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Running coupling constant in thermal ¢* theory up to two loop order
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Using the imaginary time formalism in thermal field theory, we derive the running coupling constant and
running mass in two loop order. In the process, we express the imaginary time formalism of Feynman
diagrams as the summation of nonthermal quantum field theory (QFT) Feynman diagrams with coefficients
that depend on temperature and mass. Renormalization constants for thermal ¢* theory were derived using
simple diagrammatic analysis. Our model links the nonthermal QFT and the imaginary time formalism by
assuming both have the same mass scale y and coupling constant g. When these results are combined with
the renormalization group equations and applied simultaneously to thermal and nonthermal proper vertex
functions, the coupling constant and running mass with implicit temperature dependence are obtained. We
evaluated pressure for scalar particles in two loop orders at the zero external momentum limit by
substituting the running mass result in the quasiparticle model.
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I. INTRODUCTION

There are different quasiparticle models [1-9] used to
describe the state of the quark-gluon plasma (QGP). Many
of these models depend upon the corresponding running
coupling constant. Therefore the nature of the coupling
constant and associated renormalization group equations
(RGE) were always exciting topics in quantum field theory.

Using the renormalization group equation, Collins and
Perry [10] published a significant study on ultradense nuclear
matter (the idea of quark soup at high density) in 1975. The
concept of thermally dependent RGEs [11,12] considered the
mass and the coupling constant as temperature functions. In
deriving the coupling constant, changes in the vertex function
results in variations in the coupling constant [13,14]. This
means the coupling constant has a strong dependence on the
vertex function [15,16]. Also, the dependence of the coupling
constant on the gauge was investigated in [17,18]. Braaten
and Pisarski [19] introduced significant ideas such as hard
thermal loops and, using it, they presented the resummation
of quantum chromodynamics (QCD) thermal perturbation
theory. A perturbative analysis of QCD at the static limit was
shown in [20]. The authors used both momentum and
temperature-dependent RGEs and derived a coupling con-
stant that depends on momentum scale and temperature.
During the same decade, several renormalization concepts

*arj unk_dop@uoc.ac.in

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2022/105(2)/025023(30)

025023-1

were introduced, including environment friendly renormal-
ization [21,22] and the idea of using more than one
renormalization group for running mass and temperature
[23,24]. Recent developments include the research on mag-
netic field effects on the coupling constant and the expression
for the thermomagnetic coupling constant at one loop
order [25,26].

On the description of QGP [3-7,27], most of the models
take readily available coupling constants [28] from QCD and
evaluate their results. The most famous coupling constants in
QCD have inverse logarithmic [29,30] thermal dependency.
Steffens [31] investigates the nonlogarithmic and logarithmic
nature of the QCD coupling of the high-temperature limit. We
can find works related to quark dynamics in a magnetic field
that apply magnetic field-dependent coupling constants
[25,26] in quasiparticle models [8,9,32,33] to determine
the equation of state. These models consider quarks and
gluons as quasiparticles with thermal mass depending on
various parameters such as the coupling constant, temper-
ature, and magnetic field.

In the context of nonthermal and thermal field theory, we
pay special attention to the quartic (¢*) interaction (also
known as the toy model) theory for two loop order. In this
work, we use the simple diagrammatic analysis [34] in
imaginary time formalism (ITF) [35] to derive a coupling
constant that obeys RGE for both thermal and nonthermal
field theories under the same mass scale y and coupling
constant g. We take advantage of the analytically consistent
theory [36], evaluated at the external momentum equal to
zero. We can extend the same approach to QCD.

The self-energy part of the quartic interaction tadpole can
be found in papers [37-41] under various approximations
such as massive and massless Lagrangian density. The
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authors of [39,42] calculate the free energy part of the ¢*
interactions, and [43] contains the higher-order calculations.
In our work, we define Lagrangian density as

1 A
L3009 -mpt =20t (1)

and follow a systematic approach (4 is the nonrenormalized
coupling constant). The Lagrangian density is massive itself
and consists of a quadratic and quartic interaction term. Some
of the Feynman diagram integral results and formulas derived
and used in this work may be found in other publications
[34,35,44-46]. We employ the dimensional regularization
method [47-49], which successfully regularizes non-Abelian
gauge theory while preserving symmetries. The minimal
subtraction scheme (MS scheme) follows after regularization,
in which it corresponds to canceling out the pole parts (€)
through the method of counterterms [50]. Then we apply the
corresponding RGE to finite proper vertex function (FPVF)
in imaginary time formalism in which the removal of
divergences at ¢ — 0, and the vertex function becomes finite
54-51]].

In this work, we use subscripts QFT (quantum field
theory) and ITF to represent Feynman diagrams expressed
in nonthermal QFT and imaginary time formalism.
Abbreviations TLA, SMC, and FPVF, represent for the
“two loop approximation”, the “same mass scale (x) and
coupling constant (g)”, and “finite proper vertex function”,
respectively. Throughout this paper, we used Euclidean
momentum K = [, , k] to write K* = w;, + k. One can
see three f’s appearing in this work. # denotes 1/7. (g)
denotes the beta function associated with RGE. 3, and f;
are the coefficients of ¢> and ¢ of the beta function,
respectively.

In the RGE, we have an equation connecting the
coupling constant with the mass scale using f(g) = df—ng”
and an equation connecting the running mass with mass
scale 7,,(9) = ‘flll?l’;’ In thermal and nonthermal field the-

ories, f(g) and 7,,(g) have the same expression. Suppose
we have an additional equation connecting the coupling
constant with temperature. With the help of $(g),7,.(9),
and this new temperature-dependent equation, it is possible
to find the temperature-dependent running mass, mass
scale, and coupling constant.

We introduce a new approach where we apply RGE
simultaneously on thermal and nonthermal FPVF under
SMC. It results in a polynomial expression in g of order
four. After a close examination, one can find that coef-
ficients of ¢, g,¢° are zero. So the nontrivial solution
reduces to a linear equation in g with coefficients that
depend on running mass, temperature, and mass scale. A
minor rearrangement brings out the relation between
coupling, running mass, temperature, and mass scale.

We follow a systematic approach [34]. To ease the
calculation, we make relations between diagrams in thermal

and nonthermal field theories. We try to express all the ITF
diagrams as the sum of QFT diagrams with thermal
coefficients.

In Sec. II, we write down all essential diagrams, such as
two- and four-point functions in one and two loop order, in
ITF and QFT. We express ITF diagrams as sums of QFT
diagrams (with and without thermal coefficients). We derive
the requisite counterterm diagrams in Sec. III to remove the
divergences from the corresponding proper vertex function
and derive renormalization constants in ITF. In Sec. IV, we
calculate renormalization constants through necessary dia-
grams. Section V discusses the idea and outcome of applying
RGE on the FPVF difference and how it will lead to the
temperature-dependent coupling constant under SMC.
Section VIincludes plots revealing the temperature relations,
such as the coupling constant vs temperature, running mass
Vs temperature, mass scale vs temperature, and pressure vs
temperature. In Sec. VI, we verify the qualitative behavior of
running mass and coupling results. We substitute the running
mass on the self-consistent quasiparticle model [5-7] pres-
sure relation and check whether it will lead to the Stephen-
Boltzmann limit at the higher temperature approximations.

Another essential nature is the flexibility of this model. It
depends on the integration constants and functions (g) and
¥m(g). Once we have data points, we can fit running mass,
coupling, pressure results to the data points by choosing
appropriate values for the integral constants.

II. REGULARIZATION

It is possible to write down all diagrams in the ¢* theory
by a set of fundamental nontrivial Feynman diagrams
known as one-particle irreducible (1 PI) diagrams. In other
words, they are the smallest building block of diagrams:

r® = )y'- %Q+ i&+ é% , (2)

(3)

Equations (2) and (3) are two- and four-point vertex
functions, expressed using corresponding 1 PI diagrams.
In ¢4 ITF and nonthermal QFT, both these two- and four-
point functions and their corresponding integrals diverge.
We follow the dimensional regularization procedure in which
we introduce a parameter to pinpoint the diverging term and
separate the singularity [47—49]. In Secs. Il A and II B, we
express the two- and four-point vertex functions in ITF as the
summation of corresponding nonthermal QFT vertex
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functions with thermal coefficients. In the following evalua-
tions, the remaining gu® will become 1 &~ gate — 0. Similarly
in the case of finite terms, 1> — (gu¢)* ~ ¢* as € — 0.

A. One loop order diagrams

1. Two-point function

We define the tadpole diagram in imaginary time
formalism as

O = Ty f Cp oy

P -t-m2 +w? (27)3

and that of nonthermal ¢* theory as

QQFT:-Af 1 _d% 5)

p?+m?2 (2m)%’

and we use the result from Appendix A-1 and express
tadpole in ITF in terms of tadpole in nonthermal QFT as

QITF = QQFT - AS1(m,T), (6)

where

Siy(m,T) = /nB(eﬁep) (621”1))3

- %i <2fmﬁ> (nfm). @

n=1

We can describe the divergence as a singularity of param-
eter ¢ by substituting 1 = gu¢ at dimension N (say) to
N — €. We get the regularization result

QITF = m—2g |:Z + 1,[)(2) +1n (47”;2 )]
6 RO

(47)>
- gp-Si(m,T) + O(e),

in which y(n) is the Euler Digamma function, ¢ is the
dimensionless coupling constant, and ng(x) = (e¥ — 1)~
As € — 0, the first term diverges.

2. Four-point function

The four-point function diagram definition for one loop
order is

°° AT 1
Hore- [ 42 o

wp +Epw

Nnp=—00 npfnq
with &5 = p? + m? (diagram is also known as scattering
diagram). The corresponding diagram in the nonthermal
QFT is

1
>Q<QFT f 27r)4 P2 . (10)

m2 (P -Q)?+m?

One can relate these two diagrams after regularization

3—€ 4 4—e
G~ g b~ ke i = )

Appendix A-2 as
>O<ITF = >O<QFT,Q0:wnq +(g1)* W (g,n4) (1)

with
W(I’, nr) = /
€p

Using dimensional regularization (4 = gu¢) and standard
textbook results [34], we can write

2 e 1 A2
Karr - o (f+w<1>+f0 d““[@%(l—l;wmQ])

+O(e)

as shown in

2np(e,)(r* +2preos@+wl)  dp
((r*+2preos@+w; )> +4eswi ) (27)*
(12)

(13)

with Q = [, . q].

The external momentum X is the sum of the i incoming
momenta k 1+ kz and the Matsubara summation parameter
Wy = O+ Oy s where w,, = 2zn, T with n; being an
integer. For Matsubara summation, we use the sym-

3
bol X, = 300 J (5

B. Two loop order diagrams

1. Two-point function

In TLA, we have to evaluate the following diagrams and
express them in terms of thermal independent QFT dia-
grams with temperature function coefficients. The integral

expressions of 8; in ITF and QFT are

22T 1 2
Z;, P Lz _Hoz} (14)
P1:P2 “pl np, p2 Npy
and
&) eha (15)
e?,l 8?,2 (2r)* (27)*°

respectively, with €5 = p* 4+ m*. We follow the same con-

vention as shown in Sec. I A. As specified in Appendixes A-3

e £p _, d&p dp
Y(2n) 7 Qo o)t

and A-4, after regularization (A — gu®,

d4e

W ,€ = 0) we get the results
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&ITF = &QFT

e e

4
0
+ g/fSl (m, T)w [QQFT]

2 Sl (m7 T)SO (m7 T)
41 '

(16)

+(gp°)

The expressions for <=-; in ITF and QFT are

1 22 T2
Z: &2 2 2 2 (17)
P1.P2 P1 + w €p, + a)npz €P|+Pz+(1 +o

Mp1tpy+a

and

/ 21 1 d*p, d*p,
8%71 8?’2 8?’1"'1’24"] (Zﬂ)4 (2”)4 ’

(18)

respectively. From the result of QFT [34,45,46] and corre-
sponding ITF, after regularization (A — gu¢, d>p — d°~¢p,
d*p — d*¢p), we express the sunset/sunrise diagram at
external momentum zero as

1%ITF|K 0= %QFTM =0

L Sim, 1) Sl(m T) g°u (47w )+§] o

1
6

(4@[
S0 £ - ) Eebrn
+0(e),
where
Y(m.T) / / U(x)U(y)G(x, y)dxdy, (20)
U(x) = sinh x) (21)

exp (fmcosh(x)) — 1’

1 42cosh(x —y) 1 —2cosh(x +y)
e (22
G(x )’) n<1+2COSh(x+y)1_2C0Sh(x_y) ( )

:%fj( ) Kt (23)

In these two cases, the remaining gu¢ will become 4 ~ g
at ¢ — 0. Similarly in the case of finite terms, (gu¢)* =
? = g* as € — 0. Detailed expansion and results are given
in Appendixes A-3 and A-4.

2. Four-point function

This section also expresses the other relevant ¢* four-
point diagrams in TLA according to the same convention as
Sec. II A. We have regularized results

>QQ<ITF = mQFT,kOIMnk
= 2guW(k,ny) |:>Q<QFT,kownk:| (24)

— (gue)’ W2 (k,ny.),

A )
S(EEr O

are corresponding nonregularized integral expressions for

where

and

ITF and QFT. Here [0, . k] denotes one of three momentum
combinations [a),,kl + a),,kz,k_; + k_;], [co,,kl + a),,kz,k_] + k_;],
and [a)nk] + o, . lgl + k;] Detailed expansion and deriva-

tion are given in Appendixes A-5 and A-6. Another required
diagram and its ITF and QFT relations can be expressed as

>®<ITF = >®<QFT,k0=wnk
L guSi(m,T) 9

5 Iz |:>O<QFT,ko=wnk:|
_ (gp)? 0 W (k) [QQFT]

2 om?2
351(777/ T) 8
2 om

+(gu°)

The integral expression of the above diagram is

1 1 1
Y D o8)
er +on (65 +ap ) 9= e+ o,

and

L fdp 11 [ dq 1
G @f 2, (@) ./ e P

for ITF and nonthermal QFT, respectively. By defining
operator /C [34], which picks up the diverging terms from the
corresponding graphs on which it has applied [i.e.,

025023-4
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K(g + B+ ce) = g], another complex diagram result can
be summarized as

é ITF

K =K é QF T koi=wn, ]
(30)
= g W (ki g, ) (>Q<QFT)
with
1 =2 1 1 d*p d*
/ 22 2.2 p4 q4 (3 1)
€5 €% 1hy—p €1 En—gik, (2m)* (27)
and
I 1 13712 1 1
P4 8%’ + w%p 8%1 tho—p T wz”kl +hy=p 83 + w%‘q 85"‘1""1(3 + w%p—zﬁkz
(32)

These are the diagram’s nonregularized integral expressions
in QFT and ITF, respectively. The complete derivation of the
above diagram is in Appendix A-7.

III. COUNTERTERMS AND MINIMAL
SUBTRACTION SCHEME

Counterterm diagrams are those that make the vertex
function finite when added with the vertex function. The
previously derived diagrams in Sec. II contain terms that
diverge for ¢ — 0. We redefine the proper vertex function to
the divergence removed proper vertex function (FPVF). We
use the MS scheme to deal with diverging terms. Here,
operator K separates the diverging terms, i.e.,

I =10 — rm), (33)
By this definition

I® =r® - (re), (34)

W =1 - K(rH) (35)

A. One loop calculation

The counterterms in one loop order are usually the pole
term in diagrams with a negative sign.

1. Two-point function

We have to find the counterterm for first-order g, and we
follow [34] as the reference text; then

T2 - (

)itE {%QITF
(36)
—XK— 4 —%} + (9(92),

where —>¢— represents the contribution of the mass
counterterm, —&— represents the field contribution, and
(—) under Euclidean momentum representation. In
imaginary time formalism [39,44], the tadpole diagram’s
diverging term is the same as that of nonthermal QFT. The
counterterm needed to cancel the tadpole divergence is
proportional to m? and is

% = —mQC}nz = —%,C (QITF)

from Appendix A-1
1
= —§K: (QQFT)

2 g 1

- (4m)2 €’

(37)

and the counterterm proportional to K2 in first-order g is
Zero, SO

-K?cy =—6—=0. (38)

Thus the finite proper vertex function, which is finite at
e — 0,

o )y'- (;Qm - %IC (QITF))

+0(g”)
(1O e D)

+ gSl(m,T)+O(g2).
(39)

2. Four-point function

Similar to the two-point function case, the four-point
finite proper vertex function is

f(4) :_(><+g >O<ITF +><ITF)+O(93)- (40)

The counterterm is the pole term of the scattering diagram
with a negative sign. In both ITF and QFT, the pole term is
the same. Scattering diagrams in ITF and QFT differ by a
finite thermal term:

025023-5
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3
g = —/fgcsl, = —§IC (>Q<ITF)

from Appendix B-1

(41)
= —g’C (>O<QFT)
= >l<QFT =-uy (4?:])2 %

B. Two loop calculation

The redefinition of the proper vertex function in one loop
order [Egs. (36) and (40)] to make it finite causes more
counterterm diagrams to emerge in the two loop order
calculation.

1. Two-point function
The finite two-point function up to TLA for ITF is

f(Q) = (7)71 — (%QITF +% +4@7)

3.
ol ITF + 5 ITF (42)

4

+0(g%).

1% 1
- 5 ITF + 5 ITF

When compared to Eq. (2), the additional terms that
appear here are the counterterm diagrams in two loop order
to make the proper vertex function finite.

The pole term (1/€", n > 0) can have both thermal and
nonthermal coefficients. Substituting — m*c! , of Eq. (37)
for —gu® in Eq. (9) the scattering diagram at n;, k = 0 gives
one of the counterdiagrams required. Appendix B-2 con-
tains the detailed derivation:

O a2 O
9 So(m, 1) e [QQFT] .

(43)

4r 4

It is possible to express the counterterm diagram as the
sum of similar diagrams in QFT with nonthermal coef-
ficients and other diagrams with thermal coefficients, as
shown above.

As given in Appendix B-3, if we replace —ug in the
tadpole of Eq. (8), in ITF by —,ué‘gc; of Eq. (41) we get

1 1
§QITF = §QQFT
3g 0
— ZSl(m, T) W’C (QQFT)

(44)

with

Sum 1) =23 (52 ) Kutipm). 49

j=1

To find the remaining diverging terms in the vertex
function, we write down the diverging terms of each
diagram expressed in the two loop vertex function.

As stated in Appendix A-3 the diverging terms in the
diagram in Eq. (16) expressed in terms of QFT poles with
thermal and nonthermal coefficients are

NicEnie
Z]C ITF —Z/C QFT

- %S@(m, T) lK: [QQFT:I

4
+ M%K (QQFT) .
(46)

The diverging part of the sunset/sunrise diagram in the
vertex function is

() e )
(D)

om?

+ gSl(m,T)

as described in Appendix A-4.
Interestingly ITF two-point functions total divergence is
the same as that of QFT at ky = @, » 1.e.,

025023-6
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1 1
i’c &ITF + %IC (%ITP) (% * 497)ITF - _’C §QITF * Z e

1 1
1 1 +6 ITF + 5 ITF
+ 3 ITF + 3 ITF
(48) +% ITF}
8. e
= ZIC QFT | + EK( QFT,ko=wnk) =( + )QFT,K:[%kﬁ]
e m g (2w m? K2
N 1 N 1 o @n)? e (4m)t\ e 2¢  12¢
5 QFT 5 QFT- (49)

with K2 = w3, + K.

That is, in ITF, if we follow the textbook procedure [34],
the sum of counterterms is identical to that of QFT, with
ky = w,, . If we extract the polynomial with coefficients m?
and K2, we get [34]

m(c!, + 2,) = m? [(4“;)2}% (%—%)] (50)

For field renormalization, we have to consider the term
proportional to K2, so

All other terms cancel with each other. Nevertheless, still,
divergence exists in Eq. (48). ¢,2» and c, absorb the
remaining divergences. So the total contribution to counter-
terms ¢, and ¢ up to g% in ITF is identical to that of QFT
at kg = w,,:

E *;\ 2 K2
K ( QFT) |m=0,ko=wnk = g : (51)

(4m)* 12¢

S| =

2. Four-point function

To proceed further, we have to remove the divergences of the four-point function using the renormalization procedure
[34]. The result is the same as that of nonthermal QFT, i.e.,

r ; e 35X 0K
T = { + 2 >Q<ITF + X +3 ITF + ZmITF + 2 ITF + 3 >Q<ITF +3 ITF}

(52)

+0(g").

From Appendix A, one can verify the above results with complete derivation. Taking those results, we write from

Appendix A-7
3K (GITF) = 3]C( é ; QFT,k?U=Wnk) -3 g W(k,nk) IC (>Q<QFT) , (53)

from Appendix A-5 as

ZK: (mn«F) = %K; (mQFT’kO:wnk) — ; g W(k, nk) K: (>O<QFT) s (54)

025023-7



ARJUN, VINODKUMAR, and BANNUR PHYS. REV. D 105, 025023 (2022)

and from Appendix A-6 as

gIC (>®<ITF) = gIC (>®<QFT,kU=wn,k) - 3—92% K [QQFT] .

4 om?

The counterterm derived for the four-point function from Appendix B-4 is

3K (><)<ITF) = 3K (@QFT,I%:wnk) + g g W(k,ni) K (>O<QFT) ;

the other counterterm for the four-point function from Appendix B-5 is

om?

Adding Egs. (53)—(57), we get

fa (@aw)+;K(>O©<ITF)+3K(@ITF)+3K PO [ |

_ {;;;c (GQFT) v 2K (@@QFT) v 2K (@QFT) +3K (@QFT) +3K (@QFT)} [—

IV. RENORMALIZATION CONSTANTS

Therefore, we get the renormalization constants as

2

Zy(ge ) =1+ # F/c (>O<ITF) 3K (ém) . Z/c (>QQ<ITF) ; gzc (@ITF)
1 {ﬁn(@QFT)+3K(éQFT)+;K(>O©<QFT)+3K(@QFT)
L3k (>Q<QFT) +3K (@QFT)} lboma,

So from the standard result of QFT [34] under SMC,
Z( €_1)_1+ 9 §+ g2 2_%
AP E T T e i \ @ e)

Similarly, from Egs. (48) and (50), Appendix A-1, and Secs. III B and TIT A 1,

025023-8
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g 1 7 2 1
——=-=). 63
(471') P (4m)* <€2 2¢ (63)
From Sec. IIl A 1 and Eq. (51), we get

11
Zg=1+—-K (%QFT) lm2=0,ko=wn,

K26
:1+C¢

Z,p(g.€7) =

(64)

g 1

C (4m)t12¢

The above results show that for two- and four-point
functions at TLA, the values of ZyZy, and Z,» for ITF are
|

L)
: K(ﬁi ()

1
&ITF + EIC (%ITF,KZ—O)

(62)

QFT [+ & /C QFTK2 )

the same as for nonthermal ¢* theory [34]. So we demand
that the RGE for QFT must also be true for ITF.

V. RENORMALIZATION GROUP EQUATION IN
TWO LOOP ORDER TWO-POINT FUNCTION

The previous results show that no Z,, Z,, or Z,. is
explicitly temperature dependent, and they agree with the
nonthermal field theory. However, a nonexplicit reliance
may exist via the coupling constant g as g(u(T)).
Furthermore, we use RGE for TLA to see if such relation-
ships are possible; i.e., we demand Eqgs. (66)—(70) to be true
for TLA under SMC. Here the RGE is explicitly temper-
ature independent, but the vertex function in ITF is
temperature dependent.

d - 0 0=
e T —— —— [T T,u) ~ 1140 65
T 00T = [ Bl0) 1= (a) + g 5 0,0 T.1) 100, (69)
0 0 0 ap
[Ma—ﬂ +h9) g, =29 + rmma—m} Titk(m. 9. T. ) # 110, (66)
0 0 0 l=n
b L) 5 = 20(0) + p 5 G 0n, .7 0. (67)
[
7(9) % 129" (70)
g _ 2 3
din(u) P9) % Prg” +Pags (68) In the previous section, we expressed ITF diagrams as
the sum of corresponding QFT diagrams with subdiagrams
(m(x)) having thermal coefficients. Therefore we can write the
dIn(m(u ; ;
21000 = (D) X Yy 0 + Ym0 (69) FPVF in ITF as the sum of FPVF of QFT with some

subdiagrams having thermal coefficients under SMC.
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At external momentum zero, we can write

(2ITF (2)QFT iff
Iﬂlﬁmte K=0 — Iﬂlﬁmte K=0 + Fd ﬂ’ (71)

where Fg—m)ne =T@ - K(r®).

Thus any RGE that is valid for both ITF and QFT will
also be true for their differences (T° H: - FE);T) Then
Egs. (66) and (67) lead to

0 0
(o 005"

From the previous section, it is clear that the individual
Feynman diagram evaluated in ITF and QFT at ky = w,,, is
different. Still, the two-point and four-point vertex diver-
gences are of the same form. Thus the renormalization
constants (Zmz,Z s Cp2s cg) are in the same structure.
Therefore we can use the results of nonthermal ¢* theory
for finite functions f(g), y(g), and y,,(g) from [34] for
ITF also.
At K # 0, the functions are

2r(9) +¥m }F‘”ff =0. (72)

0
Oln(m)

¢,
_1 g 5 ¢ _ 2
ym(g) - 2(471_)2 12(471_)4 =9V m1 +g Ym2»
34 174
p(g) = —eg+ (4i)2 —3(4—i>4 =g+ 9P+ 95 (73)

When K -0, ¢ - 0, as shown in Appendix C, the
functions change to

r(9) =r29° =0,
1 g 1 ¢
_ 37 69 _ 3

The general form of the two-point FPVF at TLA is

O (0)

HESH el -

T _ (

In order to simplify these equations, let us define an
operator

A(A) = AITF\k,wnk:o - K<AITF)|k.wnk:O

= Aqrr kg k=0 T K(AGQET) [k, k=0 (76)

where A represents the approprlate diagram.

Since we defined Fd‘ffk_o =TOMME| o —TOXET|
we get -
NN el YRR
ny, k=0 2 4 6
(77)

From Appendix A-1, we get

%A (Q) =251 (m, 1) (78)

From Appendix A-3, we get

A = —So(m,T)Sl(m,T)
167

4

g*m?Sy(m,T) 4
i o ()

QQSl(maT) 47T,U’2
+—4(47T)2 [¢(1)+ln( - )]

(79)

From Appendix A-4, we get

() foen(55))

6
g*S1(m,T) V3m
2(47)2 (2_ 3 ) (80)
g2m2
Sy Y (m,T)
with
Y(m.T) = A " /0 " U)UL)G(x, y)dxdy, (81)

sinh(x)
exp (fmcosh(x)) — 1’

14 2cosh(x —y) 1 —2cosh(x+y)
Gley) =1 . (83
(x,y)=In (1 +2cosh(x +y) 1 —2cosh(x —y) (8)

Ux) =

(82)

025023-10
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Therefore by combining the above results, we get

aitt 9
i =381 (m.7)

()
2

g
 4(4n)

So(m, T)S;(m,T)

g2m2

s So(m, T) [w(Z) +1In (4%2”

2
——Y(m.T)

_gm?
647"
2

el ”[2_%}

Thus combining Egs. (84) and (72) and expanding it as a
polynomial in ¢ looks like a polynomial of order four.
However, as shown in Appendix D, the coefficients of ¢°, g,
and ¢° are zero and lead to first-degree polynomials. When
we rearrange the linear equation in g, we get

(84)

A(m,T)In(u) + B(m,T)

glm.T.p) = C(m,T)In(u) + D(m,T) (83)
with
A= [~V Voim =26V (m, T)], (86)
C= [2(:83 - 72)V2 + ymZVlln m]’ (87)
= 2y, = p3)T1 =2,V (m,T)
- ymlvl,lnm - YmZTl,lnm’ (88)
D = 2(ﬁ3 - YZ)VI + ymZVl,lnm9 (89)
1
Ty =58:1(m.T), (90)
m2
Tijom= _ES()(mv T), (91)
m? 4z
Vi(m,T) = WSo(m, T) [1//(2) +1In (nﬂ)]
381(m.T) 4
i o ()]
L 1) () = v T
—m o(m, T)S(m, )_64n4 (m,T)
S] (m, T) \/gﬂ'
322 {2 3 } ’ (%2)

Va(m.T) = (2(’Zfﬂ)3SO<m,T> —W) (93)

2(4r)
m2S,(m m*S_,(m,
Vz,lnm:4 (i;)i)3’T)— S(_47£)4 T), (94)
m2
Vi = s Soln. ) (1) + (25
A

g+ G

381(m,T) m>S3(m,T)
2 (4n)? 2(4r)?
)
2(4m)2 "
m*Sy(m, T) {
(4n)°
m* 9Y(m,T)
327 om?

+ S1(m, T)S_;(m,T)

_\@n] _m

3| T3t

(95)

The other trivial value of g that satisfies these equations is
zero, so we do not care about those solutions. Instead,
choosing another physically possible solution [as in Eq. (85)]
leads to a thermal-dependent coupling constant. If we
combine with a beta coupling constant relation such as

dg(u)
dIn(u)

it gives rise to the result

[ 1
i) = [ Wd

ﬂz ? <3 ﬁ2>+lnﬂ0 (97)
2

Similarly, the corresponding running mass coupling relation
is

= pg* + g’ (96)

dIn(m)

When combined with Eq. (96), it results in
Oln(m) dg
= ahl(m) — }/m(g) — Yml1 + Ym29
dg Blg)  Prg+Psg*
m Ym1 Vm2 Vm1
In <mo) =1 +Eln( 9)+ <ﬂ3 - ﬂz) In(f39 + pa),
(100)
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where Inuy, mg, and y, are the respective integration
constants.

Solving Egs. (97), (100), and (85) simultaneously, we get
the temperature-dependent running mass and coupling
constant.

Combining the above results with the quasiparticle
model of Bannur [5-7], we get expressions for energy

density and pressure as
( >2 T
nm T
T

e [ (7) (7)) 0o

4 o

m
eT) =955 >
n=I

(101)

and
(103)

P P, Te(m(T),T)
P_ro_ [remTuT)

0

VI. RESULTS AND DISCUSSION

We have derived an equation relating running mass, mass
scale, coupling, and temperature, i.e., Eq. (85). Similarly,
we have the equation connecting running coupling with
mass scale known as the beta function equation as in
Eq. (97). Furthermore, we have an equation connecting
running mass and coupling as in Eq. (100). Solving
Egs. (85), (97), and (100) for each temperature value will
give us the results as shown in the figures. If one wishes to
keep the p independent from this set of equations, then as
pointed out in [34], one can redefine it as 4 — opu. In that
case, our above expressions will be a particular case of
o= 1. One will have to rewrite all equations of RGE
concerning these changes, and a new differential equation
between ¢ and u will appear, as shown in [34].

We plot the main results in Figs. 1-4, with varying
integration constants. Two loop coupling constant results
and two loop running mass results are shown in Figs. 1 and
2, respectively. It is evident from Fig. 2 that as temperature
goes to infinity, the running mass per temperature goes to
zero. To understand the nature of pressure proposed by the
model, we plot pressure against temperature with different
values of T,, P, in Fig. 3. These results show similar

trends, i.e., f — 0; i.e., T — oo pressure reaches the ideal
limit Pgg = Pigeas = % T#, irrespective of the initial value.

Pgp is Stefan Boltzmann’s limit of pressure. In Fig. 4, with
a given In y, and y,, at high temperatures, the ratio p/u,
goes to a constant value. The same trend can be seen in
Fig. 1, i.e., going to a constant value at a high-temperature
limit. Fitting with lattice data can be used to find appro-
priate integration constants y, and y,. When 7' — 0, as per

79

In po=-1, Yo=-3.203972804325936 ——
In po=-1, x=-4.0 ——
\ In po=2.0, x2=-3.0
78.5 | \ In np=10.0, x,=-3.0 9
In Yp=100.0, x,=-3.0

a(T)

100 1000

T/mg

FIG. 1. Two loop coupling constant results. g against 7/m
plotted with varying values of integration constants In u, and y,
with mg =~ 1.

0.35

In Ho=-1, =-3.203972804325936 ——
In po=-1, xp=-4.0 ——
In po=2.0, x,=-3.0
In po=10.0, x,=-3.0 T
In pp=100.0, x,=-3.0

100 - Al‘OOO
T/mg
FIG. 2. Two loop running mass results. The difference between

the curves is due to the different integration constants, as shown
in the figure.

2

T
Po=0, To=1.0, In pho=-1, xp=-4 ——
Po=0.05, Tp=0.7, In po=-1, xp=-4 ——

Pp=0.04, Tp=1.0, In pp=100, X;=-3 4

1.8
1.6
1.4

1.2

1

P/Pigeal

0.8 B

0.6 i

0.4} .

0.2 B

0 I I
1 10 100 1000

T/mg

FIG. 3. Pressure scaled by %T“ against T/my, with varying
values of T, Py, In g, y».
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5500

T

In po=-1, x,=-3.203972804325936 ——

In go=-1, xp=-4.0 ——

5000 In po=2.0, xo=-3.0 g
In pp=10.0, X,=-3.0
In up=100.0, x>=-3.0

4500 1

4000\ ]
3500

3000} B

WHo

25001 4

2000 4

1000 L
10 100 1000

T/mg

FIG. 4. £ plotted against 7/m, with varying integration
constants ln(uo) and y, with mg ~ 1.

Appendix D-1, g~ —(y,u1/Vm2)- As a result, at T =0,
In(u/py) becomes a complex number. However, one can
make the p a real number by choosing 4, a negative
number/complex number/complex function that can cancel
the complex factor appearing on the right-hand side
Eq. (97). The same holds for running mass. So by choosing
the appropriate integration constants/functions at the zero
temperature limit, one can still make the mass scale and
running mass real or complex. These integral constants
used in our model make it flexible. However, the best way
to determine the value of integration constants will be to fit
the actual data with the corresponding function once it
becomes available. In our model rather than selecting the
mass scale ourselves, we set the mass scale y to be a
parameter that obeys RGE. The temperature dependence
came naturally.

The quasiparticle model [5-7] derives energy density
from standard statistical mechanics at relativistic Bose-
Einstein distribution. The pressure Eq. (103) has the
property that at T — T, the integral part of the equation
becomes zero. Hence, the pressure converges to the P
value. From Appendix D 2 itis clear thatas 7 — 0, energy

density &(T)

VII. CONCLUSION

We conclude that the renormalization constants in imagi-
nary time formalism with one and two loop approximations
are identical to those in nonthermal QFT. In our new
approach, by applying RGE on thermal and nonthermal
vertex functions simultaneously, we derived the coupling
constant and corresponding running mass at zero momentum
limits, where self-energy is analytic [36]. The running mass
and coupling constant with temperature dependence with
varying integration constants are plotted in figures for
massive ¢* field theory. Combining these results with the
quasiparticle model of Bannur [5-7] [Egs. (101) and (103)]

and by choosing different values for P, and T, we have
evaluated the pressure for the temperature-dependent run-
ning mass. At higher temperatures, we observe pressure
reaching its ideal limit g z T4 irrespective of its initial value of
Py/Ty. Our model is flex1b1e in such a way that once the
experimental data or lattice data are available for some range,
we will be able to tweak the integration constants in our
model and compare. It will be interesting to know the results
when we extend this model to QCD in the future.
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APPENDIX A: INTEGRAL EQUATIONS ITF TO
NONTHERMAL QFT CONNECTIONS

Here we derive the necessary diagrams for the calcu-
lation. Also, we used approximations 4 = gu® on regulari-
zation, especially at the final stage. We used an operator /C,
which picks up the diverging terms from the corresponding
graphs it applied. i.e. IC( + B+ ce) = A

1. Diagram one loop A

We can write

[{—A}QITF]

1
a7
(27nT)? + p? + m?

oo 1 d?)p
A f T
Z o W2 + 52 (2m)3

- f P2 1m2 @nyi A T)
= [{—A}QQFT] - AS1(m,T),
(A1)
where
Sl(mj)z/% 3 :%2<2ﬂnﬂ) fm)
(A2)

with K(n, x) is the modified Bessel function of the second
kind and ng(x) = (exp(x) — 1)~

The braces {1} serve as labels rather than a multiplica-
tion factor. If we proceed with dimensional regularization,
then the Feynman diagram with substitution A = gu¢
becomes
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2
[ o e = 8 2w (425 ) |+ 000 - ansim. ), (43)

where we used standard results [34],
1- Q] 2 v ()

Equation (A3) can be verified using a similar integral result [40,46]. The main difference is that we have defined

AI/(P):QW f: / f(p) éﬂ;;i (A5)

while [40,46] defined it as

7Y, 0= () S [ (a6

2. Diagram one loop B

The integration part of 2 — 2 scattering diagram without A is

/ & S o / I I P
(2x)3 W, +ew) _, +eh, ) P2+m?(P—R)?*+m?(2x)*

n,=—c0
1 &
/nB 168 : p3 ) (A7)
= 2e,€,,, 01, + €, + iow, (27)
Corresponding diagrammatic expression is
(o Ko = (VP Ky, + (VW () (A8)
with
dp 2 242 0+ w;,
W(r,n,) = / P% ng(Pep) . r° 4+ 2prcos ;5 ' (A9)
(2z)* e, (rP+2prcosf+w; ) +4e S wn

Applying dimensional regularization (4 = gu¢) and using the result from the standard textbook [34], we can write

2

{92u6}>Q< (4)2(4—1/)(1)+’/01dgl:ln|:47T'um2

R*r(1-x)+ ] |Ro=wn, + 0(6)) + g W (r,n,) (A10)

with R = [w, , 1].
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3. Diagram two loop C
The ITF and QFT relations for the diagram mentioned in Eq. (16) can be derived as

2 3 3
{)\Q&ITF—f)\QTQZ I [ ! ]dpl‘“’?
w

“’2,,1 +ep Lwh,, v ] (2m)° (2m)°

np1=—00 Npa=—00 “n n

]. d pl ]. d pl
_ AT [ - AT [
> W2 ve (2m) l Z W v (%)4

np1=—00 “n, np1=—00 “np

Using the results from [34] and from Eq. (A1) we can write

2
&ITF = &QFT + 49—7(_51(72’7,, T’)S()(?’n7 T)

- L 5y(m, ) [Q ]

(3'78712 QQFT

with

Sn(m, —%i <27mﬂ) Ky(nmp),

n=1

&QFT: m?g? [ L)+ () z_lln( m? )+O(€o)]

(4m)4 € € A p?

(O] - 22 v (22 o0

i l:

4. Diagram two loop D

The integral expression for sunset/sunrise diagram can be written in ITF as

I %ITF—)\QTQf Z Z 1 (2m)3 B (p+q+r+s) d®p dq dir

w%p +el w%q +e2 w%pm(ﬁns +e2 (2m)3 (2m)3 (2m)3°

p=TO0 Ng=

From [44,46] the integral can be expressed as [ = I + [, + I; where

1 \ &P d*Q d'R
L=~ e f = AP QRS G S

+m? QQ+mQR2

with S = [a)ny,E],
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= [ E2 3n0s) s SOX (P4 sy

(2m)3 2 LTh QFT
with
P = lio\e,, p. S = [w,. 5],
and
XK g (K2) = f L omyist(R+Q+ K)-LE d'R_d'Q
QFT ) R2+m2Q2+m? (2m)* (2m)4
Similarly
13 :/12/ d3p d3q 3”3(:88 )nB(ﬂgq) 1
(2r)? (2x)3 de e, o it (io18, + ioye, + w, )* + (P + G+ 5)* + m?
with
P = [ialgp’ ﬁ]’ Q = [i62€q7 é]v S = [a)nx’ﬂ'

Now by taking the corresponding result from [34] and Appendix A-2, we can write

/A /A d*p 3np(Be
/ ITF = / QFT,So=wn,, +f ﬁ% Z>O<QFT(P+S)2+IB»
p

where

N o B T )

(4m)* \ e 2m?2e (4)

with $2 = a)ﬁx + s2,

{92N6}2>Q<QFT(P+S) = n)? ( (1))

2

g*u ! dmp
"2 Gy (fo dein [ [(ioep +wn, )2+ (p+5)?]a(l-2) + m2]) +0(©).

When S =0,

{gmy@w G (o) -5 (ol eea?]) - G (4w2)+0(6)'

(4m)? (4m)2 "\ m2

Now combining results, we can write it as in the case of the pole term, i.e.,

K(@iw) _ K(%QFT o, )+351(m T) /C(>O<QFT)
=K (%QFT ko=wn ) +3g51(m, T) 0 (QQFT) :

When external momentum S = 0, the integral result is
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%ITF,S:O = %QFT,S:O +351(m,T) K (>Q<QFT) +351(m, T) (¢( )+2- \/_7r ln(47w2 ))
() m* ) (a26)

3g m?
eI [ [T U@U)G ) do dy
with
sinh(x) 1 +2cosh(x —y) 1 —2cosh(x + y) /1 V3n
U(x) = , G(x,y) =1 , In(1 — 2dx = —— = 2.
(x) exp (fmcosh(x)) — 1 (x.y) =In (1 + 2cosh(x +y) 1 —2cosh(x —y) 0 n(l = x4 x)dx 3
(A27)
The approximation can be verified using results from [46].
5. Diagram two loop E
SOCK 2
1 ad 1
- a2t f
S l L ohaa 3 wl
1
POl
Using results from Appendix A-2
3 72
! >O<QFT+)\2 > an(ﬂgp) ! , dp |
BN vroesl 28 pEpsr O1Ep + Epiy +i0wy, (2m)3
If we put
1 &
W( /nB ﬁep) p (A28)
i 2e,6,,, 016, + €, , + iow, (2r)*
then

><>C><ITF = mQFT,TO:w,LT - 2gW (r,n;) [>Q<QFT,T0—UJ"T] - (9#6)3 WQ(Ta Nr). (A29)

If we take results from [34] and previous sections, we can write

m )3 dVp 1 1 dVq 1 1
QFT ko=wn, =

@mN (p-k)2+m2p2+m? J (2m)N (¢-k)2+m? ¢ + m?

Setting A = gu®, and as N —> 4 —¢, (A30)
2 2 2
c 9 4 4 ) < 9 4f1 Amp 0
=—guf——|—=+-v(1)]|- - dzl @]
I (47r)4(62 ML) Rt o vl ML e s prpen | R

and K* = w;, + k* from Appendix A-2

QQME

(4m)?

(_+w(1) foldxln[ dmp ]+0(e))- (A31)

Qrt = K2x(1-2)+m?
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6. Diagram two loop F

{—A3}>6<ITF:—)\3T2 5 ./(277)3

Np=—00

Z /(271)352+w2

Ng=—00

(2 + w2

np—n

A? -AT
_l 20m? Z f 27r)3spr+w2 " 52+w%p] n_,oo (277)362+w2

n =—00 np

S SV @ I [{A2}>Q< ]
(¢ A}QQFT 21(m.7)) x———[{A2}>Q<QFT+A W, n,)]
= {- A}QQFT [{)\2}>Q<QFT]+( -

Solving we get

om? 2 om?

g3 Sl(m T) 8

5 . ——W(r,n,).

Using [34] and results from Appendixes A-1 and A-2 we can write

c ({O}Q) ok @Q]

and K> = w;, + k%,

0 [@QFT] a—

om? (477)2 KQx(l x) +m?

2

oo (25|00,

[Q QFT] (47 )2[

7. Diagram two loop G
We have to evaluate

@:f i i A3 72 1 (2m)868 @3 dBs dPp  diq

w+e2 wite? wi,+e Wl +e2 (2m)3 (2m)3 (27m)3 (2m)3’

n—0+n

where 8 = 8*(F+ p —k; — k2)5* (54§ — P — k3).
The result expanded as the summation

éé IIH +I21+122+2IF1+2IF2+2_[F3+IF4,
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where
. / 1 1 1 1 d'P d*'Q d'R d'S
N P QP R+ m? S+ (20)° (21) (20) (21
x (22)*6*(R + P = K| = K»)(21)*6* (S + Q = P = K)
with
R = [ro. 7, P = [po, pl, Ki+ Ky = [0,k + Ky, K; = [w,,,l%].
We define
1 1 d*p
J(K?) = ,
(K) /P2+m2(P—K)2+m2(27r)4
1 1 1
L(A,B,C) = ,
( ) A%+ m?B* 4+ m* C* + m?
and
G(A,B) = — !
A+ m? B+ m?
Then
I = / d*p ns(Pe,) [ J[(P + K3)*] }
(2”)3 28]7 41 (P - Kl - K2)2 + m? po=—ice,
Similarly

I :/ &r ng(Pe,) JI[(Ki + K> + K3 = R)’]
2 2r) 26, | R—-K —K)>+m® |, i)

d'R
(2z)*

d*q ng(Pe,)
Ip = 1 § L(R-K,—-K,,R,R -K,-K,—-K
Fl /(2”)3 2, 2 ( 1 2 +0 1 2 3)

I :/(a’3p ”B(ﬂ%) d36] ”B(ﬂ%)

G(P—K,—K,.Q - P—K;)| "%
2n)® 2, (27)° 2, Z ( 1= K2, 0 3)

]J():io'l&‘/)
0y,03==%1

Bs &
1F3:/( s _d'r np(fe,)ns(Pe;) > GR-K|-KpS+R-K —K,—K3)["

27)3 (2x)3 dege,

o1,03=*1

I _/ d3q d3s nB(ﬂes)nB(ﬁgq
BT @)} 2r)} dee,

oy,03=%1

El

qo=ioce,

s

=iosé,

so=io &’

) Z GS+0-K;,0+S+K,+K,— [(3)|“‘0:i63€.‘-

qo=io1&,"

(A39)

(A40)

(A41)

(A42)

(A43)

(A44)

(A45)

(A46)

(A47)

(A48)

(A49)

If we look at the integral, we can find one thing: the first three terms, 7, I,;, and I,,, diverge, the rest become finite. i.e.,
I =1, + I, + I,p+ Finite terms 21z + 21y + 213 + [4). If we define the pole finding operator /C, then by the

structure, we can write

N i

/ ITF = / QFT+121+122+2(IF1+IF2+IF3)+IF4,

025023-19
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K

{—x*}é ITF]—;C[{-AZ*}@ QFT,kO_w%]

>O<(P+K3) +>Q<(—P+K1 + Ko+ K3

x K[ {A\?} >

(2m)3  2g o=%1

_{x d’p np(Bep)
(134—1(14—1(2)2—#7n2

We rewrite

)
‘pO:—zvsp

1 1 1 1
dcos@ ——— dcos@
/_1 €08 Z (P—K)?>+m? /_1 cos Z (p —k)* + (ioe, + w,)* + m?

o==%1 o==+1

1 2 2_2 2
:/ Jcosd (k pkcos O + wy)

| (k* = 2pkcos 6 + wy)* + 4esw}

2(k* + 2pkcos 6 + w?)

1
= dcos0 ;
/_1 (k* +2pkcos 0 + k) + 4es

&p 2ng(pe r* 4+ 2prcosd + w?
W(r,n,)—/( p 2np(Pe,) p ,

2r)* e, (rP+2prcost+w; ) +4ei0l

We know that from Appendix A-2

So

; ITF

K =K

; QFT,koi=wn, ]

e d*p 2np(Bep) (k* + 2pk cos 0 + w?)
I (2m)3 €p (k2 +2pkcos O + w2 )? + 4e2w2

So the pole term relation can be written as

é ITF

K =K

where

;c(>Q<

éQFTJmi=wni‘| = gu W (ki, ng, )K (>O<QFT) )

)

K

(4m)t e2 (4m)* €

with K; = [a)nk.,l_c’,-].

APPENDIX B: COUNTERTERM DIAGRAMS

1. Counterterm 1

From [34], the counterterm for divergence for the four-point function derived is

3
Xarr = —pgey = —5 K (>Q<QFT) :

025023-20
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|
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(A54)

(A55)

(A56)

(A7)

(B1)



RUNNING COUPLING CONSTANT IN THERMAL ¢* ...

PHYS. REV. D 105, 025023 (2022)

The corresponding diagram in imaginary time formalism is

3
>.<ITF = —uegc; = —§K: (>O<ITF) .

(B2)

From Appendix A-2, one can find that the diverging term
is the same for the diagram in imaginary time formalism
and nonthermal QFT; thus, we can write

xITF =-Z (>O<QFT)
(B3)
TQFT = TH g(47r)2 €

So, for ITF, the corresponding derivation is

QITF = QITF * —%K: [Q
= —gﬂea_—nngITF X 5 !
=—gu‘ (%QQFT -

So

oI ﬁi LSO

$1) 1

2mg
2

(4m)* 2¢ 2

2. Counterterm 2

From [34] defining the * operator, the substitution of the
counterterm —m?>c,,» or —pfge,, We can express counter-
terms as

O e Qe Q]
= —guéa_—j?@qw x5 e [QQFT] ~

We have from Appendix A-1 the relation

3. Counterterm 3

From [34], the calculation proceeds as

QQFT _QQFT X _e X /,L gC
= QQFT X g_,ule X —§IC (>O<QFT)7

K[Q] _ K[QQFT]. (B5)
QFT]
K [QQ] (B6)
95 E;: T)) « 2glu€ K [QQFT] .
m? ¢?m28y(m, T) 1 (B7)
(i) R
(B8)

2

and the corresponding diagram made with results from Appendixes A-1 and A-2 is

025023-21



ARJUN, VINODKUMAR, and BANNUR PHYS. REV. D 105,

025023 (2022)

e O O]
= (QQFT - gue&(m,T)) x g_—ule x —S’C (>O<ITF)
= QO er- SS5i0m. T)K (>Q<ITF)
= QQFT - §51(77%T)’C (>O<QFT)
=6<T§ff[€2 2 - gen(im) o)

9> S1(m,T) T)
(47r) €

4. Counterterm 4

From [34], the diagram evaluated is

(O] -x

QFT

(),

Using the results of Appendix A-2 the corresponding diagram in ITF can be written as

;c[>C‘<] :K:>Q<ITF*_“;’;¢(>Q<)ITF]
o{0], (O]
:K:ﬁ] W) 201

QFT7 k?o :wnk (4 )2

ITF

with

,C[>()<] _nyg’ [g+3¢(1) _§f11n[m2+K2(x(1—x))]dx]’
0

QFT ko=won, (4m)% | e € € 47

where K? = k* + w3, .
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5. Counterterm 5

From [34], one can derive the diagram as

>@§< (s 1 1 4P, -
* Qrr "C( A [(P2+m2)2 (P-K)2+m2(2m)t g
A D 1 1 d*P 51 -1
= — )\ — P
’C(zam2 / (P2 +m?) (P-K)%Z+m?2 (2r)* X T Cma gue
. 10 -1 1
= IC (—gﬂ X _§8m2 QFT X E X —5](: [QQFT]) (B13)
2, € 1 2
Y o / L dr|x 9L
(4m)? |2 Jo K2z(1-x)+m? (4m)2 €
e (5Ox
= _EIC ( QF T, kg=wn, ) .
The corresponding counterterm in imaginary time formalism can be written with Appendixes A-2 and A-1 as
1 0 -1 1
K >€§<ITF =K (—gu6 X5 3 ITp X — x ==K [QITF])
20m ueg 2
(1 0 g? oW (k,ni)) -1 -1
= ’C(—QM (_iw AT o ) g x 7’C QQFT (B14)
1, (oW (k,n 1 >®<
:’C(@QFTJ@OW%) + 192 (#)K[QQFT] = —EIC( ITF)-
[
It can also be derived using the * operation [34], i.e., 1. Case 1: K # 0
In this case as per Eq. (64)
1
K >€§<ITF =K (>O<ITF * —§/C I:QITF:I) . P K21
K2C¢ = — 2 45—. (C4)
(B15) (4m)" 12 €
Equations (C1) to (C3) become
APPENDIX C: RENORMALIZATION F 1
= —, C5
CONSTANTS r(9) @ 12 (C5)
We have from [34] . _l p _i g co
I\ =3 4ny? 12 (4)*
1(9) = =Zy1 = —ecy, (C1) ) s
3g 17g
= - - C7
Blg) = —eg+ Gn? " 3n) (C7)
1 g 14
—_ - , C2
2. Case 2: K=0
3¢ 64> Now Egs. (C1) to (C3) change because of
Blg) = —eg+—=5 -5 T4ar(g9). (C3) a5 (1) to (C3) chang
(4m)*  (4n)
K2c¢ =0. (C8)
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So Let us express
r(g) =0, (C9) "
Ly =90 + 9T,
1 g 1¢g
== - = , C10
7m(g) > (4”)2 D (471_)4 ( )
diff 2
Blg) = g+—3g2 _ S (C11) Oy mk=0 9T+ 9 T
(47)>  (4n)*
a Fdiff =dT + 2T
nm. md=o It tnm T J L2 0nm
3. Relation
We can relate them as with
Do =10 — s o =0, (C12)
Y\ Q)k=0 =7\ 9)kz0 = 7, a7, — U5 1 m \N
47)* 12 ——
(4r) Sy(m,T) = ﬂ; <2mﬂ> Ky(nmp),
g7 1 "
= - —, Cl13
J/m(g)kfo J’m(g)k;eo (4ﬂ)4 12 ( )
1
(@0 = Blohiso 37 c14 N
P(9) k=0 = P(@iz0 — 3 . Cl4
o 703 (4n)? Ty = Vi(m.T) 4 Vo(m.T) In(y),
APPENDIX D: COUPLING CONSTANT FORM T _0
DERIVATION Ling = Y,
We have
¢ 2 "
difft 9 _3_S1(m, 7) 4mp Tyjom =——7=So(m,T),
Fn,“lz:() - 2Sl (m’ ) 4 (4]1_)2 W(l) +In m2 4r
7
4(471_) S()(m, T)Sl (m’ T) T2.1nﬂ = VZ(m’ T),
22 A’
s solm. 1) @) + (7 )|
T2,lnm = Vl,lnm + V2,1nm 11’1/,!,
gy, T) 7 (m.T)|2 ——=|.(D1)
oa V1) =5 Silm. Vel

J
Vi(m,T) = 4(’;1;350(;111) [w(z) +ln<:17; ] —251(2’2’)2” {w(l) +ln<j;>}

647t

m? m
Vo(m,T) = (WSO(”% T) _352'1(51—7[;271))

v _Am*Sy(m,T) m*S_i(m.T)
2Inm — (4”)3 (47[)4 B
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Vl,lnm = (47[)

ziigo(m,T)[ (1)+ln(iﬂ>} —2(12—2)45—1("11){ (ZHIH(:ZI)}

38, (m,T) m?S5(m,T) 2
— S ,T)S_ T
2 x| 2(aar a5l T)
m2Sy(m, T) V3 m m* 9Y(m,T)
2 — - Yim,T) —— D14
(4n) { 3 ] 322 10D =35 (D14)
[
Let us define the RGE as RGEI®T — 0 = g — A(m,T)Inpy + B(m,T) (D25)
5 Cm,T)Inp+ D(m,T)
_RGE— 2 (D15
with A = [y Vomm = 2B2Vo(m. T)], (D26)
B(9) = o + B35, (D16) = 2B =72)Va2 + Vm2Vainmls (D27)
y(g) = 7/2‘927 (D]7) B = (27/2 _ﬁS)Tl - 2ﬂ2V1(m, T)
) — Ymi Vl,lnm - ymZTl,lnmv (D28)
ym(g) =Vmd + Ym29~- (Dlg)
D=2B3=12)Vi+VmVimm (D29)

We have to evaluate

l@f(m,g, T,,M) ~ TLA 0. (D19)
Term by term results are
9 diff 4
p(9) 8grﬂ 0 GH283To} + 7 {26.T> + 3T }
+ AT}, (D20)
9 diff 4
Ym(g )mrnkk 09 {}’szz,lnm}
+ .93 {}/mlTllnm + ym2T1,lnm}
+ P {rmTiinm} (D21)
“2r(9r" = g'{=2nTa} + # {211}, (D22)
i
al—nﬂrilk’zzo = Tomu + 9T 11 ps (D23)
RGE Fii::f,;:() = g"{2(Bs = v2)T2 + Vw2 T20am}
+ {26, T, + (B3 — 272)T
+ 7/mlT2,1nm + ymZTl.ln m}
+ P{T 1 + v Trinm + Tomnut
+ ng,ln/r <D24)

On applying Egs. (D6)—(D9) on the above equation, it is
clear that terms that have coefficients ¢ and ¢* are zero,

We combine with a beta coupling constant relation such as

dg(u
and give rise to the result
1 = [ —5——d
() / ﬂzfz + pyt !
LBy < WP )
-+ In py. D31
ﬂzg ﬁz 3+ g Ho ( )

Similarly, the corresponding running mass coupling relation is

dIn(m)
dIn(u)

= ¥m(9)- (D32)

Combining with the above

dIn(m) dg dln(m) _ 7,(9)
dg dIn(p) @) dg Bg) (D33)
Solving by substituting
Oln(m) v +Vmg (D34)

99 Prg+ B’

m Vml Ym2  Vml
In <mo) =12 +7ln( 9)+ (ﬁg_ﬂz> (B39 + f2),

(D35)
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In pg, mg, and y, are the respective integration constants.
Now we have three equations containing mass scale y,
coupling constant g, and running mass m, so combining
Egs. (D35), (D31), and (D25) and solving simultaneously,
we get the temperature-dependent running mass and
coupling constant.

1. Coupling g limit case T — 0

Here we consider limit case 7' — 0 at m # 0. In order to
find the coupling nature of y at T ~ 0, fm — oo, we have to
find the rate of convergence of A(m, T), B(m,T), C(m,T),
D(m,T) as T — 0, because of

_A(m,T)Inp+ B(m,T)
- C(m,T)Iny+D(m,T)"

(D36)

Here

lim Sy(m,T) - 0.

D37
pm—oo ( 3 )
Since both the numerator and denominator of Eq. (D36)
contain Sy (m, T) with varying N, the rate of convergence
of the ratios is important. So

S ,T
fim Sy m D) g (D38)
pm—oo SN(m, T)
As N increases, the rate of Sy(m,T) convergence also
increases. The convergence of Y (m, T) can be found and is

Y(m,T) / / Ux)U(y)G(x,y)dxdy, (D39)
B sinh(x)
Ulx) = exp (fmcosh(x)) — 1’ (D40)
. (1+2cosh(x—y)2cosh(x+y)—1
G(x.y)=In <1+2008h(x+y)2cosh(x—y)—1>’ (D41)
Su(m, T) = li (5m2s) &atiom). (D42)

From the expression of G(x,y) itself, it is clear that
G(x,y) < In(3). So,

o sinh(x)
Y(m,T) < In(3) {A exp(Bm cosh(x)) —

<In(3) stl(m T)r.

1 dx] ’ (D43)

(D44)

2

Therefore

Y(m,T)

_— 0. D45
1) (D43)

As a result dividing both numerator and denominator by
S_i(m,T) in g,

A(m,T) In B(m,T)
n, 'u + n, m
lim g= lim -0 Sl (7 1), (D46)
oo pmmo s I + 57 VYm2
where
A(m,T) m* Adr
—~— ——— |lyv(2)+In|—]|.
pmres Sy (m, T) 7" T 2 (4m) ["’( )+ “(m2)]
(D47)
. B(m,T) m*
lim — 2~ — - D43
pmoeo S (m, T) " (dn) (D48)
. C(m,T) m* 4z
lim ———=~ - 2)+In({— ]|,
i o = 1 5 v+ (05
(D49)
D(m,T) m*

— - D50
pmoeo Sy (m, T) = 127 ™ (4n) (D30)
Now we have other equations relating y and g as

H P ( ﬂz)
In{ — — —I— —lIn | p: . (D51)
</40) By B> ’ 9

When we apply the result Eq. (D46) on the above
equations, we get

lim In <ﬁ> = Im By ( - Tmdf 2). (D52)
pm=co - \po/)  Pa¥m ﬂz Yml
At this approximation, at zero momentum limit, the right-
hand side of Eq. (D52) goes to a complex number. If we
choose p in the left-hand side accordingly (i.e., to a
complex number/complex function approximation at
T =~ 0), one can still make (7 = 0) a real number.

The relation between the running mass and the coupling
relation at 7 — O approximated is

. m Yml1 Vml1
Iim In[— )=y, +=—1In ( )
pm—co <m0) 2B Ym2
Ym2  Vml YmibPs
+|(=5——-5"]In ( - ) . (D53
<ﬂ3 Pa ) ? Ym2 ( )
At this approximation one can choose running mass m(7T ~

0) as real or complex by intentionally choosing y, and In y
accordingly.
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2. Pressure P limit case T — 0

In Fig. 3, we have chosen different values as T, Py, y2,
In . All those results show a similar course, i.e., T — oo,
P — Pj4eq, irrespective of the initial value.

The quasiparticle model derives energy density from
standard statistical mechanics at relativistic Bose-Einstein
distribution, i.e.,

\/mj &p
= , D54
O [ e e O
@ = [T IVEE gy (o
27 Jo exp(B/p* + m?) — 1
Putp = msinh x (D56)
~ m* [o  cosh(4x)—1
N 167[2/ exp(pm cosh(x)) — ldx' (D57)

At T — 0, i.e., pm — oo, we have

4 00
lim (&) = m_z/ (cosh(4x) — 1) exp(—fm cosh(x))
pm—oco 167 0
(D58)
= (Ky(pm) — Kofpm). (D39)
We have
limK(N, x) = 0, '.ﬂlim () =0. (D60)
J
= 1 1 ng(Pe,)
Ty ——5=—— :
n;ma)% +£f, 2£p+ €p
ry ! L an)+ o
PR R 17 e LA

T S= 5145, + S,
";00 n:Zoo o, + ‘c’% w%, + & w% +ngtn, + 8 l ? ’

p q

= 1 1
T? —
Z Z 2+£ wg—i—e wna—i—ezaﬂ 2

—0+n + &

n=-—o00 f=—co

with

The equation relating pressure with energy is

P(T) —1P0+T/T8(T—?dT. (D61)

T,

In Eq. (D61) as T — T, the integral becomes zero. (The
ntegral becomes a zero width integral.) So at T — T\,
P — Pg. One can choose P, as negative or positive or zero.
We have shown in the figure that irrespective of that the

value pressure goes to the ideal limit. In the case of the

&(T) ..
1ntegrand T2 at the zero temperature limit, we assume

m#0,and T — 0 = ffm — oo, according to Eq. (D59),

lim (fm)*Ky(pm) — 0.

(D62)
pm—co

Since energy density at zero temperature limits reaches zero
value, there is no point in choosing anything other than zero
for Py at T — 0. The value of pressure can be made
negative at some points if one chooses P, as negative at the
appropriate 7. In our case, we found that it reaches the
ideal value at a high-temperature limit, whatever may be the
initial value.

APPENDIX E: MATSUBARA SUMMATION
RESULTS

Here we introduce specific Matsubara summation results
involved in calculations we have described earlier, and the
symbols have the usual meanings. Here @, denotes the
2anT where n is the Matsubara frequency and 7 is the
temperature. f indicates the inverse temperature in natural
units, i.e., 1/7T:

(E1)

ng) +1:(q. p.ny)l. (E2)

(E3)

= e 1 1 1 1

T E4

n;;mw%e%wéﬂ g T E Dy, T =

Ty + T4 +T5 (ES)
16¢€,€,€,
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1 1
P = om )’ E6
i(p.q.n,) Z de e, (sp +e&,+ laa),,r> (E6)

o=*+1

1 1

2P. 4. 7r) = ; : E7
) Zj:14'€1n€q 0\, +&,+iow, nB(ﬁep) (E7)

0,01=

(E8)
1 1
Si = ( : ) (E9)
8e, 6.6, \ =, €p T €4 T & + oW,
1 ng(pe ng(pe
5, — < s(Pey) . n (Pe,) . n np(pe,) . >’ (E10)
8€peq€, vl o1&, +¢,+¢e +iow, ¢€,+o0¢€,+¢ +iow, €,+¢e, +0€ +liow,
5. — 1 < ng(Pe,)ng(Pe,) n ng (e, )ng(Pe,) n ng(Pe,)ng(Pe,) > (E11)
3 8e,€,€, oot ot \Ep + 018, + 026, +iow, ~ 01€, + 026, + € +iow, 01, + €, + 026, + iow, ’
1 1 1 1
Tiz = Z . ; + Z . .
& T Ep —low €, T &, &g T IOW, T € T E, T IOW, €+ Ef T E5 T 10Dy,
1 1
: ; ) (E12)
e T ey T Eg T loW, €y £y + g+ TOW,
T, =ty + tyy + tyy + tay + tos + tys + 17 + g, (E13)
T3, = t31 + 13 + 133 + 134 + 135, (E14)
r 1 1 (pe) (E15)
_ ng(fe,),
2 volor i & H O (e, —iow,) e, + €5 + 02(e, + iow,) BVEp
‘ 1 1 (pe,) (E16)
= ng(pe,),
B it e ol iow,) e+ e+ or(e, Fiowy,)
r 1 : (pe,) (E17)
_ ng(pe,),
2 e & T E T 02 i6(w,.q) €, + & + 026, + iow, B\ 4

1 1

o‘,azz=i1 &+ €p +ilow, &p + &, + 02€, — loWy, B q

Iys = Z 1 1 ng(Pe,). (E19)

L& TE T icw, €, + &5 + 6r€, + iaw,7+a

0,0,=

1 1
o "5 PEs ), E20
26 O-,D'ZZ=:EI gq + &, + O&g + iaa)”+(l 81) + €q —+ 0r& + iow” B(ﬂ S) ( )

1 1

v ' ow, B0 E21
27 UV;ﬂEr—F&p+16a)aep+gq+52€s_mw” B(ﬁ s) ( )

1 1

o "B\PEs), E22
28 Zile,—l—ep+i0wa8,+gq+528s+i6wn+a B(ﬁ s) ( )

0,0,=
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1 1
13 = - - ng(pe,)ng(Pe,), E23
31 a,al,ga;:il e, +0)(e, —iow,) &, + 06, + 03(¢, + iow,) s(Be,)ns(Peg) (E23)
m= Y 1 : (e, na(pe.) (E24)
_ ng(Be,)ng(Pe,),
32 R (e, — iow,) €, + 026, + 03(€, + iow,) B\PEp )N (PES
r : 1 (pe, Jna(pe) (E25)
= ng(Be,)ng(Pe;),
33 o Ep T O (e, + iow,) €, + 0265 + 03(e, + iow,,,) BNTErITBES
= Y — (e ey, (E26)
o Ep T O (e, —iow,) &5 + 026, + 03(€, — i6W, 1 4) a
r : : (Be, s (Be,) (E27)
= ng(Pes)ng(Be,),
3 v i1 €p t 028, + 018, + 0w, £, + 03 (026, + 018, + ioW, 1 4) BVTEs /B
na() = (e = 1), (E28)
p=1/T. (E29)
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