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We classify radial timelike geodesic motion of the exterior nonextremal Kerr spacetime by performing a
taxonomy of inequivalent root structures of the first-order radial geodesic equation, using a novel compact
notation and by implementing the constraints from polar, time, and azimuthal motion. Four generic root
structures with only simple roots give rise to eight nongeneric root structures when either one root becomes
coincident with the horizon, one root vanishes, or two roots becomes coincident. We derive the explicit
phase space of all such root systems in the basis of energy, angular momentum, and Carter’s constant and
classify whether each corresponding radial geodesic motion is allowed or disallowed from the existence of
polar, time, and azimuthal motion. The classification of radial motion within the ergoregion for both
positive and negative energies leads to six distinguished values of the Kerr angular momentum. The
classification of null radial motion and near-horizon extremal Kerr radial motion are obtained as limiting
cases and compared with the literature. We explicitly parametrize the separatrix describing root systems
with double roots as the union of the following three regions that are described by the same quartic
respectively obtained when (1) the pericenter of bound motion becomes a double root, (2) the eccentricity
of bound motion becomes zero, and (3) the turning point of unbound motion becomes a double root.
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I. INTRODUCTION

The direct observation of gravitational waves from
binary black hole mergers [1] and the prospects of future
observatories, such as LISA [2], the Einstein Telescope [3],
TianQin [4,5], or Taiji [6,7], strongly encourage the
development of more accurate waveform models within
general relativity. In particular, self-force methods [8,9]
model binaries for small (or not that small [10]) mass ratios
in terms of perturbed timelike Kerr geodesics. Besides,
timelike Kerr geodesics are directly relevant for the study of
dark matter spikes around Kerr black holes [11]. The phase
space of negative energy geodesics is also relevant to
estimate the energy released from the ergoregion from the
Penrose process [12,13] in the approximation where the
electromagnetic field and gravitational backreaction can be
neglected. The direct imaging of the supermassive black
hole M87� by the Event Horizon Telescope [14] and future
black hole imaging prospects also encourage the compre-
hensive description of null Kerr geodesics. Furthermore,
recent interest in two-body scattering [15] motivates an
inclusive study of unbounded timelike Kerr geodesics.

The study of Kerr geodesics has a long history. The Kerr
solution found in 1963 [16] describes the stationary axially
symmetric solution of the vacuum Einstein equations,
describing a spinning black hole. In 1968, Carter discussed
the global structure of the Kerr spacetime [17] and found a
nontrivial Killing tensor, which implies the existence of a
third conserved quantity, the Carter constant Q, along
geodesic orbits besides the energy E, and the (component
along the Kerr axis of the) angular momentum l. In 1972,
Wilkins studied the bound geodesics in Kerr spacetime [18]
and described them in terms of their azimuthal, radial, and
polar frequencies, which were later given in explicit form
by Schmidt [19], Drasco and Hughes [20], and Fujita and
Hikida [21]. In 1973, Bardeen [22] initiated the study of
equatorial timelike geodesics and general null geodesics,
which were further analyzed in [23–32]. Negative energy
geodesics within the ergoregion were studied in [33–35]
where it was established that only trapped orbits (i.e.,
emerging from the white hole and plunging into the black
hole) are allowed. The decoupling of radial and polar
motion was accomplished by Mino, using what is now
called Mino time [36]. The geodesics in the near-horizon
region of high-spin Kerr were analyzed in [37–50]. Part of
the complete separatrix, as defined below, namely the
separatrix between plunging and bounded orbits, was
reduced to a fourth-order polynomial in terms of semilatus
rectum and eccentricity [51,52] and was further described

*geoffrey.compere@ulb.be
†yan.liu@ulb.be
‡longjiang@hust.edu.cn

PHYSICAL REVIEW D 105, 024075 (2022)

2470-0010=2022=105(2)=024075(42) 024075-1 © 2022 American Physical Society

https://orcid.org/0000-0003-4728-1519
https://orcid.org/0000-0002-5407-123X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.024075&domain=pdf&date_stamp=2022-01-31
https://doi.org/10.1103/PhysRevD.105.024075
https://doi.org/10.1103/PhysRevD.105.024075
https://doi.org/10.1103/PhysRevD.105.024075
https://doi.org/10.1103/PhysRevD.105.024075


in [53–55]. Algorithmic codes implementing (a subset of
the) Kerr geodesics are publicly available [56,57].
In the last two years, several novel analytic results on

Kerr geodesics were achieved [47,48,58–69]. Explicitly
real, fully explicit, “initial data-dependent” analytical
solutions, in terms of elliptic functions, were given for
(i) radial and polar motion for timelike bounded orbits [59],
(ii) generic (i.e., excluding zero measure sets) polar motion
for null or timelike orbits [47,48], (iii) generic radial motion
for null orbits [60], and (iv) general (i.e., including zero
measure sets) radial near-horizon motion in the high-spin
limit [47,48]. The only missing piece of information, in
order to complete such a state-of-the-art analytical standard
for all Kerr orbits, is the nongeneric polar motion and
general (generic and nongeneric) radial motion for timelike
geodesics, which is the main interest of this paper.
A necessary condition to obtain such analytic formulae

for radial motion is to first classify the possible classes of
radial motion and derive their domain of existence in the
phase space of parameters. In order to describe all geodesic
classes, a relevant basis of the phase space is simply the set
of conserved quantities ðE;Q;lÞ. The classification of the
roots of the radial potential is nontrivial since its discrimi-
nant is a quintic in Q, a polynomial of degree 10 in l, and
of degree 12 in E, which admits a priori no analytic
solution in radials. Following different routes, partial
results in this endeavor were recently obtained. Constant
radial motion (i.e., spherical orbits) was comprehensively
analyzed by Teo [67] based on earlier results [58,70–74],
and the resulting phase space was partially implicitly
derived using Q as the main parameter, even though more
information is required to derive the full phase space,
namely the bound on Q implied by the existence of polar
motion for jEj > 1 [17], the bound on l from orbits
threading the ergosphere [33], and the classes of orbits
with a root coincident with the horizon. It was also
independently shown by Stein and Warburton [61] that
the subset of unstable spherical orbits with jEj < 1 that
describes the separatrix between bounded and plunging
orbits is described by a twelveth-order polynomial in the
semilatus rectum and eccentricity.
Building upon this earlier work, we classify in this paper

the radial motion of timelike geodesics of the exterior
nonextremal Kerr spacetime, and we describe, in particular,
the complete separatrix, i.e., the codimension 1 region in
phase space-containing spherical orbits. We will achieve
this goal by first classifying the roots of the quartic
potential controlling the radial motion as a function of
the conserved geodesic quantities ðE;Q;lÞ for all non-
generic root systems, taking into account the existence of
polar motion, thereby inferring the generic cases as the
codimension 0 domains bounded by the codimension 1
(and codimension 2) nongeneric cases. Second, we will use
the bounds on radial motion implied by the existence of
time and azimuthal motion within the ergoregion to infer

the allowed radial geodesic classes for each generic or
nongeneric root system. We will use the energy E as our
main parameter for our classification, and we will treat both
non-negative and negative energies.
This paper is organized as follows. In Sec. II, we first

review the bound on Carter’s constant Q inferred from the
existence of polar motion, and we derive the bounds on l
inferred from the existence of time and azimuthal motion
within the ergoregion for both signs of the energy. In
Sec. III, we introduce a novel convenient notation for
labelling the qualitatively distinct root structures of the
radial geodesic potential. We first derive the list and
properties of root structures in particular subcases: large
E, Q, or l charges, the case where one root coincides with
the outer horizon, the double root case where spherical
orbits occur, the marginal case E ¼ 1 where one root
disappears due to the lowering of the polynomial order of
the radial potential and, finally, the generic case. We
conclude with the null case obtained as a limit of infinite
energy. In Sec. IV, we introduce the position of the
ergosphere and discuss the radial root systems and allowed
radial motion within the ergoregion, first on the equator and
then generically. We also obtain the classification of radial
motion within the near-horizon region of near-extremal
Kerr black holes. In Sec. V, we obtain an explicit para-
metrization of the complete separatrix, and we finally
conclude in Sec. VI. Several useful reviews are relegated
to appendices. In Appendix A, we review the theory of
discriminants of a polynomial. In Appendix B, we review
the classification of geodesic orbits of Schwarzschild in our
notation.

II. BOUNDS ON THE CONSTANTS OF MOTION

The Kerr geodesics are essentially determined by the
radial and polar potentials,

RðrÞ ¼ ðE2 − μ2Þr4 þ 2Mμ2r3 þ ða2ðE2 − μ2Þ−Q− l2Þr2
þ 2MððaE− lÞ2 þQÞr− a2Q; ð2:1Þ

VðuÞ ¼ a2ðμ2 − E2Þu4 − ða2ðμ2 − E2Þ þQþ l2Þu2
þQ; ð2:2Þ

with u ¼ cos θ. Here E, l, and Q are the conserved energy,
angular momentum, and Carter constant, associated with
the two Killing vectors and the nontrivial Killing tensor;M
and a are the mass and dimensionless spin of the Kerr black
hole; μ is the mass of the test object.
The constants of motion ðE;l; QÞ are constrained by the

polar motion and, for the orbits entering the ergoregion, by
the time and azimuthal motion within the ergoregion. We
derive these constraints in the following.
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A. Polar motion: Bound on Carter’s constant

The well-known bound on Carter’s constant is
Q ≥ −ðaE − lÞ2. Let us discuss the stronger bound on
Q imposed by the reality of polar motion in Kerr, a ≠ 0.
Such bound was first discussed in [17,18]. In this section,
we allow the energy E to be of any sign.
The potential VðuÞ defined in Eq. (2.2) has the property

Vð0Þ ¼ Q; Vð1Þ ¼ −l2: ð2:3Þ

Therefore, if Q ≥ 0, there is always one root u ¼ u0,
Vðu0Þ ¼ 0. Then, there is a range of u around u0, for
which motion exists for Q ≥ 0.
In order to discussQ < 0, we first rewrite the potential as

a quadratic in z≡ u2 as

VðzÞ ¼ V0 − a2ðE2 − μ2Þðz − z0Þ2; ð2:4Þ

where

z0 ≡ 1

2
−

l2 þQ
2a2ðE2 − μ2Þ ; ð2:5Þ

V0 ≡Q − l2

2
þ 1

4
a2ðE2 − μ2Þ þ ðQþ l2Þ2

4a2ðE2 − μ2Þ : ð2:6Þ

For E2 < μ2 and l ≠ 0, the parabola has positive
curvature, V 00ðzÞ > 0 but is negative at both z ¼ 0 and
z ¼ 1. Therefore, it is negative in the range 0 ≤ z ≤ 1, and
there is no possible motion. The only exception is l ¼ 0

and u2 ¼ 1, for which V ¼ 0. The non-negative Carter
constant is k ¼ Qþ a2E2. Polar motion on the north or
south pole is therefore allowed for E2 < μ2 when l ¼ 0

and Q ≥ −a2E2.
For E2 > μ2, the parabola has negative curvature,

V 00ðzÞ < 0, and its endpoints at z ¼ 0, 1 have V ≤ 0.
The existence of motion requires that the maximum of
VðzÞ be non-negative in the range 0 < z ≤ 1. The bound
z0 ¼ 1 is reached only for l ¼ 0, for which Q ¼ Q0 ≡
−a2ðE2 − μ2Þ ≥ −a2E2 and V0 > 0. Motion on the north
and south pole is therefore allowed in that range.
For E2 > μ2 and l ≠ 0, this implies V0 ≥ 0 and

0 < z0 < 1. The first inequality implies either

Q ≥ −
�
jlj − a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

q �
2

or

Q ≤ −
�
jlj þ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

q �
2
: ð2:7Þ

The second set of inequalities is equivalent to

−a2ðE2 − μ2Þ − l2 < Q < a2ðE2 − μ2Þ − l2: ð2:8Þ

Now the second condition of (2.7) is incompatible with
(2.8). Therefore, for Q < 0, l ≠ 0, we can only consider

Q ≥ −ðjlj − a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

q
Þ2: ð2:9Þ

For E2 ¼ μ2, the potential reduces to VðuÞ ¼
−ðl2 þQÞu2 þQ. Its roots are u20 ¼ Q

Qþl2. Existence of

motion requires 0 ≤ u20 ≤ 1. This is equivalent to either
Q ≥ 0 or Q < 0 with l ¼ 0. For Q ≥ 0, the roots are

u0 ¼ �
ffiffiffiffiffiffiffiffiffi
Q

Qþl2

q
¼ �uc. In this case, the orbit librates

between θ0 ¼ arccos uc and π − θ0. The angular becomes
largest for l ¼ 0. In this case, 0 ≤ θ ≤ π. For Q < 0 and
l ¼ 0, we find VðuÞ ¼ Qð1 − u2Þ is negative except for
u ¼ �1. This corresponds to the north pole θ ¼ 0 or θ ¼ π.
We still have Q ≥ −a2E2.
Therefore, so far, we have the bounds for E2 > μ2,

Q ≥

8>><
>>:

−a2E2 l ¼ 0;

−
�
jlj − a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

p �
2

0 < jlj < a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

p
;

0 jlj > a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

p
:

ð2:10Þ

For E2 ≤ μ2, we have the bounds

Q ≥
�
−a2E2 l ¼ 0;

0 l ≠ 0.
ð2:11Þ

Now, there is another bound from the definition of Q.
One can easily check that for θ ≠ 0; π,

Q ¼ v2θ þ cos2 θ

�
a2ðμ2 − E2Þ þ l2

sin2 θ

�
; ð2:12Þ

where vθ ¼ gθθdθ=dτ ¼ Σdθ=dτ is the velocity along
the polar coordinate and Σ ¼ r2 þ a2 cos2 θ. When
0 ≤ jEj ≤ μ, we find Q ≥ 0. This tightens the bound
(2.11) for l ¼ 0. The equality Q ¼ 0 is only reached for
equatorial geodesics, θ ¼ π

2
. When jEj > μ, we find the

lower bound

Q ≥ −a2ðE2 − μ2Þ: ð2:13Þ

The equality is asymptotically reached for l ¼ 0, vθ ¼ 0,
and θ ↦ 0; π. For θ ¼ 0; π exactly, V ¼ 0, vθ ¼ 0, and Q
is strictly unconstrained, but we constrain it as (2.13) by
continuity. This tightens the bound (2.10) for l ¼ 0

since −a2ðE2 − μ2Þ > −a2E2. In summary, we have the
bounds
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Q ≥

8>><
>>:

0 0 ≤ jEj ≤ μ;

0 jEj > μ& jlj ≥ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

p
;

−ðjlj − a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

p
Þ2 jEj > μ& 0 ≤ jlj < a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

p
:

ð2:14Þ

The lowest bound for jEj > μ and 0 ≤ jlj < a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

p
is

only reached for θ constant and jlj ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − μ2

p
sin2 θ.

We will refer to these bounds asQ ≥ QBðE;lÞ. For the null
geodesic case μ ¼ 0 and l ≠ 0, the bound reduces to the
one stated in Eq. (24) of [60].

B. Time and azimuthal motion: Constraints
from the ergoregion

From now on, we set M ¼ μ ¼ 1.1 Kerr spacetime is
characterized by an ergosphere with radial range

rþ ≤ r ≤ rergoðθ; aÞ≡ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2 cos2 θ

p
: ð2:15Þ

The region between the horizon and the ergosphere is called
the ergoregion. Since ∂t is spacelike in the ergosphere,
negative energy E < 0 is allowed within the ergoregion.
This ergoregion leads to constraints on geodesic motion in
the t;ϕ directions for both signs of the energywhich, in turn,
restrict radial motion. We will derive a complete set of such
constraints in this section. We consider a > 0 since the
ergoregion disappears when a ¼ 0.
A feature of the ergoregion is that ∇μt is past directed

timelike and gtϕ < 0, which implies that dt
dτ > 0 and dϕ

dτ > 0

are strictly inside the ergoregion as reviewed, e.g., in [75].
Since dϕ

dτ can have either sign outside the ergoregion, we

may have dϕ
dτ ¼ 0 on the ergosphere. Timelike geodesics are

therefore moving forward in coordinate time t and corotat-
ing along the spin direction of the black hole. This gives the
explicit two conditions valid for any E,

al−a2E sin2 θþðr2þa2ÞEðr
2þa2Þ−al

Δ
> 0; ð2:16Þ

− aEþ l
sin2 θ

þ a
Eðr2 þ a2Þ − al

Δ
≥ 0; ð2:17Þ

whereΔ ¼ r2 − 2rþ a2 and r belongs to the region (2.15).
The condition (2.17) is explicitly violated at the ergosphere
for E < 0 but is obeyed for E ≥ 0. It implies that no motion
with E < 0 is allowed to reach the ergosphere, i.e., all
negative energy motion takes place strictly within the
ergoregion.
We note that the constraints (2.16) and (2.17) are odd

under the flip ðE;lÞ ↦ −ðE;lÞ. It implies that if one

motion is allowed for a given radial range and given values
of ðE;lÞ, it will be disallowed for the same radial range and
opposite values−ðE;lÞ, and vice versa. There is therefore a
central symmetry breaking in the phase space of radial
motion in the ðE;lÞ plane: each radial motion is either
allowed or disallowed for either ðE;lÞ or −ðE;lÞ.
Orbits that reach the horizon r → rþ have special

properties. Since Δ → 0, the second term in Eqs. (2.16)
or (2.17) dominates. This implies Eðr2þ þ a2Þ − al ≥ 0 or,
equivalently,

l ≤ lþðEÞ≡ E
Ωþ

; ð2:18Þ

for any E ∈ R. This bound coincides with the first and
second laws of black hole thermodynamics, TδS ¼
δM −ΩþδJ ≥ 0, upon substituting the variations of the
parameters of the black hole with the plunging probe
energy and angular momentum δM ¼ E and δJ ¼ l.
The thermodynamic bound in Eq. (2.18) therefore applies
for any plunging orbit. Moreover, by contraposition, if an
orbit has l > lþðEÞ, it cannot reach the horizon. In
particular, positive energy trapped orbits with l > lþðEÞ
are disallowed.
Negative energy geodesics have necessarily l < 0.

Indeed, using l¼gtϕutþgϕϕuϕ, E ¼ −gttut − gtϕuϕ < 0,

we find l <
gϕϕgtt−g2tϕ

−gtϕ
ut < 0. Since sin2 θ ≤ 1, we then have

−a2E ≥ −a2E sin2 θ and l ≥ l= sin2 θ. Therefore, for any
negative energy orbit, the bounds in Eqs. (2.16) and (2.17)
imply the same bounds at the equator θ ¼ π=2. In turn, the
inequalities In Eqs. (2.16) and (2.17) evaluated at θ ¼ π=2
are equivalent for E < 0 to

l ≤
2aE
2 − r

: ð2:19Þ

Since rþ ≤ r < 2, it implies, in particular, for all orbits with
E < 0 that

l ≤
2aE
2 − r

≤
2aE
2 − rþ

¼ E
Ωþ

: ð2:20Þ

The thermodynamic bound in Eq. (2.18) is therefore
obeyed for all orbits with E < 0. The upper bound l ¼
lþðEÞ corresponds to root structures with one root at the
horizon, see Sec. III B.
Further detailed constraints on negative energy geodesics

will be discussed in Sec. IV B.

1These quantities can be restored by noting that E ∼ μ,
r ∼ a ∼M, Q ∼ μ2M2, and l ∼ μM.
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III. CLASSIFICATION OF RADIAL GEODESIC
MOTION IN KERR

In this section, we classify the categories of radial motion
of Kerr geodesics by classifying the distinct root structures
of the quartic radial potential RðrÞ defined in Eq. (2.1). We
will concentrate, for the sake of simplicity, on E ≥ 0
geodesics. The negative energy geodesics will be studied
in detail in Sec. IV. For our purposes, we introduce the
following convenient notation, see Table I. The four
symbols j, þ, −, and i label, respectively, the black hole
outer horizon, a region where motion is allowed (R > 0), a
region where motion is disallowed (R < 0), and radial
infinity. The four symbols •, , , and label, respec-
tively, the distinct root degeneracies: simple, double, or
triple root, and root touching the outer horizon. The triple
root is physically associated with the Innermost Stable
Spherical Orbit (ISSO).
Because of the bounds in Eqs. (2.16) and (2.17), root

structures which admit a positive RðrÞ > 0 region might be
disallowed. In that case, we will denote the þ and •
symbols within the root structure as and . In this
section, the disallowed region will be assigned to E ≥ 0
orbits, see Sec. IV for the case of E < 0 orbits.
Our final classification to be proven in this section is

given in Tables II and III. Generic root structures occur in
codimension 0 regions of phase space. Imposing one
constraint leads to the root structures of codimension 1,

while imposing two constraints leads to the root structures
of codimension 2. Each root structure may correspond to
distinct geodesic classes: for each allowed radial region of
motion þ there is a corresponding class (which can be
further refined by the initial sign of the radial velocity), and
for each double or triple root there are, in addition,
spherical orbits. Simple roots correspond to turning points
of motion where the velocity vanishes but not the accel-
eration. Double or triple roots correspond to either spherical
orbits or “whirling” orbits that asymptotically approach or
leave the corresponding radial location. We define a generic
geodesic class as a geodesic class where both endpoints are
either a simple root, the horizon, or infinity. A nongeneric
geodesic class is defined as a geodesic class such that at
least one endpoint differs from a simple root, the horizon,
or infinity.
In Sec. III A, we discuss the root structures with large

charges. In Secs. III B and III D, we investigate the two
special cases where the orbits touch the horizon with zero
velocity and the so-called marginal orbits with E ¼ 1. In
Sec. III E, we finally classify the generic nonmarginal
orbits in the phase space, taking into account the bound on
Carter’s constant.

A. Root structures for large charges

In this section, we detail the root structure of Kerr orbits
for large values of either the angular momentum l, Carter’s
constant Q, or the energy E.

1. Large l limit

In the limit l → ∞, we consider the following cases:
(1) E > 1. There are four real roots:

r1 ¼−
lffiffiffiffiffiffiffiffiffiffiffiffiffi

E2−1
p þOðl0Þ; r2 ¼

Qa2

2l2
þOðl−3Þ;

r3 ¼ 2−
4aE
l

þOðl−2Þ; r4 ¼
lffiffiffiffiffiffiffiffiffiffiffiffiffi

E2−1
p þOðl0Þ;

TABLE I. Notations for the root structures.

Notation Denotes

j Outer horizon
þ Allowed region
− Disallowed region
i Radial infinity

Notation Denotes

• Simple roots (turning points)
Double roots (spherical orbits)

Triple roots (ISSO)
Roots touching the horizon

TABLE II. The two generic and two nongeneric inequivalent
root structures and their associated six distinct geodesic classes of
E ≥ 1 timelike/null geodesics outside the horizon (of which,
three are continuous with 0 ≤ E < 1 geodesic classes).

E ≥ 1 or Null Root structure
Number of

geodesic classes

Generic jþi 1
j þ • − •þi 2

Codimension 1 3

1

TABLE III. The two generic and six nongeneric inequivalent
root structures and their associated eight distinct geodesic classes
of 0 ≤ E < 1 timelike geodesics outside the horizon (of which,
three are continuous with E ≥ 1 geodesic classes).

0 ≤ E < 1 Root structure
Number of

geodesic classes

Generic j þ •−i 1
j þ • − • þ •−i 2

Codimension 1 0
1

2

3

Codimension 2 1
2
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which obey r1 < 0 < r2 < rþ < r3 < r4. This gives
the root structure jþ • − •þi.

(2) E ¼ 1. There are three real roots:

r1 ¼
Qa2

2l2
þOðl−3Þ;

r2 ¼ 2 −
4a
l

þOðl−2Þ;

r3 ¼
l2

2
þOðl0Þ; ð3:1Þ

which obey 0 < r1 < rþ < r2 < r3. This gives the
root structure jþ • − •þi.

(3) 0 ≤ E < 1. There are only two real roots:

r1 ¼
Qa2

2l2
þOðl−3Þ;

r2 ¼ 2 −
4Ea
l

þOðl−2Þ; ð3:2Þ

which obey 0 < r1 < rþ < r2. This gives the root
structure jþ •−i.

2. Large Q limit

In largeQ limit, all the roots are real except for the bound
orbits E < 1, where there are only two real roots.
(1) E ¼ 1; 0 ≤ a < 1. The roots are

r1 ¼ 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
þ ð4al − 8Þð1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
Þ − a2ðl2 − 4Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
Q

þOðQ−2Þ;

r2 ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
þ ð8 − 4alÞð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
Þ þ a2ðl2 − 4Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
Q

þOðQ−2Þ;

r3 ¼
Q
2
þOðQ0Þ; ð3:3Þ

which obey 0 < r1 < rþ < r2 < r3 < ∞ for l ≠ lþðEÞ.
This gives the root structure jþ • − •þi for l ≠ lþðEÞ.
Note the solution is invalid for a ¼ 1, which is the extreme
Kerr black hole. It has another scaling for extreme Kerr.
(2) E > 1; 0 ≤ a < 1. The four roots are

r1¼−
ffiffiffiffi
Q

pffiffiffiffiffiffiffiffiffiffiffiffi
E2−1

p þOðQ0Þ;

r2¼r−−
ð8r−−4a2ÞE2−4ar−Elþa2l2

2
ffiffiffiffiffiffiffiffiffiffiffiffi
1−a2

p
Q

þOðQ−2Þ;

r3¼rþþ
ð8rþ−4a2ÞE2−4arþElþa2l2

2
ffiffiffiffiffiffiffiffiffiffiffiffi
1−a2

p
Q

þOðQ−2Þ;

r4¼
ffiffiffiffi
Q

pffiffiffiffiffiffiffiffiffiffiffiffi
E2−1

p þOðQ0Þ; ð3:4Þ

which obey −∞<r1<0<r2<rþ≤ r3<r4<∞.
We have r3 ¼ rþ for l ¼ lþðEÞ as defined in
(3.9). This gives the root structure jþ • − •þi
for l ≠ lþðEÞ and for l ¼ lþðEÞ.

(3) 0 ≤ E < 1; 0 ≤ a < 1. There are only two real roots,

r1¼r−−
ð8r−−4a2ÞE2−4ar−Elþa2l2

2
ffiffiffiffiffiffiffiffiffiffiffiffi
1−a2

p
Q

þOðQ−2Þ;

r2¼rþþ
ð8rþ−4a2ÞE2−4arþElþa2l2

2
ffiffiffiffiffiffiffiffiffiffiffiffi
1−a2

p
Q

þOðQ−2Þ; ð3:5Þ

which obey 0< r1 ≤ rþ ≤ r2 <∞. Equality r2 ¼ rþ
occurs for l ¼ lþðEÞ as defined in (2.18). This
gives the root structure jþ •−i for generic l and the
root structure for l ¼ lþðEÞ.

The large Q root structure is consistent with the analysis of
Sec. III B and, in particular, with Fig. 2.

3. Large E limit

In large E limit, there are only two real roots. When
0 < a < 1, the real roots are

r1 ¼
−32=3a2 þ 31=3ða2ð−9þ ffiffiffi

3
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

27þ a2
p

ÞÞ2=3
3ða2ð−9þ ffiffiffi

3
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

27þ a2
p

ÞÞ1=3
þOðE−1Þ;

r2 ¼
Q
2E2

þOðE−3Þ; ð3:6Þ

which obey −∞ < r1 < 0 < r2 < 1. Instead when a ¼ 0,
the real roots are

r1¼−21=3ðl2þQÞ1=3E−2=3þOðE−4=3Þ; r2 ¼ 0; ð3:7Þ

which obey −∞ < r1 < r2 ¼ 0. In both cases, this gives
the root structure jþi.

B. Orbital classes with one root at the horizon

For Schwarzschild, RðrþÞ ¼ 16E2 ≥ 0. Motion is there-
fore generically (E ≠ 0) allowed just outside the horizon.
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A root touches the horizon if and only if E ¼ 0. In that case,
RðrÞ ¼ −rðr − 2Þðr2 þ kÞ with k ≥ 0: the horizon root is
always simple, and there is no other root outside the
horizon. Since for E ¼ 0, R0ðrþÞ < 0, motion is disallowed
just outside the horizon. We denote the root structure as

. There is therefore no allowed motion for E ¼ 0. For
E≳ 0, the root structure is therefore jþ •−i.
For generic Kerr with 0 < a ≤ 1, we have at the horizon

RðrþÞ ¼ ðal − 2ErþÞ2 ≥ 0: ð3:8Þ
There is a root touching the horizon if and only if

l ¼ E
Ωþ

¼ 2Erþ
a

: ð3:9Þ

Note that this condition is independent of Q. Motion is
generically (l ≠ lþðEÞ) allowed just outside the horizon.
The horizon root is a double root if and only if, moreover,

Q ¼ QþðEÞ≡ r2þð2þ rþðE2 − 1ÞÞ
rþ − 2

: ð3:10Þ

Since lþðEÞ > a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − 1

p
, the positivity bound is Q ≥ 0

for l ¼ lþðEÞ. We readily obtain that QþðEÞ < 0. We
conclude that the double horizon root lies outside the phase
space. After checking the sign of ∂

∂QR0ðrþÞ, we conclude
that for l ¼ lþðEÞ andQ > QþðEÞ the root structure takes
the form . We do not discuss Q < QþðEÞ since it
is irrelevant. For further analysis, it is useful to note that the
horizon root is a triple root if, moreover,

E ¼ Eþ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − a2
p

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r−1þ

q
; ð3:11Þ

with 0 ≤ Eþ < 1=
ffiffiffi
2

p
. This horizon triple root lies outside

the phase space since it was already the case for the horizon
double root. The horizon root cannot be a quadrupole
root. We conclude that for l ¼ lþðEÞ and Q ≥ 0 there is a
single root at the horizon without any further horizon-
touching root.
Let us now study the occurrence of double roots outside

the horizon. For that purpose we impose Eq. (3.9) and
consider the reduced polynomial YðrÞ≡ RðrÞ=ðr − rþÞ. It
is cubic for E ≠ 1 and quadratic for E ¼ 1. Double roots
occur for Yðr�Þ ¼ Y 0ðr�Þ ¼ 0. There is a single real
solution branch given by

Q ¼ Qsðr�Þ≡ r2�ððrþ − 2Þr2� þ 2r2þr� þ ðrþ − 2Þr2þÞ
ðrþ − 2Þðr� þ rþÞðr2� þ ðrþ − 3Þr� þ rþÞ

;

ð3:12Þ

E¼Esðr�Þ≡
ffiffiffiffiffi
r�

p ðr� þ rþ−2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� þ rþÞðr2� þðrþ−3Þr� þ rþÞ

p ; ð3:13Þ

for all rþ ≤ r� < ∞. Since R00ðr�Þ < 0, the double root
corresponds to stable spherical orbits, here with the super-
script s. Of course for r� ¼ rþ, one recovers the triple root
at the horizon with Q ¼ QsðrþÞ ¼ QþðEþÞ < 0 and E ¼
EsðrþÞ ¼ Eþ, which lies outside the phase space. The
function Esðr�Þ is monotonously increasing along r�. We
call the inverse function r�ðEÞ andQsðEÞ≡Qsðr�ðEÞÞ. For
rþ < r� < ∞, we have Eþ < Esðr�Þ < 1. The positivity
bound Qsðr�Þ ≥ 0 is obeyed for rmin� ≤ r� < ∞, where

rmin� ≡ rþðrþ þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ − 1

p Þ
2 − rþ

: ð3:14Þ

The function Qsðr�Þ is monotonic between Qsðrmin� Þ ¼ 0
and Qsðþ∞Þ ¼ þ∞. We denote the critical energy

Ec ≡ Esðrmin� Þ ¼ rþ þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ − 1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rþðrþ þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ − 1

p þ 2Þ
q : ð3:15Þ

This function of a is plotted on Fig. 1. It obeys Eþ < Ec for
all 0 ≤ a ≤ 1.
We, therefore, obtain that for l ¼ lþðEÞ, Q ¼ QsðEÞ

with Ec ≤ E < 1, spherical orbits exist in the phase space
with root structure . For l ¼ lþðEÞ, Q≲QsðEÞ,
the root structure becomes . Since there is no
other double root outside the horizon and no horizon-
touching root, the root structure is valid
in the entire range 0 ≤ Q ≤ QsðEÞ. For l ¼ lþðEÞ,
Q≳QsðEÞ, the root structure becomes . Again, since
there are no further double roots and no horizon-touching
root, this root structure is valid for the entire range
Q > maxf0; QsðEÞg. For l ¼ lþðEÞ and E ≥ 1 and any
Q ≥ 0, there is a single root structure since the roots never
cross in the exterior region rþ ≤ r < ∞ and never become
double. After explicit evaluation for a particular case, we find
the root structure .

FIG. 1. Energy Ec (corresponding to the existence of a horizon
touching root and a stable double root on the equatorial plane),
prograde ISCO energy EISCOþ and retrograde ISCO energy
EISCO− as a function of a. The critical rotation ac is defined at
the intersection between EISCO− and Ec.
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For l≳ lþðEÞ or l≲ lþðEÞ [l close to but not equal to
lþðEÞ], the root at the horizon moves towards positive
radius, which allows orbits close to the horizon. The phase
space of root structures that admit at least one root at or
close to the horizon is summarized on Fig. 2.
We finally note that there is a special value

ac ≈ 0.8109337526 ð3:16Þ

ofa such that the energyEc coincideswith the energyEISCO−

at the retrograde innermost stable circular orbit (ISCO) as
defined in (3.28) in Sec. III C. For that special value of a and
the corresponding special energy E ¼ Ec ¼ EISCO− ≈
0.9598057008, both orbit classes and

are equatorial (Q ¼ 0) orbit classes (with a
distinct angular momentum). In the Schwarzschild and
extreme Kerr limit, the energy EISCO� and Ec are shown
in Table IV. When a ¼ 0, the two ISCO branches merge as
they should for the Schwarzschild black hole.

C. Spherical orbits

The timelike spherical orbits of Kerr, defined from
RðrÞ ¼ R0ðrÞ ¼ 0, were elegantly summarized by Teo
[67] based on earlier results [58,70–74]. There are four
classes of solutions ðEi;liÞ, i ¼ a0; b0; c0; d0. The first two
are given by

Ea0;b0 ðQ; rÞ ¼ r3ðr − 2Þ − aðaQ ∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϒðQ; rÞp Þ

r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3ðr − 3Þ − 2aðaQ ∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ϒðQ; rÞp Þ
q ;

ð3:17Þ

la0;b0 ðQ; rÞ ¼ −
2ar3 þ ðr2 þ a2ÞðaQ ∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ϒðQ; rÞp Þ
r2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3ðr − 3Þ − 2aðaQ ∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ϒðQ; rÞp Þ
q ;

ð3:18Þ
where

ϒðQ; rÞ ¼ r5 −Qr3ðr − 3Þ þ a2Q2: ð3:19Þ
The third and fourth are given by ðEc0;d0 ;lc0;d0 Þ ¼
−ðEa0;b0 ;la0;b0 Þ. The first and second classes continuously
join. They have positive energy in the range of parameters
where they exist. The range of existence is dictated by the
radii of the prograde and retrograde photon orbits, respec-
tively, r1 and r2,

r1;2 ≡ 2

�
1þ cos

�
2

3
arccos ð∓ aÞ

�	
: ð3:20Þ

They lie in the range 1 ≤ r1 < 3 < r2 ≤ 4 and are the two
largest roots of Ξ≡ r3 − 6r2 þ 9r − 4a2. The range of
existence is also determined by

Q1ðrÞ ¼
r2

2a2
ðrðr − 3Þ −

ffiffiffiffiffiffi
rΞ

p
Þ: ð3:21Þ

In the nonextremal case, the solution a0 exists for r > r1: for
any 0 ≤ Q < ∞ between r1 < r < r2 but for 0 ≤ Q <
Q1ðrÞ for r ≥ r2. The solution b0 exists for r > r2 in the
range 0 ≤ Q ≤ Q1ðrÞ. In the extremal case a ¼ 1, the
Boyer-Linquist radius does not resolve the near-horizon
region and does not lead to a rightful parametrization at
r ¼ 1, see [67] for a discussion.

1. Prograde and retrograde orbits

The solution a0 is either prograde or retrograde while the
solution b0 is retrograde. The subset of polar orbits (l ¼ 0)
within the solution a0 set are given by Q ¼ Q0ðrÞ
where

Q0ðrÞ≡ r2ðΔ2 þ 4r2ðr − 1ÞÞ
ðr2 þ a2ÞðrΔ − ðr2 − a2ÞÞ : ð3:22Þ

FIG. 2. Phase space of root structures that admit at least one
root at or close to the horizon and that obey the positivity bounds.

TABLE IV. Energy Ec and EISCO� in the Schwarzschild and
extreme Kerr limit.

Ec EISCOþ EISCO−

a ¼ 0 1 2
ffiffi
2

p
3

2
ffiffi
2

p
3

a ¼ 1 1ffiffi
3

p 1ffiffi
3

p 5
3
ffiffi
3

p
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The angular momentum is l > 0 for Q < Q0ðrÞ, while
l < 0 for Q > Q0ðrÞ. In the range r ≥ r2, where Q1ðrÞ is
real, obeys Q0ðrÞ ≤ Q1ðrÞ. We have Q0ðrÞ ≥ 0 for r ≥ r0,
where

r0 ≡ 1þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − a2

3

r
cos

�
1

3
arccos

�
3ð1 − a2Þ
3 − a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3

3 − a2

r ��
:

ð3:23Þ
2. Marginally stable spherical orbits

The marginally stable spherical orbits RðrÞ ¼ R0ðrÞ ¼
R00ðrÞ ¼ 0 obey Q ¼ QmsðrÞ, where

QmsðrÞ≡ −
r5=2½ð ffiffiffiffi

Δ
p

− 2
ffiffiffi
r

p Þ2 − 4a2�
4a2ðr3=2 − ffiffiffi

r
p

−
ffiffiffiffi
Δ

p Þ : ð3:24Þ

In the range r ≥ r2, where Q1ðrÞ is real, QmsðrÞ ≤ Q1ðrÞ.
The locus where QmsðrÞ ¼ Q1ðrÞ is r ¼ r�ms, where

r�ms ≡
�
11

4
þ 7

2
cos

�
1

3
arccos

�
143þ 200a2

343

��	
: ð3:25Þ

When Q ¼ 0, the prograde and retrograde marginally
stable orbits are located at r ¼ r�ms, where

r�ms ≡ 3þ Z2 ∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3 − Z1Þð3þ Z1 þ 2Z2Þ

p
;

Z1 ≡ 1þ ð1 − a2Þ1=3½ð1þ aÞ1=3 þ ð1 − aÞ1=3�;
Z2 ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 þ Z2

1

q
: ð3:26Þ

The class a0 of marginally stable orbits lie in the range
rþms ≤ r ≤ r�ms. Stability occurs for 0 ≤ Q < QmsðrÞ and
unstability for QmsðrÞ < Q < ∞. The class b0 of margin-
ally stable orbits smoothly joins in the next range
r�ms ≤ r ≤ r−ms. Unstability occurs for 0 ≤ Q < QmsðrÞ
and stability for QmsðrÞ < Q ≤ Q1ðrÞ. The energy of the
prograde and retrograde ISCO (Q ¼ 0) orbits are respec-
tively given by

EISCOþ ¼ Ea0 ð0; rþmsÞ; ð3:27Þ

EISCO− ¼ Eb0 ð0; r−msÞ: ð3:28Þ

3. Marginally bound spherical orbits

The marginally bound spherical orbits RðrÞ ¼ R0ðrÞ ¼ 0

and E2 ¼ 1 obey Q ¼ QmbðrÞ, where

QmbðrÞ≡ −
r2½rð ffiffiffi

r
p

− 2Þ2 − a2�
a2ð ffiffiffi

r
p

− 1Þ2 : ð3:29Þ

When Q ¼ 0, the prograde and retrograde marginally
bound circular orbits lie at r ¼ rþmb ≡ ð1þ ffiffiffiffiffiffiffiffiffiffiffi

1 − a
p Þ2 and

r ¼ r−mb ≡ ð1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p Þ2.

In the range r ≥ r2, where Q1ðrÞ is real,
QmbðrÞ ≤ Q1ðrÞ. Equality QmbðrÞ ¼ Q1ðrÞ occurs at
r ¼ r�mb, where r�mb is the largest real root of the quintic
r2Ξ − Δ2 ¼ 0. Note that the largest root flips only at
a ¼ 1

55=2
ffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1293=2 − 383

p
. It obeys rþmb ≤ r�mb ≤ r−mb.

The class a0 of marginally bound orbits lie in the range
rþmb ≤ r ≤ r�mb. Bound orbits have 0 ≤ Q < QmbðrÞ, and
unbound spherical orbits have QmbðrÞ < Q < ∞. The
class b0 of marginally bound orbits lie in the range
r�mb ≤ r ≤ r−mb. Unbound spherical orbits occur for
0 ≤ Q < QmbðrÞ, and bound spherical orbits occur
for QmbðrÞ < Q ≤ Q1ðrÞ.

D. Marginal orbits

Marginal orbits are by definition orbits such that E ¼ 1.
The radial potential is

RðrÞ ¼ 2

�
r3 −

1

2
ðQþ l2Þr2 þ ðQþ ðl − aÞ2Þr − a2Q

2

�
:

ð3:30Þ

The horizon is located at rþ ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
. Since

Rð∞Þ > 0, the root structure always takes the form
j � � � þi. The potential has the cubic discriminant

Δ3 ¼ −108ðq2r
4
þ p3

r
27
Þ, where

pr ¼ Qþ ðl − aÞ2 − 1

12
ðQþ l2Þ2; ð3:31Þ

qr ¼ −
1

108
ðQþ l2Þ3 þ 1

6
ðQþ l2ÞðQþ ðl − aÞ2Þ

−
1

2
Qa2: ð3:32Þ

1. Double root structure

Double roots r� (where Rðr�Þ ¼ R0ðr�Þ ¼ 0 or Δ3 ¼ 0)
occur for two solution branches denoted as a, b (a is
associated with the upper sign):

Q ¼ Qa;bðr�Þ≡ r2�ða2 − ð ffiffiffiffiffi
r�

p � 2Þ2r�Þ
a2ð ffiffiffiffiffi

r�
p � 1Þ2 ; ð3:33Þ

l ¼ la;bðr�Þ≡ a2 � 2r3=2� þ r2�
að1� ffiffiffiffiffi

r�
p Þ : ð3:34Þ

These branches exist for the range rþ ≤ r� < ∞. The
branches intersect in the exterior region only at the horizon,
where la;bðrþÞ ¼ 2rþ

a , Qa;bðrþÞ ¼ 2ð2þ rþ − 4rþ
a2 Þ < 0.

Outside the horizon we have Qaðr�Þ < Qbðr�Þ. In terms

of the double root r�, the third real root is a2−ð ffiffiffi
r�

p �2Þ2r�
2ð ffiffiffi

r�
p �1Þ2 for

each solution branch. In both cases, this root is below rþ
and therefore irrelevant to the motion. The root structure is
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therefore given for both these branches as for
r� > rþ and for r� ¼ rþ.
Orbits of either branch belong to the phase space only if

the bound Qa;b ≥ 0 is obeyed. We have lþðr�Þ > 0. Now
Qaðr�Þ ≥ 0 only in the range 0 ≤ r� ≤ 2þ a − 2

ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p
,

which lies below the horizon. Such solution is then
disallowed in the exterior region. With a notation that will
match the one of Sec. III E, we define

rð1Þc ≡ 2þ aþ 2
ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p
;

rð2Þc ≡ 2 − aþ 2
ffiffiffiffiffiffiffiffiffiffiffi
1 − a

p
; ð3:35Þ

with rþ < rð2Þc < 4 < rð1Þc for 0 < a < 1. For the branch b,

Qbðr�Þ ≥ 0with r� > rþ is satisfied for rð2Þc ≤ r� ≤ rð1Þc . The
root structure is therefore disallowed. We have

Qbðrð1;2Þc Þ ¼ 0. One can check thatlbðr�Þ is amonotonically

decreasing function in the range rð2Þc ≤ r� ≤ rð1Þc . It admits an

inverse r�ðlÞ. At the endpoints Qbðrð2Þc Þ ¼ Qbðrð1Þc Þ ¼ 0,

and we have lbðrð2Þc Þ ¼ 2ð1þ ffiffiffiffiffiffiffiffiffiffiffi
1 − a

p Þ, lbðrð1Þc Þ ¼
−2ð1þ ffiffiffiffiffiffiffiffiffiffiffi

1þ a
p Þ. The maximum occurs at r� ¼ 4, where

Qbð4Þ ¼ 16 and lbð4Þ ¼ −a.
Since R00ðr�Þ > 0, spherical orbits are unstable. We

define the function QuðlÞ≡Qbðr�ðlÞÞ. For Q ¼ QuðlÞ,
the root structure is . The root structure for
distinct values of Q is given on Fig. 3.

2. General root structure

Since Δ3 ¼ −4a6 for l ¼ Q ¼ 0, the double root
becomes complex for Q < QuðlÞ (i.e., the root structure
is jþi) while there are three distinct real roots for
Q > QuðlÞ (i.e., the root structure is jþ • − •þi which
can be read from large Q expansion).

The root structure changes when one root touches the
horizon, which occurs at l ¼ 2rþ

a as derived in Sec. III B.

We have lbðrð1Þc Þ < 2rþ
a . Therefore, the curve Q ¼ QuðlÞ

does not intersect the line l ¼ 2rþ
a . For l > 2rþ

a , one also has
the root structure jþ • − •þi. Now, trapped orbits are
disallowed for positive energy orbits with l > lþðEÞ, see
Sec. II B. The root structure is therefore j=þ • − •þi.
The large l and large Q limit are in agreement with the
analysis of Sec. III A. We conclude that the phase space is
complete for E ¼ 1. The classification is depicted in
Fig. 3.

E. Generic nonmarginal orbits

The radial potential (2.1) is quartic in r for E ≠ 1. The
root structure for E > 1 takes the form j � � � þi, while for
E < 1 it takes the form j � � �−i. For l ¼ lþðEÞ it takes the
form , while for l ≠ lþðEÞ it takes the form
j þ � � �i. The discriminant takes the form

Δ4 ¼
16ð1 − a2Þ
ðE2 − 1Þ5 Q5 þ b4ðl; EÞQ4 þ b3ðl; EÞQ3

þ b2ðl; EÞQ2 þ b1ðl; EÞQþ b0ðl; EÞ: ð3:36Þ
It is a quintic function of Q for a nonextremal black hole.

1. Double root structure

The general solution of double roots at r ¼ r� has been
solved in [67] by expressing E and l as a function of r� and
Q as we review in Sec. III C. However, the analysis of the
positivity bound on Q is not straightforward for E > 1.
Here, we will solve for the double roots by expressing Q
and l as a function of r� and E.

Branches a and b.—The two branches of the solution are (a
is the upper sign)

Q ¼ Qa;bðE; r�Þ

≡ r2�
a2ðr� − 1Þ2

�
−r3� þ 3r2� þ ða2 − 4Þr� þ a2

þ r�ð1 − E2Þðr3� − 4r2� þ 5r� − 2a2Þ
∓ 2EΔðr�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r�ð1þ ðE2 − 1Þr�Þ

q �
; ð3:37Þ

l ¼ la;bðE; r�Þ

≡ Eðr2� − a2Þ � Δðr�Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r�ððE2 − 1Þr� þ 1Þ

p
aðr� − 1Þ ; ð3:38Þ

where ΔðrÞ ¼ r2 − 2rþ a2. These solutions formally
match with Eqs. (3.33) and (3.34) for E ¼ 1. The solution
is not valid for r� ¼ 1, which coincides with the near
horizon extremal kerr (NHEK) region at extremality. Since
we are discussing a < 1, the solutions are always real in theFIG. 3. Root structures of marginal orbits E ¼ 1.
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exterior region as long as E ≥ Ea×bðr�Þ, where Ea×bðr�Þ≡ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r−1�

p
is the energy at which the two branches meet. We

have Eþ ≤ Ea×bðr�Þ ≤ 1, where Eþ was defined in
Eq. (3.11). Alternatively, the two branches a, b meet at
r� ¼ ra×bðEÞ≡ ð1 − E2Þ−1. For E ≥ 1, the solutions a, b
both exist for rþ ≤ r� < ∞. For Eþ ≤ E < 1, both solu-
tions exist in the range rþ ≤ r� ≤ ra×bðEÞ. For E < 1,
Qa;bðE; ra×bðEÞÞ < 0, which violates the bound in
Eq. (2.14). Therefore, the two branches do not meet inside
the phase space for E<1. For E>1, ra×bðEÞ<0 and,
therefore, the branchesmeet outside the phase space as well.

Analysis of Qa;b ≥ 0.—We have jla;bj > a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − 1

p
.

Therefore, the positivity bound (2.14) for both branches
a, b is Qa;b ≥ 0. The roots of Qa;b might only occur at
(upper sign corresponds to a)

Eð1Þ
a;bðr�Þ ¼ ∓ ðr� − 2Þ ffiffiffiffiffi

r�
p − a

r3=4�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr� − 3Þ ffiffiffiffiffi

r�
p − 2a

p ; ð3:39Þ

Eð2Þ
a;bðr�Þ ¼ ∓ ðr� − 2Þ ffiffiffiffiffi

r�
p þ a

r3=4�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr� − 3Þ ffiffiffiffiffi

r�
p þ 2a

p : ð3:40Þ

We denote by rð1Þ� the only root of ðr� − 3Þ ffiffiffiffiffi
r�

p þ 2a above

the horizon, by rð2Þ� the only root of ðr� − 3Þ ffiffiffiffiffi
r�

p − 2a
above the horizon. Explicitly,

rð1Þ� ¼ 2þ cos

�
2arcsina

3

�
−

ffiffiffi
3

p
sin

�
2arcsina

3

�
; ð3:41Þ

rð2Þ� ¼ 2þ cos

�
2arcsina

3

�
þ

ffiffiffi
3

p
sin

�
2arcsina

3

�
: ð3:42Þ

We have rþ < rð1Þ� ≤ rð2Þ� < 4 for 0 ≤ a < 1. Note that Eð1Þ
a;b

is a real root in the range rð2Þ� < r� < ∞, while Eð2Þ
a;b is a real

root in the range rð1Þ� < r� < ∞.
Let us now analyze the positivity of Q in the relevant

ranges of r�. In the range rþ ≤ r� ≤ rð1Þ� , there is no real
root for Qa;b, and Qa;b is negative, Qa;b < 0. In the range

rð1Þ� < r� ≤ rð2Þ� , Eð1Þ
a;b is complex, but Eð2Þ

a;b is real. We have

Eð2Þ
a ≤ 0, while Eð2Þ

b ≥ 0. In the entire range Eð2Þ
a < 0 ≤ E,

we have Qa < 0. For branch b, Qb ≥ 0 only for E ≥ Eð2Þ
b .

Finally, in the range rð2Þ� < r� < ∞, both roots Eð1;2Þ
a;b are

real for each branch. We find Eð1;2Þ
a < 0. Then, in the entire

range Eð1;2Þ
a < 0 ≤ E, we find Qa < 0. Instead, we have

0 < Eð2Þ
b < Eð1Þ

b , and we find that Qb ≥ 0 in the range

Eð2Þ
b ≤ E ≤ Eð1Þ

b .
We conclude that the branch a lies outside the phase

space and we, therefore, discard it. In the range Eð2Þ
b ≤ E,

branch b is allowed for rð1Þ� < r� ≤ rð2Þ� . In the range

Eð2Þ
b ≤ E ≤ Eð1Þ

b , branch b is allowed for rð2Þ� < r� < ∞.
The final allowed range is therefore the union of the regions

rð1Þ� < r� ≤ rð2Þ� & Eð2Þ
b ≤ E; ð3:43Þ

and

rð2Þ� < r� < ∞ & Eð2Þ
b ≤ E ≤ Eð1Þ

b : ð3:44Þ

Decomposition of the region Qb ≥ 0 for E > 1 and
E ≤ 1.—The slicing of the allowed region with fixed
energy E will be performed on Fig. 5. As a preparation,
let us derive the allowed regionQ ≥ 0 for E > 1 and E ≤ 1.

Let us denote rð1;2Þc as the only root of Eð1;2Þ
b − 1 above the

horizon. We have

rð1Þc ¼ 2þ aþ 2
ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p
; ð3:45Þ

rð2Þc ¼ 2 − aþ 2
ffiffiffiffiffiffiffiffiffiffiffi
1 − a

p
: ð3:46Þ

This definition agrees with (3.35). We have Eð1Þ
b > 1 for

rð2Þ� < r� < rð1Þc , while Eð2Þ
b > 1 for rð1Þ� < r� < rð2Þc . The

four special functions rð1;2Þ� , rð1;2Þc of a are plotted on
Fig. 4. There is a single a where there is an intersection
of two such functions. We denote âc ≈ 0.313708, the

critical a such that rð2Þ� ¼ rð2Þc . For 0 ≤ a < âc, we have

rð1Þ� ≤ rð2Þ� < rð2Þc < rð1Þc , while for âc ≤ a < 1, we have

rð1Þ� < rð2Þc ≤ rð2Þ� < rð1Þc .
From now on, we discard branch a and drop the labels b

in all quantities. Instead of Eqs. (3.39) and (3.40), we now
denote

FIG. 4. Several critical radii of interest for the analysis ofQ ≥ 0
in the presence of double roots.
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Eð1Þðr�Þ≡ ðr� − 2Þ ffiffiffiffiffi
r�

p − a

r3=4�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr� − 3Þ ffiffiffiffiffi

r�
p − 2a

p ; ð3:47Þ

Eð2Þðr�Þ≡ ðr� − 2Þ ffiffiffiffiffi
r�

p þ a

r3=4�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðr� − 3Þ ffiffiffiffiffi

r�
p þ 2a

p : ð3:48Þ

Finally, for E < 1 the only allowed range is

rð2Þc ≤ r� < ∞& Eð2Þ ≤ E < minð1; Eð1ÞÞ: ð3:49Þ

For E ≥ 1, the range such that Q ≥ 0 is

rð1Þ� < r� ≤ rð2Þ� & E ≥ maxð1; Eð2ÞÞ; ð3:50Þ

together with

rð2Þ� < r� ≤ rð1Þc &maxð1; Eð2ÞÞ ≤ E ≤ Eð1Þ: ð3:51Þ

For r� → ∞, both Eð1Þ and Eð2Þ approach 1 from below.

Additional simple roots.—After imposing Eqs. (3.37) and
(3.38) (for the branch b), the residual potential YðrÞ≡
RðrÞ=ðr − r�Þ2 is quadratic in r. Its discriminant is quartic
in E and vanishes for

E ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r�ðr� − 2Þðr2� þ r� − 1Þ þ a2ðr� − 1Þð2r� þ 1Þ þ a4 � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ð1 − a2Þr�Δðr�Þ

p
ðr2� þ a2Þ2 − 4r2�

s
;

which are always complex numbers for r� > rþ since
ð1 − a2Þr�Δðr�Þ > 0. Since the discriminant is positive for
any particular choice of parameters with r� > rþ, it implies
that the two residual roots are always real for r� > rþ. In
the large Q limit, one of these roots is always below the
horizon and the other one, which we will call rs, is always
above the horizon or at the horizon in the special case
l ¼ lþðEÞ. Since the horizon touching only occurs at

l ¼ lþðEÞ as studied in Sec. III B and, in particular, does
not occur at specific Q, we deduce that the root structure is
general: only one additional root rs is above the horizon for
l ≠ lþðEÞ, and it coincides with the horizon for
l ¼ lþðEÞ. The separatrix between the position of the
roots, rs < r� or rs > r�, is determined by the triple root
rs ¼ r�, which will be analyzed below.
Triple roots (ISSO).—Triple roots occur for

E ¼ Etripleðr�Þ≡ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r�

p ð4r4� − 15r3� þ 21r2� − ð10þ 3a2Þr� þ 3a2Þ þ ðΔðr�ÞÞ3=2
r3=2� ðr3� − 3r2� þ 3r� − a2Þ

s
; ð3:52Þ

l ¼ ltripleðr�Þ≡ Etripleðr�Þ ×
a4 þ 6a2r2� þ 2ðr�Δðr�ÞÞ3=2 − 6a2r� − 3r4� þ 2r3�

a3 þ ar�ð−4r2� þ 9r� − 6Þ ; ð3:53Þ

Q ¼ Qtripleðr�Þ≡ −3a2r4� − a2r3� − 3r5=2� ðΔðr�ÞÞ3=2 þ r6� − 3r5� þ 6r4�
4a2ða2 − r�ððr� − 3Þr� þ 3ÞÞ : ð3:54Þ

There are no quadrupole roots. The argument of the square
root is positive in the exterior region r� ≥ rþ. The function
Etriple is monotonically increasing along r� and asymptotes
to 1 as r� → ∞. For E < 1, the positivity bound is Q ≥ 0.
The triple root is physically associated with the ISSO. It
belongs to the allowed range in Eq. (3.49) as long as
Eð2Þ ≤ Etriple ≤ Eð1Þ, which amounts to rmin ≤ r� ≤ rmax

where rmin is the only radius above rþ such that
Etriple ¼ Eð2Þ, and rmax is the only radius above rþ such

that Etriple ¼ Eð1Þ. We have rð2Þc < rmin ≤ rmax. SinceQ ¼ 0

and l > 0 at E ¼ Eð2ÞðrminÞ, the critical radius rmin is
nothing else than the prograde ISCO radius rISCOþ ≡ rmin.
Since Q ¼ 0 and l < 0 at E ¼ Eð1ÞðrmaxÞ, the critical

radius rmax is nothing else than the retrograde ISCO radius
rISCO− ≡ rmax. We denote EISCOþ ≡ Eð2ÞðrISCOþÞ, EISCO− ¼
Eð1ÞðrISCO−Þ. The standard expressions for rISCO� are
recalled in Sec. III C.
In the range rð2Þc ≤ r� < ∞, the function Etripleðr�Þ is

monotonically increasing. We denote its inverse as
rISSOðEÞ≡ rtriple� ðEÞ. In the allowed range rISCOþ <
rISSOðEÞ < rISCO− , the root system is finally .
It describes the ISSO as well as plunging orbits.
Double roots with l ¼ 0.—Branch b has lbðr�Þ ¼ 0 for

E ¼ Eð0Þðr�Þ≡ Δðr�Þ ffiffiffiffiffi
r�

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2� þ a2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3� − 3r2� þ a2r� þ a2

p : ð3:55Þ
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Here rð0Þ� < r�, where rð0Þ� is the real root of r3� − 3r2� þ
a2r� þ a2 above the horizon. The function rð0Þ� of a is

monotonically decreasing from rð0Þ� ¼ 3 for a ¼ 0 to rð0Þ� ¼
1þ ffiffiffi

2
p

for a ¼ 1. The condition 1þ ðE2 − 1Þr� ≥ 0 is

precisely rð0Þ� ≤ r�. The phase space therefore contains the
branch l ¼ 0, E ¼ Eð0Þðr�Þ, Q ¼ QbðEð0Þðr�Þ; r�Þ≡
Qð0Þ

� ðr�Þ for rð0Þ� < r� < ∞, where

Qð0Þ
� ðr�Þ ¼

r2�ðr4� þ 2a2r�ðr� − 2Þ þ a4Þ
ðr2� þ a2Þðr3� − 3r2� þ a2r� þ a2Þ : ð3:56Þ

There is a radius r� ¼ rð0Þc such that Etripleðr�Þ ¼ Eð0Þðr�Þ.
The value of rð0Þc could be found by searching the solution
ltripleðr�Þ ¼ 0 between rISCOþ and rISCO−. It turns out that

rð0Þc is the unique real solution of the equation

r6−6r5þ3a2r4þ4a2r3þ3a4r2−6a4rþa6¼ 0; ð3:57Þ

which is larger than rþ. It is monotonically decreasing from

rð0Þc ða ¼ 0Þ ¼ 6 to rð0Þc ða ¼ 1Þ ¼ 1þ ffiffiffi
3

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2

ffiffiffi
3

pp
.

Structure of double roots.—We can now deduce the root
structure of the roots that contain a double root as follows.
Only branch b exists in the phase space. Figure 5 shows the
allowed region for the double and triple roots. When E < 1,
the branch Eð2Þ denotes the energy of the inner unstable
prograde circular orbits (iUCOþ), whose locations are

denoted as riUCOþ in the region rð2Þc < riUCOþ < rISCOþ ,
and the energy of the outer stable prograde circular orbits
(oSCOþ), whose locations are denoted as roSCOþ in the
region rISCOþ < roSCOþ < ∞. The branch Eð1Þ denotes the
energy of the inner stable retrograde circular orbits (iSCO−),
whose locations are denoted as riSCO− in the region
rISCO− < riSCO− < ∞, and the energy of the outer unstable
retrograde circular orbits (oUCO−), whose locations are

denoted by roUCO− in the region rð1Þc < roUCO− < rISCO− .
When E ≥ 1, the branch Eð1Þ denotes the energy of

oUCO− in the region rð2Þ� < roUCO− ≤ rð1Þc , while the
branch Eð2Þ denotes the energy of iUCOþ in the region

rð1Þ� < riUCOþ ≤ rð2Þc . We discuss the structure according to
the energy E (which intersects as straight lines the allowed
region of Fig. 5) as follows:

(i) For 0 < E < EISCOþ, there is no double root. By
continuity with the largeQ limit, the root structure is
jþ •−i for l ≠ lþðEÞ and for l ¼ lþðEÞ.

(ii) For EISCOþ ≤ E ≤ EISCO−,QbðE; r�Þ is non-negative
for riUCOþ ≤ r� ≤ roSCOþ, and it vanishes at riUCOþ

and roSCOþ . The double root r� becomes a triple root
if and only if r� ¼ rISSOðEÞ with root structure

.
For r� in the range riUCOþ ≤ r� < rISSOðEÞ, the

root structure is . The double root r�
corresponds to unstable circular orbits since
R00ðr�Þ > 0. The angular momentum is monoto-

FIG. 5. Functions Eð0;1;2Þðr�Þ and Etripleðr�Þ depicted for a ¼ 1=2 without loss of generality. The double roots are allowed both in the
orange region (retrograde orbits: l < 0) and the yellow region (prograde orbits: l > 0). The orbits corresponding to triple roots exist
(i.e., obey the positivity bound) only in the interval rISCOþ ≤ r� ≤ rISCO− or EISCOþ ≤ E ≤ EISCO−. We also depicted the four roots
riUCOþ < roUCO− < riSCO− < roSCOþ for a specific EISCO− < E < 1.
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nously decreasing for riUCOþ ≤ r� ≤ rISSOðEÞ. In
this region, one can define a unique inverse solution
r̂u�ðl; EÞ of l ¼ lbðE; r�Þ at fixed E. The function
QuðE;lÞ is defined by substituting the inverse
solution r̂u�ðl; EÞ into QbðE; r�Þ,

QuðE;lÞ≡QbðE; r̂u�ðl; EÞÞ: ð3:58Þ

For r� in the range rISSOðEÞ < r� ≤ roSCOþ , the
root structure is . The double root r�
corresponds to stable circular orbits since
R00ðr�Þ < 0. The angular momentum is monoto-
nously increasing for rISSOðEÞ ≤ r� ≤ roSCOþ. In
this region, one can define another unique inverse
solution r̂s�ðl; EÞ for l ¼ lbðE; r�Þ at fixed E. The
function QsðE;lÞ is defined by substituting the
inverse function r̂s�ðl; EÞ into QbðE; r�Þ,

QsðE;lÞ≡QbðE; r̂s�ðl; EÞÞ: ð3:59Þ

The root structures containing only simple roots is
straightforwardly deduced by continuity, see Fig. 7.

(iii) For EISCO− < E < 1, QbðE; r�Þ admits four real
roots r� with the order

riUCOþ < roUCO− < riSCO− < roSCOþ : ð3:60Þ

The region QbðE; r�Þ ≥ 0 consists of two discon-
nected regions, riUCOþ ≤ r� ≤ roUCO− and riSCO− ≤
r� ≤ roSCOþ . The function lbðr�Þ is monotonously
decreasing in the region riUCOþ ≤ r� ≤ roUCO− ,
where R00ðr�Þ > 0, and monotonously increasing
in the region riSCO− ≤ r� ≤ roSCOþ , where
R00ðr�Þ < 0. Therefore, one can extend the inverse
r̂u�ðl; EÞ as the inverse solution of

l ¼ lbðE; r�Þ; riUCOþ ≤ r� ≤ roUCO− ð3:61Þ

at fixed E. Similarly, one can extend the inverse
r̂s�ðl; EÞ as the inverse solution of

l ¼ lbðE; r�Þ; riSCO− ≤ r� ≤ roSCOþ : ð3:62Þ
Then Qu;sðE;lÞ are still defined as Eqs. (3.58)
and (3.59).

(iv) For E > 1, QbðE; r�Þ is non-negative for
riUCOþ ≤ r� ≤ roUCO− , and it vanishes at riUCOþ

and roUCO− . The location of the double root structure
is again determined by the function

Q ¼ QuðE;lÞ. We find for larger Q the root
structure j þ • − •þi and for smaller Q the root
structure jþi. Since E > 1, this latter root structure
is now bounded Q ≥ minf0;−ðjlj − a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − 1

p
Þ2g

according to (2.14). We denote the positive and
negative values of l such that QuðE;lÞ ¼ 0 as
liUCOþðEÞ and loUCO−ðEÞ, respectively. We have
a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − 1

p
< jlj < lþðEÞ for both liUCOþ and

loUCO− . The root structure for Q < 0 is jþi by
continuity.

The final classification of radial motion ofE < 1 timelike
Kerr orbits can be found in Fig. 6. The classification of radial
motion of E > 1 orbits is shown in Fig. 7. Moreover, we
display the classification of radialmotion of equatorial orbits
in the ðE;lÞ plane in Fig. 8. As discussed in Sec. II B, in the
case E > 0 and l > lþ, the trapped orbits are disallowed,
and the root structures have the form j=þ • � � �i. The final list
of 11 qualitatively distinct geodesic orbit classes (sometimes
evaluated on specific subcases) is given in Table V, follow-
ing the notations introduced for Schwarzschild in
Appendix B. The 11 distinct geodesic orbit classes already
appear around the Schwarzschild background.

FIG. 6. Classification of radial motion of E > 1 timelike Kerr orbits (left) and E > 0 null orbits (right).
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F. Null geodesics

The classification of radial motion for null geodesics can
be simply obtained from the timelike classification in the
limit E → ∞. The corresponding phase space is provided in

Fig. 6. In this section, we briefly review the classification of
radial root structures as performed by Gralla and Lupsasca
[60] (restricting our analysis to r > rþ) and extend it,
using the constraints on motion within the ergoregion

FIG. 7. Classification of radial motion of 0 ≤ E < 1 timelike Kerr orbits.
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discussed in Sec. II B, to the classification of allowed radial
motion.
In this subsection, we assume no mass, μ ¼ 0, and

positive energy E > 0. It is convenient to define

λ ¼ l
E
; η ¼ Q

E2
: ð3:63Þ

The radial potential is then given by

RðrÞ ¼ r4 þ ða2 − η − λ2Þr2 þ 2ða2 þ η − 2aλþ λ2Þr
− a2η: ð3:64Þ

The positivity bound (2.14) reduces to

η ≥
�
0 for jλj ≥ a;

−ðjλj − aÞ2 for jλj < a:
ð3:65Þ

The only double root that may obey the positivity bound is

η ¼ η�ðr�Þ ¼ −
r3�ð−4a2 þ r�ðr� − 3Þ2Þ

a2ðr� − 1Þ2 ;

λ ¼ λ�ðr�Þ ¼
r2�ðr� − 3Þ þ a2ðr� þ 1Þ

að1 − r�Þ
:

In the radial range where jλ�ðr�Þj < a, we have η�ðr�Þ > 0.
The bound for double roots therefore reduces to η�ðr�Þ ≥ 0,
which amounts to

rphþ ≤ r� ≤ rph− ; ð3:66Þ

with

rphþ ¼ 2þ 2 cos

�
2

3
arccos aþ 4π

3

	
;

rph− ¼ 2þ 2 cos

�
2

3
arccos a

	
:

The angular momentum obeys λph− ≤ λ� ≤ λphþ with
λph� ¼ λ�ðrph�Þ. At the horizon, R ¼ ð2rþ − aλÞ2 ≥ 0,
and there is a root touching the horizon if and only if

λ ¼ λþ ≡ 2rþ
a

: ð3:67Þ

One has λphþ < λþ for 0 < a < 1. Since λ�ðr�Þ is mono-
tonic between rphþ ≤ r� ≤ rph−, one can define an inverse
function r�ðλÞ, and the double root is described by

Q ¼ QnullðE;lÞ≡ E2ηnull
�
l
E

�
;

ηnull
�
l
E

�
≡ η�ðr�ðλÞÞ: ð3:68Þ

The function ηnullðλÞ reaches a maximum at λ ¼ −2a with
ηnullð−2aÞ ¼ 27 independently of a. The corresponding

FIG. 8. Classification of radial motion of equatorial timelike Kerr orbits, where lu and ls are defined in Eqs. (4.39) and (4.40).
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radius is r� ¼ 3, which coincides with the photon sphere of
the Schwarzschild solution.
Now, the bound (2.18) rules out trapped orbits within the

ergoregion. This implies that the root structure j þ • − •þi
for l > lþðEÞ ¼ E=Ωþ contains disallowed trapped orbits,
j=þ • − •þi. This condition was not analyzed in [60]. This
completes the result on the classification of radial root
structures by the classification of allowed radial motion.
The final root structure is depicted in Fig. 6.

IV. CLASSIFICATION OF RADIAL GEODESIC
MOTION WITHIN THE ERGOREGION

In the previous section, we did not consider the exact
location of the ergosphere in the classification of radial root
systems. In the following section, we will introduce the
location of the ergosphere, denoted with the symbol),
discuss where it appears within each root system, and
present the classification of root systems and radial

geodesic motion within the ergoregion, i.e., between the
horizon and the ergosphere. We will start with a complete
classification of such root systems and corresponding
allowed radial geodesic motion on the equator, which will
lead to the identification of six distinguished values of the
Kerr angular momentum a. We will then briefly discuss the
nonequatorial radial motion and finally derive the classi-
fication of radial motion within the near-horizon region of
near-extremal Kerr.

A. Root structures and allowed radial motion
on the equator

We consider the root structures with roots between the
horizon and the ergosphere. There can be maximally three
such roots for E2 ≠ 1 and maximally two such roots for
E2 ¼ 1. The root structures have the generic form
j þ � � �Þ � � �i when l ≠ lþðEÞ ¼ E=Ωþ or the particular
form when l ¼ lþðEÞ. The root structure

TABLE V. Taxonomy of the 11 qualitatively distinct classes of radial geodesic motion of timelike Kerr geodesics with E ≥ 0. The
locations of the roots are labeled in increasing order r1 < r2 < � � �. The four generic geodesic classes are the following: trapped orbits
T ðE;l; QÞ originating from the white hole, turning back at finite radius and plunging into the black hole; bounded orbits BðE; l; QÞ
oscillating between the turning points; plunging orbits (or outward directed orbits with initially negative radial velocity) PðE; l; QÞ
plunging into the black hole from infinity; and deflecting orbits DðE;l; QÞ coming from infinity and bouncing back to infinity. The
seven nongeneric geodesic classes (such that at least one endpoint differs from a simple root, the horizon, or infinity) are the following:
the stable spherical orbits SsðE;lÞ, the innermost stable spherical orbits SISSOðEÞ, and the unstable spherical orbits SuðE;lÞ; the
whirling trapped orbits WT uðE; lÞ either originating from the white hole and asymptotically approaching the unstable spherical orbits
or originating asymptotically from the unstable spherical orbits and plunging into the black hole; the homoclinic orbits HuðE;lÞ
originating from and approaching the unstable spherical orbits after bouncing on a turning point; the whirling deflecting orbits
WDuðE;lÞ asymptotically approaching the spherical orbits and infinity; the whirling trapped ISSO orbitsWT ISSOðEÞ either originating
from the white hole and asymptotically approaching the ISSO or originating asymptotically from the ISSO and plunging into the black
hole. Note that when l > lþ, the trapped orbits become disallowed, which we denote as j þ • � � � ↦ j=þ• � � �.

Root structure Energy range Radial range Name

Generic j þ •−i 0 ≤ E < 1 rþ ≤ r ≤ r1 T ðE;l; QÞ
j þ • − • þ •−i EISCOþ < E < 1 rþ ≤ r ≤ r1 T ðE;l; QÞ

r2 ≤ r ≤ r3 BðE; l; QÞ
jþi E ≥ 1 rþ ≤ r < ∞ PðE;l; QÞ

j þ • − •þi E ≥ 1 rþ ≤ r ≤ r1 T ðE;l; QÞ
r2 ≤ r < ∞ DðE; l; QÞ

Codimension 1 0 ≤ E < 1 ∅ ∅
Ec < E < 1 r2 ≤ r ≤ r3 BðE;lþ; QÞ

EISCOþ < E < 1 rþ ≤ r ≤ r1 T ðE; l; QsðE; lÞÞ
r ¼ r2 SsðE; lÞ

EISCOþ < E < 1 rþ ≤ r < r1 WT uðE;lÞ
r ¼ r1 SuðE; lÞ

r1 < r ≤ r2 HuðE;lÞ
E ≥ 1 rþ ≤ r < r1 WT uðE;lÞ

r ¼ r1 SuðE; lÞ
r1 < r < ∞ WDuðE;lÞ

E ≥ 1 r2 ≤ r < ∞ DðE;lþ; QÞ
Codimension 2 Ec ≤ E < 1 r ¼ r2 SsðE;lþ; QÞ

EISCOþ ≤ E ≤ EISCO− rþ ≤ r < r1 WT ISSOðEÞ
r ¼ r1 SISSOðEÞ
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outside the ergosphere can be ignored for the classification
within the ergoregion, but it is useful as a comparison with
our earlier classification.
Since

rergoðθ; aÞ ≤ 2 < 1þ
ffiffiffi
2

p
≤ rð0Þ� ðaÞ; ð4:1Þ

where rð0Þ� is defined below in Eq. (3.55), all root structures
with a double root have necessarily negative angular
momentum, l < 0 for E < 0 and positive l > 0 for
E > 0. By continuity, root structures with signðlÞ ≠
signðEÞ and with two simple roots within the ergosphere
are also discarded.
From now on, we will only discuss the equatorial case

θ ¼ π
2
where, accordingly, Q ¼ 0 and rergo ¼ 2. The poten-

tial has a root r ¼ 0which can be factored out. The relevant
potential becomes

R0ðrÞ ¼ ðE2 − 1Þr3 þ 2r2 þ ða2ðE2 − 1Þ − l2Þr
þ 2ðl − aEÞ2: ð4:2Þ

We consider only nonvanishing energy orbits E ≠ 0 in Kerr
with 0 < a ≤ 1.

1. Inequalities

The inequalities in Eqs. (2.16) and (2.17) reduce for
E < 0 to

ð2 − rÞl ≤ 2aE < 0: ð4:3Þ

Negative energy orbits that reach the ergosphere r ¼ 2 are
discarded. Moreover, all timelike orbits within the equa-
torial ergoregion have a negative angular momentum. The
inequality in Eq. (4.3) can be solved by

l ≤ lϕðE; rÞ≡ 2aE
2 − r

ð4:4Þ

for negative energy orbits in the ergoregion. Since
rþ ≤ r < 2, it implies, in particular, for all orbits with
E < 0 that

l ≤
2aE
2 − r

≤
2aE
2 − rþ

¼ 2rþ
a

E ¼ E
Ωþ

: ð4:5Þ

The thermodynamic bound (2.18) is therefore obeyed for
all orbits with E < 0. The upper bound l ¼ lþðEÞ
corresponds to root structures with one root at the horizon.
The inequalities in Eqs. (2.16) and (2.17) reduce for

E > 0 to

l < ltðE; rÞ≡ r3 þ ra2 þ 2a2

2a
E: ð4:6Þ

For timelike geodesics, we have uμuμ < 0, which also
implies the independent inequalities

−gtϕ − sin θ
ffiffiffiffi
Δ

p

gϕϕ
<

dϕ
dt

<
−gtϕ þ sin θ

ffiffiffiffi
Δ

p

gϕϕ
ð4:7Þ

in the ergoregion. Here, dϕdt ¼ −ðlE gtt þ gtϕÞ=ðlE gtϕ þ gϕϕÞ.
The bound in Eq. (4.7) becomes

0 <
2a − r

ffiffiffiffi
Δ

p

r3 þ a2ðrþ 2Þ <
dϕ
dt

<
2aþ r

ffiffiffiffi
Δ

p

r3 þ a2ðrþ 2Þ ; ð4:8Þ

where dϕ
dt ¼ −ðlE gtt þ gtϕÞ=ðlE gtϕ þ gϕϕÞ. We define the

quantities

lð1;2ÞðE; rÞ ¼ 2a ∓ r
ffiffiffiffi
Δ

p

2 − r
E: ð4:9Þ

For E < 0, they obey lð2ÞðE; rÞ < lϕðE; rÞ < lð1ÞðE; rÞ,
while for E > 0 they obey lð1ÞðE; rÞ < ltðE; rÞ <
lð2ÞðE; rÞ. We deduce from Eq. (4.8) that for E < 0 the
angular momentum should satisfy

l < lð2ÞðE; rÞ < 0; ð4:10Þ

and Eq. (4.4) is automatically obeyed, while for E > 0 the
angular momentum should satisfy

l < lð1ÞðE; rÞ; ð4:11Þ

and Eq. (4.6) is automatically obeyed.
Finally, we impose that the potential R0ðrÞ is non-

negative. This condition can be solved for l as

l ≥ lð1Þ
0 ðE; rÞ or l ≤ lð2Þ

0 ðE; rÞ ð4:12Þ

within the ergoregion, where we have defined

lð1;2Þ
0 ðE; rÞ ¼ 2aE�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rð2þ ðE2 − 1ÞrÞΔðrÞ

p
2 − r

: ð4:13Þ

From the definition (4.13), we can directly derive that

lð1Þ
0 ðE; rÞ ≥ lð2Þ

0 ðE; rÞ. Moreover, for E > 0, lð1Þ
0 ðE; rÞ þ

lð2Þ
0 ðE; rÞ ≥ 2lþðEÞ, which implies for E > 0

lð1Þ
0 ðE; rÞ ≥ lþðEÞ; ð4:14Þ

while implies for E < 0, lð1Þ
0 ðE; rÞ þ lð2Þ

0 ðE; rÞ ≤ 2lþðEÞ
which

lð2Þ
0 ðE; rÞ ≤ lþðEÞ: ð4:15Þ

When E < 0, we find

lð2Þ
0 ðE; rÞ < lð2ÞðE; rÞ < lð1Þ

0 ðE; rÞ: ð4:16Þ
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When E > 0, we find

lð2Þ
0 ðE; rÞ < lð1ÞðE; rÞ < lð1Þ

0 ðE; rÞ: ð4:17Þ
Combining with Eqs. (4.10) and (4.11), the bound becomes

l ≤ lð2Þ
0 ðE; rÞ ð4:18Þ

for both positive and negative energy equatorial orbits
within the ergoregion. This is the final inequality that
supersedes all previous inequalities. In particular, for
plunging orbits, the bound has to be obeyed at r ¼ rþ.
Since lð2Þ

0 ðE; rþÞ ¼ 2rþ
a E ¼ lþðEÞ, we obtain for all

trapped orbits

l ≤ lþðEÞ: ð4:19Þ

From Eqs. (4.18) and (4.15), this bound is moreover
obeyed for any E < 0 orbit.
Both prograde and retrograde orbits are therefore

allowed for E > 0. The condition in Eqs. (4.18) and
(4.19) impose constraints, which will be discussed below.
In the limit E ¼ 0, the bound in Eq. (4.18) reduces to

l ≤ −
ffiffiffiffiffiffiffiffiffiffi
rΔ
2 − r

r
< 0; ð4:20Þ

and orbits are retrograde as they should.
From Eq. (4.19), root structures of the form jþ• −Þ for

l > lþðEÞ will be denoted as j=þ •−Þ.
A corollary from the inequalities in Eqs. (4.14) and

(4.12) is that for all root structures with E > 0 and
l ≤ lþðEÞ, the region R0ðrÞ ≥ 0 necessarily obeys the
bound in Eq. (4.18). Therefore, all motion denoted as þ in
root structures with l ≤ lþðEÞ and E > 0 are allowed.
Root structures such as jþ • − •þÞ for l > lþðEÞ and
E > 0 require more care. From Eq. (4.19), one deduces that
the plunging orbits are disallowed. However, the orbits
entering and escaping the ergoregion are not constrained by
this inequality. We will check that such orbits obey the
bound in Eq. (4.18). We will therefore denote orbits with
E > 0 and l > lþðEÞ as j=þ • − •þÞ.

2. Special values of a: Roots at the horizon
or at the ergosphere

In the following section, we will define six particular
values of a, which we will order in increasing values as

0 < að1Þc < að2Þc < að3Þc < að4Þc < að5Þc < að6Þc < 1; ð4:21Þ

where distinctive root structures will emerge.
We define the angular momentum l ¼ leðE; aÞ such

that

R0ðrergoÞ ¼ 0: ð4:22Þ

At the equator, the solution is unique and given by

l ¼ leðE; aÞ≡ ð4þ 2a2ÞE2 − a2

2aE
: ð4:23Þ

For such angular momentum, the local root structure is
given by . For E < 0 only, the constraint
leðE; aÞ < 0 is obeyed only for

E < −
affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4þ 2a2
p : ð4:24Þ

A double root at the ergosphere can occur only for a > að1Þc ,
where

að1Þc ≡ 1ffiffiffi
2

p ≈ 0.707107: ð4:25Þ

The double root at the ergosphere corresponding to
then occurs when

E ¼ E�
e ðaÞ≡� a

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
a − 1

p ; ð4:26Þ

l ¼ leðE�
e ðaÞ; aÞ ¼ � 2 −

ffiffiffi
2

p
aþ a2

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
a − 1

p : ð4:27Þ

We have signðleðE�
e ðaÞ; aÞÞ ¼ signðEÞ for a > að1Þc , in

accordance with our discussion that only orbits with
signðlÞ ¼ signðEÞ occur in the presence of double roots
within the ergoregion. With respect to our discussion in
Sec. III E, we have E�

e ðaÞ ¼ �Eð2Þð2Þ, where Eð2Þðr�Þ is
defined in Eq. (3.48). The function EeðaÞ crosses E ¼ �1

at a ¼ að2Þc , where

að2Þc ≡ 2ð
ffiffiffi
2

p
− 1Þ ≈ 0.828427: ð4:28Þ

The function leðE; aÞ crosses lþðE; aÞ defined in Eq. (3.9)
only for a > að3Þc at

E ¼ E�þeðaÞ≡� affiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

pp ; ð4:29Þ

where

að3Þc ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð

ffiffiffi
2

p
− 1Þ

q
≈ 0.91018: ð4:30Þ

The root structures with one root at the horizon and
one root at the ergosphere therefore occur for E given by
Eq. (4.29) and l given by

l ¼ l�þeðaÞ≡�
ffiffiffi
2

p ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 − 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

pp : ð4:31Þ
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The energy in Eq. (4.29) reaches E2 ¼ 1 at a ¼ að5Þc , where

að5Þc ≡ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

p
− 2

q
≈ 0.971737: ð4:32Þ

The special root structures occur at the equator
for l ¼ lþðE; aÞ and E ¼ �EcðaÞ, where EcðaÞ is given
in Eq. (3.15). We have�EcðaÞ ¼ E�

e ðaÞ at a ¼ að6Þc , where

að6Þc ¼ 2ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z − 24Z−1

p
≈ 0.996175;

Z≡ 31=3ð9þ 7
ffiffiffiffiffi
33

p
Þ1=3: ð4:33Þ

For that special value of a, l ¼ lþðE; aÞ and E ¼ E�
e ðaÞ,

the double root is at the ergosphere, leading to the root
structure .
Finally, a triple root at the ergosphere occurs for the

particular value a ¼ að4Þc , where

að4Þc ≡ 2
ffiffiffi
2

p

3
≈ 0.942809: ð4:34Þ

It is also the unique solution to the equation rISCOþðaÞ ¼ 2.
The unique triple root structure at the ergosphere
therefore occurs at the two special values [signðEÞ ¼
signðlÞ],

E ¼ �
ffiffiffi
2

3

r
; l ¼ � 10

3
ffiffiffi
3

p ; a ¼ að4Þc : ð4:35Þ

The summary of the six distinguished values aðiÞc of the
Kerr angular momentum is given in Table VI.

3. Double roots

So far we only defined the root structures with a double
root located on the ergosphere. More generally, the double
roots occur for equatorial orbits for E ¼ �Eð2Þðr�Þ as given
by (3.48), and l ¼ �lbðEð2Þðr�Þ; r�Þ as given by (3.38) in
terms of the radius of the double root r�. We can rewrite
these equations as

E ¼ E�ðr�; aÞ≡� ðr� − 2Þ ffiffiffiffiffi
r�

p þ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3=2� ððr� − 3Þr1=2� þ 2aÞ

q ;

l ¼ l�ðr�; aÞ≡� r2� − 2a
ffiffiffiffiffi
r�

p þ a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3=2� ððr� − 3Þr1=2� þ 2aÞ

q : ð4:36Þ

Such double roots may lie in the ergoregion for a ≥ að1Þc .
We have

2aE−ðr�; aÞ
2 − r�

− l−ðr�; aÞ

¼ −
r1=4� Δðr�Þ

ð2 − r�Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3=2� − 3

ffiffiffiffiffi
r�

p þ 2a
q < 0: ð4:37Þ

Therefore, negative energy orbits with double roots are
disallowed by the condition (2.19). This implies, in
particular, that no circular orbit with negative energy is
allowed in the ergoregion. By continuity, no bounded
motion is allowed and only trapped orbits are allowed.
The bound in Eq. (4.19) therefore applies for any orbit
with E < 0.
On the other hand, we have identically

lð2Þ
0 ðEþðr�; aÞ; r�Þ ¼ lþðr�; aÞ; ð4:38Þ

where lð2Þ
0 was defined in (4.13). Therefore, positive energy

orbits with double roots are allowed by the condition (4.18)

(for a ≥ að1Þc ). In particular, circular orbits with positive
energy are allowed in the ergoregion. However, since

rð2Þ� ≥ 3, circular orbits with l < 0 and E > 0 do not
appear in the ergoregion.
The triple root occurs at the ISCO radius r� ¼ rISCO� ,

which has signðEÞ ¼ signðlÞ ¼ �1. In the range

rð1Þ� < r� < rISCO� , one can invert E�ðr�Þ to ru�ðEÞ and
define

luðE; aÞ≡ l�ðru�ðEÞÞ: ð4:39Þ

As discussed in Sec. III E, the corresponding double
root is unstable: the root structure takes the local form

. Since we only consider the ergoregion in
this section, we will only define lu when r�ðEÞ ≤ 2. In the
range rISCO� < r� < ∞, one can invert E�ðr�Þ to rs�ðEÞ and
define

lsðE; aÞ≡ l�ðrs�ðEÞÞ: ð4:40Þ

The corresponding double root is stable: the root structure
takes the local form . Since we only con-
sider the ergoregion in this section, we will only define ls

when rs�ðEÞ ≤ 2.

TABLE VI. Exact and approximate values of aðiÞc .

að1Þc að2Þc að3Þc að4Þc að5Þc að6Þc

1ffiffi
2

p 2ð ffiffiffi
2

p
−1Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð ffiffiffi
2

p
−1Þ

q
2
ffiffi
2

p
3 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

p
−2

p
2ffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z−24Z−1

p

0.707 0.828 0.910 0.943 0.972 0.996
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Let us discuss the root systems which admit both a root
at the ergosphere and double roots. This occurs at the
intersection of the lines l ¼ leðE; aÞ and l ¼ either
luðE; aÞ or lsðE; aÞ. Algebraically, it amounts to find
the roots r� of lþðr�; aÞ ¼ leðEþðr�Þ; aÞ. After analysis,
there are three main cases depending upon the value of a.

(i) For a ≤ að1Þc , there is no solution within the ergo-
region. Instead, there is one real solution r� ¼ 2rþ

a2 −
1 > 2 intersecting l ¼ ls, which corresponds to the
root structure .

(ii) For að1Þc < a ≤ að4Þc , there is the solution at the
ergosphere r� ¼ 2 intersecting l ¼ lu, correspond-
ing to the root structure . This structure
degenerates to the triple root at the ergosphere

at a ¼ að4Þc . The other real solution r� ¼
2rþ
a2 − 1 is outside the ergosphere for a < að4Þc . In that
case the curve l ¼ le intersects l ¼ ls, and the root
structure is .

(iii) For að4Þc < a ≤ 1, there is the new solution r� ¼
2rþ
a2 − 1 intersecting l ¼ lu, but which now corre-
sponds to the root structure , and there is
still the solution r� ¼ 2 intersecting now l ¼ ls,
which corresponds to the root structure

for a ≠ að6Þc . The latter solution degenerates to

for a ¼ að6Þc .

4. Construction of the phase diagrams

We defined four relevant curves to classify the root
structures:

(i) l ¼ lþðEÞ.—The root structure takes the local form
.

(ii) l ¼ leðEÞ.—The root structure takes the local form
.

(iii) l ¼ luðEÞ.—The root structure takes the local form
.

(iv) l ¼ lsðEÞ.—The root structure takes the local form
.

The pattern of intersection of these lines depends upon the
value of the spin a relatively to the special values in
Eq. (4.21). Moreover, one has to impose the constraints in
Eqs. (4.18) and (4.19), which qualitatively differ for E > 0
and E < 0 orbits. We, therefore, discuss the phase spaces
for E > 0 and E < 0 separately.

5. Phase diagram for E > 0

The rich phase diagram for E > 0 is depicted in Fig. 9.
For 0 < a ≤ að1Þc , lþðEÞ and leðEÞ are defined. There

are no double roots within the ergoregion. Indeed, for
double root systems to exist within the ergoregion, they
need to cross the ergosphere upon increasing a, and this

only occurs for a > að1Þc . At l ¼ leðEÞ the root structure is

. Since ∂R0∂l ¼ −4aE < 0 at l ¼ leðEÞ and r ¼ 2, the
root structure for l > leðEÞ is jþ•−Þ, while for l < leðEÞ
it is jþÞ. At the special value l ¼ lþðEÞ > leðEÞ the latter
root structure degenerates to , and for l > lþðEÞ, the
root structure is again jþ •−Þ but it is not allowed by
condition (4.19) and, therefore, we denote it as j=þ •−Þ.
For a > að1Þc , there is a double root structure touching the

ergosphere at E ¼ Eþ
e ðaÞ as defined in Eq. (4.26). The

corresponding root structure is . It continuously
connects to the unstable double root branch
defined for l ¼ luðEÞ. The root structure occurs for

E > 1 as long as a < að2Þc , but it obeys E < 1 for a > að2Þc .
The root structure on the line l ¼ leðEÞ is for
E < Eþ

e ðaÞ and for E > Eþ
e ðaÞ. For luðEÞ <

l < leðEÞ, the root structure is jþ • − •þÞ with all
motion allowed [see the corollary below Eq. (4.20)]. For
E > 1, the outer þ denotes deflecting orbits, while for E <
1 it denotes bounded orbits that enter the ergoregion.
For a > að3Þc , the lines lþðEÞ and leðEÞ cross at

Eq. (4.29), which leads to the root structure . This

root structure occurs at E > 1 in the range að3Þc < a < að5Þc

but at E < 1 in the range a > að5Þc . At l ¼ leðEÞ for E >
Eþ
þeðaÞ the root structure is , while for Eþ

e ðaÞ <
E < Eþ

þeðaÞ the root structure is . For
lþðEÞ < l < leðEÞ, the root structure is j=þ • − •þÞ.
Indeed, one can numerically check on one particular value

that the first root r1 obeys l ¼ lð1Þ
0 ðE; r1Þ while the second

root r2 obeys l ¼ lð2Þ
0 ðE; r2Þ. The bounds in Eqs. (4.12)–

(4.18) then imply that r ≤ r1 is discarded while r ≥ r2 is
allowed.
For a ¼ að4Þc , the triple root crosses the ergosphere at

E ¼ ffiffiffiffiffiffiffiffi
2=3

p
, where the root structure appears.

For a > að4Þc , the triple root structure is within the
ergoregion, which corresponds to , and the
stable branch with root structure therefore

appears within the ergoregion. For a > að4Þc , we start to
have a triangular-shaped region delimited by l > leðEÞ,
l > luðEÞ, and l < lsðEÞ with root structure
jþ •− •þ •−Þ which contains, in particular, bounded
orbits. The boundary of the triangular-shaped region
contains several special root structures depicted in the
figure.
At a ¼ að6Þc , the special root structure occurs

because the line l ¼ lsðEÞ crosses both l ¼ leðEÞ and

l ¼ lþðEÞ at E ¼ Eeðað6Þc Þ.
For a > að6Þc , a new triangular-shaped region occurs

bounded by l > lþðEÞ, l > leðEÞ, and l < lsðEÞ.
Within the triangular-shaped region, the root structure is

j=þ • − • þ •−Þ. Indeed, the first root r1 obeys l ¼
lð1Þ
0 ðE; r1Þ by continuity with previous cases, while the
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FIG. 9. Classification of radial root structures with positive energy in the equatorial ergoregion of Kerr.
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second and third roots r2;3 obey l ¼ lð2Þ
0 ðE; r2;3Þ by

continuity with the double root. The conditions (4.12)–
(4.18) then imply that trapped orbits are disallowed while
bounded orbits are allowed. The boundary of the triangular-
shaped region contains several special root structures
depicted in the figure, which are continuously joined with
the now square-shaped region.
Note that all þ orbits in root structures with l ≤ lþ are

allowed, while for l > lþ all trapped orbits in root
structures are disallowed and nontrapped orbits are allowed.

6. Phase diagram for E < 0

The simpler phase diagram for E < 0 is depicted in
Fig. 10. Due to ðE;lÞ ↦ −ðE;lÞ symmetry, Fig. 10 is
related by a central flip of Fig. 9 but now with the
disallowed region in Eq. (4.18), which implies the bound
in Eq. (4.19) for all orbits. The region l > lþðEÞ is
therefore always discarded. Trapped orbits automatically
obey the bound in Eq. (4.18). Nontrapped orbits will
always violate the bound in Eq. (4.18) as we will
derive below.

FIG. 10. Classification of radial root structures with negative energy in the equatorial ergoregion of Kerr.
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For 0 < a ≤ að1Þc , lþðEÞ and leðEÞ are defined,
but leðEÞ > lþðEÞ, and this curve is not relevant. At
l ¼ lþðEÞ we have the root structure , while for
l < lþðEÞ we have the root structure jþ •−Þ.
For a > að1Þc , there is a double root structure, but it is

within the forbidden region, and it can be ignored.
For a > að3Þc , the lines lþðEÞ and leðEÞ cross at E−þeðaÞ

defined in Eq. (4.29), which leads to the root structure
. This root structure occurs at E < −1 in the range

að3Þc < a < að5Þc but at E > −1 in the range a > að5Þc . For
l ¼ lþðEÞ and E < E−þeðaÞ, the root structure is

. Indeed, one can check on one particular
numerical value that the largest root r2 within the ergo-

region obeys l ¼ lð1Þ
0 ðE; r2Þ, and the region r ≥ r2 is

therefore discarded from Eqs. (4.12) and (4.18). In the
region lþðEÞ < l < leðEÞ, the root structure is

jþ • − •=þÞ. The largest root r2 still obeys l ¼
lð1Þ
0 ðE; r2Þ by continuity. One can check on one particular

numerical value that the smallest root r1 instead obeys l ¼
lð2Þ
0 ðE; r1Þ and, therefore, the region r ≤ r1 is allowed. The

root structure degenerates to at l ¼ leðEÞ.
For a ¼ að4Þc , the triple root crosses the ergosphere at

E ¼ −
ffiffiffiffiffiffiffiffi
2=3

p
, but it is within the forbidden region, and it

can be ignored. For a > að4Þc , the line l ¼ lsðEÞ appears
within the forbidden region.
At a ¼ að6Þc , the special root structure occurs

because the linel ¼ lsðEÞ crosses bothl ¼ leðEÞ andl ¼
lþðEÞ atE ¼ Eeðað6Þc Þ. The double root r� at the ergosphere
obeys l ¼ lð1Þ

0 ðE; r�Þ by continuity with previous cases.
For a > að6Þc , a new triangular-shaped region appears

bounded by l < lþðEÞ, l < leðEÞ, and l > lsðEÞ. By
continuity, the second and third roots of all root structures

involved obey l ¼ lð1Þ
0 ðE; r�Þ by continuity with the root

structure and, therefore, motion is discarded from
Eqs. (4.12) and (4.18) except for trapped orbits.
In conclusion, only trapped orbits are allowed, consis-

tently with the analysis of [33].

7. Final classification of radial motion

The taxonomy of radial motion of positive energy Kerr
geodesics in the equatorial ergoregion is listed in Tables VII
and VIII, while the taxonomy of allowed radial motion of
negative energy Kerr geodesics in the equatorial ergoregion
is listed in Table IX. The taxonomy is consistent with the
generic Kerr taxonomy in the complete exterior region as
listed in Table V.

B. Nonequatorial orbits within the ergoregion

Let us first discuss Q < 0 orbits. From the analysis of
Sec. III, all such orbits have E2 > 1. From Fig. 6 the root
structure of such orbits is jþi. Since the ergosphere needs

to be crossed, negative energies are discarded, and the root
structure taking into account the ergoregion is jþÞþi.
There is therefore a single root structure within the
ergoregion for Q < 0 namely jþÞ valid for E > 1. The
bound on Q in Eq. (2.14) needs to be obeyed. The polar
motion is VorticalðE;QÞ in the denomination of Ref. [48]
(see also Ref. [47]).
In the following, we will only discuss Q ≥ 0 orbits. The

polar motion of all orbits Q > 0 is librating around the
equator. These are the PendularðE;QÞ in the terminology of
[48], see their Figs. 1 and 3 (see also Ref. [47]).
Nonequatorial Q ¼ 0 orbits also exist for E2 > 1 and
are asymptotically approaching the equator at early and
late proper times. These are the Equator-attractiveðEÞ in the
terminology of Ref. [48]. In both cases, the classification of
radial motion will necessarily match the equatorial case
from continuity or as a limiting behavior from Q ¼ 0. The
phase diagram displayed in Figs. 9 and 10 therefore directly
extend to Q > 0 orbits.
More precisely, the potential RðrÞ is quadratic in l. The

coefficient of l2 is ð2 − rÞr, which is positive strictly inside
the ergoregion. Since RðrÞ ≥ 0, the angular momentum
then obeys

l ≤ lð2Þ
0 ðE;Q; rÞ or l ≥ lð1Þ

0 ðE;Q; rÞ; ð4:41Þ

where

lð1;2Þ
0 ðE;Q; rÞ≡ 2aE� ffiffiffiffiffiffiffiffiffiffi

ΔðrÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 − rÞðrþ Q

rÞ þ E2r2
q
ð2 − rÞ

ð4:42Þ

are manifestly real for Q ≥ 0, obey lð2Þ
0 ðE;Q; rÞ ≤

lð1Þ
0 ðE;Q; rÞ inside the ergoregion, and lð1ÞðE;Q; rþÞ ¼

lð2ÞðE;Q; rþÞ ¼ 2rþ
a E ¼ lþðEÞ ≤ 0 at the horizon. Note

that there is another solution lð1Þ
0 ¼ lð2Þ

0 forQ¼QðE;rÞ<0,
but it is irrelevant since Q < 0 orbits were already
discussed and are now disregarded. For Q ¼ 0, we dem-
onstrated that the bound (4.18) is always valid. By
continuity or as a limiting case from Q ¼ 0, this implies
that allowed motion for any Q > 0 also obeys

l ≤ lð2Þ
0 ðE;Q; rÞ: ð4:43Þ

In particular, for E ¼ 0, the bound l ≤ lð2Þ
0 ðQ;E; rÞ

reduces to

l ≤ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þQÞΔ
rð2 − rÞ

s
< 0: ð4:44Þ

Therefore, the orbits forE ¼ 0 are allowed only for negative

angular momentum l < 0. Since lð2Þ
0 ðE;Q; rþÞ ¼ lþðEÞ,
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all trapped orbits obeyl ≤ lþðEÞ. This rules out the trapped
orbits for l > lþðEÞ. Since lð2ÞðE;Q; rÞ ≤ lþðEÞ < 0 for
E < 0 orbits within the ergoregion, the bound l ≤ lþðEÞ is
obeyed for all E < 0 orbits.
Remember that the potential RðrÞ is invariant under the

symmetry ðE;lÞ ↦ ð−E;−lÞ. Since lð1Þ
0 ðE;Q; rÞ ¼

−lð2Þ
0 ð−E;Q; rÞ or, equivalently, lð2Þ

0 ðE;Q; rÞ ¼
−lð1Þ

0 ð−E;Q; rÞ, a given allowed orbit labeled by
ðE;l; Q; rÞ will be disallowed for ð−E;−l; Q; rÞ and vice
versa. For any value of ðr;QÞ there is therefore a single pair
ðE;lÞ corresponding to allowed motion. This explains why
opposite roots are respectively allowed in the root struc-
tures depicted in the diagrams E > 0 and E < 0. In
particular, since spherical orbits are allowed for E > 0,

they are disallowed for E < 0. In addition, since rð0Þ� as
defined after Eq. (3.55) is larger than the radius of the

ergosphere, spherical orbits within the ergoregion have
necessarily positive angular momentum, l > 0.

C. (near-)NHEK orbits

The (near-)NHEK limit [76–79] consists in a near-
extremal limit a ↦ 1 combined with a near-horizon limit
r ↦ 1 and a corotating limit. In the (near-)NHEK limit, all
orbits lie entirely within the ergoregion and, therefore, the
(near-)NHEK orbits are a subset of the orbits studied earlier
in this section. In the NHEK limit the finite energy and
radius are

R ¼ ðr − 1Þλ−2=3; Ê ¼ ð2E − lÞλ−2=3; ð4:45Þ

where λ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
. In the near-NHEK limit the finite

energy and radius are

TABLE VII. Taxonomy of radial motion of positive energy Kerr geodesics in the equatorial ergoregion: codimension 0 and 1 root
structures. The range of a such that all quantities are real can be deduced from Fig. 9. As a matter of convention, whether bounds are
complex or there is no corresponding curve in Fig. 9, they do not lead to constraints.

Root structure Angular momentum Radial range Name

Generic jþÞ l < minðlu;leÞ rþ ≤ r < 2 T ðE < 1;l; 0Þ
PðE ≥ 1;l; 0Þ

j þ •−Þ le < l < lþ and (l > ls or l < lu) rþ ≤ r ≤ r1 T ðE;l; 0Þ
j=þ •−Þ l > maxðlþ;le;lsÞ ∅ ∅

j þ • − •þÞ lu < l < minðlþ;leÞ rþ ≤ r ≤ r1 T ðE;l; 0Þ
r2 ≤ r ≤ 2 BðE < 1;l; 0Þ

DðE ≥ 1;l; 0Þ
j=þ • − •þÞ lþ < l < le r2 ≤ r ≤ 2 BðE < 1;l; 0Þ

DðE ≥ 1;l; 0Þ
j þ • − • þ •−Þ maxðlu;leÞ < l < minðls;lþÞ rþ ≤ r ≤ r1 T ðE;l; 0Þ

r2 ≤ r ≤ r3 BðE;l; 0Þ
j=þ • − • þ •−Þ maxðle;lþÞ < l < ls r2 ≤ r ≤ r3 BðE;l; 0Þ

Codimension 1 l ¼ le < lu rþ ≤ r ≤ 2 T ðE;le; 0Þ
maxðls;luÞ < l ¼ le < lþ rþ ≤ r ≤ r1 T ðE;le; 0Þ

l ¼ le > maxðlþ;lsÞ ∅ ∅
lu < l ¼ le < minðls;lþÞ rþ ≤ r ≤ r1 T ðE;le; 0Þ

r2 ≤ r ≤ 2 BðE;le; 0Þ
lþ < l ¼ le < ls r2 ≤ r ≤ 2 BðE;le; 0Þ

l ¼ lþ < minðle;lsÞ ∅ ∅
ls < l ¼ lþ < le r2 ≤ r ≤ r3 BðE;lþ; 0Þ

l ¼ lþ > le r2 < r ≤ 2 BðE < 1;lþ; 0Þ
DðE ≥ 1;lþÞ

l ¼ lu > le rþ ≤ r < r1 WT uðE;luÞ
r ¼ r1 CuðE;luÞ

r1 < r ≤ 2 HuðE < 1;luÞ
WDuðE ≥ 1;luÞ

lISCOþ < l ¼ lu < le rþ ≤ r < r1 WT uðE;luÞ
r ¼ r1 CuðE;luÞ

r1 < r ≤ r2 HuðE; luÞ
lu < l ¼ ls < minðlþ;leðEþ

e ÞÞ rþ ≤ r ≤ r1 T ðE;ls; 0Þ
r ¼ r2 CsðE;lsÞ

lþ < l ¼ ls < le r ¼ r2 CsðE;lsÞ
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r̂ ¼ κðr − rþÞ=λ; ê ¼ κð2E − lÞ=λ: ð4:46Þ

Therefore, the (near-)NHEK region can be identified as an
infinitesimally narrow band around the line l ¼ lþðEÞ ¼
2E in the last Figs. 9 and 10 for að6Þc < a < 1. Note that
negative (near)-NHEK energy orbits Ê < 0 or ê < 0
correspond to orbits with l > lþðEÞ, which have neces-
sarily E > 0. The ISSO angular momentum at extremality
is given by

l� ≡ EISSOð1Þ
Ωþð1Þ

¼ 2ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffi
1þQ

p
: ð4:47Þ

As deduced in Proposition 2 of [48], the classification of
radial motion can be obtained from the classification of
equatorial motion since all dependence on Q is through the
dependence in l�. We will therefore specialize to equatorial

motion Q ¼ 0, θ ¼ π=2 in the following without loss of
generality. We will reproduce the classification of [48] for
the NHEK case. For the near-NHEK case, we will
reproduce the classification of [48] up to a correction in
the range of deflecting orbits, which is in fact larger than
previously stated.

1. NHEK orbits

In the NHEK region, the radial potential on the equa-
torial plane is

vNðRÞ ¼ Ê2 þ 2ÊlRþ R2

4
ð3l2 − 4Þ; ð4:48Þ

where R and Ê were defined in Eq. (4.45). The limit of

l ≤ lð2Þ
0 ðE; rÞ becomes

TABLE VIII. Taxonomy of radial motion of positive energy Kerr geodesics in the equatorial ergoregion: codimension 2 and 3 root
structures. The range of a such that all quantities are real can be deduced from Fig. 9. As a matter of convention, whether bounds are
complex or there is no corresponding curve in Fig. 9, they do not lead to constraints.

Root structure Angular momentum Radial range Name

Codimension 2 l ¼ le ¼ lþ > ls ∅ ∅
l ¼ le ¼ lþ < ls r2 ≤ r ≤ 2 BðE;lþ; 0Þ

l ¼ le ¼ lu (a < að4Þc ) rþ ≤ r < 2 WT uðE;leÞ
r ¼ 2 CuðE;leÞ

l ¼ le ¼ lu (a > að4Þc ) rþ ≤ r < r1 WT uðE;leÞ
r ¼ r1 CuðE;leÞ

r1 < r < 2 HuðE; leÞ
l ¼ le ¼ ls < lþ rþ ≤ r ≤ r1 T ðE;le; 0Þ

r ¼ 2 CsðE;leÞ
l ¼ le ¼ ls > lþ r ¼ 2 CsðE;leÞ

l ¼ lþ ¼ ls r ¼ r2 CsðE; lþÞ
l ¼ lISCOþ rþ ≤ r < rISCOþ WT ISCOðEÞ

r ¼ rISCOþ CISCOðEÞ
Codimension 3 l ¼ le ¼ ls ¼ lþ r ¼ 2 CsðE; lþÞ

l ¼ le ¼ lISCOþ rþ ≤ r < 2 WT ISCOðEÞ
r ¼ 2 CISCOðEÞ

TABLE IX. Taxonomy of allowed radial motion of negative energy Kerr geodesics in the equatorial ergoregion. Root structure with
only disallowed motion are not listed. As a matter of convention, whether bounds are complex, they do not lead to constraints.

Root structure Angular momentum Radial range Name

Generic j þ •−Þ l < minðle;lþ;lsÞ rþ ≤ r ≤ r1 T ðE;l; 0Þ
j þ • − •=þÞ le < l < lþ

j þ • − •=þ •−Þ ls < l < minðlþ;leÞ
Codimension 1 l ¼ le < minðlþ;lsÞ

l ¼ ls, le < l < lþ
l ¼ le, ls < l < lþ

Codimension 2 l ¼ le ¼ ls < lþ
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l ≤ lþ
�
Êþ lR−

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ l2

p
R

�
λ2=3 þ oðλ2=3Þ: ð4:49Þ

This equation is satisfied only for

Êþ lR −
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ l2

p
R ≥ 0; ð4:50Þ

which is solved for

l ≥
2ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ê2 þ 3R2

p
− 2ÊÞ

3R
: ð4:51Þ

This condition implies vNðRÞ ≥ 0 and dT
dλ > 0 and rules out,

in particular, past-oriented motion. As a consequence of our
derivation for the general equatorial case in Sec. IVA, the
bound in Eq. (4.51) is the strongest bound imposed on
radial motion from the existence of time and azimuthal
motion.
The inequality l ≤ lþðEÞ is equivalent in the NHEK

limit to

Ê ≥ 0: ð4:52Þ

From the discussion of Sec. IVA, we infer that when
Ê > 0, all orbits plunging into the black hole are allowed;
when Ê ¼ 0, all orbits plunging into the black hole are
disallowed for l < 0; when Ê < 0, all orbits plunging into
the black hole are disallowed.
The two simple roots of vNðRÞ are

R1;2 ¼
−4Êl� 2jÊj

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 4

p

3l2 − 4
: ð4:53Þ

When l ¼ �l� ¼ � 2ffiffi
3

p , the radial potential is

vNðRÞ ¼ Ê2 � 4ÊRffiffiffi
3

p ; ð4:54Þ

and the simple root is R1 ¼∓ ffiffi
3

p
Ê

4
.

For Ê > 0,
(i) When l > l�, R2 < R1 < 0, then vNðRÞ > 0 for

R ≥ 0. The root structure is jþjN .
(ii) When l < −l�, 0 < R2 < R1, then vNðRÞ > 0 for

0 < R < R2 and R > R1. However, when R > R1,
the orbits disobey the bound (4.51). The root
structure is jþ • − •=þjN .

(iii) When l ¼ −l�, R1 > 0, then vNðRÞ > 0 for
0 ≤ R < R1. The root structure is jþ • − jN .

(iv) When l ¼ l�, R1 < 0, then vNðRÞ > 0 for R ≥ 0.
The root structure is jþjN .

(v) When jlj < l�, R1 < 0 < R2, then vNðRÞ > 0 for
0 < R < R2. The root structure is jþ • − jN .

For Ê < 0,

(i) When l > l�, R1 > R2 > 0, then vNðRÞ > 0 for
0 < R < R2 and R > R1. Only when R > R1, the
orbits obey the bound (4.51). The root structure
is j=þ• − •þjN .

(ii) When l < −l�, R2 < R1 < 0, then vNðRÞ > 0 for
R ≥ 0. The root structure is j=þjN .

(iii) When l ¼ −l�, R1 < 0, then vNðRÞ > 0 for R > 0.
The root structure is j=þjN .

(iv) When l ¼ l�, R1 > 0, then vNðRÞ > 0 for
0 ≤ R < R1. The root structure is j=þ • − jN .

(v) When jlj < l�, R1 < 0 < R2, then vNðRÞ > 0 for
0 < R < R2. The root structure is j=þ • − jN .

For Ê ¼ 0, the potential is

vNðRÞ ¼
R2

4
ð3l2 − 4Þ: ð4:55Þ

It is easy to see the following:
(i) When jlj > l�, vNðRÞ > 0 for R > 0. When l > l�

the root structure is . When l < −l� the root
structure is .

(ii) When jlj ¼ l�, vNðRÞ ¼ 0 for any R. We denote
this special root structure as j0jN since the potential
is always 0. When l ¼ l� the root structure is j0jN .
When l ¼ −l� the root structure is j=0jN .

(iii) When jlj < l�, vNðRÞ < 0 for R > 0. The root
structure is .

We display the root structure in Fig. 11. This classification
exactly matches with the classification obtained in [48] (see
their Fig. 5).

2. near-NHEK orbits

In the near-NHEK region, the radial potential on the
equatorial plane is

vnðr̂Þ ¼
1

4
r̂ðr̂þ 2κÞð3l2 − 4Þ þ 2êlr̂þ ðêþ κlÞ2; ð4:56Þ

where r̂, ê were defined in (4.46).
The limit of l ≤ lð2Þ

0 becomes

l≤lþ êþlr̂− 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̂ðr̂þ2κÞð4þl2Þ

p
κ

λþOðλ2Þ: ð4:57Þ

This is satisfied only for

l ≥
2ð−2êðr̂þ κÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̂ðr̂þ 2κÞðê2 þAÞ

p
Þ

A
; ð4:58Þ

where

A ¼ 3r̂2 þ 6r̂κ þ 4κ2: ð4:59Þ

The condition (4.58) implies vnðr̂Þ ≥ 0 and dt̂
dτ > 0. As a

consequence of our derivation for the general equatorial
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case in Sec. IVA, the bound in Eq. (4.58) is the strongest
bound imposed on radial motion from the existence of time
and azimuthal motion.
The inequality l ≤ lþðEÞ is equivalent in the near-

NHEK limit to

lþ ê
κ
≥ 0: ð4:60Þ

From the discussion of Sec. IVA, we infer that when
lþ ê

κ > 0, all orbits plunging into the black hole are
allowed; when lþ ê

κ ¼ 0, all orbits plunging into the black
hole are disallowed for l < 0; when lþ ê

κ < 0, all orbits
plunging into the black hole are disallowed.
Solving vnðr̂Þ ¼ 0, the two simple roots are

r̂1;2 ¼
−4êlþ κð4−3l2Þ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þl2Þð4ê2þ κ2ð4−3l2ÞÞ

p
3l2−4

:

ð4:61Þ

Here r̂1;2 are real when −ln ≤ l ≤ ln, where ln ¼
2

ffiffiffiffiffiffiffiffiffi
ê2þκ2

p ffiffi
3

p
κ

≥ l�. Note that when r̂2 ¼ 0, l ¼ − ê
κ.

When l ¼ �ln, there is a double root at

r̂� ¼∓ κ

�
κln

ê
� 1

�
: ð4:62Þ

It is positive (and therefore relevant) only for l ¼ ln and
ê < 0 or for l ¼ −ln and ê > 0. When l ¼ �l�, the radial
potential is

vnðr̂Þ ¼
�
ê� 2κffiffiffi

3
p

�
2

� 4ê r̂ffiffiffi
3

p ; ð4:63Þ

and the simple root is r̂1 ¼ ∓ ð2 ffiffi
3

p
κ�3eÞ2

12
ffiffi
3

p
e

.

We conclude that when ê > 0,

(i) When jlj > ln, vnðr̂Þ > 0 for r̂ > 0, the root struc-
ture is j þ jn.

(ii) When l ¼ ln, r̂� < 0, then vnðr̂Þ > 0 for r̂ > 0, the
root structure is j þ jn.

(iii) When l� < l < ln, r̂2 < r̂1 < 0, then vnðr̂Þ > 0 for
r̂ > 0, the root structure is j þ jn.

(iv) When l ¼ l�, r̂1 < 0, then vnðr̂Þ > 0 for r̂ > 0, the
root structure is j þ jn.

(v) When −l� < l < l�, r̂1 < 0 < r̂2, then vnðr̂Þ > 0
for 0 < r̂ < r̂2, the root structure is j þ • − jn.

(vi) When l ¼ −l�, r̂1 > 0, then vnðr̂Þ > 0 for
0 < r̂ < r̂1, the root structure is j þ • − jn.

(vii) When −ln < l < −l�, 0 < r̂2 < r̂1, then vnðr̂Þ > 0
for 0 < r̂ < r̂2 and r̂ > r̂1, the root structure
is j þ • − •þ jn.

(viii) When l ¼ −ln, r̂� > 0, then vnðr̂Þ ≥ 0 for r̂ > 0,
the root structure is j þ ••þ jn.

When ê < 0,
(i) When jlj > ln, vnðr̂Þ > 0 for r̂ > 0, the root struc-

ture is j þ jn.
(ii) When l ¼ ln, r̂� > 0, then vnðr̂Þ ≥ 0 for r̂ > 0, the

root structure is j þ ••þ jn.
(iii) When l� < l < ln, 0 < r̂2 < r̂1, then vnðr̂Þ > 0

for 0 < r̂ < r̂2 and r̂ > r̂1, the root structure is
j þ • − •þ jn.

(iv) When l ¼ l�, r̂1 > 0, then vnðr̂Þ > 0 for
0 < r̂ < r̂1, the root structure is j þ • − jn.

(v) When −l� < l < l�, r̂1 < 0 < r̂2, then vnðr̂Þ > 0
for 0 < r̂ < r̂2, the root structure is j þ • − jn.

(vi) When l ¼ −l�, r̂1 < 0, then vnðr̂Þ > 0 for r̂ > 0,
the root structure is j þ jn.

(vii) When −ln < l < −l�, r̂2 < r̂1 < 0, then vnðr̂Þ > 0
for r̂ > 0, the root structure is j þ jn.

When ê ¼ 0,
(i) When l ¼ ln ¼ l�, there is no root. The root

structure is j þ jn.
(ii) When jlj ≥ l�, vnðr̂Þ > 0 for r̂ > 0, the root struc-

ture is j þ jn.

FIG. 11. Classification of radial root structures in NHEK and near-NHEK.
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(iii) When −l� < l < l�, r̂1 < 0 < r̂2, then vnðr̂Þ > 0
for 0 < r̂ < r̂2, the root structure is j þ • − jn.

Considering the bound in Eq. (4.58), we display the root
structure including the slashed code for disallowed orbits in
Fig. 11. Comparing with the results of [48], we find one
forgotten range for deflecting orbits.2 In fact, deflecting
orbits are allowed in the range ê < −κl�, l� < l ≤ − ê

κ.
3

V. SEPARATRIX BETWEEN GENERIC
RADIAL GEODESIC CLASSES

The separatrix is defined as the codimension 1 region in
phase space such that the root structure contains a double
root. Since negative energy orbits admit no double root, we
assume E > 0 in this section. In the following, we will
show that the separatrix can be entirely described in terms
of a single quartic that appeared previously in related
contexts in Refs. [51–54],

p2ðp − 2e − 6Þ2 − 2a2ð1þ eÞpðð3 − eÞpþ 14þ 2e2Þ
þ a4ð3 − eÞ2ð1þ eÞ2 ¼ 0: ð5:1Þ

The interpretation of p and ewill differ depending upon the
region of the phase space considered. As we will discuss,
the separatrix is the union of three distinct regions
respectively obtained when (1) the pericenter of bound
motion becomes a double root (in the region E < 1), (2) the
eccentricity of bound motion becomes zero (in the region
E < 1), and (3) the turning point of unbound motion
becomes a double root (in the region E ≥ 1). Only in
region (1), p is the standard semilatus rectus and e the
eccentricity of the bound geodesics existing in that region.

A. Bounded orbits: Pericenter becoming
a double root

Bounded orbits occur when the root structure contains
the structure •þ •, where the bullets indicate the turning
points, namely, the pericenter rp and apocenter ra that
radially bound the orbit. Given our classification of
bounded orbits, we can now simply read off Fig. 7 to
deduce in the phase space spanned by the parameters
ðE;l; QÞ which are the root structures that bound the root

structures that contain the sequence •þ • corresponding to
bounded orbits. Bounded orbits around a Kerr black hole
only occur in the three-dimensional region bounded as

maxð0; QuðE;lÞÞ ≤ Q ≤ QsðE;lÞ; ð5:2Þ
which is defined for EISCOþ ≤ E < 1. The phase space
boundary of bound motion, which is the part of the
separatrix for E < 1, is therefore the union of the locations
Q ¼ maxð0; QuðE;lÞÞ and Q ¼ QsðE;lÞ, which were
implicitly defined in Eqs. (3.58) and (3.59).
We will discuss in this section the lower separatrix

Q ¼ maxð0; QuðE;lÞÞ, while the upper separatrix will be
discussed in Sec. V B. The radial phase angle ψ , eccen-
tricity e, and semilatus rectum p are defined by para-
metrizing bounded orbits as quasi-Keplerian orbits,

r ¼ p
1þ e cosψ

; rp ≤ r ≤ ra; ð5:3Þ

with 0 ≤ e < 1. The pericenter and apocenter radii are
defined as

rp ≡ p
1þ e

; ra ≡ p
1 − e

: ð5:4Þ

The condition rp > rþ translates into the range of p,

ð1þ eÞð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
Þ < p < ∞: ð5:5Þ

The radial potential vanishes exactly at the turning points ra
and rp,

RðrpÞ ¼ RðraÞ ¼ 0: ð5:6Þ

In order to write the lower separatrix Q ¼
maxð0; QuðE;lÞÞ in simplest terms, we will use the
parameters ðe; p;QÞ. The bound 0 ≤ Q < ∞ is then

trivially enforced. (We can think of the inclination cos ι ¼
l=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þQ2

p
as an auxiliary parameter.) At the location

Q ¼ QuðE;lÞ in phase space, the root structure
jþ •− •þ •−i becomes . The pericenter
therefore becomes a double root,

R0ðrpÞ ¼ 0: ð5:7Þ

The three equations (5.6) and (5.7) lead to a unique solution
for ðQ;E;lÞ in terms of the parameters ðp; eÞ. Indeed, the
equations RðrpÞ ¼ R0ðrpÞ ¼ 0 are equivalent to

Q ¼ QbðE; r� ¼ rpÞ; l ¼ lbðE; r� ¼ rpÞ; ð5:8Þ

as shown in Sec. III E, see Eq. (3.37). Upon substitution of
Q and l in RðraÞ ¼ 0, and after some manipulations
involving taking a square, we find a quadratic equation
for E2, 16AðE2Þ2 − 8BE2 þ C2 ¼ 0 where

2The reason for this forgotten range is that the classification of
equatorial orbits in Eq. [43] (consequently used in Ref. [48])
assumed that the parametrization of such deflecting orbits was
given in generality as in Eq. (2.17) of [41], which is only valid in
the region l > −ê=κ while a parametrization of larger range
exists covering the region l� < l ≤ −ê=κ as well as what we
now showed.

3Here is the following correction in the notation of Ref. [48]. In
Table 5 of Ref. [48] the range of the class Deflectingðe; lÞ should
be −∞ < e < −κ

ffiffiffiffiffiffi
−C

p
< 0, not −κl < e < −κ

ffiffiffiffiffiffi
−C

p
< 0. In

Table 7, the upper left red triangle l > l�, e < −κl should
not be disallowed but instead is allowed with the class
Deflecting ðe;lÞ.

CLASSIFICATION OF RADIAL KERR GEODESIC MOTION PHYS. REV. D 105, 024075 (2022)

024075-29



Aðe; pÞ≡ p3f−a2ð1 − eÞ2ð1þ eÞ3 þ pðð1þ eÞ2ð3 − 4eþ 2e2Þ − ð1þ eÞð3 − 2eþ e2Þpþ p2Þg;
Bðe; pÞ≡ p2a2ð1 − eÞ2ð1þ eÞ3ðð1þ eÞð3 − 2eÞ − 3pÞ þ p3ð−2ð1 − eÞð1þ eÞ3ð5 − 5eþ 2e2Þ

þ ð3 − eÞð1þ eÞ2ð7 − 7eþ 2e2Þp − ð1þ eÞð15 − 10eþ 3e2Þp2 þ 4p3Þ;
Cðe; pÞ≡ −a2ð1 − eÞ2ð1þ eÞ3 þ pð2ð3 − eÞð1 − eÞð1þ eÞ2 − ð3 − eÞ2ð1þ eÞpþ 4p2Þ: ð5:9Þ

The discriminant

Δðe; pÞ≡ B2ðe; pÞ − Aðe; pÞC2ðe; pÞ
¼ ð1 − eÞ4ð1þ eÞ5p3ða2ð1þ eÞ2 þ pð−2 − 2eþ pÞÞ2ða2ð1 − eÞ2 þ pð−2þ 2eþ pÞÞ ð5:10Þ

is always positive in the range (5.5). Only the solution

E ¼ Euðe; pÞ≡ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bðe; pÞ þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Δðe; pÞp
Aðe; pÞ

s
ð5:11Þ

is physical because the other solution of the quadratic
equation does not obey the equation RðraÞ ¼ 0. It only
appeared from taking a square to obtain the quadratic
equation. The solution is therefore unique. Note that for

Schwarzschild, a ¼ 0, we have correctly Euð0; 6Þ ¼ 2
ffiffi
2

p
3
.

Upon substituting E in Eq. (5.8), we also obtain explicitly

Q ¼ Quðe; pÞ≡Qb

�
Euðe; pÞ; p

1þ e

�
; ð5:12Þ

l ¼ luðe; pÞ≡ lb

�
Euðe; pÞ; p

1þ e

�
: ð5:13Þ

The bound Quðe; pÞ ≥ 0 is obeyed if and only if p is
restricted to a finite interval,

p2ðe; aÞ ≤ p ≤ p1ðe; aÞ: ð5:14Þ

The upper and lower bounds are obtained at Quðe; pÞ ¼ 0,
which corresponds to equatorial orbits. Now, the roots of

QbðE; r�Þ only occur at Eð1Þ
b or Eð2Þ

b given in Eqs. (3.39) and
(3.40). We deduce that the functions piðe; aÞ, i ¼ 1, 2 are
the only solutions outside the horizon of

Euðe; piðeÞÞ ¼ EðiÞ
b

�
piðeÞ
1þ e

�
; i ¼ 1; 2; ð5:15Þ

with the dependence in a understood. (One can easily
disentangle the cases i ¼ 1 from i ¼ 2 by studying a
special case, see below.) These two expressions involve
nested square roots. After taking twice the square in an
appropriate fashion, one can reduce these equalities in
terms of two polynomials in p. After factoring out poly-
nomials with unphysical roots, one is left in both cases
i ¼ 1, 2 with a single fourth-order polynomial, which is
exactly given by Eq. (5.1).

There are exactly two roots outside the horizon, which
are precisely p1ðeÞ and p2ðeÞ. This fourth-order polyno-
mial in p precisely agrees with Eq. (22) of Ref. [54], which
was obtained earlier in Refs. [51–53]. The reason why the

same fourth-order polynomial is found is simply that Eð1Þ
b

and Eð2Þ
b are related by a flip of a, while Euðe; pÞ and the

polynomial (5.1) are invariant under a ↦ −a. The two
functions p1ðeÞ and p2ðeÞ, with 0 ≤ e < 1, are plotted on
Fig. 12. This completely specifies this branch of the
separatrix in its simplest form. Special cases of these
functions are the following:
(1) For Schwarzschild, a ¼ 0, p1ðe; 0Þ ¼ p2ðe; 0Þ ¼

6þ 2e and the finite region (5.14) degenerates into
a line. In this case,

Quðe; p1;2; a ¼ 0Þ ¼ 4ðeþ 3Þ2
ð3 − eÞðeþ 1Þ ; ð5:16Þ

luðe; p1;2; a ¼ 0Þ ¼ 0; ð5:17Þ

FIG. 12. Part of the separatrix with root structure
occurring for EISCOþ ≤ E < 1. The correspond-

ing bounded orbits are infinitely whirling around the limiting
spherical orbit. The parameters ðe; pÞ obey the bound Q ≥ 0 in
the region p2ðe; aÞ ≤ p ≤ p1ðe; aÞ for 0 ≤ e < 1. The allowed
region expands with increasing spin a.
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Euðe; p1;2; a ¼ 0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

8

9 − e2

r
: ð5:18Þ

Note that for the Schwarzschild black hole, the
geodesics only depend upon the combination
k ¼ Qþ l2. Upon performing a SOð3Þ rotation,
one can reach the equatorial plane with Q ¼ 0, and
the angular momentum becomes

luðe; p; a ¼ 0Þ ¼ 2ð3þ eÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið3 − eÞð1þ eÞp : ð5:19Þ

(2) At the edges of the domain (5.14): for circular orbits
without eccentricity, e ¼ 0, we find the ISCO,

p1ðe ¼ 0; aÞ ¼ rISCO−ðaÞ; ð5:20Þ

p2ðe ¼ 0; aÞ ¼ rISCOþðaÞ: ð5:21Þ

In this case, we recover the standard values

Quðe ¼ 0; p2; aÞ ¼ 0; ð5:22Þ

luðe¼ 0;p2;aÞ¼
p2
2−2a

ffiffiffiffiffi
p2

p þa2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ap3=2

2 þðp2−3Þp2
2

q ; ð5:23Þ

Euðe¼ 0;p2;aÞ¼
ffiffiffiffiffi
p2

p ðp2−2Þþaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ap3=2

2 þðp2−3Þp2
2

q ; ð5:24Þ

and

Quðe ¼ 0; p1; aÞ ¼ 0; ð5:25Þ

luðe¼0;p1;aÞ¼
−p2

1−2a
ffiffiffiffiffi
p1

p −a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2ap3=2

1 þðp1−3Þp2
1

q ; ð5:26Þ

Euðe¼0;p1;aÞ¼
ffiffiffiffiffi
p1

p ðp1−2Þ−affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2ap3=2

1 þðp1−3Þp2
1

q : ð5:27Þ

Inside the domain (5.14): for spherical orbits without
eccentricity, e ¼ 0, we have the generic expressions
(5.12) and (5.13), while

Euðe ¼ 0; p; aÞ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pða2 þ pðp − 2ÞÞ3

p
þ pðp − 1Þðpð10þ pð4p − 11ÞÞ − 3a2Þ

p2ðpðpðp − 3Þ þ 3Þ − a2Þ

s
: ð5:28Þ

(3) In the parabolic limit e → 1, we have at the edges of
the domain

p1ðe¼1;aÞ¼2ðaþ2
ffiffiffiffiffiffiffiffiffiffi
1þa

p þ2Þ¼2rð1Þc ;

p2ðe¼1;aÞ¼2ð−aþ2
ffiffiffiffiffiffiffiffiffiffi
1−a

p
þ2Þ¼2rð2Þc ; ð5:29Þ

where rðiÞc were defined in Eq. (3.35). In this case,

Quðe ¼ 1; p2; aÞ ¼ 0; ð5:30Þ

luðe ¼ 1; p2; aÞ ¼ 2ð1þ
ffiffiffiffiffiffiffiffiffiffiffi
1 − a

p
Þ; ð5:31Þ

Euðe ¼ 1; p2; aÞ ¼ 1; ð5:32Þ

and

Quðe ¼ 1; p1; aÞ ¼ 0; ð5:33Þ

luðe ¼ 1; p1;aÞ ¼ −2ð1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p Þ; ð5:34Þ

Euðe ¼ 1; p1; aÞ ¼ 1: ð5:35Þ

In the domain, we have the expressions

Quðe ¼ 1; p; aÞ ¼ p2ð8a2 − 16pþ 4a2pþ 6p2 − p3 þ 2
ffiffiffi
2

p ffiffiffiffi
p

p ð4a2 þ ð−4þ pÞpÞÞ
8a2ð−2þ pÞ2 ; ð5:36Þ

luðe ¼ 1; p; aÞ ¼ 2p2 − 8a2 −
ffiffiffiffiffiffi
2p

p ð4a2 þ pðp − 4ÞÞ
4aðp − 2Þ ;

ð5:37Þ

Euðe ¼ 1; p; aÞ ¼ 1: ð5:38Þ

(4) In the extremal case, a ¼ 1, we have exactly

p1ðe; a ¼ 1Þ ¼ 5þ eþ 4
ffiffiffiffiffiffiffiffiffiffiffi
1þ e

p
; ð5:39Þ

p2ðe; a ¼ 1Þ ¼ 1þ e: ð5:40Þ
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For p ¼ p1ðe; a ¼ 1Þ, we find

Quðe; p1; a ¼ 1Þ ¼ 0; ð5:41Þ

luðe; p1; a ¼ 1Þ

¼ −
2ð11ð1þ ffiffiffiffiffiffiffiffiffiffiffi

1þ e
p Þ þ eð8þ eþ 3

ffiffiffiffiffiffiffiffiffiffiffi
1þ e

p ÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið3 − eÞð1þ eÞp ð3þ eþ 3
ffiffiffiffiffiffiffiffiffiffiffi
1þ e

p Þ ;

ð5:42Þ

Euðe; p1; a ¼ 1Þ ¼ 3 − eþ 2
ffiffiffiffiffiffiffiffiffiffiffi
1þ e

pffiffiffiffiffiffiffiffiffiffiffi
3 − e

p ð2þ ffiffiffiffiffiffiffiffiffiffiffi
1þ e

p Þ : ð5:43Þ

For p ¼ p2ðe; a ¼ 1Þ, one has rp ¼ 1; ra ¼ 1þe
1−e, and

the solution for ðQ;l; EÞ is not uniquely determined
in terms of e. Solving instead (5.6)–(5.7), one finds
the two-parameter family

Quðe; p2; a ¼ 1Þ ¼ ð1þ eÞðð3 − eÞl2 − 4ð1þ eÞÞ
4ð1 − eÞ2 ;

ð5:44Þ

Euðe; p2; a ¼ 1Þ ¼ 1

2
l; ð5:45Þ

which is parametrized by ðe;lÞ. Positivity of Q
requires l ≥ 2

ffiffiffiffiffiffiffiffiffiffiffi
1þ e

p
=

ffiffiffiffiffiffiffiffiffiffiffi
3 − e

p
. Since rp ¼ 1, the

pericenter lies in the NHEK region. At zero eccen-
tricity e ¼ 0, the apocenter also lies in the NHEK
region and Carter’s constant reduces to the value for
the NHEK separatrix Q ¼ 3l2=4 − 1 [48] since
the entire geodesics lies in the NHEK region.
At nonzero eccentricity, the orbit is partly in the
NHEK region and partly in the exterior extremal
Kerr region. When l < 2=

ffiffiffiffiffiffiffiffiffiffiffi
2 − e

p
, we have

Quðe; p2; a ¼ 1Þ < 3l2=4 − 1 or l > l� with l� ¼
2ffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffi
1þQ

p
. Such orbits can match with the

DeflectingðE;lÞ NHEK orbits as denoted in [48],
during their motion within the NHEK region.

(5) Finally, note that the linear approximation in e is
around 5% accurate,

p1ðe; aÞ ≈ rISCO− þ ð2rð1Þc − rISCO−Þe; ð5:46Þ

p2ðe; aÞ ≈ rISCOþ þ ð2rð2Þc − rISCOþÞe: ð5:47Þ
In summary, the lower separatrix is spanned by ðe; pÞ in the
range

0 ≤ e < 1; p2ðe; aÞ ≤ p ≤ p1ðe; aÞ; ð5:48Þ
where piðe; aÞ are the two solutions to the quartic (5.1)
outside the horizon. The explicit manifestly real values of
ðQ;l; EÞ are given in terms of ðe; pÞ by

Q ¼ Quðe; pÞ≡Qb

�
Euðe; pÞ; p

1þ e

�
;

l ¼ luðe; pÞ≡ lb

�
Euðe; pÞ; p

1þ e

�
;

E ¼ Euðe; pÞ≡ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bþ ffiffiffiffi

Δ
p

A

s
; ð5:49Þ

where Qb, lb are defined in Eqs. (3.37) and (3.38), and A,
B, Δ are defined in Eqs. (5.9) and (5.10). Special cases are
shown above. This provides a more explicit parametrization
of this branch of the separatrix than in terms of the
twelveth-order polynomial defined in [61].

B. Bounded orbits: Zero eccentricity limit

Let us now discuss the separatrix Q ¼ QsðE;lÞ. At this
location in phase space, the root structure jþ • − • þ •−i
turns into . The double root gives spherical
orbits. The pericenter and apocenter coincide, the eccen-
tricity goes to 0, e ¼ 0, ra ¼ rp ¼ p. The parametrization
in terms of ðe; pÞ therefore degenerates and becomes
inappropriate. In the parametrization ðE; pÞ, the upper
limit of the separatrix is simply given by Q ¼ QbðE; pÞ,
l ¼ lbðE; pÞ, which are defined in (3.37)–(3.38).
The root system admits a simple root

and the larger double root that labels the radial location of
the spherical orbits. We can therefore parametrize the three
roots as

rdouble ¼
p

1þ e
; rsimple ¼

p
1− e

; −1< e≤ 0; ð5:50Þ

where ðp; eÞ are new parameters. The new parameter e is
now exactly minus the relative distance between the
simple and the double root, e ¼ −ðrdouble − rsimpleÞ=
ðrdouble þ rsimpleÞ. The roots degenerates to a triple root
at e ¼ 0. The potential should satisfy

RðrdoubleÞ ¼ R0ðrdoubleÞ ¼ 0; RðrsimpleÞ ¼ 0: ð5:51Þ

The explicit solution of these equations is exactly (5.49)
as before with the new interpretation of ðp; eÞ and super-
scripts u to s since the spherical orbits are now stable.
Explicitly,

Q ¼ Qsðe; pÞ≡Qb

�
Esðe; pÞ; p

1þ e

�
;

l ¼ lsðe; pÞ≡ lb

�
Esðe; pÞ; p

1þ e

�
;

E ¼ Esðe; pÞ≡ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bþ ffiffiffiffi

Δ
p

A

s
; ð5:52Þ
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for −1 < e ≤ 0. We have that Δ > 0 and E is real. The
separatrix obeying Q ≥ 0 is therefore given by the range

−1 < e ≤ 0; p2ðe; aÞ ≤ p ≤ p1ðe; aÞ; ð5:53Þ

where piðe; aÞ are the two real solutions to the quartic (5.1).
The same quartic therefore controls this part of the
separatrix. This is shown in Fig. 13. We note the following
special values:

(i) For a ¼ 0, the shaded region degenerates to a line

p1ðe; a ¼ 0Þ ¼ p2ðe; a ¼ 0Þ ¼ 6þ 2e: ð5:54Þ

(ii) For a ¼ 1, we have exactly

p1ðe; a ¼ 1Þ ¼ 5þ eþ 4
ffiffiffiffiffiffiffiffiffiffiffi
1þ e

p
; ð5:55Þ

p2ðe; a ¼ 1Þ ¼ 5þ e − 4
ffiffiffiffiffiffiffiffiffiffiffi
1þ e

p
: ð5:56Þ

When e ¼ 0 the orbit lies in the NHEK region, and
we have E ¼ 1=

ffiffiffi
2

p
, l ¼ ffiffiffi

2
p

, Q ¼ 1=2. Since
l ¼ l� ≡ 2ffiffi

3
p

ffiffiffiffiffiffiffiffiffiffiffiffi
1þQ

p
, such orbits are critical in

the sense of [48].
(iii) For e ¼ 0, we have

p1ðe ¼ 0; aÞ ¼ rISCO−; ð5:57Þ

p2ðe ¼ 0; aÞ ¼ rISCOþ: ð5:58Þ

(iv) For e → −1, we have

p1ðe ¼ −1; aÞ ¼ p2ðe ¼ −1; aÞ ¼ 4; ð5:59Þ

which is independent of a. In that limit, E → 1,
l → − 2ffiffiffiffiffiffi

1þe
p þOð1Þ and Q → 16

a
ffiffiffiffiffiffi
1þe

p þOð1Þ.

C. Unbounded orbits: Turning point becoming
a double root

Unbounded motion occurs for E ≥ 1. The phase space is
depicted in Fig. 6. Generic unbound motion has either no
turning point (which corresponds to the root structure jþi)
or one turning point (which corresponds to the root
structure j þ • − •þi). The separatrix between these
two classes of orbits is given by the root structure

. In this case, there must be a double root and
one real root which is less than 0. We parametrize the three
roots as

rdouble ¼
p

1þ e
; rnegative ¼

p
1 − e

; e > 1: ð5:60Þ

The interpretation of e is now the inverse of the relative
distance between the absolute value of the negative
root and the double root: e ¼ ðjrnegativej þ rdoubleÞ=
ðjrnegativej − rdoubleÞ. The deflecting point is located at
r ¼ rdouble. At the deflecting point, we have

RðrdoubleÞ ¼ R0ðrdoubleÞ ¼ 0; ð5:61Þ
while we also have

RðrnegativeÞ ¼ 0: ð5:62Þ
The solution to these equations is exactly (5.49) but with
now e > 1. One can check that Δ > 0 and E is real. The
condition Q ≥ 0 amounts to the bound for p,

p2ðe; aÞ ≤ p ≤ p1ðe; aÞ; e > 1; ð5:63Þ
where p1 and p2 are the two solutions to the same quartic
equation (5.1), as derived previously.
When e → ∞, the two bounds approach p1;2ðe; aÞ →

rþeþOðe0Þ, and the orbit approaches to r → rþ. In the
parabolic limit e → 1, one recovers the values (5.29).
The values p1;2ðe;aÞ are depicted in Fig. 14. The summary

FIG. 14. Part of the separatrix with root structure
occurring for E ≥ 1. The parameters ðe; pÞ range in the intervals
e > 1, p2ðe; aÞ ≤ p ≤ p1ðe; aÞ. The region grows with increas-
ing spin a. In the large e limit, p1;2ðe; aÞ → rþeþOðe0Þ.

FIG. 13. Part of the separatrix containing a stable double root:
. This occurs in the range EISCOþ ≤ E < 1. The

bound Q ≥ 0 is obeyed in the region p2 ≤ p ≤ p1 for
−1 < e ≤ 0. The allowed region expands with the spin a of
the black hole.
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of the three distinct regions of the separatrix is given
in Fig. 15.

VI. CONCLUSION

We performed the taxonomy of inequivalent root struc-
tures of the quartic potential determining the radial Kerr
geodesic motion using the reality of polar motion as
constraints. Distinct generic root structures are separated
by codimension 1 boundaries in phase space that are of
three types: (1) the complete separatrix, i.e., the root
structures containing a double root whose geodesic classes
contain, correspondingly, spherical orbits and “whirling
orbits” that asymptotically approach or leave spherical
orbits, (2) the region where one root coincides with the
outer horizon, and (3) the marginal case where the energy is
jEj ¼ 1 such that the order of the radial potential degen-
erates to three since one root disappears. The classification
was achieved by establishing the phase space for these
degenerate cases, taking into account the bound on Carter’s
constant arising from the reality of polar motion. We further
established which radial motion is allowed due to the
constraints in the ergoregion on the existence of time and
azimuthal motion.
The result reads as follows. For 0 ≤ E < 1, the eight

inequivalent root structures are summarized in Table III,
and their phase space in ðE;Q;lÞ basis is given in Fig. 7.
For E ≥ 1, the four inequivalent root structures are sum-
marized in Table II, and the corresponding phase diagram
in ðE;Q;lÞ basis is given in Figs. 3 and 6. The large E limit
reproduces the null case [60]. The near-horizon near-
extremal limit reproduces the (near-)NHEK classification

of [48] up to one correction (the range of existence of near-
NHEK deflecting orbits has to be extended), see Fig. 11.
The resulting 11 distinct classes of radial motion for E ≥ 0
(which are coinciding between Kerr and Schwarzschild) are
explicitly listed in Table V and Tables X–XII. We distin-
guished generic orbital classes where both radial endpoints
are either a turning point, the horizon, or infinity from
nongeneric orbital classes, where at least one endpoint is a
double, or triple root, or a root at the horizon. Negative
energy orbits only exist within the ergoregion and are
trapped orbits, consistently with [33]. Explicitly real, fully
explicit, initial data-dependent analytical solutions in terms
of elliptic functions are known for specific radial motion,
such as bounded radial motion, see [59]. The derivation of
such a solution for all types of radial motion is also beyond
the scope of this paper.
We further classified the inequivalent root structures on

the equator strictly within the ergoregion by explicitly
evaluating the position of the ergosphere with respect to the
radial roots, see Figs. 9 and 10. This led to the identification
of six distinguished values of the angular momentum of the
black hole listed in Table VI. We also provided a qualitative
description of nonequatorial orbits.
Furthermore, we obtained an explicit description of the

complete separatrix. We showed that it can be algebraically
described in terms of a single quartic in appropriate
variables ðe; pÞ as the union of three distinct regions
respectively obtained when (1) the pericenter of bound
motion becomes a double root (this occurs in the range
EISCOþ ≤ E < 1 and the associated spherical orbits are
unstable), (2) the eccentricity of bound motion becomes
zero (this also occurs in the range EISCOþ ≤ E < 1 but the

FIG. 15. Complete Kerr separatrix where a double root occurs. It is the union of the root structures , ,
, , and . The allowed range is −1 < e < ∞ and p2ðe; aÞ ≤ p ≤ p1ðe; aÞ, where p1 and p2 are the

two real solutions of the quartic (5.1). The cusp for the lower bound p2 occurs in the near-horizon extremal Kerr (NHEK) region
a ¼ r ¼ 1, which can be resolved after introducing the NHEK radius ðr − 1Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
. It leads to the NHEK separatrix, which requires

a distinct treatment [48]. The large e behavior is depicted in Fig. 14.
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associated spherical orbits are stable), and (3) the turning
point of unbound motion becomes a double root (this
occurs in the range E ≥ 1 and the associated spherical
orbits are unstable). The phase space of the separatrix is
summarized in Fig. 15. In the range 0 ≤ e < 1, the
parameters ðe; pÞ are interpreted as usual as the eccentricity
and semilatus rectum of corresponding bounded orbits,
while for −1 < e ≤ 0 or e > 1 the interpretation is given in
terms of relative distance between roots of the correspond-
ing root system. This completes the result of [61] to the
complete separatrix using a single fourth-order polynomial
in ðe; pÞ.
The classification, tables, and figures provided in this

work may lead to further insights on the properties of
matter surrounding astrophysical black holes. In particular,
the distinguished values of a listed in Table VI might be of
astrophysical significance. For example, for highly spin-

ning black holes with a > að2Þc ≈ 0.83, equatorial bounded
motion starts to occur within the ergoregion, while for

a ≥ að4Þc ≈ 0.94, equatorial bounded motion completely
occurs within the ergoregion, see Fig. 9. Accretion disks
then contribute to a collisional Penrose process due to
collision of particles within the disk even in the absence of
magnetic fields [80–88]. On a different note, the thermo-
dynamic bound l ≤ E=Ωþ is always obeyed for trapped
geodesics. This illustrates that geodesics can be used to test
the fundamental laws of thermodynamics of black holes.
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APPENDIX A: DISCRIMINANT AND ROOTS
OF A POLYNOMIAL

The roots of a polynomial can be characterized by the
discriminant of the polynomial. For a polynomial with
degree n,

PnðxÞ ¼ xn þ an−1xn−1 þ � � � þ a0; ðA1Þ

we define the discriminant

Δn ¼
Y
i<j

ðxi − xjÞ2; ðA2Þ

where xi; i ¼ 1;…; n are the n roots of the equation
PðxÞ ¼ 0.

(1) n ¼ 2. The discriminant is

Δ2 ¼ a21 − 4a0: ðA3Þ

(a) Δ2 > 0, two distinct real roots.
(b) Δ2 < 0, two distinct complex roots.
(c) Δ2 ¼ 0, two equal real roots.

(2) n ¼ 3. The discriminant is

Δ3 ¼ −27a20 þ 18a0a1a2 − 4a0a32

− 4a31 þ a21a
2
2; ðA4Þ

¼ −108
�
q2

4
þ p3

27

�
; ðA5Þ

where p ¼ a1 −
a2
2

3
, q ¼ a0 −

a1a2
3

þ 2a3
2

27
.

(a) Δ3 > 0, three distinct real roots. We define

υ¼
ffiffiffiffiffiffiffiffiffi
−
p3

27

r
> 0; θ¼ 1

3
arccos

�
−
q
2υ

�
: ðA6Þ

Then the three roots are

xj¼−
a2
3
þ2

ffiffiffi
υ3

p
cos

�
θþ2πj

3

�
; j¼0;1;2: ðA7Þ

(b) Δ3 < 0, one real root and two complex roots.
The real root is

x1 ¼ −
a2
3
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
q
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
−

Δ3

108

r
3

s

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
q
2
−

ffiffiffiffiffiffiffiffiffiffiffiffi
−

Δ3

108

r
3

s
: ðA8Þ

(c) Δ3 ¼ 0, three real roots with at least two equal.
(i) p ¼ q ¼ 0, three equal real roots. The three

real roots are

x1 ¼ x2 ¼ x3 ¼ −
a2
3
: ðA9Þ

(ii) q ≠ 0, two and only two equal. The three
real roots are

x1 ¼ −
a2
3
þ 2

ffiffiffiffiffiffiffi
−
q
2

3

r
; ðA10Þ

x2 ¼ x3 ¼ −
a2
3
−

ffiffiffiffiffiffiffi
−
q
2

3

r
: ðA11Þ
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(3) n ¼ 4. The discriminant is

Δ4 ¼ −27a41 − 4a33a
3
1 þ 18a2a3a31 − 4a32a

2
1 þ a22a

2
3a

2
1

− 6a0a23a
2
1 þ 144a0a2a21 þ 18a0a2a33a1

− 192a20a3a1 − 80a0a22a3a1 þ 16a0a42

− 27a20a
4
3 þ 256a30 − 128a20a

2
2 − 4a0a32a

2
3

þ 144a20a2a
2
3: ðA12Þ

The reduced form of the polynomial is

P4ðxÞ ¼ y4þpy2þqyþ s; y¼ xþa3
4
; ðA13Þ

where

p ¼ a2 −
3a23
8

; ðA14Þ

q ¼ 1

8
ða33 − 4a2a3 þ 8a1Þ; ðA15Þ

s ¼ a0 −
1

256
a3ð3a33 − 16a2a3 þ 64a1Þ: ðA16Þ

Using p, q, and s, we find

Δ4 ¼ 16p4s − 4p3q2 − 128p2s2 þ 144pq2s

− 27q4 þ 256s3: ðA17Þ

We define the resolvent cubic equation as

ResðyÞ ¼ y3 − py2 − 4syþ 4ps − q2 ¼ 0: ðA18Þ

The discriminant of the resolvent cubic equation is

Δ3;y ¼ Δ4: ðA19Þ

Then the general four roots are

x1 ¼ −
a3
4
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y1 − p

p þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−y1 − p −

2qffiffiffiffiffiffiffiffiffiffiffiffiffi
y1 − p

p
s

;

ðA20Þ

x2 ¼ −
a3
4
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y1 − p

p
−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−y1 − p −

2qffiffiffiffiffiffiffiffiffiffiffiffiffi
y1 − p

p
s

;

ðA21Þ

x3 ¼ −
a3
4
−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y1 − p

p þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−y1 − pþ 2qffiffiffiffiffiffiffiffiffiffiffiffiffi

y1 − p
p

s
;

ðA22Þ

x4 ¼ −
a3
4
−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y1 − p

p
−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−y1 − pþ 2qffiffiffiffiffiffiffiffiffiffiffiffiffi

y1 − p
p

s
;

ðA23Þ
for y1 ≠ p. We always choose y1 to be the largest
real root of the resolvent cubic equation. Since

ResðpÞ ¼ −q2 ≤ 0: ðA24Þ
By definition, we have

y1 ≥ p: ðA25Þ
When y1 ¼ p, we have q ¼ 0. The four roots can
then be written as

x1 ¼ −
a3
4
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−pþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − 4s

p
2

s
; ðA26Þ

x2 ¼ −
a3
4
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−pþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − 4s

p
2

s
; ðA27Þ

x3 ¼ −
a3
4
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−p −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − 4s

p
2

s
; ðA28Þ

x4 ¼ −
a3
4
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−p −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − 4s

p
2

s
: ðA29Þ

The following discussion is borrowed from [89]:
(a) Δ4 > 0, roots distinct, all real or all complex.

(i) p < 0 and s > p2

4
, roots complex.

(ii) p < 0 and s < p2

4
, roots real.

(iii) p ≥ 0, roots complex.
(b) Δ4 < 0, roots distinct, two real and two

complex.
(i) q > 0. It is clear that x3, x4 are real and x1,

x2 are complex, x3 > x4.
(ii) q ¼ 0. Since Δ4 < 0, it leads to s < 0.

Therefore, x1, x2 are real and x3, x4 are
complex, x1 > x2.

(iii) q < 0. It is clear that x1, x2 are real and x3,
x4 are complex, x1 > x2.

(c) Δ4 ¼ 0, at least two equal roots.
(i) p < 0 and s > p2

4
, two equal real roots, two

complex.
(ii) p < 0 and − p2

12
< s < p2

4
, roots real, two

and only two equal.
(iii) p < 0 and s ¼ p2

4
, two pairs of equal real

roots. The four real roots are

x1 ¼ x3 ¼ −
a3
4
þ

ffiffiffiffiffiffiffiffi
−
p
2

r
; ðA30Þ
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x2 ¼ x4 ¼ −
a3
4
−

ffiffiffiffiffiffiffiffi
−
p
2

r
: ðA31Þ

It is clear that x1 > x3.
(iv) p < 0 and s ¼ − p2

12
, triple roots and one

real root.
(i) q > 0,

x1 ¼ x2 ¼ x3 ¼ −
a3
4
þ

ffiffiffi
q3

p
2

; ðA32Þ

x4 ¼ −
a3
4
−
3

ffiffiffi
q3

p
2

: ðA33Þ

It is clear that

x1 > x4: ðA34Þ
(ii) q < 0,

x1 ¼ −
a3
4
−
3

2

ffiffiffi
q3

p
; ðA35Þ

x2 ¼ x3 ¼ x4 ¼ −
a3
4
þ 1

2

ffiffiffi
q3

p
: ðA36Þ

It is clear that x1 > x4.
(v) p ¼ 0 and s > 0, two equal real roots and

two complex.
(i) q > 0,

x3 ¼ x4 ¼ −
a3
4
þ

ffiffiffiffiffiffiffi
−
q
4

3

r
; ðA37Þ

while x1, x2 are complex.
(ii) q < 0,

x1 ¼ x2 ¼ −
a3
4
þ

ffiffiffiffiffiffiffi
−
q
4

3

r
; ðA38Þ

while x3, x4 are complex.
(vi) p ¼ 0 and s ¼ 0, four equal real roots. The

four real roots are

x1 ¼ x2 ¼ x3 ¼ x4 ¼ −
a3
4
: ðA39Þ

(vii) p > 0 and s > 0 and q ≠ 0, two equal real
roots and two complex.

(viii) p > 0 and s¼p2

4
and q¼0, two pairs of

equal complex roots.
(i) q > 0. x3 ¼ x4 are real, while x1, x2 are

complex.
(ii) q < 0. x1 ¼ x2 are real, while x3, x4 are

complex.
(ix) p > 0 and s ¼ 0, two equal real roots and

two complex. The two real roots are

x1 ¼ x2 ¼ −
a3
4
: ðA40Þ

APPENDIX B: SCHWARZSCHILD GEODESICS

The radial function is

RðrÞ ¼ rððE2 − 1Þr3 þ 2r2 − krþ 2kÞ; ðB1Þ

where k≡Qþ l2 is the square of the angular momentum
along the direction orthogonal to the plane of motion. The
reality of polar motion only requires k ≥ 0. The horizon is
located at r ¼ rþ ≡ 2. There is no ergosphere and, con-
sequently, E ≥ 0.

1. Marginal orbits

Marginal orbits are by definition orbits such that E ¼ 1.
This condition reduces RðrÞ to a cubic polynomial with
roots r0 ¼ 0 and

r1;2 ¼
1

4
ðk�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðk − 16Þ

p
Þ: ðB2Þ

The orbits are classified according to the sign of the
discriminant kðk − 16Þ. We distinguish
(1) 0 ≤ k < kibco ≡ 16. Then r1;2 are generically com-

plex, while r1 ¼ r2 ¼ 0 for k ¼ 0. The orbit class is
denoted as jþi. There are only two types of orbits
both with rþ ≤ r < ∞. The orbit is either plunging
to the horizon or escaping to infinity, depending
upon the initial velocity. They are unbounded with
respect to the black hole. We denote them as
Pðk; EibcoÞ.

(2) k ¼ 16. This leads to a double root r1 ¼
r2 ≡ ribco ≡ 4 and the root structure .
There are three types of orbits:
(a) rþ ≤ r < ribco. For positive initial velocity, the

orbit originates from the white hole and reaches
the radius ribco asymptotically. For negative
initial velocity, the orbit originates asymptoti-
cally from ribco and reaches the black hole in
finite affine time. We label these two trapped
orbits that are whirling in spacetime around ribco
as WT uðEibcoÞ.

(b) r ¼ ribco. This is a circular orbit, which we label
as CuðEibcoÞ. Since R00ðribcoÞ > 0 the orbit is
unstable.

(c) ribco < r < ∞. The radius ribco is reached
asymptotically, either in the infinite past or
future affine time. Both types of whirling de-
flecting orbits are labeled as WDuðEibcoÞ.

(3) 16 < k < ∞. We have rþ < r2 < r1 and the root
structure j þ • − •þi. There are two types of orbits:
(a) rþ ≤ r ≤ r2. This orbit is trapped in between the

white hole and the black hole while reaching an
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intermediate turning point at r2. We call it
T ðk; EibcoÞ.

(b) r1 ≤ r < ∞. This is a deflecting orbit starting
and ending at infinity. We call it Dðk; EibcoÞ.

This leads to the taxonomy displayed in Table X, which
will smoothly join with the taxonomy of E > Eibco orbits
derived below.

2. Generic nonmarginal orbits

For E ≠ 1, the radial potential RðrÞ=r is cubic in r.

a. Discriminant

The discriminant Δ3 is given by

Δ3 ¼ −
4k½ð1 − E2Þk2 þ ð27E4 − 36E2 þ 8Þkþ 16�

ðE2 − 1Þ4

¼ 4

ðE2 − 1Þ3 kðk − ksÞðk − kuÞ; ðB3Þ

where

k ¼ ks;uðEÞ≡ 27E4 − 36þ 8 ∓ jEjð9E2 − 8Þ3=2
2ðE2 − 1Þ : ðB4Þ

The discriminant vanishes for three special values of k.
Note that ks;u are real (and therefore relevant) only for

E ≥ Eisco ≡ 2
ffiffi
2

p
3
. At E ¼ Eisco, ks ¼ ku ¼ kisco ≡ 12. The

bound ku ≥ 0 is obeyed for any E ≥ Eisco, but ks ≥ 0 is
only obeyed for Eisco ≤ E < Eibco ≡ 1.
The discriminant vanishes for three subcases:

k ¼ 0; ks; ku. For k ¼ 0, the double root of RðrÞ=r occurs
at r ¼ 0, while the simple root occurs at r ¼ r1 ≡ 2

1−E2. For
E > 1, it is inside the horizon and therefore irrelevant. For
0 ≤ E < 1, it is outside the horizon. Since R0ðr1Þ < 0,
motion is allowed in rþ ≤ r ≤ r1.
For k ¼ ks;u real, the three real roots are given by

rs;u1 ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9E2 − 8

p

3
ffiffiffi
23

p ðE2 − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�9Eð3E2 − 2Þ − ð9E2 − 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9E2 − 8

p
3

q
−

2

3ðE2 − 1Þ ; ðB5Þ

rs;u2 ¼ rs;u3 ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9E2 − 8

p

3
ffiffiffi
23

p ðE2 − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�9Eð3E2 − 2Þ − ð9E2 − 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9E2 − 8

p
3

q
−

2

3ðE2 − 1Þ ; ðB6Þ

where
ffiffiffi
x3

p
is the real cube of x.

b. Classification of orbits

We discuss the orbits according to the range of E. When
E2 < 1, there is always one positive root since the function
RðrÞ=r evaluated at 0 is positive, while evaluated at ∞ is
negative.
For 0 ≤ E < 2

ffiffi
2

p
3
, we haveΔ3 < 0 and therefore only one

real root r1 (not given explicitly here), which is outside the
horizon, r1 > rþ. The only allowed motion is rþ ≤ r ≤ r1,
and the root structure is j þ •−i. We call this trapped orbit
as T ðk; EÞ.
For E ¼ Eisco ≡ 2

ffiffi
2

p
3
, ks ¼ ku ¼ kisco ≡ 12 and all three

radial roots coincide, r1 ¼ r2 ¼ r3 ≡ risco ≡ 6, leading to
. The constant r ¼ risco ¼ 6 orbit, where

R00ðriscoÞ ¼ 0 is the outermost unstable circular orbit or
the innermost stable circular orbit Cisco. The whirling
trapped orbit rþ ≤ r < risco calledWT isco is also allowed.
For 2

ffiffi
2

p
3

< E < 1, we have ku < ks. Therefore, we have
Δ3 < 0 (one real root) for either k < ku or k > ks, while
Δ3 > 0 (three real roots) for ku < k < ks, which leads to
the root structure j þ • − • þ •−i.
For the branch k ¼ ks existing in the range 2

ffiffi
2

p
3

≤ E ≤ 1,
we have 6 ≤ rs2 ¼ rs3 < ∞ and 2 ≤ rs1 ≤ 6 with rs1 ¼ rs2 ¼
rs3 ¼ 6 at E ¼ 2

ffiffi
2

p
3
. The potential RðrÞ=r is positive at r ¼ 0

and negative at large r, leading to the root structure

. Since ðRrÞ00ðrs2Þ < 0 for 2
ffiffi
2

p
3

< E < 1, the
constant radius orbits r ¼ rs2 ¼ rs3 are stable circular orbits,
which we denote as CsðEÞ. There are trapped orbits
T ðks; EÞ in the range rþ ≤ r ≤ rs1, which continuously

TABLE X. Radial taxonomy of marginally bound orbits. Here Eibco ¼ μ, kibco ¼ 16M2μ2, and ribco ¼ 4M.

Energy Carter constant Root structure Radial range Name

E ¼ Eibco 0 ≤ k < kibco jþi rþ ≤ r < ∞ Pðk; EibcoÞ
k ¼ kibco rþ ≤ r < ribco WT uðEibcoÞ

r ¼ ribco CuðEibcoÞ
ribco < r < ∞ WDuðEibcoÞ

kibco < k < ∞ j þ • − •þi rþ ≤ r ≤ r2 T ðk; EibcoÞ
r1 ≤ r < ∞ Dðk; EibcoÞ
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TABLE XI. Radial taxonomy of bound orbits. Here Eisco ¼ 2
ffiffi
2

p
3
μ, kisco ¼ 12M2μ2, and risco ¼ 6M.

Energy Carter constant Root structure Radial range Name

E < Eisco 0 ≤ k < ∞ j þ •−i rþ ≤ r ≤ r1 T ðk; EÞ
E ¼ Eisco 0 ≤ k < kisco j þ •−i rþ ≤ r ≤ r1 T ðk; EiscoÞ

k ¼ kisco rþ ≤ r < risco WT isco

r ¼ risco Cisco
kisco < k < ∞ j þ •−i rþ ≤ r ≤ r1 T ðk; EiscoÞ

Eisco < E < Eibco 0 ≤ k < ku j þ •−i rþ ≤ r ≤ r1 T ðk; EÞ
k ¼ ku rþ ≤ r < ru2 WT uðEÞ

r ¼ ru2 CuðEÞ
ru2 < r ≤ ru1 HuðEÞ

ku < k < ks j þ • − • þ •−i r3 ≤ r ≤ r1 Bðk; EÞ
rþ ≤ r ≤ r2 T ðk; EÞ

k ¼ ks r ¼ rs2 CsðEÞ
rþ ≤ r ≤ rs1 T sðks; EÞ

ks < k < ∞ j þ •−i rþ ≤ r ≤ r1 T ðk; EÞ

TABLE XII. Radial taxonomy of unbound orbits. It reduces for E ¼ Eibco to the taxonomy of marginal orbits, see Table X.

Energy Carter constant Root structure Radial range Name

E > Eibco 0 ≤ k < ku jþi rþ ≤ r < ∞ Pðk; EÞ
k ¼ ku rþ ≤ r < ru2 WT uðEÞ

r ¼ ru2 CuðEÞ
ru2 < r < ∞ WDuðEÞ,

k > ku j þ • − •þi r2 ≤ r < ∞ Dðk; EÞ
rþ ≤ r ≤ r3 T ðk; EÞ

FIG. 16. Phase space diagram representing the eight distinct root diagrams (four generic and four nongeneric) for Schwarzschild with
E ≥ 0 and k ≥ 0. Here j represents the horizon, i spatial infinity,þ an allowed radial range,− a disallowed radial range, • a root (turning
point/no velocity), a double root (attractor point/no velocity nor acceleration), and a triple root.
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join to the class found for E ≤ Eisco. For k > ks, the double
root becomes complex, and only the trapped orbit T ðk; EÞ
exists, corresponding to the root structure j þ •−i, which
again continuously join to the class found for E ≤ Eisco.
For the branch k ¼ ku valid in the range 2

ffiffi
2

p
3

≤ E ≤ ∞,
we have 3 < ru2 ¼ ru3 ≤ 6. In the range 8

9
≤ E2 < 1, we

have 6 ≤ ru1 ≤ ∞. This leads to the root structure
. Also R00ðru2Þ > 0 and therefore constant

r ¼ ru2 orbits denoted as CuðEÞ are unstable circular orbits.
The orbits rþ ≤ e < ru2 are whirling trapped orbits
WT uðEÞ, while the orbits ru2 < r ≤ ru1 are homoclinic
orbits HuðEÞ. For 0 ≤ k < ku, the double root becomes
complex, and there are only the trapped orbits T ðk; EÞ
corresponding to j þ •−i.
For E > 1, we have ks < 0 and ku > kibco ¼ 16.

Therefore, we have Δ3 < 0 for 0 < k < ku and Δ3 > 0

for k > ku. In the range E2 > 1, we have ru1 < 0. Since
R00ðru2Þ > 0, constant r ¼ ru2 are unstable circular orbits

CuðEÞ. For k ¼ ku, we have the root structure .
There are whirling trapped orbits WT uðEÞ, rþ ≤ r < ru2
and whirling deflecting orbits WDuðEÞ, ru2 < r < ∞. For
k > ku, the double root becomes two simple roots with, as a
convention, r3 < r2 (which can be obtained numerically),
and there are two types of orbits: trapped T ðk; EÞ with
rþ ≤ r ≤ r3 or deflecting Dðk; EÞ with r2 ≤ r < ∞. This
corresponds to j þ • − •þi. For k < ku, the double root
becomes imaginary. Since r1 remains below the horizon,
we have jþi. There is a single plunging orbit Pðk; EÞ
(which is instead moving outwards in case of positive initial
velocity) with rþ ≤ r < ∞.
This leads to the taxonomy displayed in Tables XI and

XII. There are 11 distinct geodesic orbit classes, counting as
separate classes all orbits with qualitatively distinct end-
points (simple, double, or triple root, horizon or infinity).
The classification of the root structures is displayed in

Fig. 16. The full classification is displayed in Fig. 17.
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GEOFFREY COMPÈRE, YAN LIU, and JIANG LONG PHYS. REV. D 105, 024075 (2022)

024075-42

https://doi.org/10.1103/PhysRevD.101.084042
https://doi.org/10.1103/PhysRevD.102.029901
https://doi.org/10.1103/PhysRevD.102.029901
https://doi.org/10.1088/1361-6382/abd860
https://doi.org/10.1103/PhysRevD.104.024001
https://doi.org/10.1103/PhysRevD.66.044002
https://doi.org/10.1103/PhysRevD.67.044004
https://doi.org/10.1103/PhysRevD.67.044004
https://doi.org/10.1088/0264-9381/22/15/004
https://doi.org/10.1088/0264-9381/22/15/004
https://doi.org/10.1103/PhysRevD.79.124013
https://doi.org/10.1103/PhysRevD.79.124014
https://doi.org/10.1103/PhysRevD.79.124014
https://doi.org/10.1088/0004-637X/696/2/1616
https://doi.org/10.1088/0004-637X/696/2/1616
http://bhptoolkit.org/
http://bhptoolkit.org/
https://doi.org/10.1088/1361-6382/ab004c
https://doi.org/10.1088/1361-6382/ab004c
https://doi.org/10.1088/1361-6382/ab79d5
https://doi.org/10.1088/1361-6382/ab79d5
https://doi.org/10.1103/PhysRevD.101.044032
https://doi.org/10.1103/PhysRevD.101.064007
https://doi.org/10.1103/PhysRevD.101.084020
https://doi.org/10.1103/PhysRevD.102.124003
https://doi.org/10.1103/PhysRevD.102.124004
https://doi.org/10.1103/PhysRevD.102.104041
https://doi.org/10.1103/PhysRevD.103.104038
https://doi.org/10.1103/PhysRevD.103.104038
https://doi.org/10.1007/s10714-020-02782-z
https://doi.org/10.1007/s10714-020-02782-z
https://doi.org/10.1103/PhysRevLett.124.181101
https://doi.org/10.1103/PhysRevD.102.104036
https://doi.org/10.1103/PhysRevD.102.104036
https://doi.org/10.1103/PhysRevD.61.084004
https://doi.org/10.1103/PhysRevD.63.049902
https://doi.org/10.1103/PhysRevD.65.069902
https://doi.org/10.1103/PhysRevD.65.069902
https://doi.org/10.1103/PhysRevD.67.089901
https://doi.org/10.1103/PhysRevD.78.109902
https://doi.org/10.1103/PhysRevD.78.109902
https://doi.org/10.1103/PhysRevD.90.109904
https://doi.org/10.1103/PhysRevD.64.064004
https://doi.org/10.1103/PhysRevD.64.064004
https://doi.org/10.1103/PhysRevD.88.109902
https://doi.org/10.1007/s10714-008-0629-1
https://doi.org/10.1134/S0202289315010065
https://doi.org/10.1007/s11232-015-0351-6
https://doi.org/10.1007/s11232-015-0351-6
https://doi.org/10.1103/PhysRevD.60.104030
https://doi.org/10.1103/PhysRevD.60.104030
https://doi.org/10.1088/1126-6708/2009/09/044
https://doi.org/10.1088/1126-6708/2009/09/044
https://doi.org/10.1088/1126-6708/2009/08/101
https://doi.org/10.1088/1126-6708/2009/08/101
https://doi.org/10.1007/JHEP04(2010)019
https://doi.org/10.1007/JHEP04(2010)019
https://doi.org/10.1086/181755
https://doi.org/10.1086/181755
https://doi.org/10.1103/PhysRevD.16.1615
https://doi.org/10.1103/PhysRevD.16.1615
https://doi.org/10.1103/PhysRevLett.103.111102
https://doi.org/10.1103/PhysRevLett.103.111102
https://doi.org/10.1103/PhysRevLett.103.239001
https://doi.org/10.1103/PhysRevLett.103.239001
https://doi.org/10.1103/PhysRevD.83.024002
https://doi.org/10.1103/PhysRevD.83.024002
https://doi.org/10.1103/PhysRevD.93.043015
https://doi.org/10.1103/PhysRevD.93.043015
https://doi.org/10.1007/s10714-018-2373-5
https://doi.org/10.1007/s10714-018-2373-5
https://doi.org/10.3390/universe5050125
https://doi.org/10.1093/ptep/ptz143
https://doi.org/10.1093/ptep/ptz143
https://doi.org/10.1080/00029890.1922.11986100

