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We use Higgs bundles to study the 3D N ¼ 1 vacua obtained from M-theory compactified on a local
Spinð7Þ space given as a four-manifold M4 of ADE singularities with further generic enhancements in the
singularity type along one-dimensional subspaces. There can be strong quantum corrections to the massless
degrees of freedom in the low energy effective field theory, but topologically robust quantities such as
“parity” anomalies are still calculable. We show how geometric reflections of the compactification space
descend to 3D reflections and discrete symmetries. The parity anomalies of the effective field theory
descend from topological data of the compactification. The geometric perspective also allows us to track
various perturbative and nonperturbative corrections to the 3D effective field theory. We also provide some
explicit constructions of well-known 3D theories, including those which arise as edge modes of 4D
topological insulators, and 3DN ¼ 1 analogs of grand unified theories. An additional result of our analysis
is that we are able to track the spectrum of extended objects and their transformations under higher-form
symmetries.
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I. INTRODUCTION

Geometric engineering provides a promising way to
recast difficult questions in quantum field theory (QFT) in
terms of the geometry of extra dimensions in string theory.
One of the underlying themes in much of this progress has
been the use of holomorphic structures and its close
connection with supersymmetric QFT in flat space.
But there are also many QFTs where we cannot rely on

holomorphy considerations. In general, this makes it
difficult to study strong coupling dynamics in such
systems. Anomalies of symmetries provide a potentially
promising route for constraining strong coupling dynam-
ics because they are among the most robust “topological”
aspects of a QFT.
From the perspective of string theory, it is natural to ask

whether there is a geometric lift of these “bottom-up”
considerations which can be used to constrain the dynamics

of string compactification geometries with little or no
supersymmetry. In the putative effective field theory, strong
coupling effects lead to modifications of the classical
internal geometry. Conversely, by studying nonperturbative
contributions in a string compactification, one can hope
to pinpoint the onset of strong coupling effects in a
given QFT.
In this paper, we study 3D N ¼ 1 vacua as obtained

from M-theory on a local Spinð7Þ space. Such compacti-
fications are closely related to 4DN ¼ 1 vacua as obtained
from M-theory on local G2 spaces and F-theory on local
elliptically fibered Calabi-Yau fourfolds, where holomor-
phic structures play a more prominent role [1,2]. These
systems are also potentially of interest in the study of “4D
N ¼ 1=2” F-theory based models of dark energy (see, e.g.,
Refs. [3–6]). For earlier work on M-theory compactified on
a Spinð7Þ space, see, e.g., Refs. [7–14].
In particular, we focus on the local Spinð7Þ space

defined by a four-manifold M4 of ADE singularities, with
further enhancement in the singularity type along subspa-
ces. As advocated in Ref. [5], a fruitful way to analyze such
geometries is via the associated 7D gauge theory of a
spacetime filling 6-brane wrappingM4. Local intersections
with other 6-branes can be modeled in terms of background
internal profiles for fields of the 7D gauge theory. These
background fields satisfy the Vafa-Witten equations on a
non-Kähler four-manifold [15] and specify a stable Higgs
bundle.
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In these models, the field content descends from modes
spread over the entirety of M4, namely “bulk modes,” and
those which are trapped along a subspace, i.e., “local
matter.” Depending on the choice of M4 and localization
profile, one can envision engineering a rich class of
possible 3D N ¼ 1 gauge theories coupled to matter. A
general feature of these QFTs is that the localized matter
actually realizes a 3DN ¼ 2 sector, and the bulk modes of
the system can be packaged in terms of 3D N ¼ 1
multiplets. We can also use this geometric starting point
to analyze the spectrum of extended objects, as obtained
from M2-branes and M5-branes wrapped on noncompact
cycles of the geometry, as well as the resulting higher-form
symmetries acting on these objects.
Performing a general analysis of localized zero modes,

we show that they generically reside on codimension-3
subspaces inside ofM4. This is very much in line with what
wewould have gotten from the circle reduction of M-theory
on a local G2 space, as obtained from a three-manifold M3

of ADE singularities, where chiral matter is localized at
points of the three-manifold (see, e.g., Refs. [16–19]). It is,
however, a bit surprising from the perspective of F-theory
compactified on a local Calabi-Yau fourfold given by a
Kähler surface of ADE singularities, where chiral matter is
obtained from 6D hypermultiplets in the presence of a
background gauge field flux [20,21].1

We give some general methods of construction centered
on building up four-manifolds M4 from connected sums

with summands MðiÞ
3 × S1, where MðiÞ

3 is a three-manifold.

Local G2 systems with matter at points of MðiÞ
3 give rise to

4D N ¼ 1 matter, and this general gluing construction
produces 3DN ¼ 2matter coupled together by 3DN ¼ 1
bulk modes spread over all of M4. A related construction
involving gluing non-Kähler four-manifolds to Kähler
manifolds with matter on holomorphic curves leads to
3D N ¼ 4 matter coupled via 3D N ¼ 1 matter. We also
present a complementary quotient construction based on
elliptically fibered Calabi-Yau fourfolds in an Appendix.
Provided one is interested in generating classical 3D

N ¼ 1 field theories, the geometry of singular Spinð7Þ
spaces provides a promising way to engineer examples. In
the flow to the deep infrared, however, there can potentially
be strong corrections to these classical results due to the
absence of any constraint from holomorphy. Indeed, this is
just the string compactification analog of the standard
difficulties faced in analyzing 3D N ¼ 1 QFTs.
Faced with these difficulties, we can ask whether robust

quantities such as anomalies can constrain possible quan-
tum corrections. For 3D systems, this has proven to be a

powerful way to study the phase structure in the infrared,
even in the absence of supersymmetry (see, e.g.,
Refs. [22,23]). From this perspective, it is tempting to just
take the classical 3D system engineered from the large
volume Spinð7Þ geometry and use this as a starting point
for a purely 3D analysis. The difficulty here is that, in
addition to all of the classical zero modes, there is the entire
spectrum of Kaluza-Klein states which need to be inte-
grated out. To perform a proper analysis of such systems,
we therefore need to track the higher-dimensional origin
(when available) of these 3D symmetries.
Our aim here will be to focus on symmetries which

can be analyzed for any candidate 3D theory, namely the
action of 3D spatial reflections on physical fields, and its
interplay with other symmetry transformations coming
from gauge symmetries or global symmetries. Anomalies
of these symmetries, including mixed gravitational-
parity and gauge-parity anomalies then provide nonpertur-
bative control over some aspects of these systems.2

The corresponding anomalies are often calculable and
provide us with a sharp tool in constraining the resulting
3D N ¼ 1 vacua obtained from local Spinð7Þ spaces.
More precisely, we shall be interested in the action of
reflections for the 3D theory in a Euclidean spacetime,

R3d
i ∶ xi → −xi; and R3d

i ∶ xj → xj for j ≠ i; ð1:1Þ

and the corresponding transformations on our physical
fields. This turns out to be a bit subtle because the
physical content of our 3D system descends from a
higher-dimensional starting point, so reflections in three
dimensions may end up being composed with other
internal reflection symmetries.
With this in mind, we first track how reflection assign-

ments of 7D super Yang-Mills (SYM) theory descend from
M-theory on an ADE singularity and 10D SYM theory on a
T3. Doing so, we show that the 7D reflection action on the
physical fields is determined by a composition of spacetime
and internal reflections of the higher-dimensional theory.
Similarly, in the 3D effective field theory, the reflection
assignments come about as compositions of reflections,

R3d
i ¼ RD

i

Y
int

RD
int; ð1:2Þ

for a higher-dimensional theory in D spacetime dimen-
sions, where RD

i denotes the reflection action on the
D-dimensional fields in the 3D spacetime direction and
RD

int is a reflection in the internal directions. This leads to

1In F-theory models, this leads to zero modes which are
localized in all four directions of the internal Kähler manifold.
The reason this generically does not occur in the Spinð7Þ setting
is that there are three rather than two adjoint valued degrees of
freedom in the Higgs field.

2These are sometimes referred to as “parity anomalies,” but as
explained in Ref. [24], it is more appropriate to view them as
associated with various reflections. In a reflection symmetric
background, the latter must vanish, but the former (when gravity
is decoupled) can be nonzero.
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additional possible discrete symmetries which can be
arranged by tuning the moduli of the internal geometry.
The classical zero modes of a given local model each

make contributions to anomalies associated with 3D
reflection symmetries which we can explicitly evaluate.
Strong coupling effects can potentially gap the system or at
least remove some of the candidate zero modes, but a
remnant of the “topological order” associated with these
anomalies will still persist.
We also develop some examples illustrating these gen-

eral points. As a preliminary example which we repeatedly
return to throughout the paper, we show that matter
localized on a one-dimensional subspace of M4 can, in
the limit whereM4 is decompactified, be understood as 4D
matter with a position dependent mass, as in the standard
topological insulator construction (see, e.g., Refs. [25–27]).
As another general class of examples, we show how to take
a chiral 4D N ¼ 1 system engineered from the Pantev-
Wijnholt (PW) system compactified on a further S1 and
glue it to its reflected image, resulting in a reflection
symmetric 3D N ¼ 1 theory. As an additional set of
examples, we consider analogs of grand unified theories
(GUTs) in three dimensions engineered from related gluing
constructions.
The rest of this paper is organized as follows. In Sec. II,

we discuss aspects of 7D super Yang-Mills theory coupled
to defects and explain its relation to local Spinð7Þ spaces.
We show in Sec. III that localized matter fields in local
Spinð7Þ geometries generically lie on one-dimensional
subspaces. In Sec. IV, we show that local matter can be
interpreted as edge modes of a 4D topological insulator.
In Sec. V, we give some gluing constructions for how to
produce 3D N ¼ 1 vacua starting from 3D N ¼ 2
building blocks. We then turn to quantum effects, begin-
ning in Sec. VI with a study of reflection symmetries
in 7D SYM and their higher-dimensional origins.
In Sec. VII, we track the resulting reflection assignments
for 4D and 3D field theories obtained from compactifi-
cation of 7D SYM theory. We then turn to the computation
of various parity anomalies in Sec. VIII. Section IX
analyzes various quantum corrections to the classical
backgrounds. In Sec. X, we turn to some examples
illustrating where we engineer various 3D N ¼ 1 field
theories and compute the associated parity anomalies.
Section XI contains our conclusions and directions of
further investigation.
We defer several additional technical items to

the Appendixes. In Appendix A, we discuss some
additional aspects of classical zero mode localization
in local Spinð7Þ systems. In Appendix B, we demonstrate
a new construction of Spinð7Þ manifolds as a quotient
of Calabi-Yau four-folds in a local patch that we con-
jecture extends to compact cases. Appendix C reviews
our various conventions for 10D and 7D spinors.

In Appendix D, we provide details on a super quantum
mechanics construction of Euclidean M2-branes in our local
Spinð7Þ models which illuminates the appearance of a
twisted differential operator in the 3DN ¼ 1 superpotential.
Appendix E covers the dimensional reduction of reflection
transformations from seven dimensions to four dimensions
and three dimensions. Appendix F covers a G2-spectral
cover construction of 4D N ¼ 1 soð10Þ gauge theories,
which, after dimensional reduction on a circle, is an example
of a building block for constructing 3D N ¼ 1 Spinð7Þ
systems in Sec. X. Finally, Appendix G reviews the various
3D parity anomalies discussed in the bulk of this paper and
how they arise as the phase ambiguity of a 3D theory’s
partition function after placing it on an nonorientable Pinþ
manifold.

II. HIGGSBUNDLEAPPROACHTOLOCAL Spinð7Þ
GEOMETRIES

As mentioned in the Introduction, our interest in this
paper is the study of 3D N ¼ 1 vacua as engineered by
M-theory on manifolds of Spinð7Þ holonomy. In particu-
lar, we shall be interested in spacetimes given by a
(possibly warped) product of 3D Minkowski space with
this internal geometry. Early work in this direction
primarily focused on the case of smooth Spinð7Þ spaces;
see, e.g., Refs. [7,12,14]. Our general aim in this paper
will be to study the comparatively less explored case of a
four-manifold M4 of ADE singularities which give rise to
singular noncompact Spinð7Þ spaces. Much as in Ref. [5],
our approach will be to analyze the local M-theory
dynamics in terms of the world volume theory of 7D
SYM theory filling the 3D spacetime and wrapping the
four-manifold M4. This is just the Vafa-Witten twist of
N ¼ 4 super Yang-Mills theory on a four-manifold [15].
Recall that M-theory on an ADE singularity gives rise to

7D SYM theory with gauge group of ADE type. The bosonic
content of this theory consists of a 7D gauge connection and
three scalars ϕa which transform in the triplet representation
of the SUð2Þ R-symmetry. Some of this structure can be seen
from the classical geometry of the ADE singularity. For
example, upon resolving the ADE singularity, we get a
collection of S2 ’s which intersect according to the corre-
sponding ADE Dynkin diagram. Integrating the M-theory
3-form potential over each such S2 gives rise to a Uð1Þ
vector potential. The “off-diagonal” components of the
vector potential for the 7D SYM theory come from
M2-branes wrapped on the other simple roots obtained from
the homology lattice of the resolved space. Fibering this
further over a four-manifoldM4 just amounts to considering
7D SYM wrapped onM4. The assumption that this fibration
is a local Spinð7Þ space means we retain 3D N ¼ 1
supersymmetry in the transverse 3D Minkowski directions.
In the 7D SYM theory, this is enforced by taking a
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topological twist of the theory so that we retain at least one
real doublet of supercharges in the 3D theory.3 This turns out
to be the same as the Vafa-Witten topological twist [15] for
4D N ¼ 4 super Yang-Mills theory on a four-manifoldM4.
After the topological twist, the triplet of scalars assem-

ble into adjoint-valued self-dual 2-forms which we write
as ΦSD. The field content of the theory also includes the
7D gauge connection A7d as well as their fermionic
superpartners. Observe that Λ2

SD → M4, the bundle of
self-dual 2-forms over M4, gives rise to a local G2 space
(with a possibly incomplete metric). Indeed, we could also
consider type IIA string theory on this 7D background,
where we wrap D6-branes on M4. The point is that we
expect to arrive at the same 3D theory from either starting
point. Because we have a local G2 space, we know it
comes equipped with a distinguished associative 3-form.
This also furnishes us with a “cross-product” operation on
the self-dual 2-forms, where we have

ðΦ ×ΦÞa ¼ εabcΦbΦc; ð2:1Þ
where εabc is the canonical three-index “volume form” of
the fiber in Λ2

SD → M4. For adjoint-valued forms, the
multiplication on the right-hand side is replaced by a
commutator. This implies that the product of Φ with itself
may be nonzero.
It is convenient to package the 7D fields in terms of

suitable 3D N ¼ 1 supermultiplets, sorted according to
their Lorentz quantum numbers in the 3D spacetime.
For example, the 7D gauge connection decomposes as
A7d → A3d ⊕ AM4

, so from A3d, we get a 3DN ¼ 1 vector
multiplet, while from AM4

, we get additional adjoint-
valued scalar multiplets. By similar reasoning, the self-
dual 2-forms can be viewed as a collection of 3D N ¼ 1
scalar multiplets labeled by points of M4.
The vacua of this compactified system are captured by the

critical points of a corresponding 3D N ¼ 1 superpotential

W3d ¼
Z
M4

TrΦSD ∧ ðF þ 1

3
ΦSD ×ΦSDÞ; ð2:2Þ

where ΦSD ×ΦSD is shorthand for the cross-product of
Eq. (2.1), F denotes the superfield associated with the
curvature of the field strength on M4 and by abuse of
notation ΦSD also labels a superfield. The Bogomol’nyi–
Prasad–Sommerfield (BPS) equations of motion are

FSD þΦSD ×ΦSD ¼ 0; dAΦSD ¼ 0; ð2:3Þ

and vacua are given by solutions to the BPS equations of
motion modulo gauge transformations. In the above, FSD is

the self-dual part of the field strength, i.e., FSD ¼
1
2
ðF þ �FÞ. These equations define a stable Higgs bundle

on M4.
From this starting point, we can also analyze back-

grounds where the singularity type enhances along sub-
spaces of M4. In general terms, we can consider some
“parent gauge theory” with gauge group G̃ and take a
background solution which leaves some residual gauge
symmetry unbroken. We get massless matter fields in the
3D theory from the first order fluctuations around this
background:

A ¼ aþ hAi ð2:4Þ

Φ ¼ φþ hΦi: ð2:5Þ

The matter fields will transform in representations of the
unbroken gauge symmetry H ⊂ G̃.
For ease of exposition, here we primarily focus on the

case where the gauge connection is switched off, so in other
words, we take hAi ¼ 0, so that only hΦi has a nonzero
background value. In this case, the BPS equations of
motion enforce the condition that ΦSD takes values in
the Cartan subalgebra of G̃. We can speak of a collection of
independent self-dual 2-forms which satisfy the equation of
motion dΦSD ¼ 0. Now, to get a solution on M4 which is
globally valid, we sometimes need to allow for singularities
along various subspaces. In physical terms, these are
“sources” which are needed to satisfy a Gauss’ law
constraint on an otherwise compact space. For example,
if we assume that all two-cycle periods of ΦSD are zero,
there must be these defect sources (flavor brane intersec-
tions) as otherwise ΦSD ¼ 0. In this case, the singularities
we consider are of the form

dΦSD ¼
X
i

viδLi
; ð2:6Þ

where Li denotes a one-dimensional subspace of M4 and
δLi

denotes a delta function 3-form with support on Li.
Treating ΦSD as an Abelian flux, one can see that Gauss’s
law requires X

i

vi½Li� ¼ 0 ∈ H1ðM4;RÞ ð2:7Þ

to be satisfied. Notice that, since we are free to change the
orientations of the Li’s, this condition implies thatP

vi ¼ 0 mod 2.
This background initiates a breaking pattern to a sub-

group G ×Uð1Þn ⊂ G̃ (for now, we shall be a bit cavalier
with the global topology of the group). A zero mode in a
particular representation of G ×Uð1Þn comes from decom-
position of the adjoint representation of G̃ into irreducible
representations of G ×Uð1Þn. Focusing on the simplest

3More precisely, we start with the SUð2ÞR R-symmetry of the
7D theory in flat space and consider a homomorphism suð2ÞR →
soð2; 1Þ ⊕ soð4ÞM4

which is trivial on the soð2; 1Þ factor.
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nontrivial case where we have a single Uð1Þ factor, and
candidate localized modes with charge q with respect to
this Uð1Þ, we get the linearized approximation to the BPS
equations of motion:

ðdaÞSD þ qΦSD × φ ¼ 0; ð2:8Þ

dφ − qΦSD ∧ a ¼ 0: ð2:9Þ

We can package this in terms of a twisted differential
operator,

DqΦ ≡
�
qΦSD× Dsig:

Dsig: −qΦSD ∧
�
; ð2:10Þ

where Dsig: ¼ dþ d† is the signature operator.4 For addi-
tional discussion on the operator DqΦ in the context of the
associated supersymmetric quantum mechanics theory, see
Appendix D. In terms of this, we can speak of a zero mode
equation for a given representation,

DqΦΨq ¼ 0; ð2:11Þ

where Ψq ¼ ðφ; a − �aÞ is a two-component vector with
mixed form degree.
At a practical level, we can search for localized solutions

by considering the rescaled limit ΦSD → tΦSD, and taking t
to be large. In this case, our candidate zero modes amount to
those loci whereΦSD has a zero. From the point of view of a
spectral cover construction, these zeros represent pairwise
intersections of sheets. For example, let G̃ ¼ SUðNÞ, and fix
a section v ∈ Λ2

SD. The spectral equation in the fundamental
representation is then

detðv1N×N −ΦSDÞ ¼ 0; ð2:12Þ

which defines a four-manifold inside the bundle Λ2
SD, which

is a finite cover ofM4. This is of course directly related to the
IIA dual picture of the same system which is a local G2

model on the total space of Λ2
SD with a collection of

intersecting D6-branes supported along the spectral cover.
An important caveat here is that zeros of the Higgs field

are really just candidate zero modes, and in principle, these
solutions can receive small mass terms due to Euclidean
M2-branes which stretch between pairs of these loci. This is
very analogous to what happens in the PW system [17].
In the rescaling limit ΦSD → tΦSD, we can see such
corrections by performing an expansion in 1=t.
With this caveats in mind, let us now turn to the counting

of both bulk zero modes and localized zero modes with
respect to the background Higgs field profile. Consider first
the zero modes with charge q ¼ 0. In this case, we find

b2SD þ b1 þ 1 zero modes for each representation
uncharged under Uð1Þ (we assume the vector bundle is
switched off), where the contribution from 1 is just the
contribution from the 3D N ¼ 1 vector multiplet. These
modes will not be localized by the profile of ΦSD. Even if
these modes are massless at the classical level in the 3D
effective field theory, the actual zero mode count can
potentially be different, due to some of these modes pairing
up or additional strong coupling effects. Later on, we will
show that there is an anomaly capable of “detecting” a
contribution from jb2SD − b1 þ 1j such zero modes.
Next, consider the zero modes with charge q ≠ 0. One

issue we encounter is that as far as we are aware the counting
of zero modes does not cleanly reduce to a cohomology
group calculation. One simpler problem is to look for the zero
locus ofΦSD given that zero modes localize around this locus
in the limit of large vacuum expectation value (vev) of ΦSD.
The zero locus of ΦSD can be characterized quite nicely as
comprising a set of NΦ circles lm where the integer NΦ is
congruent to ðbþ2 − b1 þ 1Þ mod 2 [28]. As in the case of
delocalized zero modes, the mod 2 reduction of NΦ will be
related to the presence of an anomaly in the 3D effective field
theory that will be discussed later in the paper. Another useful
property is that the zero locus ofΦSD is homologically trivial
as it is dual to the Euler class of Λ2

SD, which is zero [28].
Around any zero of ΦSD, we can model its profile locally as

ΦSDjlm ¼ dfm ∧ dtm þ �3dfm: ð2:13Þ

Here, tm is a local coordinate on the circle lm, fm is a
function that does not depend on tm, and the Hodge star
operation �3 is taken in the directions normal to lm inside
M4. The fact that the profile ofΦSD can be written in terms of
some function on a three-manifold is reminiscent of the PW
system [17]. The localized mode will actually behave as a 4D
mode on R1;2 × lm with chirality determined by the sign of
the determinant of the Hessian of the function fm, much as
in Ref. [17].
The leading order interaction terms for these candidate

zero modes are obtained by expanding our 3D super-
potential of Eq. (2.2) about a fixed background. This leads
to the interaction terms for candidate zero modes,

W3d ¼
Z
M4

X
qiþqjþqk¼0

ðφi ∧ ðaj ∧ akÞ þ φi ∧ ðφj × φkÞÞ

þ � � � ; ð2:14Þ

where the “…” refers to contributions which include both
mass terms and additional compactification effects which
are suppressed in the large volume limit.
It is also of interest to consider massive modes, namely

those for which DqΦΨq ¼ mΨq, which, before twisting,
derives from the usual 4D massive Dirac equation written
as (turning off the scalars associated to ΦSD for simplicity)4Note that in four Euclidean dimensions d† ¼ − � d�.
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�
0 =D

=D 0

��
ψR

ψL

�
¼ m

�
ψR

ψL

�
; ð2:15Þ

where here ψR and ψL are right-/left-handed Weyl fermions
on M4 which are the fermionic components of massive
fluctuations. The important point for us is that this Dirac
equation explicitly references the sign of a real mass, m.
In the context of reducing to a 3D theory, integrating out
positive mass and negative mass terms can shift the Chern-
Simons level(s) of the 3D gauge theory with a contribution
which depends on the sign of the mass term.5

A. Defects and higher-form symmetries

Although our main emphasis will be on various aspects
of reflection symmetries, it is worthwhile to also discuss
how our considerations fit with more global structures of
the resulting 3D effective field theory, and in particular
various higher-form symmetries which might be present.
See, e.g., Refs. [32–40] for additional details on aspects
of higher-form symmetries and their relation to string
compactification.
For starters, we can ask about the global nature of the 7D

SYM gauge group. Indeed, a priori, we could have a
simply connected G or a quotient by some subgroup
CG ⊂ ZG, with ZG the center of G. Geometrically, the

center C ¼ Λ�=Λ, where Λ ¼ Hcpct
2 ð ˜C2=Γ;ZÞ is just the

homology group for the resolution of the ADE singularity
C2=Γ and Λ� is the dual lattice. Indeed, we can consider
M2-branes stretched on the noncompact two-cycles of Λ�,
and these descend to nondynamical Wilson lines. This is
basically just the computation of a “defect group” as in
Refs. [33,41] (see also Refs. [36,42]). The specific choice
of gauge group is then dictated by boundary conditions for
discrete fluxes on a bounding S3=Γ at infinity in C2=Γ, and
the analysis of Sec. 5 in Ref. [33] can be repurposed to
recover the different possible options.
Closely related to this is the spectrum of extended

objects generated by M5-branes wrapping these same
noncompact two-cycles in the fiber direction. For example,
we can consider wrapping an M5-brane over all of M4 and
a noncompact two-cycle of Λ�, and this gives rise to objects
which are charged under a magnetic 0-form symmetry in
three dimensions. If we have a two-cycle Σ ∈ H2ðM4;ZÞ
(neglecting torsion), then we get a corresponding stringlike
defect, i.e., domain wall from also wrapping on a non-
compact two-cycle of Λ�. In 3D field theory terms, this is
an object which is charged under a magnetic 2-form
symmetry. The associated extended objects then have
charges labeled by a maximal isotropic sublattice of
H2ðM4; CÞ (see Ref. [33]).

In actual local models, of course, we typically have a
more complicated configuration of intersecting 6-branes.
For example, with local matter, we often speak of a parent
gauge group G̃ and its unfolding to a descendant H ⊂ G̃.
Moreover, this local enhancement can be different at
different locations of M4. Based on this, we need to be
able to globally fit together all the different possible
choices. While in general this is a challenging problem,
the key point is that in spectral cover constructions
where we start with a single G̃ we already know that
the appropriate notion of Λ and Λ� is given by Λ ¼
Hcpct

2 ð gC2=ΓG̃;ZÞ. For example, if we consider adjoint
breaking of E8 ⊃ E6 × SUð3Þ=Z3 ⊃ E6 × SðUð1Þ3Þ=Z3,
we know that we have matter in the 27 of E6, so the
gauge group cannot be E6=Z3. The point is that we also
need to account for the contribution from the flavor branes
of the model. Indeed, since the center of E8 is trivial (since
its Cartan matrix is unimodular), the resulting defect group
(s) associated with Λ�=Λ are all trivial. That being said, we
can of course consider other starting points for our G̃ which
have a nontrivial center. In such situations, we can use the
geometry to quickly ascertain the candidate higher-form
symmetries in the 3D effective field theory. A final com-
ment is that there can potentially be an additional con-
tribution from the noncompact four-cycle Poincaré dual to
M4 itself. It would be interesting to study this universal
contribution, but we defer this to future work.

III. ULTRALOCAL Spinð7Þ MATTER FIELDS

In the previous section we discussed in general terms the
use of Higgs bundles on M4 as a tool in understanding
localized matter in Spinð7Þ compactifications of M-theory.
Our aim in this section will be study in more detail the
profile of these zero mode solutions. In particular, we
would like to understand to what extent these zero modes
can actually be localized.
As is common in the string compactification literature,

there are distinct notions of localization. First, we can work in
an “ultralocal” patch of the four-manifold diffeomorphic to
R4. We can also work in the context of a local model where
M4 is compact (up to deleting various subspaces to satisfy
Gauss’s law constraints), but where the Spinð7Þ geometry is
noncompact. Finally, we can consider what happens when we
take a compact Spinð7Þ geometry, in which case the 3D
effective field theory will be coupled to gravity.
In this section, we study the ultralocal properties of

localized matter fields in Spinð7Þ spaces. Our analysis in
this section will be purely classical, since we neglect all
quantum corrections coming from dynamics of the 3D
effective field theory [and its lift to nonperturbative
instanton corrections to the classical Spinð7Þ geometry].
Later, we will analyze some features which are robust
against such corrections. Throughout, for ease of exposition,

5For a related discussion on the relation between 4D anomalies
and their circle compactification in the context of M-/F-theory
duality, see, e.g., Refs. [29–31].
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we assume that the metric on our patch of M4 is just the
standard flat space metric on R4.
To frame the discussion to follow, recall that the local

Spinð7Þ equations of motion amount to a hybrid of the PW
and Beasley-Heckman-Vafa (BHV) Higgs bundle systems
[2], so we expect that the profile of localized zero modes will
share some similarities with these cases. Starting from our
local Spinð7Þ system on M3 × S1 for M3 a three-manifold,
we reach the PW system by assuming all fields are constant
along the S1 direction, and contracting ΦSD with the 1-form
on S1, and also dropping the contribution from the gauge
field along the circle. We can reach the BHV system by
specializingM4 to be a Kähler surface, and in this case,ΦSD
splits up as an adjoint-valued (2,0)-form, as well as a (1,1)-
form proportional to the Kähler form which decouples from
the rest of the system.We reference the Higgs fields for these
special cases as ΦPW and ΦBHV in what follows.
Now, in the context of local G2 compactifications, chiral

matter is localized along codimension-7 subspaces, namely
at points [16,43]. This can also be seen by a direct analysis
of the corresponding local Higgs bundle, and the vanishing
locus of the PWHiggs field [17–19]. In that case, the Higgs
field is an adjoint-valued 1-form on a three-manifold, and
since we have three distinct scalar degrees of freedom, we
expect to generically localize matter along a codimension-3
subspace, that is, a point. Observe that this is precisely what
we also expect in the context of local Spinð7Þ systems on a
four-manifold M4. Indeed, in that case as well, we have
three independent components of ΦSD, and this generates a
codimension-3 subspace insideM4, namely a distinguished
set of one-dimensional subspaces.
In the case of compactification on elliptically fibered

Calabi-Yau fourfolds, localization of matter actually
descends from two separate sources. From geometry, we
get localization along complex codimension-3 subspaces.
This is in accord with the fact that in the BHV system on a
Kähler surface S we have a single (2,0)-form, and the zeros
of this cut out complex codimension-1 subspaces. Further
localization is possible once we include the effects of flux
[21,44–47]. Generically, we get an equation of motion on a
complex curve of the form ∂Aψ ¼ 0, and so when the
curvature associated with the gauge connection is non-
trivial, we see a further localization to a real codimension-4
subspace in S.6 In the context of local Spinð7Þ systems, we
are of course free to consider the special case of BHV
backgrounds, and so in this sense, we can cut out a real
codimension-2 subspace in M4 with the Higgs field and
then introduce a suitable gauge field flux to produce further
localization at a point.

Comparing the generic expectations from the PW and
BHV systems, we see that the former would appear to
predict matter localization along codimension-7 subspaces,
while the BHV system would appear to predict matter
localization along codimension-8 subspaces. What then,
should we expect in the full-fledged local Spinð7Þ system?
Our general claim is that in this setting matter is

generically localized along codimension-7 subspaces even
when gauge field flux is switched on. This is in accord with
what we expect from the PW system but appears to be in
tension with expectations from the BHV system. The main
idea is that if we again attempt to analyze matter locali-
zation by first considering the zeros of the Higgs field we
get a codimension-3 subspace inside the four-manifoldM4.
Now, if we attempt to further localize by switching on a
gauge field flux, we face the awkward situation that we are
attempting to pull back this flux onto the matter one-cycle.
The best that can happen is that we can pullback the gauge
field to a holonomy on the matter one-cycle, but this does
not produce any further localization in the zero mode, a fact
which can be explicitly checked by analyzing the 1D
“Dirac equation” on this subspace.7 The perhaps counter-
intuitive conclusion is that inside M4 generic backgrounds
will lead to localization along one-cycles.
Our plan in the rest of this section will be to explicitly

illustrate how matter localization works in this setting. For
our purposes, it suffices to work in a local patch of M4

which is diffeomorphic to R4. We first present the explicit
local equations of motion and then turn to the special cases
of localized matter in BHV and PW systems, illustrating
that merging these solutions involves a clash in the choice
of complex structure, which in turn obstructs further
localization in the zero modes. We then turn to more
general local Spinð7Þ backgrounds. Additional technical
details are given in Appendix A.

A. Localization in a patch

Before delving into the details of the examples, let us
write down the system of zero mode equations with respect
to a local coordinate system ðx1; x2; x3; x4Þ ¼ ðx; y; u; vÞ.
In the following, the background fields are A ¼
fA1; A2; A3; A4g and Φ ¼ fΦ1;Φ2;Φ3g. The fluctuations
are a ¼ fa1; a2; a3; a4g and φ ¼ fφ1;φ2;φ3g, where the
subscript on Φ and φ refers to the directions in the bundle
of self-dual 2-forms.8

6We comment here that, although this localization appears to
be gauge dependent, this is an artifact of only working in a local
patch. On a compact manifold, there are peaks and valleys to the
associated zero mode, which are determined by the holonomy of
the gauge connection.

7The effect of the gauge field background is to produce a
nontrivial holonomy around the circle where the mode is
localized, and unless the component of the gauge field along
the circle A ∈ 2πZ, the mode is lifted with mass of order
b 1
2π ι

�
li
Ac.

8One convenient basis of self-dual 2-forms on R4 is the
’t Hooft matrices ηiμν.
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The zero mode equations for the Spinð7Þ system are

D1a4 −D4a1 þD2a3 −D3a2 − ½Φ2;φ3� þ ½Φ3;φ2� ¼ 0; ð3:1Þ

D1a2 −D2a1 þD3a4 −D4a3 − ½Φ1;φ2� þ ½Φ2;φ1� ¼ 0; ð3:2Þ

D1a3 −D3a1 þD4a2 −D2a4 − ½Φ1;φ3� þ ½Φ3;φ1� ¼ 0; ð3:3Þ

D1φ1 − ½Φ1; a1� þD2φ2 − ½Φ2; a2� þD3φ3 − ½Φ3; a3� ¼ 0; ð3:4Þ

D4φ3 − ½Φ3; a4� þD1φ2 − ½Φ2; a1� −D2φ1 þ ½Φ1; a2� ¼ 0; ð3:5Þ

D1φ3 − ½Φ3; a1� −D4φ2 þ ½Φ2; a4� −D3φ1 þ ½Φ1; a3� ¼ 0; ð3:6Þ

D2φ3 − ½Φ3; a2� −D3φ2 þ ½Φ2; a3� þD4φ1 − ½Φ1; a4� ¼ 0: ð3:7Þ

In the examples, we take a gauge theory with Lie algebra
suð2Þ and align the background fields in the Cartan
P ¼ i=2σ3. The fluctuations will be in the generator Q ¼
i=2ðσ1 þ iσ2Þ of the complexified Lie algebra. In the
following, we will omit matrices for the sake of simplicity.
Our aim will be to study localization properties of zero
modes by looking at some examples.
Let us now expand on the general expectation that we do

not expect to find full localization in codimension 4 but will
only be able to generically achieve localization in codi-
mension 3. To this end, we separate the localization effect
provided by the Higgs field and by the gauge flux. In order
to do so, we can take the limit of large value for Φ via the
rescaling Φ → tΦ. One can solve the equations to zeroth
order in 1=t by first supposing that ðφ; aÞ is a PW solution
localized on the line (actually a circle, so we identify
x4 ∼ x4 þ 2πR) x1 ¼ x2 ¼ x3 ¼ 0 but with possible extra
dependence on the x4 direction. In other words, our ansatz
will be ðφ; aÞ ¼ ðf1ðx4ÞφPWðxiÞ; f2ðx4ÞaPWðxiÞÞ for 1 ≤
i ≤ 3. The equations above then become

iA1a4 −D4a1 þ iA2a3 − iA3a2 ¼ 0; ð3:8Þ

iA1a2 − iA2a1 þ iA3a4 −D4a3 ¼ 0; ð3:9Þ

iA1a3 − iA3a1 þD4a2 − iA2a4 ¼ 0; ð3:10Þ

iA1φ1 þ iA2φ2 þ iA3φ3 ¼ 0; ð3:11Þ

D4φ3 þ iA1φ2 − iA2φ1 ¼ 0; ð3:12Þ

iA1φ3 −D4φ2 − iA3φ1 ¼ 0; ð3:13Þ

iA2φ3 − iA3φ2 þD4φ1 ¼ 0: ð3:14Þ

If we now undo the scaling of Φ by a coordinate rescaling,
then since F is the same form degree of Φ we get instead

F → 1
t F. This means that in Eq. (3.8) it is possible to gauge

away A1, A2, and A3 in the t → ∞ limit since the
connection is becoming flat. Hence, f1 ¼ f2 ¼ Ce−iA4x4

for some constant (vector) C. Effectively, this means that
the effect of the gauge background is to produce a non-
trivial holonomy around the circle where the mode is
localized, but this does not produce any further localization.
We will now discuss localization for the BHV and PW

systems separately and then try to combine both and see
that no fully localized mode exists.

B. BHV versus PW localization

We now turn to some examples of matter localization in
BHV and PW systems and in particular illustrate some of
the difficulties in simply combining these solutions to
produce further localization in Spinð7Þ backgrounds.

1. BHV localization

To discuss the BHV mode, let us consider a solution on
R4 with complex coordinates xþ iy and uþ iv with a
Kähler form − i

2
ðdx ∧ dyþ du ∧ dv). We can parametrize

a general Abelian background as

A1 ¼ Ny; A2 ¼ −Nx; A3 ¼ −Nv; A4 ¼ Nu;

Φ1 ¼ −μx; Φ2 ¼ μy; Φ3 ¼ 0: ð3:15Þ

This background admits a fully localized mode. The
solution is

a1 ¼−ðNþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2þ μ2

q
Þe−1

2
Nðu2þv2Þ−1

2
ðx2þy2Þ

ffiffiffiffiffiffiffiffiffiffi
N2þμ2

p
; ð3:16Þ

a2 ¼ iðNþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2þμ2

q
Þe−1

2
Nðu2þv2Þ−1

2
ðx2þy2Þ

ffiffiffiffiffiffiffiffiffiffi
N2þμ2

p
; ð3:17Þ

φ1 ¼ iμe−
1
2
Nðu2þv2Þ−1

2
ðx2þy2Þ

ffiffiffiffiffiffiffiffiffiffi
N2þμ2

p
; ð3:18Þ
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φ2 ¼ −μe−1
2
Nðu2þv2Þ−1

2
ðx2þy2Þ

ffiffiffiffiffiffiffiffiffiffi
N2þμ2

p
; ð3:19Þ

with all the remaining components set to zero. Notice in
particular the component a1 þ ia2 is localized and so is
φ1 − iφ2. This is a familiar situation in F-theory models
[21,44–47] where a 6D (in our case 5D) hypermultiplet can
be first localized on a complex matter curve and full
localization can be provided by threading an Abelian flux
through the curve. Here, the matter curve is located
at x ¼ y ¼ 0.

2. PW localization

Let us now turn to localization of PW matter in our local
Spinð7Þ system. We isolate one of the four directions in our
local patch by writing R4 ¼ R3 × R. As an example,
consider the Abelian background:

A1 ¼ 0; A2 ¼ 0; A3 ¼ 0; A4 ¼ 0;

Φ1 ¼ −λx; Φ2 ¼ −λy; Φ3 ¼ 2λu: ð3:20Þ

This admits a localized mode in codimension 3 of the form

a3 ¼ e−
1
2
λðx2þy2þ2u2Þ; φ3 ¼ −ie−1

2
λðx2þy2þ2u2Þ; ð3:21Þ

with all the remaining components set to zero. Notice in
particular that this background localizes the component
a3 þ iφ3. This background realizes a chiral multiplet along
the matter line x ¼ y ¼ u ¼ 0.

3. Obstructions to further localization

One issue when comparing the two localized set of
modes in general is the following: the complex structures of
the BHVand PW localized modes seem to be incompatible.

This is a stumbling block to further localization. More
specifically, BHV tends to localize modes of the form9

a1 � ia2, a3 � ia3 and φ1 ∓ iφ2 (the upper sign refers to a
4D chiral mode, and the lower one refers to a 4D antichiral
mode). By this, we mean that if, for example, a1 þ ia2 is
localized then it must happen that a2 ¼ −ia1. On the other
hand, PW tends to localize one component of the fluc-
tuation of the gauge field and its associated fluctuation of
the Higgs field.10 This means that the PW Higgs field
localizes only one component of the gauge field and one
component of the Higgs field, whereas BHV needs either
two components of the gauge field or two components of
the Higgs field, and naively it seems that both conditions
are incompatible at the same time.

C. Spinð7Þ backgrounds
Having dealt with the special cases of BHV and PW

backgrounds embedded in the local Spinð7Þ system of
equations, we now turn to a more general class of examples.
As a first example, we consider a background in which the
Higgs field and gauge field flux are both switched on. This
is essentially a “hybrid” of the BHV and PW backgrounds
considered previously. As another example, we show that
for backgrounds with just the Higgs field switched on
localization can always be repackaged in terms of a closely
related PW system. In both of these examples, zero modes
localize on a one-dimensional subspace; i.e., they are
codimension 3 in the four-manifold M4 or, equivalently,
codimension 7 in the local Spinð7Þ geometry.

1. Hyrbid BHV and PW example

We now construct an example which is a hybrid of a
BHV and PW background:

A1 ¼Ny; A2 ¼−Nx; A3 ¼−Nv; A4 ¼Nu; Φ1 ¼−μx− 2λx; Φ2 ¼ μyþ λy; Φ3 ¼ λu: ð3:22Þ

The solution of the zero mode equations has the form

fa1; a2; a3; a4;φ1;φ2;φ3g ¼ fα1;α2; α3;α4; η1; η2; η3ge−1
2
x:M:x; ð3:23Þ

where we refer to Appendix A for further details of the matrix M in Eq. (A1). We have

fα1; α2; α3; α4; η1; η2; η3g ¼ ð3:24Þ

�ð3λþ 2μÞ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2 þ 4N2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλþ μÞ2ð 4N2

ð3λþ2μÞ2 þ 1Þ
q

þ λðλþ μÞ
�

4N
þ Nðλþ μÞ; ð3:25Þ

9Here, BHV is intended to be identified with a solution of the local Spinð7Þ equations such that Φ3 ¼ 0. Other choices are equivalent
to this one.

10Here, PW is a solution that is invariant in one direction t where t can be any of the coordinates on the four-manifold. Given a gauge
field Ai, the associated component of the Higgs field is ιtιiΦSD.
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−
1

2
iðλþ μÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ 4N2

p
−
1

2
ið3λþ 2μÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλþ μÞ2

�
4N2

ð3λþ 2μÞ2 þ 1

�s
; 0; 0; ð3:26Þ

−
ið3λþ 2μÞ

�
μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ 4N2

p
þ λ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ 4N2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλþ μÞ2ð 4N2

ð3λþ2μÞ2 þ 1Þ
q ��

4N
; ðλþ μÞ2; 0

�
: ð3:27Þ

Note that, since the real part of M has one zero eigenvalue,
the modes will not be fully localized in codimension 4,
confirming our earlier heuristic result.

2. Pure Higgs field example

The next background we shall discuss is the generic
Spinð7Þ pure Higgs field background; i.e., we leave the
gauge field flux switched off. Our aim will be to show that
this can be recast in terms of a quite similar analysis in
terms of a local PW system. We can write the Higgs field as

Φi ¼ Lijxj: ð3:28Þ

The background equations become the conditions

L11 þ L22 þ L33 ¼ 0; ð3:29Þ

L12 − L21 þ L34 ¼ 0; ð3:30Þ

L13 − L31 þ L24 ¼ 0; ð3:31Þ

L23 − L32 − L14 ¼ 0: ð3:32Þ

To solve for the zero mode equations, we make the ansatz

fa1;a2;a3;a4;φ1;φ2;φ3g¼fα1;α2;α3;α4;η1;η2;η3ge−1
2
x:M:x:

ð3:33Þ

Here, αi and ηi are complex numbers. The equations are
going to fix these coefficients as well as the matrix M. The
equations become

α4M1jxj − α1M4jxj þ α3M2jxj − α4M3jxj − iL2jxjη3 þ iL3jxjη2 ¼ 0; ð3:34Þ

α2M1jxj − α1M2jxj þ α4M3jxj − α3M4jxj − iL1jxjη2 þ iL2jxjη1 ¼ 0; ð3:35Þ

α3M1jxj − α1M3jxj þ α2M4jxj − α4M2jxj − iL1jxjη3 þ iL3jxjη1 ¼ 0; ð3:36Þ

M1jxjη1 − iL1jxjα1 þM2jxjη2 − iL2jxjα2 þM3jxjη3 − iL3jxjα3 ¼ 0; ð3:37Þ

M4jxjη3 − iL3jxjα4 þM1jxjη2 − iL2jxjα1 −M2jxjη1 þ iL1jxjα2 ¼ 0; ð3:38Þ

M1jxjη3 − iL3jxjα1 −M4jxjη2 þ iL2jxjα4 −M3jxjη1 þ iL1jxjα3 ¼ 0; ð3:39Þ

M2jxjη3 − iL3jxjα2 −M3jxjη2 þ iL2jxjα3 þM4jxjη1 − iL1jxjα4 ¼ 0: ð3:40Þ

One may might wonder if it is possible to rotate this solution
to a PW solution. This requires theΦSD to be independent of
one coordinate. In a coordinate independent manner, we
require there to exist a vector X such that the Lie derivative
LXΦSD ¼ 0. We write generically X ¼ α∂x þ β∂y þ γ∂u þ
δ∂v and compute the Lie derivative. Recall that when acting
on a differential form ω one has that

LXω ¼ ιXdωþ dιXω: ð3:41Þ

In our case, since dΦSD ¼ 0, the first term drops, so it is only
necessary to compute the second one. We will spare the

details of the computation and simply say that the vanishing
of LXΦSD can be written as the linear system

266666666664

L31 L32 −L2−L11 L12−L21

−L21 −L2 −L23 L13−L31

L11 L12 L13 L23−L32

L11 L12 L13 L23−L32

L21 L2 L23 L31−L13

L31 L32 −L2−L11 L12−L21

377777777775

266666666664

α

β

γ

δ

377777777775
¼0: ð3:42Þ
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Here, we put the system on shell, requiring that the back-
ground solves the equations of motion written above. Quite
interestingly, there is always a solution to this system (the
matrix has rank 3), so it is always possible to find a vector X
with LXϕSD ¼ 0, implying that for this background we can
always make a choice of coordinates that brings us back to a
PW system. This means that a backgroundΦSD that is linear
in the coordinates is always equivalent to a PW background.

IV. LOCAL MATTER AND TOPOLOGICAL
INSULATORS

Although our eventual aim is the study of 3D matter fields
coupled to dynamical gauge fields, in this section, we show
that we can already use what we have developed to engineer
a rich class of 3D systems coupled to a 4D topological bulk,
which we can think of as various instances of topological
insulators (see, e.g., Refs. [25,26,48]). An interesting feature
of these systems is that many features can be deduced from
primarily topological considerations. Since we anticipate
strong quantum corrections in local Spinð7Þ compactifica-
tions with 3D N ¼ 1 supersymmetry, our eventual aim in
this paper will be to extract robust topological quantities. The
case of topological insulators engineered via local Spinð7Þ
compactifications thus serves as a useful “warm-up exercise”
for the full problem.
Recall that a simple instance of this sort of configuration

arises from a 4D Dirac fermion onR2;1 ×Rt with a position
dependent mass mðtÞ such that m > 0 for t > 0 and m < 0
for t < 0, with m ¼ 0 at t ¼ 0. In the bulk, we have a Uð1Þ
global symmetry, and if we consider the topological term
θF ∧ F, with F the background field strength for thisUð1Þ,
then we can think of the localized mode as being trapped at
the interface between a θ ¼ 0 and θ ¼ π phase.
In this section, we illustrate that matter localization in

local Spinð7Þ systems can be viewed as engineering a class
of topological insulators, but where now the global sym-
metry in the bulk is more general. One way for us to
proceed is to actually start with M-theory on a Calabi-Yau
threefold given by a curve Σ of ADE singularities. This
gives rise to a 5D gauge theory with gauge groupG of ADE
type. If we allow further enhancements in the singularity
type at points of the curve, we get 5D hypermultiplets. To
give an explicit example, we engineer a 5D SUðNÞ gauge
theory coupled to a single 5D hypermultiplet in the
fundamental representation of SUðNÞ. This is generated
by the local Calabi-Yau hypersurface,

y2 ¼ x2 þ zNðz − uÞ ð4:1Þ

where z ¼ 0 denotes the location of the curve Σ and u
denotes a local coordinate along the curve. At u ¼ 0, we
get a matter field trapped along the curve.
Returning to the general case, if we further compactify

on a circle, we wind up with a 4D N ¼ 2 hypermultiplet
in a representation R of G. In the limit where Σ is

noncompact, we just have a global symmetry G coupled
to our 4D field. Observe that the fermionic content of this
system consists of a 4D Dirac fermion. Switching on a
position dependent mass term of the kind used in the
topological insulator just discussed, we get further locali-
zation to a 3D Dirac fermion.
This localization can be understood in terms of a PW

system on the three-manifold M3 ¼ Rt × Σ or, equiva-
lently, in terms of a local Spinð7Þ system on Rt × Σ × S1.
The Higgs field on the entire M4 is given by

ΦSD ¼ ϕPW ∧ dθ þ �3ϕPW; ð4:2Þ

where �3 is the Hodge star operator on M3, ϕPW is a
harmonic 1-form on Σ ×Rt, and dθ is the volume form on
the S1 factor. We can set up ϕPW to have a zero-locus at a
point localized at t ¼ 0 and a point in Σ (which in local
coordinates we take to be x1 ¼ x2 ¼ 0), and it will locally
be of the form

ϕPW ¼ d½ð1 − κÞx21 − ð1þ κÞx22 þ 2κt2�: ð4:3Þ

Observe that when κ ¼ 0 the matter field is delocalized on
Rt × S1 but is still trapped at x1 ¼ x2 ¼ 0. The relative
minus signs on our configuration are necessary to ensure
that we can actually solve the equations of motion on Σ in
this limit. When κ ≠ 0, we can interpret our construction in
terms of a 4D domain wall fermion trapped at t ¼ 0. The
relative strength of localization in the different directions
depends on the metric data. For example, if Σ is very small,
then there is a sense in which the mode delocalizes on Σ but
remains tightly trapped in the Rt. Explicitly, the zero mode
profile for our domain wall fermion is of the form

ψ ∼ exp
�
−
1

2
ðjκjt2 − j1 − κjx21 − j1þ κjx22Þ

�
; ð4:4Þ

where to avoid clutter we have suppressed the explicit form
content.11 We have therefore engineered a 3DN ¼ 2 chiral
matter multiplet localized along the S1-factor, or its 4D
N ¼ 1 analog if we decompactify the S1 factor. Observe
that on Rt our matter field ψ satisfies the equation of
motion

ð∂t þ jκjtÞψðtÞ ¼ 0; ð4:5Þ

which can be seen as a Dirac equation for the localized chiral
multiplet with a position-dependent mass, mðtÞ ¼ jκjt.
A further comment here is that because our internal

space is noncompact we do not have a 3D dynamical gauge
field. The 4D gauge coupling is given by

11Recall from Sec. II that the Spinð7Þ wave functions on
Σ × S1 × Rt follow from Eq. (4.4) as a ¼ ψ , φ ¼ ψ ∧ dθ þ �3ψ .
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1

g24d
¼ 1

g27d
× VolðΣ × S1Þ; ð4:6Þ

namely, we think of M-theory on an ADE singularity as
engineering 7D super Yang-Mills theory, and further
compactification relates this gauge coupling to its lower-
dimensional counterpart. In particular, in the limit where
VolðΣÞ → ∞, the 4D bulk dynamics trivializes.
Changing perspective, we can also think of our localized

matter as descending from a PW system on the three-
manifold M̃3 ¼ Rt × Σ, which results in a 4DN ¼ 1 chiral
multiplet. By itself, this would produce a gauge anomaly if
we had tried to compactify the Rt direction. In the context
of our 4D bulk and 3D edge mode, this is just anomaly
inflow from the bulk to the boundary [49], as applied, for
example, in Refs. [16,43]. Note also that in the context of
the PW system we could localize additional matter fields at
other points of M̃3 ¼ Rt × Σ. This would amount to
introducing additional domain wall fermions which couple
to each other via the bulk. Our local Spinð7Þ system
generalizes this further because there is no need for matter
to be localized on a common S1.
Instead of directly proceeding in terms of the equations

of motion for localized zero modes, we could have instead
phrased our analysis in terms of the bulk topological
insulator. Indeed, as emphasized in Refs. [27,50], for
example, some features of the bulk / boundary dynamics
can be captured in purely topological terms. For example,
we can speak of the jump in the θ angle as we pass from one
side of the interface to the other. Now, in our context, the θ
angle of the 4D bulk descends from the period integral of
the M-theory 3-form potential C3,

θ ¼
Z
M3

C3; ð4:7Þ

where M3 ¼ Σ × S1. If we consider integrating out the 4D
Dirac fermion, then we can view this as a system with no
bulk matter but instead a position dependent θ angle, and
thus we can alternatively view this as a position dependent
C3. This effective G4-flux would then have delta function
support precisely at the location of our matter field:

G4 ¼
1

2
δðtÞdt ∧ δfu¼0g ∧ dθ: ð4:8Þ

Here, dθ is the unit normalized volume form on the circle
and δfu¼0g ¼ 1

2i δðuÞδðūÞdudū. Note that the coefficient
here is 1=2. This is actually required to properly account
for the localized matter field, which can be thought of as
Chern-Simons theory at “level 1=2” (which only makes
sense if we couple to a 4D bulk).

V. GLUING CONSTRUCTIONS

Up to now, our discussion of the local Spinð7Þ system
has involved working in a local patch where our 7D SYM
theory is placed on a noncompact four-manifoldM4. Based
on our previous analysis, we expect that the localized
matter can be understood as 3D N ¼ 2 matter (at least
locally), simply due to the fact that they typically fill out
complex representations of the gauge group. Of course,
since we are dealing with a local Spinð7Þ compactification,
we only expect to retain 3D N ¼ 1 supersymmetry, a
feature which emerges upon working with a compact M4.
Indeed, the matter multiplets which are delocalized over
M4 fill out N ¼ 1 multiplets. Moreover, on a general M4,
we can write down more general interaction terms which
would have been forbidden with N ¼ 2 supersymmetry.
With these considerations in mind, our aim in this section

will be to develop a gluing construction for building more
general solutions. The main idea will be to consider
building blocks, either obtained from the local PW system
or the local BHV system. In Appendix B, we present a
somewhat different method for building examples of local
Spinð7Þ systems based on a quotient construction of BHV
solution. This method should lift to compact geometries but
as it is somewhat orthogonal to the other developments of
the paper, we have placed it in an Appendix.

A. Connected sums of G2 local models

We now construct a class of local Spinð7Þ systems by
starting with PW backgrounds on four-manifolds of the

form MðiÞ
4 ¼ MðiÞ

3 × S1; i.e., we consider solutions to our
local Spinð7Þ equations which are “trivial” along the S1

factor. Starting from MðiÞ
4 and MðjÞ

ð4Þ, a pair of such building

blocks, we can glue these four-manifolds together by
cutting out a four-ball from each and then gluing along
a neck region. Topologically, this is just the standard

connected sum MðiÞ
4 #MðjÞ

4 . In the present context, however,
we demand more because each four-manifold is also
equipped with a Higgs bundle, and we need to ensure that
these solutions can also be extended across the neck region.
See Fig. 1 for a depiction of this gluing procedure, where
we also indicate possible zeros for the Higgs field.
In more detail, the connected sum construction on its

own is a topological operation after which there may be one
of several prescriptions to assign a metric to the resulting
space. We can carry this out for any collection of for
manifolds of the formMðiÞ

3 × S1 on each block, but for ease
of exposition, we discuss it in detail in the special case
where we have S3 × S1 summands. If the building blocks
have constant Ricci curvature, one may be interested in
requiring the composite space to also have constant Ricci
curvature. In Ref. [51], after assuming a certain non-
degeneracy condition of a Poisson operator which S3 × S1

satisfies on the building blocks, there is a general
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perturbative procedure to prove the existence of such a
metric on the total space. To illustrate, we can consider
S3 × S1 blocks with round metric,

ds2 ¼ dϕ2 þ dΩ2
S3 ¼ dϕ2 þ dψ2 þ sin2 ψðdθ2

þ sin2 θdφ2Þ0 ≤ ϕ;φ ≤ 2π0 ≤ θ; ψ ≤ π; ð5:1Þ

by interpolating, with bump functions, to standard spatial
wormholes connecting neighboring blocks. More specifi-
cally, to glue two neighboring S3 × S1 blocks, start by
choosing the same point on each p0 ≡ ðϕ0;φ0;ψ0; θ0Þ such
that it is far away from any zeros or poles of the Higgs field.
We can define the radial coordinate for the four-ball
neighborhoods B4

ϵðp0Þ as

ρ2 ≡ ðϕ − ϕ0Þ2 þ ðψ − ψ0Þ2 þ ðθ − θ0Þ2 sin2ðψ − ψ0Þ
þ ðφ − φ0Þ2 sin2ðψ − ψ0Þ sin2ðθ − θ0Þ; ð5:2Þ

where the positive and negative branches of ρ each
represent a copy of S3 × S1. Similarly, we can also define
a natural angular element dΩ̃ of the neighborhood as well
so that the metric on B4

ϵðp0Þ has the form

ds2 ¼ dρ2 þ ρ2dΩ̃2: ð5:3Þ

This reproduces the statement that a neighborhood of a
point in S3 × S1 is diffeomorphic to an open ball in R4. Let
us define a bump function bðρÞ such that bð0Þ ¼ b0 > 0
and bð�ϵÞ ¼ 0. Here, b0 < ϵ is the inner radius of the
wormhole. Then, the metric

ds2 ¼ dρ2 þ ½ρ2 þ bðρÞ2�dΩ̃2 ð5:4Þ

interpolates between the two branches of ρ and hence the
two copies of S3 × S1. This metric ansatz is symmetric
enough such that the resulting four-manifold possesses an
orientation reversal: 1) switch the two manifolds, sending
ρ → −ρ, and 2) apply an orientation-reversing map of S3 to

each factor.12 This construction can then be generalized to

any sequence of connected sums #iðMðiÞ
3 × S1Þ.

Giving an exact solution to the Higgs field would in
principle be possible but nontrivial. Instead, we can make
the assumption that the gluing neck’s diameter, ϵ, is very
small. By assumption Φðp0Þ ≠ 0, the solution is well
approximated by simply setting Φ ¼ Φðp0Þ on the neck.
Note that if the neck were large we would have to calculate
the corrections to the original building block Higgs field
which alter (in pairs) our count of zeros, and there may be
additional pairs of zeros ofΦ on the neck. Also note that the
existence of such a harmonic 2-form (with singularities) is
guaranteed by a (relative) Hodge theorem, so we know
there exists a solution arbitrarily close to the Φjneck ¼
Φðp0Þ approximation.

1. Zero mode counting

An advantage of this connected sum construction is that
we can read off the matter content from these local building
blocks. First of all, the codimension-3 matter in each
individual summand of a connected sum construction is
essentially unchanged from what we have in the PW case
[17,18]. There is a slight subtlety here because a priori
there could be additional ways for matter in conjugate
representations to pair up, especially due to working in
lower dimensions. One can visualize this in terms of
Euclidean M2-branes which stretch across the gluing neck
region. We revisit this issue in Sec. IX.
Putting this issue aside, we can determine the zero mode

content of our newly constructed local Spinð7Þ system just
from analyzing the profile of the Higgs field. For localized
matter on an individual building block M3 × S1, there is
not much difference from what we would get just from
studying the PW system on the three-manifold M3, as in
Refs. [17,18]. To quickly review these results, consider the
simple Higgsing G̃ → G ×Uð1Þ from turning on a 1-form
ΦPW on M3. Equations for localized zero modes in the
representation Rq are

ðdþ qΦPWÞψq ¼ 0 ð5:5Þ

ðd† þ qιΦÞψq ¼ 0: ð5:6Þ

By exponentiating the wave functions ψ 0 ¼ e−qfψ
(ΦPW ¼ df), these equations reduce to a local cohomology
group. Indeed, we observe that e−qfdeqf ¼ ðdþ qΦPWÞ.
Note that this same step is taken when solving for ground
states in superquantum mechanics with a target space
potential. To properly account for the ΦPW singularities,

FIG. 1. Depiction of a connected sum construction of M4 in

terms of three summands of the form S1 ×MðiÞ
3 . Each of the three

blobs represents a four-manifold MðiÞ
3 × S1 for MðiÞ

3 a three-
manifold. The dots indicate localized matter on circles, where the
solid blue dots represent localized chiral matter inR and the open
red dots represent localized chiral matter in R̄ from the point of

view of the PW system on the three-manifold MðiÞ
3 .

12A common such example that has two fixed points (the
minimal number for S3) is to send ðx1; x2; x3; x4Þ →
ðx1;−x2;−x3;−x4Þ given

P
i x

2
i ¼ R2. Note the antipodal map

for S3 is orientation preserving.
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let us define the loci positive/negatively charged loci as Δ�,
which consists of n� points on M3 (formulas for more
general singularity sources are given in the aforementioned
references). We excise their neighborhoods as M̃3 ≡
M3nðΔþ ∪ Δ−Þ and work in cohomology relative to neg-
ative sources. The relevant formulas for our localized zero
modes are then given by the following Betti numbers:

b1ðM̃3;Δ−Þ ¼ b1ðM3Þ þ n− − 1

¼ # of chiral modes in representationR ð5:7Þ

b2ðM̃3;Δ−Þ ¼ b2ðM3Þ þ nþ − 1

¼ # of chiral modes in representation R̄: ð5:8Þ

See Fig. 2 for a depiction of the resulting quiver gauge theory
in the case of compactification of the local Spinð7Þ system
on the four-manifold M4 ¼ S1 ×M3.
On the other hand, the bulk modes which are a spread

across all of our new four-manifold M4 will certainly be
modified. First of all, given a breaking pattern such as
G̃ → G ×Uð1Þn, we expect a 3D N ¼ 1 vector multiplet
for the unbroken gauge group G ×Uð1Þn.13 Additionally,
we can expect bulk modes in 3D N ¼ 1 matter multiplets
transforming in the adjoint representation of G ×Uð1Þn
[i.e., they are neutral under the Uð1Þ factors]. These are
counted by b1ðM4Þ and b2SDðM4Þ, which, respectively,
come from the internal vector potential and the self-dual
2-form of the 7D SYM theory. In terms of our connected
sum building blocks, we have

b1ðM4Þ ¼
X
i

b1ðMðiÞ
4 Þ ¼

X
i

ðb1ðMðiÞ
3 Þ þ 1Þ ð5:9Þ

b2SDðM4Þ ¼
X
i

b2SDðMðiÞ
4 Þ ¼

X
i

b2ðMðiÞ
3 Þ; ð5:10Þ

in the obvious notation. By inspection, when we have more
than one building block, the zero modes do not automatically
sort into “complex” 3D N ¼ 2 matter multiplets. In fact,
precisely because these modes transform in a real repre-
sentation, and are spread over the entire four-manifold, we
generically expect them to lift in pairs. From the structure of
the form content, this involves a pairing between the 1-forms
and the self-dual 2-forms. In subsequent sections, we will
revisit the precise remnant of these zero modes which can
be detected by discrete anomalies in the 3D effective field
theory.
A closely related comment is that the localized matter

fills out 3DN ¼ 2matter multiplets, which we can view as
the dimensional reduction of 4D N ¼ 1 chiral matter on a
circle. For bulk matter, we expect the scalar degrees of
freedom to split into two types, namely those which are
even under a reflection of a spatial coordinate (i.e.,
xi → −xi) and those which are odd under such a reflection.
This in turn will impact how we count various contributions
to the discrete anomalies. We defer a full treatment of this
important issue to Sec. VI where we discuss reflections on
the various kinds of matter fields in our system.

B. Connected sums of CY4 local models

In the previous subsection, we illustrated how to start with
a collection of 4D N ¼ 1 theories engineered in M-theory
on local G2 spaces and, via a suitable gluing construction,
build 3D N ¼ 1 systems. The main feature of all these
constructions is that localized matter still fills out 3DN ¼ 2
supermultiplets, while bulk modes and vector multiplets
only fill out 3D N ¼ 1 supermultiplets.
Now, another way to generate 4DN ¼ 1 vacua would be

to start with F-theory on an elliptically fibered Calabi-Yau
fourfold. Compactifying on a further circle would result in an
M-theory background which retains 3D N ¼ 2 supersym-
metry. In this case, chiral matter of the 4D system really
results from two related effects. Geometrically, the enhance-
ment in the singularity type along a curve would give us 4D
N ¼ 2 hypermultiplets. Switching on a background flux
from the 7-branes then results in 4D N ¼ 1 matter [20,21].
From the perspective of an M-theory background, then, the
geometrically localized matter will fill out 3D N ¼ 4
supermultiplets, but flux will then lead to 3D N ¼ 2
supermultiplets.
As already mentioned, the local model associated with

F-theory on a CY4 is just the BHV system on a Kähler
surface S, as studied in Refs. [20,21,44]. Of course, S is also
a four-manifold, so we can build up connected sums of such
building blocks to arrive at more general four-manifolds.

FIG. 2. Matter content of the 3D theory when M4 ¼ S1 ×M3.
The theory has N ¼ 2 supersymmetry, but the quiver is ex-
pressed in terms ofN ¼ 1 fields where double lines connected to
the gauged node are adjoint fields, single lines denote fields in R
and its conjugate, and no lines denote singlets.

13Again, we are being cavalier with the global structure of the
unbroken group. Additionally, some of these Uð1Þ factors may
end up decoupling due to further interactions with a “Green-
Schwarz” axion, but this is something we cannot address in the
purely local context.
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Since we are interested in 3D N ¼ 1 vacua, we actually
require that the resulting four-manifold is not Kähler. One
way to ensure this is to simply glue together Kähler surfaces
with a suitable orientation reversal in the gluing process, see
Fig. 4. For example, we can glue two copies of CP2 to arrive

at CP2#CP2, and this has signature zero,14 and moreover, it
is non-Kähler.
Compared with our discussion where we glued PW

building blocks, we face an additional complication here in
that the orientation reversal of S a Kähler surface does not
simply result in another Kähler surface (although S and S̄
are homeomorphic). If we must then deal with the local
Spinð7Þ system on S̄ anyway, one might ask what has been
gained by introducing a gluing construction at all.
The main point is that in our construction we can assume

that the Higgs field profile is only nontrivial on the Kähler
surface summands and remains trivial on the orientation
reversed summands (which are non-Kähler). This sort of
construction requires a specific profile for the Higgs field in
the gluing region between a Kähler summand Si and a non-
Kähler summand Sj. In particular, we demand that the Higgs
field tends to zero there. That this can be arranged was
shown in Ref. [2], although the price we pay is that we only
get an approximate BHV solution in the Kähler surface
region since all three components of ΦSD are necessarily
switched on (although the contribution from the component
parallel to the Kähler form on Si is exponentially sup-
pressed). Proceeding in this way, we can engineer examples
where the localized matter is still of the type found in a BHV
system, but where the bulk modes are now of the more
general kind found in local Spinð7Þ systems. Observe also
that nothing stops us from building up several such Kähler
and non-Kähler summands.
With this in mind, we can also proceed to write down

the classical zero mode content for our 3D effective field
theory. For the BHV system, we have the well-known
contributions for matter localized on curves (possibly in
the presence of gauge field fluxes), as discussed, for
example, in Refs. [20,21]. Let us therefore focus on the
contributions from the bulk modes which fill out genuine
3D N ¼ 1 matter multiplets in the adjoint representation
of G ×Uð1Þn ⊂ G̃, with notation as in Sec. VA. Writing
ourM4 as a connected sum of Si Kähler summands and Tk
summands with Tk Kähler as in Fig. 3, we have15

b1ðM4Þ ¼
X
i

b1ðSiÞ þ
X
k

b1ðTkÞ

¼
X
i

2h1;0ðSiÞ þ
X
k

2h1;0ðTkÞ ð5:11Þ

b2SDðM4Þ¼
X
i

b2SDðSiÞþ
X
k

b2ASDðTkÞ

¼
X
i

ð2h2;0ðSiÞþ1Þþ
X
k

ðh1;1ðTkÞ−1Þ; ð5:12Þ

where in the above we used the fact that orientation reversal
interchanges the self-dual and anti-self-dual 2-forms. Similar
formulas hold for the Betti numbers of vector bundles built
in this way.
As a final amusing comment, we note that Hopf surfaces

are complex but not Kähler and are diffeomorphic to
S3 × S1, which is quite similar to the PW building block
discussed in Sec. VA.

VI. C, R, & T TRANSFORMATIONS

Up to now, our discussion has basically focused on the
classical geometry of a local Spinð7Þ compactification.
By this, we simply mean that we have obtained our zero
mode content from the linearized approximation to the
Vafa-Witten equations our four-manifold M4. Since we are
dealing with 3D N ¼ 1 vacua, we can expect many strong
coupling effects to enter the low energy effective field
theory. On general grounds, the best we can hope for us to
is to extract those features of the compactification which
are robust against such strong coupling effects.
One such feature is the structure of global anomalies in

3D theories. These involve the study of the 3D theory on a

FIG. 3. An illustration of our gluing construction of Kähler
manifolds.

FIG. 4. Depiction of the connected sum construction used in the
section. The separate blue and red dots indicate localized modes
(on circles) with opposite chiralities/Hessians.

14Given a four-manifold M with signature σðMÞ, we have
σðM#CP2Þ ¼ σðMÞ þ σðCP2Þ ¼ σðMÞ − 1.

15The precise gluing does not affect these topological
quantities.
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three-manifoldN3 and tracking the response of the partition
function Z½N3� under symmetry transformations. With an
eye toward understanding universal aspects of local
Spinð7Þ backgrounds, our aim here will be to extract
constraints from various kinds of discrete symmetries
which are in some sense universal. The classic examples
of this type include reflection of a spatial coordinate
xi ↦ −xi, as well as a geometric time reversal operator
x0 ↦ −x0, and in cases where we also have complex
representations of a gauge group, we can also speak of
charge conjugation operations as well.16

Tracking these discrete symmetries from a top-down
perspective turns out to be somewhat subtle because the
parity assignments in the internal directions often end up
impacting the parity assignments in the 3D uncompactified
directions.17

To illustrate some of the subtleties, consider the com-
pactification of a higher-dimensional vector boson on a
torus Tn. We can compose reflections of the 3D spacetime
with internal reflections on the torus. Since our vector
boson is a 1-form, there can be a nontrivial mixture
between these operations which will in turn impact whether
we refer to the resulting 3D spin-0 degrees of freedom as
scalars or pseudoscalars.
Our aim in this section and the next will be to give a top-

down treatment of such 3D discrete transformations by
recasting them in terms of operations on the extra-dimen-
sional geometry. This is important both in terms of under-
standing the geometric origin of these transformations as
well as in terms of understanding what geometric con-
straints are sufficient to ensure the existence of such
symmetries.
Since we are primarily interested in local Spinð7Þ

systems, our focus will be on understanding the discrete
symmetries of 7D SYM theory. There are several canonical
routes to realizing this gauge theory, and it is helpful to
consider different ways to engineer this system. In gauge
theory terms, one simple way to proceed is to start with 10D
SYM theory, as obtained, for example, from heterotic
strings in flat space. Compactification on a T3 then results
in 7D SYM. A complementary starting point is M-theory
on an ADE singularity. From either starting point, we can
ask how geometric reflection operations on the respective
10D and 11D (Euclidean) spacetimes descend to our 7D
theory. Further compactification on a four-manifold then
provides a general method for tracking the descent of these
symmetries to a 3D system.

As a point of notation, we will often be working with an
n-dimensional Euclidean signature spacetime with local
coordinates ðx0;…; xn−1Þ. We introduce the operation Ri,
which acts as

Ri∶ xi → −xi; and Ri∶ xj → xj for j ≠ i: ð6:1Þ

The case of i ¼ 0 corresponds to a reflection of the
Euclidean spacetime “time coordinate.” In continuing back
to Lorentzian signature via x0 ↦ ix0, the action of R0

would act as the combination CT, which can be specified
even when charge conjugation C and time reversal T do not
make sense separately (see, e.g., Ref. [52] for further
discussion). As nomenclature, we shall also refer to a
scalar, vector, and p-form as those which transform with
their standard geometric operations. We append the modi-
fier “pseudo” or “twisted” whenever there is an additional
minus sign under geometric reflection operations in
Euclidean signature.

A. 10D origin of 7D symmetries

In this subsection, we start from the discrete trans-
formations of 10D SYM theory with gauge group G and
study the descent of these discrete transformations under
compactification on a T3. This results in discrete symmetry
operations for 7D SYM theory in flat space.
To frame the discussion to follow, recall that the field

content of 10D SYM consists of a vector boson AM and a
Majorana-Weyl spinor ζ. Our conventions for 10D spinors
are summarized in Appendix C. For the vector boson AM,
the action of the various reflection symmetries (in
Euclidean signature) is simply

R10d
M ∶ ANðxÞ ↦ ð−1ÞδM;NANðR10d

M xÞ; ð6:2Þ

namely, we flip the sign of the component of the gauge
field which undergoes reflection. It is also convenient to
state this in terms of the transformation on the 1-form
A ¼ AMdxM, which transforms as

R10d
M ∶ AðxÞ ↦ AðR10d

M xÞ: ð6:3Þ

Although all fields transform in the adjoint representation,
we can also speak of various “charge conjugation oper-
ations” which amount to automorphisms of the gauge group.
Turning next to the fermionic content of the theory, it is

convenient for our present purposes to work in terms of a
Dirac spinor of Spinð9; 1Þ subject to various chirality and
reality constraints. In terms of the 10D gamma matrices
Γ10d
M acting on a Dirac spinor field ΨðxÞ, we have

R10d
M ∶ ΨðxÞ ↦ ξΓ10d

M ΨðR10d
M xÞ: ð6:4Þ

Here, we have introduced an arbitrary complex phase ξ,
although physical considerations in any compactified

16In some of the literature, these reflection transformations are
sometimes referred to as “parity transformations.”

17From a bottom-up perspective, one might be tempted to
assert that once the 3D QFT is defined we can simply study the
discrete symmetries of this system. Part of the issue with this
approach is that it presupposes that we know what 3D QFT we
actually got in the first place from compactifying on a local
Spinð7Þ geometry.
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system restrict us to fourth roots of unity, i.e., ξ4 ¼ 1. Of
course, in 10D SYM, we have a Majorana-Weyl spinor
rather than a Dirac spinor. Consequently, there is no
reflection symmetry per se in the 10D theory. We can,
however, still speak of symmetry transformations such as
R10d

i R10d
j which compose multiple reflections. It is these

composite operations which we expect to descend in
various ways to compactified theories.
Let us now compactify on a T3. We keep all field profiles

trivial on the T3, so we expect to get 7D SYM theory with
gauge group G. Recall that the bosonic content consists
of a vector boson and an R-symmetry triplet ϕa, and
the fermionic content consists of a 7D Dirac fermion
which we can write as a pair of fermions ΨI subject to
a symplectic-Majorana constraint. This is just inherited
from the 10D Majorana-Weyl condition (see Appendix C
for the precise form of this constraint). The flat space action
is given by

S¼
Z

dtd6xtr

	
−
1

4
FμνFμν−

1

4
DμϕaDμϕa

þ1

4
½ϕa;ϕb�½ϕa;ϕb�−

i
2
ΨI=DΨI−

i
2
σaIJΨ̄I½ϕa;ΨJ�



: ð6:5Þ

Let us now turn to the discrete reflection symmetries of
the 7D system. We begin by working from a bottom-up
perspective, emphasizing only the 7D geometric reflec-
tions. We will then look at how these descend from ten
dimensions. We have the 7D reflections R7d

i , as well as the
“analytic continuation” of R7d

0 which we denote as CT7d.
To begin, we start with the action of CT7d and R7d

i on the
fermions:

CT7dΨIðt; xiÞ ¼ iΓ7d
0 ΨIð−t; xiÞ; ð6:6Þ

R7d
i ΨIðt; xjÞ ¼ Γ7d

i ΨIðt; ð−1ÞδijxjÞ: ð6:7Þ

Note that these actions are compatible with the symplectic-
Majorana condition. The action of CT7d and R7d

i leaves the
kinetic term invariant if the action on the gauge field is18

CT7dAμ ¼ ð−1Þδμ0Aμ; ð6:8Þ

R7d
i Aμ ¼ ð−1ÞδμiAμ: ð6:9Þ

The last term that needs to be checked is the coupling
between the fermions and the scalars. One can show that

CT7dΨ̄IΨJ ¼ Ψ̄IΨJ; ð6:10Þ

R7d
i Ψ̄IΨJ ¼ −Ψ̄IΨJ: ð6:11Þ

Therefore, in order for these transformations to be sym-
metries, they need to act as

CT7dϕa ¼ −ϕa; ð6:12Þ

R7d
i ϕa ¼ −ϕa: ð6:13Þ

The fact that the R-symmetry triplet ϕa transforms as
pseudoscalars under the R7d is somewhat counterintuitive.
At this point, we need to recognize that compactification on
a T3 can impact the reflection transformation rules. In
particular, the 7D physical reflection symmetry is related to
a composition of several 10D geometric reflections. For
example, we have

R7d
i ¼ R10d

i R10d
7 R10d

8 R10d
9 ; ð6:14Þ

and as already stated, these act on the fields as

R7d
i ðϕaÞ ¼ −ϕa;R7d

i ðAÞ ¼ A ð6:15Þ

R7d
i ðΨIÞ ¼ R10d

789R
10d
i ðΨ10d

MWÞ ¼ þΓ7d
i ΨI; ð6:16Þ

where we have written A ¼ Aidxi as a 1-form. The overall
sign in the fermion transformation rule follows if we
assume we are reducing a positive chirality Majorana-
Weyl fermion from ten dimensions with phase ξ ¼ þ1
An implicit feature of our discussion so far has been a

specific choice of reflection symmetry on the 7D fermions:

CT7dΨIðCT7dxÞ ¼ iΓ7d
0 ΨIðCT7dxÞ; ð6:17Þ

R7d
i ΨIðR7d

i xÞ ¼ Γ7d
i ΨIðR7d

i xÞ: ð6:18Þ

In particular, we see that this means ðCT7dÞ2 ¼ ð−1ÞF, and
ðR7d

i Þ2 ¼ 1, where ð−1ÞF acts on a single fermion as −1. In
other words, we have implicitly chosen to work on a 7D
manifold with Pinþ structure. We can alternatively ask
whether we could have specified 7D SYM on a 7D
manifold with Pin− structure. This alternate possibility
would have occurred if we had demanded the transforma-
tion rules,

CT7d;−ΨIðCT7d;−xÞ ¼ Γ7d
0 ΨIðCT7d;−xÞ; ð6:19Þ

R7d;−
i ΨIðR7d;−

i xÞ ¼ iΓ7d
i ΨIðR7d;−

i xÞ; ð6:20Þ

which would have resulted in ðCT7d;−Þ2 ¼ 1, and
ðR7d;−

i Þ2 ¼ ð−1ÞF.
Indeed, depending on the number of coordinates in ten

dimensions that we reflect, we will obtain different 7D
structures, either Pinþ or Pin−. The rule is the following
one: a reflection of 2r coordinates in ten dimensions gives a
Pinþ structure if r is even or a Pin− structure if r is odd.
The reason for this is that when doing such a reflection18It is important to remember that CT7d is antilinear.
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twice, one is performing a 2π rotation in r two-dimensional
planes upon which spinors acquire a ð−1Þr factor. See, for
example, Ref. [53] for more details and examples in other
dimensions. This explains the rule for reflections we
obtained before: the Ri transformation gives a Pinþ
structure, thus requiring the reflection of all internal
coordinates and therefore a flip in sign of the adjoint
scalars. A Pin− structure can be obtained by modifying the
transformation rules for the spinors, for example, taking

R7d;−
i ΨIðt; xjÞ ¼ ið−1ÞIΓiΨIðt; ð−1ÞδijxjÞ: ð6:21Þ

This would force the following transformation on the
adjoint scalars,

R7d;−
i ϕ1 ¼ ϕ1; ð6:22Þ

R7d;−
i ϕ2 ¼ ϕ2; ð6:23Þ

R7d;−
i ϕ3 ¼ −ϕ3; ð6:24Þ

meaning that only one internal coordinate is reflected. In
this case, a topological twist of 7D SYM would necessarily
require us to simultaneously switch on a background SUð2Þ
R-symmetry gauge field as well as a discrete reflection
symmetry gauge field. While this would certainly be
interesting to study further, in what follows, we exclusively
consider the case where our 7D theory is placed on a Pinþ
background.

B. 11D origin of 7D symmetries

In the previous subsection, we focused on reflections of
7D SYM, as generated from compactification of 10D
SYM. From an effective field theory standpoint, this is
sufficient to understand many aspects of how reflections
will descend to 3D vacua of local Spinð7Þ geometries.
On the other hand, it is somewhat unsatisfactory because

it deprecates the role of the original compactification
geometry. Since part of our aim is to understand how
compactifications of singular Spinð7Þ spaces can give rise
to various 3DN ¼ 1 theories, we clearly need to also track
the geometric origin of these discrete symmetry trans-
formations from an M-theory perspective. With this in
mind, our plan in this subsection will be to study how the
same sorts of transformations descend from M-theory
compactified on an ADE singularity.
This already leads to a puzzle when considering the

“parity assignment” for the adjoint-valued Higgs fields of
7D SYM. Recall that metric moduli of an M-theory
compactification descend to scalars, as opposed to pseu-
doscalars. On the other hand, we also know from the
previous subsection that the adjoint-valued Higgs fields of
7D SYM transform (on a Pinþ background) as pseudo-
scalars. From the perspective of 10D SYM theory, this
comes about because a suitable combination of the 10D

geometric reflections descends to the 7D reflection sym-
metry, namely, R7d

i ¼ R10d
i R10d

7 R10d
8 R10d

9 . Here, we ask
how all of these reflections instead descend from an 11D
starting point.
To avoid conflating the various notions of reflection

symmetries discussed earlier, we refer to the 11D Euclidean
reflection symmetries as Ri and the analytic continuation
of R0 to Lorentzian signature as CT . Our aim will be to
understand how these geometric reflections produce reflec-
tions on the fields of 7D SYM.
To frame the discussion to follow, it is actually helpful

to first begin with the reflection transformations on
the M-theory fields. We expect to be able to consider
M-theory on Pinþ backgrounds because the 11D
Majorana condition for the supercharges is compatible
with a Pinþ rather than Pin− structure (see, e.g.,
Refs. [54,55]). The field content of M-theory consists
of a “3-form” potential C3 as well as the metric and 11D
gravitino.
Consider first the transformation rules for C3. An

important subtlety here is that this is actually a pseudo-
3-form, or in more technical terms a twisted 3-form,19 as
can be seen by analyzing the reflection symmetry trans-
formation properties of the Chern-Simons coupling C ∧
G ∧ G (see, e.g., Ref. [56]).20 In components, the reflection
transformation is

RS∶ CTUVðXÞ ↦ −ð−1ÞδST ð−1ÞδSUð−1ÞδSVCTUVðRSXÞ;
ð6:25Þ

where the tensor indices run over the 11D spacetime
directions. Again, the additional minus sign compared
with a geometric 3-form tells us we are dealing with a
twisted differential form. The transformation rules for the
metric are straightforward and obey

RS∶ GUVðXÞ ↦ ð−1ÞδSUð−1ÞδSVGUVðRSXÞ: ð6:26Þ

Finally, we have the transformation rules for the gravitino:

RS∶ ΨUðXÞ ↦ ð−1ÞδSUΓ11d
S ΨUðRSXÞ: ð6:27Þ

We get bosonic degrees of freedom from the dimensional
reduction of the 3-form potential and the metric and their
fermionic superpartners from the reduction of the gravitino
degrees of freedom. In the case where we compactify on a

19Recall that a twisted differential form is one that is twisted by
the orientation bundle. A twisted differential form ρ on any
manifold M behaves as follows: given a map f∶ M → M that is
orientation reversing, then f�ρ ¼ −ρ.

20Briefly, consider M-theory on an orientable background Y11.
The reflection symmetries act as Ri∶

R
Y11

CGG → ð−1Þ3R
Y11

CGG ¼ R
Y11

CGG, where Y11 denotes the orientation reversal
of Y11.
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space with singularities, we get additional degrees of
freedom from branes wrapped on collapsing cycles.
Indeed, the case of primary interest to us here is where we

compactify on an ADE singularityC2=Γg with Γg ⊂ SUð2Þ a
finite subgroup of ADE type, as indicated by the Lie algebra
label g. Recall that this engineers 7D SYM. Resolving the
singularity, the effective divisors intersect according to
(minus) the Cartan matrix for the corresponding Lie algebra.
The off-diagonal massive W-bosons of the gauge theory
come from M2-branes wrapped over the simple roots. It is
already instructive to consider the dimensional reduction of
the M-theory 3-form potential on the resolved space.
Labeling the compactly supported basis of 2-forms as ωI ,
we can decompose the 3-form as

C3 ¼
X
I

AðIÞ
1 ∧ ωI; ð6:28Þ

so we appear to get a collection of pseudo-1-forms in seven
dimensions. Indeed, if we also track the dimensional reduc-
tion of the deformation moduli of the ADE singularity, we
observe that these are just metric degrees of freedom which
fill out an R-symmetry triplet. From this perspective, it would
appear that we get a 7D pseudovector multiplet rather than a
vector multiplet for a Uð1Þr gauge theory.
By inspection, however, we see that if there happened to

be a symmetry which acted on the ωI as ωI ↦ −ωI , then
we could compose this with the geometric reflectionsR11d

i
to again reach a 7D theory of a vector multiplet. What then
is the geometric origin of these transformations? At some
level, it is just the statement that our ADE singularity is
building up the root space of a Lie algebra, and so we are
free to consider the action of the automorphisms of this Lie
algebra on the geometry. In some cases, the required
automorphisms will just be inner automorphisms (namely,
they involve the adjoint action of the Lie algebra), and in
other cases, they will be outer automorphisms.
To illustrate, it is already instructive to return to 10D

SYM theory compactified on a circle. According to our
analysis of the previous subsection, we expect to get 9D
vector multiplet, with bosonic field content consisting of a
9D vector and an adjoint-valued pseudoscalar ϕ9d. Giving a
vev to this pseudoscalar in a direction of the Cartan
subalgebra would break reflection symmetries. Observe,
however, that we really have two symmetries; one is
reflection R9d, and one is a charge conjugation operation
C9d∶ hϕ9di ↦ −hϕ9di, which descends from an automor-
phism of the Lie algebra. In this case, the combinations
C9dR9d are preserved on the moduli space. Of course, if we
had started with the pseudovector multiplet theory, we
would have instead retained R9d and broken C9dR9d.
Clearly, similar considerations descend to 7D SYM.
Returning to our discussion of M-theory backgrounds,

we observe that the proposed transformation ωI ↦ −ωI is
carrying out the desired operation, but now in geometric

terms. Of course, in the full compactification, we need to
consider more than just the action of these conjugation
operations on the Cartan subalgebra, and so we refer to this
class of geometric operations as Ag to emphasize their
connection to the automorphisms of the gauge algebra/
singular geometry.
We summarize in Table I the action on the Lie algebra

generators TA for each automorphism associated with
generalized charge conjugation Ag. In the table, the matrix
TA ∈ Oð2NÞ has det ¼ −1, and ι are different involutions
on the e6;7;8 Lie algebras that act as −1 on the maximal tori
components of the fields [thereby extending the Uð1Þ
definition of Ag]. For e6, this is an outer automorphism,
while for e7 and e8, it is an inner automorphism.21

Before composing Ag with Ri, we take note of an
interesting property of Ri on the non-Abelian 7D vector
multiplet. Since the M2-brane charge is reflection odd, an
M2-brane wrapping S2 cycles associated to simple roots of
g has its Uð1Þr charge vector transform as Ri∶ qI ↦ −qI ,
which means that in the singular limit this amounts to a Lie
algebra involution. So, to complete the action of Ri to the
off-diagonal field components, for say g ¼ suðNÞ, requires

Ri∶ A → −ðAÞtϕa → ðϕaÞt; ð6:29Þ

where the overall sign is fixed by knowledge of the action
of the maximal tori components. Therefore, after compo-
sition with Ag, we get back R7d

i as before:

R7d
i ¼ Ag∘Ri: ð6:30Þ

It is now convenient to package all of this in terms of a
table illustrating how the different symmetries of a higher-
dimensional compactification descend to transformations.
We collect in Table II the transformation rules for 7D
suðNÞ gauge theory, illustrating the origins from M-theory
on an A-type singularity. Similar tables can be constructed
for the other Lie algebras using Table I.

TABLE I. Table illustrating the generalized charge conjugation
operations generated by automorphisms A on the generators TA

of a Lie algebra. In the soð2NÞ case,O is a matrix ofOð2NÞ with
determinant −1. In the case of e6;7;8, ι refers to an involution,
which is an outer automorphism for e6 and an inner auto-
morphism for e7;8.

uð1Þ suðNÞ soð2NÞ e6 e7;8

AgðTAÞ −TA −ðTaÞt O−1ðTAÞO ιðFÞ ιðFÞ.

21Even though it may be undone by a gauge transformation for
e7;8, it allows us to define the transformation on the moduli space
of Higgsings between various gauge groups (hyper-Kähler
moduli space of ALE fibers from the M-theory viewpoint).
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The upshot of this analysis is that it is somewhat a matter
of taste whether we refer to our 7D compactified theory as a
pseudovector multiplet or as a vector multiplet. Said
differently, different duality frames, be it heterotic on a
T3, or M-theory on a K3 surface might “canonically favor”
one presentation or the other, but the further composition
with an automorphism allows us to pass between the two
presentations. In this sense, we are filling in an additional
entry in heterotic/M-theory duality.
As an additional comment, our emphasis here has been

on realizing 7D SYM theory with a simply laced gauge
algebra. One can also ask about the nonsimply laced case,
which corresponds to quotienting the Lie algebra by a
suitable outer automorphism. In M-theory terms, this
amounts to activating a background discrete flux “at
infinity” (see, e.g., Refs. [57–59]), and in F-theory terms,
it can be obtained by starting with a noncompact elliptically
fibered K3 surface and upon compactifying on a further
circle, twisting by this outer automorphism. Indeed, a
general comment is that 7D SYM theory with a nonsimply
laced gauge theory requires the spin-1 degrees of freedom
to transform as a vector, simply because of the structure of
the kinetic term TrgF2 under reflection symmetries.

VII. 4D AND 3D REFLECTIONS VIA 7D SYM

In the previous section, we analyzed the reflection
symmetries associated with 7D SYM theory. In particular,
we saw that compactification of 10D SYM (as obtained
from heterotic on a T3) and M-theory compactification on
an ADE singularity lead to different reflection parity
assignments for the 7D fields, which are related by a
further automorphism action. Since we are ultimately
interested in further compactification of our system to
4D and especially 3D vacua, our aim here will be to
understand the resulting reflection parity assignments for
zero modes generated by our local Spinð7Þ system. With
the analysis of the previous section in mind, our starting
point will be 7D SYM theory, with bosonic content given
by a 7D vector potential and a triplet of pseudoscalars
associated with the Higgs field. Our aim will be to track
the impact of further discrete transformations which come
from compactifying on a three-manifold M3 or four-
manifold M4.

This section is organized as follows. As a warmup, we
first return to the case of the PW system compactified on an
orientable three-manifold M3 and track how reflections act
on the resulting 4D fields. Then, we turn to the case of 3D
N ¼ 1 vacua as obtained from our local Spinð7Þ system
compactified on an orientable four-manifold M4 and study
the same question. To a certain extent, the reflection
assignments for local matter are dictated by effective field
theory considerations, since we know that we get 4DN ¼ 1
chiral multiplets from the PW system, and compactification
on a circle produces 3D N ¼ 2 matter multiplets. The
situation is far less straightforward in the case of the bulk
matter fields, since these fill out genuine 3D N ¼ 1 matter
multiplets.

A. 4D reflections

As a warmup to the full problem, in this subsection, we
treat the case of 7D SYM compactified on an orientable
three-manifold M3. Our task will be to understand the
higher-dimensional origin of various reflection/parity
assignments for modes of the resulting 4D system.
To a certain extent, we are just producing a 4D N ¼ 1

supersymmetric system, and we know how the standard 4D
operations referred to as C4d, P4d, and T4d act on any 4D
field theory, supersymmetric or not. In terms of our
reflection operations, we of course have

P4d ¼ R4d
1 R4d

2 R4d
3 and CT4d ¼ R4d

0 ; ð7:1Þ

where in the last equation we are again analytically
continuing from Euclidean to Lorentzian signature.
Recall also that on a 4D N ¼ 1 chiral multiplet with
scalar component s4d ¼ s1 þ is2, s1 is a scalar, but s2 is a
pseudoscalar (see, e.g., Ref. [60]). Under parity, the chiral
multiplet S transforms as S → S̄, which also sends the left-
handed Weyl fermion of the supermultiplet to a right-
handed Weyl fermion in the conjugate representation.
What complicates the story is that we are now asking

how to lift these operations back to statements about a local
G2 system, which as we have already remarked can be
analyzed by starting with 10D SYM theory compactified
on T�M3. To determine the parity transformations for the
4D fields, we observe that, although T�M3 is even dimen-
sional, we can (since an oriented M3 is automatically
parallelizable) speak of an orientation reversal operation
OT� on the cotangent directions as well, which locally looks
like

OT� ¼ R10d
7 R10d

8 R10d
9 ; ð7:2Þ

which we recognize as just the “internal reflections”
associated with the compactification of 10D SYM theory
on a T3. Putting these comments together, we recognize
that the complexified connectionA ¼ Aþ iϕPW of the PW
system breaks up into a 4D scalar and a 4D pseudoscalar.

TABLE II. Table of reflection transformation properties for the
fields Aμ, ϕa, andΨI of 7D SYMwith gauge algebra suðNÞ, with
all fields presented as N × N matrices in the adjoint representa-
tion. We collect here both the 11D reflection transformations as
well as the 7D reflection transformations.

Ri CT R7d
i CT7d

Aμ −ðAÞtð−1Þδμi −ð−AÞtð−1Þδμ0 ð−1ÞδμiðAÞ ð−1Þδμ0ðAÞ
ϕa þðϕaÞt þðϕaÞt −ðϕaÞ −ðϕaÞ
ΨI −ΓiðΨIÞt −iΓ0ðΨIÞt ΓiðΨIÞ iΓ0ðΨIÞ
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Summarizing, we conclude that the appropriate reflec-
tion symmetries of the 4D effective field theory descend as

R4d
i ¼ R7d

i ; ð7:3Þ

where now i ¼ 0, 1, 2, 3 for the 4D Euclidean directions. Of
course, a particular compactification need not preserve
parity, but this depends on the specific matter content and
interactions of the resulting effective field theory.

B. 3D reflections

Let us now turn to the reflection assignments for the zero
modes generated from compactification of 7D SYM theory
on a four-manifold M4. Here, it is helpful to start with the
fermionic content, including the supercharges of the 7D
theory.
Now, a 7D Dirac spinor can be decomposed into the

fields λl and λr which transform as (2; 2; 1; 2) and (2; 1;
2; 2), respectively, under Spinð1; 2Þ × SUð2Þl × SUð2Þr×
SUð2ÞR, where here SUð2Þl × SUð2Þr denotes the Lorentz
group on M4 and SUð2ÞR refers to the R-symmetry. At the
level of structure groups, we topologically twist by identify-
ing SUð2Þr0 ≡ diagðSUð2Þr × SUð2ÞRÞ so that in terms of
the representations of Spinð1; 2Þ × SUð2Þl × SUð2Þr0 the
3D fermions of interest are

λl ≡ χ ↔ ð2; 2; 2Þ; ð7:4Þ

λr0 ≡ ðψ ; λÞ ↔ ð2; 1; 3Þ ⊕ ð2; 1; 1Þ: ð7:5Þ

The twisted fields, χ, ψ , and λ are the 3D superpartners for the
fluctuations a, φ, and A3d, respectively. From the 7D SYM
action, we see under a parity transformation in a 3D spatial
direction, R7d

i , that a is even, while φ is odd. Furthermore,

since Γi ¼ σi ⊗ γð4dÞ5 , the 3D fermions transform as (we
suppress the action on the spacetime coordinates)

R7d
i ðχÞ ¼ þγiχR7d

i ðψÞ ¼ −γiψR7d
i ðλÞ ¼ −γiλ: ð7:6Þ

We note that the reflection transformations for the 3D
gaugino λ are the same as for the supercharge. Indeed, the
supercharge transforms as R7d

i ðQαÞ ¼ −γiQα, and con-
sidering Qα ¼ ∂

∂θα − iθβγαμβ ∂μ, we see that the N ¼ 1

superspace coordinate, θα, transforms as R7d
i ðθαÞ ¼

−γiθα, R7d
i ðQαÞ ¼ −γiQα.

It is convenient to package the field content of the 7D
SYM theory in terms of 3D N ¼ 1 superfields. In the case
of A3d and the 3D gaugino, this is just the 3DN ¼ 1 vector
multiplet, where A3d transforms as a vector (as opposed to a
pseudovector) and the 3D gaugino is reflection odd [as in
Eq. (7.6)]. As for the bulk modes associated with the
internal fluctuations of the vector potential a and the self-
dual Higgs field φ, these split up into adjoint valued 3D
N ¼ 1 pseudoscalar and scalar multiplets:

pseudoscalarmultiplet∶ φ¼ φþ iθαψα þ
i
2
θαθαFφ ð7:7Þ

scalar multiplet∶ a ¼ aþ iθαχα þ
i
2
θαθαFa: ð7:8Þ

On a general M4, there is no natural way to combine these
fields into “complexified combinations” as would be
appropriate for 3D N ¼ 2 matter multiplets.
Let us now turn to the localized matter fields. We treat

the “generic situation” where matter is localized on a one-
dimensional subspace of M4. Recall that this matter can
be treated locally as a zero mode of the PW system on a
three-manifold which is then further compactified on a
circle. At this level of analysis, it is therefore enough for
us to track the reflection assignments of a chiral and
antichiral superfield after reduction on circle. Of course,
these zero modes descend from trapped fluctuations of
the bulk modes, but we leave this point implicit in what
follows.
Now, for a 4D N ¼ 1 chiral multiplet reduced on a

circle, we start with a 4D real scalar and a pseudoscalar as
well as a left-handed Weyl fermion. Reduction on a circle
gives us a 3D real scalar and a pseudoscalar as well as a 3D
Dirac fermion ψD. Since the 4D theory was chiral, it is a bit
of a misnomer to speak of reflection in just one direction.
We can, however, compose two such reflections to generate
a sensible 3D operation,

R3d
i ψD ¼ R4d

i R4d⊥ ψD; ð7:9Þ

where we treat ψD as a 4D spinor and R4d⊥ denotes
reflection along the circle. So, it does make sense to
speak of a definite reflection assignment for this 3D Dirac
fermion.
What then, is the reflection assignment for this zero

mode? The first comment is that we expect opposite
reflection assignments for reduction of a left-handed and
right-handed Weyl fermion. The second comment is that
we expect that circle reduction of a 4D N ¼ 1 gauge
theory will lead to Weyl fermions all with the same
reflection assignment. Since we have already fixed the
reflection assignment for our 3D N ¼ 1 vector multiplet
to be −1, we conclude that the 3D Dirac fermion ψD
obtained from reduction of a left-handed Weyl fermion
will produce reflection assignment −1. Conversely, if we
had started with a right-handed Weyl fermion, the
resulting 3D Dirac fermion ψ̃D, would have had a
reflection assignment of þ1. We can explicitly see this
if we compactify a 4D Dirac fermion ðΨL

ΨR
Þ to two 3D Dirac

fermions. Consider the standard Weyl basis of 4D gamma
matrices

γ0 ¼ iσ2 ⊗ σ3; γ1 ¼ σ2 ⊗ σ1;

γ2 ¼ σ2 ⊗ σ2; γ⊥ ¼ σ1 ⊗ 1; ð7:10Þ
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then, we have that R1R⊥ðΨLÞ ¼ −iγ1γ⊥ðΨL
ΨR
Þ ¼ γð3dÞ1 ð−ΨL

ΨR
Þ

after dimensional reduction which returns our proposed
3D reflection phases.
Geometrically, recall that for the PW system on a three-

manifoldM3 we get chiral versus antichiral matter depend-
ing on the signature of the Hessian �M3

d �M3
ϕPW.

In particular, a Hessian with signature ðþ;þ;−Þ produces
a left-handed Weyl fermion (a chiral mode), while a
Hessian with signature ð−;−;þÞ produces a right-handed
Weyl fermion (an antichiral mode). Proceeding now to the
case of the local Spinð7Þ system with matter localized on a
circle, we see that these two choices of signature are related
by an orientation reversal in the directions transverse to the
matter circle.
Indeed, in a local neighborhood of the matter circle, we

can define the operation R10d
i R10d

3456789. We observe that
R10d

3456789 is a local orientation reversal operation on R7, but
there is no generic expectation that on Λ2

SDM4 that such an
action is a symmetry of the geometry. For local matter,
however, where the geometry really is just S1 ×R6, we do
have such a symmetry action, and this specifies a well-
defined notion of how reflections descend to three
dimensions.
Let us summarize the reflection assignments for the

various bosonic and fermionic matter fields. Starting first
with the bulk fluctuations a, φ, as well as the localized
“complex” scalars τþ;þ;− and τ−;−;þ, we have22

a → þa; φ → −φ; τþ;þ;− → −τþ;þ;−;

τ−;−;þ → þτ−;−;þ: ð7:11Þ

Here, we remark that the signature of the internal Hessian
flips sign under this 3D reflection. For the fermionic
fluctuations associated with each of these modes, we have

χðaÞ → þγiχ
ðaÞ; ψ ðφÞ → −γiψ ðφÞ;

ψþ;þ;− → −γiψþ;þ;−; ψ−;−;þ → þγiψ−;−;þ; ð7:12Þ

in the obvious notation.
An additional comment here is that if we neglect

interaction terms there are a large number of additional
symmetries which act on our fields. Indeed, in addition to
the 3D reflection symmetry R3d

i , we can also speak of
various charge conjugation actions which act on individual

localized Dirac fermions as ψD → ψ�
D. From the perspec-

tive of compactifying 7D SYM, this provides us with a
large set of candidate symmetries. Of course, in an actual
compactification, we expect many of these symmetries to
wind up being broken. The way to extract the ones which
are preserved involves simply working out the 3D effective
field theory and checking which symmetries are preserved
at the level of the classical interaction terms. Our discussion
here has primarily emphasized what a 3D field theorist
would see, but a priori, there is no guarantee that a given
compactification will actually preserve these symmetries.
We return to this issue in Sec. IX. For additional discussion
of the various symmetries which appear in the free field
limit, see Appendix E.

VIII. PARITY ANOMALIES

Having analyzed the reflection symmetry transforma-
tions for the matter content of 7D SYM coupled to various
lower-dimensional defects, we now turn to the anomalies
generated by the matter content of this system. Again, our
motivation for doing so is that anomalies are robust against
strong coupling effects, and so are particularly important to
track in local Spinð7Þ systems. In Appendix G, we review
some additional aspects of parity anomalies of 3D gauge
theories which we implicitly assume below. Again, we note
that as discussed in Ref. [24] it is more appropriate to view
these anomalies as associated with a reflection.
In general terms, we shall be interested in the resulting

3D effective field theory we get after compactification. In
this 3D theory, we can consider working on a Euclidean
signature three manifold N3. If we have a symmetry S of
the classical action, we can ask about the response to the
partition function ZðN3Þ under such a symmetry trans-
formation,23

ZðN3Þ → expð2πiνS=KSÞZðSN3Þ; ð8:1Þ

where here we allow for the possibility that S is a spacetime
transformation which acts on N3. The parameter KS is a
positive integer, and so we often refer to νS as valued in the
finite group ZKS

. In our setting, we can consider the action
of the 3D reflection symmetries R3d

i , of which there is a
corresponding “gravitational-parity anomaly” νR. We
remark that this phase is defined modulo Z16, as explained
in Ref. [24] (see also Ref. [74]). Some systems also have an
independent charge conjugation symmetry, and so in prin-
ciple, we could also discuss νCR, which in Lorentzian

22For the zero modes localized on a circle S1⊥, our 3D reflection
R3d

i ¼ R4d
i R4d⊥ . This introduces an additional minus sign in the

reflection assignment for the pseudoscalar of the 4D N ¼ 1
chiral multiplet, so that in 3D we wind up with a pair of scalars or
a pair of pseudoscalars. We can also consider composition with a
local charge conjugation operation C, and then it is a matter of
convention what one wishes to call “reflection,” i.e., R versus
CR. Here, we have opted to use the same conventions for
reflection on 3D Dirac fermions used in Ref. [52].

23Here, we assume the existence of a partition function.
A common situation, especially in string compactification on a
noncompact background, is that our 3D QFT is actually a relative
QFT in the sense that we have a vector of partition functions. We
ignore this subtlety in what follows. For further discussion, see,
e.g., Refs. [33,41,61–73].
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signature is synonymous with νT, i.e., a time reversal
anomaly.
Of course, we can also have mixed parity/gauge sym-

metry anomalies. For a theory with gauge group H, we can
label these as νRH. In practical terms, one can compute this
by tracking a possible one-loop shift to the Chern-Simons
coupling from massless fermions.24 For a massless fermion
in a representation R, we get a shift at one loop given by

δk ¼ αTðRÞ; ð8:2Þ

where TðRÞ is the index of the representation R and we
implicitly mean a 3D Dirac fermion with α ¼ 1 if the
representation is pseudoreal or complex and a 3DMajorana
fermion with α ¼ 1=2 if the representation is real. The
normalization is such that TðNÞ ¼ 1=2 for the fundamental
representation of SUðNÞ. As an example, one can see that
for a N ¼ 1 SUðNÞ theory with Nf flavors the shift is

δk ¼ Nf

2
þ h∨

2
; ð8:3Þ

where h∨ is the dual Coxeter number of the gauge group
[for SUðNÞ, we have that h∨ ¼ N]. Given that the bare
Chern-Simons level k is an integer in order to be able to
have a zero Chern-Simons level at one loop, one must
ensure the condition that Nf ¼ N mod 2 for these theories,
matching with, e.g., Ref. [75]. In Table III, we collect our
conventions for various indices of representations. Lastly, it
is tempting to also consider the parity anomalies associated
with placing 7D SYM on a general background which
has some reflection symmetries, but we leave this to
future work.
A general comment here is that in passing from our local

Spinð7Þ system to our 3D effective field theory we can
expect some of the symmetries of the 3D theory to be
inherited from “top-down” considerations, while some may
only be emergent after some details of the compactification

have decoupled. In this section, we work in a specific
idealized limit where we assume that the only interactions
between zero modes are mediated by the 3D N ¼ 1 vector
multiplet. In this case, the issue of parity assignments just
follows from tracking the overall matter content of the
system, an issue we just addressed in Sec. VII. Of course,
we expect that in a full compactification there may be
various parity breaking effects. For example, integrating
out the Kaluza-Klein (KK) modes of the four-manifold can
be visualized as starting with a collection of 3D Dirac
fermions with mass terms added. Since the sign of these
mass terms will shift the bare Chern-Simons coupling, the
net impact from such zero modes can also produce an
explicit parity breaking interaction (the Chern-Simons term
itself). If, however, our M4 enjoys an internal reflection
symmetry, then these KK modes come in pairs, and there
will be no overall shift to the level.
With this simplified situation in mind, we just need

to track the contributions from the bulk zero modes and
the localized zero modes to the various parity anomalies.
A general rule of thumb is that for a single 3D Majorana
fermion χ with parity εχ ¼ �1 under a reflection,

R3d
i χ ¼ εχγ

3d
i χ; ð8:4Þ

the contribution to the anomaly νR is just νRðχÞ ¼ −εχ ,
where our overall choice of minus sign convention has been
introduced to avoid clutter in later equations. By the same
reasoning, if we have a 3D Dirac fermion ψ with parity
εψ ¼ �1which transforms in a complex representationR of
the unbroken gauge group H ¼ G ×Uð1Þn ⊂ G̃ (with
notation as in Sec. II), then the contribution to the anomaly
is νRðψÞ ¼ εψ dimRR; i.e., we can just count the number of
real degrees of freedom. There are bulk and local contribu-
tions to νR:

νR ¼ νbulkR þ νlocalR : ð8:5Þ

The contribution from the bulk modes comes from the 3D
gaugino of the vector multiplet and the superpartners of the
internal 1-form and self-dual 2-form,

νbulkR ¼ dimR H × ð1 − b1 þ b2SDÞ mod 16; ð8:6Þ

where the overall factor of dimRH is due to the fact that all
zero modes in the bulk transform in the adjoint representa-
tion. Note that this also includes the singlets associated with
the “adjoint” of the Uð1Þ factors of H ¼ G ×Uð1Þn ⊂ G̃.
An important feature of Eq. (8.7) is that we can express it in
terms of the Euler character and signature ofM4; namely we
have

νbulkR ¼ dimRH ×
1

2
ðχðM4Þ þ σðM4ÞÞ mod 16; ð8:7Þ

TABLE III. Indices for various representations of ADE groups.

G

SUðNÞ TðNÞ ¼ 1=2 TðadjÞ ¼ N
SpinðNÞ TðNÞ ¼ 1 TðadjÞ ¼ N − 2
E6 Tð27Þ ¼ 3 TðadjÞ ¼ 12
E7 Tð56Þ ¼ 6 TðadjÞ ¼ 18
E8 Tð248Þ ¼ 30
SUð5Þ Tð5Þ ¼ 1=2 Tð10Þ ¼ 3=2 TðadjÞ ¼ 5
Spin(10) Tð10Þ ¼ 1 Tð16Þ ¼ 2 TðadjÞ ¼ 8

24One way to think about this has to do with introducing a
Pauli-Villars regulator for the loop integral. Picking a sign for the
Pauli-Villars mass then produces a consequent shift from a single
massless mode.
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where χðM4Þ ¼ 2 − 2b1 þ b2 and σðM4Þ ¼ b2SD − b2ASD.
25

So, in other words, νbulkR detects a topological structure on
M4, at least modulo Z16. Another comment is that this
provides some a posteriori justification for the reflection
assignments previously found in Sec. VII.
Turning next to the localized zero modes, we can have

different complex representations contributing. Returning to
our reflection assignments from Eq. (7.12) which we
reproduce here:

χðaÞ → þγiχ
ðaÞ; ψ ðφÞ → −γiψ ðφÞ;

ψþ;þ;− → −γiψþ;þ;−ψ−;−;þ → þγiψ−;−;þ: ð8:8Þ

Additionally, there is an overall minus sign having to dowith
whether we have a ðþ;þ;−Þ mode or a ð−;−;þÞ mode.
Recall our reflection assignments from Eq. (7.12). Splitting
up the zero modes into these two sets, we get

νlocalR ¼
X

i∈ðþ;þ;−Þ
dimRRi−

X
i0∈ð−;−;þÞ

dimRRi0 mod 16: ð8:9Þ

Consider next the mixed gauge-parity anomaly νRH. For
H a non-Abelian simply connected gauge group, this is a
mod Z2 phase, and for H ¼ Uð1Þn, this is a mod Z4 phase.
For more general gauge group choices, this depends on the
reduced Pinþ bordism groups, a point we discuss further in
Appendix G. In any event, we again just need to count the
different contributions from the bulk and localized zero
modes. In general terms, for a 3D Majorana fermion χ with
reflection assignment εχ in a real representationR ofH, the
contribution to νRH is νRHðχÞ ¼ εχTðRÞ, while for a 3D
Dirac fermion ψ with reflection assignment εψ in a complex
or pseudoreal representation R of H, the contribution to
νRH is νRHðψÞ ¼ 2εψTðRÞ. Consequently, the contribu-
tions to νRH from the bulk and localized zero modes
assemble in the expected way:

νRH ¼ νbulkRH þ νlocalRH mod 2; ð8:10Þ

νbulkRH ¼ h∨ðHÞ × 1

2
ðχðM4Þ þ σðM4ÞÞ mod 2; ð8:11Þ

νlocalRH ¼
X

i∈ðþ;þ;−Þ
2TðRiÞ−

X
i0∈ð−;−;þÞ

2TðRi0 Þ mod 2: ð8:12Þ

As a brief comment, we see that the contribution to theChern-
Simons level (working modulo the integers) is just 2νRH.
Having spelled out the general contributions to anoma-

lies from our bulk and localized matter, we are now ready to
use this to track various quantum corrections which appear
in local Spinð7Þ systems. We turn to this next.

IX. QUANTUM CORRECTIONS TO Spinð7Þ
MATTER

As already mentioned in previous sections, part of our
goal in studying various reflection symmetries of 7D SYM
is to use this additional structure to potentially constrain the
effects of quantum corrections. Now, an important issue we
face is that a priori there is no reason to expect M-theory on
a generic Spinð7Þ background to preserve reflection
symmetries, and there is a remnant of this same issue in
compactification of 7D SYM compactified on a four-
manifold M4. The way this shows up in the resulting 3D
effective field theory is that various candidate discrete
symmetry transformations will end up being broken by
interaction terms.
On the other hand, we can also consider tuning the moduli

of the compactification so that a reflection symmetry is
preserved. This is actually more common than one might
initially anticipate. For example, since M-theory also
includes objects such as orientifold M2-planes (i.e., OM2-
planes), we expect that for a suitable choice of moduli we
have internal reflection symmetries which act on the Spinð7Þ
space. Indeed, there are also well-known compact examples
of Spinð7Þ spaces which exhibit such symmetries (see, e.g.,
Refs. [76,77]). In the context of a local model, this can also
be arranged; for example, the local G2 space Λ2

SDS
4 with a

round metric for the four-sphere has many such symmetries.
We also expect that it is possible to compactify M-theory

on various nonorientable backgrounds, as long as they
admit a Pinþ structure. From an effective field theory point
of view, this involves gauging some combination of
reflection symmetries, but for this to be so, one must have
a reflection symmetry in the first place.
With these considerations in mind, we adopt the follow-

ing strategy. We begin by building a local model which has
an internal reflection symmetry. From what we have
worked out in the previous sections, we know that this
will then descend to a reflection symmetry of the 3D
effective field theory. This in turn puts strong constraints on
possible quantum corrections to the matter content. In
particular, we can then use ’t Hooft anomaly matching to
track the value of νS for any spacetime symmetry S. So,
even if a particular localized or bulk zero mode does not
survive, it can still leave a remnant in its contribution to νS.
At a more generic point of the moduli space where

compactification effects explicitly break a reflection sym-
metry, it is still in principle possible for the resulting 3D
effective field theory to be reflection symmetric. For
example, if we add an irrelevant reflection breaking operator
to an effective field theory, then in the deep infrared, one can
still recover such a symmetry. Of course, relevant interaction
terms will impact the surviving symmetries.
Of particular significance is the Chern-Simons

interaction term. This can receive a “bare” contribution
from the ambient 4-form flux of an M-theory compacti-
fication as well as from integrating out KK modes of the

25Note that we met this topological quantity previously in
Sec. II in the context of determining the number of zero-circles of
ΦSD modulo 2 (see Ref. [28] for some discussion on the
topological significance of this quantity).
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compactification. One of our aims in this section will be to
determine the overall value of this coupling. Our general
claim is that we can use the zero mode content of the 3D
effective field theory as a proxy for determining the
presence (or absence) of such a contribution. We note
that in some cases the appearance of a background G-flux
is sometimes required by a quantization condition [12,14],
and we will see a sharp analog of this in the context of our
local gauge theory analysis.
Additionally, we also must pay attention to nonpertur-

bative instanton corrections. In the closely related context
of 4D N ¼ 1 theories generated from local G2 geometries,
such effects are responsible for generating mass terms for
vectorlike pairs as well as Yukawa interaction terms. The
former is a parity invariant contribution, while the latter
typically breaks parity. Since we have emphasized that our
local Spinð7Þ system can be built up from PW building
blocks, we can expect similar effects to be present in our
system as well.
In the process of compactifying, then, we encounter

several different mass scales. First of all, we have the UV
cutoff of the 7D SYM theory Λ7d

UV. Then, we have a generic
radius of compactification for the four-manifold, which
introduces a Kaluza-Klein mass scale ΛKK . Below this,
we expect to have a 3D effective field theory. The 3D gauge
coupling will flow to strong coupling since the gauge
field kinetic term is a relevant operator, and this occurs
at a strong coupling scale Λ3d

strong ∼ ΛKKðΛKK=Λ7d
UVÞ3.

Euclidean M2-brane instanton effects can generate masses
Λinst for vectorlike pairs but are exponentially suppressed by
a volume factor. On an isotropic M4, this will be small
relative to Λ3d

strong. Finally, we have the “deep infrared” Λ3d
IR

where even these massive states have been integrated out. All
told, then, we have the hierarchy of mass scales:

Λ7d
UV ≫ ΛKK ≫ Λ3d

strong ≫ Λinst ≫ Λ3d
IR : ð9:1Þ

Our plan in the remainder of this section will be to track
these compactification effects in more detail. We begin by
analyzing the impact of compactification effects on the
Chern-Simons level of the 3D gauge theory. We then turn to
an analysis of quantum corrections. We then turn to some
explicit geometric examples illustrating these general con-
siderations. Appendix D contains additional details on
instanton corrections to the local Spinð7Þ system of
equations.

A. Chern-Simons level contributions

In this subsection, we turn to a more a detailed analysis
of how various contributions to the compactification can
shift the Chern-Simons level. In particular, we discuss the
conditions necessary for such effects to cancel out so that a
3D reflection symmetry might still be present.
In a general compactification, there are various sources

of contributions to the Chern-Simons level. First of all, we

can study the contribution from the zero modes, and as we
discussed in Sec. VIII, these contribute to various parity
anomalies. Second, we have the contributions from the
Kaluza-Klein states. At first glance, it would appear that
such modes cannot contribute, simply because they are
heavy states, and we will integrate them out anyway. There
is a subtlety here, because in three dimensions we also
know that for a single Dirac fermion ψD coupled to a
background Uð1Þ gauge field adding a mass term mψDψD
and integrating out the fermion produces a shift in the
Chern-Simons level of the background Uð1Þ, with the sign
of the shift dictated by the sign ofm. A priori, then, it might
happen that a massive KK state could shift the background
Chern-Simons level.
To better understand this issue, we return to the 7D SYM

theory coupled to defects. As we have already mentioned,
one way for us to study this system of intersecting branes is
to begin with a parent gauge theory with gauge group G̃ and
then consider adjoint Higgsing to G ×Uð1Þn ⊂ G̃. In
general then, we need to pay attention to mass terms
generated by the internal components of the 7D gauge field
and the background Higgs field. Writing out the 7D Dirac
equation (and including the background Higgs fields as
well), we have

D3dΨI þDΨI ¼ 0; ð9:2Þ

where we have introduced the twisted differential operator:

D ¼
�ΦSD× Dsig:

Dsig: −ΦSD ∧
�
: ð9:3Þ

The point is that, even though our original 7D SYM theory
is reflection symmetric (when the overall 7D Chern-Simons
level is zero26), activating vevs for the Higgs fields
introduces an explicit parity breaking term precisely
because these modes transform as pseudoscalars. So, from
a 3D perspective, we can think ofDsig as generating a parity
preserving mass term for Kaluza-Klein modes, while the
action of ΦSD will produce a parity breaking mass term.
A related comment is that there is a coupling between
localized modes and the bulk Higgs field given by the
superpotential term [5],

W3d ⊃
Z
L
Σ†ΦSDΣ; ð9:4Þ

for N ¼ 2 matter Σ trapped on a line L.
In the presence of a background position dependent

profile for Φ, then, we have an explicit parity breaking
contribution to the background. Integrating out the

26At least in type IIA backgrounds, the 7D Chern-Simons term
requires a Romans mass background, and we are assuming this is
absent.

REFLECTIONS ON THE MATTER OF 3D N ¼ 1 … PHYS. REV. D 105, 026008 (2022)

026008-25



corresponding massive states generated by this profile, we
see that the background value ofΦSD can impact the Chern-
Simons level of the 3D effective field theory. To a certain
extent, we have already seen how ΦSD impacts reflection
assignments in the 3D effective field theory because each
localized zero mode contributes to νR; i.e., we get a
contribution to the gravitational-parity anomaly. So, generi-
cally, we expect Kaluza-Klein states which pick up a mass
from ΦSD to induce a shift in the 3D Chern-Simons level.
On the other hand, we have already explained that a
background profile for ΦSD can produce trapped zero
modes, which also induces a contribution to the 3D parity
anomaly; i.e., we can view it as producing a shift in the
background Chern-Simons level.
Our main claim is that these two contributions always

cancel each other out. The main idea is to consider an
initially aligned stack of 6-branes and to gradually switch
on a background value of ΦSD. Initially, we can pair up
positive and negative parity KK modes through mass terms
such as ψþψ−. Once we tilt the 6-branes, however, one of
these modes becomes trapped (i.e., it is either a τþ;þ;− or
τ−;−;þ zero mode). This also shifts the mass matrix for the
KK modes. Since this is a small perturbation, we expect the
value of νR to be the same before and after; i.e., we can
locally split up the contributions to the effective Chern-
Simons level as

kðKKÞ þ kðLoc:Þ ¼ 0; ð9:5Þ

where the second term corresponds to all the contributions
from “local matter.” More precisely, we have two sources
for local contributions. First of all, we have the contribu-
tions from the local matter. Second, we have contributions
which are associated with singularities for the Higgs field
which are generically localized on one-dimensional sub-
spaces. Recall, however, that such singularities are asso-
ciated with giving vevs to the scalars of matter localized on
a line of some bigger parent gauge theory [5,21]. So, we
break this up further as a schematic contribution of the form

kðKKÞ þ kðLoc:Matt:Þ þ kðLoc: Sing:Þ ¼ 0: ð9:6Þ

So, at least from the perspective of the 3D effective field
theory, integrating the KK states generates an explicit parity
breaking contribution, but this is exactly opposite to the
contribution from local matter. From this perspective, the
classical action (after integrating out the KK modes) breaks
parity, but the one loop contribution from the local zero
modes restores it.
One might view this as slightly undesirable, since the

classical action now breaks parity. Of course, we can also
restore classical parity by considering a broader class of
M-theory backgrounds. Indeed, in a general M-theory
background on an eight-manifold X8, it is well known that
the 4-form fluxG4 can induce further shifts in the effective

Chern-Simons level through the 7D term (see, e.g.,
Refs. [12,78]), Z

7d

1

4π
CS3ðAÞ ∧ i�G4

2π
; ð9:7Þ

where i�G4 is the pullback of the 4-form flux
onto M4 ⊂ X8.
In fact, sometimes a 4-form flux must be switched on

since the quantization condition is [79]	
G4

2π



−
p1ðX8Þ

4
∈ H4ðX8;ZÞ: ð9:8Þ

We would like to understand whether a half-quantized
flux needs to be switched on when we have M4 a four-
manifold of ADE singularities. Rather than attempt to
directly define and compute the Pontryagin class on the
singular space X8, we can instead contemplate what
happens with pure 7D SYM theory with gauge group
H compactified on M4. From our previous analysis, we
know that the bulk zero modes generate a contribution to
the mixed gauge-parity anomaly given by (treated as an
integer)

νRH ¼ h∨ðHÞ × 1

2
ðχðM4Þ þ σðM4ÞÞ: ð9:9Þ

Observe that when this is an odd number we get a
corresponding half-integer shift in the Chern-Simons
level. Since 1=2ðχðM4Þ þ σðM4ÞÞ is an integer, we con-
clude that this happens precisely when h∨ðHÞ is an odd
number, as can happen for SUðNÞ gauge theory with N
odd.27 In this case, we see that, much as we had in
Eq. (9.5), the mixed gauge-parity anomaly allows us to
detect the presence of a half-integerG4-flux. In particular,
we have

kðG-fluxÞ þ kðBulk Zero ModesÞ ∈ Z; ð9:10Þ

in the obvious notation.

B. Quantum corrections

Let us now turn to a more explicit analysis of quantum
corrections. To a certain extent, we have already detailed
the robust observables as captured by anomalies. Indeed,
supersymmetry provides only mild protection against
such effects because the system we have engineered
has only 3D N ¼ 1 supersymmetry. That said, we note
that the localized matter fields really fill out 3D N ¼ 2

multiplets, while the bulk modes are in 3D N ¼ 1
multiplets. In passing from 7D SYM down to 3D, we
can ask about the impact of various loop corrections, as

27We can also get h∨ðHÞ odd if H is not simply laced.

CVETIČ, HECKMAN, TORRES, and ZOCCARATO PHYS. REV. D 105, 026008 (2022)

026008-26



generated both by the zero modes and by the KK modes.
For ease of exposition, we primarily focus on Yukawa-
like interactions of the form

cϕψ−ψþ þ H:c:; ð9:11Þ

where ϕ is a pseudoscalar, ψ− is a reflection odd Dirac
fermion, and ψþ is a reflection even fermion. Here, c is a
dimensionless parameter, and we have taken our scalars
to have scaling dimension 1. This is natural in our setting
because the kinetic term for such scalars directly
descends from compactification of 7D SYM, and so they
come with a kinetic term of the form

VolðM4Þ
g27d

ð∂ϕÞ2 ∼ 1

g23d
ð∂ϕÞ2: ð9:12Þ

Suppose now that ϕ and ψ− are actually KK modes. This
occurs, for example, in considering a bulk mode coupling
to the modes localized on a circle L via the term

W3d ⊃
Z
L
Σ†
KKΦKK

SDΣð0Þ; ð9:13Þ

where Σð0Þ is a zero mode, ΣKK is a KK mode localized on
the line L, and ΦKK

SD is a bulk KK Mode. If we consider
loop diagrams with internal KK modes, we see that
generically we might pick up an additional mass term
for some of our candidate zero modes, provided such
interaction terms are compatible with the reflection (and
other discrete) symmetries retained by the compactifica-
tion. We observe that the overall mass scale generated in
this way is

m3d ∼ g23dðΛKKÞ ∼ ΛKK ×

�
ΛKK

Λ7d
UV

�
3

≪ ΛKK; ð9:14Þ

i.e., we can generate mass terms, but these only become
prominent as we approach the scale of strong coupling in
the 3D theory.
In addition to effects from integrating out KK states,

we also expect contributions from Euclidean M2-branes
and M5-branes. Let us begin with the Euclidean M2-
brane contributions. Recall that in the PW system these
instanton effects can, for example, lift vectorlike pairs
of matter fields, as follows from a direct analysis of the
associated supersymmetric quantum mechanics for the
4D theory compactified further on a T3. Similar consid-
erations apply in local Spinð7Þ systems, where we
“smear” the M2-brane over the matter one-cycles. We
comment on this in further detail in Appendix D. The
general qualitative point is that we can suppress the size
of mass terms for local matter by keeping the correspond-
ing zero mode circles geometrically sequestered. This
produces a mass scale Λinst ≪ Λ3d

strong. Additionally, M2-

brane instanton corrections can generate Yukawa-like
interactions for our 3D N ¼ 2 matter. This is essentially
the same mechanism for Yukawa interactions generated
in 4D N ¼ 1 vacua of local G2 models.28

We can also have M5-brane instanton effects. In the
related context of M-theory on a Calabi-Yau fourfold, it is
well-known that M5-branes wrapped on holomorphic
divisors D with arithmetic genus χðD;ODÞ ¼ 1 can con-
tribute to the resulting superpotential [86], and in the
presence of localized singularities, there is a natural
extension of these considerations which can be interpreted
as a strong coupling contribution in 3D gauge theories [87].
In our setting where we have a four-manifold of ADE
singularities generating a local Spinð7Þ space, we can
clearly identify six-cycles coming from one of the collaps-
ing S2’s in the fiber, over M4. Note also that there can be
further enhancements in the singularity type when we have
local matter, and this in turn means that these instantons can
generate additional nonperturbatively induced interaction
terms for the matter.
An important comment here is that we have also

emphasized that at least in some cases we can equivalently
study the resulting 3D effective field theory by working
with type IIA string theory on the local G2 space Λ2

SDM4,
with spacetime filling D6-branes wrapping M4. Here, we
expect that M2-brane instantons descend to worldsheet
instantons and that M5-brane instanton corrections descend
to Euclidean D4-branes. In the D4-brane case, it wraps all
of the M4, as well as a finite interval stretched between the
different sheets of the associated spectral cover. This is
compatible with the standard way in which M-theory on an
ALE space reduces to type IIA when we reduce along the
circle direction of the ALE space.29

X. EXAMPLES

In this section, we turn to some explicit examples. Our
operating themewill be to construct specific four-manifolds
and Higgs field profiles which offer some level of pro-
tection against various quantum corrections.

A. Topological insulator revisited

As a first example, let us begin by revisiting the case of a
topological insulator considered in Sec. IV. Recall that in
this case we took a PW system on the three-manifoldM3 ¼
S1 × Σ with a single 4D N ¼ 2 hypermultiplet localized at
a point of Σ and spread over S1. Introducing a position
dependent profile for the Higgs field in a transverse

28This is another distinction with expectations from the BHV
system, where Yukawas can be generated by classical geometry
with textures generated by further intersections and/or fluxes and
instantons (see, e.g., Refs. [21,44,45,81–85]).

29See, for example, Refs. [88,89] for further discussion on such
instanton corrections in the context of intersecting D6-brane
models in type IIA compactified on a Calabi-Yau threefold.
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direction R⊥, we have a single 3D N ¼ 2 matter field
trapped at the point x⊥ ¼ 0 of R⊥. The reflection assign-
ment for the associated 3D Dirac fermion is then dictated
by the relative change in sign for this Higgs field, and it of
course transforms in some representation R of the unbro-
ken gauge group H.
In the present setup where our M4 is noncompact, the

unbroken gauge group H is actually just a flavor symmetry
of the 3D field theory. We can calculate the anomalies
associated with reflections, as well as mixed reflection-
gauge transformation anomalies. Indeed, this 3D mode will
generate a shift in the background Chern-Simons level for
H given by (with one choice of reflection assignment),

δk ¼ TðRÞ; ð10:1Þ

so, for example, in the case where the Lie algebra of H is
suðNÞ, we get matter in fundamental representation from
the unfolding suðN þ 1Þ → suðNÞ × uð1Þ, and the two-
index antisymmetric from soð2NÞ → suðNÞ × uð1Þ (see,
e.g., Ref. [90]). The contribution to δk is a half-integer shift
for the fundamental representation Ns, and for a two-index
antisymmetric representation Λ2N, we get ðN − 2Þ=2,
which is also a half-integer when N is odd. The corre-
sponding gravitational-parity anomalies are just νRðNÞ ¼
2N and νRðΛ2NÞ ¼ NðN − 1Þ.
Another interesting case to consider is matter transform-

ing in a representation of soð10Þ. We get matter in the spinor
representation 16 from unfolding e6 → soð10Þ × uð1Þ. We
get matter in the vector representation 10 from unfolding
soð12Þ → soð10Þ × uð1Þ. A general comment here is that,
even though the 10 is a real representation of soð10Þ, we are
still dealing with a 3D Dirac fermion; i.e., it contributes as
ten complex fermions.30 For the spinor, we note that
Tð16Þ ¼ 2; i.e., there is no mixed parity-Spin(10) anomaly.
Note also that νRð16Þ ¼ 0 mod 16. For the vector repre-
sentation, we have Tð10Þ ¼ 1, so again we do not get a
mixed gauge-parity anomaly. In contrast to the spinor
representation, now we have νRð10Þ ¼ 20 ¼ 4 mod 16.
In the case where we just have a localized mode on a

noncompact M4, we also see that the KK modes of the 7D
SYM theory have actually decoupled from the 3D boun-
dary mode. This just follows from the fact that the
corresponding Yukawa interactions discussed around
Eq. (9.12) are set by g23d, but this is zero in the case where
H is a flavor symmetry.
It is also natural to ask about what happens if we

compactify R⊥ to a circle, which we write as S1⊥. In this
case, we expect the Higgs field to generically have addi-
tional zeros. One way to argue for this is to observe that on
the three-manifold specified by M̃3 ¼ Σ × S1⊥ having a

single zero mode would have generated a 4D N ¼ 1 field
theory with a gauge anomaly. The simplest resolution is the
assumption that there is an additional zero mode some-
where else on S1⊥ × Σ, which in 4D terms would give rise to
a “vectorlike pair.” More precisely, a Gauss law type
constraint on the PW system tells us that in this case we
should expect a single ðþ;þ;−Þ mode and a single
ð−;−;þÞ mode in the same representation R (see, e.g.,
Ref. [18]). From a 3D perspective, we get two 3D Dirac
fermions, one with reflection assignment þ1 and the other
with reflection assignment −1. We can again switch off all
mass term contributions to this pair of localized modes by
decompactifying Σ. Of course, in this case, we really just
have two decoupled 3D fields, but we can reintroduce
interactions by taking Σ large, but of finite volume.

B. Vectorlike models

Let us now turn to some constructions with vectorlike
matter spectra, i.e., constructions in which the local matter
is reflection symmetric. Our plan will be to take a 3D
N ¼ 2 QFT and its “reflection conjugate” RðQFTÞ and
then geometrically glue them together to build a new 3D
theory, i.e., QFT#RðQFTÞ, through the operation dis-
cussed in Sec. VA.
To frame the discussion to follow, suppose we have

successfully engineered a 4D N ¼ 1 chiral model using
the PW system on a three-manifold M3. In this case, we
have various matter fields localized at points of M3

transforming in complex representations Ri of the unbro-
ken gauge group H. Denote by εi the parity assignment
for each such local matter field, i.e., ε ¼ −1 for ðþ;þ;−Þ
matter and ε ¼ þ1 for ð−;−;þÞ matter. If we compactify
this chiral theory on a circle, we just get a 3D N ¼ 2
theory. One way for us to build more elaborate examples
is to use our gluing construction from Sec. VA. This will
produce 3D N ¼ 2 matter coupled to the reduction of 3D
N ¼ 1 “bulk matter” as well as the 3D N ¼ 1 vector
multiplet.
Now, since we are dealing with 4D chiral theories, there

is no a priori guarantee that a reflection symmetry will
survive in the resulting 3D effective field theory. One way
to ensure this, however, is to take an individual building
block M4 ≃M3 × S1 and its associated Higgs bundle as
well as its orientation reversed counterpart M4. We can
accomplish this by performing an orientation reversal on
just the M3 factor, while leaving the S1 factor untouched.
When we do this, all of the ðþ;þ;−Þ matter will now
become ð−;−;þÞ matter; i.e., we get exactly the opposite
reflection assignments for our 3D N ¼ 2 matter. Gluing
togetherM4 andM4, we then get a 3DN ¼ 1 theory where
all the localized matter is reflection symmetric; i.e., there
is no net contribution to the various parity anomalies.
Consider next the bulk matter of the glued theory. Recall
that in general we have

30From the perspective of the unfolding breaking pattern,
observe that these modes are still charged under a uð1Þ, so in that
sense, they are automatically still complex representations.
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χðM4#M4Þ ¼ 2χðM4Þ− 2 and σðM4#M4Þ ¼ 0; ð10:2Þ

so, for example, the contribution to the gravitational-parity
anomaly written in Eq. (8.8) M4; namely, we have

νbulkR ðM4#M4Þ ¼ dimRH × ðχðM4Þ − 1Þ: ð10:3Þ

Using the fact that our building block was just
M4 ¼ M3 × S1, we also have χðM4Þ ¼ 0, so we can also
write

νbulkR ðM4#M4Þ ¼ − dimR H: ð10:4Þ

More generally, if we had l such chiral building blocks,
we can build more general backgrounds. Depending on the
details of this, we can engineer additional discrete sym-
metries just from permuting these different chiral factors.
The further gluing to a orientation reversed M4 will then
produce another reflection symmetric spectrum, but with
additional discrete symmetries. Note that, independent of the
details of these gluing operations, the contribution to the
gravitational-parity anomaly obeys Eq. (10.4). Indeed, if we
can decompose M4 ¼ ðQ4Þ#l, for some four-manifold Q4,
then we can also write31

νbulkR ðM4#M4Þ ¼ dimR H × ðlχðQ4Þ − 2lþ 1Þ; ð10:5Þ

and again, if we further specialize to the case Q4 ¼ Q3 × S1

for some three-manifold Q3, we get

νbulkR ðM4#M4Þ ¼ dimR H × ð−2lþ 1Þ: ð10:6Þ

C. GUT-like models

In the previous section, we discussed a general method
for building examples with vectorlike matter. In particular,
we could start with a PW background which would realize
a 4D N ¼ 1 theory with matter spectrum a GUT, and then
we could add to it the corresponding mirror reflection. On
the other hand, it is natural to consider more general
possibilities where we may not have a purely geometric
reflection symmetry but which may nevertheless have
vanishing parity anomalies.
To build an example of this sort, suppose we have already

engineered a PW system on a three-manifoldM3 which has a
bulk SOð10Þ gauge group and local matter in the 16 and 10
(see Appendix F for some additional details). For ease of
exposition, we assume all the local matter is of ðþ;þ;−Þ
type, and so we also require singularities in the Higgs field to
satisfy the corresponding Gauss law constraint for the
spectral cover construction. Now, we can simply take this
model and compactify on a circle to arrive at a 3D N ¼ 2

theory, as obtained from compactifying onM3 × S1. To get a
3DN ¼ 1 theory, we can glue ourM3 × S1 to another four-
manifold N4 equipped with a trivial Higgs bundle (i.e., no
local matter present), e.g., M4 ¼ ðM3 × S1Þ#N4. This
results in bulk matter fields in 3D N ¼ 1 supermultiplets.
A general comment here is that we can engineer a model
with 10s and 16s starting from either the parent gauge group
E8 or from E7. In the latter case, we have a Z2 center, and
this descends to nontrivial higher-form symmetries in the 3D
effective field theory. If we build a model with just 16s, we
could in principle start with an E6 gauge theory, which has a
Z3 center.
Recall from Sec. X A that a single 16 of soð10Þ

produces no anomaly, while a single 10 contributes
νRSOð10Þ ¼ 0 mod 2. From the bulk modes in the adjoint
of soð10Þ, the contributions to the gauge-parity anomaly
and gravitational-parity anomalies are

νbulkRSOð10Þ ¼ h∨ðSOð10ÞÞ× 1

2
ðχðM4Þ þ σðM4ÞÞ≡ 0 mod 2

ð10:7Þ

νbulkR ¼ dimRðSOð10ÞÞ × 1

2
ðχðM4Þ þ σðM4ÞÞ

≡ −
3

2
ðχðM4Þ þ σðM4ÞÞ mod 16: ð10:8Þ

All told, then, the contribution to νR just depends on the
number of 10’s and the adjoint-valued bulk modes:

νR ≡ 4N10 −
3

2
ðχðM4Þ þ σðM4ÞÞ mod 16: ð10:9Þ

As we already mentioned previously, the anomalies
provide robust information which survives into the deep
infrared. In particular, even if we classically localize a
matter field, it might happen that strong quantum cor-
rections still gap the system, leaving only some topo-
logical order behind. As an interesting special case,
suppose we have engineered a model with local matter
in the 16 of SOð10Þ, and where the only bulk matter
comes from the 3D N ¼ 1 vector multiplet. There is no
gauge-parity anomaly in this system, and the contribution
to the gravitational-parity anomaly can be set to zero by
takingM4 ¼ ðS3 × S1Þ#l with l≡ 1 mod 16. In this case,
the 3D theory in the deep infrared has trivial topological
order. At a general level, we expect this to occur due to
strong coupling effects in the 3D effective field theory, as
we already discussed in Sec. IX B.
We can also engineer other examples of GUT-like

modes by again simply borrowing construction tech-
niques from the PW system on M3. Consider, for
example, an E6 gauge theory with N27 ðþ;þ;−Þ matter
fields in the 27. We can get this starting from unfolding
E7, which has a Z2 center. In this case, the Z2 descends
to the 3D effective field theory as various higher-form31This is just because χððQ4Þ#lÞ ¼ lχðQ4Þ − 2ðl − 1Þ.
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symmetries. A single 27 contributes νRE6
ð27Þ ¼ 0 mod 2;

i.e., there is no gauge-parity anomaly from the local
matter. The contribution to the gravitational-parity
anomaly is νRð27Þ ¼ 6 mod 16. From the bulk modes
in the adjoint of e6, the contributions to the gauge-parity
anomaly and gravitational-parity anomalies are

νbulkRE6
¼ h∨ðE6Þ×

1

2
ðχðM4Þþ σðM4ÞÞ≡ 0 mod 2 ð10:10Þ

νbulkR ¼ dimRðE6Þ ×
1

2
ðχðM4Þ þ σðM4ÞÞ

≡ 7χðM4Þ mod 16; ð10:11Þ

where in the second equation we dropped the contribution
from σðM4Þ, since it is divisible by 16. All told, then, the
contribution to νR just depends on the number of 27’s and
the adjoint-valued bulk modes:

νR ≡ 6N27 þ 7χðM4Þ mod 16: ð10:12Þ

XI. CONCLUSIONS

In this paper, we have studied topologically robust
quantities associated with M-theory compactified on a local
Spinð7Þ space. In particular, we have analyzed the local
matter present in configurations of intersecting 6-branes as
generated by the unfolding of singularities associated with
M4 a four-manifold of ADE singularities. Our primary tool in
carrying out this analysis has been the study of 7D SYM
theory coupled to defects and the implications for the
resulting 3D effective field theory. At the classical level,
we showed that matter in such systems is generically
localized along codimension-3 subspaces of the four-mani-
fold. We also explained how to calculate various observables
which are robust against quantum corrections. In particular,
we have shown how reflections and automorphisms of 10D
SYM theory on a T3 and 11D M-theory on an ADE
singularity descend to reflections in 7D SYM and, moreover,
how these symmetries further descend to the 3D effective
field theory. We used this to extract the corresponding
contributions to anomalies which are robust against quantum
corrections. We also presented various examples illustrating
these general themes. We also took some preliminary steps in
determining the spectrum of extended objects in these
theories and their transformations under higher-form sym-
metries. In the remainder of this section, we discuss some
avenues for future investigation.
Our primary emphasis has been on extracting some robust

calculable features of local Spinð7Þ systems. It is natural to
ask whether we can say more about the resulting 3D effective
field theories. For example, depending on the specific matter
content, Chern-Simons level, and presence (or absence) of a
higher-form symmetry, we might expect to generate a rich

class of possible 3D field theories. It would clearly be
instructive to analyze these possibilities and also use this
as a starting point for a geometrization of proposed field
theoretic dualities. Along these lines, we anticipate that flop
transitions in the associated local Spinð7Þ space will provide
important topological insights on these issues.
Our emphasis in this paper has been on the study of 3D

effective field theories generated by working with M-theory
on a noncompact Spinð7Þ space. It is also natural to
consider the resulting theories obtained from taking per-
turbative superstring theory on the same backgrounds. For
type IIB and IIA, this would give rise to 2DN ¼ ð0; 2Þ and
N ¼ ð1; 1Þ theories, respectively, while for heterotic
strings, this would generate 2D N ¼ ð0; 1Þ theories. The
case of type IIB backgrounds is particularly interesting
because here we recover a notion of holomorphy.
The main tool of analysis we have used in the study of

local Spinð7Þ systems is 7D SYM theory and, in particular,
the associated partial topological twist of N ¼ 4 SYM
theory. We also used some general gluing construction
techniques to build various examples of 3D systems. It is
natural to ask how these gluing operations equipped with
Higgs bundles lift to a local Spinð7Þ geometry and, more
globally, to possibly compact Spinð7Þ spaces. As noted in
Ref. [2], these sorts of operations can often be interpreted as a
generalization of the standard connected sums construction of
Refs. [91,92] [see also Ref. [1] for a proposed extension to
Spinð7Þ spaces]. Related to this, it would be interesting to
better understand the possible constraints which come from
coupling our 3D theories to gravity.
A more long-term goal in this direction would be to use

the results obtained here to start building more explicit
F-theory backgrounds on a Spinð7Þ space. Indeed, we
anticipate that the analysis of anomalies and topological
structures found here will provide additional insight into
the “N ¼ 1=2” backgrounds considered in Refs. [5,6]
(see also Refs. [93,94]).
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APPENDIX A: MORE DETAILS ON CLASSICAL ZERO MODE LOCALIZATION

In this Appendix, we provide further details on the zero mode localization analysis of Sec. III, with particular emphasis on
the case where a flux turned is turned on. First off all, the matrix M used in the localization argument is

M ¼

0BBBBBBBBBB@

ð2λþμÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þ4N2ðλþμÞ2

ð3λþ2μÞ2 þ2λμþμ2
q

λþμ − iλN
3λþ2μ 0 0

− iλN
3λþ2μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ 4N2ðλþμÞ2

ð3λþ2μÞ2 þ 2λμþ μ2
q

0 0

0 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ 4N2

p
iN

0 0 iN 0

1CCCCCCCCCCA
: ðA1Þ

Now, to expedite the analysis of the equations, we can write them collectively as DΨ ¼ 0, where Ψ is the column vector

Ψ ¼

26666666666664

a1
a2
a3
a4
φ1

φ2

φ3

37777777777775
ðA2Þ

and D is the matrix operator

D ¼

26666666666664

0 −Φ3 Φ2 −Φ1 D4 −D3 D2

Φ3 0 −Φ1 −Φ2 D3 D4 −D1

−Φ2 Φ1 0 −Φ3 −D2 D1 D4

Φ1 Φ2 Φ3 0 −D1 −D2 −D3

−D4 −D3 D2 D1 0 Φ3 −Φ2

D3 −D4 −D1 D2 −Φ3 0 Φ1

−D2 D1 −D4 D3 Φ2 −Φ1 0

37777777777775
: ðA3Þ

Here, when writing Φi, we mean ½Φi; ·�. To get a better understanding of the equations, we can take the square of D and
focus on its antisymmetric part
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ðA4Þ

Here, we wrote everything in terms of the curvature of the gauge bundle. The notation Fij is clear for 1 ≤ i; j ≤ 4. For i ≤ 4

and 5 ≤ j ≤ 7, we have that Fij ¼ Diϕj−3. For 5 ≤ i; j ≤ 7, we have that Fij ¼ ½ϕi−3;ϕj−3�. The matrix can be further
simplified using the equations of motion that relate the various components of the curvature; however, we will not do it for
the moment. The reason we introduced this flux matrix is that if fluxes are constant it is possible to build solutions
efficiently by just considering the eigenvectors of F.
As an example, we can take the first Spinð7Þ background written above. One can show that one eigenvector has the form

266666666666666664

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2þ4N2Þðð3λþ2μÞ2þ4N2Þ

p
þ3λ2þ2λμþ4N2

4N

−i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλ2þ4N2Þðð3λþ2μÞ2þ4N2Þ
p

þ5λ2þ6λμþ2μ2þ4N2

p ffiffi
2

p

0

0

−i 2
ffiffi
2

p
Nð2λþμÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2þ4N2Þðð3λþ2μÞ2þ4N2Þ

p
þ5λ2þ6λμþ2μ2þ4N2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2þ4N2Þðð3λþ2μÞ2þ4N2Þ

p
−3λ2−2λμþ4N2

λþ μ

0

377777777777777775
: ðA5Þ

To find a solution, we write
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Ψ ¼

266666666666666664

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2þ4N2Þðð3λþ2μÞ2þ4N2Þ

p
þ3λ2þ2λμþ4N2

4N

−i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðλ2þ4N2Þðð3λþ2μÞ2þ4N2Þ
p

þ5λ2þ6λμþ2μ2þ4N2

p ffiffi
2

p

0

0

−i 2
ffiffi
2

p
Nð2λþμÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2þ4N2Þðð3λþ2μÞ2þ4N2Þ

p
þ5λ2þ6λμþ2μ2þ4N2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2þ4N2Þðð3λþ2μÞ2þ4N2Þ

p
−3λ2−2λμþ4N2

λþ μ

0

377777777777777775
e−

1
2
x:M:x: ðA6Þ

Plugging this back in the equations of motion, the problem
becomes a linear system in the matrix M, and the solution
can be found rather quickly (we will not copy it here for the
sake of brevity).

APPENDIX B: QUOTIENT CONSTRUCTION

In this Appendix, we present a quotient construction for
generating local Spinð7Þ systems. Our starting point is
BHV solutions with a suitableZ2 action which can actually
be lifted to a compact Calabi-Yau fourfold. This provides a
way to generate examples of compact spaces. Since it is
somewhat orthogonal to the main developments of the text,
we have placed it here in an Appendix.
The main idea here is similar in spirit to Joyce’s

construction method [76], which involves starting with a
Calabi-Yau fourfold with an antiholomorphic Z2 action.
After quotienting by this action, one obtains an eight-
manifold with possible fixed points, and it can be shown
that in favorable circumstances this results in a Spinð7Þ
space. Our emphasis will be somewhat different since we
focus on the local Higgs bundle construction, but which can
in principle lift to a compact geometry.
At the level of eight-manifolds, the idea will be to start

from a Calabi-Yau fourfold and implement a Z2 action
which leaves the Kähler form J invariant but which sends
the holomorphic 4-form to its complex conjugate, possibly
twisted by a phase:

Ω ↦ e−iθΩ̄: ðB1Þ

We can then consider a Cayley 4-form for a candidate
Spinð7Þ geometry, as given by

Λ ¼ ReðeiθΩÞ þ 1

2
J ∧ J: ðB2Þ

Since we are interested in building local models, we
begin by studying possible quotients of four-manifolds and
then ask how these can be lifted to suitable eight-manifolds.
Our plan will be to construct examples using two basic

geometric operations. The first operation is an antipodal
map on a CP1. In homogeneous coordinates ½ui; vi�, it
acts as

τi∶ ½ui; vi� ↦ ½−v̄i; ūi�; ðB3Þ

or in terms of a local affine coordinate zi ¼ ui=vi, we
have zi ↦ −1=z̄i.
The second operation is a permutation of coordinates on

a product of CP1 ’s. Given local coordinates ðz1;…; znÞ,
this acts as

σ∶ ðz1;…; znÞ ↦ ðzσð1Þ;…; zσðnÞÞ; ðB4Þ

where σ is some permutation on n letters.
Let us now turn to some local model considerations.

Our starting point is the standard one in local F-theory
constructions; namely, we begin with a Kähler surface S
wrapped by a stack of 7-branes. In the local model,
the moduli space of the spectral cover makes reference to
the noncompact Calabi-Yau threefold KS → S, where KS
is the canonical bundle.
A particularly important special case is given by

S ¼ CP1 × CP1. We will be interested in generating
new local models by taking various quotients, using the
procedure of Massey (see, e.g., Refs. [95,96]). In this case,
we have two antipodal maps, which we denote as τi, and
hσi is isomorphic to Z2. We also introduce the combination
τ≡ τ1τ2. Observe that the τi and σ’s generate the dihedral
group D8, the symmetries of a square. Letting J ¼ hσi,
K ¼ hτ1; τ2i, H ¼ hσ; τi, and G ¼ hσ; τ1; τ2i, we have

CP1 × CP1=J ¼ CP2 ðB5Þ

CP1 × CP1=K ¼ RP2 × RP2 ðB6Þ

CP1 × CP1=H ¼ S4 ðB7Þ

CP1 × CP1=G ¼ RP4: ðB8Þ
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We remark that some of these group actions have fixed
point loci, but this simply serves to define a branched
covering [97].
These quotients are topological in nature since quantities

such as the curvature invariants of the underlying four-
manifold change. As such, one must exercise some caution
in using this to construct backgrounds which solve the
corresponding supergravity equations of motion. On the
other hand, generating a candidate Cayley four-form
provides evidence that the quotient does make sense.
To proceed further, we write down the local presentation

of the holomorphic 3-form on X ¼ KS → S. Introduce
local coordinates ½ui; vi� for each CP1 factor, and let n
denote the normal coordinate direction, as given by a
section of K−1

S . Then, the holomorphic 3-form of the
Calabi-Yau is

ΩX ¼ dz1 ∧ dz2 ∧ dn: ðB9Þ

The Kähler form is given in these local coordinates by

JX ¼ i
dz1 ∧ dz1
ð1þ z1z1Þ2

þ i
dz2 ∧ dz2
ð1þ z2z2Þ2

þ i
dn ∧ dn̄

ð1þ z1z1Þ−2ð1þ z2z2Þ−2
þ � � � ; ðB10Þ

where we have only displayed the “diagonal elements.”
Let us consider the action under the various symmetry

group actions, where we do not change the normal coor-
dinate. We denote the corresponding symmetry generators as

σS and τðiÞS , in the obvious notation. The action of σS is

σS∶ dz1 ∧ dz2 ∧ dn ↦ dz2 ∧ dz1 ∧ dn

¼ −dz1 ∧ dz2 ∧ dn; ðB11Þ

which we summarize as

σS∶ ΩX ↦ −ΩX: ðB12Þ

By similar considerations, we have

σS∶ JX ↦ JX: ðB13Þ

Consider next the action of τðiÞS . In this case, we must
remember that, since n is a section of K−1

S ¼ Oð2h1 þ
2h2Þ with h1 and h2 the hyperplane classes of CP1 × CP1,
dn will also transform under a coordinate change such as
z1 ↦ 1=z1 as dn ↦ ðz1Þ2dn. We then determine

τð1ÞS ∶ dz1 ∧ dz2 ∧ dn ↦ −ðz1
z1
Þ2dz1 ∧ dz2 ∧ dn; ðB14Þ

and similar considerations apply for τð2ÞS . Clearly, if we
want to extend our group actions to the Calabi-Yau, we

must consider a more general transformation law for the
normal coordinate. Another issue is that our coordinate
transformation picks out only one of the coordinates,
leaving us with a mixed holomorphic/antiholomorphic
structure.
To solve both problems, we propose to primarily focus

on the subgroup H generated by σ and τ≡ τ1τ2. In this
case, the corresponding action on the holomorphic 3-form
is

τS∶ dz1 ∧ dz2 ∧ dn↦

�
z1
z1

�
2
�
z2
z2

�
2

dz1 ∧dz2 ∧ dn: ðB15Þ

To get a sensible extension of the τ action, we propose to
extend by demanding

τX∶ n↦ ðz1Þ2ðz2Þ2n̄; and dn↦ ðz1Þ2ðz2Þ2dn̄; ðB16Þ

that is, we consider complex conjugation on the normal
coordinate as well. In the case of the extension of σ, we also
introduce a sign flip:

σX∶ n ↦ −n: ðB17Þ

This produces a sensible action on the holomorphic 3-form
for all generators of the subgroup H. Indeed, we have

σX∶ ΩX ↦ ΩX ðB18Þ

τX∶ ΩX ↦ ΩX: ðB19Þ

Consider next the group action on the Kähler form. For
σX, we clearly have σXðJXÞ ¼ JX. Consider next the action
of τX. Plugging in our definitions, we have

τXðJXÞ ¼ i
dz1 ∧ dz1
ð1þ z1z1Þ2

þ i
dz2 ∧ dz2
ð1þ z2z2Þ2

þ i
dn̄∧ dn

ð1þ z1z1Þ−2ð1þ z2z2Þ−2
þ� � � ¼−JX; ðB20Þ

so we see that the Kähler form JX flips sign. Summarizing
the action on the Kähler form of the local model, we have

σX∶ JX ↦ JX ðB21Þ

τX∶ JX ↦ −JX: ðB22Þ

Based on this, we conclude that a quotient by the group
G will project out the Kähler form. Not all is lost, however,
because we can append to X an additional factor of R.
Denote the corresponding space as Y ¼ X ×R, where we
let n0 denote this direction inR. There is a natural extension
of the aforementioned group actions, given by

σY∶ n0 → n0 ðB23Þ
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τX∶ n0 → −n0: ðB24Þ

We now observe that the combination

Φð3Þ ¼ ReðΩXÞ þ JX ∧ dn0 ðB25Þ

is invariant under both σY and σX. Here, the order-1
coefficients are fixed by the demand that Φð3Þ is a
calibration 3-form.
As such, we can take the quotient and arrive at a local

model with reduced supersmmetry. The holonomy group is
not quite G2, but for physical applications, it is “close
enough.”32 The upshot of this analysis is that we can start
from a local BHV construction and then pass to a local
Spinð7Þ model.
Note that after performing such a quotient ourCP1 × CP1

has become an S4. In cases where we have additional matter
fields, we can expect that some matter curves of the original
CP1 × CP1 model will also be identified.
Let us now ask whether these local considerations extend

to actual compactification geometries. Along these lines,
we consider lifting X to an elliptically fibered Calabi-Yau
fourfold. To be concrete, we take our elliptic Calabi-Yau
fourfold Z → B to have base B ¼ CP1 × CP1 × CP1, with
the Weierstrass model

y2 ¼ x3 þ f8;8;8xþ g12;12;12; ðB26Þ

in the obvious notation. Since we are aiming for a quotient
which produces a Spinð7Þ space, we seek out a quotient
which preserves a candidate Cayley 4-form constructed
from the holomorphic 4-form and Kähler form of the
Calabi-Yau fourfold.
Based on the symmetries of the system, our plan will be

to consider a single combined antipodal action given by
τ ¼ τ1τ2τ3. To maintain contact with our previous consid-
erations, we opt to consider pairwise permutations of the
CP1 factors, as denoted by σij, which ends up generating all
of the symmetric group on three letters. Observe that
quotienting ðCP1Þ3 by the symmetric group on three letters
results in CP3. The further action by τ (which commutes
with these pairwise permutations) is then a six-manifold
CP3=hτi, with CP3 specifying a two-sheeted branched
cover over it.
We would now like to understand whether we can extend

this quotient to a Calabi-Yau fourfold. At least locally, there
is no issue. To see why, let (by abuse of notation) n denote

the normal coordinate for B inside Z. Then, the proposed
action on all of the holomorphic coordinates is as follows:

τ∶ ðz1; z2; z3; nÞ ↦ ð−1=z1;−1=z2;−1=z3;−z12z12z12n̄Þ
ðB27Þ

σ12∶ ðz1; z2; z3; nÞ ↦ ðz2; z1; z3;−nÞ ðB28Þ

σ23∶ ðz1; z2; z3; nÞ ↦ ðz1; z3; z2;−nÞ ðB29Þ

σ13∶ ðz1; z2; z3; nÞ ↦ ðz3; z2; z1;−nÞ: ðB30Þ

To extend this in a way compatible with the local geometry,
we then require that dx=y, the meromorphic 1-form of the
Weierstrass model, transforms as

τ∶ dx=y ↦ −z12z22z32dx̄=dȳ ðB31Þ

σij∶ dx=y ↦ −dx=y: ðB32Þ

For now, we assume that an appropriate f and g in the
Weierstrass model have been chosen so that such a
symmetry is available. We now ask about the action on
the holomorphic 4-form and Kähler form. The holomorphic
4-form is given in local coordinates as

ΩZ ¼ dz1 ∧ dz2 ∧ dz3 ∧ dx
y
; ðB33Þ

which transforms as

τðΩZÞ ¼ ΩZ ðB34Þ

σijðΩZÞ ¼ ΩZ; ðB35Þ

much as we had in the case of the local model.
The transformation on the Kähler form is a bit more

challenging to track since we do not know the explicit
Kähler metric of the model. Nevertheless, at least in a local
patch, we expect to get a fair approximation by considering
the noncompact geometry Oð2h1 þ 2h2 þ 2h3Þ → B. The
Kähler form is then of Fubini-Study type,

JZ ¼ i
dz1 ∧ dz1
ð1þ z1z1Þ2

þ i
dz2 ∧ dz2
ð1þ z2z2Þ2

þ i
dz3 ∧ dz3
ð1þ z3z3Þ2

þ i
dn∧ dn̄

ð1þ z1z1Þ−2ð1þ z2z2Þ−2ð1þ z3z3Þ−2
þ��� ; ðB36Þ

where again we have suppressed the display of the off-
diagonal elements, and we observe that, much as we had in
our local Calabi-Yau threefold example, we have

τðJZÞ ¼ −JZ and σijðJZÞ ¼ þJZ: ðB37Þ

32As an additional comment, we remark that we are exploiting
the fact that we are dealing with a noncompact space and the fact
that we allow for discrete group factors. For example, nothing
stops us from starting with X a Calabi-Yau (2mþ 1)-fold, and
from this starting point forming a (4mþ 3)-dimensional manifold
with a distinguished 2mþ 1 form as given by ReðΩÞ þ Jm ∧ dn0,
in the obvious notation.
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We now observe that the following 4-form is invariant
under these combined actions,

Λð4Þ ¼ ReðΩZÞ þ
1

2
JZ ∧ JZ; ðB38Þ

where the order-1 coefficients are fixed by the demand that
Λð4Þ is a calibration 4-form. So, provided we can specify

suitable Weierstrass coefficients compatible with our quo-
tient, we can obtain a reasonable construction of 3DN ¼ 1
backgrounds.
One way to ensure that the group action is a symmetry of

the geometry is to impose additional conditions on the
Weierstrass coefficients. Explicitly, writing out f8;8;8 as a
polynomial in the homogeneous coordinates, we have

f8;8;8 ¼
X

0≤i;j;k≤8
fijkðu1Þiðv1Þ8−iðu2Þjðv2Þ8−jðu3Þkðv3Þ8−k: ðB39Þ

Under the proposed transformations, we have

τðf8;8;8Þ ¼
X

0≤i;j;k≤8
fijkð−v1Þiðu1Þ8−ið−v2Þjðu2Þ8−jð−v3Þkðu3Þ8−k ðB40Þ

σ12ðfsymmÞ ¼
X

0≤i;j;k≤8
fijkðu2Þiðv2Þ8−iðu1Þjðv1Þ8−jðu3Þkðv3Þ8−k ðB41Þ

σ23ðfsymmÞ ¼
X

0≤i;j;k≤8
fijkðu1Þiðv1Þ8−iðu3Þjðv3Þ8−jðu2Þkðv2Þ8−k ðB42Þ

σ13ðfsymmÞ ¼
X

0≤i;j;k≤8
fijkðu3Þiðv3Þ8−iðu2Þjðv2Þ8−jðu1Þkðv1Þ8−k: ðB43Þ

As an example of how we can enforce a symmetry in this system, consider the special case

fspecial ¼ f4ððu21v61 þ v21u
6
1Þðu22v62 þ v22u

6
2Þðu23v63 þ v23u

6
3ÞÞ; ðB44Þ

with f4 real. This leads to a collection of SOð8Þ 7-branes on
various loci. There are also additional collisions of these
7-branes which lead to conformal matter and “conformal
Yukawas” [98–100], but these singularities can all be
blown up. The corresponding blown-up geometries admit
a natural extension of the group action, so we conclude that
these Calabi-Yau fourfolds provide a simple class of
examples exhibiting the main features. As another com-
ment, we note that enforcing the condition that the various
coefficients in the original model are real does not exclude
any possible choice of singular fiber; see, e.g., Ref. [101]
for further discussion on this point.
Clearly, there are many choices available, even with such

symmetry constraints.

APPENDIX C: 10D AND 7D SPINOR
CONVENTIONS

In this Appendix, we summarize our conventions for 10D
spinors. We work in a mostly þ0s Lorentzian signature
spacetime. Our conventions follow those of Appendix B of
Ref. [102]. Our 10D and 7D gamma matrices are denoted
Γ10d
M and Γ7d

i , where M ¼ 0;…; 9 and μ ¼ 0;…; 6. These
gamma matrices satisfy the usual anticommutation relations:

fΓ10d
M ;Γ10d

N g ¼ 2ηMN fΓ7d
μ ;Γ7d

ν g ¼ 2ημν: ðC1Þ

We choose a 10D basis that decomposes in terms of the 7D
one as

Γ10d
M¼μ ¼ σ1 ⊗ Γ7d

μ ⊗ 1; ðC2Þ

Γ10d
M¼7;8;9 ¼ σ2 ⊗ 1 ⊗ σ1;2;3; ðC3Þ

where we define the 7D gamma matrices as

Γ0 ¼ iσ2 ⊗ σ3 ⊗ 1 Γ1 ¼ σ1 ⊗ σ3 ⊗ 1

Γ2 ¼ σ3 ⊗ σ3 ⊗ 1 ðC4Þ

Γ3 ¼ 1 ⊗ σ1 ⊗ σ1 Γ4 ¼ 1 ⊗ σ1 ⊗ σ2

Γ5 ¼ 1 ⊗ σ1 ⊗ σ3 Γ6 ¼ 1 ⊗ σ2 ⊗ 1: ðC5Þ

These conventions then determine that the 10D chirality
matrix is Γ10d

11 ¼ σ3 ⊗ 1 ⊗ 1. A 10D Weyl spinor ζ of
positive chirality that can be thus be written under the
decomposition R9;1 ¼ R6;1 ×R3 as
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ζ ¼
�
1

0

�
⊗ ε7d ⊗ η3d: ðC6Þ

To study the Majorana condition on this spinor, and thus
make contact with the gaugino of 10 SYM, we need to
understand the action of charge conjugation on these
spinors. We will also see how this condition will lead to
the symplectic Majorana condtion on 7D spinors after
dimensional reduction. We start by introducing the 10D
charge conjugation matrix, B, which has the property

BΓ10d
M B−1 ¼ ðΓ10d

M Þ�: ðC7Þ

Checking with the explicit representation given in
Ref. [102], one can see that B ¼ B† and BB� ¼ 1. The
Majorana condition on ζ is

ζ� ¼ Bζ: ðC8Þ

It is also convenient to define the matrix C that satisfies

CΓ10d
M C−1 ¼ −ðΓ10d

M ÞT: ðC9Þ

Specifically,C ¼ BΓ10d
0 . One can choose the matrix C as

C ¼ σ1 ⊗ C7 ⊗ σ2; ðC10Þ

where C7 satisfies C7ΓμC−1
7 ¼ −ΓT

μ . This means that

B¼ −CΓ10d
0 ¼ −1⊗ C7Γ0 ⊗ σ2 ¼ −1⊗ B7 ⊗ σ2: ðC11Þ

and to see how this acts on 7D spinors, it is convenient to
write

ε7d ⊗ η3d ¼
�
ε1

ε2

�
: ðC12Þ

Then, the 10D Majorana condition reduces to

ε�1 ¼ iB7ε2; ðC13Þ

ε�2 ¼ −iB7ε1; ðC14Þ

which is nothing but the symplectic-Majorana condition in
seven dimensions. Note that B7B�

7 ¼ −1.

APPENDIX D: QUANTUM MECHANICS
OF EUCLIDEAN M2-BRANES

In this Appendix, we motivate the appearance of the
twisted differential operator in the Spinð7Þ superpotential.
This is done by formulating it as a supercharge in the
supersymmetric quantum mechanics (SQM) of Euclidean
M2-branes in Spinð7Þ spaces. This is similar in spirit to
Refs. [17,18,103] for local G2 models. We mainly focus on

the case where we have the most concrete results, i.e.,
whereΦSD ¼ 0. That being said, we believe this analysis is
also helpful in understanding the zero modes of the
operator,

DΦSD
¼

�ΦSD× Dsig:

Dsig: −ΦSD ∧
�
; ðD1Þ

which wewill refer to as the Spinð7Þ operator. Our aim will
be to show that the SQM picture determines the zero mode
count when ΦSD ¼ 0 (i.e., it will count the bulk zero
modes).
Before diving into the details, we address the conceptual

puzzle: what does it mean for these M2-branes to wrap
calibrated three-cycles in a Spinð7Þ manifold, X8, when
there canonically is no such notion? The point is that their
contributions from wrapping volume-minimizing three-
cycles can be still be given (at a formal level) by the
spectrum of the above operator, even though for ΦSD ≠ 0
on a general M4 there is not enough worldline supersym-
metry to be able to extract much information.
We now study the case of a trivial background, ΦSD ¼ 0,

starting with the standard Witten SQM on a target (M4,g)
with supercharges Q ¼ d and Q ¼ d† (i.e., no superpoten-
tial)[104]; the Hilbert space isH ¼⊕4

i¼0 ΩiðM4;CÞ, and the
space of supersymmetric ground states is simply
⊕4

i¼0 H
iðM4;CÞ. In a givenM4 coordinate patch, the theory

has four bosons, Xi, and four complex fermions, ψ i, and in
particular has aZ2 symmetry we call τ: ψ i → ψ̄ i, ψ̄ i → −ψ i.
In terms of differential forms, τ is the signature operator in
the above Hilbert space basis (recall ψ̄ i ↔ dxi ∧), which
acts as τðωÞ ¼ −ipðp−1Þ � ω on a p-form ω, and note also
that τ2 ¼ ð−1ÞF. Since ½τ; Ĥ� ¼ 0, we can project this SQM
onto theþ1-eigenspace of τ, leaving us with a Hilbert space

H ¼ Ω0j4
þ ⊕ Ω1j3

þ ⊕ Ω2þ, where Ω1j3
þ ≡ fa − �a; a ∈ Ω1g

and Ω0j4
þ ≡ ff þ fVolM4

; f ∈ Ω0g. This projected SQM
is now the SQM of the M2-branes in a trivial background.

From now on, we will often refer to Ω1j3
þ andΩ0j4 as Ω1 and

Ω0, respectively.
Since ½Q − Q̄; τ� ¼ 0 and fQþ Q̄; τg ¼ 0, we seem to

have one remaining real superchargeQ1 ≡ i
ffiffiffi
2

p ðQ − Q̄Þ ¼
i

ffiffiffi
2

p ðd − d†Þ with the Hamiltonian Ĥ ¼ 1
2
fQ1;Q

†
1g ¼

Q2
1 ¼ 1

2
Δ. However, now the operator Q2 ≡ ð−1ÞF ffiffiffi

2
p

ðd − d†Þ is an independent supercharge that commutes
with τ, so we have the same amount of supersymmetry
as Witten’s as SQM. Note also that Q2

2 ¼ 1
2
Δ and

fQ1;Q2g ¼ 0.
Consider next the ground states. These are specified by

the equation Q1jψi ¼ 0 for the Spinð7Þ bulk zero modes.
For example, given a state ða − �aÞ ∈ Ω1, we have
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Q1ða − �aÞ ¼ 0 ⇔ ðd − d†Þða − �aÞ ¼ 0 ⇒ ðdaÞþ
¼ 0; d†a ¼ 0: ðD2Þ

The Z-grading associated to fermion number in Witten’s
SQM is broken to Z2 fermion parity in our SQM as
evidenced by the fact that ðdaÞSD ∈ Ω2 and d†a ∈ Ω0 do
not have the same fermion number but do have the same
fermion parity.
The action of the Spinð7Þ SQM will be the same as that

of Witten’s SQM on ðM4; gM4
Þ, where it is understood that

the boundary conditions of the path integral will restrict to
τ ¼ þ1 states, and the allowed operators in correlation
functions commute with τ. The Lagrangian is (see, e.g.,
Ref. [105]):

L ¼ 1

2
gij _X

i _Xj þ i
2
gijðψ̄ iDtψ

j −Dtψ̄
iψ jÞ

−
1

2
Rijklψ

iψ̄ jψkψ̄ l; ðD3Þ

where Dtψ
i ≡ _ψ i þ Γi

jk
_Xjψk. The field transformations

under Q1 are

δXi ¼ ϵðψ i þ ψ̄ iÞ ðD4Þ

δψ i ¼ ϵði _Xi − Γi
jkψ̄

jψkÞ ðD5Þ

δψ̄ i ¼ ϵði _Xi þ Γi
jkψ̄

jψkÞ: ðD6Þ

We now briefly comment on the case when ΦSD ≠ 0. In
typically sigma-model SQM, we can add a superpotential
W in the usual way by deforming the supercharge to
− iffiffi

2
p Q1 ¼ dþ dW ∧ −d† − ιdW , but this of course is not

the same as turning on ΦSD in our Spinð7Þ background
since dW is a 1-form. In particular, if we were to rescale
ΦSD → tΦSD, we expect perturbative (in 1=t) ground
states that are labeled by circles. Implementing this at
the level of SQM seems challenging since Q has odd-
fermion parity [ð−1ÞF ¼ −1], but ΦSD is parity even,
indicating that we have only one real supersymmetry
generator. We leave a careful study of this case to
future work.

APPENDIX E: 4D AND 3D REFLECTIONS
AND THEIR GEOMETRIC ORIGINS

Having already discussed the transformation Ri in 7D
SYM in Sec. VI, our goal in this Appendix will be to fill
in some of the details of Sec. VII in tracking how this
reflection (possibly composed with internal geometric
symmetries) reduces to 4D and 3D reflection symmetries.
Starting with the 4D case, we first briefly review the

topological twisting of 7D SYM compactified on a three-

manifold M3. Observe that the 7D Dirac spinor decom-
poses as

ψ7d
Dirac ¼ ψ4d

L ⊗ ψ3d
Dirac or ψ4d

Maj ⊗ ψ3d
Dirac; ðE1Þ

where ψ4d
L is a left-handed Weyl fermion and ψ4d

Maj: is a
Majorana fermion. Note that in three Euclidean dimensions
the minimal spinor is Dirac due to the lack of a reality
condition. As in seven dimensions, we can think of this
3D Dirac spinor as a symplectic-Majorana fermion and
intuitively as filling out the representation (2, 2) of
SUð2ÞM3

× SUð2ÞR. After the topological twist, this
becomes 3 ⊕ 1. The 7D spinor then decomposes into
two pieces in four dimensions. The piece in the trivial
representation of the twisted M3 structure group is the
4D gaugino, and the piece that is a 1-form along M3 is
the fermionic component of chiral multiplets. Note that the
4D scalars a and φ naturally arrange themselves into a
the complex scalar components of chiral multiplets
S≡ aþ iφ. The supercharge clearly takes values in 1
internally. Since we expect R7d

1 to be preserved in the
compactification, we can appeal to the fact that a reflection
symmetry in four dimensions acts on the supercharge as
(see Ref. [60]) R7d

1 ðQ4d
L Þ ∝ ðQ4d

L Þ� and on chiral super-
fields as R7d

1 ðSÞ ¼ S̄. In terms of on-shell components S

and ψ ðSÞ
L , we have

R7d
1 ðψ ðSÞ

L Þ ¼ iσ1C4dðψ ðSÞ
L Þ� ðE2Þ

R7d
1 ðSÞ ¼ S�: ðE3Þ

The transformation of the scalar immediately agrees with
expectations since φ is a pseudoscalar while a is a scalar in
7D SYM. The transformation of the Weyl spinor compo-
nent follows from 7D as well, but we leave the details to a
footnote.33

In the 3D case, we have already performed the topo-
logical twisting in Sec. VII B, as well as the action of R7d

1

on the 3D fields [see Eq. (7.6)]. What remains to be spelled
out is the precise geometric origin of Eq. (7.9), which we
(essentially) reproduce here,

R3d
i ¼ R4d

i R4d⊥ ; ðE4Þ

33Let us define a custom 7D gamma matrix basis as
follows: Γ0 ¼ iσ1 ⊗ 1 ⊗ 1, Γ1≤i≤3 ¼ σ2 ⊗ σi ⊗ 1, Γ4≤i≤6 ¼
σ3 ⊗ 1 ⊗ σi. Since the 7D gaugino is in the adjoint, we can
employ the decomposition ψ4d

Maj ⊗ ψ3d
Dirac and simply act by Γ1.

Writing the 4D Majorana in terms of left-handed Weyl fermions
ψ4d
Maj ¼ ð ψL

C4dψ
�
L
Þ, acting by Γ1 induces ψL → iσ1C4dψ

�
L. After

Higging, the adjoint decomposes into various (possibly com-
plex) representations, where this transformation still stands.
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along a compact M4 that is more general that a product
M3 × S1. Recall that the motivation for such a definition
was so that the localized matter fermions transform under
reflection as ψ → �γiψ , i.e., without a complex conjuga-
tion, which is more commonly met in 3D field theory
literature. Our proposal is that we can define such a
symmetry geometrically if M4 possess an orientation
reversing isotropy σM4

so that

R3d
i ≡ R7d

i ∘σM4
: ðE5Þ

Looking first at what happens to the scalars, we see that a
and φ are untouched, leaving the combination that appears
for localized matter aþ iφ without the unwanted conju-
gation. As for their fermionic partners, first recall that the
7D Dirac gaugino decomposes as

ψ7d
Dirac ¼ ψ3d

Maj ⊗ ðψ4d
L þ ψ4d

R Þ; ðE6Þ

where, in the notation of Sec. VII, the 3DMajorana fermion χ
is a left-handed Weyl fermion on the internal M4, while ψ is
right-handed. We can quickly find the transformation (up to a
phase) by noting that σM4

exchanges left-/right-handed

fermions and recalling Γ7d
1 ⊗ γM4

5 , which implies ψ3d
Dirac ¼

χ þ iψ → γ1ðψ − iχÞ ¼ −iγ1ψ3d
Dirac. The overall phase can

be fixed to þ1 a Pinþ action by working out the gamma
matrix algebra in flat 7D space. Note that deriving the action
on bulk modes involves knowing the action of σM4

on various
cohomology classes.
We have thankfully seen that there is no complex

conjugation in the reflection transformations of 3D matter
fields if we use the definition of Eq. (E5). The puzzle
remains, however, of how to derive the fact that localized
modes with Hessians ðþ;þ;−Þ and ð−;−;þÞ should
transform as ψ3d

Dirac → −γiψ3d
Dirac and ψ3d

Dirac → þγiψ
3d
Dirac,

respectively. This was motivated in Secs. VII and VIII by
several means, one being that a vectorlike pair in four
dimensions should not contribute to parity anomalies
because one can write a parity conserving mass term.
The resolution to this puzzle can be seen at the level of the
superpotential. Under σM4

, the operator DqΦSD
→ −DqΦSD

because ΦSD is a pseudoscalar and the signature operator
flips sign under orientation reversal. This eigenvalue of this
operator is the mass M that couples vectorlike pairs in the
Spinð7Þ superpotential

MΦðaÞ
R̄ ΦðbÞ

R ; ðE7Þ

where ΦðaÞ and ΦðbÞ are complex multiplets in conjugate
representations. The previous paragraph would suggest
that these superfields both transform under R3d

1 as
Φða;bÞ → þΦða;bÞ. The important detail to note is that
the above term is only parity odd (i.e., conserves parity) if
M → −M, which, as we have just shown, is natural from

the Spinð7Þ perspective, although quite strange from a
bottom-up 3D perspective. The trick is to simply redefine

ΦðaÞ
R andM such that the former is parity odd and the latter

is parity even.34 A similar statement can be made for the
parity assignments of bulk mode states, as neutral bulk
modes (before expanding in terms of KK eigenstates)
enter into the 3D N ¼ 1 superpotential asZ

M4

φ ∧ da; ðE8Þ

which again produced “odd” 3D masses due to the
transformation σM4

∶
R
M4

→
R
M4

¼ −
R
M4
. By transferring

this assignment to the superfield φ, this reproduces the
charge assignments used in the main text [see Eq. (7.12)].

APPENDIX F: PANTEV-WIJNHOLT SYSTEM
WITH soð10Þ GUT MATTER

Here, we look at how to engineer various (possibly
chiral) matter representations in the PW system with gauge
algebra soð10Þ via an E8 unfolding:

e8 ⊃ soð10Þ ⊕ suð4Þ ⊃ soð10Þ ⊕ uð1Þ3: ðF1Þ

The Higgs bundleΦi¼1;2;3 lives on a three-manifoldM3 and
satisfies dΦi ¼ 0 and d†Φi ¼

P
I vi;I � δpI

(providedP
I vi;I ¼ 0). We consider the solution that is defined by

the three essentially unique harmonic functions (with
singularities) fi that are solutions to the electrostatic
problem Δf ¼ P

I vi;I � δpI
and define the Higgs fields

as dfi ¼ Φi.
Now, taking a look at the adjoint breaking

248 → 45
0⃗
þ
X4
i¼1

16i þ
X4
i¼1

16i þ
X
i<j

10ij

þ
X
i<j

1ij þ 3 × 1
0⃗
; ðF2Þ

we see that we might have several species of localized
matter in addition to the usual bulk modes 24

0⃗
and 1

0⃗
. The

subscript notation for the localized representations is a
shorthand for the Uð1Þ charge vectors; let q⃗1 ¼ ð1; 0; 0Þ,
q⃗2;3 be defined accordingly, and q⃗4 ¼ ð−1;−1;−1Þ. Then,
our Abelian charge assignments for the various soð10Þ
multiplets are 16i ¼ 16q⃗i , 16i ¼ 16−q⃗i , 10ij ≡ 10ðq⃗iþq⃗jÞ,
and 1≡ 1�ðq⃗i−q⃗jÞ. Based on theUð1Þ charges, these various
representations are localized around the following loci,

34Said more pedantically, smooth orientable manifolds possess
a notion of a constant global section of their determinant line
bundles, which, for example, when multiplying scalars turns
them to pseudoscalars and vice versa. In the product MΦðaÞ

R , we
are simply redefining who that constant global section belongs to.
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fΦi ¼ 0g ↔ 16i or 16i ðF3Þ

fΦi þΦj ¼ 0g ↔ 10ij ðF4Þ

fΦi −Φj ¼ 0g ↔ 1ij; ðF5Þ

where the representations on the left/right are localized at
Morse index �1 zeros. Note that this has a nice spectral
cover description in terms of intersections of various
combinations of sheets. We can now generalize
Eqs. (5.7) and (5.8) to count the number of charged
SOð10Þ modes on the PW building block

N16 ¼
X
i

n−i þ b1ðM3Þ − 1;

N16 ¼
X
i

nþi þ b2ðM3Þ − 1 ðF6Þ

N10¼
X
i<j

ðn−i þn−j Þþ
X
i<j

ðnþi þnþj Þþ2b1ðM3Þ−2; ðF7Þ

where n�i denote the number of singular loci for the ith
Higgs field with positive/negative residue with respect to
the Uð1Þi-charge.

APPENDIX G: PARITY ANOMALIES OF 3D
GAUGE THEORIES

In this Appendix, we provide further details on the
obstructions to placing 3D theories that are classically
invariant under reflections and/or time reversal, on a non-
orientable manifold by reviewing the conditions that were
spelled out in Ref. [24]. Namely, we will give a detailed
characterization of the anomalies νR (the gravitational-parity
anomaly) and νRG (mixed gauge-parity anomaly) discussed
in the main text. In the following, we will always focus on
the casewhereR2 ¼ þ1 [or alternatively T2 ¼ ð−1ÞF where
F is the fermion number]; that is, we consider the case of
whether we are able to define the theory on a nonorientable
manifold with a Pinþ structure.35

1. Warm-up: Gauge-parity anomaly

As a warm-up for our more technical discussion of
anomalies via bordism groups, we discuss a convenient
way of understanding gauge-parity anomalies. This is to
simply start with the 3D theory of N Majorana fermions,
whose global symmetry group is SOðNÞ, from which
various gauge-parity anomalies may be derived [at least
when the gauge group is a subgroup of SOðNÞ],36 and to

check whether there is a gauge-parity anomaly according to
Ref. [24], one should check whether any gauge bundle VR
on a four-manifold is “stably trivial,” a condition that is
equivalent to the vanishing of the Stiefel-Whitney classes

w1ðVRÞ ¼ w2ðVRÞ ¼ w4ðVRÞ ¼ 0: ðG1Þ

Here, R is the representation of the fermions under the
gauge group G. The vanishing of the Stiefel-Whitney
classes depends on the representation R, and so the
anomaly can be present or absent depending on the matter
content.
In the following, wewill take anN ¼ 1 gauge theory with

G ¼ SUðNÞ and Nf multiplets in the fundamental. In this
case, the matter representation R ¼ fund⊕Nf ⊕ adj. We
would like to take an SUðNÞ bundle as a particular case of an
SOð2NÞ bundle and compute the Stiefel-Whitney classes.
Luckily for any complex vector bundle V, one can show that
(see, for example, exercise 14-B of Ref. [106])

ciðVÞ mod 2 ¼ w2iðVÞ: ðG2Þ

All odd degree Stiefel-Whitney classes vanish. Clearly, for an
SUðNÞ bundle, c1ðVÞ ¼ 0, meaning that w2ðVÞ ¼ 0. This
means that we need to compute c2ðVRÞ for our example and
take its mod 2 reduction to obtain νRSUðNÞ. In the following, it
is important to take the correct normalization, and we will
follow the conventions of Ref. [107]. For an SUðNcÞ bundle
Vρ, we have that37

c2ðVρÞ ¼
1

2
trρðF ∧ FÞ: ðG3Þ

In general, it is convenient to convert the trace in a
representation ρ to a normalized trace Tr with the property

1

4

Z
TrðF ∧ FÞ ∈ Z: ðG4Þ

For SUðNcÞ, the trace identities are

trfundðF ∧ FÞ ¼ 1

2
TrðF ∧ FÞ;

tradjðF ∧ FÞ ¼ NcTrðF ∧ FÞ: ðG5Þ

Therefore, for our case,

c2ðVRÞ ¼
1

4
TrðF ∧ FÞ½Nf þ 2Nc�: ðG6Þ

This means that the fourth Stiefel-Whitney class is
35The condition for a manifold X to admit a Pinþ is that

w2ðTXÞ ¼ 0. To have a Pin− structure, the condition is
that w2ðTXÞ þ w2

1ðTXÞ ¼ 0.
36To be precise, the global symmetry group is OðNÞ, but in the

following, it will not make a difference.

37As in Ref. [107], we absorbed a 2π factor in the definition of
the Yang-Mills field strength.
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Z
w4ðVRÞ ¼ ½Nf þ 2Nc�m mod 2; ðG7Þ

wherem ∈ Z is the instanton number. Clearly, if we want the
fourth Stiefel-Whitney class to be zero for any SUðNcÞ
bundle, we need to take Nf þ 2Nc ¼ 0 mod 2 or equiv-
alently Nf ¼ 0 mod 2.
It is possible to generalize the previous discussion to

other simply connected gauge groups for generic matter
spectra. Given a theory with simply connected gauge group
G, and fermions in the (possibly reducible) representation
R, the absence of an anomaly can be written as

νRG
1

2

Z
trRðF ∧ FÞ ¼ 0 mod 2; ðG8Þ

for any G-bundle. Using the index of the representation R,
it is possible to rephrase the condition as 2TðRÞ ¼ 0 mod 2.
The condition is equivalent to asking whether the number of
fermionic zero modes in the background is even or odd. For
example, takingG ¼ E6, and since 2Tð27Þ ¼ 6, there are no
possible anomalies coming from a gauge bundle. In the next
section, we will discuss a different method to detect possible
anomalies, which includes purely geometrical contributions
and generalizes to other spacetime dimensions.

2. Anomalies and bordisms

A different way to understand the presence of an anomaly
when trying to define a theory on an unorientable manifoldX
is to use the Dai-Freed theorem [108] to define the partition
function of a spinor on such a manifold. The proper
definition of the phase of the partition function of a spinor
is expð2πiηYÞ, where Y is a manifold that satisfies ∂Y ¼ X
and extends all structures (like pin/spin structures and gauge
bundle) defined on X. The quantity ηY is the eta invariant of
the Dirac operator on Y. While this provides a sensible
definition of the phase of the partition function of a spinor,
this definition may depend on the choice of Y or the
extension chosen on Y of structures of X. This is a reflection
of an anomaly in the definition of the phase of the partition
function. In order to detect such an anomaly, one can
compare the phase of the partition function with two
different extensions Y1 and Y2. Geometrically, this can be
accomplished as follows: since Y1 and Y2 have the same
boundary X, it is possible to glue them along the boundary if
one reverses the orientation of one of them, say Y2. The
gluing produces a closed manifold Ŷ ¼ Y1⊔Y2, where Y2 is
the orientation reversed Y2. Given the properties of the eta
invariant ηY1⊔Y2

¼ ηY1
þ ηY2

and that ηȲ ¼ −ηY , one finds
that

ηŶ ¼ ηY1
− ηY2

: ðG9Þ

In order to ensure that the partition function is sensible,
it is necessary to require that ηY ∈ Z for any closed

four-dimensional manifold with a Pinþ structure. Another
property of the eta invariant significantly simplifies the
computations; it is invariant under bordisms between mani-
folds. Given two d-dimensional manifolds X1 and X2, we
say that there is a bordism between them if there exists a
dþ 1-dimensional manifold Z such that ∂Z ¼ X1⊔X̄2.
If the manifolds Xi carry additional structures [like (s)pin
structures or gauge bundles], we require that they extend
to Z. Therefore, in the following, we will need to check what
are the allowed values of the eta invariant for different gauge
groups to see if any anomaly for time reversal is present
when we define our 3D theories on a Pinþ manifold. In
particular, we will consider the bordism groups ΩPinþ

4 ðMÞ
where four-dimensional manifolds come equipped with a
function to some spaceM. Wewill takeM ¼ BG, whereBG
is the classifying space for a group G. The classifying space
of a group G is an infinite-dimensional space that has a
principal G-bundle with total space EG, the so-called
universal bundle, with the following property: any principal
G-bundle over any manifold X is the pullback of EG via
some continuous function f∶ X → BG. Therefore, by con-
sidering manifolds equipped with maps to the classifying
space of some group G, we end up considering all possible
principal G-bundles over such manifolds. We shall call
ΩPinþ

d ðptÞ the case without gauge group, that is the case
where the function goes to a single point. This case classifies
the possible anomalies that come only from geometry. In
general, there exists a map Φ∶ ΩPinþ

d ðMÞ → ΩPinþ
d ðptÞ. The

map Φ deletes the details of the gauge bundle from
equivalence classes in the bordism group ΩPinþ

d ðMÞ.
Given that this map is surjective, it is possible to form a
short exact sequence,

0 → kerΦ → ΩPinþ
d ðMÞ⃗Φ ΩPinþ

d ðptÞ → 0: ðG10Þ

We will call Ω̃Pinþ
d ðMÞ≡ kerΦ the reduced bordism group.

Due to the existence of a map Ψ∶ ΩPinþ
d ðptÞ → ΩPinþ

d ðMÞ
which satisfies Φ ·Ψ ¼ I, the above short exact sequence
splits, implying that ΩPinþ

d ðMÞ ≃ ΩPinþ
d ðptÞ ⊕ Ω̃Pinþ

d ðMÞ.
The splitting of the bordism group into a purely geometric
and a reduced part means that anomalies due to geometry
can not be cured by introducing suitable gauge bundles and
vice versa. For more details on this map and a proof of the
splitting, see, for example, Appendix A of Ref. [109]. For the
case at hand, ΩPinþ

4 ðptÞ ¼ Z16 with the generator being
realized by a single Majorana fermion onRP4. This matches
the computation of the eta invariant for this system done in
Ref. [52]. This group classifies all possible gravitational-
parity anomalies a 3D theory may have, i.e., νR ∈ ΩPinþ

4 ðptÞ.
We will discuss now the result of the computation of the

reduced bordism groups for some classes of gauge groups,
which is what νRG take values in. The computation uses the
Atiyah-Hirzebruch spectral sequence, which we choose not
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to review here; see, for example, Ref. [109] for the necessary
mathematical background to perform such computations.
For the case of G ¼ SUðNÞ, the computation is rather

easy, and one obtains

Ω̃Pinþ
4 ðBSUðNÞÞ ¼ Z2: ðG11Þ

This confirms the computation done in the previous section
where the anomaly is a mod 2 condition. The result for
N ¼ 3 has already been obtained in Ref. [110] using the
Adams spectral sequence. The generator for this reduced
bordism group is S4 with one instanton.
The case of G ¼ Uð1Þ is a bit more tricky, and we obtain

Ω̃Pinþ
4 ðBUð1ÞÞ ¼ eðZ2;Z2Þ; ðG12Þ

where eðG;HÞ is an extension of G by H. Specifically, we
have the short exact sequence

0 → H → eðG;HÞ → G → 0: ðG13Þ

Such extensions are classified by the group ExtðG;HÞ, and
for our purposes, ExtðZm;ZnÞ ¼ Zgcdðm;nÞ. This implies
that the bordism group can be either Z2 ⊕ Z2 if the
extension is trivial or Z4 if the extension is not trivial.
To gain more information, it would be necessary to
compute the η-invariant for a fermion. Luckily for the
case of RP4 with some Uð1Þ bundle, this was done in
Ref. [24], finding that the phase of the partition function is a
root of 16 times a root of 4. This means that

Ω̃Pinþ
4 ðBUð1ÞÞ ¼ Z4: ðG14Þ

The same result for Ω̃Pinþ
4 ðBUð1ÞÞ was obtained in

Ref. [111] using the Adams spectral sequence.
Finally, we can ask what is the anomaly cancellation

condition for any group G on a Pinþ manifold. The
computation of the bordism group ΩPinþ

4 ðBGÞ is identical
for any simply connected group giving

Ω̃Pinþ
4 ðBGÞ ¼ Z2; if π1ðGÞ ¼ 0: ðG15Þ

The generator is again S4 with an instanton.
For the case of nonsimply connected gauge groups, the

results can vary due to the presence of additional gauge
bundles allowed in the path integral. The computations
become more complicated, and we will simply quote some
results in the literature:

(i) For G ¼ SOð3Þ, it was found in Ref. [112] that
Ω̃Pinþ

4 ðBSOð3ÞÞ ¼ Z4. The invariant measuring the
anomaly in this case is qðw2Þ where w2 is the second
Stiefel-Whitney class of the SOð3Þ bundle and
q∶ H2ðX;Z2Þ → H4ðX;Z4Þ is a quadratic refine-
ment. Such refinements depend on the choice of a
Pinþ structure; one choice of such refinement is the
Pontryagin square. See footnote 7 of Ref. [112] for
more details on such a refinement.

(ii) For G ¼ PSUð3Þ, it was found in Ref. [112] that
Ω̃Pinþ

4 ðBPSUð3ÞÞ ¼ Z2. The generator is the same
as in the case of SUð3Þ.
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