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We derive the equations for the odd and even parity perturbations of coupled electromagnetic and
gravitational fields of a black hole with an electric charge within the context of general nonlinear
electrodynamics. The Lagrangian density is a generic function of the Lorentz invariant scalar quantities of
the electromagnetic fields. We include the Hodge dual of the electromagnetic field tensor and the
cosmological constant in our calculations. For each type of parity, we reduce the system of Einstein field
equations coupled to nonlinear electrodynamics to two coupled Schrödinger-type wave equations, one for
the gravitational field and one for the electromagnetic field. The stability conditions in the presence of the
Hodge dual of the electromagnetic field are derived.
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I. INTRODUCTION

Penrose, in his Nobel prize winning work [1], shows that
when a massive star collapses to form a black hole, the
singularity formation in general relativity (GR) is inevi-
table. This issue signals the demise of GR in its classical
form. The singularity may be resolved by an ultimate
quantum theory of gravity that can describe the final stage
of gravitational collapse. In the absence of a microscopic
theory, toy models of regular (singularity-free) black holes
have been proposed to study the formation and evaporation
of such black holes. After the first specific proposal for a
regular black hole (RBH), which was presented by Bardeen
in [2], many RBH models have been proposed by various
authors over the years. See, for example, Refs. [3–16] for
some of the RBHs that are asymptotically Schwarzschild at
large radii. The majority of these black holes, including
Bardeen’s model, are constructed in an ad hoc manner
without an underlying theory behind them. However, in
[17], Ayón-Beato and García found the first RBH solution
in GR that is coupled to nonlinear electrodynamics
(NLED). NLED was originally proposed in [18], by
Born and Infeld, in an attempt to generalize Maxwell’s
theory to strong field regimes. As a result, this theory
provides a natural choice for studying charged black holes
where we deal with strong electromagnetic and gravita-
tional fields.
Ayón-Beato and García were also able to reinterpret

Bardeen’s model as a black hole with a nonlinear magnetic
monopole charge in [19]. It was also shown by Rodrigues
and Silva in [20] that the Bardeen solution can be obtained
in NLED with an electric charge. In addition to the
electrically charged black hole in [17], Ayón-Beato and

García proposed two more black hole models with electric
charge in [21,22].
For these RBH models to be viable, they need to be

stable when they are perturbed. In addition to its relevance
to gravitational wave observations, the study of black hole
perturbations is crucial in determining the stability of a
black hole model [23]. There are two approaches to study
black hole perturbations. In one approach, the perturbation
of a field (e.g., a scalar field), which is weakly coupled to
the background of a black hole spacetime, is analyzed. In
this case, the geometric perturbations are usually
neglected. Since the equations governing the perturba-
tions of spherically symmetric black holes are similar to
the Klein-Gordon equation for a scalar field, one can
achieve a qualitative understanding of how the RBH and
its perturbations differ from its Schwarzschild counter-
part. However, to achieve a quantitative understanding of
the stability of a black hole, one needs to look at the
perturbations of the spacetime and any strongly coupled
fields to the background geometry.
The wave equations of coupled electromagnetic and

gravitational fields of a black hole with an electric charge in
general NLED are derived for the first time by Moreno and
Sarbach in [24]. The Lagrangian considered in [24] is a
general function of the Lorentz invariant scalar quantity F
of the electromagnetic field, where F ¼ 1

4
FμνFμν and Fμν is

the electromagnetic field tensor. The stability conditions for
these black holes are also derived in [24].
The wave equations of coupled electromagnetic and

gravitational fields of a black hole with a magnetic
monopole charge in general NLED are derived for the
first time by Nomura et al. in [25]. In addition to the
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electromagnetic field tensor Fμν, the authors of [25] include
the Hodge dual of the field tensor, F�μν.
Since magnetic monopoles have never been observed in

nature, in this paper we focus on electrically charged black
holes within the context of NLED. Similar to [24], we
introduce perturbations on the background geometry of a
charged black hole and its nonlinear electric field. We
derive the odd parity (magnetic or axial) and even parity
(electric or polar) wave equations for the coupled electro-
magnetic and gravitational fields. In our calculations, we
include the Hodge dual field tensor, which was ignored in
[24]. The method we use in this paper is different from the
gauge-invariant approach used in [24]. Our method, where
we fix the gauge (i.e., Regge-Wheeler gauge) early on, is
more in line with the work done by Zerilli in [26] for the
Reissner-Nordström black hole and by Nomura et al. in
[25] for black holes with a magnetic monopole. For
simplicity, we do not consider any test particle outside
the black hole horizon. However, it should be easy to
incorporate that using Zerilli’s results in [26].
We structure the paper as follows. In Sec. II, we set up

the problem by deriving the perturbed Einstein-NLED
equations. In Sec. III, we expand the geometric and
NLED perturbations in tensor harmonics and derive the
wave equations for odd parity perturbations, which are
reduced to two coupled Schrödinger-type wave equations.
We then derive stability conditions in Sec. IV. In Sec. V, we
examine the even parity perturbations. In Sec. VI, to
provide an example of a theory with a Hodge dual field,
we apply our stability conditions to RBHs in Einstein-
Born-Infeld gravity. We provide the summary and con-
clusion in Sec. VII. In Appendixes A and B, we provide
more details and calculations involving even parity pertur-
bations and their stability. In Appendix C, we explain some
of the differences between our results, when reduced to the
Reissner-Nordström case, and Zerilli’s results in [26].

II. PERTURBED FIELD EQUATIONS

In order to make the comparison with the Reissner-
Nordström black hole perturbations easier, we closely
follow the notation in [26]. The action of NLED in a
curved spacetime is

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

16π
ðR − 2ΛÞ − 1

4π
LðF;F�Þ

�
; ð1Þ

where R is the Ricci scalar, Λ is the cosmological constant,
g is the determinant of the spacetime metric tensor gμν, and
the Lagrangian density L is an arbitrary function of the
Lorentz invariant scalar quantities1

F ¼ 1

4
FμνFμν; ð2Þ

F� ¼
1

4
FμνF

μν
� : ð3Þ

Here, Fμν
� ¼ 1

2
ϵμναβFαβ is the Hodge dual of the electro-

magnetic field tensor Fμν. The Levi-Civita tensor is
normalized as ϵ0123 ¼ ffiffiffiffiffiffi−gp

. In this paper, we adopt
Planck units where c ¼ G ¼ ℏ ¼ 1. The Einstein-NLED
equations that describe the gravitational and NLED fields
are

G̃μν ¼ 8πẼμν; ð4Þ

ð
ffiffiffiffiffiffi
−g̃

p
L̃F̃F̃

μν þ
ffiffiffiffiffiffi
−g̃

p
L̃F̃�F̃

μν
� Þ;ν ¼ 0; ð5Þ

where L̃≡ LðF̃; F̃�Þ, L̃F̃ ≡ ∂L̃=∂F̃, and L̃F̃� ≡ ∂L̃=∂F̃�.
We use tildes for quantities associated with the total NLED
and gravitational fields. Quantities with no tilde refer to the
background geometry represented by the static spherically
symmetric line element2

ds2 ¼ −eνdt2 þ e−νdr2 þ r2ðdθ2 þ sin2θdϕ2Þ: ð6Þ

We assume the following general ansatz for the Maxwell
field for an electric charge:

Fμν ¼ 2δt½μδ
r
ν�Bðr; θ;ϕÞ ð7Þ

from which we get F� ¼ 0. One then can integrate Eq. (5)
to obtain

Fμν ¼ 2δt½μδ
r
ν�
fðθ;ϕÞ
r2LF

: ð8Þ

In the case of spherical symmetry, the invariant quantities F
and F� only depend on the radial coordinate. Consequently,
both L and LF are functions of the radial coordinate only.
Therefore, one can use the Bianchi identity, dF ¼ 0, to
show fðθ;ϕÞ is a constant that we will call −q. Therefore,
the background field strength can be written as

F ¼ −
q

r2LF
dt ∧ dr: ð9Þ

In the rest of this paper, we choose

QðrÞ ¼ q
LF

: ð10Þ

1Note that Λ can be absorbed by a redefinition of the
Lagrangian density. However, since it does not add much
complexity, we will keep it throughout our calculations.

2Note that we assume grr ¼ −1=gtt. It turns out this is forced to
be true. Had we not made this assumption, once we get to
Eq. (28), using Gr

r − Gt
t ¼ 0 we find −gttgrr is a constant. The

constant can be set to one by rescaling the time coordinate. For
more details, see [25].
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In the case of the Reissner-Nordström black hole, where
LF ¼ 1, q is simply the electric charge. In the RBH models
presented in [17,21,22], q is also interpreted as the electric
charge. Equation (9) gives us the background values of the
invariant scalar quantities as

F ¼ −
Q2

2r4
; F� ¼ 0: ð11Þ

In the right-hand side of Eq. (4), we have [25]

Ẽμν ¼
1

4π

�
L̃F̃g̃

ρσF̃ρμF̃σν þ g̃μν

�
L̃F̃�F̃� − L̃ −

Λ
2

��
: ð12Þ

Note that in the case of the Reissner-Nordström black hole,
Λ ¼ 0 and L̃ ¼ F̃.
We introduce first-order perturbations g̃μν ¼ gμν þ hμν

and F̃μν ¼ Fμν þ fμν assuming jhμνj ≪ 1 and jfμνj ≪ 1.
Also, to first order, g̃μν ¼ gμν − hμν, where hμν ¼ gμαgνβhαβ,
and

ffiffiffiffiffiffi
−g̃

p ¼ ffiffiffiffiffiffi−gp ð1þ 1
2
gμνhμνÞ. Substituting these into

Eqs. (4) and (5) and keeping terms to first order, we arrive
at the perturbed Einstein-NLED equations

δGμν ¼ 8πδEμν; ð13Þ

δð
ffiffiffiffiffiffi
−g̃

p
L̃F̃F̃

μν þ
ffiffiffiffiffiffi
−g̃

p
L̃F̃�F̃

μν
� Þ;ν ¼ 0; ð14Þ

or more specifically3

hμν;α;α − ðhμα;α;ν þ hνα;α;μÞ þ 2Rμ
α
ν
βhαβ þ hαα;μ;ν − ðRα

νhμα þ Rα
μhναÞ þ Rhμν

þ gμνðhαβ ;β;α − hαα;β ;β − RαβhαβÞ ¼ −16πδEμν ð15Þ

and

f ffiffiffiffiffiffi
−g

p ½LFfμν þ LF�f
μν
� þ ðLFFδFðfÞ þ LFF�δF

ðfÞ
� ÞFμν þ ðLF�F�δF

ðfÞ
� þ LF�FδF

ðfÞÞFμν
� �g;ν

¼ ½ ffiffiffiffiffiffi
−g

p
LFðhμαgνβ þ gμαhνβÞFαβ −

1

2

ffiffiffiffiffiffi
−g

p
LFFμνgαβhαβ

−
ffiffiffiffiffiffi
−g

p ðLFFδFðhÞ þ LFF�δF
ðhÞ
� ÞFμν −

ffiffiffiffiffiffi
−g

p ðLF�F�δF
ðhÞ
� þ LF�FδF

ðhÞÞFμν
� �;ν; ð16Þ

where

δEμν ¼ δEðhÞ
μν þ δEðfÞ

μν ð17Þ

in which

δEðhÞ
μν ¼ −

1

4π

�
LFFαμFβνhαβ −

�
LF�F� − L −

Λ
2

�
hμνþðLFgμν − LFFgαβFαμFβν − LF�FF�gμνÞδFðhÞ

− ðLFF�g
αβFαμFβν þ LF�F�F�gμνÞδFðhÞ

�

�
; ð18Þ

δEðfÞ
μν ¼ 1

4π
fLFgαβðfαμFβν þ FαμfβνÞ−ðLFgμν − LFFgαβFαμFβν − LF�FF�gμνÞδFðfÞ

þ ðLFF�g
αβFαμFβν þ LF�F�F�gμνÞδFðfÞ

� g: ð19Þ

Here LF ¼ ∂L=∂F, LFF ¼ ∂2L=∂F2, and so on. To derive the equations above, we use the fact that to first order

F̃ ¼ F þ δF;

F̃� ¼ F� þ δF�; ð20Þ

3We correct a typo in [26], which appears in the fourth term of the left-hand side of Eq. (15). The correct expression can also be found
in [27].
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where δF ¼ δFðhÞ þ δFðfÞ and δF� ¼ δFðhÞ
� þ δFðfÞ

� , in
which

δFðhÞ ¼ −
1

2
gαβFγαFλβhγλ; ð21Þ

δFðfÞ ¼ 1

2
fαβFαβ; ð22Þ

δFðhÞ
� ¼ 1

2
F�gαβhαβ − gαβF�γαFλβhγλ; ð23Þ

δFðfÞ
� ¼ 1

2
fαβF

αβ
� : ð24Þ

In the above, we also use the first order Taylor expansions

L̃ ¼ Lþ LFδF þ LF�δF�; ð25Þ

L̃F̃ ¼ LF þ LFFδF þ LFF�δF�; ð26Þ

L̃F̃� ¼ LF� þ LF�F�δF� þ LF�FδF: ð27Þ

The perturbed Einstein-NLED equations (15) and (16)
reduce to the Reissner-Nordström results in [26] when we
choose L ¼ F and Λ ¼ 0.
In addition to the above perturbed field equations, some

of the background field equations are useful for this work.
A combination of the line element (6) and the Einstein
equation in the form

Gμ
ν ¼ 8πEμ

ν ð28Þ

lead to the background field equations

Gt
t ¼ Gr

r ¼ eν
�
ν0

r
þ 1

r2

�
−

1

r2
¼ −2L − Λ −

2Q2LF

r4

ð29Þ

and

Gθ
θ ¼ Gϕ

ϕ ¼ eν

2

�
ν00 þ ν02 þ 2ν0

r

�
¼ −2L − Λ: ð30Þ

The above equations will be used extensively in the
following sections. For more details on the background
field equations, see [25].
An electrically charged black hole in NLED should

satisfy some reasonable energy condition. We denote
Et

t ¼ −ρ, Er
r ¼ pr, Eθ

θ ¼ pθ, and Eϕ
ϕ ¼ pϕ, where ρ

is the energy density and pi (i ¼ r; θ;ϕ) represents the
pressure in the i direction. From Eq. (12), we obtain

ρ ¼ −pr ¼
1

4π

�
Lþ Λ

2
þQ2LF

r4

�
; ð31Þ

pθ ¼ pϕ ¼ −
1

4π

�
Lþ Λ

2

�
: ð32Þ

Using the above expressions for the energy density and
pressure, we examine the following well-known options for
the energy condition:
(1) The weak energy condition, where ρ ≥ 0 and

ρþ pi ≥ 0, gives

Lþ Λ
2
þQ2LF

r4
≥ 0 and LF ≥ 0: ð33Þ

(2) The null energy condition, where ρþ pi ≥ 0, gives

LF ≥ 0: ð34Þ

(3) The dominant energy condition, where ρ ≥ jpij,
gives
(a) If Lþ Λ=2 ≥ 0, then

LF ≥ 0: ð35Þ

(b) If Lþ Λ=2 < 0, then

2Lþ ΛþQ2LF

r4
≥ 0: ð36Þ

(4) The strong energy condition, where ρþ pi ≥ 0 and
ρþP

i pi ≥ 0, gives

LF ≥ 0 and − ð2Lþ ΛÞ ≥ 0: ð37Þ

Note that all the above conditions force LF ≥ 0. Also, for
the background field strength (9) to be finite, we need
LF ≠ 0. Therefore, we will assume LF > 0 in the rest of
the paper.

III. ODD PARITY PERTURBATIONS

The next step is to expand the perturbations hμν and fμν
in tensor harmonics. The odd parity (magnetic or axial)
tensor expansion of the geometric perturbation is

khμνk ¼

2
666664

0 0 −h0 1
sin θ ∂ϕYlm h0 sin θ∂θYlm

0 0 −h1 1
sin θ ∂ϕYlm h1 sin θ∂θYlm

sym sym h2 1
2 sin θXlm −h2 1

2
sin θWlm

sym sym sym −h2 1
2
sin θXlm

3
777775;

ð38Þ

where h0, h1, and h2 are functions of the time and radial
coordinates only. Ylmðθ;ϕÞ are the spherical harmonics and
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Xlm ¼ 2∂ϕð∂ϕ − cot θÞYlm;

Wlm ¼
�
∂2
θ − cot θ∂θ −

1

sin θ
∂2
ϕ

�
Ylm: ð39Þ

The integer l ≥ 2 is the multipole number and
m ¼ −l;…; 0;…; l. The freedom to make infinitesimal
coordinate transformations allows us to fix the gauge in a
way that h2 ¼ 0 (Regge-Wheeler gauge [23]).
The odd parity tensor expansion of the NLED perturba-

tion is

kfμνk ¼

2
666664
0 0 f02 1

sinθ∂ϕYlm −f̄02 sinθ∂θYlm

0 0 f̄12 1
sinθ∂ϕYlm −f̄12 sinθ∂θYlm

� � 0 f̄23 sinθYlm

� � � 0

3
777775; ð40Þ

where f̄μν denote angle-independent parts of fμν. The
asterisk denotes the antisymmetric components of the
matrix.
As noted by Zerilli in [26], the odd (even) parity

geometric perturbations couple only to odd (even) parity
electromagnetic perturbations. More specifically, when we
combine odd with even parity, the Einstein-Maxwell

equations lead to f̄μν ¼ 0. We find this to be true for the
NLED case considered here. This, however, is not always
true. In a black hole with a magnetic monopole charge, odd
parity geometric perturbations couple only to even parity
electromagnetic perturbations and vice versa [25].
Since the electromagnetic field tensor F̃μν is derived

from a vector potential Ãμ, where F̃μν ¼ Ãν;μ − Ãμ;ν, we can
write

fμν ¼ aν;μ − aμ;ν; ð41Þ

where aμ is the perturbed vector potential. This is equiv-
alent to having the field equations of the form
fμν;λ þ fλμ;ν þ fνλ;μ ¼ 0. These field equations lead to
the following relations:

f̄12 ¼
1

lðlþ 1Þ ∂rf̄23;

f̄02 ¼
1

lðlþ 1Þ ∂tf̄23: ð42Þ

After inserting tensors (38) and (40) into Eq. (15), we
obtain three equations from the components rθ, tθ, and θθ,
respectively,

e−ν∂2
t h1 − e−ν∂r∂th0 þ

2

r
e−ν∂th0 þ eν

�
ν00 þ ν02 þ 2ν0

r

�
h1 þ 2λr−2h1 ¼ −4Lh1 − 2Λh1 − 4r−2Qe−νLFf̄02; ð43Þ

−eν∂2
rh0 þ eν∂r∂th1 þ

2

r
eν∂th1 þ eν

�
ν00 þ ν02 þ 2ν0

r
þ 2

r2

�
h0 þ 2λr−2h0 ¼ −4Lh0 − 2Λh0 − 4r−2QeνLFf̄12; ð44Þ

−e−ν∂th0 þ eν∂rh1 þ eνν0h1 ¼ 0; ð45Þ

where λ ¼ 1
2
½lðlþ 1Þ − 2�. Throughout this paper, we use a prime to denote the derivative with respect to the radial

coordinate r. In addition, from the rr component of the perturbed Einstein equation, we find that

LFF� ¼ 0 ð46Þ

when F� ¼ 0, which is the case for an electric charge. This constraint on L is also noticed by the authors of [25], where they
suggest a general form for L in which

LðF;F�Þ ¼ L0ðFÞ þ
X∞
n¼2

1

n!
LnðFÞFn�: ð47Þ

Inserting tensors (38) and (40) into Eq. (16) and using Eq. (42), we obtain

LFeν∂rðeν∂rf̄23Þ − LF∂2
t f̄23 þ L0

Fe
2ν∂rf̄23 −

lðlþ 1Þ
r6

eνðr4LF þQ2LF�F� Þf̄23

¼ lðlþ 1Þ
r2

eνQLF½−∂th1 þ r2∂rðh0=r2Þ� þ
lðlþ 1Þ

r2
eνðQ0LF þQL0

FÞh0: ð48Þ
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We then solve Eq. (45) for h0 and substitute it into Eq. (43). After defining R
ðoddÞ
lm ¼ ð1=rÞeνh1, fðoddÞlm ¼ ffiffiffiffiffiffi

LF
p

f̄23=½lðlþ 1Þ�,
using the tortoise coordinate r� where dr�=dr ¼ e−ν, and using Eq. (30), we get

d2RðoddÞ
lm

dr2�
þ
�
ω2 − eν

�
2λ

r2
þ eν

�
−
ν0

r
þ 2

r2

���
RðoddÞ
lm ¼ −

4iω
r3

Qeν
ffiffiffiffiffiffi
LF

p
fðoddÞlm ð49Þ

while Eq. (48) becomes

d2fðoddÞlm

dr2�
þ
�
ω2 − eν

�
lðlþ 1Þ
r6LF

ðr4LF þQ2LF�F� Þþ
4

r4
Q2LF −

e−ν

4L2
F

��
dLF

dr�

�
2

− 2LF
d2LF

dr2�

���
fðoddÞlm

¼ −
2λ

iωr3
Qeν

ffiffiffiffiffiffi
LF

p
RðoddÞ
lm : ð50Þ

In the above two equations, we assume all field functions
depend on time as e−iωt, where ω is the quasinormal mode
frequency of the perturbations. This is formally equivalent
to a Fourier transform of the field functions where
∂t → −iω. Recall, we are also requiring LF > 0, which
makes

ffiffiffiffiffiffi
LF

p
well-defined. Equations (49) and (50) reduce

to the Reissner-Nordström wave equations when L ¼ F,

Λ ¼ 0, and eν ¼ 1 − 2M
r þ q2

r2 .
Wave equations (49) and (50) are valid for multipole

numbers of l ≥ 2. In the case of l ¼ 1, where λ ¼ 0, wave
equation (50) decouples from (49). In this case, only the
electromagnetic perturbations are dynamical degrees of
freedom and the perturbations are completely described by
Eq. (50). This is because h0 is only defined for l ≥ 2. As a

result, for l ¼ 1, h1 (and consequently R
ðoddÞ
lm ) is no longer a

physical degree of freedom. This can be shown by
simplifying Eq. (43) using the background field equa-
tion (30) and taking h0 and λ to be zero, which gives

h1 ¼
2q
iωr2

f̄23 ¼
4q

iωr2
ffiffiffiffiffiffi
LF

p fðoddÞlm : ð51Þ

IV. STABILITY FOR ODD PARITY
PERTURBATIONS

To derive the stability condition for odd parity perturba-
tions, we follow the method in [24]. Defining f̂ðoddÞlm ¼
2iωffiffiffiffi
2λ

p fðoddÞlm , we can rewrite the wave equations (49) and

(50) as

e−ν
�
r

d
dr�

�
1

r2
d
dr�

ðrRðoddÞ
lm Þ

�
þ ω2RðoddÞ

lm

�

− VI
11R

ðoddÞ
lm − VI

12f̂
ðoddÞ
lm ¼ 0; ð52Þ

e−ν
�

1ffiffiffiffiffiffi
LF

p d
dr�

�
LF

d
dr�

�
f̂ðoddÞlmffiffiffiffiffiffi
LF

p
��

þ ω2f̂ðoddÞlm

�

− VI
22f̂

ðoddÞ
lm − VI

21R
ðoddÞ
lm ¼ 0; ð53Þ

where

VI
11 ¼

2λ

r2
; ð54Þ

VI
12 ¼ VI

21 ¼ −
2

ffiffiffiffiffiffiffiffiffiffiffi
2λLF

p
Q

r3
; ð55Þ

VI
22 ¼

lðlþ 1Þ
r6LF

ðr4LF þQ2LF�F� Þ þ
4

r4
Q2LF: ð56Þ

Equations (52)–(56) are in good agreement with the results
found in [24]. The contribution from including the Hodge
dual scalar invariant F� can be found in the potential (56).
The stability condition in [24], given by requiring the

potential matrix

VI ¼
�
VI
11 VI

12

VI
21 VI

22

�
ð57Þ

to be positive definite, will be modified due to the inclusion
of Hodge dual fields. We require the determinant and trace

detðVIÞ ¼ 4λðλþ 1Þ
r8LF

ðr4LF þQ2LF�F� Þ; ð58Þ

trðVIÞ ¼ 2λ

r2
þ 2ðλþ 1Þ

r6LF
ðr4LF þQ2LF�F� Þ þ

4

r4
Q2LF

ð59Þ

to be positive. Since λ > 0 and LF > 0, this gives the
stability condition as

1þQ2LF�F�

r4LF
¼ 1 − 2F

LF�F�
LF

> 0: ð60Þ

For l ¼ 1, where λ ¼ 0, the perturbations are completely
described by Eq. (53) where VI

21 ¼ 0. Therefore, for the
black hole stability against electromagnetic perturbations
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with l ¼ 1, the only requirement is VI
22 > 0. This gives us a

condition that holds when Eq. (60) is satisfied. Therefore,
the stability condition (60) can be applied to multipole
numbers l ≥ 1.

V. EVEN PARITY PERTURBATIONS

The even parity (electric or polar) tensor expansion of the
geometric perturbation is

khμνk ¼

2
666664
eνH0Ylm H1Ylm hðeÞ0 ∂θYlm hðeÞ0 ∂ϕYlm

sym e−νH2Ylm hðeÞ1 ∂θYlm hðeÞ1 ∂ϕYlm

sym sym r2ðKYlm þ G∂θYlmÞ 1
2
r2GXlm

sym sym sym r2sin2θ½KYlm þ Gð∂2
θYlm −WlmÞ�

3
777775; ð61Þ

where H0, H1, h
ðeÞ
0 , hðeÞ1 , K, and G are functions of the time and radial coordinates only. In the Regge-Wheeler gauge,

hðeÞ0 ≡ hðeÞ1 ≡G≡ 0. The even parity tensor expansion of the NLED perturbation is

kfμνk ¼

2
6664
0 f̄01Ylm f̄02∂θYlm f̄02∂ϕYlm

� 0 f̄12∂θYlm f̄12∂ϕYlm

� � 0 0

� � 0 0

3
7775; ð62Þ

where f̄01, f̄02, and f̄12 are functions of the time and radial coordinates only. One can use the same idea as in Eq. (41) to find
the homogeneous Maxwell equation

f̄01 ¼ ∂rf̄02 − ∂tf̄12 ð63Þ

for even parity perturbations.
The tt, rr, a combination of θθ and ϕϕ,4 tr, tθ, rθ, and θϕ components of Eq. (15) are, respectively,

e2ν
�
2∂2

rK −
2

r
∂rH2 þ

�
ν0 þ 6

r

�
∂rK − 2

�
1

r2
þ ν0

r

�
ðH0 þH2Þ

�

þ eν
�
2

r2
H0 −

2λ

r2
K −

lðlþ 1Þ
r2

H2

�
¼ 2Q

r8
eνðQH2 þ 2r2f̄01Þðr4LF −Q2LFFÞ

þ 2eνH0

�
Λþ 2LþQ2

r4
LF þQ4

r8
LFF

�
; ð64Þ

2e−2ν∂2
t K −

4

r
e−ν∂tH1 þ

2

r
∂rH0 −

�
ν0 þ 2

r

�
∂rK þ 2

r2
e−νH2 −

lðlþ 1Þ
r2

e−νH0 þ
2λ

r2
e−νK

¼ 2Q
r8

e−νðQH0 − 2r2f̄01Þðr4LF −Q2LFFÞ þ 2e−νH2

�
Λþ 2LþQ2

r4
LF þQ4

r8
LFF

�
; ð65Þ

r2
�
e−ν∂2

t K − eν∂2
rK − eν

�
ν0 þ 2

r

�
∂rK −

�
ν0 þ 2

r

�
∂tH1 þ e−ν∂2

t H2 − 2∂r∂tH1 þ eν∂2
rH0

þ eν
�
1

2
ν0 þ 1

r

�
∂rH2 þ eν

�
3

2
ν0 þ 1

r

�
∂rH0 þ

lðlþ 1Þ
2r2

ðH2 −H0Þ

þ eν
�
ν00 þ ν02 þ 2ν0

r

�
ðH2 − KÞ

�
¼ 2r2ðΛþ 2LÞK þ 4QLFf̄01 þ 2

Q2

r2
LFðH2 −H0Þ; ð66Þ

4The θθ and ϕϕ components of Eq. (15) are the same with the exception of one angle-dependent term in each component, both of
which involve H2 −H0. However, these angle-dependent terms can be combined to become angle-independent by simply taking the
average of the θθ and ϕϕ components.
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2∂r∂tK −
2

r
∂tH2 −

�
ν0 −

2

r

�
∂tK − eν

�
2ν0

r
þ 2

r2

�
H1 −

2λ

r2
H1 ¼ 2

�
Λþ 2Lþ 2Q2

r4
LF

�
H1; ð67Þ

−eν∂rH1 þ ∂tK þ ∂tH2 − eνν0H1 ¼ −
4Q
r2

eνLFf̄12; ð68Þ

e−ν∂tH1 − ∂rH0 þ ∂rK −
�
ν0

2
þ 1

r

�
H2 −

�
ν0

2
−
1

r

�
H0 ¼ −

4Q
r2

e−νLFf̄02; ð69Þ

H2 −H0 ¼ 0: ð70Þ

Note that Eqs. (64), (65), and (66) do not reduce to Zerilli’s results in [26] for the Reissner-Nordström case. For an
explanation, see Appendix C.
The r, θ or ϕ, and t components of the perturbed NLED equation (16) are, respectively,

�
LF −

Q2

r4
LFF

�
∂tf̄01 −

1

r2
lðlþ 1ÞeνLFf̄12 ¼

Q
2r2

��
LF −

Q2

r4
LFF

�
ð∂tH0 − ∂tH2Þ þ 2LF∂tK

�
; ð71Þ

e−νLF∂tf̄02 − ∂rðeνLFf̄12Þ ¼ 0; ð72Þ

1

r2
∂r

��
r2LF −

Q2

r2
LFF

�
f̄01

�
−

1

r2
lðlþ 1Þe−νLFf̄02 ¼

1

2r2
∂r

�
Q

�
1 − 2LF þQ2

r4
LFF

�
ðH2 −H0Þ þ 2QK

�
: ð73Þ

Note that, in addition to Eq. (72), the θ or ϕ component of the perturbed NLED equation requires

�
LF� −

Q2

r4
LF�F

�
f̄01 þ LF� ð∂tf̄12 − ∂rf̄02Þ − L0

F� f̄02 ¼
Q3

2r6
LF�FðH2 −H0Þ; ð74Þ

which is satisfied only if LF�F ¼ 0 and f̄01 þ ∂tf̄12 −
∂rf̄02 ¼ 0 that we already determined in Eqs. (46) and (63).
This provides a good consistency check.
Note that the Hodge dual of the electromagnetic field

does not appear anywhere in Eqs. (64)–(73). Therefore, the
even parity perturbations are unaltered by the inclusion of
Hodge dual fields. So, Eqs. (64)–(73) should, and do,
reduce to a pair of coupled Schrödinger-type wave equa-
tions, which agree with those in [24]. Likewise, the stability
conditions for even parity perturbations do not change from
those that appear in [24].
Since our method is different from that used in [24], we

include the derivation of the wave equations in
Appendixes A and B. In Appendix A, we use a method
similar to that in [26] to find the wave equations that reduce
to those in [26] in the Reissner-Nordström case. In
Appendix B, we show how to rewrite the wave equations
in the form in which they appear in [24] and are more
suitable for stability analysis.

VI. AN APPLICATION: BORN-INFELD THEORY

In this section, we provide an example of a viable theory
that involves Hodge dual fields. In the original work of

Born and Infeld [18], they removed the divergence of an
electron’s self-energy in classical electrodynamics by
introducing a nonlinear Lagrangian density of the form

LðF;F�Þ ¼ μ4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2F

μ4
−
F2�
μ8

s
− μ4; ð75Þ

where μ is a scale parameter of dimension mass. It is easy to
see this Lagrangian density reduces to Maxwell’s when
F=μ4 ≪ 1. Born-Infeld theory in curved spacetime
(Einstein-Born-Infeld gravity) has been explored in the
literature. For electrically charged black hole solutions, see
for example [28,29].
If we use a metric function of the form

eν ¼ 1 −
2MðrÞ

r
−
Λ
3
r2; ð76Þ

together with the background field equations (29) and (30),
we find

M0

r2
¼ L − 2FLF; ð77Þ
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M00

r
¼ 2L: ð78Þ

We then take the derivative of Eq. (75) with respect to F.

Replacing F and F� with their background values of −
q2

2r4L2
F

and 0 gives an equation in LF. UsingLF > 0 as required by
the energy conditions listed at the end of Sec. II, we obtain

LFðrÞ ¼
�
1þ q2

μ4r4

�
1=2

: ð79Þ

We can use Eq. (79) to write F, and consequently L, as
functions of r only. This allows us to integrate the back-
ground field equation (77) to get

MðrÞ ¼ −
1

3
μ4r3 þ 1

3
μ2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ μ4r4

q

−
2

3

ffiffiffiffiffiffiffiffiffiffiffi
iμ2q3

q
F
h
arcsin

	
−ir

ffiffiffiffiffiffiffiffiffiffi
μ2=q

q 
��� − 1
i
; ð80Þ

where Fðφjk2Þ is the elliptic integral of the first kind. In the
asymptotic region of r → 0, MðrÞ ≈

ffiffiffiffiffi
q2

p
μ2r. As r → ∞,

MðrÞ approaches a positive constant (1.23605jqj3=2μ).
Therefore, for jqj > 1

2μ2
, the metric function eν starts with

a finite negative value of 1 − 2
ffiffiffiffiffi
q2

p
μ2 at r ¼ 0 and

approaches 1 (for Λ ¼ 0) as r → ∞. This provides us with
the spacetime of a black hole. We show the behavior of M
and eν as a function of r in Fig. 1.
For this black hole, the stability condition (60) translates to

μ4r4 > 0: ð81Þ

Since this is always true, we can conclude that electrically
charged black hole solutions in Einstein-Born-Infeld gravity
are stable against odd parity perturbations. This includes
purely electromagnetic perturbationswith l ¼ 1 as discussed
at the end of Sec. IV.

For even parity perturbations, we can use the same
stability conditions derived in [24]. These are

H < 0; ð82Þ

HP > 0; ð83Þ

0 < eν
�
1þ 2

HPP

HP
P

�
≤ 3; ð84Þ

where H ¼ 2FLF − L and P ¼ − q2

2r4. These conditions
apply to the region outside the event horizon. We combine
Eqs. (11), (75), and (79) to get

HðPÞ ¼ μ4
�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2

P
μ4

s �
: ð85Þ

The stability condition (82) gives

�
1þ q2

μ4r4

�
1=2

> 1; ð86Þ

which is the same as LF > 1. This is true as long as q is not
zero. It is easy to show that the condition (83) is satisfied
when inequality (86) holds. The condition (84) gives

0 < eν
�
1þ q2

μ4r4

�−1
≤ 3: ð87Þ

For Λ ¼ 0, since 0 < eν < 1 outside the event horizon,
condition (87) is always satisfied. We conclude that electri-
cally charged black holes in an asymptotically Minkowski
spacetime in Einstein-Born-Infeld gravity are stable.

VII. SUMMARY AND CONCLUSION

We studied the perturbations of the Einstein equation
coupled to general NLED for a spherically symmetric black
hole solution with electric charge. We also included the
cosmological constant and the Hodge dual of the electro-
magnetic field strength tensor in our calculations. The
NLED Lagrangian density is a generic function of the
Lorentz invariant scalar quantities of the electromagnetic
fields, i.e., F and F�. The wave equations for odd and even
parity perturbations of gravitational and NLED fields were
derived. For each parity, we reduced the Einstein-NLED
field equations to two coupled Schrödinger-type equations,
one of which determines the gravitational and the other the
NLED field oscillations.
Our results are consistent with those found in [24],

although we did not use the gauge-invariant technique
utilized by Moreno and Sarbach in [24]. Our method,
where we fixed the gauge early on, is more in line with the

0 2 4 6 8 10

1.0

0.5

0.0

0.5

1.0

1.5

FIG. 1. The plot shows M, in dashed blue line, and eν, in solid
red line, as a function of the radial coordinate r. Here μ ¼ 1,
jqj ¼ 1.1=μ2, and Λ ¼ 0.
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work done by Nomura et al. in [25] and by Zerilli in [26].
We also included the Hodge dual of the electromagnetic
field strength tensor, which was ignored in [24]. In
addition, all our equations reduce to the correct results
for the Reissner-Nordström case when we use Maxwell’s
Lagrangian density (L ¼ F) and take the cosmological
constant Λ to be zero.
The inclusion of the Hodge dual of the electromagnetic

field modifies the results of [24] only for odd parity
perturbations. The even parity perturbations stay unaltered.
Therefore, we conclude that the inclusion of F� does not
change the stability conditions for even parity perturbations
that were explored earlier in the literature. We provided

new stability conditions for the odd parity perturbations
that include the Hodge dual of the electromagnetic field.

APPENDIX A: DERIVATION OF EVEN PARITY
WAVE EQUATIONS

In this appendix, we show how to use Eqs. (64)–(73) to
derive two coupled Schrödinger-type wave equations for
even parity perturbations.
First, we find f̄01 and f̄02 in terms of f̄12 by solving

Eqs. (71) and (72), respectively. We then substitute these
values to Eq. (63) to find a second order differential equation
for f̄12:

∂2
rðeνLFf̄12Þ þ

�
ν0 −

L0
F

LF

�
∂rðeνLFf̄12Þ − e−2ν∂2

t ðeνLFf̄12Þ −
lðlþ 1Þr2LF

eνðr4LF −Q2LFFÞ
ðeνLFf̄12Þ

¼ r2QL2
F

eνðr4LF −Q2LFFÞ
∂tK: ðA1Þ

We define fðevenÞlm ¼ eν
ffiffiffiffiffiffi
LF

p
f̄12, and use the tortoise coordinate r� where dr�=dr ¼ e−ν, to find

∂2
r�f

ðevenÞ
lm − ∂2

t f
ðevenÞ
lm − eν

�
lðlþ 1Þr2LF

ðr4LF −Q2LFFÞ
þ e−ν

4L2
F

�
3

�
dLF

dr�

�
2

− 2LF
d2LF

dr2�

��
fðevenÞlm

¼ r2eνQL3=2
F

ðr4LF −Q2LFFÞ
∂tK: ðA2Þ

In the remainder of this section, we assume all field functions depend on time as e−iωt, where ω is a complex constant that
turns out to be the quasinormal mode frequency of the perturbations. We now look at the geometric perturbation
equations (64)–(70). We use Eq. (70) to eliminateH2 in Eqs. (67)–(69). We then substitute ∂rK and ∂rH1, as given by these
equations, into Eq. (65). This gives an algebraic equation that involves H0, H1, K and the electromagnetic functions f̄01,
f̄02, f̄12. We now solve this equation forH0 and substitute into Eqs. (67) and (68). Using Eqs. (71) and (72), we replace f̄01
and f̄02 with f̄12. This procedure gives the following two equations:

dK
dr

¼ αωðrÞK þ ω−1βωðrÞH1 þ S1; ðA3Þ

ω−1 dH1

dr
¼ γωðrÞK þ ω−1δωðrÞH1 þ S2; ðA4Þ

where

αωðrÞ ¼
4eνQ2LF − r2ξðeν − λ − 1Þ − 2r2ðλþ 1Þ2 þ 2r2eνð2λþ 1Þ − 2ω2r4

r3eνξðrÞ ; ðA5Þ

βωðrÞ ¼ 2i
ðλþ 1Þ½ðλþ 1Þ − eν� þ ω2r2

r2ξðrÞ ; ðA6Þ

γωðrÞ ¼ i
−8eνQ2LF þ r2ðξ − 2λ − 2Þ2 − 4r2eνð2λþ 1Þ þ 4ω2r4

2r2e2νξðrÞ ; ðA7Þ

δωðrÞ ¼
−ξ2 þ ξðλþ 1 − 2eνÞ − 2ðλþ 1Þðeν − λ − 1Þ þ 2ω2r2

reνξðrÞ ; ðA8Þ
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S1 ¼ i
4Qf2reνðeνLFf̄12Þ0 þ 2ðλþ 1ÞðeνLFf̄12Þg

ωr3ξðrÞ ; ðA9Þ

S2 ¼
4Qf2reνðeνLFf̄12Þ0 þ ðξþ 2λþ 2ÞðeνLFf̄12Þg

ωr2eνξðrÞ :

ðA10Þ

Here

ξðrÞ¼ reνν0−2eνþ lðlþ1Þ
¼−r2ð2LþΛÞ−2r−2Q2LF−3eνþ2λþ3: ðA11Þ

Equations (A5)–(A10) are simplified using the background
equations (29) and (30).
We wish to combine Eqs. (A3) and (A4) to a second

order wave equation of the form

d2RðevenÞ
lm

dr�
þ ½ω2 − VðevenÞðrÞ�RðevenÞ

lm ¼ Slm: ðA12Þ

To do this, we follow the method outlined by Zerilli in [26].
The first step is to transform Eqs. (A3) and (A4) to the form

dK̂
dr̂

¼ L̂þ Ŝ1; ðA13Þ

dL̂
dr̂

¼ −½ω2 − Vðr̂Þ�K̂ þ Ŝ2; ðA14Þ

where the new variable r̂ is given in terms of r by
dr̂=dr ¼ 1=nðrÞ. For brevity, one can rewrite Eqs. (A3),
(A4), (A13), and (A14) in the matrix form

dψ
dr

¼ Aψ þ S; ðA15Þ

dψ̂
dr̂

¼ Â ψ̂ þŜ; ðA16Þ

where

ψ ¼
�

K

ω−1H1

�
; A¼

�
αω βω

γω δω

�
; S¼

�
S1
S2

�
ðA17Þ

and

ψ̂ ¼
�
K̂

L̂

�
; Â¼

�
0 1

−ω2þV 0

�
; Ŝ¼

�
Ŝ1
Ŝ2

�
: ðA18Þ

We now look for a transformation

ψ ¼ F ψ̂ ; ðA19Þ

where

F ¼
�
fðrÞ gðrÞ
hðrÞ kðrÞ

�
ðA20Þ

is to be determined. Inserting Eq. (A19) into (A15) and then
comparing the result to Eq. (A16) tells us that

nF−1
�
AF −

dF
dr

�
¼ Â; ðA21Þ

Ŝ ¼ nF−1S: ðA22Þ

Using the above equations, one can determine nðrÞ, F , and
consequently Ŝ. The results for the components of the
matrix F are

fðrÞ ¼ 2eνð2Q2LF þ λr2Þ
r3ξ

þ λþ 1 − eν

r
; ðA23Þ

gðrÞ ¼ 1; ðA24Þ

hðrÞ ¼ −ie−ν
�
2eνð2Q2LF þ λr2Þ

r2ξ
þ λþ 1 − eν −

ξ

2

�
;

ðA25Þ

kðrÞ ¼ −ire−ν; ðA26Þ

where we have used Eq. (30) to simplify the above
functions. Also

nðrÞ ¼ eν; ðA27Þ

which shows that the new variable r̂ is just the tortoise
coordinate r�. Note that the functions fðrÞ and hðrÞ given
in Eqs. (A23) and (A25) do not reduce to Zerilli’s results in
[26] for the Reissner-Nordström case. For an explanation,
see Appendix C.

We can now express the potential in the following form:

VðevenÞðrÞ ¼ eν
�

8eνQ2L2
F

ξðr4LF −Q2LFFÞ
þ ξ

r2
þ 2

r2
ðeν − 2λ − 1Þ − 4Q2LF

r4

−
8

r4ξ
ðeν − λ − 1Þðλr2 þ 2Q2LFÞ −

8eν

r6ξ2
ðλr2 þ 2Q2LFÞ2

�
: ðA28Þ
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In addition, we can use Eq. (A22) to determine Ŝ1 and Ŝ2. Comparing Eqs. (A13) and (A14) with (A12), we get

Slm ¼ Ŝ2 þ
dŜ1
dr�

: ðA29Þ

It is also easy to combine Eqs. (A13) and (A19) to obtain

K ¼ fK̂ þ gL̂ ¼ fRðevenÞ
lm þ dRðevenÞ

lm

dr�
− Ŝ1: ðA30Þ

Using the results for Slm and K we can write the final wave equations as

d2RðevenÞ
lm

dr2�
þ ½ω2−VðevenÞðrÞ�RðevenÞ

lm ¼−
16ieνQ

ffiffiffiffiffiffi
LF

p
ωr5ξ2

�
1

2
r2ξðξ−4λ−4Þ−4eνQ2LFþ2r2eνðξ−λÞ− r6eνξLF

r4LF−Q2LFF

�
fðevenÞlm ;

ðA31Þ

d2fðevenÞlm

dr2�
þ
�
ω2 − eν

�
lðlþ 1Þr2LF

r4LF −Q2LFF
þ e−ν

4L2
F

�
3

�
dLF

dr�

�
2

− 2LF
d2LF

dr2�

�
þ 8eνQ2L2

F

ξðr4LF −Q2LFFÞ
��

fðevenÞlm

¼ −
iωr2eνQL3=2

F

r4LF −Q2LFF

�
fRðevenÞ

lm þ dRðevenÞ
lm

dr�

�
: ðA32Þ

Equations (A31) and (A32) are similar in structure to the results found by Zerilli in [26].

APPENDIX B: STABILITY FOR EVEN PARITY
PERTURBATIONS

To make the wave equations more suitable for the
stability analysis conducted in [24], we want to eliminate

the dRðevenÞ
lm =dr� term in Eq. (A32). Below we explain how

to systematically approach this problem. We first rewrite
Eqs. (A1), (A3), and (A4) in the following form:

dK
dr

¼ αωðrÞK þ ω−1βωðrÞH1 þ ω−1εðrÞF1 þ ω−1ηðrÞF;
ðB1Þ

ω−1 dH1

dr
¼ γωðrÞK þ ω−1δωðrÞH1

þ ω−1ϰðrÞF1 þ ω−1ρðrÞF; ðB2Þ

ω−1 dF1

dr
¼ τðrÞK þ ω−1ϕðrÞF1 þ ω−1χωðrÞF; ðB3Þ

dF
dr

¼ F1; ðB4Þ

where F ¼ 2eνLFf̄12 and

εðrÞ ¼ i
4eνQ
r2ξðrÞ ; ðB5Þ

ηðrÞ ¼ i
4Qðλþ 1Þ
r3ξðrÞ ; ðB6Þ

ϰðrÞ ¼ 4Q
rξðrÞ ; ðB7Þ

ρðrÞ ¼ 2Qðξþ 2λþ 2Þ
r2eνξðrÞ ; ðB8Þ

τðrÞ ¼ −i
2r2QL2

F

eνðr4LF −Q2LFFÞ
; ðB9Þ

ϕðrÞ ¼ −ν0 þ L0
F

LF
ðB10Þ

χωðrÞ ¼ −e−2νω2 þ 2ðλþ 1Þr2L2
F

eνðr4LF −Q2LFFÞ
: ðB11Þ

We want to convert the system of equations (B1)–(B4) to

dR
dr̂

¼ R1; ðB12Þ
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dR1

dr̂
¼ −½ω2 − VRðr̂Þ�Rþ aðrÞB; ðB13Þ

dB1

dr̂
¼ bðrÞR − ½ω2 − VBðr̂Þ�B; ðB14Þ

dB
dr̂

¼ B1; ðB15Þ

where the new variable r̂ is given in terms of r by
dr̂=dr ¼ 1=nðrÞ. We first put the equations in matrix form:

dΨ
dr

¼ MΨ; ðB16Þ

dΨ̂
dr̂

¼ MΨ̂; ðB17Þ

where

Ψ ¼

2
6664

K

ω−1H1

ω−1F1

ω−1F

3
7775; M ¼

2
6664
αω βω ε η

γω δω ϰ ρ

τ 0 ϕ χω

0 0 1 0

3
7775 ðB18Þ

and

Ψ̂¼

2
6664
R

R1

B1

B

3
7775; M¼

2
6664

0 1 0 0

−ω2 þVR 0 0 a

b 0 0 −ω2 þVB

0 0 1 0

3
7775:

ðB19Þ

We now look for a matrix transformation Ψ ¼ N Ψ̂, which
combined with (B16) gives

nN −1
�
MN −

dN
dr

�
¼ M: ðB20Þ

We can now solve for n, N , and M. We find nðrÞ ¼ eν, which means r̂ ¼ r�. Putting these into Ψ ¼ N Ψ̂ gives

K ¼ 1ffiffiffiffiffi
2λ

p ðλþ 1ÞR1 þ
1

r
ffiffiffiffiffi
2λ

p ðλþ 1Þ

�
λþ 1 − eν þ 2λeν

ξ

�
R −

2eνQ
ffiffiffiffiffiffi
LF

p
r2ξðλþ 1ÞB; ðB21Þ

H1 ¼ −
iωr

eν
ffiffiffiffiffi
2λ

p ðλþ 1ÞR1 þ
iω

eν
ffiffiffiffiffi
2λ

p ðλþ 1Þ

�
ξ

2
− λ − 1þ eν −

2λeν

ξ

�
Rþ 2iωQ

ffiffiffiffiffiffi
LF

p
rξðλþ 1Þ B; ðB22Þ

f̄12 ¼
iωQ

2reν
ffiffiffiffiffi
2λ

p ðλþ 1ÞRþ iω

4eνðλþ 1Þ ffiffiffiffiffiffi
LF

p B; ðB23Þ

and Eq. (B17) gives

d2R
dr2�

þ
�
ω2 − eν

�
16λeνQ2LF

r4ξ2
þ ξ

r2
−
2ð2λþ 1 − eνÞ

r2
þ 8λðλþ 1 − eνÞ

r2ξ
þ 8λ2eν

r2ξ2

��
R

¼
ffiffiffiffiffiffiffiffiffiffiffi
8λLF

p
eνQ

�
1

r3
−

4eν

r5ξ2
ðλr2 þ 2Q2LFÞ −

4

r3ξ
ðλþ 1 − eνÞ − 2reνLF

ξðr4LF −Q2LFFÞ
�
B; ðB24Þ

d2B
dr2�

þ
�
ω2 − eν

�
32eνQ4L2

F

r6ξ2
þ 16λeνQ2LF

r4ξ2
−
4Q2LF

r4

�
1 −

4ðλþ 1 − eνÞ
ξ

�

−
2ðλþ 1 − eνÞ − ξ

r2
þ 16eνQ2L2

F

ξðr4LF −Q2LFFÞ
þ r2LFð2λþ 2 − eν − ξÞ

r4LF −Q2LFF

−
7r6eνL2

F

ðr4LF −Q2LFFÞ2
þ 2r2eνL2

Fð3r8LF −Q4LFFFÞ
ðr4LF −Q2LFFÞ3

��
B

¼
ffiffiffiffiffiffiffiffiffiffiffi
8λLF

p
eνQ

�
1

r3
−

4eν

r5ξ2
ðλr2 þ 2Q2LFÞ −

4

r3ξ
ðλþ 1 − eνÞ − 2reνLF

ξðr4LF −Q2LFFÞ
�
R; ðB25Þ

where the relation between R and B and our original functions can easily be derived from Eqs. (B21)–(B23).
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The wave equations (B24) and (B25) can be rewritten in the form

e−ν
�
1

r
d
dr�

�
r2

d
dr�

�
R
r

��
þ ω2R

�
− VII

11R − VII
12B ¼ 0; ðB26Þ

e−ν
�

1ffiffiffiffiffiffi
LF

p d
dr�

�
LF

d
dr�

�
Bffiffiffiffiffiffi
LF

p
��

þ ω2B
�
− VII

22B − VII
21R ¼ 0; ðB27Þ

where

VII
11 ¼ −

2λ

r2
þ 8λðλþ 1 − eνÞ

r2ξ
þ 8λ2eν

r2ξ2
þ 16λeνQ2LF

r4ξ2
; ðB28Þ

VII
12 ¼ VII

21 ¼
ffiffiffiffiffiffiffiffiffiffiffi
8λLF

p
Q

�
1

r3
−

4eν

r5ξ2
ðλr2 þ 2Q2LFÞ −

4

r3ξ
ðλþ 1 − eνÞ − 2reνLF

ξðr4LF −Q2LFFÞ
�
; ðB29Þ

VII
22 ¼

32eνQ4L2
F

r6ξ2
þ 16λeνQ2LF

r4ξ2
−
4Q2LF

r4

�
1 −

4ðλþ 1 − eνÞ
ξ

�

−
2ð2λþ 2 − eν − ξÞ

r2
þ 16eνQ2L2

F

ξðr4LF −Q2LFFÞ
þ 2r2LFð2λþ 2þ eν − ξÞ

r4LF −Q2LFF

−
16r6eνL2

F

ðr4LF −Q2LFFÞ2
þ 4r2eνL2

Fð3r8LF −Q4LFFFÞ
ðr4LF −Q2LFFÞ3

: ðB30Þ

These equations agree with those in [24].

APPENDIX C: COMPARISON WITH THE REISSNER-NORDSTRÖM RESULTS

There are multiple mistakes in Eqs. (22)–(24) of [26]. These mistakes are also noticed by Pani et al. in [30]. We provide
the correct equations in (64)–(66). In addition, Eqs. (A23) and (A25) for the Reissner-Nordström black hole, where L ¼ F,

Λ ¼ 0, and eν ¼ 1 − 2M
r þ q2

r2 , reduce to

fðrÞ ¼ 16q4 − 4q2r½11M þ 2ðλ − 1Þr� þ r2f24M2 þ 12λMrþ 4λðλþ 1Þr2g
4r3ð3Mrþ λr2 − 2q2Þ ; ðC1Þ

hðrÞ ¼ −i
�
1 − r−2e−νðMr − q2Þ − 3Mr − 4q2

3Mrþ λr2 − 2q2

�
: ðC2Þ

The above two functions are different from the fðrÞ and
hðrÞ provided by Zerilli in [26]. However, they are in
agreement with the results provided in [30].
The mistakes in [26] appear to be typos, because Zerilli’s

final wave equations [Eqs. (48) and (49) of [26]] are in
good agreement with Eqs. (A31) and (A32) when reduced

to the Reissner-Nordström case. It is important, however, to
keep in mind that when Zerilli’s wave equation for the even
parity gravitational field [Eq. (48) of [26]] is used, to
avoid obtaining wrong results, Zerilli’s function fðrÞ
should be replaced with the correct function provided in
Eq. (C1) above.
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