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Static and spherically symmetric solutions in f(Q) gravity
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f(Q) gravity is the extension of symmetric teleparallel general relativity (STGR), in which both
curvature and torsion vanish and gravity is attributed to nonmetricity. This work performs theoretical
analyses of static and spherically symmetric solutions with an anisotropic fluid for general f(Q) gravity.
We find that the off-diagonal component of the field equation due to a coincident gauge leads to stringent
restrictions on the functional form of f(Q) gravity. In addition, although the exact Schwarzschild solution
only exists in STGR, we obtain Schwarzschild-like solutions in nontrivial f(Q) gravity and study its
asymptotic behavior and deviation from the exact one.
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I. INTRODUCTION

Modern observations have confirmed that the expansion
of the current Universe is accelerating, which could be
sourced by some unknown components called dark energy
(DE) [1,2]. A possible way to explain DE is to modify pure
general relativity (GR), where gravity is ascribed to
curvature, with the torsion and nonmetricity assumed to
vanish. For instance, the Lambda cold dark matter model is
the minimal modification, where the cosmological constant
A is responsible for DE. Along this way, one can generalize
GR to f(R) gravity by improving the Ricci scalar R to
its functional form [3,4]. On the other hand, choosing the
torsion 7 or the nonmetricity O as a geometric basis
provides two different but equivalent descriptions of
gravity. These are the so-called teleparallel equivalent of
general relativity (TEGR) [5,6] and symmetric teleparallel
general relativity (STGR)1 [7-10].

In STGR theory, both the curvature and the torsion
vanish, as the nonmetricity describes the gravity. In this
theory, under the teleparallelism constraint, we can always
choose the coincident gauge, which restricts the affine
connection to disappear and makes the metric tensor the
only basic variable. In analogy to f(R) gravity, TEGR and
STGR can be generalized to f(T) gravity [11,12] and f(Q)
gravity [10,13]. Although the latter one is relatively less
investigated, it has many similar properties to those in f(7')
gravity. For instance, similar to f(7) theory [14-16], the
gauge choice breaks the coordinate transformation invari-
ant in f(Q) theory, which predicts different consequences
in various coordinate systems [17]. Recently, there have
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been several applications of f(Q) theory: cosmology
[18-21], bouncing model [22], wormhole solutions [23],
energy conditions [24], and the Newtonian limit [25] have
been discussed.

In analogy to f(T) gravity, it is known that the nonzero off-
diagonal component of field equations in f(7') gravity, which
originates from the specific gauge choice, restricts the func-
tional form of f(7) [26]. Therefore, it would also put
restrictions on the functional form of f(Q) gravity, which
potentially gives us a guideline for the model building of f(Q)
gravity. This work aims to investigate possible functional
forms of f(Q) under the restriction of the static and spherically
symmetric geometry with an anisotropic fluid. In particular,
we will show that there is no exact Schwarzschild solution
for the nontrivial f(Q) function. With the nonmetricity scalar
Q being constant, we also analyze the deviation of the
metric from the exact Schwarzschild solution.

This paper is organized as follows. In Sec. I, we briefly
review f(Q) theory, where the action and the equations
of motion are introduced. In Sec. III, we derive the
nonmetricity scalar Q and the equations of motion for
generic static and spherically symmetric geometry with an
anisotropic fluid. We see that the off-diagonal component
of field equations leads to two solutions: STGR which
recovers GR, and the constant nonmetricity scalar. Then,
with a focus on the second solution in Sec. IV, we
investigate the constraints on the functional form of
f(Q) and geometry under various conditions. Finally,
Sec. V is devoted to the conclusions and discussion.

IL £(Q) GRAVITY

f(Q) gravity considers a generic metric-affine space-
time, in which the metric tensor g,, and connection I ,’3,,
are treated independently, and the nonmetricity of the
connection is defined by

© 2022 American Physical Society
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Qam/ = vagm/ = 8019/41/ - Fﬁaﬂg/lv - F/Iavgﬂl' (1)

The general form of affine connection can be decomposed
into the following three independent components:

Fl;w - {/1/411} + Kll;w + Ll{/w’ (2)

where {#,} denotes the Levi-Civita connection deter-
mined by the metric g,,,

1
{ﬂm/} = Eg/w(aﬂgﬁu + 81/.9/3;4 - 8/35];41/)' (3)
K’l,w is the contortion written as
K*, = ! T T, 4
w =5 w (1 vy (4)

with the torsion tensor T’llw defined as the antisymmetric
part of the affine connection, T4, =2I",, and the
disformation L*,, is defined by

1
uv 5 Qﬂ;w - Q(yib)- (5)

Then let us introduce the following nonmetricity conjugate

1 1 1 . 1,
P/w:_ZQ /41/+§Q(ﬂ ”)+Z(Q _Q )gyy_z5(/4Qp)v

(6)
and its two independent traces
0u =0  0u=0" (7)
Finally, the nonmetricity scalar is defined as follows:
Q = —QguP™. (8)

Supplemented with Lagrange multipliers, one introduces
f(Q) gravity given by the following action [27]:

1
S [ VRS0 + 4R + 4T+ L.
o)

where ¢ is the determinant of the metric g,,, f(Q) is an

arbitrary function of the nonmetricity O, PGS the
Lagrange multipliers, and £,, is the matter Lagrangian
density,

Varying the action (9) with respect to the metric gives the
field equation

2 1
_T;w = \/—_—gva(\/ _ngPa;w) + Eg;wf
+ fQ(P/mﬁQuaﬁ - 2Qaﬁﬂpaﬁb)7 (10)

where a subscript Q stands for a derivative of f(Q) with
respectto Q, fo = 0y f(Q). The energy-momentum tensor
is defined in the standard way,

roo 2 L) "
NETE

Varying Eq. (9) with respect to the connection, one
obtains

v/)lavm) + )“(lﬂy =V _ngPa/w + H(lﬂy’ (12)
where the hypermomentum tensor density is written as

16L
Hf = ———". (13)
“ 260,
By taking into account the antisymmetry property of y and
v in the Lagrangian multiplier coefficients, Eq. (12) can be
reduced to

vﬂvl/(\/ _ngPMDa + Halw) =0. (14)

Taking V,V,H,/* =0 (see discussion in Ref. [27]),
we have

vﬂvv(\/__ngPIwa) =0. (15)

Without curvature and torsion, the affine connection has the
following form [10]:

a a
re, = (a%) 0,0, (16)

We can make a special coordinate choice, the so-called
coincident gauge, so that I'*,, = 0. Then, the nonmetricity
reduces to

Qa/w = aag/un (17)

and thereby largely simplifies the calculation since only the
metric is the fundamental variable. However, the cost is that
the action no longer remains diffeomorphism invariant,
except for STGR [18]. One can utilize the covariant
formulation of f(Q) gravity to avoid the problem. Since
the affine connection in Eq. (16) is purely inertial, one
could utilize the covariant formulation by first determining
the affine connection in the absence of gravity [17]. As
shown in this work, however, the off-diagonal component
of the field equations in the coincident gauge would put
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strict constraints on f(Q) gravity, thereby providing us
with nontrivial functional forms of f(Q).

III. STATIC AND SPHERICALLY SYMMETRIC
GEOMETRY IN A POLAR COORDINATE

The metric ansatz for a generic static and spherically
symmetric spacetime is written as

ds? = —e®"de? + e dr? + r2dQ?, (18)

where dQ? = d6> + sin®> d¢?. By substituting Eq. (18)
into Eq. (8), the nonmetricity scalar Q is written in terms
of r,

o(r) = —Zer_b <a’ +1>, (19)

where a prime () denotes a derivative with respect to the
radial coordinate r.

Corresponding to the spherically symmetric geometry,
the energy-momentum tensor for an anisotropic fluid with
spherical symmetry is given by

T, = (p+ p)u, + pgu + (pr— p)v,v,.  (20)

Here, u,, is the four-velocity, and v, is the unitary spacelike
vector in the radial direction satisfying w'u, =—1,
v"v, =1, and w'v, =0. p(r) is the energy density,
p,(r) is the pressure in the direction of v, (radial pressure),
and p,(r) is the pressure orthogonal to v, (tangential
pressure).

For the anisotropic fluid (20), independent components
of equations of motion (10) are listed as follows:

1 -b

p —g—fQ(Q+p+eT(a’+b’)>, (1)

1
Pr:_]_;+fQ<Q+ﬁ)7 (22)

" !/ 1

=t 2 (e Do)

(23)
0:¥Q’fQQ. (24)

Substituting the nonmetricity scalar Eq. (19) into the
equations of motion, we have

2p;+d(p+p,)

:erT (a’+b’)_a’(a/_b/)+7(1_eb)_za// —0,

r r

where in the last equality we have assumed an isotropic
fluid and used p, — p; = 01in Eqgs. (22) and (23). Therefore,
the Tolman-Oppenheimer-Volkoff equation is satisfied in
general f(Q) gravity for a static and spherically symmetric
metric with isotropic fluids.

Now looking at the off-diagonal component in Eq. (24),
one finds that the solutions to f(Q) gravity are constrained
to the following two cases:

foo=0= f(Q) =ay+aQ, (26)

Q'=0=0=0, (27)

where Q,, ag, and a; are constant. This result is similar to
that in f(7) gravity [28], i.e., f77+ =0 or T" = 0 for the
static and spherically symmetric assumption with the
diagonal tetrad in f(T) gravity.

The first solution in Eq. (26) is obviously reduced to
STGR and is thereby equivalent to GR, with the ratio ay/a,
corresponding to cosmological constant A. Nevertheless,
we shall confirm whether the Schwarzschild solution exists
in linear f(Q) gravity.

In vacuum with p = p, = p, =0, the equations of
motion are reduced to

O=d +0 (28)
%) 2
%= 2
Q a 7'2’ ( 9)

_@ —ba_// Z/ i /N
0—2+a1e [2+<4+2r (d=b)|. (30)

The first equation indicates that a(r) = —b(r) + ¢, where ¢
is an integration constant and can be ignored by rescaling
the time coordinate 7 to e </%r. As a result, the rr
component is the inverse of the ¢ component in
Eq. (18). The second equation implies a cosmological
constant term 2A = ay/a,. Since Q = —R up to a total
derivative or surface term in the action of STGR, the sign
of A is flipped compared with the case in GR due to our

convention of the nonmetricity scalar Eq. (8).

Using Eqgs. (19), (28), and (29), we obtain
et =141 20 2 (31)

r 6a;
Note that, throughout the paper, we shall use c¢; to denote

the integration constant. Then, the line element in Eq. (18)
is written as

dsz:—(l +c'—6a°r2>d12+ (1 L4
p

r a

-1
a
70,2 dr?
6611

+ Q2. (32)
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One recognizes that it represents the Schwarzschild
(anti-)de Sitter solution, as that in GR, with A=
ag/(2a;) and ¢; = —2M, where M is a mass parameter.
In the next section, we shall further discuss the nontrivial
solution that Q = Q, in Eq. (27), which will also lead to
strict constraints on the functional forms. In addition, the
constant nonmetricity scalar Q, could be interpreted as
cosmological constant A, as shown in Eq. (29).

IV. CONSTANT NONMETRICITY SCALAR: 0=0,

For constant Q, the geometric quantities are related to
each other according to Eq. (19)

Qor 1
QL - 33
a 5 e i (33)

and Egs. (21)—(23) become

ob
p= f—(g()) - fQ(Qo) {Qo + % + o (@ + b/)] . (34)

r=

O fo0n (ot ). 69)

pi = 1% )‘f'fQ(Qo){QO

b ["7+ (Z 21r> (@ —b’)} } (36)

With these four equations in hand, we will try to determine
the remaining six quantities, i.e., f(Q), a(r), b(r), p(r),
p,(r), and p,(r), by imposing some conditions.

A. Vacuum solution
We first focus on the vacuum case with p = p, =
p, = 0, then the equations reduce to

-b

0= fo(Q0) = (a' +b), (37)

f(Qo)

0=-T s poton (00 1) @9

0= fQ(Qo){Q°+ te [612”4—(%,4—%)(61’—13’)]}.

One immediately finds that from Eq. (38)

fo(Qo) = f(Qo) =0. (40)

Those two restrictions imply that a general functional form
of f(Q) should be

Q) = a,(Q - Q)" (41)

where a, are parameters. Therefore, in order for f(Q)
gravity to have nontrivial spacetime solutions, the func-
tional form of f(Q) should satisfy Eq. (40), otherwise,
we only find solutions in general relativity, where f(Q)
gravity is reduced to STGR as discussed in the previous
section. We will revisit the above and briefly discuss
the model building in the Conclusions. In the following,
we analyze the spacetime structure, which is less con-
strained due to the triviality of Egs. (37) and (39) provided

that f(Qo) = fo(Qo) = 0.

1. Case 1: ' +b' =0

Equation (37) also allows for a solution that @’ + b’ =
which is necessary if the Schwarzschild solution is to exist
as in Eq. (28). However, Eq. (33) solves b(r) as

e = C—: - % . (42)

and the line element Eq. (18) is then given by

ds? = —(9 L) 2) di + (ﬁ - %#) Car 1 rao2,
r r

(43)
It shows that there is no exact Schwarzschild solution for
nontrivial f(Q) functions. It is, however, a Schwarzschild
(anti—)de Sitter-like solution with ¢c; = —2M and Q) = 2A,
and its asymptotic behavior shall be the same as Eq. (32)
at r < 1 and r> 1. Note that inversely substituting the
Schwarzschild metric into Eq. (33), Q, cannot be constant,
which guarantees the absence of the exact Schwarzschild
solution.

Interestingly, Eq. (43) is similar to the Schwarzschild-
like solution found by the Noether symmetry approach in
f(T) gravity [29], where the line element is expressed as
follows:

1
ds? = — ()dt2+E A—()dr L 2d0? (44)
with
2d, , 2d
A P2 45
(r) = 3dy| " dyr (45)

Here, d, = d,d4 — d>d; and d, - - - d, are free parameters
(in Ref. [29], they are integration constants). Identifying
dy =1, di = -0Qy/4, and d, = —c3/2, we can rewrite
Eq. (43) in the following form:
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3 Qo o Iy
——=r"=n|1—-—)R(r). 46
e S| () LD
In the above expression. we have defined
2\ 1/3
1= (-25)" (7)
1/3
r, = (%> , (48)
Qo
Ry =145+ (L) (49)
r) = — — .
r* r*

The r, is a characteristic radius with the restriction c3Qq > 0
so that r, > 0, and the function R(r) can be viewed as a
distortion factor which quantifies the deviation from the
exact Schwarzschild solution. By definition of # > 0,
c3 < 0, and thus, Qy < 0. Therefore, at the scale r — r,,
Eq. (43) can mimic the Schwarzschild solution, and the
f(Q) gravity approximately produces a Schwarzschild
spacetime in vacuum.

Next, we shall verify whether the term inside the braces
in Eq. (39) can vanish under the condition that ' + b’ = 0.
Substituting Eq. (33) leads to

2(e7y 2
0= (e_b)"—f—%"‘ﬁ‘f' QO’ (50)
which solves b as
b Cs Qo”2
e = c4—|———T—21nr . (51)
r

It is apparently in conflict with Eq. (42), which indicates the
inconsistency between the two possibilities.

2. Case 2: a' +b' #0

We could assume a’ + b’ # 0 and make the term inside
the braces in Eq. (39) vanish, which reads

QO 1 b a” a/ 1 f
—— — — 4+ — -b)| =0. (52
SR E R Ll (52)
Substituting Eq. (33) into the above equation gives

Qir* +200r*(2B+B'r) +4B(B+4+B'r) =0, (53)

where we have defined B(r) = e~(").
Although there is no analytic solution, we can still
qualitatively analyze its asymptotic behavior. Equation (53)

gives B’ in terms of B and r:

,__(Qor* +2B)* +16B
Fe e ™Y

Let us study the asymptotic form of B(r) atr — Oand r — oo
by rewriting Eq. (54) as

g _Qr B__ 8 (55)
Qor® +2Br’

First, we consider the case r — 0. Assuming B con-
verges, Eq. (55) approximates B’ ~ —B/r—4/r. The
solution is B(r) ~—4 + c¢¢/r, but it is inconsistent with
the assumption. Thus, B should diverge at » — 0, and then,
the second term in Eq. (55) is dominant, B’ ~ —B/r. Then,
we find the asymptotic form of b(r) at r ~ 0:

b C—: . (56)

Next, we consider the case r — co. In a way similar to
the case r — 0, assuming B converges to a finite value at
r — oo, the first term in Eq. (55) is dominant, which gives
an inconsistent result B(r) ~ —Qur?/4 + cg. Thus, B(r)
should diverge also at r — o0. Assuming B ~ r", the case
0 < n < 2 suggests the first term in Eq. (55) is dominant,
which gives B(r) ~ —Q,r*/2n, and it is inconsistent with
the assumption. Moreover, the case n > 2 suggests the
second term is dominant, which also gives the inconsistent
result B ~ co/r. Finally, one finds a consistent form
B(r) ~ Byr*, where B, is a parameter. In this case,
Eq. (55) approximates B’ ~—Q,r/2 — B/r. Therefore,
the coefficient B, satisfies 2B, = —Q,/2 — B, to find
B, = —(Q,/6. Finally, we find the asymptotic form of
b(r) at r ~ oo:

et ~ —%rz. (57)

The above analysis of the asymptotic behavior suggests
that the solution e~?(") to Egs. (52) and (33) is similar to
the Schwarzschild-like solution in Eq. (42). However,
a +b' #0, and a(r) is determined by Eq. (33). e7?(") ~
cio/r at r~0, and then, Eq. (33) gives d'~
—Qor?/2c¢;o — 1/r. Because the second term is dominant,
the asymptotic form of a(r) at r ~ 0 is e*") ~ ¢, /r. In the
same manner, ¢ (") ~ —%rz at r~oo, and Eq. (33)
approximates «a’ ~2/r. Thus, the asymptotic form of

a(r) at r~ oo is e ~ c1yr2,

3. Case 3: e“=1—- ZTM

In previous case studies, we have confirmed the
Schwarzschild-like solution and its asymptotic behavior.
Presupposing that e* =1—22 we further discuss the
deviation from the exact Schwarzschild metric, where

024060-5
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the deviation is written only by the rr component of metric
e’"). Under the above assumption, Eq. (33) solves b as

b 2

(58)

where we require Q, < 0, and the metric reads

2M -2 2MN\ 1
ds* = —<1 ——)dt2 + 5 (1 ——) dr* + r?dQ>.
0 r

r ol

(59)

Comparing the above with the Schwarzschild metric, one
finds an extra prefactor in the rr component. Taking the
limit » > 2M, we find the leading term in the rr component
is proportional to 1/r2, which shows the absence of a
conventional Newtonian limit.

B. Nonvacuum solutions

We have seen that the vacuum solution for Q = Q, is
closely related to the solutions of Eq. (40), which provide
us with the condition for the nontrivial functional forms of
f(Q). In this subsection, however, we shall focus on the
nonvacuum case by imposing conditions on geometric
quantities. In particular, we assume that f,(Qp) # 0 to
look for particular solutions of interest.

1. Case 1: a' +b' =0

The solutions for @’ + b = 0 are the same as Egs. (42)
and (43), while the equations of motion are constrained to

1
—PIPr:Pt+fQ(Q0)pv (60)

_ f(Qo)
Pt = — 2

+ Qof0(Qo)- (61)

Note that the energy density and radial pressure obey the
inverse-square law with respect to the radius if f(Qy) # 0,
although the tangential pressure is constant. And since p, is
a constant in terms of Q, we rewrite it as p,, and obtain a
particular solution to f(Q):

f(Q) = 013Q0\/Q§—2Pz0- (62)
0

2. Case 2: d' =0
When a is a constant, Eq. (33) solves b(r) as

e = =242 (63)

Then the metric reads

ds* = —dt’> — dr? + r?dQ?, (64)

0"2

where we have absorbed « into a time coordinate. The
equations of motion are

pP=—Pr— Qon(Qo), (65)

1
Pr=D: +fQ(Q0)ﬁv (66)
pr = —f(g()) + Qof0(Qo)- (67)

The values of the pressures are the same as in case 1, so is
the particular solution to f(Q).

3. Case 3: b=0
For b =0, Eq. (33) gives
Ci4 Qo ,
4= -= , 68
e . exp( 1 r) (68)

with the metric being

r

ds®> = —mexp (—%rz) dr* +dr* + r?dQ?.  (69)

Then the equations of motion read

£(Q0)  QofolQ0)

) 2 (70)
pr:_p+fQ(Q0)<Q20+:2>» (71)

2.2 1
pr:_p_fQ(Q0)<%+ 1°6r +F)‘ (72)

Since p is a constant in terms of Q,, we rewrite it as py.
Then, a particular solution to f(Q) is

f(Q) = ¢150 + 2py, (73)

which recovers
A= py/cis.

STGR with cosmological constant

V. CONCLUSIONS AND DISCUSSION

Different geometric bases allow us to have different
descriptions of gravity. Of particular concern in recent
years is the STGR, in which gravity is attributed to the
nonmetricity tensor. As an extension of STGR, f(Q)
gravity is an intriguing approach in the study of modified
gravity. In this work, we have analyzed the static and
spherically symmetric solutions in general f(Q) gravity

024060-6
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and have shown the two possible solutions due to the
nonzero off-diagonal components, that is, the linear f(Q)
function and constant nonmetricity scalar Q = Q,. We
have confirmed that the Schwarzschild (anti—)de Sitter
solution only exists in linear f(Q) gravity, which recovers
STGR and is thereby equivalent to GR.

With a focus on the second solution Q = Q,, we have
found that the vacuum solutions f(Qy) = fo(Qo) = 0 as
in Eq. (40), which puts stringent constraints on the func-
tional form of f(Q) gravity. On the other hand, those
solutions do not constrain the metric components and
provide us with considerable freedom to investigate the
spacetime structure. As examples, we have discussed three
cases trying to find the exact Schwarzschild solution, only
to obtain the Schwarzschild-like solutions. Those solutions
do not exhibit asymptotic flatness; that is, the spacetime
cannot reduce to the Minkowski one at » > 2M due to the
absence of 1 in the metric. Therefore, the Schwarzschild-
like solutions obtained for the case Q = Q, cannot recover
the Newtonian inverse-square law, which is strictly con-
strained by observations. As for the nonvacuum solution for
0O = Q,, we have started from the geometric assumptions
listed as three examples. By proper conditions on the #¢
component or rr component, we have found some par-
ticular solutions to f(Q) with constant energy density or
constant tangent pressure.

As an application of our findings, we have discussed the
implications for the f(Q) cosmology from the theoretical
viewpoint of model building. In the case study for Q = Q,,
we have seen that Q, plays a role of the cosmological
constant in the Schwarzschild-like solutions, and thus, we
can expect the cosmological model of f(Q) gravity for DE.
The possible functional form of f(Q) is constrained by
Eq. (40), which suggests f(Q) =>_,a,(Q — Qy)" as in
Eq. (41). Therewith, specifying the coefficients a,, one
could construct specific models of f(Q) gravity. The
simplest example is the polynomial of Q, which was
proposed and investigated as the cosmological model of
f(Q) gravity [18]. Moreover, reading Eq. (41) as the Taylor
expansion, one can construct the exponential of Q or its

combinations, for instance, the trigonometric functions.
Those functional forms are known well in cosmological
applications of f(R) gravity [3,30,31], and thus, the f(Q)
functions similar to or the same as the known f(R)
functions can provide us with intriguing cosmology.

In the end, we comment on the gauge fixing and possible
analogy to the known results in f(7) gravity. The curva-
tureless and torsionless conditions correspond to the
coincident gauge so that the affine connection is always
zero. However, the choice of the coincident gauge makes
the f(Q) theory no longer invariant under the general
coordinate transformation. As in the case of f(7') gravity,
the covariant formulation of f(Q) theory [17,32,33] can
allow us to avoid issues caused by the coincident gauge. In
our present analysis, the existence of the constraint equa-
tion (24) results in two choices for f(Q) gravity: a linear
function or constant nonmetricity scalar. Concerning the
gauge fixing and breakdown of diffeomorphism, the differ-
ent coordinate systems may allow f(Q) gravity to possess
the Schwarzschild solution even in the noncovariant
approach to f(Q) gravity. As in the f(7) theory, an off-
diagonal component of the field equations shows up in the
polar coordinate, which prohibits the Schwarzschild space-
time as a solution, otherwise, the f(7") function should be
linear to the torsion scalar 7. On the other hand, f(T)
gravity with higher orders of 7 can possess the
Schwarzschild solution in the isotropic coordinate [26].
By relying on the analogy between f(7) and f(Q) theories,
it may be worth studying the spherically symmetric
solution of f(Q) gravity in the isotropic coordinate.
Applying our present analysis to the covariant f(Q) gravity
or other coordinate systems, we may be able to obtain
the Schwarzschild solution even in the nontrivial f(Q)
function.
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