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Spontaneous non-Hermiticity in the (2 + 1)-dimensional Gross-Neveu model
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Using a nonperturbative approach based on the Cornwall-Jackiw-Tomboulis (CJT) effective action I'(.S)
for composite operators (S is the full fermion propagator), the phase structure of the simplest massless
(2 4 1)-dimensional Gross-Neveu model is investigated. We have calculated I'(S) and its stationary (or
Dyson-Schwinger) equation in the first order of the bare coupling constant G and have shown that there
exist a well-defined dependence of G = G(A) on the cutoff parameter A, such that the Dyson-Schwinger
equation is renormalized. It has three different solutions for fermion propagator S corresponding to possible
dynamical appearance of three different mass terms in the model. One is a Hermitian, but two others are
non-Hermitian and P7 even or odd. It means that two phases with spontaneous non-Hermiticity can be
emerged in the system. Moreover, mass spectrum of quasiparticles is real in these non-Hermitian and P7°

even/odd phases.
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I. INTRODUCTION

For a long time, it was believed that to describe quantum
systems it is necessary to use theories with Hermitian
Hamiltonians (or Lagrangians), since in this case the energy
spectrum is real. However, in recent decades, it has been
understood that there are situations, especially in open
physical systems interacting with the environment, which
can be effectively considered in the framework of non-
Hermitian Hamiltonians (see, e.g., in review [1]). Moreover,
it was claimed that if non-Hermitian theories have in addition
a space-time reflection symmetry P7, then its energy
spectrum is real [2,3], i.e., the Hermitian nature of the
Hamiltonian is only a sufficient, but far from necessary,
condition for the energy spectrum of the system to be real.
This statement is supported by a number of bosonic theories
in which non-Hermiticity together with P7 symmetry lead
to real mass spectrum.

However, the situation is more involved in fermionic
systems. On the one hand, indeed, as the considerations
of some (1+1)- and (3 4 I)-dimensional (D) and
non-Hermitian field theory models with four-fermion
interaction show, the P7 -symmetry together with non-
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Hermiticity leads to a real spectrum of mass [4—6]. On the
other hand, in the same paper [6] other non-Hermitian and
anti-P7 -symmetric extensions of the four-fermion mod-
els are also presented, in which, nevertheless, a real
spectrum of fermion masses is also generated, i.e., in fact
P7 symmetry of the model is not a necessary condition
for real fermion masses to exist. Thus, the relationship
between the phenomena of non-Hermiticity, P7 sym-
metry and the reality of the energy spectrum in any
quantum system remains a far from solved problem and
deserves further study. Moreover, it should be noted one
more feature of the non-Hermiticity phenomenon, which
was observed recently just within the framework of the
(3 + 1)-D Nambu—Jona-Lasinio (NJL) model [7] with
four-fermion interactions. Namely, in this model the non-
Hermiticity can arise spontaneously [8]. (Quite recently,
it was noted in Ref. [9] that, perhaps, the phenomenon of
spontaneous non-Hermiticity occurs also in some models
of Yukawa type.) It means that (i) initial Lagrangian of
the massless NJL model is taken to be Hermitian and
‘PT -symmetric, (ii) but, as it was proved in Ref. [8], there
exists a ground state corresponding to a dynamical
(spontaneous) appearance of the P7-symmetric and
non-Hermitian Yukawa-type term in the effective
Lagrangian. In addition, quasiparticle excitations of this
ground state obey a real mass.

In the present paper, we show that in the simplest
(2 4+ 1)-D massless Gross-Neveu (GN) model (for the first
time, it was discussed in Ref. [10]) with four-fermion
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interaction (initially, its Lagrangian is Hermitian and
PT -symmetric') the non-Hermiticity can also arise spon-
taneously. In contrast to the situation observed in the
massless NJL model, in (2 + 1)-D massless GN model
(i) both P7- and anti-P7-symmetric non-Hermitian
ground states are allowed to be realized. And (ii) it means
that mass terms, and not terms with Yukawa interaction,
with corresponding symmetry properties are generated in
the model Lagrangian.

In this connection, it is necessary to note that recently
much attention has been paid to the investigation of
(24 1)-D field theory models, which can be used to
predict and study the condensed matter physical phenom-
ena of planar nature such as quantum Hall effect, high-
temperature superconductivity, low-energy graphene
physics, etc. To a fairly large extent, these phenomena
are usually considered within the framework of models
with a four-fermion interaction [11-19]. One of the
reasons is that in these models the spontaneous symmetry
breaking occurs dynamically, i.e., without taking into
account additional scalar Higgs bosons. Moreover, despite
the perturbative nonrenormalizability of these (2 + 1)-
dimensional models, in the framework of nonperturbative
approaches such as large-N technique, etc., they are
renormalizable [20]. And just using this nonperturbative
1/N approach, spontaneous symmetry breaking and the
associated effect of dynamical generation of the fermion
mass were investigated in the simplest (2 + 1)-D GN
model with four-fermion interaction. In particular, it was
shown, e.g., in Ref. [21] that at zero temperature and zero
chemical potential (as well as at fixed value of the cutoff
parameter A) in this (2 + 1)-D GN model a phase with
dynamical chiral symmetry breaking occurs only at
sufficiently large (positive) values of the bare coupling
constant G = G(A). For a rather weak interaction, the
symmetric phase is realized in the model, and it is not an
asymptotically free one. (In contrast, the (1 + 1)-D GN
model [10] is an asymptotically free and dynamic gen-
eration of the fermionic mass occurs there for arbitrary
values of bare coupling constant.) Qualitatively the same
properties of this (2 + 1)-D GN model one can observe in
terms of variational optimized expansion technique [22]
and other nonperturbative variational approaches [23], etc.

Unlike the aforementioned papers, we investigate phase
structure of the (2+ 1)-D GN model (1) within the
framework of another nonperturbative approach based
on the effective action for composite operators.
Originally, the approach was proposed in the paper by
Cornwall-Jackiw-Tomboulis (CJT) [24] when considering
mainly a scalar ¢*-field model, etc. Then in a series of
papers [25-29] the CJT effective action for composite
operators method has been extended to (Hermitian) quan-
tum field theory models with fermions. As a result, a

'Its Lagrangian is presented below in Eq. (1).

nonperturbative method has emerged for calculating vari-
ous multifermion Green’s functions based on functional
equations of the Dyson-Schwinger type. Moreover, in this
CIT effective action approach it is possible to investigate
the possibility of dynamical generation of the fermion mass
and chiral symmetry breaking, etc., as it was demonstrated,
e.g., in the framework of the (1 4+ 1)-D GN model in
Ref. [27]. And in the last case, i.e., in (1 + 1)-D, the results
of the CJT effective action studies of the model are
qualitatively the same as in the large-N expansion tech-
nique. It is also worth mentioning that the possibility
of dynamically generating fermion mass in some non-
Hermitian quantum field theory models has been inves-
tigated in Refs. [30-33]. Namely, in the first of these
papers, the problem is considered within the framework of
the 1/N expansion in the (3 4+ 1)-D NJL model (with a
complex coupling constant), while in the remaining papers,
for this purpose, the approach of the Dyson-Schwinger
equation was used in non-Hermitian Yukawa-type models
with additional four-fermion interaction term.

In the recent paper [34] we have studied phase structure of
the massless (2 + 1)-D GN model also using the CJT
effective action method. It turns out that in this case, in
contrast to (1 + 1)-D GN model, the CJT approach predicts a
much richer phase structure compared to the result obtained
with other generally accepted nonperturbative methods, i.e.,
large-N and optimized expansion techniques, etc. And each
of the observed phases is associated with some dynamically
generated (Hermitian) mass term of the Lagrangian. So in
the present paper, we show that non-Hermiticity can arise
spontaneously in the (2 + 1)-D GN model under consid-
eration just in the framework of the CJT composite operator
approach. It means that for a certain well-defined behavior of
the bare coupling constant, the ground state of the system
can be characterized by a dynamically arising non-Hermitian
mass term of the Lagrangian, which can be both P7 - and
anti-P7 symmetric.

The paper is organized as follows. Section II A presents
the N-flavor massless (2 + 1)-dimensional Gross-Neveu
model symmetric under several discrete transformations,
two chiral transformations as well as with respect to spatial
P and time 7 reflections. It also clarifies the question of
how different fermion-antifermion structures (possible
massive terms of the model Lagrangian) are transformed
under the influence of P7. In Sec. II B the CJT effective
action I'(S) of the composite bilocal and bifermion oper-
ator w(x)y(y) is constructed, which is actually the func-
tional of the full fermionic propagator S(x,y). In real
situations, the propagator is a translation invariant solution
of the stationary Schwinger-Dyson-type equation of the
CJT effective action. In this section, the unrenormalized
expression for I'(.S) is obtained up to a first order in the bare
coupling constant G. Based on this expression, we show in
Sec. III that for a some well-defined behavior of the
coupling constant G(A) vs A, there exist three different
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renormalized, i.e., without ultraviolet divergences, solu-
tions of the Schwinger-Dyson equation for the propagator.
One of them corresponds to a phase in which a dynamically
Hermitian mass term arises for fermions. The other two
solutions correspond to two different phases with dynami-
cally emerging non-Hermitian mass terms. In each of these
cases, the non-Hermiticity appears spontaneously in the
originally Hermitian model, and it is accompanied by a real
spectrum of fermions. Finally, in Sec. IV we show that the
spontaneous non-Hermiticity of the model arises only in
the chiral limit, i.e., if initially the Lagrangian of the model
contains a (Hermitian) nonzero mass term, then non-
Hermiticity does not arise.

II. (2 +1)-DIMENSIONAL GN MODEL AND ITS CJT
EFFECTIVE ACTION

A. Model, its symmetries, etc.

We investigate the spontaneous (dynamical) generation
of non-Hermitian mass terms in the simplest massless
(2 + 1)-dimensional GN model. Its Lagrangian has the
following form

L =" id,yi + 2([;\, (i) (1)
where for each k = 1,..., N the field yw; =y (t,x,y) is a
(reducible) four-component Dirac spinor [its spinor indices
are omitted in Eq. (1)], y¥ (v =0, 1,2) are 4 x 4 matrices
acting in this four-dimensional spinor space (the algebra of
these y-matrices and their particular representation used in
the present paper is given in the Appendix, where the
matrices y°, y> and 7 = —iy’y> are also introduced), and the
summation over repeated k- and v-indices is assumed in
Eq. (1) and below. The bare coupling constant G has a
dimension of [mass]~!. The Lagrangian is invariant under

two discrete chiral transformations T and T,

0 y(t,x, ) = Pyl x,y);
wi(t,x,y) = =t x,
) = Pt x, p);
) —

—pi(t.x.0)r’. (2)

3yt x,y
l/_/k(tvx y

Moreover, it is symmetric with respect to space parity P,
time reversal 7 and P7 symmetries, which we now discuss
in more detail within the framework of model (1).

In (24 1) dimensions the space reflection, or parity,

) . P
transformation P is defined by (t,x,y)—(t,—x, y).2
Moreover, we assume that an evident relation PP =1 is

n 24 1) spacetime dimensions, parity corresponds to
inverting only one spatial axis [11,29], since the inversion of
both axes is equivalent to rotating the entire space by 7.

valid. Let us derive the transformation of the spinor fields y
under P. To find this transformation, we postulate that the
Lagrangian L of the free massless spinor fields y remains
intact under space reflection P, i.e., L, equals to PLyP,
where (below, for the sake of brevity we denote by x and x/
the set of coordinates (z, x,y) and (z, —x, y), respectively)

Lo=w(0)Dy(x),  PLyP =y () DyP (),
D= i}’oao + i}/]al + i}’zaz,
— PDP = i]/oao - iy'@l + i}’zag,
yP() =Pu()P,  yP(¥) = Pp(x)P. (3)

It is not very difficult to notice from Eq. (3) that L is
invariant under the action of P only when

wP () =P (t,—xy) = rr'w(nxy); e
5 5

wP(¥) =w(t.x, )7, (4)

W' (t,=x,y)

So the parity P transformation of the fermion fields can be
defined by Eq. (4). Now, it is easy to show that the
bifermion structure ¥ (x)y(x) is P invariant. Indeed, it is
clear from Egs. (3) and (4) that

_ P —
Py () =P (x) PPy (x)P = " (¥ )y (x')
=)y rry(x) = g (ow(x). (5)
As a result, we conclude that the GN model (1) is P

invariant. In a similar way, one can find the P trans-
formations of some other Hermitian bispinor forms such as

]

W (x)iry (x)— — g (x)iry(x),
P iy (x)— = F(x)ir (),
P (X)irdy () (x)irdy (x). (6)

Now, let us consider the time reversal 7 in the framework
of the (2 + 1)-D GN model (1). In the (2 + 1)-dimensional

. . T .
spacetime it is defined as (z,x,y)—(—t,x,y), ie., we
suppose that 77 = 1. To determine how the spinor fields
yw are transformed under this operation in (2 + 1)-D
spacetime, we also assume from the very beginning (as
in the case of spatial reflection P) that the Lagrangian L,
(see in Eq. (3)) of free massless fermionic fields y remains
invariant with respect to 7, i.e., Ly = 7 Ly7, where (now,
for the sake of brevity we denote below by x and x’ the set
of coordinates (z,x,y) and (-1, x,y), respectively)

TLyT =y (x)Dy” (v),

yT ()

W () = Ty(x)T.
— Typ(x)T. (7)
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and in this formula D' = 7 D7 . In the following, it is very
important to take into account that time-reversal operation
T (i) changes the sign of the time coordinate, t - —f, and
(ii) that it is an antilinear or antiunitary one, which means
that its action on any complex number or matrix C
transforms it into the complex conjugate C*, i.e., 7C7 =
C* (for details, see, e.g., in Refs. [3,35,36]). Taking into
account these (i) and (ii) properties of the 7 transformation,
we have

D =iy™0y— iy 0, —iy* 0, = iy’ 0y + iy' 0, —iy*0,. (8)

In the last equality of Eq. (8) we used the relations y%* = y°,
y"* = —y! and y** = y? (see in Appendix). Now, it is rather
evident from Eqgs. (7) and (8) that L is invariant under the
action of 7 only when

v (=1.x,5) =rrw(tx,y); e

T ( x/) = l//T
y () =T (~txy) = @(txy)rr 9)
And just the relations (9) can be considered as a time
reversal 7 transformation of the spinor fields w. Now,
taking into account Egs. (9), it is possible to obtain the 7°
transformations of some Hermitian bispinor forms. In

particular,

P () —=TH(x)TTy(0)T = w7 (¢y” ()
=y ()P rtw(x) = w(x)w(x),
P ()irw () Tw()TTir* TTy(x)T
w7 () (=)ryT (v)
=w(X)yr(=)ryYrw(x) = —p(x)iry(x),
(10)

where we have used the antiunitary property of the 7°
transformation, 7i7 = —i. In a similar way it is possible to
find the 7 transformations of some other Hermitian
bispinor forms,

()i (x)— — i (x)iySy (x),
PPy () — —p@irrw(x). (1)

As it follows from Egs. (5), (6), (10), and (11), the
Hermitian bispinor structures  (x)y(x), W(x)iy’w(x),
and 7 (x)iy*y’w(x) are PT even (invariant), whereas the
Hermitian 7 (x)iy’y(x) form is a P7 odd, i.e., it changes
the sign under the action of the P7 transformation, and due
to this reason is called sometimes anti-P7 -symmetric [6].

From the point of view of further consideration, we are
also interested in the behavior of such non-Hermitian
structures as (x)y w(x) and ¥ (x)y w(x) with respect to

P and 7 transformations. Obviously, under the action of P
they transform in the same way as the corresponding
Hermitian forms in Eq. (6). However, when reversing time,
we have (below, we use evident relations 7y°7 = y>* =
—r> and Ty’T =)

()7 (1) — () Py (x),
()P ()= ()P (). (12)

Hence, 7 (x)y w(x) is a PT -odd structure, but i (x)y y(x)
is a P7 -even one.

Below, we are going to study, using the CJT composite
operator technique, the possibility for dynamical generation
of the following mass terms in the model (1)

x) + imgip (x)r w(x),
x) + maip () Py (x),

(x)y

My = imsp(x)y
My = msip(x)y°w(x) + imap(x)r w(x), (13)
(note that in this formula and below it is assumed that m; and
ms are real quantities). The mass term My is Hermitian and
its dynamical appearance corresponds to spontaneous break-
ing of some of the above mentioned discrete symmetries of
the model. Each of the remaining two mass terms in Eq. (13)
is non-Hermitian; therefore, their dynamic appearance cor-
responds to the spontaneous non-Hermitian nature of the
model (in addition to the spontaneous breaking of some of its
discrete symmetries). Moreover, the mass term My is P7
even (symmetric), but the non-Hermitian mass term My,
is P7T odd, i.e., it changes the sign under this transformation.

B. CJT effective action of the model

Before starting to consider the question of the sponta-
neous emergence of the non-Hermiticity of the model, it is
necessary to add few words about the method for solving
the problem, i.e., about the CJT composite operator
approach.

Let us define Z(K), the generating functional of the
Green’s functions of bilocal fermion-antifermion
composite operators _y_; W (x)yys(y) in the framework
of a (24 1)-D GN model (1) (the corresponding tech-
nique for theories with four-fermion interaction is elab-
orated in details, e.g., in Ref. [28])

2(K) = expliW(K) | PwDysexp(i 1)
+ [ exesprle ) ). 04

where a, f =1, 2, 3, 4 are spinor indices, Kg(x,y) is a
bilocal source of the fermion bilinear composite field
W (x)wip(y) (recall that in all expressions the summation
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over repeated indices is assumed).’ Moreover, [ (7, y)
GN model under consideration. It is evident that

= f Ld®x, where L is the Lagrangian (1) of a (2 + 1)-dimensional

1) = [ dxdyi DU i) + )

Dh(x,y) = (7*)4id,8* (x = y).

G _
Ly = ﬁ/ d3x(V/ka)2

= %/ ExdtdPud® v (x — 1)8*(t — u)

x 8 (u = 0)FE(X) oy (0] (1) S5 (v).

Note that in Eq. (15) and similar expressions below, 5 (x —

is an alternative expression for Z(K) = exp(iNW(K)),

exp(iNW(K)) = exp <ilim (—l

(-
(-

= €Xp <illm

%Im %!

= exp (illm

where instead of each bilinear form ¢ (s)y4(t) appearing
in I, of the Eq. (15) we use a variational derivative
—ié/éKg,(s,t). Moreover, the Tr-operation in Eq. (16)
means the trace both over spacetime and spinor coordi-
nates. The effective action (or CJT effective action) of the
composite bilocal and bispinor operator {(x)y(y) is
defined as a functional I'(S) of the full fermion propagator
S5(x,y) by a Legendre transformation of the functional

W(K) entering in Egs. (14) and (16),

r(s) = W(K) - / BxdySs(x.y)K(y.x). (17)
where

SW(K)

S%(x,y) = ———.
/}( y) 5K§(y,x)

(18)

Taking into account the relation (14), it is clear that S(x, y)
is the full fermion propagator at K(x,y) = 0. Hence, in
order to construct the CJT effective action I'(S) of Eq. (17),
it is necessary to solve Eq. (18) with respect to K and then

*We denote a matrix element of an arbitrary matrix (operator)
A acting in the four dimensional spinor space by the symbol A%,
where the upper (low) index a(f) is the column (row) number of

the matrix A. In particular, the matrix elements of any y* matrix is
denoted by (y*)5.

)) exp[NTr In(D(x,y) + K(x,y))],

(15)

y) denotes the three-dimensional Dirac delta function. There

i)) / Dy Dy exp(i / d*xd®yipy (x)[D(x. ) +K(x,y)]wk<y)>
)) [det(D(x. y) + K (x,y))]"

(16)

[

to use the obtained expression for K (it is a functional of S)
in Eq. (17). It is clear from the definition (17)-(18) that

(S) _ [ pugy
o

885 (x,y

SW(K) 6Ky (u,v)
5Ky (u,v) 8S5(x,y)

5Ky (u,v)

5S2‘(x, y) (19)

— Kg(y,x) - / d3ud3vSZ(v, u)

(In Eq. (19) and below, the Greek letters a, 3, u, v, etc., also
denote the spinor indices, i.e., a, ...v, .,4.) Now,
due to the relation (18), it is easy to see that the first term in
Eq. (19) cancels there the last term, so

ST(S)

~car o = —Ka(y.x).
5Sﬁ(~x’ y)

(20)
Hence, in the true GN theory, in which bilocal sources

Kg(y, x) are zero, the full fermion propagator is a solution
of the following stationary equation,

) _ (21)
085 (x.y)

Note that in the nonperturbative CJT approach the sta-
tionary/gap equation (21) for fermion propagator sh (x,y)is
indeed a Schwinger—Dyson equation [28]. Further, in order
to simplify the calculations and obtain specific information
about the phase structure of the model, we calculate the
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effective action (17) up to a first order in the coupling G. In
this case (the detailed calculations are given in Appendix B
of Ref. [34])

[(S) =—iTrIn(-iS™") +/d3xd3ySg(x,y)D£(y,x)

—I—%/aﬂx[trS(x,x)]z—%/cﬁxtr[S(x,x)S(x,x)].
(22)

Notice that in Eq. (22) the symbol tr means the trace of an
operator over spinor indices only, but Tr is the trace
operation both over spacetime coordinates and spinor
indices. Moreover, there the operator D(x, y) is introduced
in Eq. (15). The stationary equation (21) for the CIT
effective action (22) looks like

0 = i[S7']4(x.y) + Dh(x.y) + G (x — y)uwS(x. y)

- 3 b (= ). 23)

Now suppose that S(x,y) is a translationary invariant
operator. Then

Sg(x,y) = Sg(z) = / (§1§3 S_g(p)e_il’z,

SE(p) = / PzSh() e,

dp
(27)’°

(S(xy) = (5)() = / (STE(p)eire, (24)

where z = x — y and S_g( p) is a Fourier transformation of
Sg(z). After Fourier transformation, the Eq. (23) takes the

form
= iGS) /

d3
B ﬁ (2z)?

trS

(S™MYa(p) = ip,(r

950(q).  (25)

It is clear from Eq. (25) that in the framework of the four-
fermion model (1) the Schwinger-Dyson equation for
fermion propagator S(p) reads in the first order in G like
the Hartree-Fock equation for its self-energy operator X(p).
In particular, the first and second terms on the right-hand
side of Eq. (25) are, respectively, the so-called Hartree and
Fock contributions to the fermion self energy (for details,
see, e.g., the section 4.3.1 in Ref. [37]).

Finally note that both the CJT effective action (22) and its
stationary equation (23)—(25), in which G is a bare coupling
constant, contain ultraviolet (UV) divergences and need to
be renormalized. In the next sections, we will find out at

what behavior of the bare coupling constant G = G(A) vs
A itis possible to renormalize the stationarity equation (25),
the finite solution of which corresponds at A — oo to the
dynamical appearance of the mass terms of the form (13) in
the Lagrangian.

II1. POSSIBILITY FOR DYNAMICAL
GENERATION OF THE MASS TERMS (13)
A. Dynamical generation of the Hermitian mass My

Let us explore the possibility that the solution of the gap
equation (25) has the form

S7Up) = i(p + ir’ms + iy’my), ie.
S(p) = _l.f? +iy’ms + iydms
p? — (m} + m?)

(26)

It corresponds to a dynamically generated mass term of the
form My = (msyiy>y + msypiy’y) in the Lagrangian (1)
(the Hermitian matrices y> are presented in Appendix).
Since we suppose that ms and ms3 are some real numbers,
this mass term is a Hermitian one. And it is not invariant
under each of the discrete transformations (2) or (3) (at
nonzero ms and mis). Substituting Eq. (26) into Eq. (25), one
can obtain for m; and ms the following system of gap
equations

imyG [ d°p 1
ms = )
PN ) @) - (md+md)
imsG [ d° 1
ms =" i (27)

N ) () p? = (m3+m3)

After a Wick rotation in Eq. (27) to Euclidean energy-
momentum, i.e., py — ipy, we see that (ms,ms) should
obey the equation system (in which p* = pj + p? + p3)

my my [ dp 1
G N J 2z)Pp>+(mi+m2)’
& 1
22 p3 2 2 2y (28)
G N J (2n)° p*+ (m3+ m3)
This system contains UV-divergent integrals, i.e., it is

unrenormalized. For its regularization, we use the spherical
coordinate system when [d*pf(\/pd+ pt+ p3) =
4z [ p*dpf(p) and p = +\/p§ + pi + p3. Then, cutting
the region of integration in the obtained one-dimensional
UV-divergent integral by A, we have for (ms,ms) the
regularized gap equations

025014-6



SPONTANEOUS NON-HERMITICITY IN THE (2 + 1)- .

PHYS. REV. D 105, 025014 (2022)

ms my A p?
- = 2 2 2 5dp,
G 2Nz° Jo p°+m5+ms

ms ms A P2
— = dp. 29
G 2Nﬂ2A prmi+mt (29)

Notice that at A — oo an integral term in Egs. (29) has the
following asymptotic expansion

A P’ z 2 2
Y R Sy S
A pP+mi+m? p 2 3+
\/m3+m?
—h/m%—%m%@(). (30)

A

Hence, taking into account the expansion (30), the UV
divergence can be removed from the gap equations (29) if we
require (it is clear from the form of this equation system) the
following behavior of the bare coupling constant G = G(A)
vs A,

e (SR

where g is a finite A-independent and renormalization group
invariant quantity, and it can also be considered as a new free
parameter of the model. Now, comparing Eqgs. (31) and (29),
we obtain in the limit A — oo the following renormalized,
i.e., without UV divergences, gap equations for the masses

ms and ms
m3(g+ 1/ m3 4+ m3) =0,
ms(g+\/m3+ m32) = 0. (32)

Hence, at g > 0 only a trivial solution of the gap equa-
tions (32) exists, msy = ms = 0, and all discrete symmetries
of the model remain intact. However, at g < O there are two
solutions, (i) m3 = 0, ms = 0 and (ii) m3 = |g| cos a, m5 =
lg| sina (where 0 < @ < /2 is some arbitrary fixed angle),
of the system (32) of gap equations. To find which of the
solutions of the gap equations, (i) or (ii), is more preferable in
this case, it is necessary to consider the so-called CJT
effective potential V(S) of the model, which is defined on
the basis of the CJT effective action (22) by the following
relation [24,26]

V) [ dr= T s 39

where S(x,y) is a translation invariant quantity, i.e.,
S(x,y) = S(x—y), as assumed in Eq. (24). It is evident
that for arbitrary values of the bare coupling constant G the
CJT effective potential (33) is UV-divergent unrenormalized
quantity. However, if G is constrained by the condition (31),

then the UV divergences of V(S) are eliminated, and for
fermion propagator of the form (26) it looks at A — oo like
(up to unessential ms- and ms-independent infinite constant)

V(S) = Vy(ms, ms)
1

= (2 + m)Y2 + 3g(md + md). (34

It is clear from Eq. (34) that at g < O the effective potential
Vy takes on the solution (ii) the value —|g|*/(67), and this
quantity is smaller than Vy(m; =0,ms =0) = 0. This
allows us to conclude that if in the original model (1) the
bare coupling constant G behaves vs A like in the expression
(31) with g <0, then the system undergoes dynamic
generation of the m3; = |g| cos @ and ms = |g| sin @ masses,
i.e., a phase with spontaneous violation of all discrete
symmetries is realized in the model (if a # 0, z/2). But
if @ = 0 then only P7 -odd m3 = |g| mass term is generated,
and I chiral symmetry (2) is dynamically violated.
However, at @ = /2 only P7 -even ms = |g| mass term
appears dynamically, and in this case chiral I symmetry is
broken spontaneously. Finally notice that at g < 0 in all
above mentioned cases, i.e., at arbitrary values of the angle
parameter «, the genuine physical fermion mass, which is
indeed a pole of the fermion propagator (26), is equal

to Mp = \/m3 +m2=|g|.

In terms of dimensionless bare coupling constant
A= A(A) = AG(A), where G(A) is given by Eq. (31),
the situation looks as follows. It is clear that in this case for
a sufficiently high values of A > |g| both the dimensional
bare coupling G(A) and the dimensionless coupling 1 are
positive. In addition, it is easy to see that at A — oo the
dimensionless bare coupling A tends to the quantity
Aeit = 2N7%, which in fact is the UV-stable fixed point
of the model (see in Ref. [34]). Then the relation

27°Ng
A

A= Aerig ~ = (35)

can be obtained. It follows from Eq. (35) that on the
positive A-semiaxis the UV-fixed point A separates the
symmetric phase from the one in which fermions are
massive. Indeed, if A > A.; then, as it is clear from
Eq. (35), the parameter g must be negative. In this case
dynamical generation of the Hermitian mass term My =
(mswiy>y + myiy’y) occurs in the Lagrangian (which
indeed corresponds to a physical mass My of fermion
quasiparticles equal to |g|). In contrast, at 4 < A.; we have
g > 0 from Eq. (35) and symmetric phase of the model [see
the text below Eq. (32)].
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B. Dynamical generation of the non-Hermitian mass
terms MNHI and MNHZ

Generation of the My, mass term. First, let us explore,
using the CJT approach, the possibility of the dynamic
appearance of a non-Hermitian and P7 symmetric mass
term Mg (13) in the original (2 + 1)-D GN model (1). In
this case we should find the solution of the gap equa-
tion (25) in the form

SU(p)=i(p +ir’ms+ym;). ie.
& P Hiyms+yimg

S(p) = —i ;
p* = (m3 —m3)

(36)

where m3 and ms are real quantities. In addition, we
suppose that m? > m3. Substituting Eq. (36) into the CJT
stationary equation (25), one can obtain for m3 and ms the
UV-divergent system of gap equations. In it, one can also
perform a Wick rotation and then to integrate over spherical
angles. Finally, after cutting off the region of integration by
A, we obtain for m; and ms a regularized system, which
looks like

ms my A p?
= 2 2 2 5dp,
G  2Nz* Jo p°+ms5—m;3

ms ms A p?
ms _ dp. 37
G 2Nﬂ2/) P mi—mlh (37)

Since in our consideration it is assumed that m? > m3, one
can apply in Eq. (37) the asymptotic expansion (30) and
find that the bare coupling constant G, which behaves vs A
like in Eq. (31), removes at A — oo all UV-divergences
from the gap system (37). And its finite, i.e., renormalized,

form reads
ms(g + \/ mi —m3) =0,
ms(g+ /m2 —m3) = 0. (38)

There are several solutions of the system (38). To find the
more preferable from the energy point of view, we again
use the CJT effective potential (33), which, after substitut-
ing the expressions (36) and (31) into Eq. (22), takes the
form (recall that in our case m? —m3 > 0)

V(S) = Vypi(ms, ms)

1
= (23 = w2+ 3(mE — n). (39)

Hence, at g > 0 its global minimum lies at the point
ms = my = 0, and dynamical mass generation is absent.

But at g < 0 the global minimum of the Vg, (ms3, ms) is
—|g|*/(6x), and it is achieved at arbitrary (ms, ms) point

such that m2 —m3 = ¢?, i.e., when ms = |g|sinhf and
ms = |g| cosh 8, where # € R. Note that such a structure of
the global minimum point of the model appears due to the
emergent symmetry of the CJT effective potential (39) with
respect to nonunitary transformations

<m5> N <Cf)Sh/)) smh/)’><m5>. (40)
m; sinhff coshf ms

The energies of all these ground states at which a non-
Hermitian and P7 -symmetric fermion mass term M yz,
(13) arises spontaneously in the system are equal to each
other and, moreover, coincide with the energy of any
vacuum state corresponding to the dynamic appearance
of a Hermitian mass term M of fermions in the system
(see in the previous subsection). The singularity of the
fermion propagator (36) corresponds to the fact that the
quasiparticle excitations of each of these non-Hermitian
and P7 -even ground states of the system have a real mass
spectrum, i.e., their masses are real and also equal to the

same value M = \/m% — m3 = |g|, which is observed in

the case with Hermitian vacuum (see in the Sec. III A).

Generation of the Myg, mass term. Omitting unnec-
essary details, it can be shown in exactly the same way that
for the same dependence (31) of the bare coupling constant
G vs A, there exists a nontrivial solution of the renormal-
ized stationary (Dyson-Schwinger) equation (25) of the
form

S (p) =i(p+7°ms+iy’ms), ie.
<oy P ms +iyms

S(p) - p2 _ (m% _ mg) 5

(41)

which corresponds to spontaneous generation at g < 0 of the
non-Hermitian but P7 -odd mass term M yg, (13) in the
model. In this case m; = |g|coshw and ms = |g| sinhw,
where w € R. And in this phase fermion propagator (41)
describes, for any real value of w, the quasiparticles with the

same real mass My = wm% - m§ = |9|

Conclusions. As a result, we see that at A > A = 2N7°,
where 4 = AG(A) is the dimensionless coupling constant of
the model (see in the last paragraph of the previous
subsection III A), there might appear, on the same footing,
three different phases in the framework of the Hermitian
massless (2 + 1)-D GN model (1). One of them is charac-
terized by dynamical appearance of the Hermitian mass term
My in the Lagrangian, i.e., the ground state of the system
remains Hermitian. However, in each of the remaining two
phases, a non-Hermitian mass term, Mygy; or My, 18
dynamically generated in the Lagrangian of the model. And
in this case non-Hermiticity of the model appears sponta-
neously, which is accompanied by a real mass spectrum of
quasiparticle excitations. In the first case, when My is
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generated, the non-Hermitian ground state of the model
remains P7 symmetrical, but when My, appears dynami-
cally, the P7 -invariance of the model is broken sponta-
neously. Moreover, we note that the ground states of all these
three different phases, both Hermitian and non-Hermitian,
have the same energy density equal to —|g|*/(67), i.e., they
are degenerate. The similar result was obtained in Ref. [8]
within (3 4+ 1)-D NJL model, where it was shown that in the
chiral limit the uniform non-Hermitian ground state has the
same (finite) free energy density as the usual Hermitian
ground state.

Finally, two remarks. (i) The phenomenon of spontaneous
emergence of non-Hermiticity in the massless (2 + 1)-D GN
model (1) is characteristic only for finite values of N and
cannot be observed in the framework of the large-N
expansion technique. Indeed, it might occur only at
A > dgie = 2N7%. So at N — oo it is absent. (ii) In the
(3+ 1)-D NJL model, as it is proved in Ref. [8], the
spontaneous non-Hermiticity occurs only in the chiral limit,
i.e., if bare quark mass is zero. However, if it is a nonzero
quantity, then this effect does not appear. In the next section,
we show that in the framework of the (2 4 1)-D GN model
(1) with nonzero (Hermitian) bare mass of fermions, non-
Hermiticity also cannot arise spontaneously.

IV. THE CASE OF NONZERO HERMITIAN BARE
ms MASS

Let us study the dynamical symmetry breaking in the
(2+ 1)-D GN model (1) when its Lagrangian contains,
e.g., a nonzero bare Hermitian chiral mass ms, i.e., the
Lagrangian of the model looks like

G

L =y i0yy + imosir wi +ﬁ(’l/k‘//k) . (42)

In this case it is invariant only under discrete chiral I'"* and
PT transformations [other discrete symmetries I'°, P, and
T of the massless model (1) are violated explicitly, as it is
shown in Sec. Il A, by the mass term of the Lagrangian
(42)]. In the present section, we are going to consider in the
framework of the model (42) the possibility of dynamical
generation in it of the m;-mass term of the form kmyy y,
where k is equal to 1 or i and mj is real. If k = i, then both
the mass term and the model remain Hermitian, however if
k = 1 then the ground state of the model corresponds to
spontaneous emergence of non-Hermiticity in it. Note that
in both cases the discrete I'* symmetry (2) of the model is
spontaneously broken down.

The consideration is again performed on the basis of the
CJT effective action (22) and its stationary equation (23), in
which this time D(x y) = [¥i0, + imysy®]8° (x — ), i.e
D(p) = p + imysy’. Fourier transformation of this gap
equation reads as

—i(Sa(p) = P, + imosy® +Gy/" _S(q)

d3q

Here we explore the possibility that the solution of this gap
equation has the form
S7Up) = i(p+ir’ms+xp’my). e
p+iyms + kyim,

S(p) =—i .
(p) p? — (m? —*m3)

(44)

It corresponds to a dynamically generated mass term of the
form xmspy’y in the Lagrangian (42) (the Hermitian
matrices y>° are presented in Appendix). Moreover, we
suppose that for each value of k = 1, i the mass parameters
ms and ms both in Eq. (44) and throughout the consid-
eration are some real numbers. Substituting Eq. (44) into
Eq. (43) and taking into account the technical details
discussed in previous two sections, one can obtain for
m3 and ms the following system of gap equations (in which

p*=pi—ri—pd)

im';G d3 1
nm- =
=N @ - =)’
imsG [ d°p 1
= 45
s = Mos + N /(2ﬂ)3p2—(m§ K*m3)’ (45)

After a Wick rotation in Eq. (45) to Euclidean energy-
momentum, i.e., py — ipy, it is possible to use there a
spherical coordinate system. Then we integrate in the
obtained expressions over spherical angles and cut off
by A the resulting one-dimensional integral. As a result, we
see that the set (ms,ms) should obey the following
regularized system

ms . ms d3 1
G N J (22) p? + (m? —«*m3)
ms A 2 1
= d
N Jo TP p?+ (m2—xk?m})’
ms Mos ms d3 1

G G NJ (2)p 2+ (m? —k*m3)

_ ms /A 2d 1 (46)
- 2Nz Jo P pp2+(m§ K*m3)’

Taking into account in these regularized equations the
asymptotic expansion (30), we see that the system of
equations (46) can be renormalized if we demand the
same behavior (31) of the bare coupling constant G vs A, as

well as that 7% = + 4’;]\,, in addition (here m # 0). Then

(ms, ms) should obey the following finite gap system
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ms(g+ \/m3 —k*m3) = £m?, (47)

Recall that both parameters g and m are some finite and
renormalization group invariant quantities with dimension
of [mass]. Since m # 0 (otherwise the bare mass mgy; would
be equal to zero), the expression in parentheses of Eq. (47)
is always nonzero. So the solution of Eq. (47) is such that
m3 = 0, and ms should obey the equation

ms(g + |ms|) = £m?. (48)

Hence, we conclude that both for k = i and x = 1 there no
exist solutions of the gap equations (47) with m5 # 0. It
means that in the case when bare mass ms # 0, neither
Hermitian im5yy3y nor non-Hermitian m5ry>y mass terms
can arise dynamically in the model. In a similar way, it can
be shown that if some other Hermitian bare mass term
(instead of the chiral mgs considered in this section) is
present in the Lagrangian (1) (for example, the Dirac yy, the
Haldane ifyy®y°y-mass terms, etc.), then it is this mass term
that is modified in the framework of the CJT composite
approach. The dynamic emergence of other mass terms, both
Hermitian and non-Hermitian, is impossible.

So the spontaneous emergence of non-Hermiticity in the
initially Hermitian (2 + 1)-D GN model is allowed only in
the chiral limit, i.e., at zero bare masses.

V. SUMMARY AND CONCLUSIONS

In the present paper we have studied the possibility of the
dynamical appearance of both Hermitian and non-
Hermitian mass terms in the originally Hermitian massless
(2 4+ 1)-dimensional GN model (1). It is invariant with
respect to several discrete transformations, two chiral s
and I3, space reflection (or parity) P and time reversal 7°
(see in Sec. II A). As a consequence, it is P7 symmetric.
The problem is investigated, using a nonperturbative
approach based on the CJT effective action I'(S) (17) for
the composite bifermion operator 7 (x)y (y). In fact, I'(S) is
a functional of a full fermion propagator S(x, y) (see in the
Sec. II B). In this case, in order to find the true fermion
propagator of the original GN model and to determine what
kind of fermionic mass terms, Hermitian My or non-
Hermitian My, and Myp, [see in Eq. (13)], can arise
dynamically in the model, it is sufficient to solve the
stationary (gap or Dyson-Schwinger) equation (21) for the
functional T'(S), which we have calculated up to the first
order in the coupling constant G [see Egs. (22) and (25)].

It turns out that due to the behavior (31) of the bare
coupling constant G(A) vs cutoff parameter A, the gap
equation (25) is renormalized and it has three different finite
solutions. The first one (see in Sec. III A) corresponds to a
dynamical generation of the Hermitian mass term My in the

model Lagrangian. In this case the phase with spontaneous
breaking of all above mentioned discrete symmetries
(including the P7 one) is realized in the system. The
second finite solution of the Dyson-Schwinger equation (25)
corresponds to dynamical appearing of the non-Hermitian
mass term M in the model (see in Sec. I1I B). In this case
the phase with spontaneous emergence of non-Hermiticity is
induced in the system, but it is still P7 invariant and the
mass spectrum of its quasiparticle excitations is real. Finally,
there is a solution of the gap equation (25) that indicates on
the possibility of spontaneous realizing in the system another
non-Hermitian phase, in which fermionic quasiparticles are
described effectively by free Lagrangian with also non-
Hermitian but P7 -odd mass term M yg,. Note that the
ground state in each of these three qualitatively different
phases has the same energy density, i.e., the phases can
appear spontaneously in the massless (2 + 1)-D GN model
(1) on the same footing. It means that in the space, filled with
one of these degenerated phases, bubbles of the other two
phases can be created, i.e.. one can observe in space the
mixture (or coexistence) of these three phases. Moreover, as
it is noted in Sec. III B, the effect of spontaneous non-
Hermiticity can be detected only at finite N, i.e., outside the
large-N expansion technique.

We have also shown (see in Sec. IV) that in the massive
(2 4+ 1)-D GN model (1), i.e., when one or another nonzero
bare Hermitian mass term is added to the Lagrangian (1),
the effect of its spontaneous non-Hermiticity is impossible.

It is worth recalling that earlier the effect of spontaneous
emergence of non-Hermiticity of a quantum system (accom-
panied by a real mass spectrum of its quasiparticle excita-
tions) was discovered on the basis of the (3 4+ 1)-D NJL
model [8]. Comparing our results with the results of this
paper, we see that despite the large qualitative difference
between the (2 + 1)-D GN and (3 + 1)-D NJL models, the
effects of their spontaneous non-Hermiticity (with real mass
spectrums) have many similar features. Indeed, in the NJL
model, this effect is also observed only in the chiral limit,
and the phase corresponding to it is P7 symmetric. In
addition, the ground state of this non-Hermitian NJL phase
has the same free energy density as some P7 -invariant
phase of the NJL model with Hermitian ground state.
However, there are some differences. On the one hand, in
the (24 1)-D GN model there is one more phase with
spontaneous non-Hermiticity, which is P7 odd (nonsym-
metric). On the other hand, as shown in [8], in the NJL
model in the strong-coupling limit, the spontaneously non-
Hermitian ground state generates its inhomogeneity, i.e., in
this case the translational invariance of the system is
violated. Within the framework of the CIT effective action
approach used in our paper, it is impossible to detect such a
phase, since from the very beginning the presence of
translational invariance is assumed (see in Sec. IIB).

We hope that the results of this article can be useful for
describing physical phenomena in condensed matter
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systems having a planar crystal structure, or in thin films,
e.g., like graphene. In such situations, it often happens that
the elementary excitations of the system are massless. As a
result, at low energies and in the continuum limit, physical
phenomena in it can be effectively described by massless
quantum field theory models with four-fermion interactions
of the type (1) [13,14,17]. And just in these cases, the effect
of spontaneous non-Hermiticity could be manifested.
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APPENDIX: ALGEBRA OF THE y MATRICES IN
THE CASE OF SO(2,1) GROUP

The two-dimensional irreducible representation of the
(2 + 1)-dimensional Lorentz group SO(2,1) is realized by
the following 2 x 2 y-matrices:

» 1 0 L 0 i

= 0y = s = 101 = s

77270 4 N
0 1

~2_. —

e (—1 0)’

acting on two-component Dirac spinors. They have the
properties:

(A1)

Tr(p'7) =29 [P 7] = —2ie" .

7y = =g, + g%, (A2)

where gﬂy = 9w = dlag(L -1, _])3 77(1 = ga/ff/ﬂ, 5012 =1.
There is also the relation:

Te(7#7°7%) = —2ieme. (A3)

Note that the definition of chiral symmetry is slightly
unusual in (2 + 1)-dimensions (spin is here a pseudoscalar
rather than a (axial) vector). The formal reason is simply
that there exists no other 2 x 2 matrix anticommuting with
the Dirac matrices 7 which would allow the introduction of
a y>-matrix in the irreducible representation. The important
concept of “chiral” symmetries and their breakdown by
mass terms can nevertheless be realized also in the
framework of (2 + 1)-dimensional quantum field theories
by considering a four-component reducible representation
for Dirac fields. In this case the Dirac spinors y have the

following form:
ez (x)
vl = (lf/z(x))’

with {7, ¥, being two-component spinors. In the reduc-
ible four-dimensional spinor representation one deals with
4 x 4y-matrices: y* = diag(7#, —7*), where 7 are given in
(A1) (This particular reducible representation for y-matri-
ces is used, e.g., in Ref. [29]). One can easily show, that
(u,v=20,1, 2):

(A4)

Tr(y'y") = 49" vy =0+ g%

(AS)

1
ot =5[] = diag(—ie" 7y, —ie"Vs).

In addition to the Dirac matrices y* (u =0, 1, 2) there
exist two other matrices, > and y°, which anticommute
with all y# (u =0, 1, 2) and with themselves

0, I 0, -1
3_ (™ ’ 50,123 _ ;[ ’
4 (I, O) /4 rrYvrv (I, 0>

I, O

with I being the unit 2 x 2 matrix.

(A6)
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