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Using the imaginary time formalism in thermal field theory, we derive the running coupling constant and
running mass in two loop order. In the process, we express the imaginary time formalism of Feynman
diagrams as the summation of nonthermal quantum field theory (QFT) Feynman diagrams with coefficients
that depend on temperature and mass. Renormalization constants for thermal ϕ4 theory were derived using
simple diagrammatic analysis. Our model links the nonthermal QFT and the imaginary time formalism by
assuming both have the same mass scale μ and coupling constant g. When these results are combined with
the renormalization group equations and applied simultaneously to thermal and nonthermal proper vertex
functions, the coupling constant and running mass with implicit temperature dependence are obtained. We
evaluated pressure for scalar particles in two loop orders at the zero external momentum limit by
substituting the running mass result in the quasiparticle model.
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I. INTRODUCTION

There are different quasiparticle models [1–9] used to
describe the state of the quark-gluon plasma (QGP). Many
of these models depend upon the corresponding running
coupling constant. Therefore the nature of the coupling
constant and associated renormalization group equations
(RGE) were always exciting topics in quantum field theory.
Using the renormalization group equation, Collins and

Perry [10] published a significant study on ultradense nuclear
matter (the idea of quark soup at high density) in 1975. The
concept of thermally dependent RGEs [11,12] considered the
mass and the coupling constant as temperature functions. In
deriving the coupling constant, changes in the vertex function
results in variations in the coupling constant [13,14]. This
means the coupling constant has a strong dependence on the
vertex function [15,16]. Also, the dependence of the coupling
constant on the gauge was investigated in [17,18]. Braaten
and Pisarski [19] introduced significant ideas such as hard
thermal loops and, using it, they presented the resummation
of quantum chromodynamics (QCD) thermal perturbation
theory. A perturbative analysis of QCD at the static limit was
shown in [20]. The authors used both momentum and
temperature-dependent RGEs and derived a coupling con-
stant that depends on momentum scale and temperature.
During the same decade, several renormalization concepts

were introduced, including environment friendly renormal-
ization [21,22] and the idea of using more than one
renormalization group for running mass and temperature
[23,24]. Recent developments include the research on mag-
netic field effects on the coupling constant and the expression
for the thermomagnetic coupling constant at one loop
order [25,26].
On the description of QGP [3–7,27], most of the models

take readily available coupling constants [28] from QCD and
evaluate their results. The most famous coupling constants in
QCD have inverse logarithmic [29,30] thermal dependency.
Steffens [31] investigates the nonlogarithmic and logarithmic
nature of the QCD coupling of the high-temperature limit.We
can find works related to quark dynamics in a magnetic field
that apply magnetic field-dependent coupling constants
[25,26] in quasiparticle models [8,9,32,33] to determine
the equation of state. These models consider quarks and
gluons as quasiparticles with thermal mass depending on
various parameters such as the coupling constant, temper-
ature, and magnetic field.
In the context of nonthermal and thermal field theory, we

pay special attention to the quartic (ϕ4) interaction (also
known as the toy model) theory for two loop order. In this
work, we use the simple diagrammatic analysis [34] in
imaginary time formalism (ITF) [35] to derive a coupling
constant that obeys RGE for both thermal and nonthermal
field theories under the same mass scale μ and coupling
constant g. We take advantage of the analytically consistent
theory [36], evaluated at the external momentum equal to
zero. We can extend the same approach to QCD.
The self-energy part of the quartic interaction tadpole can

be found in papers [37–41] under various approximations
such as massive and massless Lagrangian density. The
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authors of [39,42] calculate the free energy part of the ϕ4

interactions, and [43] contains the higher-order calculations.
In our work, we define Lagrangian density as

L ¼ 1

2
f∂μϕ∂μϕ −m2ϕ2g − λ

4!
ϕ4 ð1Þ

and follow a systematic approach (λ is the nonrenormalized
coupling constant). The Lagrangian density is massive itself
and consists of a quadratic and quartic interaction term. Some
of the Feynman diagram integral results and formulas derived
and used in this work may be found in other publications
[34,35,44–46]. We employ the dimensional regularization
method [47–49], which successfully regularizes non-Abelian
gauge theory while preserving symmetries. The minimal
subtraction scheme (MS scheme) follows after regularization,
in which it corresponds to canceling out the pole parts (ϵ)
through the method of counterterms [50]. Then we apply the
corresponding RGE to finite proper vertex function (FPVF)
in imaginary time formalism in which the removal of
divergences at ϵ → 0, and the vertex function becomes finite

]51–54 ].
In this work, we use subscripts QFT (quantum field

theory) and ITF to represent Feynman diagrams expressed
in nonthermal QFT and imaginary time formalism.
Abbreviations TLA, SMC, and FPVF, represent for the
“two loop approximation”, the “same mass scale (μ) and
coupling constant (g)”, and “finite proper vertex function”,
respectively. Throughout this paper, we used Euclidean
momentum K ¼ ½ωnk ; k� to write K2 ¼ ω2

nk þ k2. One can
see three β’s appearing in this work. β denotes 1=T. βðgÞ
denotes the beta function associated with RGE. β2 and β3
are the coefficients of g2 and g3 of the beta function,
respectively.
In the RGE, we have an equation connecting the

coupling constant with the mass scale using βðgÞ ¼ dg
d ln μ

and an equation connecting the running mass with mass
scale γmðgÞ ¼ d lnm

d ln μ . In thermal and nonthermal field the-
ories, βðgÞ and γmðgÞ have the same expression. Suppose
we have an additional equation connecting the coupling
constant with temperature. With the help of βðgÞ; γmðgÞ,
and this new temperature-dependent equation, it is possible
to find the temperature-dependent running mass, mass
scale, and coupling constant.
We introduce a new approach where we apply RGE

simultaneously on thermal and nonthermal FPVF under
SMC. It results in a polynomial expression in g of order
four. After a close examination, one can find that coef-
ficients of g2; g; g0 are zero. So the nontrivial solution
reduces to a linear equation in g with coefficients that
depend on running mass, temperature, and mass scale. A
minor rearrangement brings out the relation between
coupling, running mass, temperature, and mass scale.
We follow a systematic approach [34]. To ease the

calculation, we make relations between diagrams in thermal

and nonthermal field theories. We try to express all the ITF
diagrams as the sum of QFT diagrams with thermal
coefficients.
In Sec. II, we write down all essential diagrams, such as

two- and four-point functions in one and two loop order, in
ITF and QFT. We express ITF diagrams as sums of QFT
diagrams (with and without thermal coefficients). We derive
the requisite counterterm diagrams in Sec. III to remove the
divergences from the corresponding proper vertex function
and derive renormalization constants in ITF. In Sec. IV, we
calculate renormalization constants through necessary dia-
grams. Section V discusses the idea and outcome of applying
RGE on the FPVF difference and how it will lead to the
temperature-dependent coupling constant under SMC.
Section VI includes plots revealing the temperature relations,
such as the coupling constant vs temperature, running mass
vs temperature, mass scale vs temperature, and pressure vs
temperature. In Sec. VI, we verify the qualitative behavior of
running mass and coupling results. We substitute the running
mass on the self-consistent quasiparticle model [5–7] pres-
sure relation and check whether it will lead to the Stephen-
Boltzmann limit at the higher temperature approximations.
Another essential nature is the flexibility of this model. It

depends on the integration constants and functions βðgÞ and
γmðgÞ. Once we have data points, we can fit running mass,
coupling, pressure results to the data points by choosing
appropriate values for the integral constants.

II. REGULARIZATION

It is possible to write down all diagrams in the ϕ4 theory
by a set of fundamental nontrivial Feynman diagrams
known as one-particle irreducible (1 PI) diagrams. In other
words, they are the smallest building block of diagrams:

ð2Þ

ð3Þ

Equations (2) and (3) are two- and four-point vertex
functions, expressed using corresponding 1 PI diagrams.
In ϕ4 ITF and nonthermal QFT, both these two- and four-

point functions and their corresponding integrals diverge.
We follow the dimensional regularization procedure in which
we introduce a parameter to pinpoint the diverging term and
separate the singularity [47–49]. In Secs. II A and II B, we
express the two- and four-point vertex functions in ITF as the
summation of corresponding nonthermal QFT vertex
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functions with thermal coefficients. In the following evalua-
tions, the remaining gμϵ will become λ ≈ g at ϵ → 0. Similarly
in the case of finite terms, λ2 → ðgμϵÞ2 ≈ g2 as ϵ → 0.

A. One loop order diagrams

1. Two-point function

We define the tadpole diagram in imaginary time
formalism as

ð4Þ

and that of nonthermal ϕ4 theory as

ð5Þ

and we use the result from Appendix A-1 and express
tadpole in ITF in terms of tadpole in nonthermal QFT as

ð6Þ

where

S1ðm; TÞ ¼
Z

nBðβϵpÞ
ϵp

d3p
ð2πÞ3

¼ 1

π

X∞
n¼1

�
m

2πnβ

�
K1ðnβmÞ: ð7Þ

We can describe the divergence as a singularity of param-
eter ϵ by substituting λ ¼ gμϵ at dimension N (say) to
N − ϵ. We get the regularization result

ð8Þ

in which ψðnÞ is the Euler Digamma function, g is the
dimensionless coupling constant, and nBðxÞ ¼ ðex − 1Þ−1.
As ϵ → 0, the first term diverges.

2. Four-point function

The four-point function diagram definition for one loop
order is

ð9Þ

with ε2p ¼ p2 þm2 (diagram is also known as scattering
diagram). The corresponding diagram in the nonthermal
QFT is

ð10Þ

One can relate these two diagrams after regularization

(λ → gμϵ; d3p
ð2πÞ3 →

d3−ϵp
ð2πÞ3−ϵ ;

d4p
ð2πÞ4 →

d4−ϵp
ð2πÞ4−ϵ) as shown in

Appendix A-2 as

ð11Þ

with

Wðr;nrÞ ¼
Z

2nBðβεpÞðr2þ 2prcosθþω2
nrÞ

εpððr2þ 2prcosθþω2
nrÞ2þ 4ε2pω

2
nrÞ

d3p
ð2πÞ3 :

ð12Þ
Using dimensional regularization (λ ¼ gμϵ) and standard
textbook results [34], we can write

ð13Þ

with Q ¼ ½ωnq ; q⃗�.
The external momentum k⃗ is the sum of the incoming

momenta k⃗1 þ k⃗2 and the Matsubara summation parameter
ωnk ¼ ωnk1

þ ωnk2
, where ωnk ¼ 2πnkT with nk being an

integer. For Matsubara summation, we use the sym-

bol
PR

p ¼ P∞
np¼−∞

R d3p
ð2πÞ3.

B. Two loop order diagrams

1. Two-point function

In TLA, we have to evaluate the following diagrams and
express them in terms of thermal independent QFT dia-
grams with temperature function coefficients. The integral

expressions of ; in ITF and QFT are

XZ
p1;p2

λ2T2

ε2p1 þ ω2
np1

�
1

ε2p2 þ ω2
np2

�
2

ð14Þ

and

Z
λ2

ε2p1

�
1

ε2p2

�
2 d4p1

ð2πÞ4
d4p2

ð2πÞ4 ; ð15Þ

respectively, with ε2p ¼ p2 þm2. We follow the same con-
vention as shown in Sec. II A.As specified inAppendixesA-3

andA-4, after regularization ðλ → gμϵ; d3p
ð2πÞ3 →

d3−ϵp
ð2πÞ3−ϵ ;

d4p
ð2πÞ4 →

d4−ϵp
ð2πÞ4−ϵ ; ϵ → 0Þ we get the results
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ð16Þ

The expressions for ; in ITF and QFT are

XZ
p1;p2

1

ε2p1
þ ω2

np1

λ2

ε2p2
þ ω2

np2

T2

ε2p1þp2þq þ ω2
np1þp2þq

ð17Þ

and

Z
λ2

ε2p1

1

ε2p2

1

ε2p1þp2þq

d4p1

ð2πÞ4
d4p2

ð2πÞ4 ; ð18Þ

respectively. From the result of QFT [34,45,46] and corre-
sponding ITF, after regularization (λ → gμϵ, d3p → d3−ϵp,
d4p → d4−ϵp), we express the sunset/sunrise diagram at
external momentum zero as

ð19Þ

where

Yðm; TÞ ¼
Z

∞

0

Z
∞

0

UðxÞUðyÞGðx; yÞdxdy; ð20Þ

UðxÞ ¼ sinhðxÞ
exp ðβm coshðxÞÞ − 1

; ð21Þ

Gðx; yÞ ¼ ln

�
1þ 2 coshðx− yÞ
1þ 2 coshðxþ yÞ

1− 2 coshðxþ yÞ
1− 2 coshðx− yÞ

�
; ð22Þ

SNðm; TÞ ¼ 1

π

X∞
j¼1

�
m

2πjβ

�
N
KNðjβmÞ: ð23Þ

In these two cases, the remaining gμϵ will become λ ≈ g
at ϵ → 0. Similarly in the case of finite terms, ðgμϵÞ2 ¼
λ2 ≈ g2 as ϵ → 0. Detailed expansion and results are given
in Appendixes A-3 and A-4.

2. Four-point function

This section also expresses the other relevant ϕ4 four-
point diagrams in TLA according to the same convention as
Sec. II A. We have regularized results

ð24Þ

where

−λ3
�XZ

p

T
ε2p−k þ ω2

np−k

1

ε2p þ ω2
np

�
2

ð25Þ

and

−λ3
�Z

1

ε2p−k

1

ε2p

d4p
ð2πÞ4

�
2

ð26Þ

are corresponding nonregularized integral expressions for
ITF and QFT. Here ½ωnk ; k⃗� denotes one of three momentum

combinations ½ωnk1
þ ωnk2

; k⃗1 þ k⃗2�, ½ωnk1
þ ωnk3

; k⃗1 þ k⃗3�,
and ½ωnk1

þ ωnk4
; k⃗1 þ k⃗4�. Detailed expansion and deriva-

tion are given in Appendixes A-5 and A-6. Another required
diagram and its ITF and QFT relations can be expressed as

ð27Þ

The integral expression of the above diagram is

−λ3T2
XZ

p

1

ε2p−kþω2
np−nk

1

ðε2pþω2
npÞ2

XZ
q

1

ε2qþω2
nq

ð28Þ

and

−λ3
Z

d4p
ð2πÞ4

1

ε2p−k

1

ðε2pÞ2
Z

d4q
ð2πÞ4

1

ε2q
ð29Þ

for ITF and nonthermal QFT, respectively. By defining
operatorK [34], which picks up the diverging terms from the
corresponding graphs on which it has applied [i.e.,
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KðAϵn þ Bþ cϵÞ ¼ A
ϵn], another complex diagram result can

be summarized as

ð30Þ

with

Z
1

ε2p

−λ3

ε2k1þk2−p

1

ε2q

1

ε2p−qþk3

d4p
ð2πÞ4

d4q
ð2πÞ4 ð31Þ

and

XZ
p;q

1

ε2pþω2
np

−λ3T2

ε2k1þk2−pþω2
nk1þk2−p

1

ε2qþω2
nq

1

ε2p−qþk3
þω2

np−qþk3

:

ð32Þ

These are the diagram’s nonregularized integral expressions
in QFTand ITF, respectively. The complete derivation of the
above diagram is in Appendix A-7.

III. COUNTERTERMS AND MINIMAL
SUBTRACTION SCHEME

Counterterm diagrams are those that make the vertex
function finite when added with the vertex function. The
previously derived diagrams in Sec. II contain terms that
diverge for ϵ → 0. We redefine the proper vertex function to
the divergence removed proper vertex function (FPVF). We
use the MS scheme to deal with diverging terms. Here,
operator K separates the diverging terms, i.e.,

Γ̃ðnÞ ¼ ΓðnÞ −KðΓðnÞÞ: ð33Þ

By this definition

Γ̃ð2Þ ¼ Γð2Þ −KðΓð2ÞÞ; ð34Þ

Γ̃ð4Þ ¼ Γð4Þ −KðΓð4ÞÞ: ð35Þ

A. One loop calculation

The counterterms in one loop order are usually the pole
term in diagrams with a negative sign.

1. Two-point function

We have to find the counterterm for first-order g, and we
follow [34] as the reference text; then

ð36Þ

where represents the contribution of the mass
counterterm, represents the field contribution, and
( ) under Euclidean momentum representation. In
imaginary time formalism [39,44], the tadpole diagram’s
diverging term is the same as that of nonthermal QFT. The
counterterm needed to cancel the tadpole divergence is
proportional to m2 and is

ð37Þ

and the counterterm proportional to K2 in first-order g is
zero, so

ð38Þ

Thus the finite proper vertex function, which is finite at
ϵ → 0,

ð39Þ

2. Four-point function

Similar to the two-point function case, the four-point
finite proper vertex function is

ð40Þ

The counterterm is the pole term of the scattering diagram
with a negative sign. In both ITF and QFT, the pole term is
the same. Scattering diagrams in ITF and QFT differ by a
finite thermal term:
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ð41Þ

B. Two loop calculation

The redefinition of the proper vertex function in one loop
order [Eqs. (36) and (40)] to make it finite causes more
counterterm diagrams to emerge in the two loop order
calculation.

1. Two-point function

The finite two-point function up to TLA for ITF is

ð42Þ

When compared to Eq. (2), the additional terms that
appear here are the counterterm diagrams in two loop order
to make the proper vertex function finite.
The pole term (1=ϵn, n > 0) can have both thermal and

nonthermal coefficients. Substituting −m2c1m2 of Eq. (37)
for −gμϵ in Eq. (9) the scattering diagram at nk; k ¼ 0 gives
one of the counterdiagrams required. Appendix B-2 con-
tains the detailed derivation:

ð43Þ

It is possible to express the counterterm diagram as the
sum of similar diagrams in QFT with nonthermal coef-
ficients and other diagrams with thermal coefficients, as
shown above.
As given in Appendix B-3, if we replace −μϵg in the

tadpole of Eq. (8), in ITF by −μϵgc1g of Eq. (41) we get

ð44Þ

with

SNðm; TÞ ¼ 1

π

X∞
j¼1

�
m

2πjβ

�
N
KNðjβmÞ: ð45Þ

To find the remaining diverging terms in the vertex
function, we write down the diverging terms of each
diagram expressed in the two loop vertex function.
As stated in Appendix A-3 the diverging terms in the

diagram in Eq. (16) expressed in terms of QFT poles with
thermal and nonthermal coefficients are

ð46Þ

The diverging part of the sunset/sunrise diagram in the
vertex function is

ð47Þ

as described in Appendix A-4.
Interestingly ITF two-point functions total divergence is

the same as that of QFT at k0 ¼ ωnk , i.e.,
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ð48Þ

All other terms cancel with each other. Nevertheless, still,
divergence exists in Eq. (48). cm2 and cϕ absorb the
remaining divergences. So the total contribution to counter-
terms cm2 and cϕ up to g2 in ITF is identical to that of QFT
at k0 ¼ ωnk :

ð49Þ

with K2 ¼ ω2
nk þ k⃗2.

That is, in ITF, if we follow the textbook procedure [34],
the sum of counterterms is identical to that of QFT, with
k0 ¼ ωnk . If we extract the polynomial with coefficientsm2

and K2, we get [34]

m2ðc1m2 þ c2m2Þ ¼ m2

�
g

ð4πÞ2
1

ϵ
þ g2

ð4πÞ4
�
2

ϵ2
−

1

2ϵ

��
: ð50Þ

For field renormalization, we have to consider the term
proportional to K2, so

ð51Þ

2. Four-point function

To proceed further, we have to remove the divergences of the four-point function using the renormalization procedure
[34]. The result is the same as that of nonthermal QFT, i.e.,

ð52Þ

From Appendix A, one can verify the above results with complete derivation. Taking those results, we write from
Appendix A-7

ð53Þ

from Appendix A-5 as

ð54Þ
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and from Appendix A-6 as

ð55Þ

The counterterm derived for the four-point function from Appendix B-4 is

ð56Þ

the other counterterm for the four-point function from Appendix B-5 is

ð57Þ

Adding Eqs. (53)–(57), we get

ð58Þ

ð59Þ

IV. RENORMALIZATION CONSTANTS

Therefore, we get the renormalization constants as

ð60Þ

So from the standard result of QFT [34] under SMC,

Zgðg; ϵ−1Þ ¼ 1þ g
ð4πÞ2

3

ϵ
þ g2

ð4πÞ4
�
9

ϵ2
−
3

ϵ

�
: ð61Þ

Similarly, from Eqs. (48) and (50), Appendix A-1, and Secs. III B and III A 1,
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ð62Þ

Zm2ðg; ϵ−1Þ ¼ 1þ g
ð4πÞ2

1

ϵ
þ g2

ð4πÞ4
�
2

ϵ2
−

1

2ϵ

�
: ð63Þ

From Sec. III A 1 and Eq. (51), we get

ð64Þ

The above results show that for two- and four-point
functions at TLA, the values of Zϕ; Zg, and Zm2 for ITF are

the same as for nonthermal ϕ4 theory [34]. So we demand
that the RGE for QFT must also be true for ITF.

V. RENORMALIZATION GROUP EQUATION IN
TWO LOOP ORDER TWO-POINT FUNCTION

The previous results show that no Zϕ, Zg, or Zm2 is
explicitly temperature dependent, and they agree with the
nonthermal field theory. However, a nonexplicit reliance
may exist via the coupling constant g as gðμðTÞÞ.
Furthermore, we use RGE for TLA to see if such relation-
ships are possible; i.e., we demand Eqs. (66)–(70) to be true
for TLA under SMC. Here the RGE is explicitly temper-
ature independent, but the vertex function in ITF is
temperature dependent.

d
dðln μÞ Γ̃

ðnÞðm; g; T; μÞ ¼
�
μ
∂
∂μþ βðgÞ ∂

∂g − nγðgÞ þ γmm
∂
∂m

�
Γ̃ðnÞðm; g; T; μÞ ≈ TLA0; ð65Þ

�
μ
∂
∂μþ βðgÞ ∂

∂g − 2γðgÞ þ γmm
∂
∂m

�
Γ̃ð2Þ
ITFðm; g; T; μÞ ≈ TLA0; ð66Þ

�
μ
∂
∂μþ βðgÞ ∂

∂g − 2γðgÞ þ γmm
∂
∂m

�
Γ̃ð2Þ
QFTðm; g; T; μÞ≈ TLA 0; ð67Þ

dg
d lnðμÞ ¼ βðgÞ ≈ β2g2 þ β3g3; ð68Þ

d lnðmðμÞÞ
d lnðμÞ ¼ γmðgÞ ≈ γm1

gþ γm2
g2; ð69Þ

γðgÞ ≈ γ2g2: ð70Þ

In the previous section, we expressed ITF diagrams as
the sum of corresponding QFT diagrams with subdiagrams
having thermal coefficients. Therefore we can write the
FPVF in ITF as the sum of FPVF of QFT with some
subdiagrams having thermal coefficients under SMC.
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At external momentum zero, we can write

Γ̃ð2ÞITF
finite;K¼0 ¼ Γ̃ð2ÞQFT

finite;K¼0 þ Γdiff ; ð71Þ

where Γ̃ð2Þ
finite ¼ Γð2Þ −KðΓð2ÞÞ.

Thus any RGE that is valid for both ITF and QFT will
also be true for their differences ðΓ̃ð2Þ

ITF − Γ̃ð2Þ
QFTÞ. Then

Eqs. (66) and (67) lead to� ∂
∂ lnðμÞ þ βðgÞ ∂

∂g− 2γðgÞ þ γm
∂

∂ lnðmÞ
�
Γdiff ¼ 0: ð72Þ

From the previous section, it is clear that the individual
Feynman diagram evaluated in ITF and QFT at k0 ¼ ωnk is
different. Still, the two-point and four-point vertex diver-
gences are of the same form. Thus the renormalization
constants (Zm2 ; Zg;…; cm2 ; cg) are in the same structure.
Therefore we can use the results of nonthermal ϕ4 theory
for finite functions βðgÞ, γðgÞ, and γmðgÞ from [34] for
ITF also.
At K ≠ 0, the functions are

γðgÞ ¼ g2

ð4πÞ4
1

12
¼ γ2g2;

γmðgÞ ¼
1

2

g
ð4πÞ2−

5

12

g2

ð4πÞ4 ¼ gγm1þ g2γm2;

βðgÞ ¼−ϵgþ 3g2

ð4πÞ2 −
17g3

3ð4πÞ4 ¼ gβ1þ g2β2þ g3β3: ð73Þ

When K → 0, ϵ → 0, as shown in Appendix C, the
functions change to

γðgÞ ¼ γ2g2 ¼ 0;

γmðgÞ ¼
1

2

g
ð4πÞ2 −

1

2

g2

ð4πÞ4 ¼ gγm1 þ g2γm2;

βðgÞ ¼ 3g2

ð4πÞ2 −
6g3

ð4πÞ4 ¼ g2β2 þ g3β3: ð74Þ

The general form of the two-point FPVF at TLA is

ð75Þ

In order to simplify these equations, let us define an
operator

ΔðAÞ ¼ AITFjk;ωnk
¼0 −KðAITFÞjk;ωnk

¼0

−AQFTjk0;k¼0 þKðAQFTÞjk0;k¼0; ð76Þ

where A represents the appropriate diagram.
Since we defined Γdiff

nk;k⃗¼0
¼ Γð2ÞITFjnk;k¼0 − Γð2ÞQFTjk0;k¼0,

we get

ð77Þ

From Appendix A-1, we get

ð78Þ

From Appendix A-3, we get

ð79Þ

From Appendix A-4, we get

ð80Þ

with

Yðm; TÞ ¼
Z

∞

0

Z
∞

0

UðxÞUðyÞGðx; yÞdxdy; ð81Þ

UðxÞ ¼ sinhðxÞ
exp ðβm coshðxÞÞ − 1

; ð82Þ

Gðx; yÞ ¼ ln

�
1þ 2 coshðx− yÞ
1þ 2 coshðxþ yÞ

1− 2 coshðxþ yÞ
1− 2 coshðx− yÞ

�
: ð83Þ
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Therefore by combining the above results, we get

Γdiff
nk;k⃗¼0

¼ g
2
S1ðm; TÞ

−
3g2

4

S1ðm; TÞ
ð4πÞ2

�
ψð1Þ þ ln

�
4πμ2

m2

��

−
g2

4ð4πÞ S0ðm; TÞS1ðm; TÞ

þ g2m2

4ð4πÞ3 S0ðm; TÞ
�
ψð2Þ þ ln

�
4πμ2

m2

��

−
g2m2

64π4
Yðm; TÞ

−
g2

32π2
S1ðm; TÞ

�
2 −

πffiffiffi
3

p
�
: ð84Þ

Thus combining Eqs. (84) and (72) and expanding it as a
polynomial in g looks like a polynomial of order four.
However, as shown in Appendix D, the coefficients of g2; g,
and g0 are zero and lead to first-degree polynomials. When
we rearrange the linear equation in g, we get

gðm; T; μÞ ¼ Aðm; TÞ lnðμÞ þ Bðm; TÞ
Cðm; TÞ lnðμÞ þDðm; TÞ ð85Þ

with

A ¼ ½−γm1V2;lnm − 2β2V2ðm; TÞ�; ð86Þ

C ¼ ½2ðβ3 − γ2ÞV2 þ γm2V2;lnm�; ð87Þ

B ¼ ð2γ2 − β3ÞT1 − 2β2V1ðm; TÞ
− γm1V1;lnm − γm2T1;lnm; ð88Þ

D ¼ 2ðβ3 − γ2ÞV1 þ γm2V1;lnm; ð89Þ

T1 ¼
1

2
S1ðm; TÞ; ð90Þ

T1;lnm ¼ −
m2

4π
S0ðm; TÞ; ð91Þ

V1ðm; TÞ ¼ m2

4ð4πÞ3 S0ðm; TÞ
�
ψð2Þ þ ln

�
4π

m2

��

−
3

4

S1ðm; TÞ
ð4πÞ2

�
ψð1Þ þ ln

�
4π

m2

��

−
1

4ð4πÞ S0ðm; TÞS1ðm; TÞ − m2

64π4
Yðm; TÞ

−
S1ðm; TÞ
32π2

�
2 −

ffiffiffi
3

p
π

3

�
; ð92Þ

V2ðm; TÞ ¼
�

m2

2ð4πÞ3 S0ðm; TÞ − 3S1ðm; TÞ
2ð4πÞ2

�
; ð93Þ

V2;lnm ¼ 4m2S0ðm; TÞ
ð4πÞ3 −

m4S−1ðm; TÞ
ð4πÞ4 ; ð94Þ

V1;lnm ¼ 2m2

ð4πÞ3 S0ðm; TÞ
�
ψð1Þ þ ln

�
4π

m2

��

−
m4

2ð4πÞ4 S−1ðm; TÞ
�
ψð2Þ þ ln

�
4π

m2

��

þ 3

2

S1ðm; TÞ
ð4πÞ2 þm2S20ðm; TÞ

2ð4πÞ2

þ m2

2ð4πÞ2 S1ðm; TÞS−1ðm; TÞ

þm2S0ðm; TÞ
ð4πÞ3

�
2 −

ffiffiffi
3

p
π

3

�
−

m2

32π4
Yðm; TÞ

−
m4

32π4
∂Yðm; TÞ

∂m2
: ð95Þ

The other trivial value of g that satisfies these equations is
zero, so we do not care about those solutions. Instead,
choosing another physically possible solution [as in Eq. (85)]
leads to a thermal-dependent coupling constant. If we
combine with a beta coupling constant relation such as

dgðμÞ
d lnðμÞ ¼ β2g2 þ β3g3; ð96Þ

it gives rise to the result

lnðμÞ ¼
Z

g 1

β2t2 þ β3t3
dt

¼ −
1

β2g
þ β3
β22

ln

�
β3 þ

β2
g

�
þ ln μ0: ð97Þ

Similarly, the corresponding running mass coupling relation
is

d lnðmÞ
d lnðμÞ ¼ γmðgÞ: ð98Þ

When combined with Eq. (96), it results in

∂ lnðmÞ
∂g

dg
d lnðμÞ ¼ γmðgÞ ð99Þ

⇒
∂ lnðmÞ
∂g ¼ γmðgÞ

βðgÞ ¼ γm1 þ γm2g
β2gþ β3g2

;

ln

�
m
m0

�
¼ χ2 þ

γm1

β2
lnðgÞ þ

�
γm2

β3
−
γm1

β2

�
lnðβ3gþ β2Þ;

ð100Þ
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where ln μ0, m0, and χ2 are the respective integration
constants.
Solving Eqs. (97), (100), and (85) simultaneously, we get

the temperature-dependent running mass and coupling
constant.
Combining the above results with the quasiparticle

model of Bannur [5–7], we get expressions for energy
density and pressure as

εðTÞ ¼ gf
m4

2π2
X∞
n¼1

2
664
3K2

�
nm
T

�
�

nm
T

�
2

þ
K1

�
nm
T

�
nm
T

3
775 ð101Þ

¼ gf
m4

16π2
X∞
n¼1

�
K4

�
nm
T

�
− K0

�
nm
T

��
ð102Þ

and

P
T
−
P0

T0

¼
Z

T

T0

εðmðTÞ; TÞ
T2

dT: ð103Þ

VI. RESULTS AND DISCUSSION

We have derived an equation relating running mass, mass
scale, coupling, and temperature, i.e., Eq. (85). Similarly,
we have the equation connecting running coupling with
mass scale known as the beta function equation as in
Eq. (97). Furthermore, we have an equation connecting
running mass and coupling as in Eq. (100). Solving
Eqs. (85), (97), and (100) for each temperature value will
give us the results as shown in the figures. If one wishes to
keep the μ independent from this set of equations, then as
pointed out in [34], one can redefine it as μ → σμ. In that
case, our above expressions will be a particular case of
σ ¼ 1. One will have to rewrite all equations of RGE
concerning these changes, and a new differential equation
between σ and μ will appear, as shown in [34].
We plot the main results in Figs. 1–4, with varying

integration constants. Two loop coupling constant results
and two loop running mass results are shown in Figs. 1 and
2, respectively. It is evident from Fig. 2 that as temperature
goes to infinity, the running mass per temperature goes to
zero. To understand the nature of pressure proposed by the
model, we plot pressure against temperature with different
values of T0, P0 in Fig. 3. These results show similar
trends, i.e., β → 0; i.e., T → ∞ pressure reaches the ideal
limit PSB ¼ Pideal ¼ π2

90
T4, irrespective of the initial value.

PSB is Stefan Boltzmann’s limit of pressure. In Fig. 4, with
a given ln μ0 and χ2, at high temperatures, the ratio μ=μ0
goes to a constant value. The same trend can be seen in
Fig. 1, i.e., going to a constant value at a high-temperature
limit. Fitting with lattice data can be used to find appro-
priate integration constants μ0 and χ2. When T → 0, as per

FIG. 1. Two loop coupling constant results. g against T=m0

plotted with varying values of integration constants ln μ0 and χ2
with m0 ≈ 1.

FIG. 2. Two loop running mass results. The difference between
the curves is due to the different integration constants, as shown
in the figure.

FIG. 3. Pressure scaled by π2

90
T4 against T=m0, with varying

values of T0; P0; ln μ0; χ2.
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Appendix D-1, g ≈ −ðγm1=γm2Þ. As a result, at T ≈ 0,
lnðμ=μ0Þ becomes a complex number. However, one can
make the μ a real number by choosing μ0, a negative
number/complex number/complex function that can cancel
the complex factor appearing on the right-hand side
Eq. (97). The same holds for running mass. So by choosing
the appropriate integration constants/functions at the zero
temperature limit, one can still make the mass scale and
running mass real or complex. These integral constants
used in our model make it flexible. However, the best way
to determine the value of integration constants will be to fit
the actual data with the corresponding function once it
becomes available. In our model rather than selecting the
mass scale ourselves, we set the mass scale μ to be a
parameter that obeys RGE. The temperature dependence
came naturally.
The quasiparticle model [5–7] derives energy density

from standard statistical mechanics at relativistic Bose-
Einstein distribution. The pressure Eq. (103) has the
property that at T → T0, the integral part of the equation
becomes zero. Hence, the pressure converges to the P0

value. From Appendix D-2, it is clear that as T → 0, energy

density εðTÞ → 0 and εðTÞ
T2 → 0.

VII. CONCLUSION

We conclude that the renormalization constants in imagi-
nary time formalism with one and two loop approximations
are identical to those in nonthermal QFT. In our new
approach, by applying RGE on thermal and nonthermal
vertex functions simultaneously, we derived the coupling
constant and corresponding running mass at zero momentum
limits, where self-energy is analytic [36]. The running mass
and coupling constant with temperature dependence with
varying integration constants are plotted in figures for
massive ϕ4 field theory. Combining these results with the
quasiparticle model of Bannur [5–7] [Eqs. (101) and (103)]

and by choosing different values for P0 and T0, we have
evaluated the pressure for the temperature-dependent run-
ning mass. At higher temperatures, we observe pressure
reaching its ideal limit π

2

90
T4 irrespective of its initial value of

P0=T0. Our model is flexible in such a way that once the
experimental data or lattice data are available for some range,
we will be able to tweak the integration constants in our
model and compare. It will be interesting to know the results
when we extend this model to QCD in the future.
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APPENDIX A: INTEGRAL EQUATIONS ITF TO
NONTHERMAL QFT CONNECTIONS

Here we derive the necessary diagrams for the calcu-
lation. Also, we used approximations λ ¼ gμϵ on regulari-
zation, especially at the final stage. We used an operator K,
which picks up the diverging terms from the corresponding
graphs it applied. i.e., KðAϵn þ Bþ cϵÞ ¼ A

ϵn.

1. Diagram one loop A

We can write

ðA1Þ

where

S1ðm; TÞ ¼
Z

nBðβεpÞ
εp

d3p
ð2πÞ3 ¼

1

π

X∞
n¼1

�
m

2πnβ

�
K1ðnβmÞ

ðA2Þ

with Kðn; xÞ is the modified Bessel function of the second
kind and nBðxÞ ¼ ðexpðxÞ − 1Þ−1.
The braces fλg serve as labels rather than a multiplica-

tion factor. If we proceed with dimensional regularization,
then the Feynman diagram with substitution λ ¼ gμϵ

becomes

FIG. 4. μ
μ0

plotted against T=m0 with varying integration
constants lnðμ0Þ and χ2 with m0 ≈ 1.
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ðA3Þ

where we used standard results [34],

ðA4Þ

Equation (A3) can be verified using a similar integral result [40,46]. The main difference is that we have defined

λ
XZ

fðpÞ ¼ gμϵ
X∞

np¼−∞

Z
fðpÞ dN−ϵp

ð2πÞN−ϵ ðA5Þ

while [40,46] defined it as

g2
XZ

M̄S
fðpÞ ¼ g2

�
eγμ2

4π

�
ϵ X∞
np¼−∞

Z
fðpÞ dN−2ϵp

ð2πÞN−2ϵ : ðA6Þ

2. Diagram one loop B

The integration part of 2 → 2 scattering diagram without λ is

Z
d3p
ð2πÞ3 T

X∞
np¼−∞

1

ω2
np þ ε2p

1

ω2
np−nr þ ε2p−r

¼
Z

1

P2 þm2

1

ðP − RÞ2 þm2

d4P
ð2πÞ4

þ
X

σ;σ1¼�1

Z
nBðβεpÞ
2εpεpþr

1

σ1εp þ εpþr þ iσωnr

d3p
ð2πÞ3 : ðA7Þ

Corresponding diagrammatic expression is

ðA8Þ

with

Wðr; nrÞ ¼
Z

d3p
ð2πÞ3

2nBðβεpÞ
εp

r2 þ 2pr cos θ þ ω2
nr

ðr2 þ 2pr cos θ þ ω2
nrÞ2 þ 4ε2pω

2
nr

: ðA9Þ

Applying dimensional regularization (λ ¼ gμϵ) and using the result from the standard textbook [34], we can write

ðA10Þ

with R ¼ ½ωnr ; r�.
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3. Diagram two loop C

The ITF and QFT relations for the diagram mentioned in Eq. (16) can be derived as

ðA11Þ

Using the results from [34] and from Eq. (A1) we can write

ðA12Þ

with

SNðm; TÞ ¼ 1

π

X∞
n¼1

�
m

2πnβ

�
N
KNðnmβÞ; ðA13Þ

ðA14Þ

ðA15Þ

ðA16Þ

4. Diagram two loop D

The integral expression for sunset/sunrise diagram can be written in ITF as

ðA17Þ

From [44,46] the integral can be expressed as I ¼ I1 þ I2 þ I3 where

ðA18Þ

with S ¼ ½ωns ; s⃗�,
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with

P ¼ ½iσ1εp; p⃗�; S ¼ ½ωns ; s⃗�;

and

ðA19Þ

Similarly

I3 ¼ λ2
Z

d3p
ð2πÞ3

d3q
ð2πÞ3

3nBðβεpÞnBðβεqÞ
4εpεq

×
X

σ1;σ2¼�1

1

ðiσ1εp þ iσ2εq þ ωnsÞ2 þ ðp⃗þ q⃗þ s⃗Þ2 þm2

with

P ¼ ½iσ1εp; p⃗�; Q ¼ ½iσ2εq; q⃗�; S ¼ ½ωns ; s⃗�: ðA20Þ

Now by taking the corresponding result from [34] and Appendix A-2, we can write

ðA21Þ

where

ðA22Þ

with S2 ¼ ω2
ns þ s2,

ðA23Þ

When S ¼ 0,

ðA24Þ

Now combining results, we can write it as in the case of the pole term, i.e.,

ðA25Þ

When external momentum S ¼ 0, the integral result is
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ðA26Þ

with

UðxÞ ¼ sinhðxÞ
exp ðβm coshðxÞÞ − 1

; Gðx; yÞ ¼ ln

�
1þ 2 coshðx − yÞ
1þ 2 coshðxþ yÞ

1 − 2 coshðxþ yÞ
1 − 2 coshðx − yÞ

�
;

Z
1

0

lnð1 − xþ x2Þdx ¼
ffiffiffi
3

p
π

3
− 2:

ðA27Þ

The approximation can be verified using results from [46].

5. Diagram two loop E

If we put

Wðr; nrÞ ¼
X

σ;σ1¼�1

Z
nBðβεpÞ
2εpεpþr

1

σ1εp þ εpþr þ iσωnr

d3p
ð2πÞ3 ; ðA28Þ

then

ðA29Þ

If we take results from [34] and previous sections, we can write

ðA30Þ

and K2 ¼ ω2
nk þ k2 from Appendix A-2

ðA31Þ
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6. Diagram two loop F

ðA32Þ

Solving we get

ðA33Þ

Using [34] and results from Appendixes A-1 and A-2 we can write

ðA34Þ

and K2 ¼ ω2
nk þ k2,

ðA35Þ

ðA36Þ

7. Diagram two loop G

We have to evaluate

ðA37Þ

where δ6 ¼ δ3ðr⃗þ p⃗ − k⃗1 − k⃗2Þδ3ðs⃗þ q⃗ − p⃗ − k⃗3Þ.
The result expanded as the summation

ðA38Þ
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where

I11 ¼
Z

1

P2 þm2

1

Q2 þm2

1

R2 þm2

1

S2 þm2

d4P
ð2πÞ4

d4Q
ð2πÞ4

d4R
ð2πÞ4

d4S
ð2πÞ4

× ð2πÞ4δ4ðRþ P − K1 − K2Þð2πÞ4δ4ðSþQ − P − K3Þ ðA39Þ

with

R ¼ ½r0; r⃗�; P ¼ ½p0; p⃗�; K1 þ K2 ¼ ½ωα; k⃗1 þ k⃗2�; K3 ¼ ½ωη; k⃗3�: ðA40Þ

We define

JðK2Þ ¼
Z

1

P2 þm2

1

ðP − KÞ2 þm2

d4P
ð2πÞ4 ; ðA41Þ

LðA;B;CÞ ¼ 1

A2 þm2

1

B2 þm2

1

C2 þm2
; ðA42Þ

and

GðA;BÞ ¼ 1

A2 þm2

1

B2 þm2
: ðA43Þ

Then

I21 ¼
Z

d3p
ð2πÞ3

nBðβεpÞ
2εp

X
σ¼�1

�
J½ðPþ K3Þ2�

ðP − K1 − K2Þ2 þm2

�
p0¼−iσεp

: ðA44Þ

Similarly

I22 ¼
Z

d3r
ð2πÞ3

nBðβεrÞ
2εr

X
σ¼�1

�
J½ðK1 þ K2 þ K3 − RÞ2�
ðR − K1 − K2Þ2 þm2

�
r0¼−iσεr

; ðA45Þ

IF1 ¼
Z

d3q
ð2πÞ3

nBðβεqÞ
2εq

X
σ¼�1

LðR − K1 − K2; R; RþQ − K1 − K2 − K3Þ
d4R
ð2πÞ4q0¼iσεq

; ðA46Þ

IF2 ¼
Z

d3p
ð2πÞ3

nBðβεpÞ
2εp

d3q
ð2πÞ3

nBðβεqÞ
2εq

X
σ1;σ3¼�1

GðP − K1 − K2; Q − P − K3Þjq0¼iσ3εq
p0¼iσ1εp

; ðA47Þ

IF3 ¼
Z

d3s
ð2πÞ3

d3r
ð2πÞ3

nBðβεsÞnBðβεrÞ
4εsεr

X
σ1;σ3¼�1

GðR − K1 − K2; Sþ R − K1 − K2 − K3Þjr0¼iσ3εr
s0¼iσ1εs

; ðA48Þ

IF4 ¼
Z

d3q
ð2πÞ3

d3s
ð2πÞ3

nBðβεsÞnBðβεqÞ
4εsεq

X
σ1;σ3¼�1

GðSþQ − K3; Qþ Sþ K1 þ K2 − K3Þjs0¼iσ3εs
q0¼iσ1εq

: ðA49Þ

If we look at the integral, we can find one thing: the first three terms, I11, I21, and I22, diverge, the rest become finite. i.e.,
I ¼ I11 þ I21 þ I22+ Finite terms (2IF1 þ 2IF2 þ 2IF3 þ IF4). If we define the pole finding operator K, then by the
structure, we can write

ðA50Þ
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ðA51Þ

We rewrite Z
1

−1
d cos θ

X
σ¼�1

1

ðP − KÞ2 þm2
¼

Z
1

−1
d cos θ

X
σ¼�1

1

ðp − kÞ2 þ ðiσεp þ ωαÞ2 þm2

¼
Z

1

−1
d cos θ

2ðk2 − 2pk cos θ þ ω2
αÞ

ðk2 − 2pk cos θ þ ω2
αÞ2 þ 4ε2pω

2
α

¼
Z

1

−1
d cos θ

2ðk2 þ 2pk cos θ þ ω2
αÞ

ðk2 þ 2pk cos θ þ ω2
αÞ2 þ 4ε2pω

2
α
; ðA52Þ

Wðr; nrÞ ¼
Z

d3p
ð2πÞ3

2nBðβεpÞ
εp

r2 þ 2pr cos θ þ ω2
nr

ðr2 þ 2pr cos θ þ ω2
nrÞ2 þ 4ε2pω

2
nr

: ðA53Þ

We know that from Appendix A-2

ðA54Þ

So

ðA55Þ

So the pole term relation can be written as

ðA56Þ

where

ðA57Þ

with Ki ¼ ½ωnki
; k⃗i�.

APPENDIX B: COUNTERTERM DIAGRAMS

1. Counterterm 1

From [34], the counterterm for divergence for the four-point function derived is

ðB1Þ
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The corresponding diagram in imaginary time formalism is

ðB2Þ

From Appendix A-2, one can find that the diverging term
is the same for the diagram in imaginary time formalism
and nonthermal QFT; thus, we can write

ðB3Þ

2. Counterterm 2

From [34] defining the � operator, the substitution of the
counterterm −m2cm2 or −μϵgcg, we can express counter-
terms as

ðB4Þ

We have from Appendix A-1 the relation

ðB5Þ

So, for ITF, the corresponding derivation is

ðB6Þ

So

ðB7Þ

3. Counterterm 3

From [34], the calculation proceeds as

ðB8Þ

and the corresponding diagram made with results from Appendixes A-1 and A-2 is
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ðB9Þ

4. Counterterm 4

From [34], the diagram evaluated is

ðB10Þ

Using the results of Appendix A-2 the corresponding diagram in ITF can be written as

QFT

QFT
ðB11Þ

with

ðB12Þ

where K2 ¼ k2 þ ω2
nk .
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5. Counterterm 5

From [34], one can derive the diagram as

ðB13Þ

The corresponding counterterm in imaginary time formalism can be written with Appendixes A-2 and A-1 as

ðB14Þ

It can also be derived using the * operation [34], i.e.,

ðB15Þ

APPENDIX C: RENORMALIZATION
CONSTANTS

We have from [34]

γðgÞ ¼ −Zϕ;1 ¼ −ϵcϕ; ðC1Þ

γmðgÞ ¼
1

2

g
ð4πÞ2 −

1

2

g2

ð4πÞ4 þ γðgÞ; ðC2Þ

βðgÞ ¼ −ϵgþ 3g2

ð4πÞ2 −
6g3

ð4πÞ4 þ 4gγðgÞ: ðC3Þ

1. Case 1: K ≠ 0

In this case as per Eq. (64)

K2cϕ ¼ −
g2

ð4πÞ4
K2

12

1

ϵ
: ðC4Þ

Equations (C1) to (C3) become

γðgÞ ¼ g2

ð4πÞ4
1

12
; ðC5Þ

γmðgÞ ¼
1

2

g
ð4πÞ2 −

5

12

g2

ð4πÞ4 ; ðC6Þ

βðgÞ ¼ −ϵgþ 3g2

ð4πÞ2 −
17g3

3ð4πÞ4 : ðC7Þ

2. Case 2: K = 0

Now Eqs. (C1) to (C3) change because of

K2cϕ ¼ 0: ðC8Þ
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So

γðgÞ ¼ 0; ðC9Þ

γmðgÞ ¼
1

2

g
ð4πÞ2 −

1

2

g2

ð4πÞ4 ; ðC10Þ

βðgÞ ¼ −ϵgþ 3g2

ð4πÞ2 −
6g3

ð4πÞ4 : ðC11Þ

3. Relation

We can relate them as

γðgÞk¼0 ¼ γðgÞk≠0 −
g2

ð4πÞ4
1

12
¼ 0; ðC12Þ

γmðgÞk¼0 ¼ γmðgÞk≠0 −
g2

ð4πÞ4
1

12
; ðC13Þ

βðgÞk¼0 ¼ βðgÞk≠0 −
1

3

g3

ð4πÞ4 : ðC14Þ

APPENDIX D: COUPLING CONSTANT FORM
DERIVATION

We have

Γdiff
nk;k⃗¼0

¼ g
2
S1ðm; TÞ − 3g2

4

S1ðm; TÞ
ð4πÞ2

�
ψð1Þ þ ln

�
4πμ2

m2

��

−
g2

4ð4πÞ S0ðm; TÞS1ðm; TÞ

þ g2m2

4ð4πÞ3 S0ðm; TÞ
�
ψð2Þ þ ln

�
4πμ2

m2

��

−
g2m2

64π4
Yðm; TÞ − g2

32π2
S1ðm; TÞ

�
2 −

πffiffiffi
3

p
�
:ðD1Þ

Let us express

Γdiff
nk;k⃗¼0

¼ gT1 þ g2T2; ðD2Þ

∂
∂ ln μΓ

diff
nk;k⃗¼0

¼ gT1;ln μ þ g2T2;ln μ; ðD3Þ

∂
∂ lnmΓdiff

nk;k⃗¼0
¼ gT1;lnm þ g2T2;lnm ðD4Þ

with

SNðm; TÞ ¼ 1

π

X∞
n¼1

�
m

2πnβ

�
N
KNðnmβÞ; ðD5Þ

T1 ¼
1

2
S1ðm; TÞ;

T2 ¼ V1ðm; TÞ þ V2ðm; TÞ lnðμÞ; ðD6Þ

T1;ln μ ¼ 0; ðD7Þ

T1;lnm ¼ −
m2

4π
S0ðm; TÞ; ðD8Þ

T2;ln μ ¼ V2ðm; TÞ; ðD9Þ

T2;lnm ¼ V1;lnm þ V2;lnm ln μ; ðD10Þ

V1ðm; TÞ ¼ m2

4ð4πÞ3 S0ðm; TÞ
�
ψð2Þ þ ln

�
4π

m2

��
−
3

4

S1ðm; TÞ
ð4πÞ2

�
ψð1Þ þ ln

�
4π

m2

��

−
1

4ð4πÞ S0ðm; TÞS1ðm; TÞ − m2

64π4
Yðm; TÞ − S1ðm; TÞ

32π2

�
2 −

ffiffiffi
3

p
π

3

�
; ðD11Þ

V2ðm; TÞ ¼
�

m2

2ð4πÞ3 S0ðm; TÞ − 3S1ðm; TÞ
2ð4πÞ2

�
; ðD12Þ

V2;lnm ¼ 4m2S0ðm; TÞ
ð4πÞ3 −

m4S−1ðm; TÞ
ð4πÞ4 ; ðD13Þ
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V1;lnm ¼ 2m2

ð4πÞ3 S0ðm; TÞ
�
ψð1Þ þ ln

�
4π

m2

��
−

m4

2ð4πÞ4 S−1ðm; TÞ
�
ψð2Þ þ ln

�
4π

m2

��

þ 3

2

S1ðm; TÞ
ð4πÞ2 þm2S20ðm; TÞ

2ð4πÞ2 þ m2

2ð4πÞ2 S1ðm; TÞS−1ðm; TÞ

þm2S0ðm; TÞ
ð4πÞ3

�
2 −

ffiffiffi
3

p
π

3

�
−

m2

32π4
Yðm; TÞ − m4

32π4
∂Yðm; TÞ

∂m2
: ðD14Þ

Let us define the RGE as

d
d lnμ

¼ dRGE¼ μ
∂
∂μþ βðgÞ ∂∂g−nγðgÞþ γmm

∂
∂m ðD15Þ

with

βðgÞ ¼ β2g2 þ β3g3; ðD16Þ

γðgÞ ¼ γ2g2; ðD17Þ

γmðgÞ ¼ γm1gþ γm2g2: ðD18Þ

We have to evaluate

dRGE Γ̃ðm; g; T; μÞ ≈ TLA 0: ðD19Þ

Term by term results are

βðgÞ ∂
∂gΓ

diff
nk;k⃗¼0

¼ g4f2β3T2g þ g3f2β2T2 þ β3T1g

þ g2fβ2T1g; ðD20Þ

γmðgÞ
∂

∂ lnmΓdiff
nk;k⃗¼0

¼ g4fγm2T2;lnmg
þ g3fγm1T2;lnm þ γm2T1;lnmg
þ g2fγm1T1;lnmg; ðD21Þ

−2γðgÞΓdiff
nk;k⃗¼0

¼ g4f−2γ2T2g þ g3f−2γ2T1g; ðD22Þ

∂
∂ ln μΓ

diff
nk;k⃗¼0

¼ g2T2;ln μ þ gT1;ln μ; ðD23Þ

dRGEΓdiff
nk;k⃗¼0

¼ g4f2ðβ3 − γ2ÞT2 þ γm2T2;lnmg
þ g3f2β2T2 þ ðβ3 − 2γ2ÞT1

þ γm1T2;lnm þ γm2T1;lnmg
þ g2fβ2T1 þ γm1T1;lnm þ T2;ln μg
þ gT1;ln μ: ðD24Þ

On applying Eqs. (D6)–(D9) on the above equation, it is
clear that terms that have coefficients g and g2 are zero,

dRGEΓdiff ¼ 0 ⇒ g ¼ Aðm; TÞ ln μþ Bðm; TÞ
Cðm; TÞ ln μþDðm; TÞ ðD25Þ

and

A ¼ ½−γm1V2;lnm − 2β2V2ðm; TÞ�; ðD26Þ

C ¼ ½2ðβ3 − γ2ÞV2 þ γm2V2;lnm�; ðD27Þ

B ¼ ð2γ2 − β3ÞT1 − 2β2V1ðm; TÞ
− γm1V1;lnm − γm2T1;lnm; ðD28Þ

D ¼ 2ðβ3 − γ2ÞV1 þ γm2V1;lnm: ðD29Þ
We combine with a beta coupling constant relation such as

dgðμÞ
d lnðμÞ ¼ β2g2 þ β3g3 ðD30Þ

and give rise to the result

lnðμÞ ¼
Z

g 1

β2t2 þ β3t3
dt

¼ −
1

β2g
þ β3
β22

ln

�
β3 þ

β2
g

�
þ ln μ0: ðD31Þ

Similarly, the corresponding runningmass coupling relation is

d lnðmÞ
d lnðμÞ ¼ γmðgÞ: ðD32Þ

Combining with the above

∂ lnðmÞ
∂g

dg
d lnðμÞ ¼ γmðgÞ ⇒

∂ lnðmÞ
∂g ¼ γmðgÞ

βðgÞ : ðD33Þ

Solving by substituting

∂ lnðmÞ
∂g ¼ γm1 þ γm2g

β2gþ β3g2
; ðD34Þ

ln

�
m
m0

�
¼ χ2 þ

γm1

β2
lnðgÞ þ

�
γm2

β3
−
γm1

β2

�
lnðβ3gþ β2Þ;

ðD35Þ
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ln μ0, m0, and χ2 are the respective integration constants.
Now we have three equations containing mass scale μ,
coupling constant g, and running mass m, so combining
Eqs. (D35), (D31), and (D25) and solving simultaneously,
we get the temperature-dependent running mass and
coupling constant.

1. Coupling g limit case T → 0

Here we consider limit case T → 0 at m ≠ 0. In order to
find the coupling nature of μ at T ≈ 0, βm → ∞, we have to
find the rate of convergence of Aðm; TÞ, Bðm; TÞ, Cðm; TÞ,
Dðm; TÞ as T → 0, because of

g ¼ Aðm; TÞ ln μþ Bðm; TÞ
Cðm; TÞ ln μþDðm; TÞ : ðD36Þ

Here

lim
βm→∞

SNðm; TÞ → 0: ðD37Þ

Since both the numerator and denominator of Eq. (D36)
contain SNðm; TÞ with varying N, the rate of convergence
of the ratios is important. So

lim
βm→∞

SNþ1ðm; TÞ
SNðm; TÞ → 0: ðD38Þ

As N increases, the rate of SNðm; TÞ convergence also
increases. The convergence of Yðm; TÞ can be found and is

Yðm; TÞ ¼
Z

∞

0

Z
∞

0

UðxÞUðyÞGðx; yÞdxdy; ðD39Þ

UðxÞ ¼ sinhðxÞ
exp ðβm coshðxÞÞ − 1

; ðD40Þ

Gðx;yÞ¼ ln

�
1þ2coshðx−yÞ
1þ2coshðxþyÞ

2coshðxþyÞ−1

2coshðx−yÞ−1

�
; ðD41Þ

SNðm; TÞ ¼ 1

π

X∞
j¼1

�
m

2πjβ

�
N
KNðjβmÞ: ðD42Þ

From the expression of Gðx; yÞ itself, it is clear that
Gðx; yÞ < lnð3Þ. So,

Yðm; TÞ < lnð3Þ
�Z

∞

0

sinhðxÞ
expðβm coshðxÞÞ − 1

dx

�
2

ðD43Þ

< lnð3Þ
�
2π

m
S1

2
ðm; TÞ

�
2

: ðD44Þ

Therefore

lim
βm→∞

Yðm; TÞ
S−1ðm; TÞ → 0: ðD45Þ

As a result dividing both numerator and denominator by
S−1ðm; TÞ in g,

lim
βm→∞

g ¼ lim
βm→∞

Aðm;TÞ
S−1ðm;TÞ ln μþ Bðm;TÞ

S−1ðm;TÞ
Cðm;TÞ
S−1ðm;TÞ ln μþ Dðm;TÞ

S−1ðm;TÞ
≈ −

�
γm1

γm2

�
; ðD46Þ

where

lim
βm→∞

Aðm; TÞ
S−1ðm; TÞ ≈ −γm1 × −

m4

2ð4πÞ4
�
ψð2Þ þ ln

�
4π

m2

��
;

ðD47Þ

lim
βm→∞

Bðm; TÞ
S−1ðm; TÞ ≈ −γm1 × −

m4

ð4πÞ4 ; ðD48Þ

lim
βm→∞

Cðm; TÞ
S−1ðm; TÞ ≈ γm2 × −

m4

2ð4πÞ4
�
ψð2Þ þ ln

�
4π

m2

��
;

ðD49Þ

lim
βm→∞

Dðm; TÞ
S−1ðm; TÞ ≈ γm2 × −

m4

ð4πÞ4 : ðD50Þ

Now we have other equations relating μ and g as

ln

�
μ

μ0

�
¼ −1

β2g
þ β3
β22

ln

�
β3 þ

β2
g

�
: ðD51Þ

When we apply the result Eq. (D46) on the above
equations, we get

lim
βm→∞

ln
�
μ

μ0

�
¼ γm2

β2γm1

þ β3
β22

ln
�
β3 −

γm2β2
γm1

�
: ðD52Þ

At this approximation, at zero momentum limit, the right-
hand side of Eq. (D52) goes to a complex number. If we
choose μ0 in the left-hand side accordingly (i.e., to a
complex number/complex function approximation at
T ≈ 0), one can still make μðT ≈ 0Þ a real number.
The relation between the running mass and the coupling

relation at T → 0 approximated is

lim
βm→∞

ln

�
m
m0

�
¼ χ2 þ

γm1

β2
ln

�
−γm1

γm2

�

þ
�
γm2

β3
−
γm1

β2

�
ln

�
β2 −

γm1β3
γm2

�
: ðD53Þ

At this approximation one can choose running massmðT ≈
0Þ as real or complex by intentionally choosing χ2 and ln μ0
accordingly.
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2. Pressure P limit case T → 0

In Fig. 3, we have chosen different values as T0, P0, χ2,
ln μ. All those results show a similar course, i.e., T → ∞,
P → Pideal, irrespective of the initial value.
The quasiparticle model derives energy density from

standard statistical mechanics at relativistic Bose-Einstein
distribution, i.e.,

hεi ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
p

expðβ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
Þ − 1

d3p
ð2πÞ3 ; ðD54Þ

hεi ¼ 1

2π2

Z
∞

0

p2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
expðβ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
Þ − 1

dp: ðD55Þ

Putp ¼ m sinh x ðD56Þ

¼ m4

16π2

Z
∞

0

coshð4xÞ − 1

expðβm coshðxÞÞ − 1
dx: ðD57Þ

At T → 0, i.e., βm → ∞, we have

lim
βm→∞

hεi ¼ m4

16π2

Z
∞

0

ðcoshð4xÞ − 1Þ expð−βm coshðxÞÞ

ðD58Þ

¼ m4

16π2
ðK4ðβmÞ − K0ðβmÞÞ: ðD59Þ

We have

lim
x→∞

KðN; xÞ → 0; ∴ lim
βm→∞

hεi ¼ 0: ðD60Þ

The equation relating pressure with energy is

PðTÞ ¼ T
T0

P0 þ T
Z

T

T0

εðTÞ
T2

dT: ðD61Þ

In Eq. (D61) as T → T0, the integral becomes zero. (The
ntegral becomes a zero width integral.) So at T → T0,
P → P0. One can choose P0 as negative or positive or zero.
We have shown in the figure that irrespective of that the
value pressure goes to the ideal limit. In the case of the

integrand εðTÞ
T2 at the zero temperature limit, we assume

m ≠ 0, and T → 0 ⇒ βm → ∞, according to Eq. (D59),

lim
βm→∞

ðβmÞ2KNðβmÞ → 0: ðD62Þ

Since energy density at zero temperature limits reaches zero
value, there is no point in choosing anything other than zero
for P0 at T → 0. The value of pressure can be made
negative at some points if one chooses P0 as negative at the
appropriate T0. In our case, we found that it reaches the
ideal value at a high-temperature limit, whatever may be the
initial value.

APPENDIX E: MATSUBARA SUMMATION
RESULTS

Here we introduce specific Matsubara summation results
involved in calculations we have described earlier, and the
symbols have the usual meanings. Here ωn denotes the
2πnT where n is the Matsubara frequency and T is the
temperature. β indicates the inverse temperature in natural
units, i.e., 1=T:

T
X∞
n¼−∞

1

ω2
n þ ε2p

¼ 1

2εp
þ nBðβεpÞ

εp
; ðE1Þ

T
X∞

np¼−∞

1

ω2
np þ ε2p

1

ω2
np−nq þ ε2q

¼ ½t1ðp; q; nqÞ þ t2ðp; q; nqÞ þ t2ðq; p; nqÞ�; ðE2Þ

T2
X∞

np¼−∞

X∞
nq¼−∞

1

ω2
np þ ε2p

1

ω2
nq þ ε2q

1

ω2
npþnqþnr þ ε2r

¼ S1 þ S2 þ S3; ðE3Þ

T2
X∞
n¼−∞

X∞
θ¼−∞

1

ω2
n þ ε2p

1

ω2
θ þ ε2q

1

ω2
n−α þ ε2r

1

ω2
n−θþη þ ε2s

¼ T2
X∞
n¼−∞

X∞
θ¼−∞

1

ω2
n þ ε2p

1

ω2
θ þ ε2s

1

ω2
n−α þ ε2r

1

ω2
n−θþη þ ε2q

ðE4Þ

¼ T1
s2 þ T2

s2 þ T3
s2

16εpεrεqεs
ðE5Þ

with
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t1ðp; q; nrÞ ¼
X
σ¼�1

1

4εpεq

�
1

εp þ εq þ iσωnr

�
; ðE6Þ

t2ðp; q; nrÞ ¼
X

σ;σ1¼�1

1

4εpεq

1

σ1εp þ εq þ iσωnr

nBðβεpÞ; ðE7Þ

ðE8Þ

S1 ¼
1

8εpεqεr

�X
σ¼�1

1

εp þ εq þ εr þ iσωnr

�
; ðE9Þ

S2 ¼
1

8ϵpϵqϵr

X
σ;σ1¼�1

�
nBðβεpÞ

σ1εp þ εq þ εr þ iσωnr

þ nBðβεqÞ
εp þ σ1εq þ εr þ iσωnr

þ nBðβεrÞ
εp þ εq þ σ1εr þ iσωnr

�
; ðE10Þ

S3 ¼
1

8εpεqεr

X
σ;σ1;σ2¼�1

�
nBðβεqÞnBðβεrÞ

εp þ σ1εq þ σ2εr þ iσωnr

þ nBðβεpÞnBðβεqÞ
σ1εp þ σ2εq þ εr þ iσωnr

þ nBðβεpÞnBðβεrÞ
σ1εp þ εq þ σ2εr þ iσωnr

�
; ðE11Þ

T1
s2 ¼

X
σ¼�1

1

εr þ εp − iσωα

1

εp þ εq þ εs þ iσωη
þ

X
σ¼�1

1

εr þ εp þ iσωα

1

εr þ εq þ εs þ iσωηþα

þ
X
σ¼�1

1

εr þ εq þ εs þ iσωαþη

1

εp þ εq þ εs þ iσωη
; ðE12Þ

T2
s2 ¼ t21 þ t22 þ t23 þ t24 þ t25 þ t26 þ t27 þ t28; ðE13Þ

T3
s2 ¼ t31 þ t32 þ t33 þ t34 þ t35; ðE14Þ

t21 ¼
X

σ;σ1;σ2¼�1

1

εr þ σ1ðεp − iσωαÞ
1

εq þ εs þ σ2ðεp þ iσωηÞ
nBðβεpÞ; ðE15Þ

t22 ¼
X

σ;σ1;σ2¼�1

1

εp þ σ1ðεr þ iσωαÞ
1

εq þ εs þ σ2ðεr þ iσωηþαÞ
nBðβεrÞ; ðE16Þ

t23 ¼
X

σ;σ2¼�1

1

εs þ εr þ σ2εq þ iσðωηþαÞ
1

εp þ εs þ σ2εq þ iσωη
nBðβεqÞ; ðE17Þ

t24 ¼
X

σ;σ2¼�1

1

εr þ εp þ iσωα

1

εp þ εs þ σ2εq − iσωη
nBðβεqÞ; ðE18Þ

t25 ¼
X

σ;σ2¼�1

1

εr þ εp þ iσωα

1

εr þ εs þ σ2εq þ iσωηþα
nBðβεqÞ; ðE19Þ

t26 ¼
X

σ;σ2¼�1

1

εq þ εr þ σ2εs þ iσωηþα

1

εp þ εq þ σ2εs þ iσωη
nBðβεsÞ; ðE20Þ

t27 ¼
X

σ;σ2¼�1

1

εr þ εp þ iσωα

1

εp þ εq þ σ2εs − iσωη
nBðβεsÞ; ðE21Þ

t28 ¼
X

σ;σ2¼�1

1

εr þ εp þ iσωα

1

εr þ εq þ σ2εs þ iσωηþα
nBðβεsÞ; ðE22Þ
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t31 ¼
X

σ;σ1;σ2;σ3¼�1

1

εr þ σ1ðεp − iσωαÞ
1

εs þ σ2εq þ σ3ðεp þ iσωηÞ
nBðβεpÞnBðβεqÞ; ðE23Þ

t32 ¼
X

σ;σ1;σ2;σ3¼�1

1

εr þ σ1ðεp − iσωαÞ
1

εq þ σ2εs þ σ3ðεp þ iσωηÞ
nBðβεpÞnBðβεsÞ; ðE24Þ

t33 ¼
X

σ;σ1;σ2;σ3¼�1

1

εp þ σ1ðεr þ iσωαÞ
1

εq þ σ2εs þ σ3ðεr þ iσωηþαÞ
nBðβεrÞnBðβεsÞ; ðE25Þ

t34 ¼
X

σ;σ1;σ2;σ3¼�1

1

εp þ σ1ðεr − iσωαÞ
1

εs þ σ2εq þ σ3ðεr − iσωηþαÞ
nBðβεrÞnBðβεqÞ; ðE26Þ

t35 ¼
X

σ;σ1;σ2;σ3¼�1

1

εp þ σ2εs þ σ1εq þ iσωη

1

εr þ σ3ðσ2εs þ σ1εq þ iσωηþαÞ
nBðβεsÞnBðβεqÞ; ðE27Þ

nBðxÞ ¼ ðex − 1Þ−1; ðE28Þ

β ¼ 1=T: ðE29Þ
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