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The recently developed worldline quantum field theory (WQFT) formalism for the classical gravitational
scattering of massive bodies is extended to massive, charged point particles coupling to biadjoint scalar
field theory, Yang-Mills theory, and dilaton-gravity theory. We establish a classical double copy relation in
these WQFTs for classical observables (deflection, radiation). The biadjoint scalar field theory fixes the
locality structure of the double copy from Yang-Mills to dilaton gravity. Using this, the eikonal scattering
phase (or free energy of the WQFT) is computed to next-to-leading order (NLO) in coupling constants
using the double copy as well as directly finding full agreement. We clarify the relation of our approach to
previous studies in the effective field theory formalism. Finally, the equivalence of the WQFT double
copy to the double copy relation of the classical limit of quantum scattering amplitudes is shown explicitly
up to NLO.
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I. INTRODUCTION

Finding a unified field theory of gauge bosons and
gravitons has been a holy grail of physics since the days of
Einstein, Heisenberg, and Pauli. While Yang-Mills theory
and Einstein gravity share common features such as local
symmetries, their actions appear to be very different. In
particular, their perturbative quantization in weakly inter-
acting situations strongly differ; while the Feynman dia-
grammatic expansion for gravity is notoriously involved
and not renormalizable, the Yang-Mills case is under good
control and the basis of high precision predictions for
scattering experiments at ever increasing orders in
perturbation theory. This is why the construction of
Bern-Carrasco-Johansson (BCJ) [1,2] for the integrand
of quantum gravitational scattering amplitudes in terms
of a double copy of Yang-Mills ones has been highly
inspirational and points to a surprisingly direct and intimate
connection between these two fundamental theories of
nature, see [3] for a recent review. Concretely, the double
copy construction arranges the building blocks of gluon
scattering amplitudes in terms of kinematic numerators,
color factors, and scalar propagators in such a fashion, that
the kinematic numerators obey identities akin to the Jacobi

identity constitutional for the color factors resulting from
the color gauge symmetry. Replacing the color factors by
the thereby identified kinematic numerators of the gluon
amplitudes then yields the integrands of scattering ampli-
tudes in axion-dilaton gravity (or N ¼ 0 supergravity, i.e.,
the low energy limit of the bosonic string). Formal proofs of
the double copy have been provided at tree level using a
variety of methods [4]. This “color-kinematic duality” has
been extended to a large class of theories, and the question
of which (gravitational) theories admit a double copy is an
interesting and, in general, open one. At the same time, the
double copy presents a very efficient tool to construct
amplitude integrands in (super)gravity to very high loop
orders, see [3] for an account. Yet, its deeper nature, in
particular, the nature of the “kinematic algebra”, remains ill
understood and is a subject of intense research [5] in the
modern amplitude program, see [6] for reviews.
The double copy relation for quantum scattering ampli-

tudes leads to a natural challenge for classical general
relativity. Namely, is there a classical double copy trans-
forming solutions of Yang-Mills (or Maxwell’s) theory to
gravity (with a dilaton) as well? In fact a number of such
constructions has been provided [7], most prominently
perhaps for the Kerr-Newman solution of a spinning black
hole [8]. Yet, from the quantum origin of the color-
kinematic duality, it should be clear that the perturbative
nature of the classical solution, i.e., the systematic expan-
sion about a flat Minkowski background (known as the
post-Minkowskian expansion in general relativity), should
be central for the existence of a classical double copy
prescription. Fascinatingly, this is also the domain relevant
for analytic gravitational wave physics, describing the
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inspiral (or scattering) of two massive bodies (black holes,
neutron stars, or stars). The emitted gravitational radiation
in that two-body process is detectable in present and future
gravitational wave detectors (without the dilaton, and for
the bound system in the post-Newtonian expansion, which
is a combined weak field and slow motion expansion).
The approach of constructing perturbative classical

solutions via the double copy was pioneered in [9]. The
scattering of two point particles via dilaton and graviton
interactions was constructed via a double copy of the
perturbative solutions of the Yang-Mills equations coupled
to point particles carrying color charge. This was further
extended and clarified to the next-to-next-to leading order
(NNLO) by Shen in [10]. Spin effects and extensions were
studied in [11–13], and the analogue problem in biadjoint
scalar field theory was considered in [14,15]. All these
approaches operate at the level of the equations of motion;
i.e., one perturbatively solves both the field and particle
equations of motion. An alternative route was taken in the
works [16,17], involving the present authors, where a path
integral based approach was taken. Here, starting from the
actions describing the coupling of massive, charged par-
ticles to Yang-Mills or dilaton gravity, the force mediating
fields (gluons, dilatons, and graviton) were integrated out
yielding an effective action for the point particles, thereby
taking the classical ℏ → 0 limit. It was shown at LO and
NLO that the resulting effective action could be obtained by
a suitably generalized double copy prescription [16] taking
inspiration from the amplitudes approach. Concretely, the
need for a trivalent graph structure was artificially intro-
duced via delta functions on the worldline for higher
valence worldline-bulk field vertices. Yet, this double copy
prescription was shown to break down for the effective
action at the NNLO [17]. It was speculated in [17] that the
reason for this breakdown lies in the attempt of double
copying a gauge variant and off-shell quantity—the effec-
tive action—which is at tension with the on-shell nature of
the scattering amplitude double copy.
Returning to the realm of applying quantum field theory

based techniques to the post-Minkowskian perturbative
gravitational scattering problem, an approach termed
worldline quantum field theory (WQFT) was put forward
recently [18] that explains the relation between the two
presently common approaches employing the classical
limit of scattering amplitudes, see, e.g., [19–22], and the
PM effective field theory (EFT) approach, see, e.g., [23]. In
essence it starts out from a first quantized description of the
matter field’s (scalar, spinor, vector) propagator in a
gravitational background à la Feynman-Schwinger and
demonstrates how this leads in a classical limit to the
effective field theory description. Yet, the WQFT formal-
ism not only is of conceptual relevance (introducing an
approximate supersymmetry in the description of spin for
black holes and neutron stars [24]), but it also provides
a very efficient tool to quickly arrive at the classical

observables of the scattering process without the need to
go through an iterative solution of the equations of motion
in the standard EFT approach or to deal with the subtleties
of the classical limit in the amplitudes based approach.
As such, the deflection, the spin kick, or the explicit
gravitational Bremsstrahlung waveform as well as the
eikonal being the generating function of these have been
established at NLO [24–26].
In this work, we therefore address the conceptually

important question whether a double copy prescription
exists for the WQFT as well? On the face of it, this is to be
expected, as the WQFT may be thought of as a (partially)
first order form of the scattering amplitude problem. For
this, we first settle for the relevant worldline quantum field
theories in Sec. II. This includes, in particular, the case of
the worldline coupled biadjoint scalar field theory which
we indeed require in order to separate the kinematic
numerators from the propagator terms in the Yang-Mills
case—a prerequisite for the double copy construction. In
Sec. II, we establish the relevant Feynman rules for all three
WQFTs, coupling to biadjoint scalars, Yang-Mills and
dilaton gravity as well as point out the relevance of the
eikonal or free energy of the WQFT as a generating
function for the observable of the particle’s deflections. In
Sec. III, we develop the classical double copy prescription
for WQFTs and construct the eikonal at the NLO level.
Section IV is devoted to the lift of our results for the (three-
particle) eikonal to the radiative waveform, and in Sec. V,
we detail the relation of our WQFT double copy to the
established one for the quantum scattering amplitudes. After
concluding, we collect our conventions in the Appendix.

II. WORLDLINE QUANTUM FIELD THEORIES

We apply the worldline quantum field theory formalism
[18] to massive point particles coupled to biadjoint scalar
field theory (BS), Yang-Mills theory (YM), and dilaton-
gravity theory (DG). Compactly, the actions for the three
theories may be written as

SWQFT ¼ SBS=YM=DG þ
X
i

Scc=pc=pmi ; ð1Þ

where SBS=YM=DG is the respective field theory action and
Scc=pc=pmi the respective ith particle worldline action. Note
that multiple worldlines are included in Eq. (1) in order to
allow for interactions. We now focus on the worldline
actions Scc=pc=pmi and delegate the rather well known field
theory actions to Appendix A.
The action of a massive point charge coupled to a non-

Abelian gauge field Aa
μ is [27,28]

Spc ¼ −
Z

dτ

�
m
2
ðe−1 _x2 þ eÞ − iΨ† _Ψ − g_xμAa

μCa

�
; ð2Þ
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where eðτÞ is the einbein, and the dot over a symbol
denotes a derivative with respect to τ. The “color wave
function” ΨαðτÞ is an auxiliary field carrying the color
degrees of freedom of the particle, the α; β;… ¼ 1;…; dR
are indices of the dR dimensional representation of the
gauge group, and CaðτÞ ¼ Ψ†αðTaÞαβΨβ is the associated
color charge that determines the coupling to the gauge field
Aa
μðxÞ. We take the generators ðTaÞαβ to be in the

fundamental of SUðNÞ such that dR ¼ N, and the adjoint
indices a; b;… ¼ 1;…N2 − 1.1 This action is invariant
under the reparametrization of τ. The kinetic term can be
transformed into the more familiar form −m

R
dτ

ffiffiffiffiffi
_x2

p
by

solving the algebraic equations of motion for the einbein
eðτÞ and reinserting the solution into the action. However,
for convenience we fix eðτÞ ¼ 1 such that _x2 ¼ 1, and τ is
then the proper time.
Similarly, the action of a worldline minimally coupled to

dilaton gravity reads

Spm ¼ −
m
2

Z
dτðe−1e2κφgμν _xμ _xν þ eÞ; ð3Þ

where φðxÞ is the dilaton, and eðτÞ is again the einbein. The
coupling constant is κ ¼ ffiffiffiffiffiffiffiffiffiffiffi

32πG
p

, where G is Newton’s
constant. Again, upon integrating out eðτÞ, we arrive at the
more common form of the action −m

R
dτeκφ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gμν _xμ _xν

p
.

We gauge fix eðτÞ ¼ 1 so that e2κφgμν _xμ _xν ¼ 1. In the weak
gravitational field limit, we expand

gμν ¼ ημν þ κhμν; ð4Þ

where ημν is the flat-space Minkowskian metric. Because
the dilaton appears as an exponent in the action, the
interaction terms become cumbersome in perturbation
theory of both the worldline and field theory actions. To
simplify the calculation, we adopt the gravity gauge-fixing
term and field redefinitions of fφ; hμνg introduced in [16]
Eqs. (51)–(56). This will decouple the worldline from φ
up to quadratic order, as well as recast the cubic self-
interaction of hμν into a simpler form. The redefined field
theory action can be found in (A11) of Appendix A. The
worldline action in terms of the redefined fields then reads

Spm¼−
m
2

Z
dτ

�
_x2þ κhμν _xμ _xνþ

κ2

2
hμρhνρ _xμ _xν

�
þOðκ3Þ:

ð5Þ

The indices are lowered or raised by the Minkowskian
metric.

Finally, let us introduce the massive point particle
coupling to a biadjoint scalar field theory. Here, we use
the biadjoint scalar theory to identify the double copy
kernel as introduced in [10]. A point particle interacting
with a biadjoint scalar field (WBS) is described by [10,15]

Scc ¼ −
Z

dτ

�
m
2
ðe−1 _x2 þ eÞ − iΨ† _Ψ

− iΨ̃† _̃Ψ − e
y
m
ϕaãCaC̃ã

�
; ð6Þ

where y is the coupling constant, and ϕaãðxÞ is the biadjoint
scalar field carrying two distinct color indices a and ã related
to the color and dual-color gauge groups, respectively.ΨαðτÞ
and Ψ̃α̃ðτÞ are the color and dual-color wave functions. The
corresponding charges are defined in a similar way as in Spc

of (2): Ca ¼ Ψ†TaΨ and C̃ã ¼ Ψ̃†T̃ãΨ̃. Note that setting
eðτÞ ¼ 1 in this case will enforce the constraint
_x2 þ 2y

m2 ϕaãCaC̃ã ¼ 1.
In the worldline quantum field theory (WQFT) formal-

ism, describing the scattering of two particles, we expand
the coordinate xμðτÞ along a straight line trajectory back-
ground

xμðτÞ ¼ bμ þ vμτ þ zμðτÞ; ð7Þ

with v2 ¼ 1 and the fluctuation zμ. Note that the straight
line background solves the equations of motion in the field
free scenario(s) ϕaã ¼ Aa

μ ¼ hμν ¼ φ¼ 0. We take b · v ¼ 0

which may always be achieved upon shifting τ. As
explained in [18], the physical meanings of bμ and vμ

depend on the type of the worldline propagator (advanced/
retarded/time symmetric). As in this work, our main
concern for the double copy construction is the integrand;
the iϵ description of the propagators is of no direct concern.
Likewise, we decompose the color wave function in the
background

ΨðτÞ ¼ ψ þ Ψ ðτÞ; ð8Þ

whereψ ¼ Ψð−∞Þ ¼ const is the initial condition, andΨðτÞ
is the fluctuation that will be quantized. Consequently, the
color charge is

Ca ¼ ca þ ψ†TaΨ þ Ψ †Taψ þ Ψ †TaΨ ; ð9Þ

where we have defined the background color charge
ca ¼ ψ†Taψ . A similar decomposition applies to the dual-
color wave function Ψ̃ðτÞ, and all respective dual quantities
are denoted with a tilde.
In WQFT, the physical observables are computed as the

expectation values of the corresponding operators. We will
integrate out the BS=YM=DG fields ϕaã;Aa

μ; hμν;φ as
well as all fluctuations of worldline degrees of freedom

1In fact, specifying the gauge group and the representation for
the matter are not necessary. We can, in principal, pick any group
and representation.
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zðτÞ;ΨðτÞ; Ψ̃ðτÞ in the path integral, so the results only
depend on the background fields b, v, ψ . In the path
integral, the expectation value of an operator O is
expressed as

hOi ¼ 1

ZWQFT

Z
D½Φ�

Y
i

D½zi�ðD½Ψ i; Ψ̃ i�ÞOeiS
WQFT

; ð10Þ

where Φ ∈ fϕaã; Aa
μ; hμν;φg denotes the bosonic fields in

the respective theories. ZWQFT is the partition function,

ZWQFT ¼
Z

D½Φ�
Y
i

D½zi�ðD½Ψ i; Ψ̃ i�ÞeiSWQFT
: ð11Þ

In the binary case (i ¼ 1, 2), ZWQFT may be identified with
the exponentiated eikonal phase χ. The momentum deflec-
tion of a particle Δpμ

i can be calculated by taking the
derivative of the eikonal with respect to bμi . Here, we
claim that this relation holds for an arbitrary number of

worldlines, see Appendix B. In Sec. III, we perform a
double copy for the eikonal to next-to-leading order.
Since we mostly work in momentum space, it is useful to

express the worldline fluctuations as

zμðτÞ ¼
Z
ω
e−iωτzμðωÞ;

ΨðτÞ ¼
Z
ω
e−iωτΨ ðωÞ;

Ψ †ðτÞ ¼
Z
ω
e−iωτΨ †ð−ωÞ: ð12Þ

The dual-color wave function Ψ̃ in momentum space is
defined in the same way as Ψ . For convenience, we use the
integral shorthands

R
ω ≔

R
dω
2π ,

R
k ≔

R
d4k
ð2πÞ4 as well as

δ̄ðωÞ ≔ 2πδðωÞ and δ̄ð4ÞðkμÞ ≔ ð2πÞ4δð4ÞðkμÞ. When
evaluated on the worldline, the generic field Φ may be
expanded as

ΦðxðτÞÞ ¼
Z
k
eik·ðbþvτþzðτÞÞΦð−kÞ ¼

X∞
n¼0

in

n!

Z
k
eik·ðbþvτÞðk · zðτÞÞnΦð−kÞ

¼
Z
k
eik·bΦð−kÞ

�
eik·vτ þ i

Z
ω
eiðk·vþωÞτk · zð−ωÞ

�
þOðz2Þ: ð13Þ

We take the expansion only to linear order in zμ since this is
the highest term we need in this paper. A complete
expression of hμν to all orders in z may be found in [18].
Next, we extract the Feynman rules from the worldline

actions. The worldline propagators are the same in all three
theories,

ð14Þ

ð15Þ

The propagator of the dual field Ψ̃ is identical to the one
for Ψ.
Let us now begin with the analysis of the Yang-Mills

coupled WQFT. With (12) and (13), we can expand the
interaction term of Spc from Eq. (2) as

Spcint ¼ g
Z

dτ _xμðτÞ · AaðxðτÞÞCaðτÞ

¼ g
Z
k
eik·bv · Aað−kÞδ̄ðk · vÞca þ g

Z
k;ω

eik·bAa
μð−kÞδ̄ðk · vþ ωÞ

× ½iðωzμð−ωÞ þ vμk · zð−ωÞÞca þ vμðψ†TaΨð−ωÞ þ Ψ †ðωÞTaψÞ� þOððz;Ψ Þ2Þ; ð16Þ

where we keep the interaction to linear order in worldline
fluctuations. The Feynman rules of the worldline-gluon
vertices can be directly read off from (16); below we
represent the background worldline configurations
ðbμ; vμ; caÞ as dashed lines.

ð17Þ
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ð18Þ

ð19Þ

ð20Þ

Turning to the biadjoint scalar coupled WQFT, we can
expand the worldline-scalar coupling of (6) in the same
way,

Sccint ¼
y
m

Z
dτϕaãðxðτÞÞCaðτÞCãðτÞ

¼ y
m

Z
k
eik·bϕaãð−kÞδ̄ðk · vÞcacã

þ y
m

Z
k;ω

eik·bϕaãð−kÞδ̄ðk · vþ ωÞ½ik · zð−ωÞcacã

þ ðψ†TaΨð−ωÞ þ Ψ †ðωÞTaψÞcã
þ caðψ̃†T̃ãΨ̃ð−ωÞ þ Ψ̃ †ðωÞT̃ãψ̃Þ� þOððz;ΨÞ2Þ:

ð21Þ

Again, we keep only the terms that we need in this work.
From the interaction (21), we extract the Feynman rules

ð22Þ

ð23Þ

ð24Þ

ð25Þ

For vertices that involves the dual wave function, we
simply use (24) or (25) and change Ψ to Ψ̃.
In the dilaton-gravity coupled WQFT, the interaction

term is remarkably simplified by the field redefinitions of
fφ; hμνg. In the end, the linear order in hμν is no different
than the interaction term of a point mass in pure gravity,
which is given in [18] to all orders in zðωÞ. Here, we
provide the first terms we need in this paper,

Spmint ¼ −
mκ

2

Z
k
eik·b δ̄ðk · vÞhμνð−kÞvμvν − i

mκ

2

Z
k;ω

eik·b δ̄ðk · vþ ωÞhμνð−kÞzρð−ωÞð2ωvðμδνÞρ þ vμvνkρÞ

−
mκ2

4

Z
k1;k2

eðk1þk2Þ·b δ̄ððk1 þ k2Þ · vÞhμρð−k1Þhρνð−k2Þvμvν þOðk3; z2Þ; ð26Þ

from which we obtain the Feynman rules,

ð27Þ ð28Þ
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ð29Þ

where the parenthesis of Lorentz indices denotes symmet-
rization with unit weight, e.g., vðμ1 v

νÞ
2 ¼ 1

2
ðvμ1vν2 þ vν1v

μ
2Þ.

III. CLASSICAL DOUBLE COPY

One of the main challenges of constructing the double
copy in the classical limit of quantum field theories is that
the locality structure is concealed. This is rooted in the
classical limit of the massive scalar propagator [18], which
contains both double and single propagators as we can see
inWQFT from (14) and (15). Following [10], we tackle this
difficulty by using the biadjoint scalar theory to identify the
correct locality structure, i.e., disentangle the kinematical
numerators from the propagator terms.
Another important strategy to establish the classical

double copy is to consider more than two worldlines even
if we are ultimately interested only in two-body inter-
actions. This is to avoid the situation where some color
factors in the two-body situation are vanishing, but the
corresponding numerators do not, which under the double
copy map may yield nonzero contributions. This may be
evaded if we use as many worldlines as worldline-field
interactions occur. Specifically, we consider an (nþ 2)-
body system at NnLO. In the WQFT formalism, this is
equivalent to taking into account only tree diagrams. To
retrieve the binary system from this, we need to sum all
possible ways of fusing the (nþ 2) worldlines into two
worldlines. In summary, our double copy relation of the
eikonal phase at Nðn−1ÞLO reads

χBSn ¼ −y2n
Z

dμ1;2;…;ðnþ1Þ
X
i;j

CiKijC̃j; ð30aÞ

χYMn ¼ −ðigÞ2n
Z

dμ1;2;…;ðnþ1Þ
X
i;j

CiKijNj; ð30bÞ

χDGn ¼ −
�
κ

2

�
2n
Z

dμ1;2;…;ðnþ1Þ
X
i;j

NiKijNj; ð30cÞ

where Ci; C̃j denotes the color and dual-color factors, Nj

are the numerators, and Kij are the so-called double copy
kernels that encode the locality structure. The sums extend
over the dimensionalities of the numerators and the color
factors. For further convenience, we have also defined the
integral measure

dμ1;2;…;n ¼
Yn
i¼1

�
d4ki
ð2πÞ4 e

iki·bi δ̄ðki ·piÞ
�
δ̄ð4Þ

�Xn
i¼1

kμi

�
; ð31Þ

where ki is the total outgoing momentum of bosonic fields
ΦðxÞ attached to a worldline. Note that we have defined the
momentum of the massive particle as

pμ
i ≔ miv

μ
i ; so that δ̄ðki · piÞ ¼

δ̄ðki · viÞ
mi

: ð32Þ

Hereafter, we always express the numerator Nj in terms of
the momentum pμ

i which is necessary in order to balance
the mass dimension under the double copy. The kinematic
numerators Ni are arranged to satisfy the same algebraic
equations as the color factors Ci,

Ci þ Cj þ Ck ¼ 0 ⇒ Ni þ Nj þ Nk ¼ 0: ð33Þ

It is worth mentioning that we have the color-kinematic
duality already at quartic order in the coupling constant.

A. Eikonal at leading order (LO)

The locality structure at leading order is trivial, so we do
not need to employ the biadjoint scalar theory in order to
double copy YM color charged particles to DG ones. In
Yang-Mills coupled WQFT (WYM) the eikonal phase at
this order involves only one diagram. Using the Feynman
rules (17) and the gluon propagator (A4), we have

ð34Þ

where we have massaged the formula to fit the form as
(30b). We can identify the color factor, the numerator, and
the double copy kernel as

C ¼ ðc1 · c2Þ; N ¼ ðp1 · p2Þ; K ¼ 1

k21
: ð35Þ

In worldline coupled dilaton gravity (WDG), thanks to
the decoupling of φ from the worldline, we have also only
one diagram mediated by hμν. With (27) and the graviton
propagator (A12), we obtain

ð36Þ

Hence, at the leading order the eikonal of Yang-Mills and
dilatongravity obviously possess a double copy relation (30).

B. Eikonal at next-to-lading order (NLO)

As explained before, at next-to-leading order, to avoid
the vanishing of some contributions in worldline coupled
biadjoint scalar theory (WBS) and Yang-Mills coupled
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WQFT theory, we consider three worldlines. At this order,
the locality structure is nontrivial. As we see, the double
copy kernel is off diagonal. Therefore, we first consider the

biadjoint scalar theory to identify the kernel. The Feynman
diagrams in WBS can be calculated using the Feynman
rules (22)–(25) and the three-point vertex of ϕaã (A9),

ð37Þ

ð38Þ

ð39Þ

ð40Þ

where for compactness we have defined

cab ≔ ðψ†TaTbψÞ; c̃ã b̃ ≔ ðψ̃†T̃ãT̃b̃ψ̃Þ: ð41Þ

Note that in (38) and (39), the propagator with an arrow
denotes either the color or dual-color wave function, and
we have added up their contributions. We stress that the
factors cab are absent in the equation of motion, so they will
not explicitly appear in the classical solutions [29]. In fact,
summing up (38) and (39), we can remove cab by

cab − cba ¼ fabccc; ð42Þ

and similarly for the dual-color sector. However, these
factors turn out to be critical for the double copy; because
of them, we find classical numerators that satisfy color-
kinematics duality at this order. From (37)–(39), we can
identify three (dual-)color factors,

Cð123Þ
i ¼ fðc1 · c2Þðc1 · c3Þ; ðcab1 ca2c

b
3Þ; ðcba1 ca2c

b
3Þg; ð43Þ

C̃ð123Þ
i ¼ fðc̃1 · c̃2Þðc̃1 · c̃3Þ; ðc̃ã b̃1 c̃ã2 c̃

b̃
3Þ; ðc̃b̃ ã1 c̃ã2 c̃

b̃
3Þg: ð44Þ

Note that here we only consider diagrams with worldline
propagators of particle 1. There are also contributions
involving propagators of 2 and 3, which can be gained
simply by relabeling (123) in (37)–(39) and give us another
six color factors. Together with the single (dual)-color
factor emerging from (40)

Cð0Þ
i ¼ fabcca1c

b
2c

c
3; C̃ð0Þ

i ¼ f̃ã b̃ c̃c̃ã1 c̃
b̃
2 c̃

c̃
3; ð45Þ

we see that the double copy kernel Kij is 10 dimensional.
Fortunately, Kij is block diagonal. The block that corre-
sponds to the three-dimensional space (43) is

Kð123Þ
ij ¼ 1

k22k
2
3

0
BB@

k2·k3
ðk2·p1Þ2

−1
k2·p1

1
k2·p1

−1
k2·p1

0 0

1
k2·p1

0 0

1
CCA; ð46Þ
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and analogously for the color dual (44). By permutations of
(123), we may obtain other blocks. The last block coupling
to the structure constant is extracted from (40) and is one
dimensional; we have

Kð0Þ
ij ¼ 2

k21k
2
2k

2
3

: ð47Þ

We now proceed to consider the Yang-Mills coupled
WQFT (WYM) theory. The Feynman diagrams are very
similar to those of WBS theory. With the WYM Feynman
rules (17)–(20), we may compute the contributions to the
eikonal phase

ð48Þ

ð49Þ

ð50Þ

ð51Þ

where we have defined

n0 ¼ p1 · p2p1 · p3; ð52Þ

n1 ¼ k2 · p3p1 · p2 − k3 · p2p1 · p3 − k2 · p1p2 · p3: ð53Þ

Based on the color factors identified in (43), (45) and the
double copy kernel (46), (47), we are led to organize the
numerators as

Nð123Þ
j ¼

�
n0;

−n1
2

;
n1
2

�
; ð54Þ

Nð0Þ
j ¼ −n1; ð55Þ

so that the WYM eikonal may be decomposed in the form
of (30b),

χ2 ¼ −g4
Z

dμ1;2;3
X
i;j

ðCð0Þ
i Kð0Þ

ij Nð0Þ
j

þ ðCð123Þ
i Kð123Þ

ij Nð123Þ
j þ cyclicÞÞ: ð56Þ

Fortunately, this decomposition automatically satisfies the
color-kinematics duality

cab1 ca2c
b
3 − cba1 ca2c

b
3 ¼ fabcca1c

b
2c

c
3 ð57Þ

−n1
2

−
n1
2
¼ −n1: ð58Þ

Note that the decomposition of Nð123Þ
j is not unique due to

the Jacobi relation (42).2 We note that the color-kinematic
duality is satisfied automatically up to this leading and
next-to leading order if one uses Feynman gauge (this is not
so in other gauges). We expect this property to break at
higher orders in perturbation theory where the need of
generalized gauge transformations arises. On then adds to
the eikonal an arbitrary function multiplying the color
factor Jacobi identity [Eq. (57)] in order to create a color-
kinematic duality respecting representation.
In principle, we are now prepared to execute the double

copy as proposed in (30c) to get the eikonal phase in the
worldline coupled dilaton-gravity theory (WDG). In order
to check the validity of our double copy prescription, we
directly compute the eikonal in WDG theory with (27)–
(29); we find for the graphs not involving bulk graviton
interactions,

2For example, we could also have Nð123Þ
j ¼ ð n0 0 n1 Þ.

Color-kinematic duality still holds, and the double copy gives the
correct gravitational result. We have chosen to write Nð123Þ

j in a
symmetric form.
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ð59Þ

ð60Þ

Summing up the two diagrams (59) and (60), we can check that the result can be written as

−iκ4

16

Z
dμ1;2;3
k22k

2
3

�
k2 · k3n20
ðk2 · p1Þ2

þ 2n0n1
k2 · p1

�
¼ −iκ4

16

Z
dμ1;2;3

X
i;j

Nð123Þ
i Kð123Þ

ij Nð123Þ
j : ð61Þ

In the last line, we have arranged the result to the form of
(30c) with the double copy kernel Kð123Þ

ij and the numerator

Nð123Þ
i defined in (46) and (54), respectively. Turning to the

bulk graviton interaction graphs thanks to the field redefi-
nition of fφ; hμνg, the three-graviton vertex (A5) is directly
proportional to the square of the three-gluon vertex, so we
can easily compute the last diagram which is manifestly a
double copy of the WYM one,

ð62Þ

From (61) and (62), we therefore conclude that the double
copy of the WYM eikonal coincides with the one of WDG
also at the next-to-leading order (Oðκ4Þ).

IV. RADIATIVE DOUBLE COPY

In this paper, we are mainly considering the conservative
sector of the WQFT; however, with a slight modification
we can generalize the eikonal double copy (30) to classical
radiation. In WQFT, the Φ field radiation is computed as
[25,26]

−ik2hΦðkÞijk2¼0: ð63Þ

For Φ ∈ fAa
μ; hμνg, we also need to contract it with the

polarizations fϵμ; ϵμνg, respectively. We take the gluon
radiation as an example. Loosely speaking, the radiation at
order Oðg2n−1Þ can be obtained from the eikonal phase at
Oðg2nÞ by cutting off one worldline. Diagrammatically, the
gluon radiation of a binary source at leading order can be

gained from (48)–(51) by cutting the propagator k3 and
identifying k3 with the momentum of the radiated gluon.
The on-shell condition k3 · ϵ ¼ 0 plays the same role as the
δ̄ðk3 · p3Þ in the measure of the eikonal phase. This ensures
that the gluon radiation can be decomposed into CiKijNj,
with Ci attained from (43) and (40) by striping off c3, Ni
from (54) and (55) by replacing pμ

3 by ϵμ, and Kij being
identical to (46). From the same approach, we can also get
the gravitational radiation and decompose it as NiKijNj.
Therefore, we conclude that the double copy construction
works for radiation, too. We note that this is equivalent to
the approach considered by Shen [10] and Goldberger and
Ridgway [9] where the radiation is calculated by solving
the equations of motion.

V. FROM AMPLITUDE TO EIKONAL

The expectation values in WQFTare directly linked to the
classical limit of the S-matrix element. Consequently, we can
expect that the classical double copy of WQFT discussed is
also closely related to the double copy at the level of the
scattering amplitude. In this section, we consider scalar
quantum chromodynamics (SQCD), i.e., massive scalar
fields coupled to Yang-Mills whose double copy has been
studied in [30]. We claim that the classical limit of the
scattering amplitude of n distinct scalar pairs corresponds to
the WYM eikonal phase at Oðg2ðn−1ÞÞ, and show the
connection explicitly at Oðg4Þ. Moreover, we demonstrate
that the double copy of the eikonal phase is the classical limit
of the BCJ double copy of the scattering amplitude.
The exponentiated eikonal phase is directly related to the

classical limit of scattering amplitude [31,32],

ð1þ ΔqÞeiχ − 1 ¼
X
n¼2

1

2n

Z
dμ1;2;…;n lim

ℏ→0
Aðn → nÞ; ð64Þ
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whereAðn → nÞ denotes an amplitude of n pairs of distinct
massive scalars, and χ is the total eikonal phase, which
scales as ℏ−1 and receives contributions from all higher-
loop amplitudes. The introduction of the “quantum remain-
der” Δq (scaling as ℏn≥0) is needed for consistency [33].
Here, we only care about tree diagrams; therefore, we have

χn−1 ¼
−i
2n

Z
dμ1;2;…;n lim

ℏ→0
Atreeðn → nÞ: ð65Þ

The correspondence at the 2 → 2 level is rather trivial, so
we focus on the 3 → 3 case. The leading order 6-scalar
amplitude in SQCD is [30]3

ð66Þ

where we have introduced p̂i as the average of the ingoing
and outgoing momentum of particle i which is orthogonal
to its momentum transfer p̂i · ki ¼ 0. The color factors are

ĉð0Þ ¼ fabcTa
ijT

b
klT

c
mn;

ĉð123Þ ¼ ðTbTaÞijTa
klT

b
mn;

ĉð132Þ ¼ ðTaTbÞijTa
klT

b
mn; ð67Þ

where i; j;…; l denote the color indices of the massive
scalars. The corresponding numerators are

n̂ð0Þ ¼ −ig4p̂1;μp̂2;νp̂3;ρV
μνρ
123; ð68Þ

n̂ð123Þ ¼−ig4

2
ð4p̂1 ·p̂2p̂1 ·p̂3þ2p̂1 ·p̂3k1 ·p̂2−2p̂1 ·p̂2k1 ·p̂3

−2p̂1 ·k2p̂2 ·p̂3−k1 ·p̂2k1 ·p̂3þk2 ·k3p̂2 ·p̂3Þ; ð69Þ

n̂ð132Þ ¼−ig4

2
ð4p̂1 ·p̂2p̂1 ·p̂3þ2p̂1 ·p̂2k1 ·p̂3−2p̂1 ·p̂3k1 ·p̂2

−2p̂1 ·k3p̂2 ·p̂3−k1 ·p̂2k1 ·p̂3þk2 ·k3p̂2 ·p̂3Þ; ð70Þ

which has been brought into a form to satisfy color-
kinematic duality n̂ð132Þ − n̂ð123Þ ¼ n̂ð0Þ. In the classical
limit, we take small momentum transfers ki → ℏki and
consider the expansion in small ℏ following [19]. In (69)

and (70), we have already sorted the terms in powers of ki.
We identify the momentum as p̂i ¼ pi, although since
p̂2
i ≠ m2

i , we need to change the definition of pi to pi ¼
m̂ivi with m̂2

i ¼ p̂2
i .
4 At this order, the redefinition will not

change the WQFT result. The massive propagators will
become

1

2p̂1 · k2 − k2 · k3
→

1

ℏ
1

2p1 · k2
þ k2 · k3
4ðp1 · k2Þ2

þOðℏÞ: ð71Þ

Performing the classical limit of the Yang-Mills amplitude,
we also need to consider the classical limit of the color
factors, which was recently investigated by de la Cruz et al.
[20]. Built on their insight, we propose the classical limit of
the color factors to be

Ta
ij → ca; ð72Þ

ðTaTbÞij → cacb þ ℏcab; ð73Þ

fabc → ℏfabc: ð74Þ

Note that the subleading term in (73) guarantees that the
Jacobi identity holds in the classical limit.
It is now straightforward to compute the classical limit of

the amplitude (66) and extract the eikonal using (65).
Keeping only the leading order terms in the classical ℏ → 0
limit, we have

ĉð0Þn̂ð0Þ

k21k
2
2k

2
3

→ Cð0Þ
i Kð0Þ

ij N
ð0Þ
j ð75Þ

1

k22k
2
3

�
ĉð123Þn̂ð123Þ

2p̂1 · k2 − k2 · k3
þ ĉð132Þn̂ð132Þ

2p̂1 · k3 − k2 · k3

�

→ Cð123Þ
i Kð123Þ

ij Nð123Þ
j : ð76Þ

We therefore recover the eikonal phase of SQCD from the
WQFT, which directly operates at the classical level.
We can double copy the SQCD amplitude (66) by

replacing the color factors by the numerators. This results
in an amplitude of massive scalars coupled to gravity and
the dilaton. We can then likewise consider the classical
limit of this gravitational amplitude,

n̂ð0Þn̂ð0Þ

k21k
2
2k

2
3

→ Nð0Þ
i Kð0Þ

ij N
ð0Þ
j ð77Þ

3We have converted the result of [30] to follow our
conventions.

4This is related to the fact that we use Feynman propagators in
the amplitudes, for the details, see [18].
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1

k22k
2
3

�
n̂ð123Þn̂ð123Þ

2p̂1 · k2 − k2 · k3
þ n̂ð132Þn̂ð132Þ

2p̂1 · k3 − k2 · k3

�

→ Nð123Þ
i Kð123Þ

ij Nð123Þ
j ; ð78Þ

which coincides with our calculation in WDG. We have
therefore verified that the classical double copy of the
worldline quantum field theory is in full agreement with the
quantum double copy of amplitudes at LO and NLO. Note
that the double copy of SQCD contains self-interactions of
massive scalars [30]; however, these are short-range inter-
actions and do not contribute to the classical theory. So we
do not need to introduce additional terms in WDG, and the
double copy automatically works out.

VI. CONCLUSIONS

In this work, we have extended the WQFT formalism to
massive, charged point particles coupled to the biadjoint
scalar field, Yang-Mills, and dilaton-gravity theories. We
proposed a classical double copy prescription for the
eikonal phases, alias free energies, in these theories and
explicitly verified the validity of the double copy up to
quartic order (NLO) in the coupling constants. This entails
the double copy relation for the particle’s deflection (or
scattering angle) as the derivative of the eikonal with
respect to the impact parameter. With minor modifications,
our double copy prescription also applies to classical
radiation emitted in the scattering process. As a technical
tool, it was necessary to increase the number of worldlines
of scattered particles with the order of perturbation theory,
i.e., an (nþ 2)-body system for the NnLO order as well as
to consider the eikonal of WBS in parallel to establish the
double copy kernels. In fact, we expect all expectation
values in WYM and WDG to feature the double copy
relation as they are directly related to the quantum scatter-
ing amplitudes. To illustrate the connection, we compared
our eikonal phase to the classical limit of the corresponding
eikonal emerging from the massive scalar six-point ampli-
tude finding agreement.
These insights give us the expectation that the classical

double copy for the WQFT will prevail to NNLO and
higher. This would cure the breakdown observed in [17] of
a double copy prescription for the off-shell effective action
of the particle’s worldline coordinates xμðτÞ. The essential
difference of our approach to the off-shell effective action
of [16,17] is that in WQFT both the force mediating fields
and the fluctuations on the worldline are integrated out in
the path integral.
The most important application of WQFT will be to

Einstein gravity. This, however, continues to be a challenge
for the double copy prescription as it suffers from pollution
of the dilaton and, in principle, even the Kalb-Ramond two-
form. Many approaches have been explored to remove the
dilaton from the double copy construction [21,34–36].
Since the WQFT provides a simple way to extract classical

quantities, it might be easier to project out dilaton at the
classical level. It will be interesting to explore this in
future work.
An obvious extension of the classical double copy is to

incorporate spin, and some attempts in this direction are
[12,13,37]. The recently discovered hidden supersymmetry
in the worldline description of spinning compact bodies
[24] should be applicable to the Yang-Mills case as well. In
particular the limitation of coupling higher-spin worldline
theories to gravity might be overcome upon using the
double copy. Concretely, the construction of the

ffiffiffiffiffiffiffiffiffi
Kerr

p
solution [8] in the language of the WQFT would be an
interesting starting point.
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APPENDIX A: CONVENTIONS

We use the mostly minus signature for the spacetime
metric. The generators and structure constants of the color
gauge group are normalized such that

½Ta; Tb� ¼ fabcTc; ðA1Þ

TrðTaTbÞ ¼ δab

2
: ðA2Þ

Note that our fabc is different from a more usual convention
by a factor of i. For the YM theory, we use the standard
Lagrangian SYM ¼ −

R
d4xðFa

μνÞ2=4, where

Fa
μν ¼ ∂μAa

ν − ∂νAa
μ − igfabcAb

μAc
ν: ðA3Þ

In the Feynman gauge, the gluon propagator and the three-
gluon vertex are

ðA4Þ

ðA5Þ
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where

Vμνρ
123 ¼ ½ημνðk1 − k2Þρ þ ηνρðk2 − k3Þμ þ ηρμðk3 − k1Þν�:

ðA6Þ

The action of biadjoint scalar theory is

SBS ¼
Z

d4x

�
1

2
ð∂μϕ

aãÞ2 − y
3
fabcf̃ã b̃ c̃ϕaãϕbb̃ϕcc̃

�
: ðA7Þ

The Feynman rules are

ðA8Þ

ðA9Þ

For dilaton gravity, we strictly follow the convention
in [16] which extensively simplifies our calculation.
Originally, the action is

SDG ¼ −
2

κ2

Z
d4x

ffiffiffiffiffiffi
−g

p ½R − 2∂μφ∂μφ�: ðA10Þ

We expand it in the weak field limit (4). Using the field
redefinition of fφ; hμνg and the gauge defined in [16], we
rewrite the action as

SDG ¼
Z

d4x

�
1

2
∂ρhμν∂ρhμν

þ κ

4 · 3!
Vμαγ
123V

νβδ
123h1μνh2αβh3γδ þOðκ2;φÞ

�
; ðA11Þ

where Vνβδ
123 ¼ Vνβδ

123jki→∂i is the position space version of

Vνβδ
123, with the labels 1,2,3 indicating on which hμν the

partial derivatives should be applied. This yields the
graviton propagator

ðA12Þ

with

Pμνρσ ¼
ημρηνσ þ ημσηνρ

2
; ðA13Þ

and the three-graviton vertex is simply

ðA14Þ

From (A5) and (A14), we can already see the double copy
structure of the vertices.

APPENDIX B: EIKONAL AND MOMENTUM
DEFLECTION

Here, we provide a simple proof in the path integral
formalism that the partition functionZWQFT can be identified
with the exponentiated eikonal phase.Let us first consider the
derivative of lnZWQFT with respect to bμi ,

i
∂ lnZWQFT

∂bμi ¼
�
−
∂SWQFT

∂bμi
�
¼−

Z þ∞

−∞
dτ
�∂Lpp

∂xμi
�
; ðB1Þ

where in the last step we exploit the fact that in the full action
bμi only appears as the τ-independent background of x

μ
i ðτÞ in

the point particle action Spp ¼ R
dτLpp, where Lpp is the

Lagrangian. As the expectation value of the equation of
motion for xðτÞ vanishes, we can rewrite Eq. (B1) as

i
∂ lnZWQFT

∂bμi ¼−
Z þ∞

−∞
dτ

�
d
dτ
∂Lpp

∂ _xμi
�
¼hpcan

i;μ ijþ∞
−∞ ; ðB2Þ

where pcan
i;μ ¼ −∂Lpp=∂ _xμi is the canonical momentum con-

jugated to xμ. Since we are studying a scattering process, in
past and future infinitywemay assume that thepoint particles
are so far separated that the interaction terms vanish. In this
case, pcan

i;μ reduces to the kinematic momentum mi _x
μ
i , so we

have

miΔ_xμi ¼ i
∂ lnZWQFT

∂bi;μ : ðB3Þ

Therefore in this paper, we define the generalized eikonal
phase for more than two worldlines as

χ ¼ −i lnZWQFT: ðB4Þ
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