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We present the detailed analyses of a model of loop quantum Schwarzschild interior coupled to a
massless scalar field and extend the results in our previous rapid communication [C. Zhang, Y. Ma, S. Song,
and X. Zhang, Loop quantum Schwarzschild interior and black hole remnant, Phys. Rev. D 102, 041502
(2020)] to more general schemes. It is shown that the spectrum of the black hole mass is discrete and
does not contain zero. This supports the existence of a black hole remnant after Hawking evaporation due to
loop quantum gravity effects. Besides to show the existence of a nonvanishing minimal black hole mass in
the vacuum case, the quantum dynamics for the nonvacuum case is also solved and compared with the
effective one.
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I. INTRODUCTION

As a prediction of general relativity (GR), the existence
of black holes has a broad base of support from observa-
tions [1]. However, our understanding of the black hole
(BH) is still far from the end. Among those challenging
topics on BH, its quantum nature is particularly interesting.
By studying quantum BHs, one could not only solve
puzzles originating from the classical theory, but also
achieve more understanding on the theory of quantum
gravity.
As a background-independent approach to quantum

gravity, loop quantum gravity (LQG) has been widely
studied in the past 30 years [2–7]. Although some impor-
tant breakthroughs have been made in LQG [8–16], its
dynamics is still an open issue. The obstacle of LQG can be
bypassed through applying the loop quantization tech-
niques to the symmetry-reduced sectors of GR, where
the expression of the Hamiltonian constraint becomes
much simpler than that in the full theory. The resulting
quantum models are expected to reflect some quantum
features of full LQG, in spite of the fact that they might not
be equivalent to the direct symmetric sector of full LQG.
An improved treatment of quantum-reduced LQG has also
been proposed to study the symmetric sectors [17]. These
ideas were applied to study loop quantum Schwarzschild
BH recently with different perspectives [18–39]. However,

most of these studies focused on the effective dynamics,
where one considered the Hamiltonian constraint with the
holonomy correction and solved the effective Hamilton’s
equations. This treatment resulted in several important
achievements. In particular, it resolves the singularity
inside the Schwarzschild BH and predicts certain exten-
sions of the Schwarzschild interior beyond the singularity
(see, for instance, [26,27,34–36]). However, in the effective
prescription one cannot see more intrinsic quantum natures
of BH, such as the ground state of quantum BHs and the
discreteness of the spectrum of Dirac observables. After all,
it is necessary to consider the quantum dynamics.
There are several crucial topics on the quantum dynam-

ics of BH. One is the issue of the final state of BH
evaporation which is related to the constituent of dark
matter and the puzzle of information loss. According to the
Hawking radiation [40], the primordial mini BHs in the
very early Universe should be completely evaporated by
now. However, if the BH evaporation is halted at some
stable state by some quantum gravity effect, which is called
the BH remnant, these remnants would result in important
cosmological consequences [41–43]. Remarkably, the rem-
nants originating from these primordial BHs could even
comprise the entire dark matter in the Universe [41,42].
Moreover, thanks to the remnant, one could argue that the
information fallen into a BH with matter could be stored in
the remnant after its evaporation. This provides a possible
approach to solve the puzzle of information loss [44,45].
Furthermore, the distortion of the semiclassical Hawking
spectrum resulted from certain discreteness of the BH mass
was studied [46–49]. It was argued that in certain cases, the
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distortion could be observable even for macroscopic BHs
[46]. Although these debates are crucial and long-standing,
there was no systematic study by quantum gravity to lay
a solid theoretical foundation for the arguments until
the prediction of a BH remnant in LQG models by [50].
In [50], the treatment of loop quantum cosmology (LQC) is
employed to give a minisuperspace model based on the
Kantowski-Sachs spacetime which has only two degrees
of freedom, even though the precise relation between
LQC and LQG remains open. The purpose of this paper
is to provide the detailed constructions in [50] and extend
the results to more general schemes. Moreover, the
quantum dynamics of the model will be further studied
in detail.
We study the model of a loop quantum Schwarzschild

interior coupled to a massless scalar field. The quantum
Schwarzschild BH, as the vacuum case of this model, can
be resulted by vanishing the scalar field. The phase space of
this system contains three pairs of canonical variables:
ðb; pbÞ and ðc; pcÞ for gravity and ðφ; pφÞ for the scalar
field. By deparametrizing this model, one gets the physical
Hamiltonian

ffiffiffi
h

p
of the relational evolution with respect

to the scalar field φ [51–53]. In the classical theory,
the Poisson bracket between h and the mass M of the
Schwarzschild BH vanishes. This indicates a classical
Dirac observable m ¼ cpc proportional to M. However,
this commutativity may no longer be kept by the corre-
sponding operators ĥ and m̂ in the quantum theory, which is
relevant to the choice of schemes for the quantization of h.
We only focus on the schemes such that ĥ and m̂ are still
commutative, since the commutativity means the existence
of a Dirac observable m̂. Note that a general class of
schemes adopted for the loop quantization of the current
model can meet our requirement. In particular, it is valid for
the μo scheme [18,19] and the new scheme balancing the μo
scheme and μ̄ scheme [24,26,27]. However, it cannot be
met by the μ̄ scheme [20,22].
We will first construct the Hamiltonian operator ĥ and

study its properties analytically. Thanks to these analytical
results, a numerical method to diagonalize ĥ is proposed so
that the dynamics is computable. Then the quantum
dynamics of the model can be solved for the nonvacuum
case, and it can be compared with the effective one. For the
vacuum case, the Hilbert space consisting of the physical
states of the Schwarzschild BH is built up. In this Hilbert
space m is promoted to an operator which has discrete
spectrum σξ with 0 ∉ σξ. This result supports the existence
of a stable BH remnant.
This paper is organized as follows. In Sec. II, the theory

of a loop quantum Schwarzschild BH interior coupled to a
massless scalar field is briefly reviewed, including the
deparametrization and the polymer quantization of this
model. In Sec. III, we construct the physical Hamiltonian
operator and study its properties analytically. Then the

quantum dynamics for both nonvacuum and vacuum cases
are solved in Sec. V. Finally, in Sec. VI, our results are
summarized and discussed.

II. PRELIMINARIES

A. Deparametrization of the model

Given a spatially homogeneous 3-manifold Σ of topo-
logy R × S2, because of the homogeneity, Σ is endowed
with a fiducial metric

q
∘
abdxadxb ¼ dx2 þ r2oðdθ2 þ sin2θdϕ2Þ; ð2:1Þ

where ðx; θ;ϕÞ are the natural coordinates adapted to the
topology and ro is a constant with dimension of length.
Since Σ is noncompact in the x direction, we introduce an
elementary cell C ≅ ð0; L0Þ × S2 in Σ and restrict all
integrals to this elemental cell to avoid the divergence of
integrations.
The classical phase space of gravity coupled to a

massless scalar field contains the Ashtekar-Barbero
canonical conjugate pairs ðAi

aðxÞ; Ea
i ðxÞÞ for gravity and

ðφðxÞ; πðxÞÞ for scalar field. As far as the homogeneous
states are concerned, the scalar field φ is reduced to a
constant and the fields Ai

aðxÞ, Ea
i ðxÞ and πφðxÞ take the

forms [53]

Ai
aτidxa ¼

c
L0

τ3dxþ bτ2dθ − bτ1 sin θdϕþ τ3 cos θdϕ;

Ea
i τ

i∂a ¼ pcτ3 sin θ∂x þ
pb

L0

τ2 sin θ∂θ −
pb

L0

τ1∂ϕ;

πφ ¼ pφ

4πr20

ffiffiffi
q
∘

q
¼ pφ

4π
sin θ; ð2:2Þ

where τj ¼ −iσj=2 (j ¼ 1, 2, 3) with σj being the Pauli
matrix and c; b; pc; pb and pφ are all constants. According
to (2.2), the symmetry-reduced phase space is coordinat-
ized by the pairs ðc; pcÞ, ðb; pbÞ and ðφ; pφÞ. The non-
vanishing Poisson brackets read

fc;pcg¼ 2Gγ; fb;pbg¼Gγ; fφ;pφg¼ 1: ð2:3Þ

By the symmetry-reduced expression (2.2), the Gaussian
and diffeomorphism constraints vanish automatically. The
dynamics of this model is encoded in the Hamiltonian
constraint. In the full theory of gravity coupled to a
massless scalar field, the Hamiltonian constraint can be
deparametrized as [54]

CðxÞ ¼ πφðxÞ �
ffiffiffiffiffiffiffiffiffi
hðxÞ

p
¼ 0; ð2:4Þ

where hðxÞ ¼ −2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij detðEðxÞÞjp

CgrðxÞ, with Cgr being the
vacuum-gravity Hamiltonian constraint. The so-called
physical Hamiltonian can be written as
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hphy ¼
ffiffiffiffi
G

p
γffiffiffiffiffiffi

4π
p

Z
Σ
d3x

ffiffiffiffiffiffiffiffiffi
hðxÞ

p
¼ γ

4
ffiffiffi
2

p
π

Z
Σ
d3x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ea
i E

b
j ð−Fk

abϵijkþ2ð1þ γ2ÞKi
½aK

j
b�Þ

q
;

ð2:5Þ

where Fk
ab denotes the curvature of the connection Ai

a, Ki
a

is the extrinsic curvature and the prefactor is adapted for
convenience. It generates the relational evolution with
respect to the scalar field. Substituting (2.2) into (2.4)
and integrating both sides in the elementary cell C,
one finally obtains the Hamiltonian constraint of our
model as

pφ �
ffiffiffiffiffiffi
4π

pffiffiffiffi
G

p
L0γ

ffiffiffi
h

p
¼ 0; ð2:6Þ

where h is given by

h ≔ pbððb2 þ γ2Þpb þ 2bcpcÞ: ð2:7Þ

In this work, we will also refer to the physical Hamiltonian
as h though it is related to the true physical Hamiltonian
hphy by

ffiffiffi
h

p ¼ hphy.
The quantum states of the model are described by vectors

in the Hilbert spaceHt ¼ Hmat ⊗ Hgr, whereHmat andHgr
are the Hilbert spaces describing the matter and gravity,
respectively. The physical states jψiphy should satisfy the
quantum version of the Hamiltonian constraint, i.e.,�bpφ �

ffiffiffiffiffiffi
4π

p

L0γ
ffiffiffiffi
G

p dffiffiffihp �
jψiphy ¼ 0: ð2:8Þ

It gives us a Schrödinger-like equation. Therefore, in the

case that the operator cffiffiffihp
is self-adjoint, the physical states,

i.e., the solutions of (2.8), can be expressed as

jψiphy ¼ e
∓i
ffiffiffiffiffi
4πG

p

L0γl
2
p
φ
cffiffi

h
p

jψigr; ð2:9Þ

where jψigr ∈ Hgr is a state of pure gravity and lp ≔
ffiffiffiffiffiffiffi
Gℏ

p
is the Planck length. A Dirac observable Ophy takes the
form

Ophy ¼ e
∓i
ffiffiffiffiffi
4πG

p

L0γl
2
p
φ
cffiffi

h
p

Ogre
�i
ffiffiffiffiffi
4πG

p

L0γl
2
p
φ
cffiffi

h
p

ð2:10Þ

with an operator Ogr in Hgr.
To carry out the above deparametrization procedure,

in next subsection we will introduce the polymer quantiza-
tion for the gravity and obtain its Hilbert space H. Then a

self-adjoint operator bh on H is proposed by the loop
quantization procedure. Finally we restrict ourselves to the
subspace consisting of non-negative spectra of bh to define
the Hilbert space

Hgr ≔ bP½0;∞ÞH; ð2:11Þ

where bP½0;∞Þ ≔ χ½0;∞ÞðbhÞ is the projection operator with

respect to the spectrum decomposition of bh.
B. The polymer quantization

The polymer quantization of the gravity in this model
leads to the Hilbert space [18]

H̃¼ H̃b⊗ H̃c ¼L2ðRBohr;dμ0Þ⊗L2ðRBohr;dμ0Þ; ð2:12Þ

where dμ0 is the Haar measure on the Bohr compactifica-
tion RBohr of the real line R (see Chap. 28 in Ref. [6]).
The two spaces H̃b and H̃c correspond to the canonical
conjugate pairs ðb; pbÞ and ðc; pcÞ, respectively. The
standard basis of these two Hilbert spaces are denoted
by jμi ∈ H̃b and jτi ∈ H̃c. Their inner products read

hμ0jμi ¼ δμ0;μ; hτ0jτi ¼ δτ0;τ; ð2:13Þ

where the Kronecker-δ symbol is employed.
There are two types of basic operators in the Hilbert

spaces. One is the momentum-variable operators bpb andbpc, whose actions on jμi and jτi are given by

bpbjμi ¼
γl2

p

2
μjμi;

bpcjτi ¼ γl2
pτjτi: ð2:14Þ

The other is the configuration-variable operators deiλb andceiλc, whose actions read

deiλbjμi ¼ jμþ 2λi;ceiλcjτi ¼ jτ þ 2λi: ð2:15Þ

As in the model of LQC, the operators deiλb and ceiλc
correspond to the holonomies along the edges parallel to
the R direction and the equator (or the longitude because of

the homogeneity) of S2, respectively. Moreover, deiλb andceiλc are not strongly continuous with respect to λ. Therefore
there are no operators corresponding to the configuration
variables b and c in our model. This respect to the fact that
there does not exist an operator corresponding to the
connection itself in the full theory.
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III. THE PHYSICAL HAMILTONIAN OPERATOR

A. A separable subspace H of H̃

According to (2.13), the Hilbert space H̃ possesses a
noncountable orthonormal basis, and hence it is nonsepar-
able. The problem that the kinematical Hilbert space is
nonseparable has appeared in both LQG and LQC. In LQG,
the nonseparability is caused by the uncountability of the
graphs based on which the Hilbert space is defined. In
LQC, it is caused by the polymer quantization procedure
which leads to an uncountable orthonormal basis as the
case of the present model. In LQG, one proposed to employ
the diffeomorphism invariance to identify the diffeomor-
phism equivalent graphs in order to obtain a separable
diffeomorphism invariant Hilbert space [4]. In LQC,
the problem is tackled by the superselection feature of the
Hamiltonian constraint. More precisely, because the
Hamiltonian constraint operator preserves some separable
Hilbert subspaces, one can confine the study in a certain
separable subspace [55,56]. Sincewe use the LQC treatment
in the current model, the situation is very similar to that in
LQC. As shown below, a separable subspaceH ⊂ H̃ can be
selected, which is preserved by the Hamiltonian operator.
Now we adopt some results in [18] to get a quantum

physical Hamiltonian of the model. Classically, the physi-
cal Hamiltonian (2.7), redenoted by hc, can be rewritten as

hc ¼ 2pbbpccþ p2
bb

2 þ γ2p2
b; ð3:1Þ

where pcc is a Dirac observable. Actually, for vacuum
gravity, one has pcc ¼ L0γGM with M being the mass of
the Schwarzschild BH [53]. Since in the Hilbert space H̃
there are no operators corresponding to b and c, the
expression (3.1) cannot be promoted to an operator directly.
We thus return to the integral expression (2.5) of the full
deparametrized theory and follow [18] to express Cgr in

terms of F
∘ ¼ dðγKÞ þ ½γK; γK� and the spatial curvature

Ω ¼ − sinðθÞdθ ∧ dϕτ3, with

K ¼ 1

γ

�
c
L0

τ3dxþ bτ2dθ − bτ1 sin θdϕ

�
ð3:2Þ

denoting the extrinsic curvature. Then the physical
Hamiltonian hphy is expressed by

hphy ¼
1

4
ffiffiffi
2

p
π

Z
C
d3yhðyÞ; ð3:3Þ

where

hðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ea
i ðyÞEb

j ðyÞðF
∘ k
abðyÞ − γ2Ωk

abðyÞÞϵijk
r

: ð3:4Þ

Note that, in comparison with the expression (2.2) of A, the
expression (3.2) does not contain the term τ3 cosðθÞdϕ.
Thus the “holonomy” of K along the φ direction is much
simpler than that of A. Moreover, since Ω does not depend
on dynamical variables, one needs not to regularize it by
holonomies. To regularize (3.3), one fixes three edges
intersecting at a point y0 ∈ C, where the first edge e1 is
along the R direction of Σ taking length l1 ¼ δ̃cL0 and the
other two edges e2 and e3 are along the equator and the
longitude of S2 with the same radians l2 ¼ l3 ¼ δ̃b. By
defining the “holonomies”

hi ¼ exp

�Z
ei

K

�
; ð3:5Þ

one can regularize F
∘ k
ab as [18]

F
∘ k
abðy0Þ ¼ −

X
i;j

2

lilj
trðhihjh−1i h−1j τkÞω∘ iaðy0Þω∘ jbðy0Þ

þOð
ffiffiffiffiffiffiffiffiffiffi
lalb

p
Þ; ð3:6Þ

where ω
∘ i
a denotes the cotriad of the fiducial metric (2.1),

adapting to the three edges ei. It should be noted that in the
treatment to obtain (3.6) in [18] the edges along the equator
and a longitude fail in forming a closed loop. However, it is

easy to show that (3.6) still holds for F
∘
θ;φ in the symmetric

model. It is worth mentioning that in an improved treatment
proposed in [37] for the quantum-reduced model of LQG,
one could integrate the connection over a really closed loop
on the sphere to regularize the curvature. Substituting (3.6)
and the expression (2.2) of Ea

i into (3.4), we thus get a
regularized expression of hðy0Þ at some point y0 in the
equator as

hðy0Þ¼
1

4πL0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pb

sinðδ̃bbÞ
δ̃b

pc
sinðδ̃ccÞ

δ̃c
þp2

b
sin2ðδ̃bbÞ

δ̃2b
þ γ2p2

b

s
: ð3:7Þ

Note that the homogeneity indicates that (3.4) takes the same value up to a sinðθÞ factor due to its density weight at different
points on the same sphere. Thus one can obtain the regularized expression of hðyÞ at any point y as

hðyÞ ¼ sinðθÞ
4πL0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pb

sinðδ̃bbÞ
δ̃b

pc
sinðδ̃ccÞ

δ̃c
þ p2

b
sin2ðδ̃bbÞ

δ̃2b
þ γ2p2

b

s
; ð3:8Þ
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regardless of the limitation that (3.8) is obtained by using
the homogeneity of the 2-sphere rather than doing the
regularization point by point on the whole sphere.
Substituting (3.8) into (3.3), one thus gets a regularized

version of hphy ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hðδ̃b;δ̃cÞ

q
for our model, where

hðδ̃b;δ̃cÞ ¼ 2pb
sinðδ̃bbÞ

δ̃b
pc

sinðδ̃ccÞ
δ̃c

þ p2
b
sin2ðδ̃bbÞ

δ̃2b
þ γ2p2

b

ð3:9Þ

satisfies

hc ¼ lim
δ̃b→0

δ̃c→0

hðδ̃b;δ̃cÞ: ð3:10Þ

Then it is straightforward to write down the operator bhðδ̃b;δ̃cÞ
by replacing the basic variables in (3.9) by their quantum

analogs. Note that the limit δ̃b → 0 and δ̃c → 0 of bhðδ̃b;δ̃cÞ
does not exist for the polymerlike quantization. To obtain
certain definite values of δ̃b and δ̃c, we will employ the
ideas from LQC [55,56] to make use of some physical
result of quantum geometry in LQG, which enable us to
define a physical regularized Hamiltonian h as

h ¼ lim
δ̃b→δb
δ̃c→δc

hðδ̃b;δ̃cÞ ¼ 2pb
sinðδbbÞ

δb
pc

sinðδccÞ
δc

þ p2
b
sin2ðδbbÞ

δ2b
þ γ2p2

b: ð3:11Þ

Then the physical Hamiltonian operator could be obtained
by quantizing (3.11). In the loop quantization of the model,
various strategies have been proposed in choosing the two
quantum parameters δb and δc. Roughly speaking, the
choices can be classified into three schemes. The first one is
the μ0 scheme where δb and δc are chosen as constants
[18,19,21]. The second one is the μ schemewhich allows δb
and δc to be any functions of pb and pc [20,22]. The third
one, referred to as the modified scheme, was developed
recently where δb and δc are phase space dependent only
through Dirac observables [24,26,27]. Since the expres-
sion pc sinðδccÞ=δc in (3.11) corresponds to the classical
Dirac observable pcc ¼ L0γGM in (3.1), we are motivated
to assume that the quantum operator bh is composed of a

Dirac observable pc
dsinðδccÞ=δc, which is self-adjoint and

commutes with bh. This assumption rules out certain
strategies such as the μ scheme where δc depends on bpb
and δb depends on bpc, since the resulting operator would no
longer commute with bh. Furthermore, we assume that δb is
a constant or any function of the Dirac observable

pc
dsinðδccÞ=δc for the following analysis. Similar assump-

tions were adopted in μo scheme and the modified scheme.

They are sufficient but not necessary to obtain a Dirac

observable pc
dsinðδccÞ=δc. In summary, the current paper

focuses on the schemes such that
(i) a separable Hilbert subspaceHc ⊂ H̃c can be chosen

to define an operator pc
dsinðδccÞ=δc corresponding

to pc sinðδccÞ=δc, which is self-adjoint, commutates
with the physical Hamiltonian bh;

(ii) the quantum parameter δb is a constant or any
function of pc sinðδccÞ=δc.

It should be noted that in the μ0 scheme the Hamiltonian
operator which we obtained coincides with the Hamiltonian
constraint operator constructed in [18] up to the inverse
volume and some operator orderings. Denote σc as the

spectrum of the Dirac observable pc
dsinðδccÞ=δc. Then Hc

is isometric to the Hilbert space L2ðσc; dμcÞ with the
spectral measure dμc. The Hilbert space H̃b ⊗ Hc ⊂ H̃
can be represented by L2ðσc; dμc; H̃bÞ in which each
element is a H̃b-valued function on σc. The representation
is defined by

U∶H̃b ⊗ L2ðσc; dμcÞ ∋ ψb ⊗ ψc

↦ ψcð·Þψb ∈ L2ðσc; dμc; H̃bÞ: ð3:12Þ

The inner product in L2ðσc; dμ; H̃bÞ is given by

ðψ ð1Þ;ψ ð2ÞÞ ¼
Z
σc

dμchψ ð1ÞðxÞjψ ð2ÞðxÞi; ð3:13Þ

where hψ ð1ÞðxÞjψ ð2ÞðxÞi denotes the inner product of
ψ ð1ÞðxÞ;ψ ð2ÞðxÞ ∈ H̃b.
For convenience, the elements in the spectrum space can

be denoted by Loγm ∈ σc withm ∈ R in analogy with their
classical correspondence pcc ¼ LoγGM. We also define

bβλ ≔ pb
dsinðλbÞ: ð3:14Þ

For a state ψ ∈ L2ðσc; dμc; H̃bÞ, ψðLoγmÞ ∈ H̃b is abbre-
viated to ψðmÞ. Then the action of bh on ψ reads

ðbhψÞðmÞ ¼
�
2Loγm

δðmÞ
b

bβ
δðmÞ
b

þ 1

ðδðmÞ
b Þ2

bβ2
δðmÞ
b

þ γ2bp2
b

�
ψðmÞ;

ð3:15Þ

where δðmÞ
b ≡ δbðLoγmÞ due to the dependence of δb on

pc
dsinðδccÞ=δc. By (3.15), the separable Hilbert subspace

H ⊂ L2ðσc; dμc; H̃bÞ preserved by bh is constructed as
follows. Given Loγm ∈ σc, let HbðmÞ ⊂ H̃b be a separable
Hilbert space preserved by bβ

δðmÞ
b
. Then the Hilbert space

H ⊂ L2ðσc; dμc; H̃bÞ contains the state ψ such that ψðmÞ ∈
HbðmÞ for all Loγm ∈ σc. For convenience, the Hilbert
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space H constructed by Hbð·Þ∶m ↦ HbðmÞ through this
procedure will be denoted by L2ðσc; dμc;Hbð·ÞÞ.

B. The operators bβλ
According to (3.15), the action of bh is determined by the

property of bβ
δðmÞ
b
. Since δðmÞ

b is constant for a given m ∈ R,

we will drop the superscript in δðmÞ
b and consider bβδb with a

constant δb. Classically, one has

pb sinðδbbÞ ¼
1

2i
ðpbeiδbb − pbe−iδbbÞ: ð3:16Þ

A well-known ambiguity in the quantization procedure is
caused by the operator ordering. By definition, one has

deiδbbbpb ¼ ðbpb − δbγl2
pÞdeiλb: ð3:17Þ

We hereby introduce a parameter b to parametrize various
operator-ordering strategies and define

dpbeiδbb ¼ ðbpb þ γl2
pbÞdeiδbb: ð3:18Þ

Then, we can define a symmetric operator corresponding to
(3.16) as

bβδb ≔ 1

2i
ððbpb þ γl2

pbÞdeiδbb − de−iδbbðbpb þ γl2
pbÞÞ: ð3:19Þ

Its action is given by

bβδb jμi ¼ 1

2i

γl2
p

2
ððμþ 2δb þ 2bÞjμþ 2δbi

− ðμþ 2bÞjμ − 2δbiÞ: ð3:20Þ

Thus the separable Hilbert subspaces of H̃b preserved bybβδb are given by

HðεbÞ
b ¼fψ ∈ H̃b;ψðμÞ≠ 0 only for μ¼ εbþ2nδb;n∈Zg

ð3:21Þ

for some constant εb ∈ ½0; 2δbÞ. We will show below that
the separable Hilbert subspace preserved by the physical
Hamiltonian bh can be constructed with Hεb

b .

Denote the restriction of bβδb onHðεbÞ
b by bβδb↾HðεbÞ

b . Given

Hεb
b and Hε̃b

b , a natural isomorphism between them can be
defined by

i∶HðεbÞ
b ∋ jεb þ 2nδbi ↦ jε̃b þ 2nδbi ∈ Hðε̃bÞ

b : ð3:22Þ

It introduces an operator iðbβδb↾HðεbÞ
b Þi−1 in HðεbÞ

b whose
action reads

iðbβδb↾HðεbÞ
b Þi−1jε̃b þ 2nδbi

¼ 1

2i

γl2
p

2
ðð2nδb þ ε̃b þ 2δb þ 2b̃Þjε̃b þ 2nδb þ 2δbi

− ð2nδb þ ε̃b þ 2b̃Þjε̃b þ 2nδb − 2δbiÞ; ð3:23Þ

where b̃ ≔ bþ ðεb − ε̃bÞ=2. For clarity, let us use bβðxÞδb
to

denote the operator bβδb with respect to the constant b ¼ x.

According to (3.23), to study the operator bβðxÞδb
↾HðεbÞ

b with

respect to x ≠ 0, one can use the operator iðbβðxÞδb
↾HðεbÞ

b Þi−1
on Hε̃b

b with ε̃b ¼ εb þ 2x and, thus, have

iðbβðxÞδb
↾HðεbÞ

b Þi−1 ¼ bβð0Þδb
↾Hðε̃bÞ

b : ð3:24Þ

Therefore, without loss of generality, we can set b ¼ 0 and

study properties of bβδb↾HðεbÞ
b for any given εb.

From now on, let us refer to the restriction bβδb↾HðεbÞ
b for

some HðεbÞ
b as bβδb unless specially noted. Because bβδb is

unbounded, one has to assign certain domain to complete
its definition. A natural choice of the domain DðbβδbÞ reads

DðbβδbÞ ¼ fψ ∈ HðεbÞ
b ; jsuppðψÞj < ∞g; ð3:25Þ

where jsuppðψÞj denotes the cardinality of the
support of ψ . This implies that DðbβδbÞ only consists of a

finite linear combination of the basis jμi ∈ HðεbÞ
b . The

essential self-adjointness of bβδb with the domainDðbβδbÞ can
be proven. Define a self-adjoint operator bNð≥ 1Þ asbNjμi ¼ ð1þ μ2Þjμi. Then it is straightforward to verify
that there exist numbers c; d ∈ R such that

kbβδbψk≤ ckNψk; ∀ ψ ∈D;

jhbβδbψ ; bNψi− hbNψ ;bβδbψij≤ dkbN1=2ψk2; ∀ ψ ∈D;

ð3:26Þ

where h·; ·i denotes the inner product in HðεbÞ
b . Thereforebβδb is essentially self-adjoint with the domain DðbβδbÞ

according to Theorem X.37 in [57].
By expanding the eigenequation bβδb jψi ¼ ωjψi with the

basis jμi, one has

ωψðμÞ ¼ 1

2i

γl2
p

2
ððμþ 2δbÞψðμþ 2δbÞ − μψðμ − 2δbÞÞ:

ð3:27Þ

As shown in the Appendix A, ψðμÞ behaves
asymptotically as
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ψðμÞ ¼
8<:

1ffiffiffiffi
jμj

p ðχþeik lnðjμjÞ þ χ−e−ik lnðjμjÞÞ þOðjμj−1Þ; μ ¼ εb þ 4nδb;

1ffiffiffiffi
jμj

p ðχþeik lnðjμjÞ − χ−e−ik lnðjμjÞÞ þOðjμj−1Þ; μ ¼ εb þ ð4nþ 2Þδb;
ð3:28Þ

where k ¼ ω
γl2pδb

and n ∈ Z. This implies thatR jψðμÞj2dμ ¼ ∞, and henceX
μ¼εbþ2n

jψðμÞj2 ¼ ∞:

Thus ψðμÞ is unnormalizable. Moreover, since ψðμÞ be-
haves asymptotically as a plane wave of lnðjμjÞ, we can
show by using the same techniques as in [58] and the

Weyl’s criterion [57] that the spectrum of pb
dsinðδbbÞ is the

entire real line R. Furthermore, the two leading-order
functions in (3.28), denoted by

ψ�
0 ðμÞ ≔

1ffiffiffiffiffiffijμjp ðχþeik lnðjμjÞ � χ−e−ik lnðjμjÞÞ;

satisfy

−iγl2
pδbsgnðμÞ

ffiffiffiffiffiffi
jμj

p d
dμ

ffiffiffiffiffiffi
jμj

p
ψ�
0 ðμÞ ¼ ωψ∓

0 ðμÞ; ð3:29Þ

where sgnðμÞ denotes the sign function of μ. This implies
that the operator bβδb, in the large μ limit, returns to the
Schrödinger quantization of pbb:

dpbb ¼ −iγl2
psgnðμÞ

ffiffiffiffiffiffi
jμj

p d
dμ

ffiffiffiffiffiffi
jμj

p
: ð3:30Þ

Therefore, the classical limit of bβδb is correct. This finishes
the quantization procedure of pb sinðδbbÞ and the study of
the properties of the corresponding operator bβδb. The same
discussion can be transported analogously to pc sinðδccÞ
for constant δc. The resulting operator pc

dsinðδccÞ=δc is
self-adjoint and possesses the entire line as its spectrum.

These properties of pc
dsinðδccÞ=δc are compatible with our

general assumptions.

C. The operator bh
Let us denote the operator in the rhs of (3.15) as

bhðmÞ ≔
2Loγm
δb

bβδb þ 1

δ2b
bβ2δb þ γ2bp2

b: ð3:31Þ

It should be noted that the operator bβδb in (3.31) is the
original one defined by (3.20) with nonvanishing b.
However, as discussed below (3.23), the identity map i

from HðεbÞ
b to the specific Hilbert space Hðε̃bÞ

b with ε̃b ¼
εb þ 2b ensures that we can set b ¼ 0. Thus, by this

treatment we define an operator in Hðε̃bÞ
b corresponding

to bhðmÞ as

iðbhðmÞ↾HðεbÞ
b Þi−1¼ 2Loγm

δb
iðbβδb↾HðεbÞ

b Þi−1

þ 1

δ2b
iðbβ2δb↾HðεbÞ

b Þi−1þ γ2iðbp2
b↾H

ðεbÞ
b Þi−1;

ð3:32Þ

where the map i, defined by (3.22), identifies the Hilbert

spaces HðεbÞ
b and Hðε̃bÞ

b with ε̃b ¼ εb þ 2b. For the first two
terms in this operator, one has

iððbβδbÞn↾HðεbÞ
b Þi−1 ¼ ðbβð0Þδb

Þn↾Hðε̃bÞ
b ð3:33Þ

where bβð0Þδb
is defined by (3.24). For the last term, we have

iðbp2
b↾H

ðεbÞ
b Þi−1jε̃b þ 2nδbi

¼ ½ðbpb − γl2
pbÞ2↾Hðε̃bÞ

b �jε̃b þ 2nδbi: ð3:34Þ

Therefore, (3.32) can be expressed as

iðbhðmÞ↾HðεbÞ
b Þi−1 ¼ 2Loγm

δb
ðbβð0Þδb

↾Hðε̃bÞ
b Þþ 1

δ2b
½ðbβð0Þδb

Þ2↾Hðε̃bÞ
b �

þ γ2½ðbpb − γl2
pbÞ2↾Hðε̃bÞ

b �: ð3:35Þ

That is, by setting b ¼ 0 for the bβδb in bhðmÞ, bpb has to be

replaced by bpb − γl2
pb. Thus we redefine bhðmÞ as

bhðmÞ ¼ 2Loγm
δb

bβδb þ 1

δ2b
bβ2δb þ γ2ðbpb − γl2

pbÞ2; ð3:36Þ

where bβδb is defined by (3.20) with b ¼ 0. As a conse-

quence, the operator bh is changed correspondingly to

ðbhψÞðmÞ ¼ bhðmÞψðmÞ ð3:37Þ

with the redefined bhðmÞ.
Now let us construct the separable Hilbert

L2ðσc; dμc;Hbð·ÞÞ as mentioned below (3.15). To do this,
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we only need to assign to eachm the Hilbert spaceHðεbðmÞÞ
b ,

i.e., to define Hbð·Þ as

Hbð·Þ∶m ↦ HbðmÞ ≔ HðεbðmÞÞ
b ; ð3:38Þ

where εb∶m ↦ εbðmÞ ∈ ½0; 2δbÞ is assumed to be some
sufficiently well-behaved function. Then the resulting
Hilbert space L2ðσc; dμc;Hbð·ÞÞ is supposed to be acted
by bh. To define the domain of the unbounded operator bh,
we first define the domain DbðmÞ of bhðmÞ↾HðεbðmÞÞ

b for each
m by

DbðmÞ≔ fψ ∈HðεbðmÞÞ
b ;hμjψi≠ 0 for finite numbers of μg:

ð3:39Þ

Then the domain of bh, denoted by DðbhÞ, reads
DðbhÞ ¼ fψ ∈ L2ðσc; dμc;Hbð·ÞÞ;ψðmÞ ∈ DbðmÞ ∀ mg:

ð3:40Þ

We now complete the rigorous definition of the operator bh.
Since bh is identical to the operator-valued functionbhð·Þ∶m ↦ bhðmÞ, instead of investigating bh itself, it is

sufficient to study bhðmÞ for all m. In the following, to
simplify our notions, we will abbreviate εbðmÞ to εb if the
dependence of εb on m does not matter. Moreover, the

restricted operator bhðmÞ↾HðεbÞ
b with the domain DbðmÞ is

denoted simply by bhðmÞ. Furthermore, when bh is mentioned,
it refers to the operator bh with domain DðbhÞ.
The operator bh and bhðmÞ are necessary to be self-adjoint

to govern a well-defined dynamics. By using the Kato-

Rellich theorem [59], we can prove that both bh and bhðmÞ are
essentially self-adjoint (see Appendix B for details).

Because of the essential self-adjointness of bh and bhðmÞ,

their closure, denoted by bhðmÞ and b̄h, respectively, can be
regarded as the Hamiltonian operator of the current model

with the desired properties. We use DbðmÞ and
¯

DðbhÞ to

denote the domains of bhðmÞ and b̄h, respectively.
IV. DYNAMICS GOVERN BY b̄h

To solve the dynamics governed by b̄h, one needs to

diagonalize b̄h or, equivalently, to diagonalize
¯bhðmÞ for all m.

To begin with, we first study the discreteness of the

spectrum of
¯bhðmÞ. By definition, bhðmÞ can be reexpressed as

bhðmÞ ¼ −L2
0m

2γ2 þ
�
L0mγ þ 1

δb
bβδb�2

þ γ2ðbpb − γl2
pbÞ2:

ð4:1Þ

Thus, one has

hψ jbhðmÞjψi ≥ γ2hψ jðbpb − γl2
pbÞ2jψi

− L2
0m

2γ2hψ jψi; ∀ jψi ∈ DbðmÞ: ð4:2Þ

Hence bhðmÞ is bounded from below. By (4.2), we can obtain

μnðbhðmÞÞ ≥ −L2
0m

2γ2 þ γ2μnððbpb − γl2
pbÞ2Þ; ð4:3Þ

where, for an operator bA, μnðbAÞ denotes
μnðbAÞ ≔ sup

φ1;…;φn−1∈H
εb
b

inf
ψ∈DbðmÞ;kψk¼1;

hφi;ψi¼0; ∀ i¼1;…;n−1

hψ ; bAψi: ð4:4Þ

Note that ðbpb − γl2
pbÞ2 can be defined on DbðmÞ by

definition. Hence μnððbpb − γl2
pbÞ2Þ is well defined.

Since μnððbpb − γl2
pbÞ2Þ → ∞ as n → ∞, one has that

lim
n→∞

μnðbhðmÞÞ ¼ ∞: ð4:5Þ

Hence, according to the min-max principle (see, e.g.,

Theorem XIII.1 in [60]), bhðmÞ has purely discrete spectrum.

In other words, each element in the spectrum of bhðmÞ,

denoted by σðbhðmÞÞ, is an eigenvalue of bhðmÞ with finite
multiplicity.
Given the significance of bhðmÞ, it is desirable to under-

stand the properties of σðbhðmÞÞ. In particular, one may ask
whether the eigenvalue ωðmÞ as a function of m is analytic

or not. This issue is closely related to the analyticity of
¯bhðmÞ

on m in the sense of Kato [60,61]. To overcome the

technical difficulty that bhðmÞ for different m are defined in
different Hilbert spaces, we employ the following unitary
map for a given mo:

im∶H
ðεbðmÞÞ
b ∋ jεbðmÞ þ 2nδðmÞ

b i
↦ jεbðmoÞ þ 2nδðmoÞ

b i ∈ HðεbðmoÞÞ
b ; ð4:6Þ

where the dependence of εb and δb on m is written
explicitly. The issue on the analyticity of ωðmÞ can be

equivalently discussed by that of imbhðmÞi−1m which is
defined on imDbðmÞ ¼ DbðmoÞ. For simplicity, let us

use δob and εob to denote δðmoÞ
b and εbðmoÞ, respectively.

A sesquilinear form Tmð·; ·Þ associated to imbhðmÞi−1m can
be defined on DbðmoÞ by
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Tmðψ ;ϕÞ¼ hψ jimbhðmÞi−1m jϕi; ψ ;ϕ∈DbðmoÞ: ð4:7Þ

Then (4.2) implies that Tm is semibounded, i.e.,

Tmðψ ;ψÞ ≥ −L2
0m

2γ2kψk2; ∀ ψ ∈ DbðmoÞ: ð4:8Þ

Hence, Tm is closable. Its closure, denoted by Tm, is the
extension of Tm on the closure of DbðmoÞ with respect to
the norm

kψkm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tmðψ ;ψÞ þ ðL2

0m
2γ2 þ 1Þhψ jψi

q
: ð4:9Þ

Since the norm kψkm depends on m, the resulting closures
QðmÞ of DbðmoÞ could depend on m in general. Suppose

that δðmÞ
b and εbðmÞ are analytic functions of m at mo and

δðmoÞ
b ≠ 0. It turns out that Tm is an analytic family of type
(a) in the sense of Kato (see Sec. VII 4 in [61]). This, by
definition, is ensured by that (i) QðmÞ ¼ QðmoÞ for all m
sufficiently close to mo, and (ii) Tmðψ ;ψÞ is analytic on m
for all ψ ∈ QðmoÞ. The detailed proof of this conclusion is
presented in Appendix C.
Because Tm is symmetric and closed, there is a self-

adjoint operator btm associated to it, which is indeed the

Friedrichs extension of bhðmÞ. By the analyticity of Tm, btm
forms an analytic family of type (B) in the sense of Kato

(see Sec. VII 4 in [61]). As a consequence, imbhðmÞi−1m and

thus bhðmÞ carry the same property because ofbtm ¼ imbhðmÞi−1m , which can be proven as follows. Firstly,

the domain DbðmoÞ of imbhðmÞi−1m is the closure of DbðmoÞ
with respect to the graph norm

kψkg ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kimbhðmÞi−1m ψk2 þ kψk2

q
:

Secondly, applying the same techniques in the proof of
Lemma C.1 in Appendix C, one can show straightfor-
wardly that k · kg is equivalent to the norm k · k0g defined by

kψk0g ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hψ jbp4

bjψi þ hψ jψi
q

:

Finally, because of kψkþ ≤ kψk0g for all ψ ∈ DbðmoÞ, one
concludes DbðmoÞ ⊂ QðmÞ, which results in btm ¼
imbhðmÞi−1m according to the uniqueness of the Friedrichs
extension.
Due to the analyticity of bhðmÞ, the analyticity of ωðmÞ can

obtained directly (see, e.g., Chap. XII of [60] and Theorem
VII.1.8 in [61]), which is summarized precisely as the
following theorem.
Theorem IV.1.—Suppose that δðmÞ

b and εbðmÞ are analytic
functions ofm at m

∘
and δðm

∘ Þ
b ≠ 0. Given an eigenvalue ω

∘
of

bhðm∘ Þ which is of an algebraic multiplicity k, for each m

which is sufficiently close to m
∘
, bhðmÞ has exactly k

eigenvalues (counting multiplicity) near ω
∘
. These eigen-

values are given by pð≤ kÞ distinct, single-valued and
analytic functions ω1ðmÞ;…;ωpðmÞ.
While this theorem is valid for the general cases that the

eigenvalue ω possesses the algebraic multiplicity k ≥ 1, it
can be seen from the numerical results in the next section

that each eigenspace of bhðmÞ for all m is exactly one-
dimensional.

A. Numerical approach to compute the
eigenvalues and eigenstates

Since bhðmÞ has only a discrete spectrum, the eigenvector

jψi associated to each ω ∈ σðbhðmÞÞ is normalizable. Hence
the function ψðμÞ ≔ hμjψi decreases rapidly for suffi-
ciently large values of jμj. This fact motivates us to use
the finite-dimensional cutoff approximation to collect

eigenvalues of bhðmÞ. More precisely, we consider a finitely

dimensional subspace, denoted by Hðεb;kÞ
b , spanned by

jμηi ¼ jεb þ 2ηδbi ∈ HðεbÞ
b with jηj ≤ k for some large k.

Let bPðkÞ be the projection operator to Hðεb;kÞ
b such that

bPðkÞjμηi ¼
� jμηi; jηj ≤ k;

0; otherwise:
ð4:10Þ

Given an eigenvector jψi of bhðmÞ with respect to an
eigenvalue ω, we have

ðbPðkÞbhðmÞbPðkÞ − ωÞjψi ¼ ðbPðkÞbhðmÞbPðkÞ − bhðmÞÞjψi
¼ −ð1 − bPðkÞÞbhðmÞbPðkÞjψi
− bPðkÞbhðmÞð1 − bPðkÞÞjψi
− ð1 − bPðkÞÞbhðmÞð1 − bPðkÞÞjψi:

ð4:11Þ

Since ψðμÞ ≔ hμjψi rapidly decreases for sufficiently large
values of jμj, the term 1 − bPðkÞ in the rhs of (4.11) indicates

that ðbPðkÞbhðmÞbPðkÞ − ωÞjψi should be very small for large k.
Thus it is reasonable to expect that ω and jψi can be
approximated by a certain eigenvalue and its corresponding

eigenvector of bPðkÞbhðmÞbPðkÞ, respectively, for large k. This is
the reason for our finite-dimensional cutoff approximation
method. To apply this method, we need to identify those

eigenvalues of bPðkÞbhðmÞbPðkÞ suitable for approximating the

eigenvalues of bhðmÞ and check whether all eigenvalues ofbhðmÞ can be approximated by this way.
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Since bPðkÞbhðmÞbPðkÞ is a (2kþ 1)-dimensional symmetric
matrix under the basis jμi, it has (2kþ 1) eigenvalues. We

denote them as λðkÞi with λðkÞ1 ≤ λðkÞ2 ≤ � � � ≤ λðkÞ2kþ1, where the

subscript i denoted that λðkÞi is the ith eigenvalue from the
least and the superscript k corresponds to the superscript ofbPðkÞ. Obviously, we have i ≤ 2kþ 1 in λðkÞi . Thus, once the

ith eigenvalue of bPðkÞbhðmÞbPðkÞ for some k is mentioned, k
should satisfy k ≥ koðiÞ with koðiÞ ≔ ði − 1Þ=2. Moreover,

because bhðmÞ is semibounded, it has the minimal eigenvalue.
Thus its eigenvalues can be denoted by ωi with i ¼ 1; 2;…
such that ω1 ≤ ω2 ≤ � � � ≤ ωn ≤ � � �. Then by using the
Rayleigh-Reitz technique (see, e.g., Theorem XIII.3 in [60]
and Appendix D), one can obtain

λðkoðiÞÞi ≥ λðkoðiÞþ1Þ
i ≥ � � � ≥ λðkoðiÞþnÞ

i ≥ � � � ≥ ωi: ð4:12Þ

As a consequence, the limit of λðkÞi as k → ∞ exists, i.e.,

λi ≔ lim
k→∞

λðkÞi < ∞: ð4:13Þ

Consider the sequence fψ ðkoðiÞÞ
i ;ψ ðkoðiÞþ1Þ

i ;…;

ψ ðkoðiÞþnÞ
i ;…g, where, for each k, ψ ðkÞ

i is an eigenvector

of bPðkÞbhðmÞbPðkÞ with the eigenvalue λðkÞi and satisfies

kψ ðkÞ
i k ¼ 1. Because of kψ ðkÞ

k k ¼ 1, the sequence

fψ ðkoðiÞÞ
i ;ψ ðkoðiÞþ1Þ

i ;…;ψ ðkoðiÞþnÞ
i ;…g contains a sub-

sequence by the Banach-Alaoglu theorem; i.e., there exists

ψ i ∈ HðεbÞ
b such that

lim
l→∞

hψ ðnlÞ
i jφi ¼ hψ ijφi; ∀ φ ∈ HðεbÞ

b : ð4:14Þ

Consider all weakly convergent subsequences of fψ ðkoðiÞÞ
i ;

ψ ðkoðiÞþ1Þ
i ;…;ψ ðkoðiÞþnÞ

i ;…g and collect their limits defined
by (4.14). Denote the space spanned by these limits asΛi. It

turns out that each λi is an eigenvalue of bhðmÞ and all the
elements in Λi are eigenvectors corresponding to the
eigenvalue λi (see Theorem E.1 in Appendix E for proof).
Therefore, the ith eigenvalue and its corresponding eigen-

vectors of bPðkÞbhðmÞbPðkÞ with k ≫ i approximate some

eigenvalue and eigenvectors of bhðmÞ, respectively. To check

whether all eigenvalues of bhðmÞ can be approximated by the
finite-dimensional cutoff approximation, we can show that

σðbhðmÞÞ ∩ ðλi; λiþ1Þ ¼ ∅; ð4:15Þ

if λi ≠ λiþ1 (see Theorem E.2 in Appendix E for more

details). In other words, each eigenvalue of bhðmÞ is a limit

point of the sequence fλkoðjÞj ; λkoðjÞþ1
j ;…; λkoðjÞþn

j ;…g for
some j.

The accuracy of the above approximation can be dis-
cussed by the following procedure as in [62,63]. Let jψ ðkÞ

i i
be a normalized eigenvector of bPðkÞbhðmÞbPðkÞ corresponding
to the eigenvalue λðkÞi . One has

hψ ðkÞ
i jbhðmÞjψ ðkÞ

i i ¼ λðkÞk : ð4:16Þ

Defining

ϵðkÞi ≔ kðbhðmÞ − λðkÞi Þψ ðkÞ
i k; ð4:17Þ

we will show

λi ∈ ðλðkÞi − ϵðkÞi ; λðkÞi þ ϵðkÞi Þ: ð4:18Þ

Let fjω; δig be an orthonormal basis of the Hilbert space,

consisting of eigenvectors of bhðmÞ, where ω denotes the
eigenvalue and δ represents other quantum numbers. Given

λðkÞi , for arbitrary real numbers α and β with α < λðkÞi < β,
we have

hψ ðkÞ
i jðbhðmÞ − αÞðbhðmÞ − βÞjψ ðkÞ

i i
¼
X
ω

X
δ

ðω − αÞðω − βÞjhψ ðkÞ
i jω; δij2: ð4:19Þ

Then supposing ðα; βÞ ∩ σðbhðmÞÞ ¼ ∅, one will get

hψ ðkÞ
i jðbhðmÞ − αÞðbhðmÞ − βÞjψ ðkÞ

i i ≥ 0: ð4:20Þ

Because of hψ ðkÞ
i jðbhðmÞ − λðkÞi Þjψ ðkÞ

i i ¼ 0, hψ ðkÞ
i jðbhðmÞ −

αÞðbhðmÞ − βÞjψ ðkÞ
i i can be expanded as

hψ ðkÞ
i jðbhðmÞ − αÞðbhðmÞ − βÞjψ ðkÞ

i i
¼ ðϵðkÞi Þ2 þ ðλðkÞi − αÞðλðkÞi − βÞ: ð4:21Þ

Substituting (4.21) into (4.20), we get

β ≤ λðkÞi þ ðϵðkÞi Þ2
λðkÞi − α

: ð4:22Þ

Note that (4.22) holds under the assumption ðα; βÞ ∩
σðbhðmÞÞ ¼ ∅. Thus, if β > λðkÞi þ ðϵðkÞi Þ2=ðλðkÞi − αÞ, one

will get ðα; βÞ ∩ σðbhðmÞÞ ≠ ∅, which, together with the

fact that σðbhðmÞÞ is closed, ensures�
α; λðkÞi þ ðϵðkÞi Þ2

λðkÞi − α

�
∩ σðbhðmÞÞ ≠ ∅: ð4:23Þ
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Choosing α as α ¼ λðkÞi − ϵðkÞi , we get

ðλðkÞi − ϵðkÞi ; λðkÞi þ ϵðkÞi � ∩ σðbhðmÞÞ ≠ ∅: ð4:24Þ

Noting that (4.24) is true for all k ≥ koðiÞ and

limk→∞ λðkÞi � ϵðkÞi ¼ λi, one finally has

λi ∈ ðλðkÞi − ϵðkÞi ; λðkÞi þ ϵðkÞi �: ð4:25Þ

Similar to the derivation of (4.22), one can also obtain

α ≥ λðkÞi þ ðϵðkÞi Þ2
λðkÞi − β

: ð4:26Þ

By choosing β ¼ λðkÞi þ ϵðkÞi , (4.26) will finally lead to

λi ∈ ½λðkÞi − ϵðkÞi ; λðkÞi þ ϵðkÞi Þ: ð4:27Þ

Then (4.18) is obtained by combining (4.25) and (4.27).
The above discussion can also be applied to estimate the

accuracy of approximating jψ ii by jψ ðkÞ
i i. Given an interval

ðαo; βoÞ ∋ λi such that λi is the only eigenvalue contained
in it, we have

hψ ðkÞ
i jðbhðmÞ − αoÞðbhðmÞ − βoÞjψ ðkÞ

i i
− ðλi − αoÞðλi − βoÞ

X
δ

jhψ ðnÞ
i jλi; δij2

¼
X
λ≠λi

X
δ

ðλ − αÞðλ − βÞkhψ ðnÞ
k jλ; δik ≥ 0: ð4:28Þ

Substituting (4.21) into (4.28), one obtains

ðϵðkÞi Þ2 þ ðλðkÞi − αÞðλðkÞi − βÞ
≥ ðλi − αoÞðλi − βoÞ

X
δ

jhψ ðnÞ
i jλi; δij2; ð4:29Þ

which leads to

1 −
X
δ

jhψ ðkÞ
i jλi; δij2 ≤

ðεðkÞi Þ2
ðλðkÞi − αoÞðβo − λðkÞi Þ

: ð4:30Þ

Now let us assume λðkÞi−1 ≠ λðkÞi ≠ λðkÞiþ1 without loss of
generality. Then one can choose a sufficiently large k such
that

λðkÞi−1þ ϵðkÞi−1 < λðkÞi −ϵðkÞi ; λðkÞi þ ϵðkÞi < λðkÞiþ1−ϵðkÞiþ1; ð4:31Þ

which, together with (4.18), implies that the interval

ðλðkÞi−1 þ ϵðkÞi−1; λ
ðkÞ
iþ1 − ϵðkÞiþ1Þ contains the single eigenvalue

λi. Then, according to (4.30), we get

1 −
X
δ

jhψ ðkÞ
i jλi; δij2

≤
ðϵðkÞi Þ2

ðλðkÞi − λðkÞi−1 − ϵðkÞi−1ÞðλðkÞiþ1 − λðkÞi − ϵðkÞiþ1Þ
: ð4:32Þ

The left-hand side of (4.32) measures the accuracy of

approximating jψ ii by jψ ðkÞ
i i because jψ ðkÞ

i i is normalized.

B. Finite-dimensional cutoff approximation for the
numerical computation

In our model, there are two free parameters εb and b. By
mimicking the derivation of Theorem C.1 in Appendix C,

one can show that bhðmÞ, as an operator-valued function of εb
and b, forms an analytic family of type (B) in the sense of
Kato. Therefore, we can set εb ¼ 0 ¼ b in our computation,
and the results for case with either εb ≠ 0 or b ≠ 0 can be
obtained by perturbing that for the case of εb ¼ 0 ¼ b. In
other words, the former can be expanded as some power
series of εb and b, and the convergences of the series are

ensured by the analyticity of bhðmÞ on εb and b.
By setting εb ¼ 0, we work in the specific Hilbert space

define by (3.21) with εb ¼ 0. This Hilbert space is denoted
by Hð0Þ where a state is given by a wave function

ψð2ηδbÞ≡ ψðηÞ with η ∈ Z. Then the action of bhðmÞ reads

ðbhðmÞψÞðηÞ ¼ −
1

4
γ2l4

pðηþ 2Þðηþ 1Þψðηþ 2Þ − iγ2l2
pL0mðηþ 1Þψðηþ 1Þ

þ
�
1

4
γ2l4

pðηþ 1Þ2 þ 1

4
γ2l4

pð1þ 4δ2bγ
2Þη2

�
ψðηÞ þ iγ2l2

pL0mηψðη − 1Þ − 1

4
γ2l4

pηðη − 1Þψðη − 2Þ: ð4:33Þ

Thus the eigenequation ðbhðmÞψÞðηÞ ¼ ωψðηÞ results in

ψðηþ 2Þ ¼ 4

γ2l4
pðηþ 2Þðηþ 1Þ

�
−ωψðηÞ − iγ2l2

pL0mðηþ 1Þψðηþ 1Þ

þ
�
1

4
γ2l4

pðηþ 1Þ2 þ 1

4
γ2l4

pð1þ 4δ2bγ
2Þη2

�
ψðηÞ þ iγ2l2

pL0mηψðη − 1Þ − 1

4
γ2l4

pηðη − 1Þψðη − 2Þ
�
: ð4:34Þ
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For η ¼ 0, (4.34) becomes

ψð2Þ ¼
�
−

2ω

γ2l4
p
þ 1

2

�
ψð0Þ − i

2L0m
l2
p

ψð1Þ; ð4:35Þ

which implies that the value of ψð2Þ depends only on ψð0Þ
and ψð1Þ. Once ψð2Þ is obtained by (4.35), the values of
ψðηÞ for all η ≥ 3 can be obtained by (4.34). Thus, the
values of ψðηÞ for all η ≥ 2 are determined completely by
ψð0Þ and ψð1Þ by (4.34).1 Similarly, one can rewrite (4.34)
to express ψðη − 2Þ in terms of ψðη − 1Þ, ψðηÞ, ψðηþ 1Þ
and ψðηþ 2Þ. Then, by setting η ¼ −1, it is easy to see that
the values of ψðηÞ for all η ≤ −3 are completely determined

by ψð−1Þ and ψð−2Þ. Thus, for a given eigenvector of bhðmÞ,
its values for η < 0 decouple from its values for η ≥ 0.

Hence, the eigenvectors of bhðmÞ can be classified into two
superselected sectors. The first sector consists of those ψ
vanishing for η < 0, while the second sector consists of the
ones vanishing for η ≥ 0. Consider a transformation T
defined as

ðTψÞðηÞ ¼ ψð−η − 1Þ: ð4:36Þ

Then T relates the eigenvectors in the two sectors. It should
be noted that this classification of the eigenvectors is valid
only for the case of εb ¼ 0 ¼ b. However, for the case of
εb ≠ 0 or b ≠ 0, the eigenvectors can be divided into two
sectors, satisfying

P
η≥0 jψðηÞj2 ≪ 1 or

P
η<0 jψðηÞj2 ≪ 1,

respectively.
Given an eigenvector ψ− in the second sector with the

eigenvalue ω−, a straightforward calculation gives that

ðbhðmÞ þbϵÞTψ− ¼ ω−Tψ−; ð4:37Þ

where bϵ satisfies

ðbϵψÞðηÞ ¼ −γ4l4
pδ

2
bð2ηþ 1ÞψðηÞ: ð4:38Þ

Thus Tψ− is an eigenvector of bhðmÞ þbϵ with respect to the
eigenvalue ω−.
Define bHðλÞ ¼ ðbhðmÞ þbϵÞ þ λbϵ onDbðmÞ. Similar to the

discussion on bhðmÞ, we can show that bHðλÞ is self-adjoint
with the domain DbðmÞ independent of λ. Moreover, bHðλÞ
forms an analytic family of type (A) in the sense of Kato.
This can be verified easily by showing that bHðλÞjψi for all
jψi ∈ DbðmÞ is a vector-valued analytic function of λ (see,
e.g., Chap. XII.1 in [60]). Therefore, the Rayleigh-
Schrödinger perturbation theory can be applied to expand

the eigenvalues ΩðλÞ and the eigenvectors ΨðλÞ of bHðλÞ as
the Rayleigh-Schrödinger series

ΩðλÞ ¼ ω− þ
X∞
n¼1

cnðλγ4l4
pδ

2
bÞn;

ΨðλÞ ¼ Tψ− þ
X∞
k¼1

ðλγ4l4
pδ

2
bÞnϕn; ð4:39Þ

where cn and ϕn denotes the coefficients (see, e.g., [60])
and the convergence of these series for all λ ∈ R is ensured
by the analyticity of bHðλÞ on λ. By setting λ ¼ −1, one gets
the eigenvalue Ωð−1Þ≕ωþ and the corresponding eigen-

vector Ψð−1Þ ≕ψþ of the operator bHð−1Þ ¼ bhðmÞ. By
substituting the explicit expression of ϕn into (4.39), one
can get ψþðηÞ ¼ 0 for all η < 0. Thus ψþ are in the first

sector. Therefore, for each eigenvector of bhðmÞ in the second
sector with eigenvalue ω−, there always exists an adjoint

eigenvector ψþ of bhðmÞ in the first section with eigenvalue
ωþ nearby ω−.
By (4.39), for a very small value of γ4l4

pδ
2
b, the difference

between ωþ and ω− would be very tiny so that very high
computational cost is needed to separate their values
numerically. To overcome this difficulty we consider the

Hilbert space Hð0þÞ
b ⊂ Hð0Þ

b defined by

Hð0þÞ
b ¼ fψ ∈ Hð0Þ

b ;ψðηÞ ¼ 0 ∀ η < 0g; ð4:40Þ

where the symbol f·g represents the completion with

respect to the inner product of Hð0Þ
b . Then, we diagonalize

the operators bhðmÞ↾Hð0þÞ
b and ðbhðmÞ þbϵÞ↾Hð0þÞ

b , denoting

the restrictions of bhðmÞ and bhðmÞ þbϵ on Hð0þÞ
b , respectively,

by the finite-dimensional cutoff approximation method. Let

ψþ be an eigenvector of bhðmÞ↾Hð0þÞ
b with eigenvalue ωþ,

and ψ̃− the eigenvector of ðbhðmÞ þbϵÞ↾Hð0þÞ
b with eigen-

value ω−. Then the vectors ψþ and T−1ψ̃−≕ψ− inHð0Þ
b are

the eigenvectors of bhðmÞ with eigenvalues ωþ and ω−,
respectively. Moreover, (4.39) implies

ψþðηÞ ≅ ðTψ−ÞðηÞ: ð4:41Þ

V. THE QUANTUM DYNAMICS

We now study the dynamics of the model for the cases
of bpφ ≠ 0 and bpφ ¼ 0, respectively. For bpφ ≠ 0, the
corresponding classical solution is an extension of the
Schwarzschild interior with an extra minimally coupled
massless scalar field. This extension is referred to as the
Janis-Newman-Winicour (JNW) interior which differs
from the usual JNW spacetime as an extension of
Schwarzschild exterior [64]. In the classical JNW interior

[53], characterized by a parameter B ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þGp2

φ=4π
q

,
1Note that the values of ψð0Þ and ψð1Þ have to be chosen

suitably so that the resulting ψðηÞ is normalizable.
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there are two singularities at r ¼ 0 and r ¼ B, respectively,
where r is the radial coordinate. Once pφ vanishes, the
singularity at r ¼ B will disappear and is replaced by the
Schwarzschild horizon, so that the JNW interior becomes
the Schwarzschild interior.
In Sec. II A, gravity is deparametrized by the scalar

field which provides a material reference frame of time.
However, for the case of bpφ ¼ 0, the reference frame
of time will disappear. The physical Hamiltonian becomes
the Hamiltonian constraint. However, it is still necessary
to understand the dynamics of the system as the rela-
tional evolution with respect to certain gravitational degree
of freedom. The information of the dynamics is encoded in
the solutions to bhψ ¼ 0. Thus we need to solve this
equation.

A. Dynamics for bpφ ≠ 0

By (3.12), the Hilbert space L2ðσc; dμc;Hbð·ÞÞ of the
model consists of functions ψ∶m ↦ ψðmÞ ∈ HbðmÞ. As
shown in Sec. III B, HbðmÞ can be chosen as the one
defined by (3.21) with εb ¼ 0 and some m-dependent δb,

denoted by δðmÞ
b whose explicit expression depends on the

schemes to quantize h. With this convention, a state ψ ∈
L2ðσc; dμc;Hbð·ÞÞ can be represented by a family of
functions

ψðm; ·Þ∶η → ψðm; 2δðmÞ
b ηÞ

with η ∈ Z. Given a state ψ , according to (2.9) and (2.11),
an associated dynamical state reads

ψðφ; mÞ ¼ e
∓i
ffiffiffiffiffi
4πG

p

L0γl
2
p
φ

ffiffiffiffiffiffibhðmÞp bP½0;∞ÞψðmÞ: ð5:1Þ

Let jωðmÞi ∈ HbðmÞ be the normalized eigenvector of bhðmÞ

with respect to the eigenvalue ωðmÞ. Then (5.1) is
simplified as

ψðφ; mÞ ¼
X

ωðmÞ≥0
e
∓i
ffiffiffiffiffiffiffiffiffiffi
4πGωðmÞ

p
L0γl

2
p

φhωðmÞjψðmÞijωðmÞi: ð5:2Þ

We choose ψðmÞ as

ψðm; ηÞ ¼ e
−ðm−m0Þ2

2σ2m
þiλm

e
−ðη−η0Þ2

2σ2η
−iβη

; ð5:3Þ

which carries some semiclassical features. According to
(5.1), the initial state evolved by the Hamiltonian isbP½0;∞ÞψðmÞ. Then, it is possible that bP½0;∞ÞψðmÞ is no
longer a semiclassical wave packet even though ψðmÞ is.
To see how to avoid this possibility, we introduce the

expectation value of bhðmÞ:

ωoðmÞ ≔ hψðmÞjbhðmÞjψðmÞi

and its uncertainty

ΔωðmÞ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hψðmÞjðbhðmÞÞ2jψðmÞi − hψðmÞjbhðmÞjψðmÞi2

q
:

For each m, we think of ψðmÞ as a wave function of the

eigenvalues ω of bhðmÞ, so it is some wave packet peaked at
ω0ðmÞ with fluctuation ΔωðmÞ. The projection bP½0;∞Þ cuts
off ψðmÞ at m ¼ 0 and vanishes it for all ωðmÞ ≤ 0.
Therefore, bP½0;∞ÞψðmÞ can keep the wave-packet feature
of ψðmÞ only if jωoðmÞj ≫ ΔωðmÞ. This condition is the
criterion to choose the parameters in (5.3).
For a properly chosen ψðmÞ, its evolution reads

ψðm; η;φÞ ¼ e
−ðm−m0Þ2

2σ2m
þiλm X

ωðmÞ≥0
hμðmÞ

η jωðmÞiei
ffiffiffiffiffiffiffiffiffiffi
4πGωðmÞ

p
L0γl

2
p

φX
η0
e
−ðη0−η0Þ2

2σ2η
−iβη0 hωðmÞjμðmÞ

η0 i: ð5:4Þ

To check the consistence between the quantum dynamics and effective dynamics, we calculate the expectation value of the
operator bpb as

hbpbi
γδbl2

p
¼ N 2

Z
∞

−∞
dme

−ðm−m0Þ2
σ2m

X
η

η

����XωðmÞ≥0hμ
ðmÞ
η jωðmÞiei

ffiffiffiffiffiffiffiffiffiffi
4πGωðmÞ

p
l2pγL0

φX
η0
e
−ðη0−η0Þ2

2σ2η
−iβη0 hωðmÞjμðmÞ

η0 i
����2

≕
1ffiffiffi
π

p
σm

X
η

η

Z
∞

−∞
dme

−ðm−m0Þ2
σ2m Pðη; m;φÞ; ð5:5Þ

where the normalization factor N is given by
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N −2 ¼
Z

∞

−∞
dme

−ðm−m0Þ2
σ2m

X
ωðmÞ≥0

����X
η

e
−ðη−η0Þ2

2σ2η
−iβηhωðmÞjμðmÞ

η i
����2 ≕ Z

∞

−∞
dme

−ðm−m0Þ2
σ2m nðmÞ: ð5:6Þ

The integral in (5.5) can be calculated by using the saddle point approximation as

hbpbi
γδbl2

p
¼
X
η

ηPðη; m0;φÞ
�
1þ σ2m0

4

P00ðη; m0;φÞ
Pðη; m0;φÞ

þ � � �
�
: ð5:7Þ

Therefore, as far as the leading order of the evolution is concerned, we only need to computePðη; m0;φÞ. The result of (5.6)
reads

N −2 ¼ ffiffiffi
π

p
σm0

nðm0Þ
�
1þ σ2m

4

n00ðm0Þ
nðm0Þ

þ � � �
�
: ð5:8Þ

Hence one has

Pðη; m0;φÞ ≅

����Pωðm0Þ≥0hμ
ðm0Þ
η jωðm0Þie

i
ffiffiffiffiffiffiffiffiffiffiffiffi
4πGωðm0Þ

p
l2pγL0

φP
η0e

−ðη0−η0Þ2
2σ2η

−iβη0 hωðm0Þjμðm0Þ
η0 i

����2P
ωðm0Þ≥0

����Pηe
−ðη−η0Þ2

2σ2η
−iβηhωðm0Þjμðm0Þ

η i
����2

: ð5:9Þ

By this formula, Pðη; m0;φÞ can be computed numerically easily. The numerical results of Pðη; m0;φÞ1=2 and
hbpbi=ðγδbl2

pÞ ≅
P

η ηPðη; m0;φÞ are shown in Fig. 1, where we choose δb ¼
ffiffiffiffi
Δ

p
with Δ being the area gap in LQG.

Moreover, one can also calculate the evolution of pb with respect to the effective Hamiltonian

H ¼ 4π

L0Gγ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

δbδc
pb sinðδbbÞpc sinðδccÞ þ

1

δ2b
p2
b sinðδbbÞ2 þ γ2p2

b

s
: ð5:10Þ

As a comparison, the results of the effective dynamics and
the classical dynamics are also plotted in Fig. 1.
As shown in Fig. 1, both of the classical singularities

could be resolved by the effective dynamics where jηj is
prevented from reaching 0 by the bounces at the local
minimums. Then the classical spacetime is extended
periodically. The quantum evolution matches very well
with the effective dynamics for several periods around
φ ¼ 0 when the semiclassical feature of the coherent state
is well kept. The effective evolution and thus the quantum
evolution match well with the classical dynamics in the
classical regime. Thus the current quantum theory has a
correct semiclassical limit and its semiclassical features can
be responded properly by the effective dynamics. However,
the coherent property of the state cannot be kept along the
whole evolution, since the width of the wave packet grows
as the time φ runs far away from the initial value φ ¼ 0.
This leads to a significant difference between the quantum
and effective dynamics in late time.

B. Dynamics for bpφ = 0
In the case of bpφ ¼ 0, the dynamics is encoded in the

equation

bhψ ¼ 0: ð5:11Þ

Alternatively, one could also consider the Hamiltonian
constraint operator corresponding to the vacuum
Hamiltonian constraint multiplied by volume as a lapse
function [50]. To solve (5.11), it is convenient to represent
ψðmÞ for each m by ψðm; ·Þ∶ωðmÞ ↦ ψðm;ωðmÞÞ ∈ C

with ωðmÞ ∈ σðbhðmÞÞ. Then the action of b̄h on ψ reads

ðbhψÞðm;ωðmÞÞ ¼ ωðmÞψðm;ωðmÞÞ: ð5:12Þ

By (3.13) the inner product of two states ψ1 and ψ2 reads

ðψ1;ψ2Þ ¼
Z
σc

dμc
X

ωðmÞ∈σðbhðmÞÞ

ψ1ðm;ωðmÞÞ�ψ2ðm;ωðmÞÞ;

ð5:13Þ

where � means the complex conjugate.
Given a solution ψ to (5.11), Eq. (5.12) implies

ψðm;ωðmÞÞ ¼ 0; ∀ ωðmÞ ≠ 0: ð5:14Þ
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Thus the support of the solution ψ is contained in
the set

S0 ¼ fðm;ωðmÞÞjm ∈ σc;ωðmÞ ∈ σðbhðmÞÞ;ωðmÞ ¼ 0g;
ð5:15Þ

which is identified naturally to the set

σξ ≔ fm ∈ σc; 0 ∈ σðbhðmÞÞg: ð5:16Þ

Given two functions ψ i with i ¼ 1, 2 on σξ, (5.13) can be
expressed by

ðψ1;ψ2Þ ¼
Z
σξ

dμcψ1ðmÞ�ψ2ðmÞ: ð5:17Þ

Thus, one could naively deem that the functions on σξ with
the inner product (5.17) would constitute the physical
Hilbert space. However, depending on the explicit expres-
sion of μc, it could occur that the right-hand side of (5.17)
vanishes for regular functions ψ1 and ψ2. To see how
this happens, let us assume σc ¼ R at first. Because the

eigenvalues of bhðmÞ can be expanded at some mo closed to
m by a power series of m −mo and σðmoÞ is discrete, in
general they are not 0. Hence it is reasonable to expect
that there are only countably many m ∈ σc such that

0 ∈ σðbhðmÞÞ. Then, both σξ and S0 are countable sets.
This speculation is confirmed by our numerical computa-
tion in the μo scheme as we as the scheme with δc ¼

ffiffiffiffi
Δ

p
and δb ¼

ffiffiffiffi
Δ

p
=ð2jmjÞ, as shown in Fig. 2. For the case of

σc ≠ R, one has σc ⊂ R because pc
dsinðδccÞ=δc was

assumed to be self-adjoint. Then the resulting σξ is just
a subset of that for the case of σξ ¼ R. Therefore, σξ is
always countable. Since σξ is countable, it could occur that

FIG. 1. Plots of the evolution of the wave packet (top panel) and
the evolution of jηj ¼ pb=ðγδbl2

pÞ derived by the quantum, the
effective dynamics and the classical dynamics (bottom panel).
According to the results, the quantum dynamics as well as the
effective dynamics matches well with the classical dynamics in
the classical regime. Thus the quantum model admits a correct
classical limit. Moreover, the quantum evolution of pb matches
very well with the effective dynamics in the domain where the
wave packet is sharply peaked. However, the width of the wave
packet grows as φ goes beyond the domain. Then the effective
dynamics is no longer valid.
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FIG. 2. Plots of σξ for the μo scheme with δb ¼
ffiffiffiffi
Δ

p ¼ δc (top
panel) and the scheme with δb ¼

ffiffiffiffi
Δ

p
=ð2jmjÞ and δc ¼

ffiffiffiffi
Δ

p
(bottom panel). As shown in the figure, nearby each value of

mðnÞ
o there exists an adjoint value ofmðn0Þ

o . 0 does not belong to σξ.
The parameters are chosen as γ ¼ 0.2374, Δ ¼ 4

ffiffiffi
3

p
πγl2

p

and lp ¼ 1.
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σξ ⊂ σc is of vanishing measure, i.e., μcðσξÞ ¼ 0. For this
case, the right-hand side of (5.17) will vanish and thus it
cannot define an inner product for the physical Hilbert
space. Hence we introduce the following procedure to
define the inner product in the solution space, which is
valid not only for the case of μcðσξÞ ¼ 0 but also for the
case of μcðσξÞ ≠ 0. Let δ̃ðmo; ·Þ for each mo ∈ σc be the
function on σc such that (i) δ̃ðmo;mÞ ¼ 0 for all m ≠ mo

and (ii)
R
σc
dμcδ̃ðmo;mÞ ¼ 1. Thus δ̃ðmo; ·Þ is the Dirac-δ

distribution for μcðσξÞ ¼ 0 and proportional to the
Kronecker δ function otherwise. Given a regular function
ψðm;ωðmÞÞ, a solution to (5.11) can be generated as

ΨðmÞ ¼
X
n

δ̃ðmðnÞ
o ; mÞδ0;ωm

ψðm;ωðmÞÞ; ð5:18Þ

where mðnÞ
o ∈ σξ ⊂ σc. By choosing an appropriate dense

subspace S ⊂ H, these Ψ of (5.18) are indeed antilinear
functionals on S as

Ψ∶ϕ ↦ Ψ½ϕ� ≔
Z
σc

dμc
X
ωm

ΨðmÞ�ϕðm;ωmÞ

¼
X
mðnÞ

o

ψðmðnÞ
o ; 0Þ�ϕðmðnÞ

o ; 0Þ ð5:19Þ

for all ϕ ∈ S. Hence Ψ is the solution to (5.11) in the sense
that Ψ½bhϕ� ¼ 0 for all ϕ ∈ S. Thus (5.18) defines a rigging
map P∶ψ ↦ Pψ on S. Therefore, by the refined algebraic
quantization procedure [6], the physical inner product of
two solutions Ψi ¼ Pψ i with i ¼ 1, 2 reads

ðΨ1jΨ2Þ ¼ Ψ1½ψ2� ¼
X
n∈Z

ψ1ðmðnÞ
o Þ�ψ2ðmðnÞ

o Þ; ð5:20Þ

which coincides with (5.17) if μcðσξÞ ≠ 0. Hence the
physical Hilbert space of the solutions is given by

HBH ≔ ff∶σξ → C;
X
n

jfðmðnÞ
o Þj2 < ∞g: ð5:21Þ

The Dirac observable bξδc ≔ pc
dsinðδccÞ=δc in H can be

promoted to an operator bξ0δc inHBH by the dual action such
that

ðbξ0δcfÞðmðnÞ
o Þ ¼ L0γδcm

ðnÞ
o fðmðnÞ

o Þ; ∀ mðnÞ
o : ð5:22Þ

Equation (5.22) implies that each mðnÞ
o is an eigenvalue ofbξ0δc , and bξ0δc is self-adjoint in HBH with the spectrum σξ as

the closure of σξ.

Given ψ ∈ HbðmÞ, Eq. (4.33) indicates

ðbhð−mÞψÞðηÞ� ¼ ðbhðmÞψ�ÞðηÞ; ð5:23Þ

where ψ� ∈ HbðmÞ is defined by ψ�ðηÞ ¼ ψðηÞ�. For a

givenmðnÞ
o ∈ σξ, let ψ0 be the eigenvector of bhðmðnÞ

o Þ with the
eigenvalue 0. Then (5.23) ensures that

bhð−mðnÞ
o Þψ�

0 ¼ bhðmðnÞ
o Þψ0 ¼ 0: ð5:24Þ

Thus, ψ�
0 is an eigenvector of bhð−mðnÞ

o Þ with the eigenvalue 0.
Therefore, one has −mðnÞ

o ∈ σξ provided mðnÞ
o ∈ σξ.

For m ¼ 0, one has the operator

bhð0Þ ¼ 1

δ2b
bβ2δb þ γ2bp2

b:

Assume that there is an eigenvector ϕ of bhð0Þ with the
eigenvalue 0. Because of bβ2δb ≥ 0 and bp2

b ≥ 0, ϕ would
satisfy

bβ2δbϕ ¼ 0 ¼ bp2
bϕ: ð5:25Þ

By the definitions of bβδb and bp2
b, one can easily check that

there is no nontrivial ϕ satisfying (5.25). Hence, 0 is not an

eigenvalue of bhð0Þ. Taking account of Theorem IV.1, one

gets the conclusion that 0 ∉ σðbhðmÞÞ for sufficiently small
jmj. Therefore, there exists a gap between the spectrum σξ
and 0, i.e., 0 ∉ σξ. Note that σξ is the spectrum of the

operator bξ0δc in the physical Hilbert space, whose classical

limit of pc
dsinðδccÞ=δc is proportional to the mass of the

Schwarzschild BH. Thus the above analysis shows the
discreteness of this mass spectrum. If a certain mechanism
of BH evaporation could be introduced into our quantum
model consistently such that the BH evaporates from one
eigenstate ofbξ0δc to another, in such BH evaporation models,

the operator bξ0δc should refer to the quasilocal mass of the
BH itself (e.g., the mass of isolated horizon defined in [65])
which does not includes the mass of the radiation, becausebξ0δc is comprised of the symmetry-reduced variables inside
the BH. Then the BH would evaporate its mass discretely,
and the evaporation would eventually halt at the stable
ground state with a nonvanishing minimal eigenvalue ofbξ0δc . We call this ground state the BH remnant. Note that the
above discussion, extrapolating from a quantum description
of the BH interior, assumes that the exterior quantum
description of the BH and the inclusion of Hawking
radiation will not change the mass spectrum.

ZHANG, MA, SONG, and ZHANG PHYS. REV. D 105, 024069 (2022)

024069-16



The above analysis is compatible with the numerical
results in Fig. 2, which shows that the values of mðnÞ

o are
discrete and have the following characters. First, for each

mðnÞ
o , there exists an adjoint mðn0Þ

o nearby it. This property
comes from the symmetric property (4.41) of the eigen-

vectors of bhðmÞ. Second, the lowest value of jmðnÞ
o j in σξ can

be obtained as jmðlwtÞ
o j ¼ 0.5499 for the μo scheme and

jmðlwtÞ
o j ¼ 0.5362 for the other scheme, where the param-

eters are chosen as γ ¼ 0.2374, Δ ¼ 4
ffiffiffi
3

p
πγl2

p and lp ¼ 1.

VI. CONCLUDING REMARK

The loop quantization of the model of a Schwarzschild
interior coupled to a massless scalar field has been studied
in the previous sections. By applying the deparametrization
procedure, we get the physical Hamiltonian h of this model
with respect to the scalar field. Since pcc is a Dirac
observable in the classical theory, h is promoted to an

operator bh commutating with the operator pc
dsinðδccÞ=δc

which corresponds to pcc. Replacing pc
dsinðδccÞ=δc in bh

with its spectrum Loγm ∈ σc, we obtain a family of

operators bhðmÞ. It is shown that both bhðmÞ and bh are self-

adjoint. The spectrum of bhðmÞ and its analyticity with
respect tom are studied. Moreover, we develop a numerical

method to diagonalize bhðmÞ. Based on these results, the
dynamics for the cases of bpφ ≠ 0 and bpφ ¼ 0 are studied,
respectively.
For the case of bpφ ≠ 0, the evolution of a wave packet is

considered and the results are compared with the effective
dynamics governed by the effective Hamiltonian. It turns
out that the quantum evolution matches well with the
effective dynamics in the domain where the wave packet is
sharply peaked. However, the width of the wave packet
would increase as the relational time ϕ evolves. Thus an
inconsistence between the quantum dynamic and the
effective dynamics would occur at late time. The numerical
codes to compute the evolution can be found in [66].
For the case of bpφ ¼ 0, the constraint bh ¼ 0 is imposed

to get the physical states of the loop quantum
Schwarzschild interior model. Its physical Hilbert space
HBH is obtained. The spectrum σξ of the Dirac observablebξ0δc , i.e., the dual of pc

dsinðδccÞ=δc in HBH, is analyzed by
both analytical and numerical methods. It turns out that the
σξ is discrete and it does not contain 0, provided that the

parameters δðmÞ
b and εbðmÞ satisfy the suitable analyticity.

Thus, there exists a gap between σξ and 0. Since the

classical limit of bξ0δc is proportional to the mass of the
Schwarzschild BH, σξ is referred to as its mass spectrum.

Moreover, by the numerical method to diagonalize bh, we
can also compute σξ numerically [66]. Note that the

observable bξ0δc in our models refers to the quasilocal mass

of the BH. For instance, it agrees with the quasilocal mass
MΔ defined with respect to a naturally chosen pair of null
vector fields ðla; naÞ on the horizon Δ [65], where the
null normal field la to Δ and future directed null field na

transverse to Δ satisfy lana ¼ −1. Some interesting results
would be obtained if certain mechanism of BH evapora-
tion could be introduced into our quantum model such that
the evaporation can be regarded in a quasistatic process
from the Schwarzschild BH of a given mass to the
Schwarzschild BH with another mass. Then, it is reason-
able to expect that the evaporation occurs in a quantum-
jump manner, since the mass of BH can take only discrete
values. Moreover, because of 0 ∉ σξ, the evaporation of the
BH would eventually halt at the remnant. It should be noted
that this discussion extrapolates from a quantum descrip-
tion of the BH interior. It is assumed that the exterior
quantum description of the BH and the inclusion of
Hawking radiation will not change the mass spectrum.
We leave the detailed investigation of these issues for our
future work.
It should be noted that the analyses in the current paper

are valid for a quite general class of schemes such that (i) a
separable Hilbert subspace Hc ⊂ H̃c can be chosen to

define an operator pc
dsinðδccÞ=δc corresponding to

pc sinðδccÞ=δc, which is self-adjoint and commutates with
the physical Hamiltonian bh; and (ii) the quantum parameter
δb is a constant or any function of pc sinðδccÞ=δc. With the
numerical method developed in this paper, it becomes
possible to further study the Hawking radiation with the
matter backreaction and the distortion of the Hawking
spectrum in detail. We leave this open issue for our future
works. Thus the discrete mass spectrum predicted by our
LQG model provides a solid starting point to study the
possibilities of considering the BH remnants as dark matter
candidates, as well as solving the puzzle of information loss
in BH evaporation.
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APPENDIX A: ASYMPTOTIC BEHAVIOR OF bβδb
By definition, the eigenequation of bβδb implies that its

eigenfunctions satisfy

ψðμþ 2δbÞ ¼
4iω
γl2

p

1

μþ 2δb
ψðμÞ þ μ

μþ 2δb
ψðμ − 2δbÞ;

ðA1Þ

which can be rewritten as
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ψ⃗ðμþ 2δbÞ ¼ AðμÞψ⃗ðμÞ ðA2Þ

with

ψ⃗ðμþ 2δbÞ ≔
 
ψðμþ 2δbÞ

ψðμÞ

!
and

AðμÞ ≔
� 4iω

γl2p
1

μþ2δb
μ

μþ2δb

1 0

�
:

Define

BðμÞ≕
�
ψþ
0 ðμþ 2δbÞ ψ−

0 ðμþ 2δbÞ
ψþ
0 ðμÞ −ψ−

0 ðμÞ

�
;

where

ψ�
0 ðμÞ ¼

1ffiffiffiffiffiffijμjp e�ik lnðjμjÞ:

We obtain that the vector-valued function

χ⃗ðμÞ ¼
�
χ1ðμÞ
χ2ðμÞ

�
;

defined by

ψ⃗ðμþ 2δbÞ≕BðμÞχ⃗ðμþ 2δbÞ; ðA3Þ

satisfies

χ⃗ðμþ 2δbÞ ¼ BðμÞ−1AðμÞBðμ − 2δbÞχ⃗ðμÞ ≔ MðμÞχ⃗ðμÞ;
ðA4Þ

which is obtained by applying (A2). Our purpose is to
derive the condition with which the vector-valued function
χ⃗ðμÞ in right-hand side of (A3) can be approximated by
some constant up to some Oðμ−1Þ term. This can be
achieved if the matrix MðμÞ satisfies

MðμÞ ¼ M þOðjμj−2Þ; ðA5Þ

with some constant M. Substituting (A5) into (A4), we
obtain

k ¼ ω

γl2
pδb

ðA6Þ

with

MðμÞ ¼
�
1 0

0 −1

�
þOðjμj−2Þ: ðA7Þ

Therefore, one gets

ψðμÞ ¼
�
χ1ψ

þ
0 ðμÞ þ χ2ψ

−
0 ðμÞ; μ ¼ εb þ 4nδn;

χ1ψ
þ
0 ðμÞ − χ2ψ

−
0 ðμÞ; μ ¼ εb þ 4nδn þ 2δb

ðA8Þ

with n ∈ Z.

APPENDIX B: THE SELF-ADJOINTNESS
OF bhðmÞ AND bh

We now prove that bhðmÞ and bh are essentially self-adjoint.
Define an operator bA as

bAjμi ¼ � 1

δ2b

γ2l4
p

16
ððμþ 2δbÞ2 þ μ2Þ þ 1

4
γ4l4

pðμ − 2bÞ2
�
jμi

≕AðμÞjμi; ðB1Þ

whose domain reads

DðbAÞ ¼ �jψi;X
μ

jAðμÞψðμÞj2 < ∞
�
: ðB2Þ

Then bA is self-adjoint because AðμÞ is real. Let bB be the
operator defined on the domain Db as

bB ¼ 2mL0γ

δb
bβδb þ 1

δ2b

�bβ2δb − 1

4
ðbp2

b þ ðbpb þ δbγl2
pÞ2Þ
�
:

ðB3Þ

Then bB can be expressed as

bB ¼ 2mL0γ

δb

1

2i
ðα† − αÞ − 1

4δ2b
ððα†Þ2 þ α2Þ; ðB4Þ

where

α†jμi ¼ γl2
p

2
ðμþ 2δbÞjμþ 2δbi;

αjμi ¼ γl2
p

2
μjμþ 2δbi: ðB5Þ

Given ψ ∈ Db, we have

kbBψk ≤
				�2mL0γ

δb

1

2i
α† −

1

4δ2b
ðα†Þ2

�
ψ

				
þ
				�2mL0γ

δb

1

2i
αþ 1

4δ2b
α2
�
ψ

				: ðB6Þ

Moreover, a straightforward calculation gives
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				�2mL0γ

δb

1

2i
α† −

1

4δ2b
ðα†Þ2

�
ψ

				2 ≤X
μ

�
4m2L2

0γ
4l4

p

16δ2b
μ2 þ γ4l8

p

256δ4b
μ2ðμ − 2δbÞ2

þ γ2l4
p

16δ2b

2mL0γ

δb

γl2
p

4
ðμ2ðμþ 2δbÞ þ ðμ − 2δbÞ2μÞ

�
jψðμÞj2

≕
X
μ

BþðμÞjψðμÞj2; ðB7Þ

and

				�2mL0γ

δb

1

2i
α −

1

4δ2b
α2
�
ψ

				2 ≤X
μ

�
4m2L2

0γ
4l4

p

16δ2b
ðμþ 2δbÞ2 þ

γ4l8
p

256δ4b
ðμþ 4δbÞ2ðμþ 2δbÞ2

þ 1

64δ2b

2mL0γ
4l6

p

δb
ððμþ 2δbÞ2μþ ðμþ 4δbÞ2ðμþ 2δbÞÞ

�
jψðμÞj2

≕
X
μ

B−ðμÞjψðμÞj2: ðB8Þ

By Eqs. (B6)–(B8) we obtain

kbBψk ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
μ

BþðμÞjψðμÞj2
s

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
μ

B−ðμÞjψðμÞj2
s

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
μ

4B−ðμÞjψðμÞj2
s

: ðB9Þ

Moreover, one has

kbAψk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
μ

AðμÞ2jψðμÞj2
s

: ðB10Þ

By the expressions of B−ðμÞ and AðμÞ, there exists some
real number b ≥ 0 such that

4B−ðμÞ ≤ 1

1þ 2γ4δ4b
AðμÞ4 þ b; ðB11Þ

which implies

kbBψk2 ≤ 1

1þ 2γ4δ4b
kbAψk2 þ bkψk2: ðB12Þ

Therefore, bhðmÞ ¼ bBþ bA is self-adjoint on DðAÞ and
thus essentially self-adjoint on Db according to the
Kato-Rellich theorem (see Theorem X.12 in [59]). Thanks

to the self-adjointness of bhðmÞ, the self-adjointness of bh can
be proven as follows. Let g� be elements in the orthogonal
complement of the range of bh� i, respectively, i.e.,
g� ∈ Ranðbh� iÞ⊥. Then we have

0¼hðbA� iÞψ ;g�i

¼
Z
σc

dμchðbhðmÞ � iÞψðmÞ;g�ðmÞi; ∀ ψ ∈DðbhÞ: ðB13Þ

Let f be a square-integrable function f on σc with respect to
μc, i.e., f ∈ L2ðσc; dμcÞ. Given ψ ∈ DðbhÞ, one has���� Z

σc

dμchfðmÞbhðmÞψðmÞ; fðmÞbhðmÞψðmÞi
����2

≤
Z
σc

dμcjfðmÞj2
Z
σc

kbhðmÞψðmÞk2 < ∞; ðB14Þ

which implies that fψ∶m ↦ fðmÞψðmÞ is also in DðbhÞ.
Thus substituting fψ into (B13), we concludeZ
σc

dμcfðmÞhðbhðmÞ�iÞψðmÞ;g�ðmÞi¼0; ∀ f∈L2ðσc;dμcÞ:

ðB15Þ
Therefore, it holds almost everywhere for m that

hðbhðmÞ � iÞψðmÞ; g�ðmÞi ¼ 0: ðB16Þ
Since this conclusion is true for all ψðmÞ ∈ DbðmÞ, one has
that g�ðmÞ ∈ RanðbhðmÞ � iÞ⊥ almost everywhere for m.

However, bhðmÞ is essentially self-adjoint for all m. Hence
one gets

RanðbhðmÞ � iÞ⊥ ¼ f0g; ∀ m: ðB17Þ
This ensures that g�ðmÞ ¼ 0 for all m. The self-adjointness
of bA is thus obtained because of the basic criterion for self-
adjointness (see, e.g., Theorem VIII.3 in [57]).

LOOP QUANTUM DEPARAMETRIZED SCHWARZSCHILD … PHYS. REV. D 105, 024069 (2022)

024069-19



APPENDIX C: THE ANALYTICITY OF Tm

Theorem C.1.—Tm is an analytic family of forms of type
(a) in the sense of Kato.
By definition, this theorem can be obtained directly from

the following lemmas.
Lemma C.1.—The norm k · km defined on DbðmoÞ for

each m is equivalent to the norm

kψkþ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hψ jbp2

bjψi þ hψ jψi
q

; ðC1Þ

i.e., there exist constants c; C > 0 such that

ckψkþ ≤ kψkm ≤ Ckψkþ; ∀ ψ ∈ DbðmoÞ: ðC2Þ

Proof.—Given jψi ¼Pμ ψμjμi ∈ DbðmoÞ, by (4.2) one
gets

Tmðψ ;ψÞ þ ðL2
0m

2γ2 þ 1Þhψ jψi
≥ γ2hψ jðbpb − γl2

pbÞ2jψi þ hψ jψi
≥ γ2chψ jbp2

bjψi þ hψ jψi; ðC3Þ

where

c ¼ 1þ ðγl2
pbÞ2
2

−
γl2

pb
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ ðγl2

pbÞ2
q

2
> 0: ðC4Þ

Moreover, consider the operator ð1þ bp2
bÞ−

1
2ðimbhðmÞi−1m þ

L2
0γ

2m2 þ 1Þð1þ bp2
bÞ−

1
2 on DbðmoÞ. It can be verified

straightforwardly that

jhμjð1þbp2
bÞ−

1
2ðimbhðmÞi−1m þL2

0γ
2m2þ1Þð1þbp2

bÞ−
1
2jμ0ij<∞:

ðC5Þ

Thus the operator ð1þ bp2
bÞ−

1
2ðimbhðmÞi−1m þ L2

0γ
2m2 þ 1Þ ×

ð1þ bp2
bÞ−

1
2 is bounded; i.e., there exist C > 0 such

that

jhψ jð1þ bp2
bÞ−

1
2ðimbhðmÞi−1m þ L2

0γ
2m2 þ 1Þð1þ bp2

bÞ−
1
2jψij ≤ Chψ jψi; ∀ ψ ∈ DbðmoÞ: ðC6Þ

By definition, ð1þ bp2
bÞ−

1
2∶DbðmoÞ → DbðmoÞ is surjective. Hence (C6) implies

jhψ jðimbhðmÞi−1m þ L2
0γ

2m2 þ 1Þjψij ≤ Chψ jð1þ bp2
bÞjψi; ∀ ψ ∈ DbðmoÞ: ðC7Þ

Thus

Tmðψ ;ψÞ þ ðL2
0m

2γ2 þ 1Þhψ jψi ≤ Chψ jð1þ bp2
bÞjψi; ∀ ψ ∈ DbðmoÞ: ðC8Þ

Then (C2) is proven by (C3) and (C8). ▪
By Lemma C.1, for eachm,QðmÞ is indeed the closure ofDbðmoÞwith respect to the norm k · kþ given in (C1). Thus one

gets QðmÞ ¼ QðmoÞ for all m.
Lemma C.2.Suppose δðmÞ

b and εbðmÞ to be analytic functions of m at mo and δðmoÞ
b ≠ 0. Then Tmðψ ;ψÞ, for each

ψ ∈ QðmoÞ, is an analytic function of m at mo.
Proof.—The action of imbhðmÞi−1m on jμni with μn ¼ εob þ 2nδob reads

imbhðmÞi−1m jμni ¼ −
1

4ðδobÞ2
ðfðmÞ þ bpbÞðfðmÞ þ bpb − γl2

pδ
o
bÞjμnþ2i þ

2L0mγ

2δobi
ðfðmÞ þ bpbÞjμnþ1i

þ
�

1

4ðδobÞ2
ððfðmÞ þ bpb þ γl2

pδ
o
bÞ2 þ ðfðmÞ þ bpbÞ2Þ þ γ2ðδðmÞ

b Þ2ðfðmÞ þ bpb − γl2
pb=δ

ðmÞ
b Þ2

�
jμni

−
2L0mγ

2δobi
ðfðmÞ þ bpb þ γl2

pδ
o
bÞjμn−1i −

1

4ðδobÞ2
ðfðmÞ þ bpb þ 2γl2

pδ
o
bÞðfðmÞ þ bpb þ γl2

pδ
o
bÞjμn−2i; ðC9Þ

where fðmÞ ≔ εbðmÞδob=δðmÞ
b − εob is analytic at mo. Given jψi ∈ QðmoÞ, Eq. (C9) implies that hψ jimbhðmÞi−1m jψi is a finite

linear combination of hψ jbp2
bjψi, hψ jbpbjψi and hψ jψi with coefficients depending on m analytically. Since QðmÞ is the

closure ofDbðmoÞwith respect to the norm k · kþ, both hψ jbp2
bjψi and hψ jbpbjψi are well defined for all ψ ∈ QðmÞ. Then the

analyticity of Tmðψ ;ψÞ is proven. ▪
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APPENDIX D: PROOF OF EQS. (4.12) AND (4.13)

We notice that

λðkÞi ¼ sup
ϕ1;ϕ2;…;ϕi−1∈H

ðεb;kÞ
b

inf
ψ∈H

ðεb;kÞ
b

;kψk¼1

hψ ;ϕni¼0; ∀ n¼1;2;…;i−1

hψ ; bPðkÞbhðmÞbPðkÞψi

¼ sup
ϕ1;ϕ2;…;ϕi−1∈H

ðεb;kÞ
b

inf
ψ∈H

ðεb;kÞ
b

;kψk¼1

hψ ;ϕni¼0; ∀ n¼1;2;…;i−1

hψ ;bhðmÞψi ðD1Þ

because of bPðkÞbhðmÞbPðkÞ ¼ bPðkÞbhðmÞbPðkÞ, and bPðkÞψ ¼ ψ for

all ψ ∈ Hðεb;kÞ
b .

Given k0 > k, one has Hðεb;kÞ
b ⊂ Hðεb;k0Þ

b . Let

ϕ̃1; ϕ̃2;…ϕ̃i−1 ∈ Hðεb;k0Þ
b be some vectors such that

ϕ̃i−n; ϕ̃i−nþ1;…; ϕ̃i−1 ∉ Hðεb;kÞ
b . Then we have

inf
ψ∈H

ðεb;kÞ
b

;kψk¼1

hψ ;ϕ̃li¼0; ∀ l¼1;2;…;i−1

hψ ;bhðmÞψi

¼ inf
ψ∈H

ðεb;kÞ
b

;kψk¼1

hψ ;ϕ̃li¼0; ∀ l¼1;2;…;i−n−1

hψ ;bhðmÞψi ≤ λðkÞi−n ≤ λðkÞi : ðD2Þ

Therefore, one obtains

λðkÞi ¼ sup
ϕ1;ϕ2;…;ϕi−1∈H

ðεb;kÞ
b

inf
ψ∈H

ðεb;kÞ
b

;kψk¼1

hψ ;ϕni¼0; ∀ n¼1;2;…;i−1

hψ ;bhðmÞψi

¼ sup
ϕ1;ϕ2;…;ϕi−1∈H

ðεb;k0Þ
b

inf
ψ∈H

ðεb;kÞ
b

;kψk¼1

hψ ;ϕni¼0; ∀ n¼1;2;…;i−1

hψ ;bhðmÞψi: ðD3Þ

Furthermore, for given ϕ1;ϕ2;…;ϕi−1 ∈ Hðεb;k0Þ
b , we have

fψ ∈Hðεb;kÞ
b jkψk¼ 1;hψ ;ϕni¼ 0; ∀ n¼ 1;2;…; i−1g

⊂ fψ ∈Hðεb;k0Þ
b jkψk¼ 1;hψ ;ϕni¼ 0; ∀ n¼ 1;2;…; i−1g:

ðD4Þ

Thus, one has

inf
ψ∈H

ðεb;kÞ
b

;kψk¼1

hψ ;ϕni¼0; ∀ n¼1;2;…;i−1

hψ ;bhðmÞψi ≥ inf
ψ∈H

ðεb;k0Þ
b

;kψk¼1

hψ ;ϕni¼0; ∀ n¼1;2;…;i−1

hψ ;bhðmÞψi;

ðD5Þ

which implies

λðkÞi ¼ sup
ϕ1;ϕ2;…;ϕi−1∈H

ðεb;k0Þ
b

inf
ψ∈H

ðεb;kÞ
b

;kψk¼1

hψ ;ϕni¼0; ∀ n¼1;2;…;i−1

hψ ;bhðmÞψi

≥ sup
ϕ1;ϕ2;…;ϕi−1∈H

ðεb;k0Þ
b

inf
ψ∈H

ðεb;k0Þ
b

;kψk¼1

hψ ;ϕni¼0; ∀ n¼1;2;…;i−1

hψ ;bhðmÞψi¼ λðk
0Þ

i :

ðD6Þ

Similarly, we have

λðkÞi ¼ sup
ϕ1;ϕ2;…;ϕi−1∈H

ðεb;kÞ
b

inf
ψ∈H

ðεb;kÞ
b

;kψk¼1

hψ ;ϕni¼0; ∀ n¼1;2;…;i−1

hψ ;bhðmÞψi

¼ sup
ϕ1;ϕ2;…;ϕi−1∈H

ðεbÞ
b

inf
ψ∈H

ðεb;kÞ
b

;kψk¼1

hψ ;ϕni¼0;∀ n¼1;2;…;i−1

hψ ;bhðmÞψi

≥ sup
ϕ1;ϕ2;…;ϕi−1∈H

ðεbÞ
b

inf
ψ∈DbðmÞ;kψk¼1

hψ ;ϕni¼0; ∀ n¼1;2;…;i−1

hψ ;bhðmÞψi¼ωi: ðD7Þ

Thus the proof of (4.12) is completed, and the existence of

the limit limk→∞ λðkÞi can be obtained directly from (4.12).

APPENDIX E: THE FINITE CUTOFF
APPROXIMATION

Theorem E.1.—Each λi given in (4.13) is an eigenvalue

of bhðmÞ. The space Λi is an eigenspace corresponding to the
eigenvalue λi.
Proof.—By definition, one has

kbPðkÞðbhðmÞ − λiÞψ ðkÞ
i k ¼ kðλðkÞi − λiÞψ ðkÞ

i k ≤ jλðkÞi − λij;
ðE1Þ

which implies

lim
k→∞

kbPðkÞðbhðmÞ − λiÞψ ðkÞ
i k ¼ 0: ðE2Þ

Given an arbitrary φ ∈ DbðmÞ, by the definition (3.39) of
DbðmÞ, there exists an integer Nφ such that φ ∈ Hb

ðεb;kÞ;
∀ k ≥ Nφ. Thus, for each φ ∈ DbðmÞ, one gets

hφjbPðkÞðbhðmÞ−λiÞjψ ðkÞ
i i¼ hφjðbhðmÞ−λiÞjψ ðkÞ

i i; ∀ k≥Nφ;

ðE3Þ

where we used bPðkÞφ ¼ φ for all k ≥ Nφ and that bhðmÞ is
symmetric. Hence, we have

0 ¼ lim
k→∞

hφjbPðkÞðbhðmÞ − λiÞjψ ðkÞ
i i

¼ hφjðbhðmÞ − λiÞjψ ii; ∀ φ ∈ DbðmÞ: ðE4Þ

By this equation, ψ i is in the domain of the adjoint of bhðmÞ.
Since bhðmÞ is essentially self-adjoint, its adjoint is equal to

its closure bhðmÞ. Thus ψ i is in DbðmÞ. Moreover, (E4) also
implies

ðbhðmÞ − λiÞψ i ¼ 0; ðE5Þ
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which ensures either ψ i ¼ 0 or that ψ i is an eigenvector ofbhðmÞ with the eigenvalue λi. We now show that ψ i ≠ 0 and

hence ψ i can only be an eigenvector of bhðmÞ. Given an

eigenvalue ω of bhðmÞ, let jω; αi be an orthonormal basis of
the eigenspace with respect to ω. Define a projection bP as

bPjψi ≔ X
ω∈ð−∞;λi�

X
α

jω; αihω; αjψi: ðE6Þ

Because bhðmÞ is bounded from below and each eigenvalueω
is of finite multiplicity, the summation in the rhs consists of

only finite terms. Then for each vectors ψ ðnlÞ
i in (4.14), we

have				ðbhðmÞ−λiÞbPψ ðnlÞ
i −

X
ω∈ð−∞;λk�

X
α

jω;αihω;αjψ iiðω−λiÞ
				

≤
X

ω∈ð−∞;λi�

X
α

jðhω;αjψ ðnlÞ
i i− hω;αjψ iiÞjjω−λij: ðE7Þ

Taking account of (E7), (4.14) and the fact that the
summation contains finitely many terms, we obtain

lim
l→∞

				ðbhðmÞ − λiÞbPψ ðnlÞ
i

−
X

ω∈ð−∞;λi�

X
α

jω; αihω; αjψ iiðω − λiÞ
				 ¼ 0; ðE8Þ

i.e.,

lim
l→∞

ðbhðmÞ − λiÞbPψ ðnlÞ
i

¼
X

ω∈ð−∞;λi�

X
α

jω;αihω; αjψ iiðω − λiÞ: ðE9Þ

Moreover, because of (E5) andX
ω∈ð−∞;λi�

X
α

jω; αihω; αjψ iiðω − λiÞ

¼
X

ω∈ð−∞;λi�

X
α

jω; αihω; αjðbhðmÞ − λiÞψ ii; ðE10Þ

we finally have

lim
l→∞

ðbhðmÞ − λiÞbPψ ðnlÞ
i ¼ 0: ðE11Þ

Furthermore, by using

kbPðnlÞðbhðmÞ − λiÞψ ðnlÞ
i k ¼ kðλðnlÞi − λiÞψ ðnlÞ

i k ≤ jλðnlÞi − λij;
ðE12Þ

one has

lim
l→∞

kbPðnlÞðbhðmÞ − λiÞψ ðnlÞ
i k ¼ 0: ðE13Þ

Combining (E13) with the inequality

kbPðnlÞðbhðmÞ−λiÞð1− bPÞψ ðnlÞ
i k

≤ kbPðnlÞðbhðmÞ−λiÞψ ðnlÞ
i kþkðbhðmÞ−λiÞbPψ ðnlÞ

i k; ðE14Þ

we finally obtain

lim
l→∞

kbPðnlÞðbhðmÞ − λiÞð1 − bPÞψ ðnlÞ
i k

≤ lim
l→∞

kðbhðmÞ − λiÞbPψ ðnlÞ
i k ¼ 0; ðE15Þ

which implies

lim
l→∞
bPðnlÞðbhðmÞ − λiÞð1 − bPÞψ ðnlÞ

i ¼ 0: ðE16Þ

Defining ω̃ ≔ inffω ∈ σðbhðmÞÞ;ω > λig, we have

hbPðnlÞðbhðmÞ − λiÞð1 − bPÞψ ðnlÞ
i jψ ðnlÞ

i i
¼ hð1 − bPÞðbhðmÞ − λiÞð1 − bPÞψ ðnlÞ

i jψ ðnlÞ
i i

≥ ðω̃ − λiÞkð1 − bPÞψ ðnlÞ
i k; ðE17Þ

where the last inequality is resulted from hðbhðmÞ − λkÞð1 −bPÞφ;φi ≥ ðω̃ − λiÞhð1 − bPÞφ;φi for all φ ∈ DbðmÞ. The
combination of (E17) and (E16) leads to

lim
l→∞

kð1 − bPÞψ ðnlÞ
i k ¼ 0: ðE18Þ

Furthermore, because of

kψ ðnlÞ
i − ψ ik ≤ kbPψ ðnlÞ

i − bPψ ik þ kð1 − bPÞψ ðnlÞ
i k

þ kð1 − bPÞψ ik; ðE19Þ

we obtain

lim
l→∞

kψ ðnlÞ
i − ψ ik ≤ lim

l→∞
kbPψ ðnlÞ

i − bPψ ik þ kð1 − bPÞψ ik:
ðE20Þ

The first term in the rhs of (E20) satisfies

kbPψ ðnlÞ
i − bPψ ik ≤

X
ω∈ð−∞;λi�

X
α

jðhω; αjψ ðnlÞ
k i − hω; αjψkiÞj:

ðE21Þ
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Taking account of (4.14) and the fact that the summation in
the rhs contains finite terms, Eq. (E21) implies

lim
l→∞

kbPψ ðnlÞ
i − bPψ ik ¼ 0: ðE22Þ

Therefore, we have

lim
l→∞

kψ ðnlÞ
i − ψ ik ≤ kð1 − bPÞψ ik ≤ kψ ik; ðE23Þ

which implies that jψ ii ≠ 0. Otherwise, one would get

0 ¼ lim
l→∞

kψ ðnlÞ
i − ψ ik ¼ lim

l→∞
kψ ðnlÞ

i k; ðE24Þ

which is contradictory to kψ ðnÞ
i k ¼ 1. Therefore, according

to (E5), λi is an eigenvalue of bhðmÞ and jψ ii is a
corresponding eigenvector. ▪
The above proof is inspired by the works [67,68] and

Sec. VIII.7 in [57].
Theorem E.2.—Given λi and λiþ1 as defined in (4.13), if

λi ≠ λiþ1, i.e., λi < λiþ1, one has

σðbhðmÞÞ ∩ ðλi; λiþ1Þ ¼ ∅: ðE25Þ

Proof.—Consider an interval ða; bÞ with λi < a < b <
λiþ1. By definition of λi and (4.12), there exists an integer Ñ
such that

λðkÞi ≤ a; ∀ k ≥ Ñ: ðE26Þ

Then for an eigenvalue λðkÞi0 of bPðkÞbhðmÞbPðkÞ with k ≥ Ñ,
(i) if i0 ≤ i, one has

λðkÞi0 ≤ λðkÞi ≤ a; ðE27Þ

(ii) if i0 > i, or equivalently i0 ≥ iþ 1, one has

λðkÞi0 ≥ λðkÞiþ1 ≥ λi ≥ b: ðE28Þ

The above analysis indicates

σðbPðkÞbhðmÞbPðkÞÞ ∩ ða; bÞ ¼ ∅; ∀ k ≥ Ñ; ðE29Þ

where σðbPðkÞbhðmÞbPðkÞÞ denote, as usual, the set of eigen-

values of bPðkÞbhðmÞbPðkÞ. Let z be the complex number

z ¼ aþ b
2

þ i
a − b
2

: ðE30Þ

Given jφi ∈ DbðmÞ, one has jψi ≔ ðbhðmÞ − zÞjφi ∈ DbðmÞ
by the expression of bhðmÞ. Hence there exists a large integer
n ≥ Ñ such that

bPðnÞjφi¼ jφi; bPðnÞjψi¼ jψi; bPðnÞbhðmÞjφi¼bhðmÞjφi:
ðE31Þ

Then one has

jψi ¼ ðbhðmÞ − zÞjφi ¼ ðbPðnÞbhðmÞbPðnÞ − zÞjφi; ðE32Þ

which leads to

ðbhðmÞ − zÞ−1jψi ¼ ðbPðnÞbhðmÞbPðnÞ − zÞ−1jψi: ðE33Þ

Because of bPðnÞψ ¼ ψ , i.e., ψHðnÞ
b , we have

kðbPðnÞbhðmÞbPðnÞ − zÞ−1ψk2 ¼
X2nþ1

i0¼1

jðλðnÞi0 − zÞ−1j2jhψ ðnÞ
i0 jψij2;

ðE34Þ

where ψ ðnÞ
i0 is the normalized eigenvector of bPðnÞbhðmÞbPðnÞ

corresponding to the eigenvalue λðnÞi0 . According to the

inequality λðnÞ1 ≤ λðnÞ2 ≤ � � �≤ λðnÞk ≤ a≤ b≤ λðnÞkþ1 ≤ � � �≤ λðnÞn ,
we have that

jðλðnÞi0 − zÞ−1j2 ≤ 2

ða − bÞ2 ; ðE35Þ

which implies

kðbhðmÞ−zÞ−1ψk2≤ 2

ða−bÞ2
X2nþ1

i0¼1

jhψ ðnÞ
i0 jψij2

¼ 2

ða−bÞ2kψk
2; ∀ jψi∈DbðmÞ: ðE36Þ

Thus, one has

kðbhðmÞ − zÞ−1ψk2 ≤ 2

ða − bÞ2 kψk
2; ∀ jψi ∈ DbðmÞ:

ðE37Þ

As a consequence,

ρððbhðmÞ − zÞ−1Þ ≤
ffiffiffi
2

p

b − a
; ðE38Þ

where ρððbhðmÞ − zÞ−1Þ is the spectral radius of ðbhðmÞ − zÞ−1.
Because of the self-adjointness of bhðmÞ, the spectrum of

ðbhðmÞ − zÞ−1 is

σððbhðmÞ − zÞ−1Þ ¼ fðλ − zÞ−1; λ ∈ σðbhðmÞÞg: ðE39Þ
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Therefore, (E38) leads to

ða; bÞ ∩ σðbhðmÞÞ ¼ ∅; ðE40Þ

which is true for any ða; bÞ ⊂ ðλi; λiþ1Þ. Hence, one obtains

ðλi; λiþ1Þ ∩ σðbhðmÞÞ ¼ ∅: ðE41Þ

▪

APPENDIX F: THE EFFECTIVE DYNAMICS

The effective Hamiltonian constraint reads

H ¼ p2
φ −

4π

GL2
0γ

2

�
2

δbδc
pb sinðδbbÞpc sinðδccÞ

þ 1

δ2b
p2
b sin

2ðδbbÞ þ γ2p2
b

�
≕p2

φ −
4π

GL2
0γ

2
h: ðF1Þ

As pc sinðδccÞ ¼ γmL0δc is a constant of motion, it is
sufficient to consider the following Hamiltonian constraint
for the evolution of pb:

HðmÞ ¼ p2
φ −

4π

GL2
0γ

2

�
2γmL0

δb
pb sinðδbbÞ

þ 1

δ2b
p2
b sin

2ðδbbÞ þ γ2p2
b

�
≕p2

φ −
4π

GL2
0γ

2
hðmÞ: ðF2Þ

The evolution of y ≔ pb sinðδbbÞ with respect to φ is
given by

dy
dφ

¼
ffiffiffiffiffiffi
4π

pffiffiffiffi
G

p
L0γ

n
y;

ffiffiffiffiffiffiffiffi
hðmÞ

q o
¼ 4π

GL2
0γ

2

1

pφ
p2
bγ

3δb cosðδbbÞ

¼ � 4πδbγ

GL2
0

1

pφ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p4
b − p2

by
2

q
: ðF3Þ

The Hamiltonian constraintHðmÞ ¼ 0 can also be written as

p2
b ¼ −

y2

γ2δ2b
−
2L0my
γδb

þGL2
0p

2
φ

4π
; ðF4Þ

which, together with (F3), gives

dy
dφ

¼ �
4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2δ2b

q
GL2

0γδb

1

pφ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy − y−Þðy − y0−Þðy − y0þÞðy − yþÞ

q
ðF5Þ

with

y� ¼ L0γδbm

 
−1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Gp2

φ

4πm2

s !
;

y0� ¼ L0γδbm
1þ γ2δ2b

 
−1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þGp2

φð1þ γ2δ2bÞ
4πm2

s !
: ðF6Þ

Moreover, according to (F4), the maximal value of pb
along its dynamical trajectory is

ðpmax
b Þ2 ¼ L2

0m
2

�
1þ Gp2

φ

4πm2

�
ðF7Þ

with which y� and y0� can be rewritten as

y� ¼L0γδbm

�
−1�pmax

b

L0m

�
;

y0� ¼ L0γδbm
1þ γ2δ2b

 
−1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ γ2δ2bÞ

ðpmax
b Þ2

L2
0m

2
− γ2δ2b

s !
: ðF8Þ

Equation (F8) can be used to fix the dynamical solution by
the initial data of pmax

b .
Solution to (F5) is

φ ¼ � GL2
0γδb

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2δ2b

q pφ

×
Z

yb

ya

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðy − y−Þðy − y0−Þðy − y0þÞðy − yþÞ
p : ðF9Þ

As p2
b ¼ −ðy − y−Þðy − yþÞ ≥ 0 and y− ≤ y0− ≤ y0þ ≤ yþ,

we have

ya ∈ ½y0−; y0þ�; yb ∈ ½y0−; y0þ�: ðF10Þ

Moreover, because (F4) can be written as

p2
b ¼ −

1

γ2δ2b
ðy − y−Þðy − yþÞ; ðF11Þ

(F10) implies that pb cannot reach 0 and will
bounce at

pð�Þ
b ¼ −ðy0� − y−Þðy0� − yþÞ: ðF12Þ
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In order to calculate the integral (F9), we define

tðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y0þ − y−
y0þ − y0−

s ffiffiffiffiffiffiffiffiffiffiffiffiffi
y − y0−
y − y−

s
: ðF13Þ

Then (F9) becomes

φ ¼ � GL2
0γδb

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2δ2b

q pφ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ðy0þ − y−Þðyþ − y0−Þ

s

×
Z

tb

ta

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − t2Þð1 − k2t2Þ

p : ðF14Þ

By choosing the initial data φ0 ¼ φðy0−Þ, we finally
have

φðyÞ − φ0 ¼ � GL2
0γδb

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2δ2b

q
× pφ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ðy0þ − y−Þðyþ − y0−Þ

s
FðarcsinðtðyÞÞjkÞ;

ðF15Þ

where FðxjkÞ is the elliptic integral of the first type.
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