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We study exponentiated soft exchange in (dþ 2)-dimensional gauge and gravitational theories using the
celestial conformal field theory formalism. These models exhibit spontaneously broken asymptotic
symmetries generated by gauge transformations with noncompact support, and the effective dynamics of
the associated Goldstone “edge” mode is expected to be d-dimensional. The introduction of an infrared
regulator also explicitly breaks these symmetries so the edge mode in the regulated theory is really a
d-dimensional pseudo-Goldstone boson. Symmetry considerations determine the leading terms in the
effective action, whose coefficients are controlled by the infrared cutoff. Computations in this model
reproduce the Abelian infrared divergences in d ¼ 2 and capture the resummed (infrared finite) soft
exchange in higher dimensions. The model also reproduces the leading soft theorems in gauge and
gravitational theories in all dimensions. Interestingly, we find that it is the shadow transform of the
Goldstone mode that has local d-dimensional dynamics: the effective action expressed in terms of the
Goldstone mode is nonlocal for d > 2. We also introduce and discuss new magnetic soft theorems. Our
analysis demonstrates that symmetry principles suffice to calculate soft exchange in gauge theory and
gravity.
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I. INTRODUCTION

Gauge theories and gravitational theories in asymptoti-
cally flat spacetimes exhibit well-known universal infrared
behavior. Soft theorems govern the form of scattering
amplitudes at the boundaries of kinematic space, and
repeated soft exchange exponentiates in a way that is
independent of the microscopic details of the scattering
process. Universality follows from symmetry, and both of
these phenomena ultimately derive from the asymptotic
symmetry structure of gauge theories in flat spacetime.
In the Coulomb phase, gauge transformations with

noncompact support act nontrivially on physical states.
These “large gauge transformations” are broken by the
perturbative vacuum and correspond to flat directions in
field space protected by symmetry. The unbroken global
part of the gauge group gives rise to global charge

conservation, but the local transformations are more akin
to Goldstone bosons for an infinite-dimensional symmetry
group. These universal features find natural expressions in
the celestial conformal field theory (CFT) formalism. The
isomorphism between the Lorentz group in dþ 2 dimen-
sions and the Euclidean conformal group in d dimensions
can be exploited to recast standard S-matrix elements as
“celestial correlators” that resemble those of a d-dimen-
sional CFT (CFTd). In this language, the unbroken sym-
metry group ensures the existence of a conserved current
which is the shadow transform of a soft operator [1] and
which satisfies the local Ward identities required of a CFTd.
In this paper, we demonstrate that the shadow transform of
the Goldstone mode (corresponding to the broken sym-
metries) also has local d-dimensional dynamics, and that
those dynamics fully reproduce the effects of soft
exchange. Given that soft exchange occurs over large
scales in the bulk, it is somewhat surprising that it can
be captured by a local action in a lower dimension. We
believe that our result lends support to the holographic
interpretation of the celestial CFT formalism. There is a
small body of previous work addressing soft exchange in
celestial CFT, primarily in four dimensions [2–8]. The
methods and rationale in these treatments differ signifi-
cantly from ours but the results for the case d ¼ 2 are
equivalent.
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Our analysis relies on the well-known (dimension-
independent) exponentiation of soft exchange in Abelian
gauge theory and gravity. If hO1 � � �Oniμ denotes the
S-matrix element calculated with an infrared (IR) cutoff
μ on loop momenta and Λ is the scale chosen to separate
hard from soft, then

hO1 � � �Oniμ ¼ e−Γðμ;ΛÞhO1 � � �OniΛ: ð1:1Þ

The quantity Γ can be calculated from one-loop exchange
diagrams and depends on the two scales μ, Λ and the
quantum numbers of the external hard particles. The hard
amplitude hO1 � � �OniΛ is model dependent, but the expo-
nential factor e−Γ is universal and one would like to
compute it using symmetry principles. To do this, we
separate fields into hard and soft pieces, integrate out the
hard modes, and consider the effective action for the slow
modes:

hO1 � � �Oniμ ¼
Z

½dφs�
Z

½dφh�eiSbulk½φs;φh�O1 � � �On

¼ hO1 � � �OniΛ
Z

½dφs�e−Ssoft½φs�−Sint½φs;j�:

ð1:2Þ
The form of the second equality relies on the identi-

fication of the soft modes φs with the Goldstone edge
modes associated with asymptotic symmetries. These
degrees of freedom are effectively d-dimensional, and
we expect their “dynamics” to be Euclidean. At this stage
of the calculation, the external particles are accounted for
by classical sources j for φs and the matching condition
reads Z

½dφs�e−Ssoft½φs�−Sint½φs;j� ¼ e−Γ:

The form of the interaction term Sint½φs; j� is completely
fixed by the symmetry transformation properties of the
external states under the broken symmetries. In order to
determine Ssoft½φs� it is essential to understand the pattern
of symmetry breaking in the IR regulated theory. The
models that we consider exhibit infinite-dimensional
groups of spontaneously broken symmetries G whose
unbroken finite-dimensional subgroups we denote by G.
For instance, in the case of Uð1Þ gauge theory on R1;dþ1,
the group G consists of maps Sd → Uð1Þ and G ¼ Uð1Þ
corresponds to the constant maps. If the G=G edge modes
were true Goldstones, then the effective action Ssoft½φs�
would be invariant under a nonlinear realization of the full
infinite-dimensional group of G transformations. In the
Uð1Þ example, a simple model for such an action is a
d-dimensional Uð1Þ gauge theory in which one only
integrates over (and does not quotient by) the trivial flat
connections Ca ¼ ∂aCðxÞ. However, the introduction of

the infrared regulator breaks these symmetries, so the
effective action can also contain symmetry breaking terms
that give an action to the Goldstone modes and Ssoft½φs� is
the leading symmetry breaking term. It takes the form of a
(nonlocal) mass term for the flat connection Ca in the case
of Abelian gauge theory. In the models that we consider the
resulting path integral is Gaussian and can be evaluated
explicitly. The coefficient of Ssoft½φs� is then determined by
matching onto the infrared divergence and it depends
explicitly on the infrared cutoff. The resulting action can
be used to compute the resummed soft exchange in any
dimension. Interestingly, it is the shadow mode that has
local dynamics: the action expressed in terms of the
Goldstone variable is nonlocal when d > 2. “Integrating
in” a second degree of freedom related to external soft
insertions results in a model that also reproduces the
leading soft theorems in gauge and gravitational theories
in all dimensions.
Although we do not treat the non-Abelian case com-

pletely, our symmetry considerations do lead to a natural
conjecture for the infrared action that fits in well with
known analogies between nonlinear sigma models in two
dimensions and non-Abelian gauge theories in four dimen-
sions. In two dimensions the fluctuations of the non-
Abelian Goldstone bosons are strongly coupled and tend
to disorder the system and restore the symmetry. A similar
statement applies to the four-dimensional soft gluon when
viewed as the order parameter for a spontaneously broken
non-Abelian large gauge symmetry: the soft gluon is
strongly coupled in four and fewer dimensions, and the
strong dynamics generically leads to the confining (unbro-
ken) phase of gauge theory. In fact, a motivating point for
this work is the observation that the infrared phases of
Goldstone bosons in d dimensions match those of gauge
theories in dþ 2 dimensions. Both are infrared free (in the
broken phase) when d > 2 and generically strongly
coupled when d ≤ 2. We hope to return to this case in
future work and to continue to explore what is two-
dimensional about four-dimensional gauge theory.
The outline of this paper is as follows. In Sec. II, we

review soft theorems and soft exchange in gauge and
gravitational theories in the language of conformal corre-
lators. In Sec. III, we extend these results to include
magnetic and dyonic states, and introduce a variety of
new magnetic soft theorems. In Sec. IV we use sym-
metry principles to derive the d-dimensional actions that
reproduce soft exchange and soft theorems in (dþ 2)-
dimensional models. Section V concludes with open
questions, and the Appendix contains derivations of
important integral formulas.

II. PRELIMINARIES

In this section we review known results on the infrared
sector of gauge theory and gravity, beginning with a
discussion of the relationship between S-matrix elements
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and conformal correlation functions. We then review soft
theorems and infrared divergences in the language of these
correlators.

A. S-matrix as a conformal correlator

The Lorentz group in dþ 2 dimensions is isomorphic
to the Euclidean conformal group in d dimensions. This
correspondence can be exploited to recast scattering
amplitudes on R1;dþ1 in terms of the correlation functions
of a CFTd.

1. Poincaré and conformal algebra

The Poincaré algebra is generated by the operators Pμ

and Mμν (μ; ν ¼ 0;…; dþ 1) satisfying the commutation
relations

½Pμ; Pν� ¼ 0; ½Mμν; Pρ� ¼ 2iηρ½μPν�;

½Mμν;Mρσ� ¼ 4iη½ρ½μMν�σ�; ð2:1Þ

where η ¼ diagð−1;þ1;…;þ1Þ. The Lorentz generators
Mμν are linear combinations of the conformal generators
Jab, D, Ta, and Ka (a; b ¼ 1;…; d),

Jab ¼ Mab; D ¼ Mdþ1;0;

Ta ¼ M0;a −Mdþ1;a; Ka ¼ M0;a þMdþ1;a: ð2:2Þ

The Lorentz algebra implies that these generators satisfy
the Euclidean conformal algebra

½Jab; Jcd� ¼ 4iδ½c½aJb�d�; ½Jab; Tc� ¼ 2iδc½aTb�;

½Jab; Kc� ¼ 2iδc½aKb�; ½Ta;D� ¼ þiTa;

½Ka;D� ¼ −iKa; ½Ta; Kb� ¼ −2iðδabDþ JabÞ:
ð2:3Þ

The Jab generate SOðdÞ rotations, Ta and Ka generate
translations and special conformal transformations, and D is
the dilation operator. The mutually commuting generators
Pμ decompose into two scalars P�¼P0�Pdþ1 and a vector
Pa which mix under the action of the conformal algebra:

½Jab;Pþ�¼0; ½Jab;Pc�¼2iδc½aPb�; ½Jab;P−�¼0;

½Pþ;Ka�¼−2iPa; ½Pþ;Ta�¼0; ½Pþ;D�¼þiPþ;

½P−;Ta�¼−2iPa; ½P−;Ka�¼0; ½P−;D�¼−iP−;

½Pa;D�¼0; ½Pa;Tb�¼−iδabPþ; ½Pa;Kb�¼−iδabP−:

ð2:4Þ

2. Momenta and polarizations

The S-matrix computes an overlap between multiparticle
in and out states. It is a function of the momenta, spins,

and other quantum numbers associated with these states.
In order to recast the S-matrix as a conformal correlator,
it is useful to parametrize the momenta and polari-
zation vectors in a way that makes the connection
between the Lorentz group and the conformal group
manifest. A convenient parametrization for the momenta
is given by

pμðω; xÞ ¼ ωp̂μðω; xÞ; p̂μðω; xÞ ¼ q̂μðxÞ þ ðm2=ω2Þnμ;
ð2:5Þ

where q̂ and n are both null vectors given by

q̂μðxÞ ¼ 1

2
ð1þ x2; 2xa; 1 − x2Þ; nμ ¼ 1

2
ð1; 0a;−1Þ:

ð2:6Þ

Momenta appearing in the scattering amplitude will be
denoted by pμ

i ¼ pμðωi; xiÞ. We will adopt the conven-
tion in which outgoing momenta have ηi ¼ signðωiÞ ¼ þ1
and incoming momenta have ηi ¼ −1. In these variables
the Lorentz invariant inner product takes the form

p̂i · p̂j ¼ −
1

2
½x2ij þm2

i =ω
2
i þm2

j=ω
2
j �;

xaij ¼ xai − xaj : ð2:7Þ

In addition to the momenta, spinning states are also
labeled by their polarizations (little group representation).
The d independent polarization vectors for a massless spin
one gauge boson will be taken to be

εμaðxÞ≡ ∂aq̂μðxÞ ¼ ðxa; δba;−xaÞ: ð2:8Þ

These satisfy

n · εaðxÞ ¼ 0; p̂i · εaðxjÞ ¼ ðxijÞa;
εaðxiÞ · εbðxjÞ ¼ δab: ð2:9Þ

It is also useful to define the polarization sum

ΠμνðxÞ≡ εμaðxÞεa;νðxÞ
¼ ημν þ 2nμq̂νðxÞ þ 2nνq̂μðxÞ: ð2:10Þ

The polarization tensor for a massless spin two graviton is
given by

εμνabðxÞ≡ 1

2
½εμaðxÞενbðxÞ þ ενaðxÞεμbðxÞ� −

1

d
δabΠμνðxÞ;

ð2:11Þ

and the corresponding polarization sum is
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Πμν;ρσðxÞ≡ εμνabðxÞεab;ρσðxÞ

¼ 1

2
½ΠμρðxÞΠνσðxÞ þ ΠμσðxÞΠνρðxÞ�

−
1

d
ΠμνðxÞΠρσðxÞ: ð2:12Þ

The Lorentz invariant phase space measure in this para-
metrization takes the form

Z
ddþ1p
p0

¼
Z

ddx
Z

∞

0

dωωd−1: ð2:13Þ

In Sec. II C we will discuss virtual soft exchange and off-
shell loop momenta in loop integrals. A convenient para-
metrization is lμ ¼ ω½q̂μðxÞ þ κnμ�. Integrals over off-shell
momenta are given byZ

ddþ2l ¼ 1

2

Z
ddx

Z
∞

−∞
dωjωjdþ1

Z
∞

−∞
dκ: ð2:14Þ

3. Scattering states and conformal correlators

A scattering amplitude with m outgoing particles and
n −m incoming particles is given by

An ¼ hp1;…; pmjpmþ1;…; pni
¼ h0jTfaout1 ðp1Þ � � � aoutm ðpmÞain†mþ1ðpmþ1Þ
� � � ain†n ðpnÞgj0i; ð2:15Þ

where ain=outi ðpiÞ are the in and out annihilation operators.
We will suppress the additional spin, color, and/or flavor
indices of these operators when they play no role. We can
rewrite this amplitude in a suggestive way by defining

Oiðωi; xiÞ≡aouti ðpðωi; xiÞÞθðωiÞþ āin†i ð−pðωi; xiÞÞθð−ωiÞ:
ð2:16Þ

According to this definition, when ωi < 0 the operator
inserts the CPT conjugate incoming particle. The scattering
amplitude then takes the form

An ¼ hO1ðω1; x1Þ � � �Onðωn; xnÞi: ð2:17Þ

Equation (2.17) is simply a rewriting of the scattering
amplitude, and it is not immediately obvious why this
representation is advantageous. Its utility derives from a
reinterpretation of the Lorentz transformation properties of
the operators (2.16). Lorentz invariance fixes the trans-
formation properties for an annihilation operator

½aouti ðpÞ;Mμν� ¼ J ðiÞ
μνaouti ðpÞ; J ðiÞ

μν ≡ Lμν þ SðiÞ
μν :

ð2:18Þ

Lμν ¼ −2ip½μ∂pν� is the orbital angular momentum, and

SðiÞ
μν is the spin angular momentum operator for the ith

particle. Combining (2.18) with the definitions (2.2), (2.16)
and the parametrization (2.5), one can determine the
transformation properties of Oi under the Euclidean con-
formal group. The transformations take a particularly
simple form for massless operators (see [1] for details):

½Oiðω; xÞ; Ta� ¼ i∂aOiðω; xÞ;
½Oiðω; xÞ; Jab� ¼ −iðxa∂b − xb∂aÞOiðω; xÞ þ SðiÞ

abOiðω; xÞ;
½Oiðω; xÞ; D� ¼ iðxa∂a − ω∂ωÞOiðω; xÞ;
½Oiðω; xÞ; Ka� ¼ i½x2∂a − 2xaxb∂b þ 2xaω∂ω�Oiðω; xÞ

þ 2xbSðiÞ
abOiðω; xÞ: ð2:19Þ

Here, the SOðdÞ little group generators SðiÞ
ab act in

the representation determined by the spin of Oi.
Equation (2.19) is precisely the transformation law for
a d-dimensional conformal primary operator, with the
important caveat that D is not diagonal in this basis.
Instead, the momentum eigenstate operators have a formal
scaling dimension Δ ¼ −ω∂ω. This is simply a reflection
of the fact that momentum eigenstates are not simulta-
neously boost eigenstates. By performing a change of
basis—namely a Mellin transform with respect to ω—it
is possible to define an equivalent set of operators which do
diagonalize D,

Ô�ðΔ; xÞ ¼
Z

∞

0

dωωΔ−1Oð�ω; xÞ; Δ ∈
d
2
þ iR:

ð2:20Þ

The � superscript distinguishes between in and out states.
The restriction of Δ to the principal series is necessary in
order for the operators Ô to be normalizable. The inverse
Mellin transform is used to map the operators back,

Oð�jωj; xÞ ¼
Z d

2
þi∞

d
2
−i∞

dΔ
2πi

jωj−ΔÔ�ðΔ; xÞ: ð2:21Þ

Certain momentum eigenstate operators have universal
behavior in the soft (ω → 0) limit. Scattering amplitudes
involving these special operators exhibit poles in this
regime, and the residues can be isolated using a compact
contour C surrounding the origin in the complex ω plane:

Ôðn; xÞ ¼
I
C

dω
2πi

ωn−1Oðω; xÞ: ð2:22Þ

It is not obvious whether this special class of operators is
independent from those of the form (2.20).
Operators corresponding to massive particles in

momentum eigenstates also transform improperly (not as
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primaries) under special conformal transformations. For a
massive scalar operator, the commutation relations are

½Oiðω; xÞ; Ta� ¼ i∂aOiðω; xÞ;
½Oiðω; xÞ; Jab� ¼ −iðxa∂b − xb∂aÞOiðω; xÞ;
½Oiðω; xÞ; D� ¼ iðxa∂a − ω∂ωÞOiðω; xÞ;
½Oiðω; xÞ; Ka� ¼ i½ðx2 þm2

i =ω
2Þ∂a − 2xaxb∂b

þ 2xaω∂ω�Oiðω; xÞ: ð2:23Þ
Despite the more complicated form of this transformation
law, there exists a basis transformation which maps the
massive momentum eigenstate Oðω; xÞ to a conformal
primary operator with Δ ∈ d

2
þ iR,

Ô�ðΔ; xÞ ¼ mΔ−d
Z

ddy
Z

∞

0

dωωd−1

×KΔðm=ω; y; xÞOð�ω; yÞ: ð2:24Þ
The kernel of this integral transform is the bulk-to-
boundary propagator for a field of dimension Δ in
Euclidean hyperbolic space Hdþ1,

KΔðz; y; xÞ ¼ CΔ

�
z

ðx − yÞ2 þ z2

�
Δ
;

CΔ ¼ ΓðΔÞ
π

d
2ΓðΔ − d

2
Þ : ð2:25Þ

As in the massless case, the scaling dimensions are
restricted to the principle series so that the operators are
normalizable. To find the inverse transform, we use the split
representation of the Dirac delta function in Hdþ1,

zdþ1δðz − z0ÞδðdÞðx − x0Þ

¼ 1

2

Z d
2
þi∞

d
2
−i∞

dΔ
2πi

Z
ddyKΔðz; x; yÞKd−Δðz0; x0; yÞ: ð2:26Þ

Using this identity, the inverse transformation takes the
form

Oð�jωj; xÞ ¼ 1

2

Z d
2
þi∞

d
2
−i∞

dΔ
2πi

Z
ddym−Δ

×Kd−Δðm=jωj; x; yÞÔ�ðΔ; yÞ: ð2:27Þ
The operators Ô�ðΔ; xÞ varied over Δ are not independent
of each other. Instead, they satisfyZ

ddy
Cd−Δ

½ðx − yÞ2�d−Δ Ô�ðΔ; yÞ ¼ Ô�ðd − Δ; xÞ: ð2:28Þ

This integral transform defines the shadow transform for
scalar operators. The definition for more general operators
is given in (2.38).
The basis transformation for spinning massive states is

more complicated since themassive little group isSOðdþ 1Þ

and its representations must be decomposed into represen-
tations of SOðdÞ. We will not need the precise form of this
generalized Mellin transform.

4. Summary

The result of this section is that the Mellin-transformed
n-point scattering amplitude on R1;dþ1,

Ân ¼ hÔη1
1 ðΔ1; x1Þ � � � Ôηn

n ðΔn; xnÞi; ð2:29Þ
transforms as a d-dimensional conformal correlation function.
The operators appearing on the right-hand side (RHS) trans-
form as conformal primaries: massless particles correspond to
local operator insertions given by (2.20) while massive
particles correspond to operator insertions given by (2.24).
The operators Oi are generically labeled by additional

spin, flavor, and/or color indices. We only exhibit the spin
indices when the particle is a gluon or graviton since they
play a special role in what follows. The corresponding
operators are denoted byOa andOab. These operators create
one-particle states with polarization εa given by (2.8) or εab
given by (2.11), respectively.

B. Soft theorems and conserved currents

Soft theorems describe the universal behavior of scattering
amplitudes involving one or more energetically soft (long
wavelength) external particles. Long wavelength states are
unable to resolve short-distance scattering processes, so
amplitudes with soft insertions typically factorize into lower
point amplitudes acted on by soft factors that are only
sensitive to long distance data (such as quantum numbers).
This factorization is (semi)universal and its form is inde-
pendent of the microscopic details of the theory. Universal
behavior is usually a consequence of an underlying sym-
metry, andwork over the past several years has demonstrated
that most of these universal formulas are reflections of the
asymptotic symmetry structures in gauge and gravitational
theories in flat space [9–14]. In this section, we review the
soft photon, the soft gluon, and the leading soft graviton
theorems in the language of conformal correlators.

1. Leading soft photon theorem

In any dimension, the soft photon theorem implies1

hOaðω; xÞO1 � � �OniC¼0

⟶
ω→0 1

ω
e
X
i

Qi
p̂i · εaðxÞ
p̂i · q̂ðxÞ

hO1 � � �OniC¼0; ð2:30Þ

1This is only formally true in four dimensions, since both sides
of (2.30) generically vanish for scattering states with a finite
number of photons due to the infrared divergence (see Sec. II C).
In that case, the information content of the soft theorem resides in
the form of the infrared finite dressed states.
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where Oi ≡Oiðωi; xiÞ and C ¼ Aj∂I is the asymptotic
connection. The subscript C ¼ 0 in (2.30) indicates that the
connection used to compare the electric charges at different
points on the celestial sphere is taken to be trivial in
standard quantum field theory (the electron has charge −1
no matter where it appears on the celestial sphere) so we
will suppress this notation in what follows.2

The soft theorem states that in the limit where the
energy of the photon is small compared to the energies
of the hard particles, the amplitude factorizes into a
simple soft factor multiplied by a reduced scattering
amplitude involving the remaining n hard states. The
gauge coupling constant is e and Qi is the electric charge
of the ith particle. In our conventions, the electric charge is
defined by

Q ¼ 1

e2

Z
S2
⋆F: ð2:31Þ

We will assume that the gauge group is compact [Uð1Þ as
opposed to R], so the charges are quantized

Qi ¼ ni ∈ Z: ð2:32Þ

We define the leading (n ¼ 1) soft photon operator accord-
ing to (2.22),

SaðxÞ≡ 1

e

I
C

dω
2πi

Oaðω; xÞ: ð2:33Þ

The contour integral isolates the residue of Oaðω; xÞ at
ω ¼ 0, and SaðxÞ has scaling dimension Δ ¼ 1. Insertions
of the soft operator are therefore fixed completely by the
soft theorem

hSaðxÞO1 � � �Oni ¼ J aðxÞhO1 � � �Oni; ð2:34Þ

J aðxÞ ¼ ∂a

X
i

Qi log½−p̂i · q̂ðxÞ�: ð2:35Þ

Multiple insertions of this soft operator simply factorize

hSa1ðy1Þ � � � SamðymÞO1 � � �Oni
¼ J a1ðy1Þ � � �J amðymÞhO1 � � �Oni: ð2:36Þ

This formula is obtained by taking an nþm point
amplitude with m external photons and then taking con-
secutive soft limits ω1;…;ωm → 0. Since the photon does
not carry charge, the order of these limits is irrelevant.
Equations (2.34)–(2.36) together demonstrate that Sa
behaves as a flat Abelian connection. In the absence of

magnetic charges, the gauge field edge mode C is flat as
well:

dS ¼ 0; dC ¼ 0 ⇒ S ¼ dϕ; C ¼ dθ: ð2:37Þ
It was demonstrated in [1] that the soft photon theorem

implies the existence of a conserved Uð1Þ current in the
celestial CFTd. The definition of this operator involves
the shadow transform, which maps a primary operator of
weight Δ in the representation R of SOðdÞ to a conformal
primary operator of weight d − Δ and representation R,

ÕðxÞ≡
Z

ddy
1

½ðx − yÞ2�d−Δ RðIðx − yÞÞ ·OðyÞ: ð2:38Þ

The double shadow transform is proportional to the
identity,

˜̃OðxÞ ¼ cΔ;ROðxÞ;Z
ddz

RðIðx − zÞIðz − yÞÞ
½ðx − zÞ2�Δ½ðz − yÞ2�d−Δ ¼ cΔ;RδðdÞðx − yÞ: ð2:39Þ

For the spin s representation, this coefficient is given by

cΔ;s ¼
πdðΔ− 1Þðd−Δ− 1ÞΓðd

2
−ΔÞΓðΔ− d

2
Þ

ðΔ− 1þ sÞðd−Δ− 1þ sÞΓðΔÞΓðd−ΔÞ : ð2:40Þ

The Uð1Þ conserved current is the shadow transform of the
soft operator (2.33)

JaðxÞ ¼
1

2c1;1
S̃aðxÞ: ð2:41Þ

In d > 2, c1;1 is given by (2.40) while for d ¼ 2 direct
computation gives c1;1 ¼ 4π2 (instead of π2).3 Note that
SaðxÞ has dimension one, so that its shadow has Δ ¼ d − 1
which is appropriate for a conserved current. Insertions of
this current take the form

hJaðxÞO1 � � �Oni ¼ jaðxÞhO1 � � �Oni;

jaðxÞ ¼
1

2c1;1
J̃ aðxÞ; ð2:42Þ

and the divergence is given by (see Appendix for details)

h∂aJaðxÞO1 � � �Oni ¼
X
i

QiKdðmi=ωi; xi; xÞhO1 � � �Oni:

ð2:43Þ

The Ward identity (2.43) associates a nonlocal charge
distribution to the massive charged states. Massless states

2The role of this asymptotic connection is more fundamental in
the non-Abelian case, where it poses a potential obstruction to the
definition of non-Abelian dyonic charge.

3c1;1 vanishes in odd dimensions, but the shadow integral in
(2.41) vanishes as well. A finite result is obtained by evaluating
the RHS of (2.41) for general Δ and then taking the Δ → 1 limit.
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have a localized charge distribution which can be seen
using the property

lim
z→0

Kdðz; x; yÞ ¼ δðdÞðx − yÞ: ð2:44Þ

2. Leading soft gluon theorem

The generalization of the soft photon theorem (2.30) to
non-Abelian gauge theories is straightforward. The soft
limit of a single gluon with polarization a and color I takes
the form

hOI
aðω; xÞO1 � � �OniC¼0

⟶
ω→0 1

ω
igYM

X
i

p̂i · εaðxÞ
p̂i · q̂ðxÞ

TI
ihO1 � � �OniC¼0: ð2:45Þ

TI
i is a generator in the Lie algebra g (for the gauge

groupG) acting in the representation Ri under which the ith
particle transforms, and gYM is the gauge coupling. The
generators are normalized so that

½TI; TJ� ¼ fIJKTK; fIKLfJKL ¼ δIJ;

ðTI
adjÞJK ¼ −fIJK: ð2:46Þ

The notation C ¼ 0 signifies that the asymptotic connec-
tion used to compare color states at infinity is set to zero in
conventional scattering amplitude calculations. This sim-
plification is benign in the absence of chromomagnetic
flux. However, as we will discuss in Sec. III B, this
background connection is nonzero in the presence of
chromodyons and significantly complicates the definition
of the asymptotic symmetry group in non-Abelian models.
In this section we will only consider electrically charged
states, so we suppress this notation.
The leading soft gluon operator is defined as

SIaðxÞ≡ 1

gYM

I
C

dω
2πi

OI
aðω; xÞ: ð2:47Þ

Its correlation functions are completely controlled by the
soft gluon theorem

hSIaðxÞO1 � � �Oni ¼ J I
aðxÞhO1 � � �Oni; ð2:48Þ

J I
aðxÞ ¼ i∂a

X
i

log½−p̂i · q̂ðxÞ�TI
i : ð2:49Þ

Note that J I
aðxÞ is a matrix which acts on the color indices

of the amplitude An.
Multiple insertions of the operator SIa are defined by

taking an nþm point amplitude with m gluons and then
taking the soft limits ω1;…;ωm → 0. However, since the
gluon is itself charged under the gauge group, the order in
which these limits are performed doesmatter. Wewill adopt

the prescription that the soft limits are taken in the “left-to-
right” order

hSI1a1ðy1Þ � � � SImamðymÞO1 � � �Oni≡ 1

gmYM

I
Cm

dωm

2πi
� � �

� � �
I
C1

dω1

2πi
hOI1

a1ðω1; y1Þ � � �OIm
amðωm; ymÞO1 � � �Oni;

ð2:50Þ

where C1 ⊂ C2 ⊂ � � � ⊂ Cm are nested contours in the
complex ω plane. The soft operator S and gauge field
edge mode C satisfy a non-Abelian flatness condition

dSþ C ∧ Sþ S ∧ C ¼ 0; dCþ C ∧ C ¼ 0

⇒ S ¼ dϕþ ½C;ϕ�; C ¼ UdU−1:

ð2:51Þ
We can also construct a non-Abelian conserved current

JIaðxÞ ¼
1

2c1;1
S̃IaðxÞ;

hJIaðxÞO1 � � �Oni ¼ jIaðxÞhO1 � � �Oni; ð2:52Þ

where jIaðxÞ ¼ 1
2c1;1

J̃ I
aðxÞ. Its divergence is given by

h∂aJIaðxÞO1 � � �Oni ¼ i
X
i

Kdðmi=ωi; xi; xÞTI
ihO1 � � �Oni:

ð2:53Þ
3. Leading soft graviton theorem

The leading soft graviton theorem was first derived by
Weinberg [15]. The soft limit of a single graviton with
polarization εab takes the form

hOabðω; xÞO1 � � �OniC¼0

⟶
ω→0 κ

2ω

X
i

piμpiνε
μν
abðqÞ

pi · q̂
hO1 � � �OniC¼0: ð2:54Þ

Here κ2 ¼ 32πG and Cab ¼ r−1habj∂I (hμν ¼ gμν − ημν is
the metric fluctuation). The subscript C ¼ 0 in (2.54)
describes the Bondi-van der Burg-Metzner-Sachs (BMS)
frame in which the scattering amplitudes are evaluated and
with respect to which the energy-momentum of the particles
are defined. This is the gravitational analog of the flat
connection C ¼ 0 used in gauge theory scattering ampli-
tudes.Wewill suppress this notation in the rest of this section.
The leading soft graviton operator is defined according

to (2.22)

NabðxÞ≡ 2

κ

I
C

dω
2πi

Oabðω; xÞ ð2:55Þ
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and has scaling dimension Δ ¼ 1. Insertions of this
operator take the form

hNabðxÞO1 � � �Oni ¼ J abðxÞhO1 � � �Oni; ð2:56Þ

where

J abðxÞ≡
�
∂a∂b−

1

d
δab∂2

�X
i

ωi½p̂i · q̂ðxÞ� log½−p̂i · q̂ðxÞ�:

ð2:57Þ

Multiple insertions of Nab are calculated by taking simul-
taneous soft limits of a scattering amplitude involving
multiple external gravitons. Although general relativity is
nonlinear, its infrared dynamics is effectively Abelian since
the charge of the theory is energy-momentum. The order of
soft limits is therefore immaterial, and one finds

hNa1b1ðy1Þ � � �NambmðymÞO1 � � �Oni
¼ J a1b1ðy1Þ � � �J ambmðymÞhO1 � � �Oni: ð2:58Þ

From this formula, it follows that Nab satisfies the follow-
ing “flatness condition”:

∂ ½aNb�cðxÞ −
1

d − 1
δc½a∂dNb�dðxÞ ¼ 0

⇒ NabðxÞ ¼ 2

�
∂a∂b −

1

d
δab∂2

�
NðxÞ: ð2:59Þ

A similar property is also satisfied by the gravitational
connection CabðxÞ which then implies

CabðxÞ ¼ 2

�
∂a∂b −

1

d
δab∂2

�
CðxÞ: ð2:60Þ

This condition is the higher-dimensional analog of the four-
dimensional Christodoulou-Klainerman constraint [16].
The leading soft graviton theorem implies the existence

of dþ 2 conserved currents Pþ
a ðxÞ, Pb

aðxÞ, and P−
a ðxÞ

whose charges are the translation generators in (2.4).
However, not all of these currents are independent.
Rather, they sit in a single conformal multiplet that mixes
under Lorentz (conformal) transformations. Up to improve-
ment terms, (2.4) implies

Pb
aðxÞ ¼

i
2
½Pþ

a ðxÞ; Kb�; P−
a ðxÞ ¼

i
d
½Pb

aðxÞ; Kb�: ð2:61Þ

The current Pþ
a ðxÞ can be constructed from the shadow

transform of the soft graviton operator as

Pþ
a ðxÞ ¼ −

1

4c1;2
∂bÑabðxÞ: ð2:62Þ

In d > 2, c1;2 is given by (2.40) while for d ¼ 2 direct
computation gives c1;2 ¼ π2 (instead of π2=4). The soft
operator Nab has dimension one so the current has Δ ¼ d.
The unusual dimension for this current arises because the
conserved charge Pþ is itself dimensionful according to
(2.4). Using this definition, we find

hPþ
a ðxÞO1 � � �Oni ¼ pþ

a ðxÞhO1 � � �Oni; ð2:63Þ

where

pþ
a ðxÞ ¼ ∂bjabðxÞ; jabðxÞ ¼ −

1

4c1;2
J̃ abðxÞ: ð2:64Þ

The divergence of this current is then given by (see
Appendix)

h∂aPþ
a ðxÞO1 � � �Oni¼

X
i

miKdþ1ðmi=ωi;xi;xÞhO1 � � �Oni:

ð2:65Þ

As in the Abelian case, the Ward identity (2.65) associates a
nonlocal energy-momentum distribution with massive
charged states. Massless states have a localized energy-
momentum as can be seen from

lim
z→0

zKdþ1ðz; x; yÞ ¼ δðdÞðx − yÞ: ð2:66Þ

C. Infrared divergences in Abelian theories

In any theory with long-range forces, the naive scattering
amplitude defined in (2.15) vanishes in four dimensions
due to infrared divergences. Formally, these infrared
divergences arise due to low energy virtual particle
exchange in diagrams such as Fig. 1. Physically, the
divergences signify that the charged asymptotic scattering
states are not single particle states but rather coherent states
of charged particles and bremsstrahlung.
Although each diagram is separately divergent, the

infinite sum exponentiates and the amplitude actually
vanishes: An ∼ e−∞ ¼ 0. There is simply zero probability
to scatter into a state with a finite number of photons or
gravitons in four dimensions: the power radiated in a
generic scattering process does not vanish at zero fre-
quency, and so infinitely many low energy particles are
produced [17,18]. In higher dimensions this is no longer the

FIG. 1. Some typical diagrams contributing to infrared diver-
gences.
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case and exclusive scattering states with finite numbers of
massless quanta can be defined. The soft contributions
depicted in Fig. 1 can be calculated and exponentiated in
any number of dimensions, but it is only in four dimensions
that the contribution is divergent.
Standard treatments of this subject restrict attention to

inclusive observables defined by a trace over “unobservable
soft quanta” in the initial and final states. Order by order in
perturbation theory, the infinite volume of phase space
available to soft external quanta cancels the vanishing
probability to scatter into an exclusive state with a fixed
number of photons. Although perfectly adequate for
practical purposes, this approach to the problem con-
flates two separate issues and obscures the underlying
physics. It is certainly the case that any conceivable
experimental apparatus has a finite energy sensitivity. In
quantum mechanics, when an observer lacks access to a
particular component of the Hilbert space, he performs a
partial trace in order to obtain a reduced density matrix
which can be used to compute observables. In a realistic
scenario, any collider observable in any number of dimen-
sions should include a trace over the unobservable soft
quanta. However, the “unobservable” scale relevant to the
trace is set by the detector sensitivity and is not related to
the infrared divergence. An inadequate higher-dimensional
detector might require a trace over states with relatively
short wavelengths which are certainly produced with
nonzero probability. This inclusive calculation, while
relevant to the experiment, is not related to any infrared
divergence since the exclusive observable is well defined in
higher dimensions.
Taking a partial trace generically turns a pure density

matrix into a mixed state. In order to discuss fine-grained
questions such as unitarity or the information content of
soft quanta, one needs access to the actual quantum
mechanical transition amplitudes in Hilbert space. The
difficulty in defining an S-matrix in four-dimensional
asymptotically flat space highlights a deficiency in a
particular formalism but does not preclude the calculation
of exact transition probabilities. The key physical obser-
vation relevant to the definition of an infrared finite
S-matrix was made by Chung, Kibble, and Faddeev-
Kulish [19–24]. The asymptotic Hamiltonian, which deter-
mines the early and late time evolution of scattering states,
is not a free Hamiltonian. In the charged sectors of the
Hilbert space, this Hamiltonian has matrix elements con-
necting states with different numbers of photons. A sta-
tionary state invariant under early/late time evolution must
therefore contain an infinite number of photons correspond-
ing to bremsstrahlung clouds. Computations involving
these dressed states are cumbersome and appear to be
plagued with ambiguities. One cannot help but feel that the
ultimate treatment has yet to be discovered, but there are
indications that the celestial scattering amplitudes and the
conformal basis contain the appropriate formalism to

address the problem [4,25]. In this paper we focus on
understanding the soft virtual exchange in exclusive
amplitudes and leave the proper determination of the
scattering states to future work.
There are several equivalent methods for regulating and

canceling infrared divergences in scattering amplitudes (see
Chapter 13 of Weinberg [26] for a thorough discussion of
the Abelian case). Each of these methods breaks or alters a
symmetry of the problem. One common approach intro-
duces a hard IR cutoff μ for the photon. Loop integrals over
virtual momenta are to be performed only in the range
jωj > μ. A second scale Λ is chosen in order to separate out
the contribution of soft particles which are defined to have
μ < jωj < Λ. Provided that μ and Λ are taken to be much
smaller than the typical energy scale of the scattering
amplitude, the contributions of these quanta can be
computed exactly and exponentiated. Hard particles with
jωj > Λ contribute IR finite (but generally incalculable and
nonexponentiating) corrections. The general structure of a
scattering amplitude is then

hO1 � � �Oniμ ¼ e−ΓhO1 � � �OniΛ: ð2:67Þ

Here hO1 � � �Oniμ denotes the full scattering amplitude
with IR cutoff μ and loop integrals performed with jωj > μ,
while hO1 � � �OniΛ denotes the amplitude with loop inte-
grals performed in the range jωj > Λ. The soft contribution
resides entirely in the exponential factor e−Γ which depends
on the scales μ, Λ and on the quantum numbers of the hard
states.

1. Abelian gauge theories

In an Abelian gauge theory, the infrared divergent piece
of the full scattering amplitude is the exponentiation of the
single-exchange contribution shown in the first diagram of
Fig. 1. This dramatic simplification occurs because soft
photons do not emit other soft particles and fails in non-
Abelian models (and in models with massless charged
matter). The diagram is calculated using the soft photon
theorem. Summing over the propagating internal states, one
finds4

Γph ¼
ie2

2

X
i;j

QiQj

Z
Λ

μ

ddþ2l
ð2πÞdþ2

×
pμ
i p

ν
jΠμνðlÞ

ðl2 − iϵÞðpi · l − iϵÞð−pj · l − iϵÞ : ð2:68Þ

The integral is taken over the range μ < jωj < Λ and
represents only the contribution of the “soft quanta.” Note
that this piece of the integral can be separated out in any
dimension even though it is not infrared divergent when

4The iϵ prescription for i ¼ j is a bit different, and −pj · l − iϵ
is replaced with −pi · lþ iϵ.
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d > 2. The polarization sumΠμνðlÞ defined in (2.10) arises
from the numerator of the photon propagator. This is of the
form ΠμνðlÞ ¼ ημν þ gauge-dependent terms so we could
further simplify the expression by sending ΠμνðlÞ → ημν.
This integral is evaluated explicitly in [26]. For our

purposes it is more useful to retain Γph as a d-dimensional
integral. To do this, we parametrize all momenta using (2.5)
and use (2.14) to find

Γph

¼−
e2

4π

X
i;j

QiQj

Z
ddx
ð2πÞd

Z
μ<jωj<Λ

dωjωjd−3
Z

∞

−∞

dκ
2πi

×
2p̂μ

i p̂
ν
jΠμνðxÞ

ðκþ iϵÞðκ− 2p̂i · q̂ðxÞþ iηηiϵÞðκ− 2p̂j · q̂ðxÞ− iηηjϵÞ
:

ð2:69Þ

We perform the integral over κ via contour integration.
When ηi ¼ ηj we close the contour in the upper half-plane.
When ηi ¼ −ηj ¼ −η, we close the contour in the lower
half-plane and we pick up the pole at κ ¼ −iϵ. Finally,
when ηi ¼ −ηj ¼ η we close the contour in the upper half-
plane. This contribution vanishes since there are no poles in
the upper half-plane. We can then perform the integral over
ω, and we are left with a d-dimensional integral. We can
also simplify further by setting ΠμνðxÞ ¼ εaμðxÞεaνðxÞ.
Plugging all of this into (2.69) and using the language
of conformal correlators, we find

Γph ¼ αðA1 þ 2πiA2Þ; α ¼ e2

8π

Z
Λ

μ
dωωd−3; ð2:70Þ

and

A1 ¼
Z

ddx
ð2πÞd ½J aðxÞ�2;

A2 ¼
Z

∞

−∞

dν
2π

Z
ddx
ð2πÞd ½jJ

þ
a ðν; xÞj2 þ jJ −

a ðν; xÞj2�r: ð2:71Þ

J aðxÞ is defined in (2.34) and

J �
a ðν; xÞ≡ ∂a

X
i∈outðþÞ

inð−Þ

Qi
½−p̂i · q̂ðxÞ�iν

iν
;

J aðxÞ ¼ lim
ν→0

½J þ
a ðν; xÞ þ J −

a ðν; xÞ�: ð2:72Þ

The ½ �r symbol removes any i ¼ j terms in the integrand.
In d > 2, Γph → 0 polynomially as Λ, μ → 0 which

shows that soft photons do not contribute any divergences
to the scattering amplitude. On the other hand, in d ¼ 2,
Γph → ∞ logarithmically implies that the scattering ampli-
tude itself vanishes as a power law as μ → 0.

2. Gravitational theories

As in Abelian gauge theory, the total graviton contri-
bution to the infrared divergence is the exponentiation
of the single virtual soft graviton contribution. This
simplification holds because, although general relativity
is strongly nonlinear, the charge of the theory is energy-
momentum and long wavelength modes are weakly inter-
acting. The infrared divergent phase in this case is

Γgr ¼ αgrðAgr
1 þ 2πiAgr

2 Þ; αgr ¼
κ2

32π

Z
Λ

μ
dωωd−3:

ð2:73Þ
The integrals in the exponent are

Agr
1 ¼

Z
ddx
ð2πÞd ½J abðxÞ�2;

Agr
2 ¼

Z
∞

−∞

dν
2π

Z
ddx
ð2πÞd ½jJ

þ
abðν; xÞj2 þ jJ −

abðν; xÞj2�r;

ð2:74Þ
where J abðxÞ is defined in (2.57) and

J �
abðν; xÞ ¼

�
∂a∂b −

1

d
δab∂2

�X
i∈out

in

ωi
½−p̂i · q̂ðxÞ�1þiν

iνð1þ iνÞ ;

J abðxÞ ¼ lim
ν→0

½J þ
abðν; xÞ þ J −

abðν; xÞ�: ð2:75Þ

III. MAGNETIC CHARGES

The previous section reviewed soft theorems and infra-
red divergences for electrically charged states in gauge
theories. In this section, we generalize those results to
include magnetically charged or dyonic states. The first
discussion of an Abelian magnetic soft theorem appeared in
[27]. The results on the chromomagnetic soft theorem and
the soft theorem for extended objects are new.

A. Abelian gauge theories

In four dimensions, zero-dimensional particles can carry
both electric and magnetic charges. The magnetic charge is
defined by the surface integral

P ¼ 1

2π

Z
S2
F ð3:1Þ

taken at spatial infinity. The generalized soft theorems and
infrared divergences for magnetic states can be obtained
using the electromagnetic duality transformation

F → F̃ ¼ −
2π

e2
⋆F; e → ẽ ¼ 2π

e
;

Q → Q̃ ¼ P; P → P̃ ¼ −Q: ð3:2Þ
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The allowed set of magnetic charges is constrained by the
Dirac quantization condition QiPj ∈ Z. This implies that
the magnetic charge is quantized in multiples of m0 ∈ Z,
the smallest magnetic charge in the spectrum:

Pi ¼ m0wi; wi ∈ Z: ð3:3Þ

The integer m0 is theory dependent.
To write down the soft theorem for magnetically charged

particles, we Fourier transform the first equation of (3.2) to
determine the dual polarization vector:

q½με̃ν�ðqÞ ¼ −
π

e2
ϵμνρσq½ρεσ�ðqÞ

⇒ ε̃μðqÞ ¼
2π

e2
ϵμνρσ

nνqρ

n · q
εσðqÞ: ð3:4Þ

In the basis (2.8), this explicitly evaluates to

ε̃aðxÞ ¼
2π

e2
ϵabε

bðxÞ; ð3:5Þ

where ϵab is the two-dimensional (2D) Levi-Civita tensor
normalized as ϵ12 ¼ ϵ12 ¼ 1. Magnetically charged par-
ticles couple to the dual polarization of the photon so the
soft photon theorem (2.30) becomes [27]

hOaðω; xÞO1 � � �Oni⟶ω→0
e
X
i

Q̃i
p̂i · ε̃aðxÞ
p̂i · q̂ðxÞ

hO1 � � �Oni

¼ 2π

e
ϵab

X
i

Pi
p̂i · εbðxÞ
p̂i · q̂ðxÞ

hO1 � � �Oni:

ð3:6Þ
In the language of conformal correlators, this reads

hSaðxÞO1 � � �Oni ¼ J̃ aðxÞhO1 � � �Oni;

J̃ aðxÞ≡ 2π

e2
ϵab∂b

X
i

Pi log½−p̂i · q̂ðxÞ�: ð3:7Þ

This analysis extends to dyonic states in a straightfor-
ward manner. For any two pairs of dyons with charges
ðQi; PiÞ and ðQj; PjÞ, the Dirac-Schwinger-Zwanziger
quantization condition (derived by quantizing the total
angular momentum of the electromagnetic field of a
two-dyon state [28]) implies

QiPj −QjPi ∈ Z: ð3:8Þ
It follows that the charge spectrum for dyons takes the form
[29]5

Qi ¼ ni þ
ϑ

2π
wi; Pi ¼ m0wi; ð3:9Þ

with

ni; wi ∈ Z; ϑ ∈ ½0; 2πÞ: ð3:10Þ

The soft theorem for these dyons simply combines (2.34)
and (3.7) in a duality covariant way

hSaðxÞO1 � � �Oni
¼ ½J aðxÞ þ J̃ aðxÞ�hO1 � � �Oni
¼

X
i

ðniδab þ wiτabÞ∂b log½−p̂i · q̂ðxÞ�hO1 � � �Oni;

ð3:11Þ

where

τab ≡ τ1δab þ τ2ϵab; τ1 ≡ ϑ

2π
; τ2 ≡ 2πm0

e2
: ð3:12Þ

In addition to the electric current defined in (2.41), we can
now also define a magnetic current which couples to
magnetic particles,

Ka ≡ −ð⋆JÞa ¼ −ϵabJb: ð3:13Þ

This satisfies

h∂aKaðxÞO1 � � �Oni

¼ 2π

e2
X
i

PiK2ðmi=ωi; xi; xÞhO1 � � �Oni: ð3:14Þ

The structure of infrared divergences in the presence
of magnetic charges is similarly obtained by replacing
J a → J a þ J̃ a in the integral (2.71). The infrared factor is
Γph ¼ αðA1 þ 2πiA2Þ with

A1 ¼
Z

ddx
ð2πÞd ½J aðxÞ þ J̃ aðxÞ�2;

A2 ¼
Z

∞

−∞

dν
2π

Z
ddx
ð2πÞd ðjJ

þ
a ðν; xÞ þ J̃ þ

a ðν; xÞj2

þ jJ −
a ðν; xÞ þ J̃ −

a ðν; xÞj2Þr; ð3:15Þ

where

J̃ �
a ðν; xÞ≡ 2π

e2
ϵab∂b

X
i∈out

in

Pi
½−p̂i · q̂ðxÞ�iν

iν
: ð3:16Þ

This formula is straightforward for purely magnetic
scattering and follows from an application of the duality
transformation (3.2). The case with both electric and

5The generalized SLð2;ZÞ transformation acts as τ ¼ τ1þ
iτ2 →

aτþb
cτþd, ni → ani − bwi, wi → −cni þ dwi with a; b; c;

d ∈ Z and ad − bc ¼ 1. On the field strength this acts as
F þ i⋆F → ðcτ þ dÞðF þ i⋆FÞ.
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magnetic charges is slightly more subtle. The quantization
condition (3.8) implies that there is no small expansion
parameter when an electron scatters off of a monopole: the
effective coupling is always of order one. Weinberg also
noted [30] that the single photon exchange diagram
between an electron and a monopole appears to violate
Lorentz invariance. Both of these complications are
resolved by explicitly exponentiating the diagrams in
Fig. 1. Although the coupling is of order one, it is possible
to treat the infrared exchange to all orders to obtain
a reliable approximation. Similarly, since all photon
exchange diagrams contribute at the same order in the
e2 expansion, it is only their sum which must be (and is
[31], for appropriately quantized charges) Lorentz and
gauge invariant.

B. Non-Abelian gauge theories and chromodyons

The analog of the Dirac quantization condition in non-
Abelian gauge theory is the Goddard-Nuyts-Olive (GNO)
constraint [32]. For a given “electric gauge group” G, this
condition restricts the allowed magnetic charges of the
theory to be weights for the dual groupG∨ obtained fromG
by taking the dual root lattice.
In a deconfined non-Abelian gauge theory, there is no

difficulty in identifying the electric gauge group G in the
spectrum of electrically charged states. Similarly, the
magnetic gauge group G∨ has an unambiguous action in
the sector of purely magnetically charged states. The
essential complication arises in understanding the action
of G and G∨ in the dyonic sector of the theory. Indeed,
semiclassical quantization of a single isolated non-Abelian
monopole does not yield states transforming in represen-
tations of G [33,34] as one would expect if the asymptotic
symmetry group was truly G ×G∨. Chromomagnetic
charge apparently spoils the action of G in the dyonic
sector of the Hilbert space and the global part of the electric
gauge group is ill-defined [35–39].
There is a simple physical explanation of this math-

ematical fact. The long-range chromomagnetic field of a
monopole is controlled by a Gauss law. In the magnetically
charged sector of the theory, the magnetic charge

QI ¼ 1

2π

Z
i0
FI ð3:17Þ

is nonvanishing which implies that parallel transport on the
sphere at spatial infinity is path dependent. The “global part
of the electric gauge group” is defined by performing the
same large gauge transformation everywhere on the
celestial sphere. To compare the gauge parameter at two
separate points on the sphere, we are required to parallel
transport from one point to the other. In the presence of
asymptotic chromomagnetic flux the parallel transport is
path dependent (for directions in color space that do not
commute with the asymptotic value of F) and so the

definition of the global gauge group is ambiguous.6

However, if there is no net magnetic charge, then the
electric group G can be unambiguously defined. Indeed,
semiclassical quantization of a monopole-antimonopole
pair produces states that do form representations of the
electric color group [39]. Therefore, provided that the long-
range magnetic field vanishes in the in and out states (i.e.,
both have net zero magnetic charge), it is possible to
consider a S-matrix involving magnetically charged states
(the non-Abelian magnetic analog of eþe− scattering). It is
in this restricted case that we expect the following chro-
modyon soft theorem to apply.
We will explore the magnetic soft gluon theorem guided

by analogy with the Abelian case7 and the electromagnetic
duality transformation (3.2). We conjecture the following
form of the magnetic soft gluon theorem:

hSIaðxÞO1 � � �Oni

¼ 2πi
g2YM

ϵab∂b
X
i

log½−p̂i · q̂ðxÞ�T̂I
ihO1 � � �Oni: ð3:18Þ

Here T̂I is a Lie algebra generator of G∨ in representation
Ri under which the particle transforms. Generalizing to
chromodyons and including the ϑ-term contribution, the
generalized soft gluon theorem can be written as

hSIaðxÞO1 � � �Oni
¼ i

X
i

ðTI
iδab þ T̂I

iτabÞ∂b log½−p̂i · q̂ðxÞ�hO1 � � �Oni:

ð3:19Þ

We are unaware of any results regarding the scattering of
electric and magnetic states in non-Abelian gauge theory
beyond the nonrelativistic approximation of motion on
moduli space. It would be interesting to understand the IR
divergence structure of such amplitudes.

C. Soft theorem for magnetic branes in d > 2

In four-dimensional gauge theory, both the vector
potential F≡ dA and the dual vector potential ⋆F≡ dÃ
are one-forms and they couple to zero-dimensional exci-
tations with one-dimensional worldlines. In higher dimen-
sions the vector potential remains a one-form and couples
to particles, while the dual potential couples to extended
objects with (d − 1)-dimensional worldvolumes which we

6This is essentially the gauge theory analog of the “problem of
angular momentum” in general relativity, and one might hope that
it is resolved analogously.

7Since the equations of motion in non-Abelian gauge theory
explicitly involve the electric gauge potential, the simple duality
transformation (3.2) must be more complicated but might hold
asymptotically or in the soft limit. For this reason we consider the
formulas in this subsection conjectural.
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will refer to as magnetic branes. In R1;dþ1, the dual
magnetic potential is a (d − 1)-form defined by

F̃ðdÞ ¼ dÃðd−1Þ ¼ ⋆Fð2Þ ¼ ⋆dAð1Þ: ð3:20Þ

Here, we have introduced a subscript to make the rank of
the differential form explicit. The magnetic brane couples
to the gauge field through the Bianchi equation

dFð2Þ ¼ 2π⋆J̃ðd−1Þ; ð3:21Þ

where J̃ðd−1Þ is the conserved (d − 1)-form current.
Classically, this current is given by8

J̃μ1…μd−1
ðd−1Þ ðxÞ ¼

X
i

Pi

Z
Σi

dXμ1
Σi
∧ � � � ∧ dXμd−1

Σi
δðdþ2Þðx; XΣi

Þ

ð3:22Þ
and satisfies

d⋆J̃ðd−1Þ ¼ 0: ð3:23Þ

The integral is over the worldvolume Σi of the branes, and
XΣi

∶Σi ↪ M describes the embedding of the worldvolume
Σi in spacetime. Pi is the magnetic charge of the branes.
The soft theorem in the presence of such branes can be

derived from asymptotic symmetries [41]. In any dimen-
sion, the usual soft photon theorem (2.30) is related to the
conservation of a (dþ 1)-form

⋆Jε ≡ 1

e2
dðεð0Þ⋆Fð2ÞÞ; d⋆Jε ¼ 0: ð3:24Þ

Using Maxwell’s equation, we can write the current as

⋆Jε ≡ 1

e2
dεð0Þ ∧ ⋆Fð2Þ þ εð0Þ⋆Jð1Þ; ð3:25Þ

where Jð1Þ is the usual electric current of the model. The
charge associated with this current generates electric large
gauge transformations under which Að1Þ → Að1Þ þ dεð0Þ.
Evaluating this charge on the in state and the out state, one
can derive the leading soft photon theorem [10,42]. The
first term above inserts a soft photon with polarization dεð0Þ
in the S-matrix, whereas the second term generates the soft
factor in (2.30) via a Fourier transform

ieεμðqÞ
Z

ddþ2xe−iq·xJμð1ÞðxÞ⟶
q→0

e
X
i

Qi
pi · εðqÞ
pi · q

:

ð3:26Þ
To derive the magnetic soft theorem, we define the
magnetic conserved current

⋆J̃ε̃ ≡ 1

2π
dðε̃ðd−2Þ ∧ Fð2ÞÞ; d⋆J̃ε̃ ¼ 0: ð3:27Þ

Using the Bianchi equation (3.21), this can be written as

⋆J̃ε̃ ¼ 1

2π
dε̃ðd−2Þ ∧ Fð2Þ þ ð−1Þdε̃ðd−2Þ ∧ ⋆J̃ðd−1Þ: ð3:28Þ

The charge associated with this current generates magnetic
large gauge transformations under which Ãðd−1Þ → Ãðd−1Þ þ
dε̃ðd−2Þ [43–45]. The corresponding Ward identity for this
symmetry is obtained by inserting the associated charge
into the S-matrix. The first term in (3.28) inserts a dual soft
photon with the (d − 1)-form polarization dε̃ðd−2Þ. This
polarization is related to the polarization vector as

ðε̃aÞμ1���μd−1ðqÞ ¼ ð−1Þd 2π
e2

ϵμ1���μd−1νρσ
nνqρ

n · q
εσaðqÞ: ð3:29Þ

The second term generates the soft factor via a Fourier
transform

ieðε̃aÞμ1���μd−1ðqÞ
Z

ddþ2xe−iq·xJ̃μ1���μd−1ðd−1Þ ðxÞ

⟶
q→0 2π

e

X
i

PiSbranei;a ðqÞ; ð3:30Þ

where

Sbranei;a ðqÞ ¼ ið−1Þdðd − 1Þ! εaμðqÞnνqρ
n · q

×
Z
Σi

⋆ðdXμ
Σi
∧ dXν

Σi
∧ dXρ

Σi
Þe−iq·XΣi : ð3:31Þ

We evaluate this quantity in a special case. At late times,
we can assume that the magnetic branes are noninteracting
and are freely moving. We can describe a brane in terms
of a timelike parameter τ and d − 2 spatial parameters σα,
α ¼ 1;…; d − 2 as

Xμ
Σi
¼ χμi þ τpμ

i þ rμi ðσÞ: ð3:32Þ

χi describes the center of mass of the brane and pμ
i

describes the center of mass momentum. The soft factor
for such a brane takes the form

Sbranei;a ðxÞ ¼ −
1

ω

2ðd − 1Þ!
p̂i · q̂ðxÞ

p̂μ
i n

νq̂ρ∂aq̂σϵμνρσμ1���μd−2

×
Z

dd−2σe−iq·riðσÞ∂σ1r
μ1
i � � � ∂σd−2r

μd−2
i : ð3:33Þ

This suggests that the soft factor has a simple pole atω ¼ 0.
However, if the brane has a noncompact spatial volume,
then the integral can produce additional factors of ω−1.8See for example Eq. (18.40) in [40].
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To see this, consider a brane localized along the ðx3;…; xdÞ
directions. We describe this by the spatial vector
rμðσÞ ¼ ð0; 0; 0; σ1;…; σd−2; 0Þ. In this case, the soft factor
works out to be

Sbranea⊥ ðxÞ ¼ ðd − 1Þ!
ωd−1 ϵa⊥b⊥∂b⊥ log½−p̂ · q̂ðx⊥Þ�δðd−2ÞðxkÞ;

Sbraneak ðxÞ ¼ 0; ð3:34Þ

where xak ¼ ð0; 0; x3;…; xdÞ and xa⊥ ¼ ðx1; x2; 0;…; 0Þ
describe the longitudinal and transverse directions to the
brane and a⊥ ¼ ð1; 2Þ, ak ¼ ð3;…; dÞ are the correspond-
ing indices.
The soft factor therefore diverges as ω−ðd−1Þ. This

leading divergence can be extracted by defining a new
soft mode

Sduala ðxÞ≡ 1

e

I
C

dω
2πi

ωd−2Oaðω; xÞ: ð3:35Þ

This is the n ¼ d − 1 mode in the class of Mellin trans-
formed operators defined by the compact contour (2.22)
and has scaling dimension Δ ¼ d − 1. The magnetic soft
theorem in d > 2 reads

hSduala ðxÞO1 � � �Oni ¼
2π

e2
X

i∈brane
PiS

ð0Þbrane
i;a ðxÞhO1 � � �Oni;

ð3:36Þ

with

Sð0Þbranei;a ðxÞ ¼ lim
ω→0

ωd−1Sbranei;a ðxÞ: ð3:37Þ

It should be possible to construct a higher-form current
(sourced by extended objects in CFTd) from this soft
operator following the construction of (2.42). We leave
this for future work.

IV. A BOUNDARY MODEL FOR BULK
INFRARED PHYSICS

In this section, we exploit the asymptotic symmetry
structure of gauge and gravitational theories to construct a
boundary (d-dimensional) theory whose correlators repro-
duce bulk (dþ 2)-dimensional infrared physics. Scattering
amplitudes in the bulk theory are calculated by a path
integral

hO1 � � �Oniμ ¼
Z

½dφ�eiSbulk½φ�O1 � � �On; ð4:1Þ

where φ collectively denotes all the fields in the theory
(including any massless photons, gluons, or gravitons). The
subscript μ denotes the IR cutoff used to regulate and

evaluate the path integral on the RHS (all fields in the path
integral are taken to have ω > μ).
In order to isolate the infrared physics in the path

integral, we separate all fields into a soft piece φs (which
has μ < jωj < Λ) and a hard piece φh (which has jωj > Λ).
The scales μ and Λ are taken to be much smaller than the
gap in the massive sector so the soft fields φs only consist
of low energy massless fields. In models with hard-soft
factorization we can integrate out the hard fields

hO1 � � �Oniμ ¼
Z

½dφs�
Z

½dφh�eiSbulk½φs;φh�O1 � � �On

¼ hO1 � � �OniΛ
Z

½dφs�e−Ssoft½φs�−Sint½φs;j�:

ð4:2Þ

The integral over the hard modes produces the hard
amplitude hO1 � � �OniΛ which does not depend on any
of the soft fields or the infrared cutoff μ. The leftover
integral over the soft modes contains an effective action
which we have separated into two parts—Ssoft describes the
self-interactions of the soft modes and Sint describes the
coupling of the long-wavelength fluctuations to the hard
external particles in the scattering amplitude. This inter-
action is encoded through a classical (nonfluctuating) hard
matter current j whose structure is independent of the
microscopic details of the theory. Comparing to the general
structure of infrared divergences (2.67), one findsZ

½dφs�e−Ssoft½φs�−Sint½φs;j� ¼ e−Γ: ð4:3Þ

The above analysis assumes that the operators Oi are all
chosen from the hard sector. Scattering amplitudes with
external soft particles require additional soft insertions
SiðxÞ in the path integral. The multisoft theorems guarantee
that the corresponding amplitude factorizes so we requireZ

½dφs�e−Ssoft½φs�−Sint½φs;j�S1 � � � Sm ¼ e−ΓJ 1 � � �J m; ð4:4Þ

where Si denotes a generic soft insertion and J i denotes the
corresponding soft factor.
As we will show in the rest of this section, the action for

the soft modes and their coupling to the matter sources is
essentially fixed by symmetry considerations. The coupling
constants of the path integral on the left-hand side (LHS) of
(4.4) are completely fixed by the soft theorem and the one-
loop infrared divergence. It appears nontrivial that the
intrinsically Euclidean path integral (4.4) is capable of
reproducing intrinsically Lorentzian infrared dynamics.

A. Broken symmetries in celestial CFT

Symmetries in quantum field theory can be approximate
or exact. If they are exact, they can be spontaneously
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broken or unbroken, depending on the nature of the vacuum
state. In some cases, it is useful to treat an approximate
symmetry as if it were exact. If the model with the exact
symmetry lies in the broken phase and if the source of
explicit symmetry breaking is small, then the pseudo-
Goldstone bosons (along with any other massless fields)
can be used to reliably approximate the low-energy
dynamics.
There is by now a standard set of claims in the literature

(see [41] and references therein) regarding the symmetry
structure of gauge theory and quantum gravity in asymp-
totically flat space. Gauge transformations or diffeomor-
phisms with noncompact support that respect appropriate
boundary conditions act nontrivially on the Hilbert space in
these models. We denote this infinite-dimensional asymp-
totic symmetry group of the theory by G. Gauge trans-
formations or diffeomorphisms which are asymptotically
“constant” (in an appropriate sense) represent the global
part of G which we denote by G. The existence of the G
symmetry implies an infinite degeneracy of vacuum states
in the model. These vacuum states are preserved by G but
not by G. It follows that in these models, the exact
symmetry G is spontaneously broken down to G. The
low energy dynamics of these models are described by the
corresponding Goldstone bosons.
It is important to remember that the group G and its

subgroup G are defined only in spacetimes with non-
compact Cauchy slices. There are no charged states forG or
Goldstone bosons for G=G on a compact manifold, just as
there is no spontaneous symmetry breaking of ordinary
symmetries in finite volume. In order to recover G and G
from an infinite volume limit, it is important to take a limit
of spacelike slices with boundary. In this limit, the
corresponding edge modes become the Goldstone modes
for G=G. This point is important precisely because gauge
theories suffer from infrared issues. Perturbative calcula-
tions in gauge theory and gravity require the regulation of
long-wavelength fluctuations. Any method of regulating
the infrared divergences (e.g., a small photon mass, d > 4
dimensional regularization, finite volume regularization)
explicitly breaks the G symmetry.9 The effective action for
these Goldstone modes in the regulated theory will there-
fore contain symmetry breaking terms, and we are forced to
consider pseudo-Goldstone bosons associated with a sym-
metry with both spontaneous and explicit breaking.10 If the
symmetry breaking terms vanish as the regulator is
removed, then we expect to land on a model with an
exact G symmetry and Goldstone modes for the coset G=G.
This will be the case when d > 2 and when the gauge
theory is in the Coulomb phase. However, as we will see,

when d ¼ 2 the pseudo-Goldstone modes become strongly
coupled as the regulator is removed and we must keep the
leading symmetry breaking terms in the effective descrip-
tion. This strong coupling behavior is a two-dimensional
reflection of the infrared divergence in D ¼ 4 spacetime
dimensions. The four-dimensional Goldstone bosons are
strongly coupled because two-dimensional Goldstone
bosons are strongly interacting.
Since the celestial CFTd formalism is a repackaging of

the bulk (dþ 2)-dimensional dynamics, we expect the
asymptotic symmetry structures to constrain the d-dimen-
sional model. When the bulk theories are in the Coulomb
phase, we expect a global G symmetry in the CFTd and a
corresponding conserved current. These are precisely the
operators (2.41), (2.52), and (2.62) constructed from the
shadow transforms of the soft operators. Their existence is
required in order to match global symmetries, and the
universal nature of soft limits guarantees that they generate
the correct symmetry transformations. We also expect to be
able to phrase the dynamics of the G=G Goldstone bosons
simply in d-dimensional language since it is also controlled
by symmetries.

B. Uð1Þ gauge theory

We will begin by applying the above discussion to the
case of Uð1Þ gauge theories. Goldstone actions for infinite-
dimensional symmetry groups such as G are somewhat
exotic, so we begin by reviewing the finite-dimensional
case of global Uð1Þ symmetry breaking and then proceed
by analogy.
The simplest model of a spontaneously broken global

Uð1Þ symmetry involves a scalar field with a Lagrangian
invariant under the transformation ϕðxÞ → eiQεϕðxÞ. If the
scalar potential has a global minimum with jϕminj ¼ v ≠ 0,
then the boundary value of the field at spatial infinity
cannot vanish and the field acquires a vacuum expectation
value set by the boundary condition at infinity: hϕðxÞi ¼
v ≠ 0. In this case ϕðxÞ is the order parameter, and
its boundary condition spontaneously breaks the Uð1Þ
symmetry of the model. The normalizable fluctuations
about this vacuum are described by the field redefinition
ϕðxÞ ¼ ðvþ hðxÞÞeiQθðxÞ=v. Excitations of hðxÞ are gapped
while the Goldstone mode θðxÞ is massless and protected
by the nonlinearly realized Uð1Þ symmetry θðxÞ →
θðxÞ þ ε. At low energies, only the Goldstone mode
survives and the dynamics is described by an action of
the form

R ½− 1
2
ð∂θÞ2 þ � � �� which is constrained to be

invariant under the Uð1Þ symmetry. If the symmetry is also
(weakly) explicitly broken in the ultraviolet, then one must
add small symmetry breaking terms to this action, e.g., a
mass term for θ.
In the case of a Uð1Þ gauge theory, the relevant

symmetry group is the “asymptotic symmetry group” G,
also known as the group of “large” gauge transformations
with noncompact support [10,47–50]. Elements of G

9In the case of dimensional regularization, the group itself
changes.

10This is also the case in Jackiw-Teitelboim (JT) gravity, which
describes the pseudo-Goldstone bosons associated with the IR
divergence in AdS2 [46].
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correspond to maps Sd → Uð1Þ, and the relevant order
parameter is a Wilson line on the celestial sphere

WðxÞ≡ exp

�
i
Z

x

x0

C

�
; C ¼ Aj∂I : ð4:5Þ

Here x0 is an arbitrarily chosen base point. This order
parameter is invariant under constant gauge transforma-
tions, but rotates with a phase under generic elements of G:

WðxÞ⟶G
eiðεðxÞ−εðx0ÞÞWðxÞ; εðxÞ ∼ εðxÞ þ 2π: ð4:6Þ

When the quantum theory is in the Coulomb phase,
this order parameter is nonvanishing, hWðxÞi ≠ 0, which
indicates that the G symmetry is spontaneously broken
down to G. The Goldstone mode for the broken symmetry
is C, and it transforms nonlinearly as C → Cþ dε.
We now turn to the structure of the low energy action,

Ssoft, which describes the self-interactions of the soft
modes. The first thing to note is that the soft photon
operator S in (2.33) is independent of the Goldstone
mode C. In particular, while C transforms under large
gauge transformations, S is related to gauge-invariant
matrix elements and therefore does not transform. Since
the operator S creates a soft photon, it survives in the low
energy limit so Ssoft depends on both C and S. We will
begin by considering the case in which all external states in
the scattering amplitude are hard. In this case, we can
integrate out S and obtain an effective action for the mode
C. Having determined this effective action, we will then
“integrate in” the mode S by consideration of the soft
photon theorem.
In the absence of magnetic charges the gauge field edge

mode C is flat and realizes the G symmetry C → Cþ dε
nonlinearly. When the G symmetry is exact but sponta-
neously broken, the effective action for Cmust be invariant
under this transformation. What sort of action is invariant
under the infinite-dimensional symmetry group G? The
simplest example is of course a model with d-dimensional
Abelian gauge invariance in which we do not quotient by
gauge transformations. Since C is flat, we do not want
to integrate over all Abelian connections, only those which
are flat. A d-dimensional BF theory has the appropriate
domain of integration and the correct symmetries11

SBF½B;C� ¼ i
Z

B ∧ F; F ¼ dC: ð4:7Þ

Integrating out B sets F ¼ 0 and the soft dynamics are
effectively trivial. However, as we have noted previously,

the infrared regulator explicitly breaks the G symmetry so
the effective action can also contain symmetry breaking
terms. These correspond to gauge noninvariant interactions
that depend explicitly on C rather than F.
In standard constructions of effective actions for

pseudo-Goldstone bosons, locality is an organizing prin-
ciple. In the case at hand, we are attempting to construct
an exotic “interdimensional effective field theory” that
calculates bulk (dþ 2)-dimensional quantities in terms
of d-dimensional field variables. While the bulk theory
must be local, the boundary theory need not be. Indeed,
given that the boundary theory is required to reproduce
long wavelength effects in the bulk, the theory could indeed
be nonlocal. With this in mind, the most general leading
symmetry breaking term that we can add to the action takes
the form

Ssoft½C� ¼
Z

ddxddyðP−1Þabðx − yÞCaðxÞCbðyÞ: ð4:8Þ

Pabðx − yÞ is the propagator for C and will be determined
in the next section. The choice Pab ¼ δabδ

ðdÞðx − yÞ would
be a mass term for the d-dimensional gauge field. Inte-
grating out the B field still enforces the flatness constraint

C ¼ dθ; θðxÞ ∼ θðxÞ þ c; ð4:9Þ

and the mass term for the gauge field becomes a kinetic
term for the gauge parameter θðxÞ. The identification is
required because the globalG symmetry is unbroken on the
vacuum: C is a Goldstone with target G=G so the zero mode
of θðxÞ is a redundant parametrization of the space of flat
connections and should not be integrated over. Under large
gauge transformations,

θðxÞ⟶G
θðxÞ þ εðxÞ: ð4:10Þ

The action (4.8) explicitly breaks the G symmetry but is
invariant under the global Uð1Þ transformations.
Next, we turn to the form of the interaction term Sint. The

factorized structure of scattering amplitudes suggests that
the scattering operators Oi factorize into a soft and a hard
piece:

Oiðωi; xiÞ ¼ Ui½θ�OH
i ðωi; xiÞ: ð4:11Þ

The hard operators OH depend only on the hard fields φh
and decouple from the soft path integral (4.2), although
they obviously contribute to the hard scattering amplitude.
The soft operator Ui½C� can be determined by considering
the large gauge transformation ofOi which takes the form

12

11This BF theory differs from the models usually considered in
both form and function. It does not involve the usual quotient by
“small gauge transformations,” but is viewed as part of a higher-
dimensional theory.

12We assume for now that Oi is purely electrically charged.
The generalization to incorporate dyons will be considered in
Sec. IV B 1.

DANIEL KAPEC and PRAHAR MITRA PHYS. REV. D 105, 026009 (2022)

026009-16



Oiðωi; xiÞ⟶G
exp

�
iQi

Z
ddxεðxÞKdðmi=ωi; xi; xÞ

�
×Oiðωi; xiÞ: ð4:12Þ

This transformation law is determined in [10,47] from a
spacetime analysis. It can also be determined from (2.43).
This suggests the following explicit form of Ui:

Ui½θ�≡ exp

�
iQi

Z
ddxθðxÞKdðmi=ωi; xi; xÞ

�
: ð4:13Þ

Note that this operator is not single valued under the
identification in (4.9). Instead, we identify

Ui½θ� ∼ Ui½θ�eiQiθ0 ; ð4:14Þ

which follows from the property

Z
ddxKdðmi=ωi; xi; xÞ ¼ 1: ð4:15Þ

Including one such soft operator insertion for each of the
operators Oi appearing in the scattering amplitude, we find

Sint½θ; j� ¼ −i
Z

ddxθðxÞ
X
i

QiKdðmi=ωi; xi; xÞ: ð4:16Þ

Note that due to conservation of charge, the interaction
action is single-valued under (4.9), even though the
operators Ui are not. Using the definition of jaðxÞ in
(2.42), the action can be written as

Sint½θ; j� ¼ i
Z

ddxCaðxÞjaðxÞ; C ¼ dθ: ð4:17Þ

Having fixed the forms of Ssoft and Sint we can evaluate
the path integral in (4.3). The propagator Pab will then be
fixed by matching onto the RHS of (4.3). For Uð1Þ gauge
theories, the condition is

Z
½dθ�e−Ssoft½θ�−Sint½θ;j� ¼ e−Γph ¼ e−αðA1þ2πiA2Þ; ð4:18Þ

where

A1 ¼
Z

ddx
ð2πÞd J

aðxÞJ aðxÞ; α ¼ e2

8π

Z
Λ

μ
dωωd−3:

ð4:19Þ

At this stage, we are unable to reproduce the imaginary term
A2 from this construction, and consequently we postpone a
discussion of this to future work. The path integral on the
LHS is Gaussian and can be evaluated explicitly,

e−Γph ¼
Z

½dθ�exp
�
−
Z

ddxddyðP−1Þabðx− yÞCaðxÞCbðyÞ

− i
Z

ddxCaðxÞjaðxÞ
�
;

¼ exp

�
−
1

4

Z
ddxddyPabðx− yÞjaðxÞjbðyÞ

�
: ð4:20Þ

Comparing this to (4.18) and using (2.42), we find that we
can reproduce A1 correctly if

Pabðx − yÞ ¼ 16α

ð2πÞd
Z

ddw
Iacðw − xÞ
ðw − xÞ2

Ic
bðw − yÞ
ðw − yÞ2 :

ð4:21Þ
This follows from the formal properties of the inverse shadow
transform combined with (2.42). To construct the action, we
need to invert the propagator which satisfiesZ

ddwðP−1Þacðw− xÞPcbðw− yÞ ¼ δabδ
ðdÞðx− yÞ: ð4:22Þ

It follows that

ðP−1Þabðx − yÞ

¼ ð2πÞd
16c21;1α

Z
ddw

Iacðw − xÞ
½ðw − xÞ2�d−1

Ic
bðw − yÞ

½ðw − yÞ2�d−1 : ð4:23Þ

The soft action is therefore

Ssoft½θ� ¼
ð2πÞd
16c21;1α

Z
ddw

Z
ddxddy

×
Iacðw − xÞIc

bðw − yÞ
½ðw − xÞ2�d−1½ðw − yÞ2�d−1 CaðxÞCbðyÞ

¼ ð2πÞd
16c21;1α

Z
ddxC̃aðxÞC̃aðxÞ: ð4:24Þ

Remarkably, although the pseudo-Goldstone action appears
nonlocal when written in terms of the edge mode C, the
shadow edge mode C̃ behaves as a local degree of freedom.
Thismay suggest that the “appropriate” set of local operators
in celestial CFTd includes the shadow transforms of bulk
operators, and we hope to explore this possibility in future
work. To conclude, we can also express the soft-interaction
term using the shadow mode

Sint½θ; j� ¼ i
Z

ddxCaðxÞjaðxÞ ¼
i

2c1;1

Z
ddxC̃aðxÞJ aðxÞ:

ð4:25Þ

This local action for the shadow edge mode reproduces the
infrared divergences in Abelian gauge theory scattering
amplitudes.
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To end this discussion, we now consider scattering
amplitudes with external soft photons. For this purpose,
we are required to “integrate in” the soft photon operator
S ¼ dϕ. More precisely, we wish to determine an action
Ssoft½θ;ϕ� such thatZ

½dϕ�e−Ssoft½θ;ϕ� ¼ e−Ssoft½θ�;Z
½dϕ�½dθ�e−Ssoft½θ;ϕ�−Sint½θ;j�S1 � � � Sm ¼ e−ΓJ 1 � � �J m:

ð4:26Þ

Note that the zero mode of ϕ does not appear in the
physical operator S and so is not part of the system
described by Ssoft½θ;ϕ�. We therefore gauge the symmetry
ϕðxÞ ∼ ϕðxÞ þ c.
The soft action can be determined as follows. The

shadow transform of S is an Abelian current (2.41). This
operator must generate the global Uð1Þ transformations
θ → θ þ ε. The usual Noether procedure then implies an
off-diagonal coupling of the form

Ssoft½θ;ϕ� ¼ S0soft½ϕ� − i
Z

ddxCaðxÞJaðxÞ

¼ S0soft½ϕ� −
i

2c1;1

Z
ddxC̃aðxÞSaðxÞ: ð4:27Þ

S0soft is fixed by imposing (4.26). The required term is
Gaussian:

S0soft½ϕ� ¼
α

ð2πÞd
Z

ddxSaðxÞSaðxÞ; S ¼ dϕ: ð4:28Þ

The full soft action is therefore

Ssoft½θ;ϕ� þ Sint½θ; j� ¼
α

ð2πÞd
Z

ddxSaðxÞSaðxÞ

−
i

2c1;1

Z
ddxC̃aðxÞ½SaðxÞ − J aðxÞ�; ð4:29Þ

with

C ¼ dθ; S ¼ dϕ;

ϕðxÞ ∼ ϕðxÞ þ c; θðxÞ ∼ θðxÞ þ c: ð4:30Þ

This path integral correctly reproduces insertions of the soft
photon operator

hSa1ðy1Þ � � � SamðymÞi

¼
Z

½dθ�½dϕ�e−Ssoft½θ;ϕ�−Sint½θ;j�∂a1ϕðy1Þ � � � ∂amϕðymÞ:

ð4:31Þ

The integral over θðxÞ gives a Dirac delta functional
δðS − J Þ which then localizes the integral over ϕ. We find

hSa1ðy1Þ � � � SamðymÞi

¼ exp

�
−

α

ð2πÞd
Z

ddxJ aðxÞJ aðxÞ
�
J a1ðy1Þ � � �J amðymÞ;

ð4:32Þ

which is (almost13) the expected result (4.4).

1. Magnetic charges and winding modes in d = 2

We have so far demonstrated that the action (4.29)
reproduces all infrared divergences and soft theorems
under the assumption that all the particles in the scattering
process are purely electrically charged. In this section, we
generalize the result to include dyonic scattering states in
four dimensions. In order to simplify the discussion, we
will assume that all hard particles are massless.
In d ¼ 2 the shadow transform of a flat connection

localizes, and the Goldstone mode is proportional to its
shadow:

g∂aθðxÞ ¼
Z

d2x
Iabðx − yÞ
ðx − yÞ2 ∂bθðyÞ ¼ 2π∂aθðxÞ: ð4:33Þ

The action (4.29) then reduces to

Ssoft½θ;ϕ� ¼
1

4π2

Z
½αdϕ ∧ ⋆dϕ − πidθ ∧ ⋆dϕ�: ð4:34Þ

The soft correlators for dyonic charges are given by (3.11)
and (3.15)

hSa1ðy1Þ � � � SamðymÞi

¼
Ym
i¼1

½J aiðyiÞ þ J̃ aiðyiÞ�

× exp

�
−

α

ð2πÞd
Z

ddx½J aðxÞ þ J̃ aðxÞ�2
�
; ð4:35Þ

where

J aðxÞ ¼ ∂a

X
i

Qi log½−p̂i · q̂ðxÞ�; ð4:36Þ

J̃ aðxÞ≡ 2π

e2
ϵab∂b

X
Pi log½−p̂i · q̂ðxÞ�: ð4:37Þ

It is easy to see that the soft action (4.29) with an additional
source

13As mentioned previously, we do not yet understand how the
imaginary part of Γph is reproduced by the soft action, and we
leave this to future work.
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Ssoft½θ;ϕ� þ Sint½θ; j�

¼ α

ð2πÞ2
Z

d2xSaðxÞSaðxÞ

−
i
4π

Z
d2xCaðxÞ½SaðxÞ − J aðxÞ − J̃ aðxÞ� ð4:38Þ

correctly reproduces these correlation functions. The new
interaction term J̃ aCaðxÞ can be interpreted as a back-
ground source for the topological winding current ϵab∂bθ,
just as the original term ∂aθJ a may be interpreted as a
background source for the momentum current ∂aθ. In this
way, the electric and magnetic charges of the Abelian gauge
theory are mapped to the momentum and winding charges
of the vertex operators in the compact boson theory. The
irrational dyonic spectrum in the presence of the ϑ term is
simply reproduced by a background Kalb-Ramond field.
The coupling iBθϕdθ ∧ dϕ simply changes the spectrum of
allowed charges in the soft sector, but does not alter the
dynamics. The final soft action takes the form

Ssoft½θ;ϕ� ¼ −
1

4π2

Z �
αdϕ ∧ ⋆dϕ

− πidθ ∧ ⋆
�
dϕþ τ1

τ2
⋆dϕ

��
: ð4:39Þ

The structure of this term can actually be determined
using the bulk ϑ-term

iSbulk ∋
iϑ

8π2m0

Z
dðA ∧ FÞ: ð4:40Þ

This is a boundary term and its contribution to Ssoft can be
determined by integrating over I,

Ssoft ∋
Z
I
A ∧ F ∼

Z
dθ ∧ dϕ: ð4:41Þ

C. Non-Abelian gauge theory

The symmetry-based part of the previous discussion
generalizes straightforwardly to non-Abelian gauge theo-
ries. The group G of maps Sd → G is spontaneously broken
on the perturbative vacuum, and the corresponding order
parameter is a non-Abelian boundary Wilson line

WðxÞ ¼ P
�
exp

Z
x

x0

C

�
; C ¼ Aj∂I : ð4:42Þ

Under large gauge transformations

WðxÞ → gðxÞWðxÞgðx0Þ−1; gðxÞ ∈ G: ð4:43Þ

In the quantum theory, the Wilson line has a nonvanishing
vacuum expectation value hWðxÞi ≠ 0 when the gauge

theory is in the Coulomb phase. Global gauge trans-
formations leave the trace of the order parameter invariant,
so the large gauge symmetry is broken down to global G
symmetry and the corresponding Goldstone mode is the
flat connection C ¼ UdU−1. In the absence of explicit
breaking by the infrared regulator, the Goldstone action
must be invariant under the d-dimensional local invari-
ance group G and is therefore a gauge theory without a
quotient by the orbit of the gauge group. The flatness
condition is imposed by a non-Abelian BF term of the
form i

R
tr½B ∧ F�. The symmetry breaking term is the

non-Abelian generalization of the nonlocal vector mass
term (4.8)

Ssoft½U� ¼
Z

ddxddyðP−1Þabðx − yÞtr½CaðxÞCbðyÞ�;

ð4:44Þ

with

C ¼ UdU−1: ð4:45Þ

In d ¼ 2, there is another possible symmetry breaking
term that would give an action to the pseudo-Goldstones,
namely the Wess-Zumino (WZ) term, and we expect such a
term to follow from the addition of a non-Abelian ϑ-term in
the bulk Lagrangian. Higher-dimensional ϑ-terms similarly
correspond to higher-dimensional WZ terms.
The interaction term Sint is also determined by sym-

metries. To describe this, we define the group element
UðxÞ ¼ e−θðxÞ where θðxÞ≡ θIðxÞTI ∈ g. We define the
operator Ui½θ� as

Ui½θ� ¼ Ri

�
exp

�Z
ddxθðxÞKdðmi=ωi; xi; xÞ

��
: ð4:46Þ

The interaction term e−Sint is obtained as a product of these
operators, one for each of the asymptotic states in the
amplitude.
The discussion so far is completely general and used

only the symmetries of the problem. The main com-
plication arises in the “interdimensional effective field
theory” matching condition. In order to determine the
propagator entering in (4.44), we need to match on to
the non-Abelian infrared divergence, which is not known
exactly and is severely more complicated than the Abelian
case. Similarly, the soft gluon theorem receives perturbative
corrections so it is not as simple to “integrate in” the
external soft operator. To make progress we have to revert
to perturbation theory, keeping in mind that the soft
dynamics is ultimately nonperturbative. It is well known
that the model defined by (4.44) with a local propagator
(the principal chiral model in two dimensions) is also
strongly coupled, and that perturbation theory about the
free point does not accurately capture the dynamics
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and symmetry restoration (Coleman-Wagner theorem).
Ultimately, one hopes to apply nonperturbative knowledge
of the strong coupling behavior in the principal chiral
model to the much less understood strong coupling
problem in Yang-Mills. This is left to future work. Upon
linearizing the problem

UðxÞ ¼ 1 − θðxÞ þ � � � ð4:47Þ

the action (4.44) describes a theory of (free) scalars

Ssoft½θ� ¼
Z

ddxddyðP−1Þabðx − yÞtr½∂aθðxÞ∂bθðyÞ�:

ð4:48Þ

This linearized action (with a local propagator) was
recently used in [5] to match onto and reproduce low
orders in four-dimensional Yang-Mills perturbation theory.
It seems natural to conjecture that the nonlinear completion
of that model

Ssoft½θ;ϕ� ¼
Z

ddxtr

�
α

ð2πÞd S
aðxÞSaðxÞ

−
i

2c1;1
SaðxÞC̃aðxÞ

�
ð4:49Þ

describes higher orders in perturbation theory. The inter-
action term would then be obtained through insertions
of the operators (4.46). This path integral cannot be
performed exactly, but could be compared at any order
in perturbation theory. We hope to investigate this pos-
sibility in future work.

D. Gravity: Supertranslation mode

The asymptotic symmetry group for gravitational theo-
ries is the BMS group [9,51–53]. The implementation
of this symmetry in the celestial CFT is slightly compli-
cated given that one is trying to realize higher-dimensional
spacetime symmetries as internal symmetries in a
lower-dimensional model. The BMS group consists of
SOð1; dþ 1Þ Lorentz transformations as well as super-
translations, which are an infinite-dimensional extension of
the (dþ 2) translation group.14 The BMS symmetries are
spontaneously broken down to the Poincaré group by the
perturbative vacuum. The action for the corresponding
Goldstone modes is expected to be BMS invariant in the
absence of explicit breaking.
The standard asymptotic analysis identifies the super-

translation Goldstone mode as the leading traceless

boundary metric fluctuationCab ¼ ðhab − 1
d δabhÞj∂I which

satisfies the flatness condition15

ωabc ≡ ∂ ½bCc�a −
1

d − 1
δa½b∂dCc�d ¼ 0: ð4:50Þ

Supertranslations act nonlinearly on the Goldstone mode

CabðxÞ → CabðxÞ þ 2

�
∂a∂b −

1

d
δab∂2

�
fðxÞ ð4:51Þ

but leave ωabc invariant. Here fðxÞ is any function on
Sd and satisfies no periodicity condition. The infinite-
dimensional supertranslation symmetry is spontaneously
broken to a finite-dimensional translation symmetry which
is generated by functions of the form

ftrðxÞ ¼ χ0ð1þ x2Þ − 2χaxa − χdþ1ð1 − x2Þ; ð4:52Þ

which leave CabðxÞ invariant.
Following the gauge theory construction, our first step is

to find an action which is invariant under the full super-
translation symmetry. The field strength ωabc is invariant
under supertranslations (4.51) so the simplest model is a
“supertranslation BF theory”

S ¼ i
Z

ddxBabcωabc: ð4:53Þ

Integrating out the B field imposes the flatness condition
ωabc ¼ 0 so we can write

CabðxÞ ¼ 2

�
∂a∂b −

1

d
δab∂2

�
CðxÞ; ð4:54Þ

with

CðxÞ ∼ CðxÞ þ ftrðxÞ: ð4:55Þ

The identification is required because the global translation
symmetry is unbroken on the vacuum. Under supertrans-
lations

CðxÞ⟶G
CðxÞ þ fðxÞ: ð4:56Þ

The leading symmetry breaking term gives an action to
pure supertranslations and takes the form

Ssoft½C� ¼
Z

ddxddyðP−1Þab;cdðx − yÞCabðxÞCcdðyÞ:

ð4:57Þ
14There is evidence that the Lorentz group should be viewed as

the unbroken subgroup of diffeomorphisms of the celestial
sphere, although a proper asymptotic analysis has not yet been
performed and the question remains open.

15As in gauge theory, Eq. (4.50) is derived from the vanishing
of the asymptotic field strength (in this case, the Weyl tensor
component Carbcj∂I ).

DANIEL KAPEC and PRAHAR MITRA PHYS. REV. D 105, 026009 (2022)

026009-20



The interaction term follows from the symmetry trans-
formation properties of the plane wave16 creation and
annihilation operators [54]

Oiðωi; xiÞ

⟶
G

exp

�
i
2
mi

Z
ddxfðxÞKdþ1ðmi=ωi; xi; xÞ

�
Oiðωi; xiÞ:

ð4:58Þ

In particular, under the unbroken symmetry transforma-
tions (translations) generated by (4.52), these operators
transform as plane waves

Oiðωi; xiÞ⟶G e−ipi·χOiðωi; xiÞ: ð4:59Þ

It then follows from (4.56) that the operator serving as a
classical source for CðxÞ is

Ui½C�≡ exp

�
i
2
mi

Z
ddxCðxÞKdþ1ðmi=ωi; xi;xÞ

�
; ð4:60Þ

with

Ui½C� ∼ Ui½C�e−ipi·χ : ð4:61Þ

The soft-interaction term therefore takes the form

Sint½C; j� ¼ −
i
2

Z
ddxCðxÞ

X
i

miKdþ1ðmi=ωi; xi; xÞ:

ð4:62Þ

Using the definition of jabðxÞ in (2.64), we can rewrite
this as

Sint½C; j� ¼ −
i
4

Z
ddxCabðxÞjabðxÞ: ð4:63Þ

Note that due to momentum conservation, the interaction
action is invariant under (4.54) even though the operators
Ui are not.
Having fixed both the soft action and the interaction

term, we can now determine the propagator Pab;cd by
imposing the constraint (4.3). For gravitational theories this
reads

Z
½dC�e−Ssoft½C�−Sint½C;j� ¼ e−Γgr ¼ e−αgrðA

gr
1
þ2πiAgr

2
Þ; ð4:64Þ

where

Agr
1 ¼

Z
ddx
ð2πÞd J

abðxÞJ abðxÞ; αgr ¼
κ2

32π

Z
Λ

μ
dωωd−3:

ð4:65Þ
As in the Abelian case, we leave a discussion of the
imaginary term Agr

2 to future work. The soft path integral is
Gaussian and we can evaluate it explicitly. The condition
(4.64) then implies

1

64

Z
ddxddyPab;cdðx − yÞjabðxÞjcdðyÞ

¼ αgr

Z
ddx
ð2πÞd J

abðxÞJ abðxÞ: ð4:66Þ

The propagator P satisfiesZ
ddwPab;efðw− yÞðP−1Þab;cdðw− xÞ ¼ δfcfeδ

dg
fgδ

ðdÞðx− yÞ;

ð4:67Þ
where the curly braces denote traceless symmetrization.
Using the relationship between jab and J ab in (2.64), we
determine the propagator to be

Pab;cdðx − yÞ ¼ 1024αgr
ð2πÞd

Z
ddw

Iefaðx − wÞIbgfðx − wÞ
ðx − wÞ2

×
Iefcðy − wÞIf

dgðy − wÞ
ðy − wÞ2 : ð4:68Þ

Consequently,

ðP−1Þab;cdðx − yÞ

¼ ð2πÞd
1024c21;2αgr

Z
ddw

Iefaðx − wÞIbgfðx − wÞ
½ðx − wÞ2�d−1

×
Ie

fcðy − wÞIf
dgðy − wÞ

½ðy − wÞ2�d−1 : ð4:69Þ

The gravitational soft action is therefore

Ssoft½C� ¼
ð2πÞd

1024c21;2αgr

Z
ddxC̃abðxÞC̃abðxÞ: ð4:70Þ

As in gauge theory, the shadow gravity mode behaves as a
local degree of freedom. This provides further evidence that
the set of local operators in the celestial CFT are shadow
transforms of bulk operators. In terms of the shadow mode,
the soft interaction term takes the form

Sint½C; j� ¼ −
i

16c1;2

Z
ddxC̃abðxÞJ abðxÞ: ð4:71Þ

To finish this discussion, we “integrate in” the soft
graviton mode Nab following the same procedure as in the
Abelian case. The resultant soft action is

16For the considerations of this section, we do not work in the
Mellin-transformed basis.

SHADOWS AND SOFT EXCHANGE IN CELESTIAL CFT PHYS. REV. D 105, 026009 (2022)

026009-21



Ssoft½C;N� ¼ αgr
ð2πÞd

Z
ddxNabðxÞNabðxÞ

þ i
16c1;2

Z
ddxNabðxÞC̃abðxÞ; ð4:72Þ

where NabðxÞ ¼ 2ð∂a∂b − 1
d δab∂2ÞNðxÞ. Insertions of the

soft graviton operator are then given by

hNa1b1ðy1Þ � � �NambmðymÞi

¼
Z

½dN�½dC�e−Ssoft½C;N�−Sint½C;j�Na1b1ðy1Þ � � �NambmðymÞ:

ð4:73Þ

The integral over CðxÞ gives a Dirac delta functional
δðN − J Þ which then localizes the integral over N. The
result is

hNa1b1ðy1Þ � � �NambmðymÞi
¼ J a1b1ðy1Þ � � �J ambmðymÞ

× exp

�
−

αgr
ð2πÞd

Z
ddxJ abðxÞJ abðxÞ

�
; ð4:74Þ

which is expected from (4.4).

V. CONCLUSIONS AND FUTURE WORK

We have demonstrated that symmetry principles are
sufficient in order to describe soft dynamics in gauge
theory and gravity. In any dimension, the exponentiated
Abelian soft exchange arises straightforwardly from a
pattern of spontaneous and explicit symmetry breaking.
The effective dynamics of the long-wavelength Goldstone
bosons associated with gauge transformations with non-
compact support are effectively lower-dimensional, and
their interactions are captured by lower-dimensional gauge
theories (without a gauge quotient) deformed by symmetry
breaking mass terms. Although the effective action
expressed in terms of the Goldstone edge mode appears
nonlocal, the shadow Goldstone has local dynamics and
reproduces the effects of soft exchange in the bulk model.
In addition to providing a description of Abelian soft

exchange in the celestial CFT formalism, this paper raises
two unanswered questions which we hope to explore in
future work. The first question regards the celestial CFT
interpretation of the phase of the exponentiated soft
exchange. The imaginary part of Γ differs significantly
from its real part since it only receives contributions from
pairs of incoming particles and pairs of outgoing particles.
It is not clear to us how to reproduce this qualitative
structure from a soft action.
The second problem that requires further investigation

is the non-Abelian soft exchange amplitude. The long-
wavelength gluon and the associated pseudo-Goldstone

boson are strongly coupled in d ¼ 2, and both path
integrals can only be approximated perturbatively. Much
more is known and proven in the 2D nonlinear sigma model
than in 4D Yang-Mills, and ultimately one would like to
connect the well understood strong coupling behavior of
the 2D model to confinement in the 4D gauge theory. Since
it is precisely the long-wavelength fluctuations of the
chromoelectric field that are strongly coupled, this con-
nection with the lower-dimensional pseudo-Goldstone
seems to be a promising way to proceed beyond perturba-
tion theory. We hope to pursue this direction in future work.
We also feel that the soft theorems for non-Abelian
chromodyons and magnetic branes conjectured in
Sec. III deserve further exploration.
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APPENDIX: DERIVATION OF CURRENT
WARD IDENTITIES

In this section, we derive the current Ward identities
(2.43), (2.53), and (2.65). We start with the Abelian Ward
identity. To prove the result, we need to show that

∂ajaðxÞ ¼
X
i

QiKdðmi=ωi; xi; xÞ; ðA1Þ

where

jaðxÞ ¼ lim
Δ→1

1

2cΔ;1

Z
ddy

Iabðx − yÞ
½ðx − yÞ2�d−Δ J bðyÞ;

J aðxÞ ¼ ∂a

X
i

Qi log½−p̂i · q̂ðxÞ�: ðA2Þ

Note that we have regulated the shadow integral so that it is
well-defined in any dimension. Using this definition, the
LHS of (A1) is

∂ajaðxÞ ¼ lim
Δ→1

1

2cΔ;1

Z
ddy∂a Iabðx − yÞ

½ðx − yÞ2�d−Δ J bðyÞ: ðA3Þ

Using the identity

∂a IabðxÞ
ðx2Þλ ¼ 1

λ
ðd − 1 − λÞ∂b

1

ðx2Þλ ; ðA4Þ
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we find

∂ajaðxÞ ¼ lim
Δ→1

Δ − 1

2cΔ;1ðd − ΔÞ
Z

ddy
1

½ðx − yÞ2�d−Δ ∂aJ aðyÞ:

ðA5Þ
Using the definition (A2), we find ðzi ¼ mi=ωiÞ,

∂aJ aðxÞ ¼
X
i

Qi

�
d − 2

½−p̂i · q̂ðxÞ�
þ z2i
½−p̂i · q̂ðxÞ�2

�
; ðA6Þ

which implies

∂ajaðxÞ ¼ lim
Δ→1

Δ − 1

2cΔ;1ðd − ΔÞ
X
i

Qi½2ðd − 2ÞIΔ;1ðzi; x − xiÞ

þ 4z2i IΔ;2ðzi; x − xiÞ�; ðA7Þ
where

Ia;bðz; xÞ ¼
Z

ddy
1

½y2�d−a½ðyþ xÞ2 þ z2�b : ðA8Þ

To evaluate this integral we use the Feynman-Schwinger
parametrization

1

Xa1
1 � � �Xan

n
¼ ΓðP aiÞ

Γða1Þ � � �ΓðanÞ
Z

1

0

dt1
t1

� � � dtn
tn

× δ

�
1 −

X
i

ti

�
ta11 � � � tann

ðP tiXiÞ
P

ai
; ðA9Þ

which implies

Ia;bðz; xÞ ¼
Γðd − aþ bÞ
Γðd − aÞΓðbÞ

Z
1

0

dtð1 − tÞd−a−1tb−1

×
Z

ddy
1

½ð1 − tÞy2 þ tðyþ xÞ2 þ tz2�d−aþb

¼ Γðd − aþ bÞ
Γðd − aÞΓðbÞ

Z
1

0

dtð1 − tÞd−a−1tb−1

×
Z

ddy
1

½ðyþ txÞ2 þ tð1 − tÞx2 þ tz2�d−aþb :

ðA10Þ

We can now shift y → y − tx and then move to spherical
coordinates to evaluate the y integral,Z

ddy
1

½ðyþ txÞ2 þ tð1 − tÞx2 þ tz2�d−aþb

¼ 2πd=2

Γðd=2Þ
Z

∞

0

dr
rd−1

½r2 þ tð1 − tÞx2 þ tz2�d−aþb

¼ πd=2Γðd
2
− aþ bÞ

Γðd − aþ bÞ ½tð1 − tÞx2 þ tz2�a−b−d
2: ðA11Þ

The integral takes the form

Ia;bðz; xÞ ¼
πd=2Γðd

2
− aþ bÞ

Γðd − aÞΓðbÞ
Z

1

0

dtta−
d
2
−1

× ð1 − tÞd−a−1½ð1 − tÞx2 þ z2�a−b−d
2: ðA12Þ

The integral over t is related to the integral representation of
the Gauss hypergeometric function

2F1ða; b; c; zÞ ¼
ΓðcÞ

ΓðbÞΓðc − bÞ
Z

1

0

dttb−1

× ð1 − tÞc−b−1ð1 − tzÞ−a: ðA13Þ

Using this, we have

Ia;bðz; xÞ ¼
πd=2Γðd

2
− aþ bÞΓða − d

2
Þ

ΓðbÞΓðd=2Þ ½x2 þ z2�a−b−d
2

× 2F1

�
d
2
− aþ b; a −

d
2
;
d
2
;

x2

x2 þ z2

�
: ðA14Þ

Plugging this into (A7) and taking Δ → 1, we find

∂ajaðxÞ ¼
X
i

QiKdðmi=ωi; xi; xÞ: ðA15Þ

The derivation of the non-Abelian current Ward identity
(2.53) immediately follows from the above calculation as
well. We now turn to the gravitational Ward identity (2.65).
To prove this, we need to show that

∂a∂bjabðxÞ ¼
X
i

miKdþ1ðmi=ωi; xi; xÞ; ðA16Þ

where

jabðxÞ ¼ − lim
Δ→1

1

4cΔ;2

Z
ddy

Iacðx − yÞIbdðx − yÞ
½ðx − yÞ2�d−Δ J cdðyÞ

ðA17Þ

and

J abðxÞ≡
�
∂a∂b −

1

d
δab∂2

�X
i

ωi½p̂i · q̂ðxÞ�

× log½−p̂i · q̂ðxÞ�: ðA18Þ

As in the Abelian case, we have regulated the shadow
integral to make it well defined.
Using the identity

∂a∂b
IafcðxÞIdgbðxÞ

ðx2Þλ ¼ ðλ − dÞðλ − dþ 1Þ
λðλþ 1Þ ∂fc∂dg

1

ðx2Þλ ;

ðA19Þ
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we find

∂a∂bjabðxÞ ¼ − lim
Δ→1

1

4cΔ;2

ΔðΔ − 1Þ
ðd − ΔÞðd − Δþ 1Þ

×
Z

ddy
1

½ðx − yÞ2�d−Δ ∂c∂dJ cdðyÞ: ðA20Þ

To simplify this further, we use

∂a∂bJ abðxÞ ¼ −
d − 1

d

Xn
i¼1

ωi

�
dðd − 2Þ

½−p̂i · q̂ðxÞ�

þ 2ðd − 2Þz2i
½−p̂i · q̂ðxÞ�2

þ 2z4i
½−p̂i · q̂ðxÞ�3

�
: ðA21Þ

It follows that

∂a∂bjabðxÞ ¼ lim
Δ→1

ðd − 1ÞΔðΔ − 1Þ
4cΔ;2dðd − ΔÞðd − Δþ 1Þ

×
X
i

ωi½2dðd − 2ÞIΔ;1ðzi; x − xiÞ

þ 8ðd − 2Þz2i IΔ;2ðzi; x − xiÞ
þ 16z4i IΔ;3ðzi; x − xiÞ�: ðA22Þ

Finally, we use (A14) and take the Δ → 1 limit to find

∂a∂bjabðxÞ ¼
Xn
i¼1

miKdþ1ðmi=ωi; xi; xÞ: ðA23Þ
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