
important caveat that D is not diagonal in this basis.
Instead, the momentum eigenstate operators have a formal
scaling dimension A = —wd,,. This is simply a reflection
of the fact that momentum eigenstates are not simulta-
neously boost eigenstates. By performing a change of
basis—namely a Mellin transform with respect to w—it
is possible to define an equivalent set of operators which do
diagonalize D,

~ o d
OF(A,x) = / dow*'O(+w, x), Ae 3 +iR.
0

(2.20)

The = superscript distinguishes between in and out states.
The restriction of A to the principal series is necessary in
order for the operators O to be normalizable. The inverse
Mellin transform is used to map the operators back,

dtico JA
w—[ 9B 2O (. x).

§—ico 2 i

o(

(2.21)

Certain momentum eigenstate operators have universal
behavior in the soft (w — 0) limit. Scattering amplitudes
involving these special operators exhibit poles in this
regime, and the residues can be isolated using a compact
contour C surrounding the origin in the complex @ plane:

d—ww” '0(w, x).

c 2wl

O(n, x) = (2.22)

It is not obvious whether this special class of operators is
independent from those of the form (2.20).

Operators corresponding to massive particles in
momentum eigenstates also transform improperly (not as
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primaries) under special conformal transformations. For a
massive scalar operator, the commutation relations are

0w, x), T

[Oi(@. %), Jap
[O(w. x).
[Oi(@, %), K4

i0,0;(w, x),

—i(x40p — x,0,)O;(w, x),
i(x*0, — 00, O;(w, x),
i[(x* + m?/w?)0, — 2x,x"0,

+ 2x,00,)0;(w, x).

o =
I =
D]
]

(2.23)

Despite the more complicated form of this transformation
law, there exists a basis transformation which maps the
massive momentum eigenstate O(w,x) to a conformal
primary operator with A € ‘—; + iR,

(’)(Ax—mAd/dd/ dww®

X KCa(m/w,y;x)O(xw, y). (2.24)

The kernel of this integral transform is the bulk-to-
boundary propagator for a field of dimension A in
Euclidean hyperbolic space H,.,

’CA(Z7y;x) =Cy {W} A,
_T(a)
Ch = ﬂgF(A = %) . (2.25)

As in the massless case, the scaling dimensions are
restricted to the principle series so that the operators are
normalizable. To find the inverse transform, we use the split
representation of the Dirac delta function in H,,,

7415(z = 2)6 9D (x — x')

1 [%+ico dA
N El—ioo 271'1

2
Using this identity, the inverse transformation takes the
form
1 [$tico dA
— o= dd —-A
=3 /g_,»oo 2qi )

X Ka_a(m/|o|, x;y)OF (A, y).

ddyICA(z 6 y)a-a (2 x5y).  (2.26)

O(£|wl,
(2.27)

The operators O* (A, x) varied over A are not independent
of each other. Instead, they satisfy

d CdA
/‘”[(x—y)]

This integral transform defines the shadow transform for
scalar operators. The definition for more general operators
is given in (2.38).

The basis transformation for spinning massive states is
more complicated since the massive little group is SO(d + 1)

LO05(A,y) =0"(d-Ax).  (2.28)

and its representations must be decomposed into represen-
tations of SO(d). We will not need the precise form of this
generalized Mellin transform.

4. Summary

The result of this section is that the Mellin-transformed
n-point scattering amplitude on R4+,
./Zln = <@'171(Al7xl) e

O (A x,)),  (229)

transforms as a d-dimensional conformal correlation function.
The operators appearing on the right-hand side (RHS) trans-
form as conformal primaries: massless particles correspond to
local operator insertions given by (2.20) while massive
particles correspond to operator insertions given by (2.24).

The operators O; are generically labeled by additional
spin, flavor, and/or color indices. We only exhibit the spin
indices when the particle is a gluon or graviton since they
play a special role in what follows. The corresponding
operators are denoted by O, and O,,,. These operators create
one-particle states with polarization ¢, given by (2.8) or ¢,
given by (2.11), respectively.

B. Soft theorems and conserved currents

Soft theorems describe the universal behavior of scattering
amplitudes involving one or more energetically soft (long
wavelength) external particles. Long wavelength states are
unable to resolve short-distance scattering processes, SO
amplitudes with soft insertions typically factorize into lower
point amplitudes acted on by soft factors that are only
sensitive to long distance data (such as quantum numbers).
This factorization is (semi)universal and its form is inde-
pendent of the microscopic details of the theory. Universal
behavior is usually a consequence of an underlying sym-
metry, and work over the past several years has demonstrated
that most of these universal formulas are reflections of the
asymptotic symmetry structures in gauge and gravitational
theories in flat space [9—14]. In this section, we review the
soft photon, the soft gluon, and the leading soft graviton
theorems in the language of conformal correlators.

1. Leading soft photon theorem

In any dimension, the soft photon theorem implies'

<O (w )C)Ol T On>C:0
=0 1 Di- ea X)
ZQ: ﬁz x On>C:O7 (230)

"This is only formally true in four dimensions, since both sides
of (2.30) generically vanish for scattering states with a finite
number of photons due to the infrared divergence (see Sec. I C).
In that case, the information content of the soft theorem resides in
the form of the infrared finite dressed states.
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where O; = O;(w;,x;) and C = A|,; is the asymptotic
connection. The subscript C = 0 in (2.30) indicates that the
connection used to compare the electric charges at different
points on the celestial sphere is taken to be trivial in
standard quantum field theory (the electron has charge —1
no matter where it appears on the celestial sphere) so we
will suppress this notation in what follows.”

The soft theorem states that in the limit where the
energy of the photon is small compared to the energies
of the hard particles, the amplitude factorizes into a
simple soft factor multiplied by a reduced scattering
amplitude involving the remaining n hard states. The
gauge coupling constant is e and Q; is the electric charge
of the ith particle. In our conventions, the electric charge is

defined by
1
Q = —2/ *F.
e S2?

We will assume that the gauge group is compact [U(1) as
opposed to R], so the charges are quantized

(2.31)

Q;,=n; €. (2.32)
We define the leading (n = 1) soft photon operator accord-
ing to (2.22),

1 [do
Sa(x) =;f£2—m.0

The contour integral isolates the residue of O,(w,x) at
@ =0, and S,(x) has scaling dimension A = 1. Insertions
of the soft operator are therefore fixed completely by the
soft theorem

(@, x). (2.33)

<Sa(x)01 T On> = ju(x) <Ol T On>’ (2'34)

Talx) = aaZQi log[-p; - 4(x)]. (2.35)

Multiple insertions of this soft operator simply factorize

<Sa1(yl) e Sam(ym)ol T On>

=Ta 1) T, 0u)(O1---Oy). (2.36)
This formula is obtained by taking an n + m point
amplitude with m external photons and then taking con-
secutive soft limits wy, ..., w,, — 0. Since the photon does
not carry charge, the order of these limits is irrelevant.
Equations (2.34)—(2.36) together demonstrate that S,
behaves as a flat Abelian connection. In the absence of

*The role of this asymptotic connection is more fundamental in
the non-Abelian case, where it poses a potential obstruction to the
definition of non-Abelian dyonic charge.

magnetic charges, the gauge field edge mode C is flat as
well:

dS=0, dC=0=S=dp, C=do. (2.37)

It was demonstrated in [1] that the soft photon theorem
implies the existence of a conserved U(1) current in the
celestial CFT,;. The definition of this operator involves
the shadow transform, which maps a primary operator of
weight A in the representation R of SO(d) to a conformal
primary operator of weight d — A and representation R,

N 1
Ox) = / e R =) 00). (239

The double shadow transform is proportional to the
identity,

Ox) = carO(x),
/ddZ[R(I(x—Z)Z(Z—y))

— camD(x—y).
= Pl s )

(2.39)

For the spin s representation, this coefficient is given by

(A= 1)(d=A—1)[(¢= A)(A—1
A=A 1tsd-A—Tro)r@ara—a) >4

The U(1) conserved current is the shadow transform of the
soft operator (2.33)

1

S, (x).

(2.41)

In d > 2, ¢y is given by (2.40) while for d = 2 direct
computation gives ¢, ; = 472 (instead of z2). Note that
S,(x) has dimension one, so that its shadow has A = d — 1
which is appropriate for a conserved current. Insertions of
this current take the form

<Ju(x)ol On> _ja(x)<ol On>v
o) = 3= 7). 242)

and the divergence is given by (see Appendix for details)
(0°,(x)0; -+ O,) = ZQin(mi/wi7xi;x)<Ol - Oy).
(2.43)

The Ward identity (2.43) associates a nonlocal charge
distribution to the massive charged states. Massless states

301.1 vanishes in odd dimensions, but the shadow integral in
(2.41) vanishes as well. A finite result is obtained by evaluating
the RHS of (2.41) for general A and then taking the A — 1 limit.
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have a localized charge distribution which can be seen
using the property

linalCd(z, xy) =89 (x —y). (2.44)
7=

2. Leading soft gluon theorem

The generalization of the soft photon theorem (2.30) to
non-Abelian gauge theories is straightforward. The soft
limit of a single gluon with polarization a and color I takes
the form

(O’(a) x)0; -0, >C 0

w—>0 1

_ngMZ A Or-

T! is a generator in the Lie algebra g (for the gauge
group G) acting in the representation R; under which the ith
particle transforms, and gy, is the gauge coupling. The
generators are normalized so that

= Oue—o- (245)

[TI TJ] :fIJKTK,
(Tog)"* = =Sk,

fIKLfJKL — 5”,
(2.46)

The notation C = 0 signifies that the asymptotic connec-
tion used to compare color states at infinity is set to zero in
conventional scattering amplitude calculations. This sim-
plification is benign in the absence of chromomagnetic
flux. However, as we will discuss in Sec. III B, this
background connection is nonzero in the presence of
chromodyons and significantly complicates the definition
of the asymptotic symmetry group in non-Abelian models.
In this section we will only consider electrically charged
states, so we suppress this notation.
The leading soft gluon operator is defined as

1 d
S =——¢ =

2.47
gym Je 2mi ( )

Its correlation functions are completely controlled by the
soft gluon theorem
(Se(x)Oy -+ O,) = T(x){(O

1--0n),  (2.48)

= i0 Zlog —pi-G(x (2.49)

Note that J7(x) is a matrix which acts on the color indices
of the amplitude A,,.

Multiple insertions of the operator S’ are defined by
taking an n + m point amplitude with m gluons and then
taking the soft limits w, ..., ®,, — 0. However, since the
gluon is itself charged under the gauge group, the order in
which these limits are performed does matter. We will adopt

the prescription that the soft limits are taken in the “left-to-
right” order

1 dw
sh e Sy VO O =——
(Sh01) S 0,)01 -0 = - f 5
dw
SOl n 1)+ Ol (@ )OO,
(2.50)

where C;, cC, C---CC(C, are nested contours in the
complex @ plane. The soft operator S and gauge field
edge mode C satisfy a non-Abelian flatness condition

dS+CAS+SAC=0, dC+CAC=0
= S=d¢+|[C,¢], C=UdU™".
(2.51)

We can also construct a non-Abelian conserved current

1
1 I
150 = 52— 805,
<Jt11(x)01 On> :Ja(x)<ol "'On>’ (252)
where j!(x) = 2611 : Jh(x). Its divergence is given by

0,) = iZKd(mi/wi’xi;x)TzI'<Ol o Op).

(2.53)

3. Leading soft graviton theorem

The leading soft graviton theorem was first derived by
Weinberg [15]. The soft limit of a single graviton with
polarization ¢, takes the form

(Oup(@,x)0; -~ O,) g
@0 K PiuPiv€ay(q)
— %ZT (01 On)co- (2.54)

Here k> = 327G and C,, = r'hyplor (= Gy — My i
the metric fluctuation). The subscript C =0 in (2.54)
describes the Bondi-van der Burg-Metzner-Sachs (BMS)
frame in which the scattering amplitudes are evaluated and
with respect to which the energy-momentum of the particles
are defined. This is the gravitational analog of the flat
connection C = 0 used in gauge theory scattering ampli-
tudes. We will suppress this notation in the rest of this section.

The leading soft graviton operator is defined according
to (2.22)

Nop(x) =2 f 9 0 (. ) (2.55)

2ri
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and has scaling dimension A = 1. Insertions of this
operator take the form
(Nap(x)Oy -+ O,) = T ap(x){O; -~

L0,).  (2.56)

where

7= (0,0~ 300" ) Sonlpi 4 ogl=p- 40

i

(2.57)

Multiple insertions of N, are calculated by taking simul-
taneous soft limits of a scattering amplitude involving
multiple external gravitons. Although general relativity is
nonlinear, its infrared dynamics is effectively Abelian since
the charge of the theory is energy-momentum. The order of
soft limits is therefore immaterial, and one finds

(Nayy, (1) Ny, (5m) 01 -+~ 0,)

:jalbl(yl)"'ja,,,b,,,(ym)<01 On> (258)
From this formula, it follows that N, satisfies the follow-
ing “flatness condition”:

1
01aNpje(x) = méc[aadNb]d(x) =0

= Ny(x)=2 <aaa,, - ééa,ﬁZ)N(x). (2.59)

A similar property is also satisfied by the gravitational
connection C,;,(x) which then implies

Cab ()C) =2 <8aab - cll5ab82> C(.X) (260)

This condition is the higher-dimensional analog of the four-
dimensional Christodoulou-Klainerman constraint [16].

The leading soft graviton theorem implies the existence
of d+2 conserved currents Pj(x), P5(x), and Py (x)
whose charges are the translation generators in (2.4).
However, not all of these currents are independent.
Rather, they sit in a single conformal multiplet that mixes
under Lorentz (conformal) transformations. Up to improve-
ment terms, (2.4) implies

i

d[PZ(X),Kb]

P(x) = 5 [P ()K", P() 2.61)

The current P (x) can be constructed from the shadow
transform of the soft graviton operator as

1 -

Pj(x) = = ——0"Ny(x).

2.62
4C1’2 ( )

In d > 2, ¢, is given by (2.40) while for d =2 direct
computation gives ¢;, = z* (instead of z?/4). The soft
operator N, has dimension one so the current has A = d.
The unusual dimension for this current arises because the
conserved charge P is itself dimensionful according to
(2.4). Using this definition, we find

(P (x)O; -+ 0y) = pa (x)(O;--- Oy), (2.63)

where

1
4C1’2

pjz_(x) = abjab(x)’ jab(x>‘ (264)

jab(x) -

The divergence of this current is then given by (see
Appendix)

(0P ()01 -0y =3 mik i (mi/ w3, x5) (O -+ O,).
(2.65)

As in the Abelian case, the Ward identity (2.65) associates a
nonlocal energy-momentum distribution with massive
charged states. Massless states have a localized energy-
momentum as can be seen from

limz Ky (2. xy) = 69 (x - ). (2.66)
7>

C. Infrared divergences in Abelian theories

In any theory with long-range forces, the naive scattering
amplitude defined in (2.15) vanishes in four dimensions
due to infrared divergences. Formally, these infrared
divergences arise due to low energy virtual particle
exchange in diagrams such as Fig. 1. Physically, the
divergences signify that the charged asymptotic scattering
states are not single particle states but rather coherent states
of charged particles and bremsstrahlung.

Although each diagram is separately divergent, the
infinite sum exponentiates and the amplitude actually
vanishes: A, ~ ¢~ = 0. There is simply zero probability
to scatter into a state with a finite number of photons or
gravitons in four dimensions: the power radiated in a
generic scattering process does not vanish at zero fre-
quency, and so infinitely many low energy particles are
produced [17,18]. In higher dimensions this is no longer the

/

FIG. 1.
gences.

Some typical diagrams contributing to infrared diver-
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case and exclusive scattering states with finite numbers of
massless quanta can be defined. The soft contributions
depicted in Fig. 1 can be calculated and exponentiated in
any number of dimensions, but it is only in four dimensions
that the contribution is divergent.

Standard treatments of this subject restrict attention to
inclusive observables defined by a trace over “unobservable
soft quanta” in the initial and final states. Order by order in
perturbation theory, the infinite volume of phase space
available to soft external quanta cancels the vanishing
probability to scatter into an exclusive state with a fixed
number of photons. Although perfectly adequate for
practical purposes, this approach to the problem con-
flates two separate issues and obscures the underlying
physics. It is certainly the case that any conceivable
experimental apparatus has a finite energy sensitivity. In
quantum mechanics, when an observer lacks access to a
particular component of the Hilbert space, he performs a
partial trace in order to obtain a reduced density matrix
which can be used to compute observables. In a realistic
scenario, any collider observable in any number of dimen-
sions should include a trace over the unobservable soft
quanta. However, the “unobservable” scale relevant to the
trace is set by the detector sensitivity and is not related to
the infrared divergence. An inadequate higher-dimensional
detector might require a trace over states with relatively
short wavelengths which are certainly produced with
nonzero probability. This inclusive calculation, while
relevant to the experiment, is not related to any infrared
divergence since the exclusive observable is well defined in
higher dimensions.

Taking a partial trace generically turns a pure density
matrix into a mixed state. In order to discuss fine-grained
questions such as unitarity or the information content of
soft quanta, one needs access to the actual quantum
mechanical transition amplitudes in Hilbert space. The
difficulty in defining an S-matrix in four-dimensional
asymptotically flat space highlights a deficiency in a
particular formalism but does not preclude the calculation
of exact transition probabilities. The key physical obser-
vation relevant to the definition of an infrared finite
S-matrix was made by Chung, Kibble, and Faddeev-
Kulish [19-24]. The asymptotic Hamiltonian, which deter-
mines the early and late time evolution of scattering states,
is not a free Hamiltonian. In the charged sectors of the
Hilbert space, this Hamiltonian has matrix elements con-
necting states with different numbers of photons. A sta-
tionary state invariant under early/late time evolution must
therefore contain an infinite number of photons correspond-
ing to bremsstrahlung clouds. Computations involving
these dressed states are cumbersome and appear to be
plagued with ambiguities. One cannot help but feel that the
ultimate treatment has yet to be discovered, but there are
indications that the celestial scattering amplitudes and the
conformal basis contain the appropriate formalism to

address the problem [4,25]. In this paper we focus on
understanding the soft virtual exchange in exclusive
amplitudes and leave the proper determination of the
scattering states to future work.

There are several equivalent methods for regulating and
canceling infrared divergences in scattering amplitudes (see
Chapter 13 of Weinberg [26] for a thorough discussion of
the Abelian case). Each of these methods breaks or alters a
symmetry of the problem. One common approach intro-
duces a hard IR cutoff u for the photon. Loop integrals over
virtual momenta are to be performed only in the range
|w| > u. A second scale A is chosen in order to separate out
the contribution of soft particles which are defined to have
u < |w| < A. Provided that y and A are taken to be much
smaller than the typical energy scale of the scattering
amplitude, the contributions of these quanta can be
computed exactly and exponentiated. Hard particles with
|| > A contribute IR finite (but generally incalculable and
nonexponentiating) corrections. The general structure of a
scattering amplitude is then

(0)+-0,), = (O, -+

u

O,)A- (2.67)
Here (O, ---0,), denotes the full scattering amplitude
with IR cutoff i and loop integrals performed with |@| > u,
while (O, ---O,), denotes the amplitude with loop inte-
grals performed in the range |w| > A. The soft contribution
resides entirely in the exponential factor e™" which depends
on the scales u, A and on the quantum numbers of the hard
states.

1. Abelian gauge theories

In an Abelian gauge theory, the infrared divergent piece
of the full scattering amplitude is the exponentiation of the
single-exchange contribution shown in the first diagram of
Fig. 1. This dramatic simplification occurs because soft
photons do not emit other soft particles and fails in non-
Abelian models (and in models with massless charged
matter). The diagram is calculated using the soft photon
theorfm. Summing over the propagating internal states, one
finds

l-ez A dd+2bﬂ
=3 200 g
ij
! pUIL, (¢
% plpj ,M( ) (268)

(2 —ie)(pi- ¢ —ie)(=p; - € —ie)’

The integral is taken over the range u < || < A and
represents only the contribution of the “soft quanta.” Note
that this piece of the integral can be separated out in any
dimension even though it is not infrared divergent when

“The ie prescription for i = j is a bit different, and —p; - £ — ie
is replaced with —p; - £ + ie.
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d > 2. The polarization sum IT,, (¢) defined in (2.10) arises
from the numerator of the photon propagator. This is of the
form I1,,(¢) = n,, + gauge-dependent terms so we could
further simplify the expression by sending I1,,(£) — 7,,.

This integral is evaluated explicitly in [26]. For our
purposes it is more useful to retain I, as a d-dimensional

integral. To do this, we parametrize all momenta using (2.5)
and use (2.14) to find

Ty,

e? dx o dk
=—— 0. | —— dolwld=3 aK
4”12.]:QlQ]/(27T d/ﬂ<|a)<A wlol /_002711'

25 P (x)

4(x) + inn;e) (k= 2p; -

X " = = N .
(x+ie)(k=2p;- q(x) —inn;e)

(2.69)

We perform the integral over x via contour integration.
When 5; = n; we close the contour in the upper half-plane.
When n; = —n; = —n, we close the contour in the lower
half-plane and we pick up the pole at k = —ie. Finally,
when n; = —n; = 1 we close the contour in the upper half-
plane. This contribution vanishes since there are no poles in
the upper half-plane. We can then perform the integral over
o, and we are left with a d-dimensional integral. We can
also simplify further by setting II,(x) = &} (x)e,, (x).
Plugging all of this into (2.69) and using the language
of conformal correlators, we find

e [A
[on = a(Ay + 27iA,), a=— [ doo'3, (2.70)
87 Ju
and
_ d’x 2
A= /me ,
d
a5 / T )P+ 15 w0, (2.71)
Ja(x) is defined in (2.34) and
4 _ ' [_ﬁi : ‘]A(x)]iy
ja (U’x)_a ;{H)Qt iIJ ’
€. in(—)
Jalx) =i T 3 (v, %) + T (v, %)) (2.72)

The [], symbol removes any i = j terms in the integrand.

In d>2, I, > 0 polynomially as A, y — 0 which
shows that soft photons do not contribute any divergences
to the scattering amplitude. On the other hand, in d = 2,
[y — oo logarithmically implies that the scattering ampli-
tude itself vanishes as a power law as u — 0.

2. Gravitational theories

As in Abelian gauge theory, the total graviton contri-
bution to the infrared divergence is the exponentiation
of the single virtual soft graviton contribution. This
simplification holds because, although general relativity
is strongly nonlinear, the charge of the theory is energy-
momentum and long wavelength modes are weakly inter-
acting. The infrared divergent phase in this case is

K2 A

_ d-3
ar .
32z J,

Ty = g (AT 4 27iAT), a dow

(2.73)

The integrals in the exponent are

. d‘x
Aj :/W[jab(xﬂz’

ar d X - 2
A2 = |\7ab v, x>| + |jab<y’x)| ]r’

(2.74)
where J,;(x) is defined in (2.57) and
4 - 1 2 [ —pi- qA(x)]H_w
juh(l/’ 'x) - |:6 ab 5(1178 ]; i ll/(l + ”/) ’
T ap (%) = Hm[T g, (v, x) + T gy (v, %)]. (2.75)

III. MAGNETIC CHARGES

The previous section reviewed soft theorems and infra-
red divergences for electrically charged states in gauge
theories. In this section, we generalize those results to
include magnetically charged or dyonic states. The first
discussion of an Abelian magnetic soft theorem appeared in
[27]. The results on the chromomagnetic soft theorem and
the soft theorem for extended objects are new.

A. Abelian gauge theories

In four dimensions, zero-dimensional particles can carry
both electric and magnetic charges. The magnetic charge is
defined by the surface integral

1
P=— | F 3.1
o7 e (3.1)

taken at spatial infinity. The generalized soft theorems and
infrared divergences for magnetic states can be obtained
using the electromagnetic duality transformation

(3.2)
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The allowed set of magnetic charges is constrained by the
Dirac quantization condition Q;P; € Z. This implies that
the magnetic charge is quantized in multiples of m, € Z,
the smallest magnetic charge in the spectrum:
Pi = myw;, w; e/. (33)

The integer m is theory dependent.

To write down the soft theorem for magnetically charged
particles, we Fourier transform the first equation of (3.2) to
determine the dual polarization vector:

~ m .
CI[MED](Q) = _z /wpo‘q[pg ](Q)
. 2r n'q’ |
= 8;4(‘1) = ?euw)ﬁn—'qg (Q) (34)
In the basis (2.8), this explicitly evaluates to
2
£u(x) = 5 ape” (), (3.5)
e

where €, is the two-dimensional (2D) Levi-Civita tensor
normalized as €, = €'> = 1. Magnetically charged par-
ticles couple to the dual polarization of the photon so the
soft photon theorem (2.30) becomes [27]

. ﬁ? e A ﬁz ) ga(x) .
<Oa(a)’x)ol On> ZQ: ﬁi . é(x) <Ol On>
= ?Gabzpiﬁf 2((;:)) (O1---0,)
(3.6)

In the language of conformal correlators, this reads
(Sa(x)O1 -+ Op) = T o(x)(O1 - -

) = 25 e S Prlogl=p, - d(). (37)

O,),

This analysis extends to dyonic states in a straightfor-
ward manner. For any two pairs of dyons with charges
(Qi.P;) and (Q;,P;), the Dirac-Schwinger-Zwanziger
quantization condition (derived by quantizing the total
angular momentum of the electromagnetic field of a
two-dyon state [28]) implies

Q:P;—Q;P,eZ. (3.8)

It follows that the charge spectrum for dyons takes the form
297

The generalized SL(2,Z) transformation acts as 7 = 7,+
ity — ‘;;IZ, n; - an; —bw;, w; - —cn; +dw; with a,b,c,
d€ Z and ad —bc =1. On the field strength this acts as

F+ixF - (ct+ d)(F + i*F).

9
Qi =n; +ZWZ‘, P,’ = myw;, (39)
with
naow, €7, 9€0,21). (3.10)

The soft theorem for these dyons simply combines (2.34)
and (3.7) in a duality covariant way

(Sa(x)0; -+ Oy)
= [Ta(x) + To(2){O; -+ O,)
= Z(niéab + W,'Tab>ab 10g[—ﬁi . q’\(x)]<01 . 0n>7

(3.11)
where

9 _ 2mmy
T]:ﬂ, Ty = e2 .

Tap = Tléab + T2€4p, (312)

In addition to the electric current defined in (2.41), we can
now also define a magnetic current which couples to
magnetic particles,

K,=—-(xJ), = —e,J". (3.13)
This satisfies
(0K ()0 -+ O)
= i_fzpiKZ(mi/whxi;x><Ol - Oy). (3.14)

The structure of infrared divergences in the presence
of magnetic charges is similarly obtained by replacing

Ta = Ja+ T, inthe integral (2.71). The infrared factor is
th = a(Al + 27T1A2) Wlth

dx ~

A= / ST + TP

® dy dx _
Ay = /_m%/(zﬂ)d(|t7a+(u,x)+jg(y’x)|z

+ T x) + T2 (v.x)P), (3.15)
where

7 2z [P - 4(x)]"”

Ta (v, x) EzeababZPiT. (3.16)

; =out
lein

This formula is straightforward for purely magnetic
scattering and follows from an application of the duality
transformation (3.2). The case with both electric and
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magnetic charges is slightly more subtle. The quantization
condition (3.8) implies that there is no small expansion
parameter when an electron scatters off of a monopole: the
effective coupling is always of order one. Weinberg also
noted [30] that the single photon exchange diagram
between an electron and a monopole appears to violate
Lorentz invariance. Both of these complications are
resolved by explicitly exponentiating the diagrams in
Fig. 1. Although the coupling is of order one, it is possible
to treat the infrared exchange to all orders to obtain
a reliable approximation. Similarly, since all photon
exchange diagrams contribute at the same order in the
e’ expansion, it is only their sum which must be (and is
[31], for appropriately quantized charges) Lorentz and
gauge invariant.

B. Non-Abelian gauge theories and chromodyons

The analog of the Dirac quantization condition in non-
Abelian gauge theory is the Goddard-Nuyts-Olive (GNO)
constraint [32]. For a given “electric gauge group” G, this
condition restricts the allowed magnetic charges of the
theory to be weights for the dual group G obtained from G
by taking the dual root lattice.

In a deconfined non-Abelian gauge theory, there is no
difficulty in identifying the electric gauge group G in the
spectrum of electrically charged states. Similarly, the
magnetic gauge group G¥ has an unambiguous action in
the sector of purely magnetically charged states. The
essential complication arises in understanding the action
of G and G in the dyonic sector of the theory. Indeed,
semiclassical quantization of a single isolated non-Abelian
monopole does not yield states transforming in represen-
tations of G [33,34] as one would expect if the asymptotic
symmetry group was truly G x GY. Chromomagnetic
charge apparently spoils the action of G in the dyonic
sector of the Hilbert space and the global part of the electric
gauge group is ill-defined [35-39].

There is a simple physical explanation of this math-
ematical fact. The long-range chromomagnetic field of a
monopole is controlled by a Gauss law. In the magnetically
charged sector of the theory, the magnetic charge

1
I_ 1
Q Zﬂ/ioF

is nonvanishing which implies that parallel transport on the
sphere at spatial infinity is path dependent. The “global part
of the electric gauge group” is defined by performing the
same large gauge transformation everywhere on the
celestial sphere. To compare the gauge parameter at two
separate points on the sphere, we are required to parallel
transport from one point to the other. In the presence of
asymptotic chromomagnetic flux the parallel transport is
path dependent (for directions in color space that do not
commute with the asymptotic value of F) and so the

(3.17)

definition of the global gauge group is ambiguous.6
However, if there is no net magnetic charge, then the
electric group G can be unambiguously defined. Indeed,
semiclassical quantization of a monopole-antimonopole
pair produces states that do form representations of the
electric color group [39]. Therefore, provided that the long-
range magnetic field vanishes in the in and out states (i.e.,
both have net zero magnetic charge), it is possible to
consider a S-matrix involving magnetically charged states
(the non-Abelian magnetic analog of et e~ scattering). It is
in this restricted case that we expect the following chro-
modyon soft theorem to apply.

We will explore the magnetic soft gluon theorem guided
by analogy with the Abelian case’ and the electromagnetic
duality transformation (3.2). We conjecture the following
form of the magnetic soft gluon theorem:

(Sa(x)Oy---O,)

2ri o N
= gz—eababzlog[_pi “GITHO, -+ O,).  (3.18)
Y™ i

Here 7' is a Lie algebra generator of G in representation
R; under which the particle transforms. Generalizing to
chromodyons and including the d-term contribution, the
generalized soft gluon theorem can be written as

(Sa(x)Oy -+~ Oy)
= iZ(T,I'5ab + f’frab)ah log[-p; - G(x)[(O; --- O,,).

1

(3.19)

We are unaware of any results regarding the scattering of
electric and magnetic states in non-Abelian gauge theory
beyond the nonrelativistic approximation of motion on
moduli space. It would be interesting to understand the IR
divergence structure of such amplitudes.

C. Soft theorem for magnetic branes in d > 2

In four-dimensional gauge theory, both the vector
potential F = dA and the dual vector potential xF = dA
are one-forms and they couple to zero-dimensional exci-
tations with one-dimensional worldlines. In higher dimen-
sions the vector potential remains a one-form and couples
to particles, while the dual potential couples to extended
objects with (d — 1)-dimensional worldvolumes which we

®This is essentially the gauge theory analog of the “problem of
angular momentum” in general relativity, and one might hope that
it is resolved analogously.

Since the equations of motion in non-Abelian gauge theory
explicitly involve the electric gauge potential, the simple duality
transformation (3.2) must be more complicated but might hold
asymptotically or in the soft limit. For this reason we consider the
formulas in this subsection conjectural.
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will refer to as magnetic branes. In R'*!  the dual
magnetic potential is a (d — 1)-form defined by

F(d) = dA(d—l) = *F(Z) = *dA(1> (320)

Here, we have introduced a subscript to make the rank of
the differential form explicit. The magnetic brane couples
to the gauge field through the Bianchi equation

dF ) = 2rxJ 4_1), (3.21)

where f(d_1 y 1is the conserved (d—1)-form current.
Classically, this current is given by8

]ﬂl /m 1 ZP / X”l A ngf"(S(‘Hz)(X, Xzi)
(3.22)

and satisfies
dxJ4_1) = 0. (3.23)

The integral is over the worldvolume X; of the branes, and
Xy, :X; & M describes the embedding of the worldvolume
%, in spacetime. P; is the magnetic charge of the branes.

The soft theorem in the presence of such branes can be
derived from asymptotic symmetries [41]. In any dimen-
sion, the usual soft photon theorem (2.30) is related to the
conservation of a (d + 1)-form

1
*Je = —zd(S(O)*F(z)), d*]s =0. (324)
e

Using Maxwell’s equation, we can write the current as

*J, ——de
&2

A *F( 2) + 8(0)*.](1), (325)
where J(j) is the usual electric current of the model. The
charge associated with this current generates electric large
gauge transformations under which Ay — A(y) + de(g).
Evaluating this charge on the in state and the out state, one
can derive the leading soft photon theorem [10,42]. The
first term above inserts a soft photon with polarization de g
in the S-matrix, whereas the second term generates the soft
factor in (2.30) via a Fourier transform

-0
iegﬂ(q)/dd“xe‘l“]” CI ZQ,

i l

(3.26)

To derive the magnetic soft theorem, we define the
magnetic conserved current

¥See for example Eq. (18.40) in [40].

wJy=——d(Ey) AN Fp)).  dxJ;=0.  (327)

1
2r
Using the Bianchi equation (3.21), this can be written as

~ 1

*J§ = ﬁdg(d_z) A F(Z) + (—l)dg(d_z) A *j(d—l)' (328)

The charge associated with this current generates magnetic
large gauge transformations under which A(d—l) - A(d_l) +
dé 4y [43-45]. The corresponding Ward identity for this
symmetry is obtained by inserting the associated charge
into the S-matrix. The first term in (3.28) inserts a dual soft
photon with the (d — 1)-form polarization dé(,_,). This
polarization is related to the polarization vector as

2w n”

3 _f’ (q)
€y ... (q).
g2 T tavpo T ta

(6 (@) = (=1)7 (3.29)

The second term generates the soft factor via a Fourier
transform

ie (ga )m ol (CI) / dd+2xe_iq')‘j’(‘tll,;'i‘)'i—l (x)

02
= ”ZP shrane (g (3.30)

where

: Eaqu(9)19,
Sbrane( o) — j(_1)d(q — 1)) @2 VIP
rr(q) = i(-1)(d - 1 e T

X / *(dXh A dX% A dXG)e ' Xs (3.31)
2‘- T g 7

We evaluate this quantity in a special case. At late times,
we can assume that the magnetic branes are noninteracting
and are freely moving. We can describe a brane in terms
of a timelike parameter = and d — 2 spatial parameters 6%,
a=1,...,d—-2 as

Xy =y} +pi +1i(0). (3.32)
xi describes the center of mass of the brane and p/

describes the center of mass momentum. The soft factor
for such a brane takes the form

C12d-1)
71’ n qpaaq"ﬁe VPOU| - Hy_>
 p;- q( ) HVPOL-Pa—2

" / 4 2ge-ian(@)

St (x) =

a2t (3.33)

This suggests that the soft factor has a simple pole at @ = 0.
However, if the brane has a noncompact spatial volume,
then the integral can produce additional factors of @~!
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To see this, consider a brane localized along the (x?, ..., x?)
directions. We describe this by the spatial vector
(o) = (0,0,0,6", ...,6%72,0). In this case, the soft factor
works out to be

d—1)! A _
uehhaiu log[-p - CI(XL)]fS(d 2) (x”),

Szrfne (x) = o1
(3.34)

b: —
strane (x) = 0,

where xft = (0,0,x%,...,x%) and x4 = (x!,x%,0,...,0)
describe the longitudinal and transverse directions to the
brane and a, = (1,2), aj = (3, ..., d) are the correspond-
ing indices.

The soft factor therefore diverges as w~(¢~"). This
leading divergence can be extracted by defining a new
soft mode

1
S0 = § 3200, (00, (339)

e Jo 2mi

This is the n = d — 1 mode in the class of Mellin trans-
formed operators defined by the compact contour (2.22)
and has scaling dimension A = d — 1. The magnetic soft
theorem in d > 2 reads

(SE0, -+ 0) =55 3PS (0(0; - 0,),
i€brane
(3.36)
with
Sl(fil)brane(x) = lim a1 S0 (x). (3.37)

w—0

It should be possible to construct a higher-form current
(sourced by extended objects in CFT,) from this soft
operator following the construction of (2.42). We leave
this for future work.

IV. A BOUNDARY MODEL FOR BULK
INFRARED PHYSICS

In this section, we exploit the asymptotic symmetry
structure of gauge and gravitational theories to construct a
boundary (d-dimensional) theory whose correlators repro-
duce bulk (d + 2)-dimensional infrared physics. Scattering
amplitudes in the bulk theory are calculated by a path
integral

(0, ...@n>” = /[d¢]ei5bulk[¢]@] 0, (4)

where ¢ collectively denotes all the fields in the theory
(including any massless photons, gluons, or gravitons). The
subscript u denotes the IR cutoff used to regulate and

evaluate the path integral on the RHS (all fields in the path
integral are taken to have w > p).

In order to isolate the infrared physics in the path
integral, we separate all fields into a soft piece ¢, (which
has y < || < A) and a hard piece ¢, (which has |@| > A).
The scales p and A are taken to be much smaller than the
gap in the massive sector so the soft fields ¢, only consist
of low energy massless fields. In models with hard-soft
factorization we can integrate out the hard fields

<Ol “ e On>/4 — /[dqos] /[dgoh]eisbulk[(psﬂqoh]ol PPN Ol’l

— <Ol “ e On>A /[d(px]e_Ssofl[(/}.&]_Sim[(/’s-j]‘

(4.2)

The integral over the hard modes produces the hard
amplitude (O, ---O,), which does not depend on any
of the soft fields or the infrared cutoff u. The leftover
integral over the soft modes contains an effective action
which we have separated into two parts—S,; describes the
self-interactions of the soft modes and S, describes the
coupling of the long-wavelength fluctuations to the hard
external particles in the scattering amplitude. This inter-
action is encoded through a classical (nonfluctuating) hard
matter current j whose structure is independent of the
microscopic details of the theory. Comparing to the general
structure of infrared divergences (2.67), one finds

/[dgos]e_Ssofl[(ps]_Sml[(ﬂs’j] frd e_r' (4.3)

The above analysis assumes that the operators O; are all
chosen from the hard sector. Scattering amplitudes with
external soft particles require additional soft insertions
S;(x) in the path integral. The multisoft theorems guarantee
that the corresponding amplitude factorizes so we require

/[d(ps] e_ssol'l[(ﬂs]_sinl[(/’ssj]Sl c e Sm — e_rjl oo jm’ (44)

where S; denotes a generic soft insertion and J; denotes the
corresponding soft factor.

As we will show in the rest of this section, the action for
the soft modes and their coupling to the matter sources is
essentially fixed by symmetry considerations. The coupling
constants of the path integral on the left-hand side (LHS) of
(4.4) are completely fixed by the soft theorem and the one-
loop infrared divergence. It appears nontrivial that the
intrinsically Euclidean path integral (4.4) is capable of
reproducing intrinsically Lorentzian infrared dynamics.

A. Broken symmetries in celestial CFT

Symmetries in quantum field theory can be approximate
or exact. If they are exact, they can be spontaneously
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broken or unbroken, depending on the nature of the vacuum
state. In some cases, it is useful to treat an approximate
symmetry as if it were exact. If the model with the exact
symmetry lies in the broken phase and if the source of
explicit symmetry breaking is small, then the pseudo-
Goldstone bosons (along with any other massless fields)
can be used to reliably approximate the low-energy
dynamics.

There is by now a standard set of claims in the literature
(see [41] and references therein) regarding the symmetry
structure of gauge theory and quantum gravity in asymp-
totically flat space. Gauge transformations or diffeomor-
phisms with noncompact support that respect appropriate
boundary conditions act nontrivially on the Hilbert space in
these models. We denote this infinite-dimensional asymp-
totic symmetry group of the theory by G. Gauge trans-
formations or diffeomorphisms which are asymptotically
“constant” (in an appropriate sense) represent the global
part of G which we denote by G. The existence of the G
symmetry implies an infinite degeneracy of vacuum states
in the model. These vacuum states are preserved by G but
not by G It follows that in these models, the exact
symmetry G is spontaneously broken down to G. The
low energy dynamics of these models are described by the
corresponding Goldstone bosons.

It is important to remember that the group G and its
subgroup G are defined only in spacetimes with non-
compact Cauchy slices. There are no charged states for G or
Goldstone bosons for G/G on a compact manifold, just as
there is no spontaneous symmetry breaking of ordinary
symmetries in finite volume. In order to recover G and G
from an infinite volume limit, it is important to take a limit
of spacelike slices with boundary. In this limit, the
corresponding edge modes become the Goldstone modes
for G/G. This point is important precisely because gauge
theories suffer from infrared issues. Perturbative calcula-
tions in gauge theory and gravity require the regulation of
long-wavelength fluctuations. Any method of regulating
the infrared divergences (e.g., a small photon mass, d > 4
dimensional regularization, finite volume regularization)
explicitly breaks the G symmetry.” The effective action for
these Goldstone modes in the regulated theory will there-
fore contain symmetry breaking terms, and we are forced to
consider pseudo-Goldstone bosons associated with a sym-
metry with both spontaneous and explicit breaking.10 If the
symmetry breaking terms vanish as the regulator is
removed, then we expect to land on a model with an
exact G symmetry and Goldstone modes for the coset G/G.
This will be the case when d > 2 and when the gauge
theory is in the Coulomb phase. However, as we will see,

’In the case of dimensional regularization, the group itself
changes.
This is also the case in Jackiw-Teitelboim (JT) gravity, which
describes the pseudo-Goldstone bosons associated with the IR
divergence in AdS, [46].

when d = 2 the pseudo-Goldstone modes become strongly
coupled as the regulator is removed and we must keep the
leading symmetry breaking terms in the effective descrip-
tion. This strong coupling behavior is a two-dimensional
reflection of the infrared divergence in D = 4 spacetime
dimensions. The four-dimensional Goldstone bosons are
strongly coupled because two-dimensional Goldstone
bosons are strongly interacting.

Since the celestial CFT, formalism is a repackaging of
the bulk (d -+ 2)-dimensional dynamics, we expect the
asymptotic symmetry structures to constrain the d-dimen-
sional model. When the bulk theories are in the Coulomb
phase, we expect a global G symmetry in the CFT, and a
corresponding conserved current. These are precisely the
operators (2.41), (2.52), and (2.62) constructed from the
shadow transforms of the soft operators. Their existence is
required in order to match global symmetries, and the
universal nature of soft limits guarantees that they generate
the correct symmetry transformations. We also expect to be
able to phrase the dynamics of the G/G Goldstone bosons
simply in d-dimensional language since it is also controlled
by symmetries.

B. U(1) gauge theory

We will begin by applying the above discussion to the
case of U(1) gauge theories. Goldstone actions for infinite-
dimensional symmetry groups such as G are somewhat
exotic, so we begin by reviewing the finite-dimensional
case of global U(1) symmetry breaking and then proceed
by analogy.

The simplest model of a spontaneously broken global
U(1) symmetry involves a scalar field with a Lagrangian
invariant under the transformation ¢(x) — e’ (x). If the
scalar potential has a global minimum with |¢,;,| = v # 0,
then the boundary value of the field at spatial infinity
cannot vanish and the field acquires a vacuum expectation
value set by the boundary condition at infinity: (¢(x)) =
v# 0. In this case ¢(x) is the order parameter, and
its boundary condition spontaneously breaks the U(1)
symmetry of the model. The normalizable fluctuations
about this vacuum are described by the field redefinition
$(x) = (v + h(x))e'¥)/v Excitations of h(x) are gapped
while the Goldstone mode 6(x) is massless and protected
by the nonlinearly realized U(1) symmetry 6(x) —
0(x) +e. At low energies, only the Goldstone mode
survives and the dynamics is described by an action of
the form [[—1(96)> + ---] which is constrained to be
invariant under the U(1) symmetry. If the symmetry is also
(weakly) explicitly broken in the ultraviolet, then one must
add small symmetry breaking terms to this action, e.g., a
mass term for 6.

In the case of a U(l) gauge theory, the relevant
symmetry group is the “asymptotic symmetry group” G,
also known as the group of “large” gauge transformations
with noncompact support [10,47-50]. Elements of G
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correspond to maps S¢ — U(1), and the relevant order
parameter is a Wilson line on the celestial sphere

W(x) = exp <i£ c), C=Aly. (45)

Here x, is an arbitrarily chosen base point. This order
parameter is invariant under constant gauge transforma-
tions, but rotates with a phase under generic elements of G:

W(x) 2, e/e)=eo) W (x), e(x) ~e(x) +2z.  (4.6)
When the quantum theory is in the Coulomb phase,
this order parameter is nonvanishing, (W(x)) # 0, which
indicates that the G symmetry is spontaneously broken
down to G. The Goldstone mode for the broken symmetry
is C, and it transforms nonlinearly as C — C + de.

We now turn to the structure of the low energy action,
Seoft» Which describes the self-interactions of the soft
modes. The first thing to note is that the soft photon
operator S in (2.33) is independent of the Goldstone
mode C. In particular, while C transforms under large
gauge transformations, S is related to gauge-invariant
matrix elements and therefore does not transform. Since
the operator § creates a soft photon, it survives in the low
energy limit so S, depends on both C and S. We will
begin by considering the case in which all external states in
the scattering amplitude are hard. In this case, we can
integrate out S and obtain an effective action for the mode
C. Having determined this effective action, we will then
“integrate in” the mode S by consideration of the soft
photon theorem.

In the absence of magnetic charges the gauge field edge
mode C is flat and realizes the G symmetry C — C + de
nonlinearly. When the G symmetry is exact but sponta-
neously broken, the effective action for C must be invariant
under this transformation. What sort of action is invariant
under the infinite-dimensional symmetry group G? The
simplest example is of course a model with d-dimensional
Abelian gauge invariance in which we do not quotient by
gauge transformations. Since C is flat, we do not want
to integrate over all Abelian connections, only those which
are flat. A d-dimensional BF theory has the appropriate
domain of integration and the correct symmetries1

Spr|B. C] = i/B/\ F, F=dC. (47

Integrating out B sets F = 0 and the soft dynamics are
effectively trivial. However, as we have noted previously,

"This BF theory differs from the models usually considered in
both form and function. It does not involve the usual quotient by
“small gauge transformations,” but is viewed as part of a higher-
dimensional theory.

the infrared regulator explicitly breaks the G symmetry so
the effective action can also contain symmetry breaking
terms. These correspond to gauge noninvariant interactions
that depend explicitly on C rather than F.

In standard constructions of effective actions for
pseudo-Goldstone bosons, locality is an organizing prin-
ciple. In the case at hand, we are attempting to construct
an exotic “interdimensional effective field theory” that
calculates bulk (d + 2)-dimensional quantities in terms
of d-dimensional field variables. While the bulk theory
must be local, the boundary theory need not be. Indeed,
given that the boundary theory is required to reproduce
long wavelength effects in the bulk, the theory could indeed
be nonlocal. With this in mind, the most general leading
symmetry breaking term that we can add to the action takes
the form

SanlC] = / dxdly(P) (x = y)Co(X)Cy(y).  (4:8)

P, (x —y) is the propagator for C and will be determined
in the next section. The choice P, = 8,,6'¥ (x — y) would
be a mass term for the d-dimensional gauge field. Inte-
grating out the B field still enforces the flatness constraint
C = dé, O(x) ~0(x) + c, (4.9)
and the mass term for the gauge field becomes a kinetic
term for the gauge parameter 6(x). The identification is
required because the global G symmetry is unbroken on the
vacuum: C is a Goldstone with target G/G so the zero mode
of O(x) is a redundant parametrization of the space of flat
connections and should not be integrated over. Under large
gauge transformations,
0(x)—50(x) + (). (4.10)
The action (4.8) explicitly breaks the G symmetry but is
invariant under the global U(1) transformations.

Next, we turn to the form of the interaction term S;,,. The
factorized structure of scattering amplitudes suggests that
the scattering operators O; factorize into a soft and a hard
piece:

Oi(w;, x;) = U;[0]Of (w;, x;). (4.11)
The hard operators O depend only on the hard fields ¢,
and decouple from the soft path integral (4.2), although
they obviously contribute to the hard scattering amplitude.
The soft operator U;[C] can be determined by considering
the large gauge transformation of ©; which takes the form'*

""We assume for now that O, is purely electrically charged.
The generalization to incorporate dyons will be considered in
Sec. IVB 1.
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Oi(wi’xi)_g’ exXp [iQi/ddxg(x)lcd(mi/wi’xi;x)
X (’)i(a)i,xi). (412)

This transformation law is determined in [10,47] from a
spacetime analysis. It can also be determined from (2.43).
This suggests the following explicit form of U;:

U;[0) = exp [iQi/ddxﬁ(x)lCd(mi/wi,x,-;x) . (4.13)

Note that this operator is not single valued under the
identification in (4.9). Instead, we identify

U;[6] ~ U,[0)e'Ci%, (4.14)
which follows from the property
/ddxlCd(m,-/a),-,x,»;x) =1. (4.15)

Including one such soft operator insertion for each of the
operators (J; appearing in the scattering amplitude, we find

Snl0-s) = =1 [ 4300030 ylmi /o xi5x). (416

Note that due to conservation of charge, the interaction
action is single-valued under (4.9), even though the
operators U; are not. Using the definition of j*(x) in
(2.42), the action can be written as

S0, ] = i / dixC,(x)je(x),  C=do. (4.17)

Having fixed the forms of Sy, and S;,, we can evaluate
the path integral in (4.3). The propagator P, will then be
fixed by matching onto the RHS of (4.3). For U(1) gauge
theories, the condition is

/[dg]e_Ssof[[‘g]_Sim[gvj] f— e_rph f— e_a(Al+2”iA2)’ (4_18)

where

ddx ez A
Ay Z/(Z”)dja(x)%(x), a=§/ﬂ dww3.
(4.19)

At this stage, we are unable to reproduce the imaginary term
A, from this construction, and consequently we postpone a
discussion of this to future work. The path integral on the
LHS is Gaussian and can be evaluated explicitly,

et = [laojexs [— [ sty - e, o)

-if ddxca<x>j“<x>],

—exp |- [ sty Pa =)0 )] (420

Comparing this to (4.18) and using (2.42), we find that we
can reproduce A; correctly if

_ 16a /dde”C(W_
(2m)

x)Z%(w—y)
(w—x) '

2o(w=y)?

Pab(x - y)
(4.21)

This follows from the formal properties of the inverse shadow
transform combined with (2.42). To construct the action, we
need to invert the propagator which satisfies

/ dw(P)(w—x)Py(w—y) =896 (x—y). (4.22)
It follows that

(P)eb(x =)

- 1(62ﬂ>a/ o o ey (429
The soft action is therefore
Sson (0] 16cl la/ d / dixd’y
< T o T AR
_ 1(61’%); / dxC(x)C, (x). (4.24)

Remarkably, although the pseudo-Goldstone action appears
nonlocal when written in terms of the edge mode C, the
shadow edge mode C behaves as a local degree of freedom.
This may suggest that the “appropriate” set of local operators
in celestial CFT, includes the shadow transforms of bulk
operators, and we hope to explore this possibility in future
work. To conclude, we can also express the soft-interaction
term using the shadow mode

Sul0.J] = i / dxC o (x) ] (x) = dxC () T(x).

2c1; €11
(4.25)
This local action for the shadow edge mode reproduces the

infrared divergences in Abelian gauge theory scattering
amplitudes.
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To end this discussion, we now consider scattering
amplitudes with external soft photons. For this purpose,
we are required to “integrate in” the soft photon operator
S = d¢. More precisely, we wish to determine an action
Seoit[0, @] such that

/[d¢] soﬂefﬁ = e Ssofl[g]’

/ [dp)[dO)eSnl0A=Sul0]g ... S =TT - T,

(4.26)

Note that the zero mode of ¢ does not appear in the
physical operator S and so is not part of the system
described by Sy [0, ¢]. We therefore gauge the symmetry
P(x) ~ p(x) +c.

The soft action can be determined as follows. The
shadow transform of S is an Abelian current (2.41). This
operator must generate the global U(1) transformations
6 — 6 + e. The usual Noether procedure then implies an
off-diagonal coupling of the form

Suanl0. 8] = Sonlf] — i / dxC () ()

= Sl - / dxCo(x)S (). (4.27)

2C1’1

St is fixed by imposing (4.26). The required term is

Gaussian:

S ] = # / xS (x)S,(x),  S=d¢. (4.28)
The full soft action is therefore
Sunl0- ]+ Snl0.] = 5y [ 325,
o [ ALl ) = T )L (4.29)
with
C=do, S=dp,
d(x) ~p(x) +c, O(x) ~0(x) +c. (4.30)

This path integral correctly reproduces insertions of the soft
photon operator

<Sa1 (yl) o Sa,,, (ym)>

/ (dO) A5l P =5n01, p(y,) -~ O B(ym)-
(4.31)

The integral over 6(x) gives a Dirac delta functional
5(S — J) which then localizes the integral over ¢. We find

(Sa; (1) -+~ Sa,, ()

:exp{ / XTI (x

which is (almost13 ) the expected result (4.4).

ﬁ T )~ Tas ().

(4.32)

1. Magnetic charges and winding modes in d =2

We have so far demonstrated that the action (4.29)
reproduces all infrared divergences and soft theorems
under the assumption that all the particles in the scattering
process are purely electrically charged. In this section, we
generalize the result to include dyonic scattering states in
four dimensions. In order to simplify the discussion, we
will assume that all hard particles are massless.

In d =2 the shadow transform of a flat connection
localizes, and the Goldstone mode is proportional to its
shadow:

9,0(x) = /JZ

The action (4.29) then reduces to

8”«9(y) =270,0(x). (4.33)

Sunlts 4] = :[ / ladp A +dgp— 7id0 A wdgp].  (4.34)

The soft correlators for dyonic charges are given by (3.11)
and (3.15)

<Sa](y1) am<ym)>
=170 0i) + T, (30)]
i=1
X exp [— (2:)d/ddx[ja(x)+ja(x)]2 . (4.35)
where
aZQ log[—p; - 4(x)},  (4.36)
Tu) = TZewd Y Plogl-p;-4(x).  (4.37)

It is easy to see that the soft action (4.29) with an additional
source

"*As mentioned previously, we do not yet understand how the
imaginary part of I, is reproduced by the soft action, and we
leave this to future work.
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Ssoft [9’ ¢] + Sint [07 J]
a

- Gy / Px59(x)S, (x)

- [ WIS = T = Tuw) (@39

T

correctly reproduces these correlation functions. The new
interaction term 7“C,(x) can be interpreted as a back-
ground source for the topological winding current €,,,0"6),
just as the original term 0,67¢ may be interpreted as a
background source for the momentum current 9,6. In this
way, the electric and magnetic charges of the Abelian gauge
theory are mapped to the momentum and winding charges
of the vertex operators in the compact boson theory. The
irrational dyonic spectrum in the presence of the J term is
simply reproduced by a background Kalb-Ramond field.
The coupling iBg,d6 A d¢ simply changes the spectrum of
allowed charges in the soft sector, but does not alter the
dynamics. The final soft action takes the form

1
Ssoft[67 ¢] = _m |:(Xd¢ A *dd)
— 7idO A % (d(/) + i—l *d¢>] . (439)
2

The structure of this term can actually be determined
using the bulk J-term

9
iSoutk D = — / d(A A F). (4.40)
8 my

This is a boundary term and its contribution to S,.; can be
determined by integrating over Z,

Ssoﬁa/AAF~/d9Ad¢.
7

C. Non-Abelian gauge theory

(4.41)

The symmetry-based part of the previous discussion
generalizes straightforwardly to non-Abelian gauge theo-
ries. The group G of maps S¢ — G is spontaneously broken
on the perturbative vacuum, and the corresponding order
parameter is a non-Abelian boundary Wilson line

W(x) = 7><exp / c), C=Aly.  (442)
Xo
Under large gauge transformations
W(x) = g()W(x)g(xo)™",  g(x) €G.  (4.43)

In the quantum theory, the Wilson line has a nonvanishing
vacuum expectation value (W(x)) #0 when the gauge

theory is in the Coulomb phase. Global gauge trans-
formations leave the trace of the order parameter invariant,
so the large gauge symmetry is broken down to global G
symmetry and the corresponding Goldstone mode is the
flat connection C = UdU~'. In the absence of explicit
breaking by the infrared regulator, the Goldstone action
must be invariant under the d-dimensional local invari-
ance group G and is therefore a gauge theory without a
quotient by the orbit of the gauge group. The flatness
condition is imposed by a non-Abelian BF term of the
form i [tr[B A F]. The symmetry breaking term is the
non-Abelian generalization of the nonlocal vector mass
term (4.8)

Sson[U] = / d’xd®y(P~1)* (x = y)r[Cy (x) Cp ()],
(4.44)
with

C=UdU™". (4.45)
In d =2, there is another possible symmetry breaking
term that would give an action to the pseudo-Goldstones,
namely the Wess-Zumino (WZ) term, and we expect such a
term to follow from the addition of a non-Abelian J-term in
the bulk Lagrangian. Higher-dimensional 9-terms similarly
correspond to higher-dimensional WZ terms.

The interaction term Sj, is also determined by sym-
metries. To describe this, we define the group element
U(x) = e where 0(x) = 60'(x)T! € g. We define the
operator U,;[f)] as

Uil6] = R, <exp [ / ddxe(x)/cd(m,./w,.,x,.;x)D. (4.46)

The interaction term e~ is obtained as a product of these

operators, one for each of the asymptotic states in the
amplitude.

The discussion so far is completely general and used
only the symmetries of the problem. The main com-
plication arises in the “interdimensional effective field
theory” matching condition. In order to determine the
propagator entering in (4.44), we need to match on to
the non-Abelian infrared divergence, which is not known
exactly and is severely more complicated than the Abelian
case. Similarly, the soft gluon theorem receives perturbative
corrections so it is not as simple to “integrate in” the
external soft operator. To make progress we have to revert
to perturbation theory, keeping in mind that the soft
dynamics is ultimately nonperturbative. It is well known
that the model defined by (4.44) with a local propagator
(the principal chiral model in two dimensions) is also
strongly coupled, and that perturbation theory about the
free point does not accurately capture the dynamics
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and symmetry restoration (Coleman-Wagner theorem).
Ultimately, one hopes to apply nonperturbative knowledge
of the strong coupling behavior in the principal chiral
model to the much less understood strong coupling
problem in Yang-Mills. This is left to future work. Upon
linearizing the problem

Ux)=1-0(x)+--- (4.47)

the action (4.44) describes a theory of (free) scalars

%Mﬂz/ﬁ%ﬂﬂPﬂ”@—wﬂmﬂﬂ%ﬂWL
(4.48)

This linearized action (with a local propagator) was
recently used in [5] to match onto and reproduce low
orders in four-dimensional Yang-Mills perturbation theory.
It seems natural to conjecture that the nonlinear completion
of that model

Sanlo. ] = [ | 505,00

i

N 4.49
2C1,1 ( )

5,

describes higher orders in perturbation theory. The inter-
action term would then be obtained through insertions
of the operators (4.46). This path integral cannot be
performed exactly, but could be compared at any order
in perturbation theory. We hope to investigate this pos-
sibility in future work.

D. Gravity: Supertranslation mode

The asymptotic symmetry group for gravitational theo-
ries is the BMS group [9,51-53]. The implementation
of this symmetry in the celestial CFT is slightly compli-
cated given that one is trying to realize higher-dimensional
spacetime symmetries as internal Symmetries in a
lower-dimensional model. The BMS group consists of
SO(1,d + 1) Lorentz transformations as well as super-
translations, which are an infinite-dimensional extension of
the (d + 2) translation group.14 The BMS symmetries are
spontaneously broken down to the Poincaré group by the
perturbative vacuum. The action for the corresponding
Goldstone modes is expected to be BMS invariant in the
absence of explicit breaking.

The standard asymptotic analysis identifies the super-
translation Goldstone mode as the leading traceless

“There is evidence that the Lorentz group should be viewed as
the unbroken subgroup of diffeomorphisms of the celestial
sphere, although a proper asymptotic analysis has not yet been
performed and the question remains open.

boundary metric fluctuation C,, = (hyj, — % 8,h)|57 Which
satisfies the flatness condition

1
ﬁéu[hﬁdcc]d — 0

WDape = a[bcc]u - d—

(4.50)

Supertranslations act nonlinearly on the Goldstone mode

Cap(x) = Cop(x) + 2<aaab - (115ab82>f(x) (4.51)

but leave @, invariant. Here f(x) is any function on
S and satisfies no periodicity condition. The infinite-
dimensional supertranslation symmetry is spontaneously
broken to a finite-dimensional translation symmetry which
is generated by functions of the form

folx) =201+ 2%) = 2%, — ™ (1= 2%),  (4.52)
which leave C,;(x) invariant.

Following the gauge theory construction, our first step is
to find an action which is invariant under the full super-
translation symmetry. The field strength ;. is invariant
under supertranslations (4.51) so the simplest model is a
“supertranslation BF theory”

S=i / dixB%q,,.. (4.53)

Integrating out the B field imposes the flatness condition
@45 = 0 so we can write

1
Cab (X) =2 <8a8b — 35Qb82> C(X), (454)
with

C(x) ~ C(x) + fr(x). (4.55)
The identification is required because the global translation
symmetry is unbroken on the vacuum. Under supertrans-
lations

g

C(x) — C(x) + f(x). (4.56)

The leading symmetry breaking term gives an action to
pure supertranslations and takes the form

Ssoft [C} = / dddey(P_l)ab’Cd(x - y)Cab (x) Ccd(y)'
(4.57)
As in gauge theory, Eq. (4.50) is derived from the vanishing

of the asymptotic field strength (in this case, the Weyl tensor
component Carbc|3I)-
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The interaction term follows from the symmetry trans-
formation properties of the plane wave'® creation and
annihilation operators [54]

Oi(@;, x;)

_g)exp |:émi/ddxf(x)lcaurl(mi/wi’xi;x) Oi(w;, x;).
(4.58)

In particular, under the unbroken symmetry transforma-

tions (translations) generated by (4.52), these operators
transform as plane waves

Oi(wi,xi)ie_ip’%oi(whxi)- (4.59)

It then follows from (4.56) that the operator serving as a
classical source for C(x) is

U;[C]=exp Bmi/ddxC(x)lCdH(mi/a)i,x,»;x)], (4.60)
with
U,[C] ~ U,[Cle=Pi7. (4.61)

The soft-interaction term therefore takes the form

. i
Sint[c’ J} = _5/ddxc(x)zmilcdﬂ(m,-/a)i,xi;x).
(4.62)

Using the definition of j,,(x) in (2.64), we can rewrite
this as

Sl = / dXC () jop (). (463)

Note that due to momentum conservation, the interaction
action is invariant under (4.54) even though the operators
U, are not.

Having fixed both the soft action and the interaction
term, we can now determine the propagator P, ., by
imposing the constraint (4.3). For gravitational theories this
reads

/[dc} e_Ssol'l[C]_Sim[CJ] — e_rgr — e_agr(At]”r_"z”iAgr)’ (464)

where

SFor the considerations of this section, we do not work in the
Mellin-transformed basis.

Agr_/ ddx j“b(x)j (X) a _i Ad d—3
1 (2ﬂ)d ab ’ gr_32ﬂ_ p ww .

(4.65)
As in the Abelian case, we leave a discussion of the
imaginary term A5 to future work. The soft path integral is

Gaussian and we can evaluate it explicitly. The condition
(4.64) then implies

1 ) I
ai | 4P cals = 3)J " (x)j ()

dx
—ag / (;’Tyija%xw (x).

The propagator P satisfies

(4.66)

/ ADP o (W= y) (Pl (w = x) = 586 (x — ),

(4.67)
where the curly braces denote traceless symmetrization.

Using the relationship between j,, and 7, in (2.64), we
determine the propagator to be

1024a,, TLora(x =w)Tpyp(x —w)
Pah,cd('x - y) = (2ﬂ_)dg /ddw (X _ W)2

I (y—w)Z  jy(y —w)
X

- (4.68)
Consequently,
(P (x —y)
[t
Ie{c<y[(; iv)j;;‘;g; —¥) (4.69)

The gravitational soft action is therefore

(2z)

SeorC] = —2——
soft 1024¢3 50ty

/ dxC,,(x)C%(x).  (4.70)

As in gauge theory, the shadow gravity mode behaves as a
local degree of freedom. This provides further evidence that
the set of local operators in the celestial CFT are shadow
transforms of bulk operators. In terms of the shadow mode,
the soft interaction term takes the form

Sint[C’ ]] =

_ 16c1.2/ddxc~‘ah(X)jab(x)' (4'71)

To finish this discussion, we “integrate in” the soft
graviton mode N, following the same procedure as in the
Abelian case. The resultant soft action is
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Seon[C, N] = / dUXN o, (X)N (x)

(2;;){

_l’_
16¢; 5

/ddeab(x)C‘“b(x), (4.72)

where N, (x) = 2(8,0, —38,0*)N(x). Insertions of the
soft graviton operator are then given by

<Null7] (yl) T Na,,,bm (ym)>
= /[dN} [dCleSanlON=SwlCIN  y (v1) -+ Ny b, (V)

(4.73)
The integral over C(x) gives a Dirac delta functional

6(N — J) which then localizes the integral over N. The
result is

<Na1b1(y1) o 'Namb,,,(ym»
= jalbl(yl> o 'ja,,,bm(ym)

X exp {— (Ziad/ddxjab(x)jab(x) , (4.74)

which is expected from (4.4).

V. CONCLUSIONS AND FUTURE WORK

We have demonstrated that symmetry principles are
sufficient in order to describe soft dynamics in gauge
theory and gravity. In any dimension, the exponentiated
Abelian soft exchange arises straightforwardly from a
pattern of spontaneous and explicit symmetry breaking.
The effective dynamics of the long-wavelength Goldstone
bosons associated with gauge transformations with non-
compact support are effectively lower-dimensional, and
their interactions are captured by lower-dimensional gauge
theories (without a gauge quotient) deformed by symmetry
breaking mass terms. Although the effective action
expressed in terms of the Goldstone edge mode appears
nonlocal, the shadow Goldstone has local dynamics and
reproduces the effects of soft exchange in the bulk model.

In addition to providing a description of Abelian soft
exchange in the celestial CFT formalism, this paper raises
two unanswered questions which we hope to explore in
future work. The first question regards the celestial CFT
interpretation of the phase of the exponentiated soft
exchange. The imaginary part of I' differs significantly
from its real part since it only receives contributions from
pairs of incoming particles and pairs of outgoing particles.
It is not clear to us how to reproduce this qualitative
structure from a soft action.

The second problem that requires further investigation
is the non-Abelian soft exchange amplitude. The long-
wavelength gluon and the associated pseudo-Goldstone

boson are strongly coupled in d =2, and both path
integrals can only be approximated perturbatively. Much
more is known and proven in the 2D nonlinear sigma model
than in 4D Yang-Mills, and ultimately one would like to
connect the well understood strong coupling behavior of
the 2D model to confinement in the 4D gauge theory. Since
it is precisely the long-wavelength fluctuations of the
chromoelectric field that are strongly coupled, this con-
nection with the lower-dimensional pseudo-Goldstone
seems to be a promising way to proceed beyond perturba-
tion theory. We hope to pursue this direction in future work.
We also feel that the soft theorems for non-Abelian
chromodyons and magnetic branes conjectured in
Sec. III deserve further exploration.
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APPENDIX: DERIVATION OF CURRENT
WARD IDENTITIES

In this section, we derive the current Ward identities
(2.43), (2.53), and (2.65). We start with the Abelian Ward
identity. To prove the result, we need to show that

g (x) = ZQ[’Cd(mi/whxi;x)v (A1)
where
. T Ia (X _y)
) = I [ 0
Jalx) = 8aZQi log[-p; - 4(x)]. (A2)

Note that we have regulated the shadow integral so that it is
well-defined in any dimension. Using this definition, the
LHS of (Al) is

. : Lap(x =)
¢ =1 dlyde =42 7b(y). (A3
Jol) = M e, f o Ge—ypps 0 (A
Using the identity
Iab(x) 1
“ =—(d-1- A4
0 (xz)ﬁ 1 (d ’1)817 ()Cz)'l s ( )
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we find
a A-1 d 1 a
0ja(x) = il_fﬂm/d )’Wa Ta(y)-
(A5)
Using the definition (A2), we find (z; = m;/w;),
d-2 z
0T (x) = i( —— +— ) A6
0 =20\ g T awr) A9

which implies

) = fim 5oy S0P~ D )
+ 4z 5 0(z0x — x})), (A7)
where
Las(ze0) = [ dy ~(a8)
A (y +x)? 4 221

To evaluate this integral we use the Feynman-Schwinger
parametrization

1 I a) di,  di,
X(fl t Xﬁ" _F(al) : ”F(an) o h 1,
[P
x6<1— z,-)l—, (A9)
Z (X 1:X,) 2=

which implies

I'(d-a+D) d—a—1b—1
M=oy, 00

Ia b(Z x)
1

x [ d?
/ O =052 + 10y + 2)2 + 2]

I'd-—a+b) (1 uel bt
:F(d—a)l“(b)[) di(l =)

1
da? .
: / g [(y + tx)z + l(l - [)x2 + tzz]d—a+b
(A10)

We can now shift y — y — ¢x and then move to spherical
coordinates to evaluate the y integral,

f 1
[(y+ ) + 1(1 = 1)o7 + 122] et

Zﬂ'd/2 d—1
- T [y
r'(d/2) A g [+ t(1 = £)x? + 1z2] 4=t
nPr (¢ —a+b)

=2 @ M1 =1 t2a—b—4_
Fd—atp) (- +e]o

(Al1)

The integral takes the form
d/2(d _ 1

a*T(§—a+b) / dpit
[(d = a)l'(b) Jo

x (1 =1)a=1(1 -

[a.b(Z7 X) =

X2+ 22970 (Al2)

The integral over 7 is related to the integral representation of
the Gauss hypergeometric function

__ T b
e n
x (1= 1)e=b=1(1 = 1)@,

,F (a,b,c;7)
(A13)
Using this, we have

7’T(¢—a+ b)(a-9)
I(b)l'(d/2)

d
><2F1<§—a+b,a—

Ia.b(zv x) = [)C2 + zz]“""%]

dd x*
FeEra) A9

Plugging this into (A7) and taking A — 1, we find

aa]a ZQ ]Cd m/a)l’xl"x) (A]S)

The derivation of the non-Abelian current Ward identity
(2.53) immediately follows from the above calculation as
well. We now turn to the gravitational Ward identity (2.65).
To prove this, we need to show that

0P (o) = 3 omKes(mfon i), (A16)
where
o) = = fim 7 [ty PoelEZ IS
(A17)
and
T ap(x) = <8a8b - ééab82> Za)i[ﬁi ~4(x)]
x log[—p; - 4(x)]. (A18)

As in the Abelian case, we have regulated the shadow
integral to make it well defined.
Using the identity

. Ia{c(x)Id}b(x) B (ﬂ—d)(/l—d—F 1) 1
040" (xz)’l = ﬂ(ﬂ n 1) a{cad} (XZ)/I ’
(A19)
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we find

. 1 A(A-1)
a b _
PP Jan¥) =~ e A=A 1)

1
x [ dly——-s——0.0,Ty). (A20
/ y [(x _ y)Z]d_A d (y) ( )
To simplify this further, we use
d—1¢ d(d-2)
0O T () = ——— ; (H
o) === 2.\ [2p, 4]
2(d -2)z? 2z )
! ! A21
S5 aF  h-awF) A

It follows that

e (d—1)A(A=1)
O Jan ) = = M) =B+ 1)

X Zwi[Zd(d = 2DIpi(zix — x;)

+ 8(d — 2)Z%IA’2(Z1‘7X - xi)

+ 162115 5(zi x — x;)]. (A22)

Finally, we use (A14) and take the A — 1 limit to find

00 jp(x) = Z m Ky (m;/w;, x;3 x). (A23)
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