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In recent years, gravitational-wave astronomy has motivated increasingly accurate perturbative studies of
gravitational dynamics in compact binaries. This in turn has enabled more detailed analyses of the
dynamical black holes in these systems. For example, Pound et al. [Phys. Rev. Lett. 124, 021101 (2020)]
recently computed the surface area of a Schwarzschild black hole’s apparent horizon, perturbed by an
orbiting body, to second order in the binary’s mass ratio. In this paper, we take that as the starting point for a
comprehensive study of a perturbed Schwarzschild black hole’s apparent and event horizon at second
perturbative order, deriving generic formulas for the first- and second-order corrections to the horizons’
radial profiles, surface areas, Hawking masses, and intrinsic curvatures. We find that the two horizons are
remarkably similar, and that any teleological behavior of the event horizon is suppressed in several ways.
Critically, we establish that at all orders, the perturbed event horizon in a small-mass-ratio binary is
effectively localized in time. Even more pointedly, the event horizon is identical to the apparent horizon at
linear order regardless of the source of perturbation, implying that the seemingly teleological “tidal lead,”
previously observed in linearly perturbed event horizons, is not genuinely teleological in origin. The two
horizons do generically differ at second order, but their Hawking masses remain identical, implying that the
event horizon obeys the same energy-flux balance law as the apparent horizon. At least in the case of a
binary system, the difference between their surface areas remains extremely small even in the late stages of
inspiral. In the course of our analysis, we also numerically illustrate puzzling behavior in the black hole’s

motion around the binary’s center of mass.
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I. INTRODUCTION

A. Black holes in modern experimental physics

Over the past few decades, black holes have gone from
hypothetical objects of theoretical interest to ubiquitous
elements of observational astrophysics. LIGO and Virgo
now regularly detect binary black hole mergers [1], and the
Event Horizon Telescope has provided the first radio
image of a black hole [2]. Future technological advances
will enable far more precise observations, both with next-
generation gravitational-wave detectors [3,4] and very-long-
baseline radio interferometers [5—7]. These will allow us to
more stringently test whether the dark objects we observe are
genuine black holes or some other exotic compact objects
[8], and assuming they are black holes, whether they are
accurately described by general relativity (GR).

In the near term, the most exacting measurements of
black hole geometries will be made possible with the
launch of the space-based gravitational-wave detector
LISA in the early 2030s [9,10]. LISA will be sensitive
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to the merger of supermassive black holes, and the post-
merger ringdown spectra from such systems will encode
precise information about the nature of the final, merged
object. Even more accurate measurements will be possible
with LISA observations of extreme-mass-ratio inspirals
(EMRIs), in which stellar-mass objects slowly spiral into
massive black holes [11,12]. The companion in an EMRI
acts as a probe of the massive black hole’s geometry,
performing ~10* or more intricate orbits while in the LISA
band, most or all of them within 10 Schwarzschild radii of
the black hole. The emitted, long-lived waveforms have a
rich harmonic structure carrying detailed information about
the black hole (or exotic compact object) spacetime.
Measurements of this kind, with precise characteriza-
tions of deviations from GR’s black hole spacetimes, are
possible because of the remarkable simplicity of isolated
black holes in GR. In the postmerger ringdown phase, and
through all phases of an EMRI, the spacetime can be
approximated as that of an isolated, stationary black hole
subject to small perturbations—either quasinormal modes
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after a merger or the perturbations generated by the
companion in an EMRI. In GR, an isolated black hole is
uniquely described by the Kerr-Newman metric, which is
fully specified by its mass, spin, and charge. In an
astrophysical scenario, a black hole is unlikely to carry
charge, as any nonzero charge will be quickly neutralized.
Therefore an astrophysical black hole in GR should be
uniquely described as a Kerr black hole, which has a unique
set of quasinormal modes and a unique multipole structure
that are fully determined by the black hole’s mass and spin.
By measuring the ringdown spectrum or the black hole’s
multipole structure, we can detect small deviations from the
Kerr geometry.

These prospects have motivated increasingly accurate
theoretical studies of dynamically perturbed black holes in
GR, moving beyond traditional linearized black hole
perturbation theory onto second-order perturbation theory.
There are ongoing efforts to calculate second-order effects
in the ringdown of Kerr black holes [13—15] (building on
earlier work in Ref. [16]). And there is now a large body of
work on EMRI models using gravitational self-force
theory. In this method, the metric is expanded in p
owers of the binary’s mass ratio m/M, where M is the
central black hole’s mass and m the small companion’s.
The perturbations effectively exert a self-force on the
companion, accelerating it away from geodesic motion
in the Kerr background. Surveys of self-force theory and
EMRI modeling can be found in the recent reviews [17,18].

It is well known that EMRI models sufficiently accurate
for LISA science must be carried to second perturbative
order in m/M. Recently, Pound et al. reported the first
calculation of a physical quantity at that order [19]: the
second-order contribution to the binding energy of quasi-
circular orbits around a Schwarzschild black hole. This
calculation required a measurement of the Bondi mass of
the binary, but also of the mass of the central black hole. In
this paper, we take that calculation as the starting point for a
more comprehensive study of perturbed Schwarzschild
black holes at second order in perturbation theory. More
specifically, we analyze the location and properties of a
black hole’s perturbed horizon(s).

B. Black hole horizons

In principle, the defining feature of a black hole is its
event horizon. However, event horizons are intrinsically
teleological surfaces: we can only identify their precise
location if we know the entire future history of the universe.
This has motivated the development of alternative ways of
characterizing dynamically evolving black holes based on
locally identifiable criteria [20-28]. The common charac-
terization is via an apparent horizon or marginally outer
trapped surface. Such a surface is defined in terms of the
local-in-time, rather than global-in-time, behavior of null
rays: given a slice of spacetime, an orientable, closed,
spacelike 2-surface within the slice is a marginally outer

trapped surface if future-directed null rays passing ortho-
gonally outward through it have zero expansion. The
apparent horizon is the outermost of these surfaces in
the slice.

In GR, assuming appropriate energy conditions, the
existence of an apparent horizon implies the presence of
an event horizon, and the apparent horizon always either
coincides with the event horizon or lies entirely inside the
black hole. The converse is not true: the apparent horizon
depends on one’s foliation of spacetime, and one can find
pathological foliations in which no apparent horizon is
present on a slice even though the slice cuts through the
event horizon [29]. However, for reasonable choices of
foliation [30], the apparent horizon in a binary spacetime is
found to be an excellent proxy for the event horizon except
at moments very near merger [31].

Event and apparent horizons have been extensively
studied and compared in numerical relativity; see,
for example, Refs. [25,31-36]. There is also a long history
of research on linear perturbations of horizons. In
recent years, perturbed horizons have been studied in
Refs. [37-41], building on much earlier work in
Refs. [42-46], for example. The series of papers [39—41]
by O’Sullivan, Hughes, and Penna, in particular, have
examined linearly perturbed black hole horizons specifi-
cally in EMRI scenarios at times significantly before the
companion plunges into the black hole. A related line of
work has examined linearly perturbed horizons in the
specific case of a plunging companion [47-50].

Our treatment extends these analyses to second pertur-
bative order, restricted to a Schwarzschild background and
largely following Poisson and collaborators’ treatment of
the linear case in Refs. [37,38]. The extension to second
order is necessary for the calculation of mechanical
quantities in binaries, such as the binding energy in
Ref. [19]. But the extension is also interesting for one
other major reason: in a binary inspiral, at times after
merger or significantly before, it is precisely at second
order that the apparent horizon (on a naturally chosen
slicing) becomes distinguishable from the event horizon. It
is also at this order that various definitions of the black
hole’s properties begin to differ. For example, there is a
natural, unambiguous measure of the black hole’s mass at
linear order, but at second order one can define various
nonequivalent measures of mass. In Ref. [19], Pound er al.
specifically calculated the irreducible mass of the apparent
horizon. Here, we show that the irreducible masses of the
apparent and event horizon differ at second order, but that
their Hawking mass (and Hawking-Hayward mass)
remains identical.

C. Outline and summary

In Sec. II we begin by reviewing basic methods in black
hole perturbation theory. We emphasize two-timescale
expansions, which play an important role in our
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characterization of the event horizon in small-mass-ratio
binaries. In Sec. III, we analyze the geometry of a generic
3-surface, foliated by spacelike 2-surfaces, near the back-
ground horizon; in later sections, this will be either the
apparent or event horizon. We derive second-order pertur-
bative formulas for the surface’s intrinsic metric, surface
area, Hawking mass, and scalar curvature.

In Secs. IV and V, we then obtain second-order formulas
for the location of the apparent and event horizon in terms
of the perturbations of the metric. We show that in a small-
mass-ratio binary, the event horizon can be localized in time
except in the final phase of inspiral, when the companion
transitions into a plunging orbit.

Section VI constructs simplified, gauge-invariant ver-
sions of the horizons’ area, mass, and curvature. Using
these measures, we show that in a dynamical region of
spacetime, the apparent and event horizon first differ from
one another at second perturbative order. We derive simple
formulas relating their radial profiles, surface areas, masses,
and curvatures. As alluded to above, we show that despite
their other differences, the two horizons have identical
Hawking mass through second order.

Next, in Sec. VII, we specialize to the case of quasicir-
cular inspirals. In that context, we demonstrate numerically
that the difference between the horizons’ surface areas
remains extremely small until near the innermost stable
circular orbit (ISCO), and we explain how the same is true
for generic inspirals. We also examine the shape and
location of the horizon at linear order, where we highlight
two aspects. First, we emphasize that because the two
horizons are identical at linear order, behavior that has
previously been described as teleological must actually be
entirely causal, and we suggest a nonteleological explan-
ation for it. Second, we discuss a physically meaningful
effect that has been omitted from previous depictions of the
horizon at linear order: the motion of the black hole around
the binary’s center of mass. We show that well-motivated
definitions of the black hole’s “position” do not have the
expected Newtonian limit for large orbital radii, suggesting
a more robust analysis is required.

We conclude in Sec. VIII with a discussion of the
implications of our results and their possible future devel-
opments. Among other applications, our results may be
useful in sharpening the observed symmetry between
quantities on the horizon and quantities at asymptotic
infinity [51] and in concretely calculating black hole
memory effects in realistic scenarios [52,53].

Although motivated by EMRIs (and other small-mass-
ratio systems such as intermediate-mass-ratio inspirals),
most of our analysis applies to completely generic pertur-
bations. Our only restriction is that in the intervals of time
we consider, the number of null generators on the event
horizon must remain fixed. This restriction is violated
when additional generators join the horizon via caustics, as
occurs when a body plunges into the black hole [47-50].

In the case of a binary inspiral, our analysis therefore fails
in an interval containing the final plunge. However, for
reasons explained in Sec. V, our analysis remains valid until
shortly before the transition to plunge.

II. SECOND-ORDER PERTURBATIONS OF
SCHWARZSCHILD SPACETIME

We begin in this section with an overview of the basic
tools and conventions we use: second-order perturbation
theory, the Schwarzschild metric, tensor spherical harmon-
ics, and two-timescale expansions. Throughout the paper,
we use geometric units with G = ¢ = 1.

A. Perturbation theory through second order

We assume the spacetime metric g,4(¢) depends on a
small parameter €, and we expand the metric up to second
order,

Gup(€) = g((l(;j) + ehSﬁ) + ezh((jj) + 0(e%), (1)
where ¢ is the background metric and A, n®

uf ground metric and h,;, h,; are,
respectively, the first- and second-order metric perturba-
tions. In the context of a small-mass-ratio binary, ¢ will be
the small mass ratio m/M, but in most of our analysis we
work with generic perturbations due to an unspecified

source. It will sometimes be convenient to use the total
perturbation

1 2
hay = €hl)) + R+ 0(e). (2)

We focus on a region around the black hole, where we
assume the spacetime is vacuum, satisfying the vacuum
Einstein equation

Replg(€)] = 0. (3)

Substituting the expansion (1) into the Ricci tensor, one
obtains

Ro5l9(€)] = Rap + €5R 45[hV] + €26R 5 [n?)]
+ €26°Ry5[hV] + O(€3), (4)
where 6R,; is linear in its argument and 62Raﬂ is quadratic
in its argument; this expansion is reviewed in Appendix A.

Equation (3) then becomes a sequence of equations, one at
each order in €:

Raﬂ[g(())] = O’ (5)
6Ra/3[h(l)] =0, (6)
SR op[hP)] = =8 Rp[hV)]. (7)
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The zeroth-order equation states that the background metric
must be a vacuum solution. The first-order equation is the
standard linearized Einstein equation. In the second-order

equation, the second-order perturbation h((lzﬂ) is sourced by

quadratic combinations of the first-order perturbation.

In this paper, we will not focus our attention on solving
these equations; we refer to Refs. [18,54,55] for descrip-
tions of practical methods of obtaining solutions at first and
second order in the case of a Schwarzschild background.
Instead, taking the solution as a given, we analyze the effect
the perturbations have on the black hole’s horizons. For the
most part, as stated above, we allow the perturbation to be
completely generic. However, at various points, we spe-
cialize to an important class of perturbations that depend on
two disparate timescales, and in the final section of the
paper we numerically compute properties of the horizon in
the specific scenario of a quasicircular inspiral.

Most of our analysis will also leave the gauge of the
metric perturbations unspecified. But one aspect of our
calculations will make critical use of the gauge freedom
within perturbation theory. In the perturbative context a
gauge transformation corresponds to the infinitesimal
coordinate transformation [56]

1
vty = (& 58080 ) O ©
under which the metric perturbations transform to

(1) _ () (0)
h/aﬁ - haﬂ + Ei(])gaﬂ ’ (9)

@ _ @ ©_ 1 o (1)
h/aﬂ = haﬁ + ‘Cf(z)gaﬂ + Eﬁé(l)gaﬂ + Lé(l)haﬂ . (10)
Our conventions here follow Ref. [57].

B. Schwarzschild background

Throughout this paper, we take 9((1(/)1) to be the
Schwarzschild metric. We follow Refs. [38,54] by writing
the spacetime manifold as the Cartesian product
M = M? x §2, with M? charted by, for example, x¢ =
(t,r) or x* = (v,r), and S? charted by, for example, polar
coordinates 4 = (6, ¢). The background 4-metric is then
divided into an induced metric on each submanifold,

g dxrdxt = g dxadx? + 12Qupd0rdes. (1)
Here r is the areal radius and Q5 is the metric on the unit

sphere. On M? we exclusively use ingoing Eddington-
Finkelstein coordinates, (v, r), such that

gﬁg,)dx“dxb = —f(r)dv* + 2dvdr, (12)

where f(r) =1—24 On $* we for the most part work
covariantly, without specifying coordinates.

Our conventions for covariant derivatives and for raising
and lowering indices are somewhat nonstandard. V),
denotes the covariant derivative compatible with the exact
metric, g,4, and we use g,; and its inverse, g*, to raise and
lower Greek indices on nonperturbative quantities. (O)Vﬂ
and a semicolon denote the covariant derivative compatible

with gg/)j) For the most part, we avoid raising or lowering

indices on perturbative quantities, but for the sake of

brevity we occasionally use gg;) and its inverse, g%s), for

that purpose; in such instances, we explicitly warn the
reader that we have done so. We also introduce D, as the
covariant derivative compatible with the unit-sphere metric
Q5. We use Q5 and its inverse, QA2 to raise and lower
indices on quantities associated with 45, such as D, and
€45 (the Levi-Civita tensor associated with €4). We do not
use them to raise or lower capital Latin indices on other
quantities.

We refer to Sec. II of Ref. [54] for additional useful
identities related to the 2 4 2 split of the Schwarzschild
metric.

C. Tensor spherical harmonics

Given Schwarzschild spacetime’s spherical symmetry, it
is often convenient to expand quantities in spherical
harmonics. With an appropriate choice of spherical basis
functions, the Einstein equations separate into decoupled
equations for each /m mode. In this paper, we assume that
the metric perturbation is obtained mode by mode in this
way. Such a harmonic decomposition will also allow us to
easily solve the differential equations governing the loca-
tion of the horizon and to evaluate various integrals over the
horizon surface.

For the harmonics we adopt the conventions of Martel
and Poisson [54]. We start with the scalar spherical
harmonics, Y (64), which satisfy the eigenvalue equation

Dy!m = -3y, (13)
where D? := DAD, and A, is defined for any integer s in

Eq. (B13). From the scalar harmonics we define the vector
harmonics

Yim = Dy, (14)

Xim = —¢,BDyy™. (15)

Y, X! are respectively referred to as even-parity and odd-
parity vector harmonics. Finally we define the even- and
odd-parity tensor harmonics
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1
YX% = DADBYlm + E/I%QABY[’"7 (16)

Xl o= 5 (DX + DXy, (17)

NI'—‘

which are both symmetric and trace-free with respect
to QAB,
These harmonics satisfy the orthogonality relations

/ ymy'n'qQ = st s (18)
/ ylmys dQ = 235! smm, (19)
/ x4 dQ = 2285, (20)
/X[’"Yj} ,dQ =0, (21)
/ yimy4B,dQ = éﬂ%é“’émm’, (22)
/ Xlm Xx48,4Q = 1/135”’5’"'"’, (23)
/ 7 XA 46 = 0, (24)

Here dQ is the surface element on the unit sphere, and we
use Q4% to raise indices. An overbar denotes complex
conjugation; the harmonics of all ranks satisfy identities of
the form

Ylm — (_l)myl—m' (25)

It will be useful to split tensors on S into their trace-free
and traceful parts,

Tap = T(ap) + ToQ4p, (26)

where QYT ,p = 0 and T, = QT 5. Given this split,

we expand the metric peI’[urbanons in spherical harmonics
according to

hyy = Y k" Y, (27)
Im

V=N Ry, (28)
Im

=S X, (29)
Im

n nlm m nlm m
hEA)B) = Z(h& )Y,IAB +hUMXL). (30)

Im

Each of the coefficients th) R, hEl"lm) nd h("lm) i
function of » and r.

Our second-order calculations will  naturally
involve products of functions on S?, and we will need to
decompose such products into harmonics. As the simplest
example, consider [w(04)y(6*)dQ, which is (up to a
factor of 1/+/4rx) the scalar monopole mode of the product
ywy. Expanding each function in harmonics, as w =
Somw™Y™ and y = >, 7™Y"™, and using Egs. (18)
and (25), we obtain

/ yrdQ =y ymz
Im

where we have used the fact that ™ = (—1)"y!~™ for any
real-valued function y(6"). The analogous rule applies for
integrals of the form [y, Q*ypdQ and [y,cQ*%
QPLyprdQ. In Appendix B we describe our procedure
for evaluating more general integrals.

_ Zy—llmxlm’ (31)

Im

D. Two-timescale expansion

Most of our analysis utilizes regular perturbation theory,
in which the coefficients ha'/; in Eq. (1) are independent of
the small parameter . However, at various points we adopt
an expansion that is better suited to a small-mass-ratio
binary: a two-timescale expansion. We refer to textbooks
on singular perturbation theory for introductions to the
method (e.g., [58]). In the particular context of an inspiral
into a black hole, the use of the method is inspired by the
fact that during the inspiral, the system evolves on two
distinct timescales: the short orbital timescale ~1/Q ~ M
associated with the companion’s orbital frequency Q; and
the long radiation-reaction time t., ~ Q/(dQ/dt) ~ M/e,
over which the orbital frequencies evolve due to gravita-
tional-wave emission. A two-timescale expansion allows us
to maintain accuracy on both timescales, while regular
perturbation theory would break down well before a
radiation-reaction time [18].

Concretely, an orbiting, nonspinning body in the equa-
torial plane of Schwarzschild spacetime has two indepen-
dent frequencies, 2, and Q,/,, associated with radial and
azimuthal motion. Specialized to a region around the
horizon, the two-timescale ansatz for the metric is then

ga/} + ZZenhaﬂ v,r,0)e i, (32)

n>1

where ¢y, := ki¢p;, and the sum runs over all pairs of integers
k = k' = (k", k?). In this expansion we have introduced the
slow time variable 7 :=e¢ev and the orbital phases
@i = (@ @,), which are given by

gi(v.€) = / "Qer)dv +gi0.6)  (33)
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or equivalently, dg;/dv = Q;; the unspecified lower limit
in Eq. (33) represents an arbitrary choice of initial con-
dition. The metric perturbations in Eq. (32) hence have the
character of a sum of slowly varying amplitudes multiplied
by rapidly varying phase factors. We refer to Refs. [18,59]
for more detailed descriptions of such two-timescale
expansions of the metric, which are further developments
of Hinderer and Flanagan’s seminal work on the two-
timescale expansion of inspiral orbits [60]. Such an
approximation should be uniformly accurate until a time
shortly before the inspiraling body transitions to a plunging
orbit [61]; we describe that cutoff in Sec. V.

Treated as a function of the coordinates x* on M, the
coefficients of €" in the expansion (32) depend on e,
meaning (32) is not a Taylor series around € = 0; this is a
defining characteristic of singular perturbation theory [62].
However, the dependence on ¢ comes in a circumscribed
form that allows us to solve the field equations through
any desired order on the radiation-reaction timescale. We
can also view Eq. (32) as a regular Taylor expansion of a
field on a higher-dimensional manifold M charted by
(%, ¢;,r,0"). M is embedded into this larger manifold
with a map T.:M — M defined by T.(v,r,6") =
lev, @;(v,€),r,04]. After performing the ordinary Taylor
expansion of the function on M, we then pull it back to its
restriction on the physical spacetime manifold M.

Quantities on the horizon inherit the metric’s two-time-
scale form, which has several important consequences.
First, v derivatives involve terms that are suppressed by one
order in €. To see this, let 7 be a field on M, and let X
be its restriction to M, such that 7[ev, @;(v,€),r, 04 =
x(v,r,0"). The v derivative of y then becomes

%

dr _ %
lafﬂi'

= Q
dv 6817+

(34)

The first term, which characterizes the field’s slow evolu-
tion, will be demoted to the next order, such that if y
appears on the horizon at first perturbative order, for
example, then its © derivative will contribute to second-
order quantities on the horizon. For notational simplicity,
we will not distinguish between 7 and its pullback y.
The second consequence of the two-timescale expansion
is that it transforms differential equations in » into algebraic
ones. Suppose we have a differential equation governing a
quantity’s behavior on the horizon, of the form

dy(v,e€)
dv

= S(v,€). (35)

If we expand in the Fourier series y(v) = > yx(9)e™ "%
and S(v) = > Sk(¥)e™ ", then at leading order Eq. (35)
becomes

—iQuk = Sk, (36)

where Q; = k'Q;. This kind of transformation is one of the
key utilities of the two-timescale expansion. For example, it
puts the Einstein field equations (6) into precisely the same
form they would have in a standard frequency-domain
treatment, while correctly capturing the system’s slow
evolution.

Transforming differential equations in this way implic-
itly localizes them in time: rather than having to integrate
over v from some initial condition, we algebraically
determine the solution at a given value of slow time .
This is especially relevant for the event horizon, which is
inherently a nonlocal-in-time surface that depends on the
spacetime’s distant future. The underlying reason for this
localization in time is that integrals over large ranges of v
collapse to local-in-? quantities when the integral contains
multiple timescales. For example, consider the integral
[ F(ev)em (") g/, which extends from the present
time v into the infinite future. If F/€; vanishes when
v — 00, then we can repeatedly integrate by parts to obtain'

/oo F(ev)e oV €) gy

F(v)
i (?)

e d F@)
iy, dv iQy (D)

= e~igr(ve) [ +ole)|. (37)

Depending on the behavior of F and Q; in the far future,
this approximation can be carried to arbitrary order in e,
making nonlocal effects arbitrarily small. We will see in
Sec. V how this type of approximation applies to the
location of the event horizon.

Because it cleanly separates slow and fast evolution, a
two-timescale expansion also allows us to unambiguously
identify the time average of a quantity as the zero mode in
its fast-time Fourier series:

) = ﬁ 7? 2o = (). (38)

This will enable us to characterize the black hole’s average
evolution, discarding fluctuations on the orbital timescale.
Finally, we note that the mode number k% is precisely
the azimuthal mode number m. This is because, due to the
background spacetime’s axisymmetry, the small body’s
stress-energy can only depend on ¢ and ¢, in the
combination (¢ — @), and the metric perturbations inherit
that dependence; see Sec. 7.1 of Ref. [18]. As a conse-
quence, we can write the expansion (32) in the form

'For resonant modes that pass through €; = 0 for some value
of ¥ [63], this approximation breaks down. The integral should in
that case be approximated using the stationary-phase approxi-
mation [18]. For simplicity we exclude resonances from our
analysis.
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hep = Z Z e”h(;/’,mk 04)eilmeythe)  (39)

n>1 mk

For the quasicircular orbits we consider in Sec. VII, this
reduces to

hag =Y Z enha’},’" ,r 0 eimes, (40)

n>1 m=-o0

III. GEOMETRY OF A PERTURBED HORIZON

Before considering the apparent horizon and event
horizon in detail, we begin by describing the geometry
of a generic 3-surface H close to the background horizon,
which may be either of the two horizons. This serves to set
our notation and to present formulas that will be common to
both horizons.

Over the course of the section, we introduce a convenient
basis of vectors and the induced metric on the surface, and
we then derive perturbative formulas for the horizon’s
surface area and intrinsic curvature. We conclude by show-
ing the consistency between our formulas for the area and
curvature, as dictated by the Gauss-Bonnet theorem.

A. Embedding and induced metric

As coordinates on H, we use the extrinsic coordinates

= (v,6). H is then described by an embedding
(v e) = [v.rp(y' €). 04]. (41)

We assume that the perturbed horizon’s radial profile can be

written as an expansion around the background horizon
radius:

ry = 2M 4 erM (y)) 4 2rP(y)) + 0(e?).  (42)

The perturbations ") will depend on whether H is the
apparent horizon or the event horizon. In Secs. [Vand V, we
express 7" in terms of the metric perturbations hg}; in each
of the two cases.

The embedding (41) defines a basis of vectors fields
tangent to H,

o axH o 8}"}.{
€50, = 540, = 0;+ o), (43)

In terms of these tangent vectors, the induced metric on H is

Vij = €iegup. (44)
However, we will be more interested in the foliation of H
into spacelike slices of constant v, H,, on which we use
coordinates #4. The basis of vectors tangent to H, is

ax 5rH
a9, =—+t9, =0 a,, 45
€A0q (%’A a A 89‘4 ( )
and the induced metric on H,, is
YAB = eieﬁgaﬁ- (46)

If we substitute the expanded metric (1), we can write this as

0 2
Yap =755 +eris + e+ O(), (47)

where yg; = eAeBgaﬂ(x” ) and ygg = eAeBh( (x4,) for
n > 0. The components of y,5 are functions of the coor-
dinates 64 on H,, and they inherit an additional parametric
dependence on v.

We do not E)rovide more explicit expressions for the
coefficients y AB because we ultimately perform an addi-
tional expansion of them. This second expansion is called
for because Eq. (47) is written in terms of tensors at points
on H,. It will generally be more useful to expand all such
tensors around their values on the background horizon. By
substituting the expansion (42), we can expand any tensor’s
components 7% on H, as

T (v, ry, 04) = T%(v,2M, 6%) + er(l)ﬁrT“ﬂ
1
+ 220,17 + 562(r<1>)263m
+ 0(e?), (48)

where derivatives of 7% on the right are evaluated at
(v,2M,0"). Geometrically, this represents an expansion of
the pullback ¢*T%, where @:(v,2M,0%) — (v, ry, 0")
maps points on the background horizon to points on the
perturbed horizon. The pullback can be expressed in terms
of Lie derivatives as ¢*T%; = e%*=T?; with Sry = ry —
2M and E*0, = 0,.

Performing such an expansion for the induced metric, we
find

Yap = 4M>Qup + 57,&115)3 + 5275421; +0(e*),  (49)

where
Vs = Mg + 4MrQqp, (50)
Vi = hisp +4AMrPQp + 2h(), DgyrV)
+r0a,AY + (F0)2Q,,. (51)

All quantities on the right are evaluated at (v, 2M, 6*). The
inverse metric is then
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1
4AM?
2
€ AC(BD(2)

- (4M2)2 cD

(M2

AB ACQBDj;(Clz)

o(1) o(1
+ Qc@BEQPFy )5 4 0(e3).  (52)

(4M2)?

Similarly, the basis vectors (45) on H, become

e =& +ee) + el + o), (53)
with
&))" 0, = 0. (54)
9, =D,rVo, (55)
820, = D,r?0,. (56)

Later calculations will require the expansion of these
quantities in spherical harmonics. We write the radial
perturbations as

r (v, 04) =

Im

i (1) Y (04, (57)

and we write ig EA)B> + )/g >QA as

Z nlm Ylm ) (58&)
v(n o (nlm m nlm m
i = S [P0 gy + 7 xS . (580)
Im

The coefficients ygnlm and 772?1"1) are straightforwardly

expressed in terms of the coefficients in the harmonic

expansions of hg}} and "), At first order,

(1im)

pm = M am)), (59a)
pa =i, (59b)

At second order, we must decompose products of
harmonics into pure harmonics, as described in
Appendix B. The result is

F2Im) _ p2im) g

Im

+ E |:1Fl/m/l//nl// lrm/ll//m// 1

!
Y

O (0) (60a)
o (2im) 2lm)
7i = I’l(i + Z |:(2)r7’:rf[//m//( )Cf{n 20" m"0
,{rZ://
+ (1)Fl/ m'l"m //( )Cﬁ/’ﬁf/”//m// l:| 5 (60b)

where the C symbols are given in Eq. (B15), and their
v-dependent coefficients are given by

ot = o A (61a)
mpim,, = %rw (o Ry —ic_h._), (61b)
@rims, = 2/1 l”m” (6,01, —ic_0,h.), (61c)
wptes _%rl,, ol —ic ), (61d)
(Il =0 with oy — —iog.  (6le)

Here we wuse the compact notation described in
Appendix C. These formulas will substantially collapse
in Sec. VL.

B. Null basis vectors

On each slice H, we introduce a pair of future-directed
null vectors k* and n”. Both are orthogonal to H,,
satisfying

gapk?ey = 0, (62)

gaﬂnaeﬁ =0. (63)

k* is chosen to point outward from H,, toward the
horizon’s exterior, and n* to point inward, into the black
hole’s interior. Together with e, these vectors form a basis
for 4-vectors at points on H,. In the case of the event
horizon, k* will be the tangent vector of the horizon
generators; in the case of the apparent horizon, k% will
not, generically, be tangent to the surface H.

In both cases, we normalize k* such that k” = 1, and we
scale n* such that it satisfies

Japk®n? = —1. (64)
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The metric can then be written as
Gap = —Nokp — keng + 7A33é927 (65)

where e
written as

= A gaﬂeB, and the metric’s inverse can be

¢ = —nkP — k*n” + yABegeg. (66)

Given the normalization k" =1, the orthonormality
conditions (62)—(64) uniquely determine k* and n®* in
terms of ry, Djry, and Qup. Assuming expansions of
the form

k* = k2

) + ek?

{y €kl + 0(e), (67)
and analogous for n% we can solve the orthonormality
equations for the coefficients at each order. At leading
order,

1
k?())aa = 81} += [f(rH) - r;lngBDArHDBrH]ar
—rH DAVHQABaB, (68)
0 = =0, (69)

We again elide explicit expressions for k“ and n< ) to
higher order, instead presenting results for tfle re-expan-
sions around the background horizon,
k* = k?()) + €k?1) + €2k?2) + 0(63), (70)
n® = i) + e + ezfz‘(‘2> + 0(e). (71)
The leading terms in these expansions are
k?o)aa = 81/" (72)
n%.0, = —0,. (73)
The first subleading terms are

9 1 ( )

k?l)aa = 4M (2th -l ))8}"
1
— a2 (Wi + Dart)@ %0, (74)
ﬁ?1>a - Ehrr 6 + h1r (9 + mhrA QABBB, (75)

where all terms on the right are evaluated at (v,2M, 64).
The second-order terms in k* are

(76a)

. 1

Koy = gz |2Mr® — 402 i) + QABhg_thlB)
+AM2R) Ry — AMPO, R
- 2th r() — (rm) - h(UA)DAr(l)
+ A DA — p, A (76b)
7 1 ACBD (1) 7 (1) ABp,(1)7
(2) 16M4 QQ hBChI)D+Q hr k
— 4M2QAB ) — aM2rB 9, h) )
+AMOQAB RN ) — aMPhly) DAY
+ 4Mr DAY — a2 DA
+ QAChggDBm). (76¢)

In our analysis we will not require the explicit expressions
for r“z‘(’n) beyond n = 0, but we use them as a consistency
check in some of our calculations. We include them here for
completeness:

1
i) = 50 (4M2hrr — n N8 — gp2npl)
aponli ). (7172
1
(CRv2 (8M2h5”) 2h QA — oML )
+ 8M20,h5) D 4 3MAy,) )
- 8M2h<vlr)h5)1r)> . (77b)
7) QAB 2 1 1 1 1
) = Toar <4M2h53) — 4M2hiy) iy — g pQCP
—2MPR)hLy) + AP0, h{y) )
R ) N

C. Surface area and mass

The surface area of the slice H,, is given by the integral

A= /H V7d6, (78)

where y is the determinant of the 2-metric y,5. By
substituting the expansion (49), we can write the surface
element as an expansion
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V7d0 = 4M? |1 + e yV) + 27 + 0(€3) [dQ.  (79)

where the subleading terms are

o(1)
=T (80)
4M?>
L2 ACOBD(1) (1)
Q) _ yg) _Q Q VB (cp) ’1
(aaryye 64M* (81)

We omit breves on the quantities \/}7(”) for notational
simplicity.

To evaluate the integral, we appeal to the harmonic
expansions (58), orthogonality relations (18)—(24), and the
identity [Y®dQ = v/4x. The result is

A = 162M? + AV + 24D + 0(&3), (82)

where
AW = /a7y (83)
A® = /2772
/1% <v(llm) 2 u(lim))2
- s (PP R (84)
2 5m

The area of the horizon provides a measure of the black
hole’s irreducible mass,

A
M. = ]—, 85
w1 (85)

sometimes called the Christodoulou mass. As its name
suggests, the irreducible mass cannot be lowered by any
(classical) physical process. Historically, this definition
arose from the case of a Kerr black hole [64], from which
some amount of energy can be extracted via the Penrose
process [65]. After substitution of the expansion (82), the
irreducible mass reads

M M1+ A
ir = €
" 24

where A(0) = 162M>.
The irreducible mass is closely related to another
quasilocal measure of mass: the Hawking mass [66,67],

1
My = Mm<1 +—/ 19+,9_\/77d29). (87)
8 H,

Here 8_ = y*BeSeyVyny and 9, = y*Be§ eV ky are the
expansion scalars associated with n* and k“, respectively.

Unlike irreducible mass, which simply measures the area of
a surface, the Hawking mass directly involves the gravi-
tational pull at the surface, as characterized by the expan-
sion or contraction of the two null congruences. In our case,
9_ will always be negative, while 8, will be either zero or
positive. An apparent horizon is defined by 6, = 0, mean-
ing My = M, for an apparent horizon. But for the event
horizon 6, > 0, meaning My provides a simple alternative
measure of the mass within the event horizon.
We return to these quantities in later sections.

D. Intrinsic curvature

Since H, is a 2-surface, its intrinsic curvature tensor can
be written in terms of its Ricci scalar as

1
Rascp = ER(yACYBD - }’ADYBC)v (88)

where we use a calligraphic R to avoid confusion with the
curvature tensor of the unit two-sphere. In this section, we
derive a perturbative formula for R through second orderin ¢,

1 o 9
R:W‘FG‘R(])(”,HA)+€2R(2)(’U’9A)+O(€3>‘ (89)

To carry out the expansion, we consider the metric y45 =

]7202; + 745 with 7201; = 4M?Q, 5. The scalar curvature of

this metric can be expanded in powers of 7,5 as
Rlyl = R[79] + 6R[7] + 8*Rl7] + O[(7)’].  (90)

following the notation in Appendix A. Explicitly,
Eqgs. (A12) and (A13) (with R,5[7?)] = Q4p) reduce to

1
- 16M*

SR[7] [DAD® a5, = 27. = D?7.]  (91)

PRI = 64M°

— Dy epDE¥ig — Ve (DD Y ap
+ DEDgyar — 2D sDgy, — D*74p)

1 3 . . 1 . .
L—‘ DEVCDDEYAB - 5 DEVCDDAVEB

+ 7ABJ7CD:| QICQPP, (92)
)

. y y . 5 L2
where 7, = Vap — 2Qup7.. Letting 745 = €745 + ezygt)ﬁ—
O(€?), we then have

9]

R0 — SRy, (93)

R = R[] + &Ry, (94)

Decomposing these quantities into harmonics, we find at
first order
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1 1
R(l) _ (11m) /1 (llm) ’ 95
Im 16M4 +5 ( )

where p? := (I + 2)(I — 1). This agrees with the result from
Vega et al. [38]. Decomposing the quadratic quantity
52R[7(1)] requires decompositions of products of angular
functions into scalar harmonics. We perform that decom-
position following the method outlined in Appendix B,
eventually arriving at

@_ 1
Im 16M4

+ E [BRN”/Z// HCl/’m/3l//m// 3

'’
1ol

v m 1 v m
[ﬂzygﬂ )+§(/12)27(+21 )}

CIR e Climtagny -2

+ M Rl’m’l”m”C;’n:tgll”m”—l

O Rl/ ’:’ll ZI/ " Cf{;’lnqol// mHO ) ] ’ (96)

where the C symbols are given by Eq. (B15) and the
functions YR/, ,(v) are given in Eq. (C1).

E. Gauss-Bonnet theorem

For any closed two-dimensional Riemannian surface S, the
Gauss-Bonnet theorem states that the surface’s total curvature
is related to its Euler characteristic y(S) according to

/ RdS = 4zy(S), (97)
S

where dS is the area element on S. Applied to our case, where
the surface H, has the topology of a 2-sphere, the equality
becomes

/ R.\/7d*0 = 8. (98)
H,

In this section, we use this identity as a consistency check of
our results for the surface area and intrinsic curvature.

Substituting the expansions (79) and (89) into the left-
hand side of the identity, we obtain

y AL
/ R\/rd*0 = 8z + 4M*¢ /R dQ+ —
H, 8M

+ 4M2 U (RP 4+ R, 1) dQ

A®

8M4} + O(€?). (99)

Here we have used 4M? | \/77(”)619 = A", Equating this
expansion to the right-hand side of Eq. (98) yields an
equation at each order in e,

A y
= RF/e) 100
sm* / ' (100)
A® 50) o B0 )
i | R +RUr)aQ (101)
The right-hand side of Eq. (100) evaluates to
/ RVdQ = VazR\)) (102a)
- (100)
4 o
=Y (102b)
8M

where we have appealed to Eq. (95). Comparing this result
to Eq. (83) for AW, we see that Eq. (100) is satisfied.
Next, the right-hand side of Eq. (101) evaluates to

/(7“32) + R0 70)d0

. ]
o+ D R (103a)
Im

VA
:—W‘f‘ 47[527?,00[}/“)]

1 21 (10m) 1 llm) (llm)
/1 Vo . (103b
i 2 (2 P (103b)

To avoid stacking bars on top of breves, here we let an
overbar denote the complex conjugate of a quantity that
otherwise would carry a breve. The monopole mode of the
quadratic term in Eq. (96) can be simplified to

o llm
O Ruol?V] = \/47:256M6 Z [

+12(| (1Im) |2+| (11m) | ) 2/1 (llm) gllm) '

(104)

Substituting this into Eq. (103) and comparing the result to
Eq. (84) for A®), we find that Eq. (101) is satisfied.

IV. APPARENT HORIZON

We now consider the apparent horizon. In this section,
we obtain a perturbative description of the horizon’s radial
profile in terms of the metric perturbation. The horizon’s
area, mass, and curvature are then given by the generic
formulas of the previous section. Our notation and con-
ventions largely follow the textbook of Poisson [68].

A. Specification of the horizon

We first foliate the spacetime with surfaces X, of
constant v. On each X,, the apparent horizon A, is a
closed spatial 2-surface; this now plays the role of H, from
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our generic treatment.” On this surface, we have the two
future-directed null vector fields, k* and n?%, that are
orthogonal to .A4,. To illuminate the definition of the
apparent horizon, we extend k% and n“ off of A, by taking
them to be the tangent vector fields to congruences of null
curves, C; and C,, respectively. The choice of these
congruences is arbitrary; the curves making up C;, (C,)
may be accelerating and nonaffinely parametrized, for
example, so long as they are tangent to k* (n%) at A,.
The congruences’ kinematics at A, are described by the 2-
tensors

Bjiy = €5enV kg, (105)
Bp = ef{egvanﬁ, (106)
and their expansion scalars are
8, =By, (107)
9= }’ABBZB (108)

A spatial 2-surface in X, is a trapped surface if 9_ < 0
and 9, <0, and it is marginally trapped if 9_ < 0 and
89, = 0. The apparent horizon .4, is the outermost margin-
ally trapped surface in X,. The collection of apparent
horizons forms a 3-surface A :=U, A,, which we also refer
to as the apparent horizon. This plays the role of H from our
generic treatment. A is spacelike in dynamical regions of
spacetime; it is then a dynamical horizon in the sense of
Ashtekar [23]. It is null in stationary regions of spacetime;
it is then an isolated horizon [23].

9_ will always be negative when & vanishes, allowing
us to calculate only 9,. The equation determining the
apparent horizon’s location is then

9, =0. (109)
One might imagine there being multiple solutions to this
equation, requiring us to find the outermost one. (A would
represent a dynamical or isolated horizon in any case, but not
an apparent horizon.) However, in our context of a perturbed
Schwarzschild black hole, we will find that Eq. (109)
specifies a unique surface near the background horizon.

Before calculating the expansion, we note that 9 and §_
only involve derivatives of k, and n, within A,. Therefore
although it can be helpful to think of the expansion scalars

’An apparent horizon is more commonly described as a
2-surface embedded in a spatial hypersurface. One can always
find some foliation into spacelike 3-surfaces X, for some time
function 7 such that the apparent horizon A, in X, is identical to
A,. The construction in this section is indifferent to which of
these submanifolds the apparent horizon is embedded into, but
the foliation into surfaces labeled by » is most natural in our
perturbative context.

in terms of congruences of curves, they are actually fully
specified by the basis vectors k% and n* on A,.. They do not
depend on the complete congruences, nor do they depend
on the vectors being tangent to geodesics. In the literature
one more commonly sees the simplified form 9, = V k?,
which holds for an affinely parametrized congruence.
Generically, for accelerating, nonaffinely parametrized
curves, the curves in C; satisfy
k/}Vﬁk” = kk” 4 ke (110)
on A,, for some x and x*. [There is no component
along n® because the contraction with k, must vanish:
kokPN sk = 3 kPV 5(k,k*) = 0.] Using Eq. (66), we can
therefore write the expansion as
9, =V k* —«. (111)
If the curves are affinely parametrized, regardless of
whether they are geodesics or accelerated, this simplifies
to the standard expression 9, = V, k*. However, because

these expressions require an extension off of .A,,, we instead
exclusively use Eq. (107).

B. Radial profile of the horizon

In this section, we solve Eq. (109) to find the horizon’s
radial profile.

We first write Eq. (107) in terms of background
quantities and perturbative quantities. The tensor B,
defined in Eq. (105) can be written as

B}y =eiel (9}? + h/)y) <(°>V(,ky +cl [h]kﬂ> . (112)

Here Cﬂ;ﬂ is given by Eq. (A2). In evaluating Eq. (112), we
first take derivatives at the coordinate location of the
perturbed horizon, x’;{ using expansions of the form
(67) for the null vector and applying radial derivatives
as d, = 0,,,. After that, we carry out expansions of the form
(48), using Eqgs. (53) and (70). Finally, when evaluating the
contraction y8B7,, we use Eq. (52).

As a check of our calculation, we have also performed
the operations in an alternative order, leaving B}, and y8
at r, using the form Eq. (47) for y48, and then performing
the expansion (48) at the level of the scalar quantity 9. As
an additional check, we have also used the alternative form
9, = (¢* + nk’ + k”nﬁ)V,,k/; to obtain the same result.

In all variations of the calculation, we arrive at

9, =8 (0,04) + 297 (0,00 + 0(%).  (113)
The zeroth-order term identically vanishes because the
background horizon has zero expansion in the background
spacetime. The first-order term is
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1953) = 2Mhm 8Lh‘()1) + DAhE)i\) + (D2 -

a2
(114)

The second-order term is %wen in Eq. (C2).
To solve the equations 9’ = 0, we expand all quantities
in tensorial spherical harmomcs using Eqgs. (27)—(30) and

(57) and then decompose 19<+") into scalar-harmonic modes

19%"1. After appealing to the identity (13) and the defi-
nitions (14) and (15), we immediately find

o 1 (1im) (1im) (1im)
+.Im 4M2 |:2Mh“) 8Lho - ﬂ%hv+
—(1 H%)rﬁ]]. (115)
The solution to 19(+1)1m = 0 is therefore
(1im) 27 (1im) (1Im)
(1) oM™ —Athyy " = 0yhs
Tim (V) = e . (116)

All quantmes on the right are evaluated at (v, r = 2M).

Finding 19( ) » Tequires decomposing products of tenso-
rial harmomcs 1nt0 Y, modes. As in our decompositions in
Sec. III, our method of decomposing such products is
described in Appendix B. Our calculation in this section in
particular utilizes the identities (B21)—-(B24). The result is
an equation of the form

y 1
19-&—.lm_ 4M2

+) j[zef,m e (O)CH s

'
Mol

+ ( 1 )85/'::["/1//’”// (U) Cé/rz/lo/ l l//m//_ 1

2
0 @l/ /l// H( )Cﬁ/ /Ol// //0] (1 +i%)r5'n) }’ (117)

{2th;l'” — 9, A — 2 p2m)

where the C symbols are defined in Eq. (B15) and the
functions m@, e @r€ given in Eq. (C3). The solution to

1983)1,” = 0 18 therefore
@ 2]Mh(bZUlm) /12 2lm 8 l’l (21m)
rlm (U)

1+z2

—— > [, (v)Cl
1" // UP L ) [

1 7w
"

+ ( l )G;f:ln/l//m// (U) C;Z/’lilq ] l//m//_ l

(0)®ll /l// i ( )Cf/ /Ol// //0} ( 1 1 8)

Dr],

C. Surface area, mass, and intrinsic curvature

Given the perturbations (116) and (118) to the horizon’s
radial profile, we can compute the intrinsic metric (49)
using (58) with Egs. (59) and (60). From the intrinsic metric
we can then compute the surface area, mass, and intrinsic
curvature using Egs. (82), (86), and (89) [with Egs. (95)
and (96)]. Because 9, = 0 on the apparent horizon, the
horizon’s Hawking mass (87) is identical to its irreduc-
ible mass.

The surface area and the mass both require the monopole
mode of ). For [ = 0, Eqs. (116) and (118) reduce to

) = 2mn” — o,n" (119)
@ (200) (200) )"
I, = 2Mh1)11 8 h + @ ml.—m
00 %: \/4—” < Iml,
- )®lml —m <0)@)lml m> (120)

The explicit expression for r&) is given in Eq. (C5).

The surface area and mass at first order are easily
evaluated. Note that an [/ =0 vacuum perturbation is
necessarily a perturbation toward another Schwarzschild
solution, which (with an appropriate choice of gauge) we
can write as

o (0)

M 22D g gnh
oM

for some oM. Therefore the [ = O correction to the horizon
radius, as given in Eq. (119), is

r\t) = V16z6M.

With Egs. (83) and (59), this implies that the correction to
the surface area is

26M

===, (121)

(122)

AW =327M&M, (123)
and the correction to the black hole mass, given in terms of
the surface area in Eq. (86), is

MY =My = sm

ur

(124)

(noting again that the Hawking and irreducible mass are
necessarily identical for the apparent horizon). M can also
be invariantly defined as the Abbott-Deser mass contained
in A, [69,70]; for linear perturbations of Schwarzschild
spacetime, all sensible definitions of mass agree.

In the context of a binary inspiral, where the two-
timescale expansion (32) applies, all the same results hold
true except that (i) the black hole’s gradual absorption of
energy requires that SM becomes a function of ¥ [59], and

(ii) r}frf picks up an additional slow-time derivative term,
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5 (2) . 8{;]1&””0
Fimw = — 2
1+ 22

(125)

coming from the chain rule (34) applied to the v derivative
in Eq. (116). After this correction is accounted for, all v
derivatives are then to be interpreted as the fast-time
derivative Q; % The correction (125) plays an important

role in our comparison of the apparent and event horizons
in later sections.

We defer any evaluation of the scalar curvature or the
second-order expressions to Sec. VI, where they will be
substantially simplified.

V. EVENT HORIZON

In this section, we obtain a perturbative description of the
event horizon’s radial profile in terms of the metric
perturbation, following the method of Refs. [37,38]. We
then show that in the context of a two-timescale expansion,
the event horizon is effectively localized in time. At the end
of the section we begin our comparison of the two horizons.

A. Specification of the horizon

A black hole B is intrinsically a nonlocal object. It is
formally defined as a region that is causally disconnected
from future null infinity .#:

B=M-J(J7), (126)
where J~(.#1) is the causal past of .# . Its event horizon is
the boundary of this region,

HT = 0B. (127)
We denote the horizon as H™ to indicate that it is
perturbatively close to the background spacetime’s future
horizon rather than its past horizon. H™ here plays the role
of our generic surface H from Sec. III, and cuts of constant
v, H;, play the role of H,. The definition (127) implies that
the location of the event horizon at a given advanced time v
depends on the entire future history of the spacetime.

To locate the horizon in practice, we first note that
because it is a null surface, it is necessarily generated by a
family of null geodesics. Each of these geodesics can be

parametrized with advanced time v, such that it has
coordinates xg(v). Since the curve must be within the

horizon surface, which we parametrized as x{, (v, 0*), we
can write xg(v) as
xg(v)

= x4, (v,05(v)). (128)

dxs .
Its tangent vector k% = % is then given by

ke = aava Dhes, (129)
where
Oxyy Ory
= 1
S0, =0, +— L0 (130)
. or
egegaa:af“ag;‘a +030,, (131)
and 0§ := d03/dv. This implies k* = 1, k* = 6 and
k" = %W + 00D,y (132)

Because it is tangent to the null surface’s generators, k¢
must also be orthogonal to the horizon. This means k*
satisfies all the same orthonormality conditions as in our
generic treatment in Sec. III: k,k* =0, (62), and (64).
Therefore on each cut of the horizon, H;, k% is uniquely
determined as a function of ry, and h,; exactly as in the

generic treatment. So in particular, &4 (or equivalently, 6“3)
is given in terms of k" by Eq. (70) with the A component of
Eq. (74) and with (76c). However, rather than using
Egs. (74) and (76b) for k", we can instead use the form
(132). The null condition k,k* = O then becomes a first-
order differential equation for the radial profile ry, as a
function of v.

So far, this description only specifies that H™ is a null
surface. To specify which null surface it is, we need to
impose feleological boundary conditions. We assume that
in the distant future, the spacetime settles to a stationary,
Kerr black hole. In that stationary state, the event horizon
has the standard radial profile of the Kerr horizon. Our
teleological condition on ry (v, 6) is that when v — oo, ry
reduces to the Kerr horizon’s radial profile. In other words,
the integral curves of k* must start in the distant future as
the generators of the Kerr horizon and then be evolved
backward in time from that end state. In Sec. VC we
comment on some subtleties in this condition.

B. Radial profile of the horizon

We obtain evolution equations for ry by expanding
Eq. (132) in the form (70), which implies

. or(H
k(1> - 81} y (133)
. or®
k() :W—kkf‘l)DAr(l). (134)

The other components are described above
Substituting our expansion of k% into (g ﬂ) + hop)k* kP =0,
we find
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ortH
r —4m gv —2mhY) (135)
and
or (rD)2 orD
@ —am = — = 2mnY + L+ amnl)
" ov + 2M + Ov
1 1 1
QY DA
M M
D DDA
- % +r0a,al). (136)

where all quantities on the right are evaluated at (v, 2M, 64).
We can write these equations in the common form

orn)

W - KO}"(n) = —K()F(n>(1], QA),

(137)

where we have introduced kg :=1/(4M), the surface
gravity of the unperturbed Schwarzschild black hole.
Expanding the equations in scalar spherical harmonics,
we obtain

(n)
d n
Tim —Kor( )

= Kor) (v) = =Ko Fp,) (0).

(138)
The first-order driving term is immediately found to be

F\V(p) = oM™

Im

(v,2M). (139)
Calculating the /m modes of the second-order driving term
requires decomposing products of vector harmonics into
single scalar harmonics; as stated previously, this is
described in Appendix B. The result is

FP () = 2mna™

Im
+ E : |:(1)H§ﬁ1/l”m”(v)cf’n:rgll”m”—l

'm!
™z

(v,2M)

Ot <U>c;:;90,,,m,,0] , (140)

with

g A

I'm' 1" m" = W |:U®(h;/_hlb/_ + h/b+h//+)

+ 2(G+hlp+ - ia—hlﬂ—>r§/£2n”+0+r§/]n)1/r§/}r)n” 5

(141)

(0)gyim

1
' l'm" — 4_ M\/j_r _4M2h;/bh;)/r

(2Mh;.,r<})

"'m"

+r A am? rg,;i,a,hgv> . (142)
Here we wuse the compact notation described in
Appendix C, and we additionally define o =0, —io_.

The differential equations (138) have the teleological
solutions

rgfn)(v) = Ko /oo e_""(”/_”)Fgl';,)(v')dv’. (143)

Under the assumption that F 5::1) can be treated as effectively
constant after some late time 7', the solution (143) correctly

becomes the constant ") = F\")(T) for all v > T. If we
adopted a causal solution instead, the solution would grow
exponentially as eV at late times.

To exactly evaluate the integral (143) ata given time v, we
need to know F E;? forall v > v. This requires simulating the
spacetime’s entire evolution, allowing it to settle to a
stationary state, and only then finding the location of the

horizon at earlier times.

C. Timescales and temporal localization
on the horizon(s)

In Refs. [37,38], Poisson and collaborators show that under
certain circumstances, the teleological effects on the horizon’s
location are strongly suppressed, and the horizon is effectively
localized in time. In this section, we review that argument,
recall why it does not apply to binaries, and then apply a variant
of it to show that in a small-mass-ratio inspiral, the timescales
are such that the horizon is always temporally localized except
in an interval of advanced time around the final plunge.

The essential idea of the localization is that the expo-
nential factor in Eq. (143) exponentially suppresses the
effects of the distant future. Integrating by parts, as we did
to obtain Eq. (37), we can express Eq. (143) as

n n [ , dF(n)
A () = FIY (v) +/ eo(v'=0) —d;," dv' (144a)
n 1drF"” 1 2F"
= F(0) 4 —=m o S 2 Tm o (144b)

Ko dv K§ dv?

This is a sensible approximation if the characteristic
frequency of F 1:1 is much smaller than .

In a binary inspiral, the frequencies € can be
much larger than k;, meaning this approximation is
inappropriate. However, we can nevertheless develop a
similar localization approximation. We do this in two steps:
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First, we show that the far future has negligible impact on
the location of the horizon at times significantly before
plunge. Second, we show that during the inspiral phase, the
approximations (37) and (144) can be combined to localize
the horizon.

Generically, a small-mass-ratio binary evolves through
four phases [71]: the slow inspiral; the transition to plunge
when the companion approaches the ISCO (or more
generically, when it approaches the separatrix between
stable and plunge orbits [72]); the plunge itself; and finally,
the postmerger ringdown, when the black hole settles to a
stationary, Kerr state. Each of these phases has an asso-
ciated evolution timescale. The inspiral is characterized by
the orbital timescale ~1/€; and the long radiation-reaction
time #, ~ M/e. The transition to plunge is characterized
again by the orbital timescale, but also by the transition
timescale ~M/e'/> [61], as the orbit more rapidly evolves
during the transition phase. The plunge itself occurs
rapidly, on the timescale ~M. Finally, the ringdown phase
itself has two types of evolution: the rapid exponential
decay of the black hole’s quasinormal modes [73], and the
late-time tails [74] that decay with a power law »~%/=3 along
the horizon [75].

We now consider a time v in the inspiral phase. Our first
goal is to show that all the later phases have negligible
impact on the location of the horizon at time v. In the
process, we find an estimate of the cutoff time where our
treatment breaks down.

We first split the integral (143) into four segments
corresponding to the different phases of the system,
I = Jir+ [ir+ [x+ [i2, where the labels refer respec-
tively to transition, 7', to plunge, P, and to ringdown, R. We
then consider these one by one, starting with the integral
over the transition regime, which we write as

(145)

Im

I = Kyeov=r) /DP e_KO(”/_”T)Fm)(U/)dv/.

To ensure that we can neglect this integral, we require it to
be much smaller than ¢, such that the contribution forn = 1
is negligible compared to the O(e?) effects that we
calculate.

Although the transition is rapid compared to the inspiral,
it is slow compared to the orbital period, and throughout the
transition we can adopt an adapted two-timescale form for
the forcing function, F(")(v) =3, F,(C”) (e'3p)e~imlve),
where %% = O (¢'/3v). (We suppress Im indices for the
remainder of this discussion; the approximations can be
carried out at the level of the sum of /m modes or at the
level of individual modes). For each k mode, the integral
then has the form

I = gper(t=r) / Pl e) F}iﬂ)(el/5v’)dv’, (146)
vy

where y; (v/,€) = ko (v — vr) + igy (', €). This function
has the properties

II/I{(/UTﬂe) = i(pk(UT’e)’ (147)
d T
d";’; = ol (1/50) = ko + iQ(50).  (148)
Repeatedly integrating by parts, we obtain
X eko(v—vr) Tl e) (i
I’} S 7 e Vi (vr. )F,(( )(el/svr)
D
— e (Spp) + O F) |, (149)

The quantity in brackets is order 1. Therefore, for /7 to be
much smaller than e, we need e*(?~"1) « ¢. This relation
translates into a relation for (v — vy):

Kolv — vp| > |Inel. (150)
So we conclude that during the inspiral phase, we may
neglect the impact of the transition phase so long as we
restrict ourselves to advanced times satisfying Eq. (150).
Note that this is a far smaller time interval than the
radiation-reaction time, implying that the companion can
get very near to the transition before the transition’s
influence on the horizon is felt.

Next, we consider the integral over the plunge phase,
which can be written as

(151)

Ip = Kpeolv=or) /DR e"‘ﬂ(”"”P)Fgfn)(v')dv’.
v
During the plunge, the timescale on which F(v) varies is
~M, implying the contribution from the integral is of order
1, excluding the exponential factor outside it. Therefore the
cutoff (150) ensures that [, is much smaller than e.
The same argument applies to the integral over the
ringdown phase,

(152)

Ip = KoeKO(”_”R) /oo e_KO(”/_"R)FEZL)(U/)dv’.
Ur
The cutoff (150) ensures that /; is much smaller than e.
We have now shown that all the future phases have
negligible impact on the horizon during the inspiral phase.
We have only one remaining integral,

(153)

Im Im

r(”) =Ko /vT €_K0<v,_v>F(n)(’I)/)d1jl,
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which we are able to localize in time using the now-familiar
integration by parts. If we expand the forcing function in
two-timescale form, as F(") = F,i”)(@)e‘i’/’k<”’e>, then for
each mode k, we have an integral

rfc") =Ky /DT e“”k(”/'”*e)F,E")(ev’)dv’, (154)
where we have defined
wi(v'. v €) = ko(v) = v) +ige(v'€).  (155)
This function has the properties
wi(v.v.€) = igy(v. €), (156)
dyy o no_ . /
d oy (ev') = ko + i (e?). (157)

If we now repeatedly integrate by parts while appealing to
these properties and the cutoff (150), we obtain the
approximation

/UT F,((")(ev’)e_"’k(”/*”’e)dv’

F ()

()

e d F" (%)
Wy dv a)k(f))

_ o) [ Yole). (158)

As promised, although neither of the approximations (37)
or (144) is alone accurate, a variant which combines them
does provide an accurate approximation that localizes the
teleological integral. The oscillations in the two-timescale
approximation approximately average out over the inte-
gration domain, while the exponential decay eliminates the
impact of the very far future. In the case of quasistationary
modes, with k=0, the approximation (158) simply
reduces to Eq. (144), but for these modes F (") is the
slowly varying function F ((,")(@), meaning each derivative
in Eq. (144) comes with a power of e.

By substituting Eq. (139) for F(!), we now obtain the
temporally localized perturbations to the event horizon’s
radius:

m 2MK0hg,lv’k>

I —_—,

(159)
Wy

and

@) KOF,?) n 2Mkoaz.hg,lqjk)

r
k Wy C(),%

2Mixgh'SF doy,

3 —
j, dv

(160)

These formulas can be made more explicit using

Ko 1
—_—=— 161
For quasistationary modes, these results give the slowly
evolving average corrections to the horizon radius:

(r0) = 2M (h}Y)). (162)

d
(F)y = (F®) + 8m2 = (),

= (163)

where we recall the definition (38) of the average of a two-
timescale function.

Before moving to the next section, we comment on how
applicable our results are to other scenarios and phases. In
this section we have focused on the location of the horizon
in the inspiral phase. The same arguments apply to the
transition phase, and we expect the event horizon to remain
localized for a significant portion of the transition
(although, to our knowledge, there has not yet been a
complete multiscale treatment of the transition phase,
including the metric perturbation in addition to the com-
panion’s trajectory).

In the plunge phase, the horizon is not localizable, and
moreover, much of our analysis throughout this paper
breaks down. As the companion approaches the black
hole, additional generators join the horizon [47-50]. The
caustics they form create a cusp on the horizon. Although
our treatment of individual generators remains valid in that
case, the horizon does not have a smooth induced metric,
and the generic treatment in Sec. III becomes invalid. The
additional generators that join the horizon can also begin
from a great distance away from it. The cusp extends into
the infinite past on the horizon, suggesting one should
worry that this spoils our treatment of the inspiral phase as
well. However, the cusp is exponentially suppressed in the
same way as other effects discussed in this section, and we
can safely ignore it.

Finally, in the ringdown phase, our generic treatment of
the horizons apply perfectly well. But since quasinormal
modes have frequencies and decay rates comparable to x,
there is no temporal localization in the early stage of
the ringdown. At late times, if the power-law tails die out
on a much larger timescale than 1/x,, then Eq. (144)
should apply.

D. Surface area, mass, and intrinsic curvature

Just as in the case of the apparent horizon, given the
perturbations (143) to the horizon’s radial profile, or (159)
and (160) in an inspiral, we can compute the intrinsic
metric (49) using (58) with Egs. (59) and (60). From the
intrinsic metric we can then compute the surface area,
irreducible and Hawking mass, and intrinsic curvature
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using Eq. (82), Egs. (86) and (87), and Eq. (89) [with
Egs. (95) and (96)].

The surface area and masses require the / = 0 term in the
horizon radius, rgz)). These are obtained from the /=0
forcing functions in Egs. (139) and (141), which read

Fi) = 2mnli"”, (164)

@ _ (200) 1 (1im) (1)
FOO = 2Mh1,@ -+ 4M2\/7_1' ; |:2Mh17r rlm

—222h M EY _ applm Ry

Im

Im Im
— (B = D) = 2R (AR

Im

+ 4M2r§;ja,iz£b””)} . (165)

Like we did for the apparent horizon, we can quickly
obtain the surface area and mass at first order.
Using Eq. (121) for hﬁ,ﬁf’o) in Eq. (143), we recover
ri) = \/16z5M; this is identical to the result (122) for
the apparent horizon. The same can also be obtained from
Eq. (162), noting that a vacuum monopole perturbation can
always be written in a gauge in which it is a pure k =0
mode. Equations (83) and (86) then imply A(") = 32zMsM

and MfllT) = 0M, just as for the apparent horizon.

Unlike the apparent horizon, the event horizon’s
Hawking mass (87) differs from its irreducible mass.
However, the difference only enters at second order. At
first order, the expansion 9, vanishes [37,38]; we repro-
duce this result in the next section. We therefore have
9, = 621953) + O(€?). The expansion scalar for the ingoing
null vector is easily calculated to be 9_ = — + O(e).
Therefore the Hawking mass of the event horizon is

e2M?
2

My = My, — /a@m +0().  (166)

We simplify this formula in the next section. There, we
make a thorough comparison of the two horizons. To
preface that comparison, we note that because 9, = O(€?),
the event horizon is in fact identical to the apparent horizon
at first order. As alluded to in the Introduction, they only
begin to differ at second order.

VI. GAUGE FIXING AND INVARIANT
PROPERTIES OF THE HORIZONS

So far our calculations have not specified a choice of
gauge. At first order, it is straightforward to show that
quantities such as the black hole mass are invariant under
the linear transformation (9). Moreover, the horizons
themselves are invariant 3-surfaces. However, their folia-
tions into surfaces of constant v are inherently gauge

dependent. Even given some foliation, a transformation
within each 2-surface does not leave all our quantities
invariant. As a simple example, consider the horizon’s
scalar curvature. Under a gauge transformation generated
by a vector &* that is tangent to H,, the first-order
correction to the scalar curvature, R(1), transforms as
R - RW + £,RO. Since the zeroth-order curvature
is constant on the horizon, this implies that R(!) is invariant
under these transformations. However, R(®) then trans-
formsas R? - R + £§R(1>. Since R is not constant,
R is not invariant.

Quantities such as the horizon area and mass of H, are
invariant under transformations within H,, since they are
defined as integrals over H,. But they are not invariant
under a transformation that alters the foliation. And
analyzing how they transform is nontrivial because we
have described the horizons’ locations using gauge-depen-
dent parametrizations x3,.

In this section, we construct invariant quantities asso-
ciated with the curvature, area, and mass of the horizons.
Our procedure for constructing these invariant quantities is
based on gauge fixing: we write all variables in terms of the
transformation to a preferred, fully fixed gauge in which the
perturbed event horizon remains at the coordinate location
r = 2M. Such a gauge is described as horizon locking [38].
Our procedure also gives invariant geometrical meaning to
our foliation and to the apparent horizon’s location relative
to the event horizon. At the end of the section, we are able
to isolate the precise differences between the two horizons.

Since we will be comparing between quantities on .4 and
H*, in this section we explicitly add a “.A” or “H " label to
quantities such as rm, M., and R.

A. Gauge-fixed metric perturbations

Referring to Egs. (9) and (10), we define the gauge-fixed
metric perturbations to be

Ry = nly + Lo, 6. (167)
£2) _ . (2) o, Lo o (1)
haﬁ - ha/} + ‘C§(2)g(t/3 + E‘CC(l)g(z/)’ + Lg(l)haﬁ : (168)

In terms of Eddington-Finkelstein components, these
equations read

W)=l -2len w20, 200,85, (16%)
RS = W) + 0,80 + 0,80~ FO,80. (169b)
Bl = hd + PQupd L) = FDAL() + Dalfyy. (16%)
by = n) +20,0,,. (169d)
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R = i)+ PQup0,CE + Dagly (169%)
A1) _ (1) r oL o2p A

he he'” +2rf() + r"Dali}. (169f)
WY =+ 22Qe D € (169g)
(aB) = Map) T <T"32c(alB)6 (1) g

The components of fz&zﬂ) are given by the same equations

) H(z), where

with the replacements {7y — {7 and A o

@@, 1 ()
Hrz/} = haﬁ + E‘CC(I)gaﬁ + ‘CQl)haﬁ . (170)
In these expressions, C‘(’n) is the unique vector that
transforms from the “user gauge” (whichever gauge one

happens to use to solve the field equations) to the fixed

gauge. By imposing geometrical conditions on ﬁé’;}), we will
(n)

express (j‘(”n) explicitly in terms of hey

. This process will be
expedited by introducing the tensor-harmonic expansion

C?n) = ZC((lnlm)Ylm’ (171)
Im

Im

Once C‘Z’M is determined, the quantities fzg;; will then be

given by simple formulas in terms of hg}). These formulas

will be gauge invariant: fzg;) takes the same value regardless

of the gauge that hg/? is in. The horizons’ surface area,
curvature, and mass will then be written in terms of
manifestly invariant quantities with clear geometrical
meanings.

Finally, to facilitate this gauge-fixing procedure in the
case of a binary inspiral, we introduce a division of each
field into its quasistationary and oscillatory pieces,

hy = (h%)) + %) (173)
hiy = (h%)) + 7% (174)
HYy = (H) + 7). (175)
hy = (o) + M) (176)

Each of the oscillatory quantities has an expansion of the
form

. (nk) / ~ )
J((,’;;) = ij,',’; (B, r,0M)e 0%,
k0

(177)

which excludes the quasistationary, kK =0 terms from
expansions of the form (32). When substituting these
two-timescale forms into Eqgs. (167) and (168), the first-
order equation becomes (169) with 9, — Q;0,. A v
derivative acting on ¥ dependence is demoted to second

order. We can absorb those terms into a redefinition of H ,(j})

HY = B = HY) 20,00, - 20,¢,. (178a)
H) — HY = HY + 0,0, (178b)
H(Li) - F]Ei) = Hg)i) + r2QABaD§?1)7 (1780)

with other components unchanged. All other » derivatives
in the second-order expressions are then replaced
with Q;0,, .

B. Gauge fixing

1. Horizon locking

We first impose the condition that the event horizon of
the perturbed spacetime lies at the coordinate radius
r=2M. An example of a gauge condition that enforces

this is the Killing gauge [38], defined by A\t = 0 for all a.
For reasons we describe momentarily, we impose a slight
variant of that condition. We first impose
W3 =0, (179)
OIS
Qe

~(2)
hyy =
|H0 41‘42

(180)

Here |, indicates evaluation at (v,2M,0"); we do not
require these conditions to hold at any points away from
r =2M. Examining Eq. (135), we see that in a gauge
satisfying Eq. (179), the leading perturbation to the event

1 . . . ..
;tl’ vanishes. Given this, examining

Eq. (136), we see that in a gauge satisfying both

Egs. (179) and (180), the second-order perturbation rﬁi
likewise vanishes. In both cases, we assume the teleological
solution for r;'{'l
geneous solutions.

By combining Eq. (169a) with Eqgs. (179) and (180), we find

horizon’s radius, r

which rules out the nontrivial homo-

r r 1 1
avé(l) - KOC(]) = _Ehgzv), (181)
, , 1), Q8RR
av‘:(z) - KOC(Z) = —EHm/- + W (182)

It should be understood that all quantities are evaluated at
r = 2M in these expressions. These equations are identical in
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form to the equations (135) and (136) for the perturbations to
the event horizon’s radius. So they also have the teleological
solution provided by the formula (143),

1 [ ,
e =5 / e o=l | o (183)
r 1 © o k(v—v (2) QAB;IEJL)E(LIB)
€(2>|H0 = 5\[ e ol ) (Hm; - W HOdU/.
(184)

Note that the conditions (179) and (180) do not dictate that
the perturbed horizon’s generators have the same coordinate
description as the background horizon’s. The generators all
lie within the surface r = 2M, but the perturbed generators
do not correspond to lines of constant & within that surface.
In many (but not all) cases, we can freely enforce that they
are lines of constant & by demanding

W) = 0. (185)

From Eq. (169c¢), this implies
1 v 1 -
e =Chle = | (B + & hede', (186)

- - L[ o
Syl = Eylso _W/—oo ho=|ypod, (187)

where & is the bifurcation sphere, (r = 2M, v = —o0), and

we have omitted /m indices for visual simplicity. The same

equations apply at second order with the replacements
« « () @)

g(]) - &:(2) and hvi - Hi::l:‘

We can see from Egs. (74) and (76) that with the above
conditions, the normal vector to the event horizon (and
therefore the tangent to the event horizon generators) now
has the same components as the background normal vector,

ks, 0, = 0, (188)

However, we cannot make the simplifications (185) and
(188) in the case of a binary inspiral. In an inspiral, the
condition (185) leads to a large, order-e~! vector field,

1 U (lim N
- _4M2€/ <h§'— )>|H°d7/»

invalidating our asymptotic expansions. This will occur, for
example, due to the black hole’s slowly varying spin, which
accumulates over the course of the inspiral as the black hole
absorbs gravitational waves.

To adapt the condition (185) to an inspiral, we split our
fields into quasistationary and oscillatory terms, following
Egs. (173)—(176). We then impose

<C(_11m)> |’H0 (189)

Jidba =o. (190)
implying the analogs of Egs. (186) and (187),
b = g G b, (191)
’7(1k) H _4iM2§2k Jo+ ”(lk) HO»
= e = R (192)
M1xy1H 4iMZQk]”_ HY

Here we have again omitted /m indices. At second order the
same equations hold with the replacements ;1‘(’1 )~ ;7‘(’2) and

]51:2 - .752 where J g includes the slow-time derivative

terms from Eq. (178). Referring to Egs. (74) and (76), we
see that these conditions enforce

kS, 0, = 0, + Iy 0, (193)
where
A € N
by =~ pp@ P ihe + 0 (194)

is (at least at leading nonzero order) a slowly varying
angular component. The horizon generators in this case
wrap around the horizon slowly, with a small, slowly
varying frequency % = /Ac?ﬁ.

There is a straightforward analogy between our gauge
fixing in the two cases. In the case that we do not have
quasistationary effects, Eqs. (186) and (187) leave the
constants { (in |so unspecified; this is an incomplete gauge
fixing on the horizon. In the case of an inspiral, we instead
have the slowly varying vector fields (¢ a)) |0 unspecified.

Similarly, we can immediately relate the time-varying
pieces of Egs. (186) and (187) to Egs. (191) and (192)
using the time-localizing approximation (37). Moreover,
Eqgs. (179)—(184) apply in both cases.

To bring all the equations into two-timescale form, we
can localize Eqs. (183) and (184) using the approximation
(158). One can use only the leading term in that approxi-
mation and then make the adjustments in Eq. (178), or
equivalently, one can include the subleading term in the
approximation and omit the adjustments in Eq. (178). The
result is

hi
éu(1k>|H° = —Zwk ) (195)
=~ (2% A1)y 2(1
R D M :

where all quantities are evaluated at r = 2M, and we have
used Eq. (190).
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2. Foliation locking

Having locked the event horizon to r =2M and its
generators to lines of constant (or slowly varying) 64, we
now impose the foliation-locking condition

90,0950 =0 (197)
This condition enforces that a surface of constant v is a null
surface. It does not enable us to uniquely identify a specific
cut of the horizon, but it does enforce that our cuts of
constant v correspond to a foliation defined by the
intersections of the horizon with a family of ingoing null
surfaces X,.

There are several ways to satisfy Eq. (197). A straight-
forward method is to impose

A =o. (198)

This is referred to as a lightcone gauge condition [76]. If we
additionally enforced ™ =0, it would put the metric in

the standard radiation gauge, in which fzg'j‘g

transverse-tracefree ingoing gravitational waves at the
horizon. However, we will not impose this additional
condition. The condition (198) alone enforces not only
that X, is a null surface, but also (through }Azgz) = 0) that the
generators of X, are lines of constant @4, and that their

tangent vector (or equivalently, the normal to the surface)
has components

represents the

(199)

[which is consistent with Egs. (75) and (77)]. As a
consequence, r is an affine parameter along the surface’s
generators. We will see that Eq. (199) also applies for the
ingoing null vector orthogonal to A, (through second order
in €).

By combining h,, = 0 with Eq. (169d), we find

1/’ (1)
—— | hydr.
2 Jom

Here, and in all cases in this section, the same equation
applies at second order with the replacements C((ll) - g“‘(lz)

gy = e (200)

and hfl},) - H{(j,) These equations uniquely determine { (”n)
up to its value at the horizon. Similarly, combining fz(ﬂ) =
with Eq. (169b), we find

g "0 g e SO
§(1>_C<1)|HO_AM (hvr +8v§(1)+ 3

Equation (201) with Egs. (200) and (183) (with their
second-order analogs) fully determine { fn).

hii’) dr. (201)

Next, fzgz) = 0 combined with Eq. (169¢) implies

), s
rh )+
Chy =yl = AManr’, (202)
L rnll
g(l) = §(1)|'H0 - ZMﬁdV . (203)

These relations are in terms of individual /m modes, but for
visual simplicity we have suppressed /m indices on all
quantities. Equations (202) and (203) and their second-
order analogs, with Egs. (200), (186), and (187) [or
Egs. (191) and (192)], fully specify ¢ (in) up to the constants

i »lso or up to the slowly varying quantities (| ¢t o) -

We have now fully fixed the gauge up to C |H0 and

< | 50 )\ s0 corresponds to a transformation w1th1n M,

while { 7n |0 directly corresponds to a specification of the
cut H;"; given this H;, X, is then the specific null surface
that intersects H* at that cut. To fix the choice of cut, we
impose the even-parity part of the condition (185) to linear
order in distance from the horizon, in the sense that
~(nl

8, |0 = 0. (204)
Geometrically, this condition, together with our other
gauge-fixing conditions, enforces that the 2-vector

p =~ (2504 Vﬁ HE

(205)
has no even-parity piece (the odd-parity piece of this vector
is gauge invariant [38], at least at first order). When
combined with Eq. (169c), Eq. (204) implies

a,h) — niy

2(60 + KO)C =0 ht+

1 |
—— (7, + A1)

v, (1>0),

(206)
where all fields are evaluated at r = 2M, and we have
suppressed /m indices. To obtain this form of the equation,
we have substituted Eq. (202) for 0,¢ 2’1) and Eq. (201) for

a,ql). The well-behaved solution to Eq. (206) is

1 v
Ciohe =3 [ et ot~ -

1, {
Y (C(l) + hg/l)]

v dv (1> 0).

HO

(207)

If we mirror the derivation of Eq. (158), we can expand this
in the two-timescale form®

The subleading term, which will contribute to the second-
order vector in the two-timescale expansion, is straightforwardly
obtained in analogy with Eq. (158).

024048-21



RICCARDO BONETTO, ADAM POUND, and ZEYD SAM

PHYS. REV. D 105, 024048 (2022)

0,n!Y +ien( — i — L (:{1k> + hii"))
C%Ik) N 2(xo
+ O(e),

— i€
(208)

where all quantities are evaluated at r =2M. These
equations, with Eq. (200) (and their second-order analogs),
now determine ¢ (“n) for all » and all [ > 0.

To partially fix the [ = 0 mode, we impose the conditions
(179) and (180) to linear order in distance,
0,1, =0, (209)
noting that for n = 2 this is only applied outside the two-
timescale context, where fzi’/;) = 0. The condition (209),
together with our other gauge-fixing conditions, enforces
that the average surface gravity on the horizon remains
equal to its background value,

1
— | RdQ =k, + O(E),

210
dr H ( )

where & is defined from I%’;l+ @ﬂl}?ﬁ = 1?12%
Taking a derivative of Eq. (169) and applying these
conditions, we find

v v 1
v v ko(V"=0") [ Z (1 _ (1)
é’(1)|H0 - C(1)|30 + /_oo /_ooe 0 <2 0,hypy — 0, hyr

+ %ql) + Kth)) dv"dv' (1= 0)

HO

(211)

and analogous at second order. This solution to Eq. (209) is
well behaved in the infinite past. However, there is no
solution that is well behaved in the infinite future: the
vector field grows linearly with v if the metric perturbation
becomes stationary at late times. We should therefore
consider Eq. (211) as fixing any nonstationary part of
the metric perturbation, taking that part to vanish at
late times.

This division is clearer in a two-timescale expansion,
where in place of Eq. (209) we can impose a condition on
the purely oscillatory part of the perturbation,

9,50, = 0. (212)
This fixes the oscillatory part of the vector field:
(1K)
0 | ) — (lk +2]‘428rhb Jr4]‘420%]” (1=0)
(1)1 AM?iQy (i — xp) 20 ’
(213)

where w;, was defined in Eq. (157), and at second order the

same holds with 7%, — 7, and jby = 7). Equation (212)

enforces that the average surface gravity contains no
oscillatory part:

1
— KdQ = — K)dQ.
471' Hf? K 4ﬂ' HE <K>

(214)

The final, unspecified freedom in the foliation is the
choice of ({7, )gpo (or &7 (n00)ls0- outside a two-timescale
context), Wthh corresponds to a slowly varying (or
constant), uniform shift in time along the horizon. We
return to this freedom below.

3. Euclidean radius locking

Having locked the horizon and specified the foliation (up
to uniform time translations), we now fix the gauge within
each cut. We specify C‘(“n)| o by imposing

Wl = 0. (215)

The analogous condition is more impactful in the case of an

inspiral, where we impose

(il o = 0. (216)

This puts the time-averaged induced metric on H, in a
“pure trace” form,

75y = [4M2+e< 5y + 26 1 ofe >]sz @17)

giving it the same appearance as the metric on a closed 2-
surface with radial profile

2

(09 =214 3 0 40 0 + 0]

(218)

aM?

in flat, Euclidean 3-space. There is then a one-to-one

association between the metric’s trace and a Euclidean

radius. We expand on this association in Sec. VII C.
Combining Eq. (169g) with Eq. (216), we find

1

(i o = —WM Mo (I>1),  (219)
1 m
Cmlo = g tHE b (1>1). (220)

Outside the two-timescale context, these equations instead
apply for 4’ = | <o (after removing the angular brackets). With
this, we have fully fixed the / > 1 modes of the vector field.

To fix the even-parity dipole mode of < (n)) 05 we
impose that
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(R |0 = 0. (221)
This enforces that the intrinsic metric (217) has no [ =1
contribution, meaning that the geometry is manifestly
round for / =0, 1. The fact that we can eliminate the
[ =1 contribution corresponds to the fact that a spatial
translation cannot affect the intrinsic curvature of a surface
in Euclidean space. Combining Eq. (169f) with Eq. (221),
we find

(11m) r

hs Y |ap0 (Cliim) e

e =2 e Gl 5,
<H<2]m >| 0 <Cr21m >|H°

Clumhes =g o+ — 0= (223)

We return to this type of gauge fixing of the even-parity
dipole in Sec. VIIC.

4. Residual Killing fields

We are now left with two unrestricted modes: the [ = 0
piece of Z_,’fn)| o and the [ = 1, odd-parity piece of c_,“f‘n)| S0
These pieces of the vector field cannot be fixed by
imposing conditions on fzgﬂ) They correspond to the
timelike and rotational Killing fields of the background
spacetime, which trivially contribute nothing in Eq. (167).
If we were only concerned with first-order perturbations,
we could entirely ignore these pieces, as they would have
no impact on the metric perturbation. However, by leaving
the first-order vectors {{, |so and {(;,,, | so unspecified, we

leave our second-order metric perturbauons unfixed.
More concretely, consider a gauge transformation

generated by a vector 5&)’ as in Eq. (9). If we let
(M (1) (0) :

oy = Ry —i—Lé(l)gaﬁ and é’?w —>§‘€‘1>+AC€’1) in Eq. (167),

we find that the transformation induces a change

p(1) (0) (0)
Ahaﬂ - ﬁAC(])gaﬂ + E.f(l)gaﬂ . (224)

If we substitute the transformation (9) into our equations for
g“‘(’]), we find that Zj‘(‘l) transforms as

Aty = —¢() T B, (225)
where
B0, 1= Eljogy 50 V20D, + Zg;l o0 X4,04 (226)

is a linear combination of Killing fields. These Killing
fields arise in AC((II) from letting hfl}; - hfllﬂ> + £§<l)g((l(;,) in
Eqgs. (211) and (187); the integral in each case introduces a
mode of .f’(’l ) at SY. Returning to Eq. (224), we now see

A(1
ARL) = 0. (227)
In words, ﬁé}; is invariant, as we would expect.

However, if we next consider a second-order gauge
transformation generated by vectors é” and &, ) as in
Eq. (10), then a short calculation startlng from q (168)
reveals that

AR = Logl) + L=, 1Y), (228)

where

1 = a
= ALY +¢h) +5 Koy + By Syl (229)
Here [, ] denotes the commutator. It is easy to check that
fszﬁ) is not invariant because ¢ ?” is not fully fixed. To show

this, note that by construction, fz,%)\Ho =0 in all gauges,

implying Aizﬁf)w = 0. Substituting this condition in
Eq. (228) and solving for Y%, we find

Y|y = / " e Ly ) |pdd!, (230)
TA|H0 — TAls()
QAB v
e | Y Ls Bbedr'. (231)

If we now examine AQ!” :%QABA}A&;, for example,
substituting Egs. (230) and (231) into Eq. (228), we find
that

AR =260 + 2D A + B 0,hY (232)

is a manifestly nonzero quantity. We then conclude that h?

is prevented from being invariant by the fact that E‘?l) is not

a Killing field of the perturbed spacetime.
To fix q}loo)lé’“ and ¢ (_llm)| sv» we can impose additional

conditions on hazﬂ. However, we will be satisfied with the
fact that some choice can be made; we will not make any
particular choice.

We equivocate in this way because the quantity we
calculate explicitly in Sec. VII is invariant (within a large
class of gauges) under the residual gauge freedom. The
quantity we calculate is the surface area of the horizon,
which transforms as

AA = Vaze2 AR |0 + O(63) (233)
under the residual gauge freedom. This follows from
Eqgs. (258) and (259) in the case of the event horizon.
[Equation (283) with Eq. (264) implies that an additional
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term appears for the apparent horizon, but it is also
proportional to N ] Appealing to Eq. (232), we see
that

AA = Ve (4M T, + B 0,0 ) o + O(%). (234)

Both terms on the right vanish in the case that hﬁlf‘” and

n1 are independent of v. Since there always exist gauges
in which a spherically symmetric vacuum perturbation is
stationary, we conclude that A is invariant within that class
of gauges even if we do not fix the residual Killing degrees
of freedom.

Here we have focused on the case of regular perturbation
theory. The story is very much the same in a two-timescale
expansion, except that the residual freedoms (C 100) )| 30 and

<C im) )30 appear in h( )
derivatives £2 gg/j) and Eé(l ((12 and through slow-time

in two ways: through the Lie

derivatives 0; ( (100) )|z and 0; (C [m) )30

5. Summary

In summary, our gauge-fixing procedure has accom-
plished the following:
(1) fixed the coordinate radius of the event horizon H ™"
to be r =2M
(2) fixed surfaces of constant v, X,, to be null
(3) fixed the foliation into 2-surfaces H} = H" n X,
to enforce the conditions (204) and (209) [or (212)]
(4) fixed the coordinates (r,#*) such that the generators
of X, are given by lines of constant #*, with r an
affine parameter
(5) fixed the angular coordinates 4 on the horizon such
that the horizon generators are lines of constant 64
(or, in an inspiral, such that they wrap around the
horizon slowly, on the radiation-reaction timescale)
(6) further fixed the angular coordinates on the horizon
such that the slowly varying part of the induced
metric on H, has the same form as a 2-surface
embedded (with the natural identification of angular
coordinates) in Euclidean 3-space.
If we use regular perturbation theory (i.e., with no two-
timescale expansion), our choices put the gauge-fixed
metric perturbation in the form

hapdxdx? = [O(f)|dv? + 2[O(f)] ydvd6* + hypd0*do®,
(235)

where the individual components are given by Eq. (169).
Here we use f = 1-2M/r as a measure of coordinate
distance from the horizon. At r = 2M the metric perturba-
tion reduces to

itaﬂdx"dxﬂ =

iy pd6*doP. (236)

The Im modes of hgll; at r = 2M are given by

WY = amer - amPig, (237)

A1 1
Wt =)+ smch (238)
(suppressing /m labels) with Z_,’fl) given by Eqgs. (183) and
C?EU by Eqgs. (186) and (187) [with g“(il)Lgo given by
Egs. (219) and (222)]. The modes of fzﬁ are given by
the same formulas with {7 — %) and hgll; - Hf;.

In a two-timescale expansion, the gauge-fixed perturba-
tion is more complicated due to the slow evolution of the
black hole. The components h” and h1 4 have slowly
varying pieces that do not scale with f, and the metric
perturbations at r = 2M are instead
U dvder + i'\)dordeP,

~ 1 a ~
R dxedx? = 2(h (239)

fzfxzﬁ)dx”dxﬁ = <f15;1)>d71 + 2< >dUd9A + hABdQAdQB

(240)

According to Egs. (169¢) and (180), the slowly varying va
components on H° are given by

(] = (hy) +2MDhLY), (241)
. QAB<il(1)><il(1)>

2 V. .
(hi?)) = — o (242)
() = (H3 + Dally), (243)

with Z_,’@ given by Eq. (196).

The metric perturbation on a constant-v cut of H,
divides into a purely oscillatory trace-free piece plus a
trace piece that contains both slowly varying and oscil-
latory contributions:

Ry =G0 + () + 7). (244)
At first order, the oscillatory contributions are
(1k)
A1k k) 2 k)| Jow
— , 245
Je = e <Jv+ +2wk) (245a)
(1K)
N 2]
(k) — (k) 4 2/ 245b
= e (245b)

(1K)
A ) 2M ey AT k) e

o — Jo — Jov T T v —_— ], 245
J J + Wy J le J - * 2a)k ( C)
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and the slowly varying piece is

<h2” +8M2n)) + 4 h$)> (1#1),

0 (I=1).

e (246)

At second order, the same equations apply for ]SE), ]£ ), and

(izg )> with the replacements ]f)(ﬂ) - J((x) and h< ) S ( )

C. Expansion scalar

In the next two sections, we express the properties
of the event and apparent horizon in terms of our gauge-
fixed perturbations. To aid that analysis, we derive here
simplified expressions for the expansion scalar of either
horizon.

In gauge-fixed form, for either horizon, the expansion
scalar (115) is

RO

im =73 [ah”’" + 2R <1+A%)f§}n>]. (247)

It is straightforward to show that the linearized vacuum
Einstein equation at r = 2M implies

(av - KO) (81/‘29) + /l%ilill

e ) =0. (248)

5Ava|HO ==

This has the now-familiar form (138), implying the unique
well-behaved solution

a,h" + 20 =0 (249)
or equivalently, 81,?121) = DA}AZE,L). Therefore
(1)
o _ (L AD7,
Sm="pp (250)
For the event horizon, where rgil = 0, this implies
9 =o. (251)

(Here we omit the subscript -+, but it is understood that 9;+
refers to the expansion scalar associated with k®.) For the

apparent horizon, where 19&1) = 0, it instead implies

(252)

In words, the event and apparent horizon are identical at
first order. The fact that the event horizon’s expansion
vanishes at this order is well known [37], although we are
unaware of its implications having been spelled out.

Given the above, on both horizons the expansion
reduces to

9, =23 + 0(e%), (253)
with the expression (C2) collapsing to

1
32m*

3 = 8M2(1 — D?)i® + 8M29, A%

1 .
-39, (QACQBPRY By

(1 (1
sy hien) + 2DP (AR ) |

(254)

To obtain this form we have written h< )DAh( ) as a total
divergence minus DAhEJ A> iV and then appealed to
Eq. (249). Equation (254) simplifies further in the case

that fzgz) = 0, but the important features are present in either
case: every term involving the metric perturbation is either
a total divergence (which vanishes upon integration over
the horizon) or a total time derivative (which vanishes upon
averaging over fast time in a two-timescale expansion).

D. Invariant properties of the event horizon

By construction, our gauge fixing ensures that
A =0 (255)
H :

This implies that the gauge-fixed metric on H;, from
Eq. (49), is

P — AMPQup + b)) + 2h) + 0(e3),  (256)
where l%ﬁ(g is given in Eqgs. (237) and (238) or (244). The
null vectors IAC‘;’# and ﬁgﬁ are given by Eqgs. (188) [or (193)]
and (199), and the tangent vectors (&4+)% by &5.

Given this geometry, the scalar curvature of ;! is given
by Eq. (89) with the replacement }75"2 - fz%. Similarly, the
surface area of H;, given by Eq. (82), is

Ape = 16207 + cAly. + @A) + 0(F),  (257)
with
AW = Vazho), (258)
~(2) ~(200) llm) 2 7 (1im) |2
AS) = VazhS Z 32M2 2+ [REPR). (259)

Im

In order to calculate the mass of the horizon, we require
the expansion scalar. Referring to Eq. (254), we see that
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Bre = 282 + 0(e%), (260)
with
a2 ~(2) 2(1) ~(1)
19H+ - 32M4 |:8M28vh0 + 2DB (h11AQACh<BC>)
1 P 7(1)
_ 5 a@ <‘QACQBDh(AB>h(CD> . (261)

Therefore the event horizon’s Hawking mass (166) reads

e2M?

SOHE e HE
MH *Mirr - 2ﬂ

/ I dQ + 0(),  (262)

where ML =

e Ay /(167) is the irreducible mass of the
event horizon. It will also be helpful, when comparing to
the apparent horizon’s mass in the next section, to write this

as

mi =il - 2e2m298)

irr H+’00Y00 + 0(63)' (263)

The monopolar piece of the expansion scalar simplifies to
the total time derivative

1
- 128M*

—Zﬁ(m(”fw\u UMY (264)
= An N

&(2) Y00

~(200)
00 d, {32M2ho Y%

Note that since the expansion is non-negative (by the area
theorem), the Hawking mass is less than or equal to the
irreducible mass. We see that in stationary cases, the
expansion vanishes, as we would expect, and the two types
of mass become equal to one another.

So far in this section we have implicitly worked in
regular perturbation theory. In the context of a two-time-
scale expansion, all of the above equations hold true except

that @gl picks up an additional term from the v derivative
in Eq. (247),

(1)
A(z) o 85]’[0
9y = VTR (265)
We can use this to obtain a simplified relation between the
slowly varying parts of the Hawking and irreducible
masses, (M}{") and (M]%"). Since Eq. (264) is a total time
derivative, it implies
1

O3 = (687)) = — 0, (")

L (266)

We then have

2
(MIF"y = <M§*>—§—ﬂa@/iz£”dg+0(e3). (267)

The integral picks out the spherically symmetric piece of

hgl), and the slow-time derivative picks out the quasista-

tionary piece. Such a piece is necessarily a perturbation
toward another Schwarzschild black hole, as given in
Eq. (121), with oM a function ?. According to
Eq. (246), this corresponds to a gauge-fixed perturbation

WY = 8msm, (268)

and so

2 doM
S8y 0(e).

Y = (e
(i) = i) -

irr (269)
We may also note, from Eq. (124) and the surrounding
discussion, that

dM, doM
T 2 3
<dv>—e o=+ 0(e),

(270)

regardless of which horizon M, refers to or whether we use
its horizon-locked variant. Therefore Eq. (269) can be
written as

(271)

We recognize this as precisely the form of the equation
governing the horizon location, Eq. (138).

In principle we can convert Eq. (271) into a teleological
integral relationship:

<M§{;> = Ko/

v

oo

e WM Y + O(e3).  (272)

But it should be noted that our derivation only applies well
before merger, in the sense described in Sec. VC. So a
cutoff should be imposed on the upper limit of integration
in this relationship.

E. Invariant properties of the apparent horizon

Our horizon-locking condition does not place the ap-
parent horizon at the coordinate location » = 2M. Instead,
with the event horizon at r = 2M, the gauge-fixed radius of
the apparent horizon is

Pa=2M + P 4 0(e), (273)

where we have used the result (252) to set ?’S) = 0. We can
also write this as
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Fa =Py + S+ 0(e). (274)

We stress that the equality at linear order, rS) = r(}lll 1S an

invariant statement. Since rfi) and r(lz transform in the

same way under a gauge transformation, their equality in
the horizon-locked gauge implies their equality in all
gauges. The second-order term, ?f), then provides an
invariant measure of the apparent horizon’s displacement
from the event horizon.

The second- order radial displacement follows from
Eq. (254) with 9% AT = 0, or equivalently from Eq. (118).
We write the result in terms of the expansion scalar of the
event horizon:

4m292)
~(2) HtIm
Fim(0) = ————. (275)
i 1423
The modes of the expansion are given by
(21
s 0,
Him e
)
+ Z { ®l/ /l// // nl zll/m//_z
i
+ ey, (V)0 (276)

with the explicit coefficients given in Eq. (C4). This

formula for %) can be obtained directly from

Ht . Im
Eq. (117) or from Eq. (261). Since the event horizon’s
expansion is nonnegative, these relationships suggest that

?’f,)lm is negative or zero; the apparent horizon lies inside the
event horizon, as it should.
Equation (273) implies that the gauge-fixed metric on

A,, given by Eq. (49), is

P = AMPQ s+ b)) + € <f3§fg +4M?f)§2AB> +0(&).

(277)
Or in terms of the metric on H;,
Py =l + AP + O(3).  (278)

From Egs. (74)—(77) and (45), the basis vectors on A, are
given by

~(2)

T Ta "'
Aﬁa = kr;_ﬁ&a + €2mar + 0(63), (279)
%0, = i, 0, + O(€), (280)

(6.0)500 = (23)30, + €DaPY0, + O(€).
Note that since these quantities have all been pulled back to
HY, the relationships between them do not involve compar-
ing tensors at different points.

This metric’s intrinsic curvature, from Eq. (89), can be
written in terms of the event horizon’s curvature as

(281)

RA—RH++ Zﬂ rAlm—l—O(e ), (282)

where, recall, p? := (I +2)(I—1). Similarly, the surface
area of A,, from Eq. (82), is

Ay = Asp + 162M75) Y. (283)

This involves the monopolar correction to the apparent

horizon radius, which reads
MY = —am?d?) (284)
A00 H*,00°

with Eq. (264).

From the surface area, with Eq. (86), we can read off the
second-order contribution to the apparent horizon’s irre-
ducible mass:

2M219( )

(2
M; H*.00

2 = o (2s5)
Comparing this result for the irreducible mass to Eq. (263),
we observe that it is precisely the second-order contri-
bution to the Hawking mass of the event horizon. Since
M7 = My, this implies that the two horizons have
identical Hawking masses through second order:

M{ = M + 0(e). (286)
Because the event horizon is larger than or equal to the
apparent horizon, its irreducible mass is slightly larger
(by an amount of order €?) than the apparent horizon’s.
However, the event horizon’s Hawking mass is slightly
smaller than its irreducible mass, and here we see that the
slight difference is precisely the same as the difference
between the two horizons’ irreducible mass.

All of the above applies in regular perturbation theory. In
the context of a two-timescale expansion, it all remains
valid except that the apparent horizon radius picks up the
additional term (125), which we reproduce here in terms of
the gauge-fixed metric perturbation,

~(1lm)
DL L
A,lm 1+ /1%

(287)

Since the conztribution in Eq. (275) is a total fast-time
derivative, 5?&1 m 18 the only contribution that does not
average to zero. That is,
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95 ("™

A(2) .(2)
— 5 = -
(Foand = O am) 1+ 4

A.,lm A,lm (288)

The averaged horizon radius allows us to derive averaged
equations for the apparent horizon area and mass.
Following the same arguments as led to Eq. (269), we find

doM

<() >Y00 <5A() >Y00

(289)

Equation (283) then tells us that the slowly varying piece of
the horizon area is

32Mne? d6M
Ko d ’TJ

A ~

(Ag) = (Az) -

+0(e%),  (290)

and the slowly varying irreducible mass is

A 1 /amlt ;

Of course, since Eq. (286) is valid even without averaging,
it is also valid on average:
(#15y) =

(MY 4+ 0(&3). (292)

VII. CASE STUDY: QUASICIRCULAR
BINARIES

In this section, we apply our results in the particular case
studied in Ref. [19]: a quasicircular binary. We start by
summarizing key properties of the metric in this scenario.
We then describe Ref. [19]’s calculation of the apparent
horizon’s irreducible mass, and we present new results for
the numerical difference between the two horizons’ irre-
ducible masses. We conclude by presenting a visualization
of the horizon at first order, specifically highlighting the
motion of the black hole, which has not been accounted for
in previous visualizations in the literature.

A. Two-timescale character

The two-timescale expansion for quasicircular binaries
was detailed in Ref. [59]. The orbiting companion is placed
on a quasicircular orbit

Xp(te) = [t.r,(ete), m/2,¢,(t €)], (293)
where the subscript p refers to “particle”; at leading order
in the system’s mass ratio m/M, the companion can be
represented as a point mass. In the parametrization (293),
the orbital radius is slowly decaying, and the orbital phase
is the integral of a slowly increasing orbital frequency:

by(t.) = ['eryar. (294)

On timescales much shorter than M //e, this phase can be
approximated by the geodesic phase,

bp(t.€) (295)

where Qg := Q(0) = /M/r,(0)?

time M /+/e is referred to as the dephasing time. In addition
to determining the phase evolution, the orbital frequency
provides a convenient parametrization of the orbital radius,
and we can write r, = ro(Q) + O(e), where ry(Q) :=
(MQ)?3 is the geodesic relationship.

The quasicircular orbit is linked to a distinct two-time-
scale behavior of the metric perturbation. We can see how
this comes about from the leading-order stress-energy
tensor of the companion, which reads

. As a consequence, the

mu®u?
T% = ———8(r—r,)8(0 —2/2)5(p — b,).  (296)
u'ry,
Here
dxa d
a,— p_ ] p Q 2

is the four-velocity of the particle, normalized to satisfy

gs;j) uu? = -1, and 7= er. The completeness relation

5<9 - 7[/2)5(47 - ¢p) = Zlm Ylm(gA)Ylm(ﬂ./z’ ¢p)’
together with the fact that

—img, ,

Yim(z/2.¢,) x e (298)

immediately implies that each /m mode of the stress-energy
has the form of a slowly varying amplitude times a rapidly
oscillating phase factor e~%». The Einstein equations
ensure that the metric perturbation inherits this same form.
In a neighborhood of the event horizon, we then arrive at
solutions of the form

ah _ Zh (nml) Y[m —img, (v, E>, (2993)

h(”) _ Zhg"l’”) Ylme—imqﬁ,,(v.e)’ (299b)
Im

hE:A) _ z <h(n1m Ylm + h (nlm) le) e~imdy(ve) (299c¢)
Im

hi::)m _ Z <h(nlm) Y] Im h(nlm)le> lm(/),,(v,e)’ (299(1)

Im
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where the coefficients are functions of (r, ). This is
the two-timescale expansion (40) with the identification
of the fast-time phase variable as ¢, = ¢,. The periodic
dependence on ¢,(t,€) at the particle translates into the
same periodic dependence on ¢, (v, €) at the horizon. The
slow-time dependence of the mode amplitudes, such as
hf;;ml)(r, 7), represents a dependence on the orbital fre-
quency Q, the perturbation 5M (%) to the black hole’s mass,
and an analogous perturbation 8J(?) to the black hole’s
spin. Following Ref. [19], in this paper we restrict ourselves
to “moments” of slow time at which 6/ vanishes.

Beyond its general two-timescale character, the metric
perturbation in this scenario has an important feature: it
only depends on ¢ and ¢, in the combination (¢ —¢,,).
This means that averages over the horizon surface H, are
also averages over fast time. Quantities such as the horizon
area and mass therefore have no oscillatory parts, meaning

A= <A> and MBH = <MBH> (300)
Here “Myy;” can be either the irreducible or Hawking mass.
Another way of saying this is that the black hole’s area and
mass are approximately conserved quantities: they only
change very slowly, on a timescale much longer than the
orbital period. We can view this as a consequence of the
spacetime possessing an approximate Killing vector. Since
the metric only depends on the combination (¢ — ¢ ), the
helical vector K“8, = 0, + Q0 satisfies L:g,5 = O(€?).
However, the event horizon is not a Killing horizon at this
order, as K% is not null at the horizon.

As discussed in Sec. V C, our two-timescale approxi-
mation and our treatment of the event horizon both break
down as the companion approaches the transition to plunge.
For a quasicircular orbit, this implies we must cut off our
treatment at a time before the companion reaches the ISCO
at ro = 6M. Estimating an appropriate cutoff would require
a careful matching between our two-timescale expansion
and a transition-regime expansion near the ISCO. But we
can surmise a rough estimate. In the transition regime, the

orbital radius has the form r, ~ 6M + 5rV (€1/51) [61],
implying that we should switch from our two-timescale
expansion to a transition-regime expansion at a radius
r,(br) satisfying M>> (r, —6M) 2 €*°M. We must
then additionally satisfy the cutoff (150) to ensure that
the transition regime does not significantly impact the event

horizon. Since %Ne in the inspiral regime, the cutoff
|v = vr| > |Ine| translates to [r,(7) —r,(7)] > |elne]|.
However, since €*/° > |eIne|, this secondary restriction
has negligible impact.

In the following sections, we use data for the mode
amplitudes hi’;ml), hi’i"l) R and hi_fml) that were
obtained as a part of the calculations in Ref. [19]. The
modes were computed in the Lorenz gauge by solving the
two-timescale expansion of the field equations, as

described in Ref. [59]. The first-order mode amplitudes
satisfy the same field equations as they would in an
ordinary frequency-domain treatment, and they were com-
puted using the frequency-domain code described in
Ref. [77]; in this paper we use data up to / = 30 for a
sequence of values of ry from 6M to 25M. The only
second-order mode we use is the monopole mode,
I =m = 0. The explicit details of its computation will
be presented elsewhere.

B. Mass of the black hole

We compute the mass of the black hole in several ways.
We first summarize the calculation as performed
in Ref. [19]:

(1) Compute the /m modes of the first-order perturba-

tion of the horizon radius, r%m = r%ylm,

either Eq. (116) or (159).4 For quasicircular orbits,
the latter reduces to

from

O 2MAS™

=r,, =—, 301
rA,lm rH JAm 1+4iMQm ( )

with Q,, := mQ. Here r%',),m(ﬂ) is the coefficient in
the expansion

r;_’{’) _ Zr,s_’t'.)lm(i)e—imqip(v,e) yim.

Im

(302)

(2) Compute the monopolar second-order correction to
the apparent horizon radius, "ﬁ,)oo’ using Eq. (C5). In
this formula, 0, =F iQ,, or 0, depending on
whether it acts on an unconjugated quantity (—), a
conjugated quantity (4), or an absolute value (0).
Note that since ré%)) is an m = 0 mode, it does not
depend on the phase ¢,,; in Eq. (C5), all terms in the
sum come as pairs y;,¥;,, meaning the fast-time
phase factors e*?» cancel.

(3) Compute the correction 5r£§?00 from Eq. (125). In the
Lorenz gauge, this correction can be found analyti-
cally to agree with the gauge-fixed formula (289):

sr2 00 — gy POM. (303)

dv
This is not true in all gauges; Eq. (289) is gauge
invariant, but Eq. (125) is not.

(4) Compute the intrinsic metric (49) on the apparent
horizon using (58) with (59) and %60). Note that only
the monopole, trace mode 77((;2 s required at
second order.

“We have confirmed that the two formulas yield identical
numerical results.
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(5) Compute the surface area and irreducible mass of the
apparent horizon using Eqgs. (82) and (86).

Given our results in this paper, we can now carry out
several alternative calculations. First, we can calculate the
irreducible mass of the event horizon using identical steps,

. . 2 . 2 . .

simply replacing r iy, with ry ;). as given in Eq. (160)
with Eq. (136). Because R Vanishes at = 2M in the
Lorenz gauge, this formula reduces to

2
() F (()o>

0= T IO 4
R0 1+ 4iMQ,, (304)

r

with F| (%) as given in Eq. (165). Note that we do not require
an analog of Eq. (303) in this case because Eq. (160)
already contains the complete second-order contribution to
(Ta in the two-timescale expansion.
Another alternative is to utilize our gauge-fixed
expressions:
(1) Compute the gauge-fixed perturbations AM™ and
A" on the horizon, from Egs. (245) and (246).
Here 0 — p(m) for m #£0 modes and
<h(llm)> — h(ll())agz.
(2) Compute the monopole mode of the gauge-fixed
second-order perturbation on the horizon,

7

AP0 = BP0 4 gp2EaP™ . (305)
with H and HS,ZUOO) as given in Egs. (C7)
and (C6).

(3) Compute the event horizon’s area using Eq. (259)
and its irreducible mass M%iim using Eq. (86).

(4) If desired, add the correction in Eq. (269) to obtain
the Hawking mass of the event horizon or, equiv-

alently, the irreducible mass of the apparent horizon:

2 dsM
HE irr dv

(306)

Figure 1 shows the result of all three calculations of

M Ei)m and M ;?H as a function of ry. However, we must be
careful in interpreting the results for two reasons.

First, the data do not represent the evolution of a single
system. The data at each orbital radius was obtained with
the black hole’s angular momentum set to zero. While we
can freely choose to set it to zero at a single moment of an
inspiral, we cannot set it to zero throughout the inspiral: as
the system evolves, the black hole’s spin changes due to
gravitational-wave flux through the horizon, which is
always nonzero. Hence, instead of representing snapshots
over the course of an inspiral, the data from different orbital
radii represent snapshots from different inspirals. In prac-
tice, the black hole’s spin evolves by a very small amount

0.00
®
®
0.05 ® ® ®
0. .
®
5 ® 0.01
gz —0.10F ® e
= 105 e
® o,
8 ® e
—0.15f ® 0 *ee
[ )
101 i
® 10 15 20 25 30
5 10 15 20 25 30
ro/M
FIG. 1. Second-order contribution to the black hole’s irreduc-

ible mass as a function of orbital radius. The upper plot shows
values as measured from the apparent horizon in the Lorenz
) - .
gauge (M}, solid purple squares), from the apparent horizon
with gauge fixing (]\A/Iﬁ_)m, solid orange triangles), and from the
2)

HTirr?
The inset shows the relative differences |(M E?m - M(j,)m) / Mﬁ)m|
-M Ei)m) / Mg_)irr\ (blue circles).

event horizon in the Lorenz gauge (M open blue circles).

(orange triangles) and |(M @

HTirr

over an inspiral, so our results are strongly indicative of the
behavior in a true evolution, but the conceptual distinction
should be kept in mind.

The second reason for caution is that these results on
their own do not represent a meaningful correction to the
black hole mass. This is because we can always freely add a
stationary mass perturbation to the second-order metric
perturbation (i.e., a perturbation toward another
Schwarzschild solution). Since this perturbation is a vac-
uum solution, regular at the horizon and at infinity, there is
no restriction on it. The method used to calculate hg} in
Ref. [19], which involves integrating the second-order
source against a retarded Green’s function, picks out a
particular solution, but we do not have a specific measure of
how much of that solution corresponds to a perturbation
toward another Schwarzschild metric. A meaningful meas-
urement would only come from measuring differences
between masses. The calculation in Ref. [19] provides
an example in the calculation of the binary’s gravitational
binding energy. The binding energy is the difference
between the system’s Bondi mass and the two components’
total rest mass. In that difference, perturbations toward
another Schwarzschild solution cancel out, as they con-
tribute an identical amount to Mp.,q; as to Myy.

Nevertheless, the results in Fig. 1 do contain valuable
information. They show that the gauge-fixed mass differs
from the mass in the Lorenz gauge by a quite small amount,
despite the fact that the mass is a foliation-dependent
quantity. Likewise, they show that the irreducible mass of
the event horizon is virtually indistinguishable from that of
the apparent horizon. We must also keep in mind that the
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absolute differences between these quantities are multiplied
by €, making them truly tiny in a realistic small-mass-ratio
binary. Moreover, our calculations have established that the
difference between the irreducible masses of the two
horizons is invariant (given the choice of foliation in
Sec. VI): according to Eq. (269) or (291), the (averaged)
irreducible masses of the two horizons always differ by

aM % = 4Me® F 4, where Fy is the dimensionless flux

of energy into the black hole, normalized by €. Fy is
numerically small for all orbital configurations [78],
suggesting that even aside from the suppression by €2,
the two measures of black hole mass always agree to
several significant digits. While this is a generally accepted
conclusion from full numerical relativity simulations, our
results provide a complementary, sharper statement in the
perturbative context.

This robustness of the black hole mass has practical
implications. It implies that the binding energy computed in
Ref. [19] is largely insensitive to the definition of black
hole mass. That in turn suggests that the waveforms
currently being generated using the binding energy [79]
are similarly robust.

C. Motion and teleology of the horizon

As a final element of our discussion, we present a
visualization of the horizon. Unlike the rest of the paper,
this section is necessarily restricted to linear perturba-
tions. The reason is simple: the visualization requires
modes with /> 0, and no second-order data is yet
available for these modes. Because of this restriction,
our presentation here largely reproduces earlier literature.
However, we highlight an aspect of the visualization that
was omitted in earlier descriptions: the motion of the
black hole. We also point out that features described as
teleological in the literature cannot have a truly teleo-
logical origin, and we offer an alternative explanation for
the behavior.

In this section we also depart from our treatment in other
sections in that we specifically focus on behavior on the
orbital timescale 1/Q rather than trying to maintain
accuracy on both the orbital and radiation-reaction time-
scale. This means that we may make the replacement
@,(v.€) = Qu, as in Eq. (295), which is consistent at first
order in € on the orbital timescale.

1. Motion of the black hole

We first review the visualization method outlined in
Refs. [38,39] (following earlier work in Refs. [43,44]).
Since the horizon’s coordinate radius is inherently gauge
dependent, and actually identical to the background
horizon’s radius in a horizon-locking gauge, the method
instead depicts the shape of the horizon based on its
intrinsic curvature. To do so, one embeds the horizon into
3-dimensional Euclidean space.

The embedding is found by constructing a closed
2-surface in Euclidean space that has the same intrinsic
curvature as the horizon. In Cartesian coordinates
X = (x,y,2), at a given value of v, such a surface can
be parametrized as

xL (04 v) = rg(04;0)Q1(04), (307)
where Q' := (sin @ cos ¢, sin @ sin p, cos @) is the usual
radial unit vector, which satisfies 5,;Q'Q/ = 1. We write
the radius of the surface as

re(04;0) = 2M[1 + p(6;v)], (308)

and we expand the small correction as

PO 0) = S Y () . (309)
Im

The metric on the sprface, induced from the Euclidean
metric ds® = §;;dx'dx/, is
ds* = ri(04;v)dQ? = AM?[1 + 2p(64;v)]dQ?, (310)

where we have discarded the term of order p?. Noting that

this metric is of the form (47), we can read off its scalar
o (1lm)

curvature from Egs. (89) and (95), with 7. — 0 and
7 8M2p,, e~ This yields
1 .
— 2 —iQ,,v
REW[I""%:ﬂ Pim¥ im(0*)e , (311)

where, recall, y?:=(I+2)(I—1), and we again omit
O(p?) terms.

Finally, equating the curvature Ry to the intrinsic
curvature (89) of the horizon, we obtain the radial profile
through linear order:

RinYin(6)
(+2)(-1)°

—iQ,,v

rg = ZM{I +2eM?) (312)
Im

R\ is calculated from the coefficients A" and 2™ in
the expansion (299), evaluated at r = 2M, using Eq. (95)
with Egs. (59) and (301). Since the scalar curvature is
invariant at first order, Eq. (312) then provides an invariant
representation of the horizon’s radial profile.

There are several things to note about this construction.
First, the metric (310) is manifestly identical to the intrinsic
metric y45 on H, for a particular choice of gauge, as
described in Sec. VIB 3. In that section we imposed the
gauge choice only on the slowly varying part of the intrinsic
metric, but it can be imposed on the oscillatory part as well.
The second thing to note is that because the two horizons
are identical at linear order, this visualization represents the
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apparent horizon as well as the event horizon. Finally, we
note that Eq. (312) has a significant shortcoming as a
representation of the horizon. While it provides a mean-
ingful depiction of the horizon’s shape, it does not contain
any information about the horizon’s location. In a binary
system, both bodies orbit around the system’s center of
mass, and a faithful representation of the black hole horizon
should encode this motion.

The information about the horizon’s location is encoded
in the / =1 term in the metric perturbation. Since the
construction leading to Eq. (312) only requires that
the embedded surface has the same intrinsic geometry as
the horizon, and since R gets zero contribution from / = 1
modes, we can in principle add any arbitrary / = 1 term to
rg. In previous analyses, the dipole term was simply set to
zero, as we have implicitly done in Eq. (312). This is a
sensible choice if we are only concerned with the horizon’s
shape, but not if we are concerned with its location. To
construct a more faithful representation of the black hole
horizon, we should instead replace the embedding (307)
with

X (0% ) = Xy () + re (04 0)Q(0Y). (313)
In this representation, at each moment v, the surface
rg(64;v) is drawn around the black hole’s ‘“center”
Xk (v). We must now find a meaningful way of measuring
this center.

To see how xhy relates to an /=1 mode, assume
xkyy ~ €. Then the radial location of a point on the surface
xk is

8ixixf = rg + 8;xhy Q) + O(€?). (314)
The quantity &,;;x5,€Q’ is a pure dipole. If we define a new
radial profile ri;(6*) = rg 4 6;x3y€ and expand it as
g = m Y™, then xby corresponds to the [ =1
coefficients:

[ 3 / /
Xy = \/ﬂ[_ﬁRe(VU)’\/Elm(rn)’rllo . (315)

In these expressions we absorb the v dependence into the
coefficients. Note that although we have this one-to-one
relationship, the embedding (313) should be used rather
than xi(04;v) = r(64;v)Q1(64); in Eq. (313), the term
xky; represents a uniform translation, shifting the center of
the black hole without altering its shape, while in
xE (04 v) = ri (04 v)Q1(64) it does visibly alter the shape.

We now require a meaningful 7}, to use in Eq. (315).
One option would be to simply use the / = 1 mode of the
coordinate profile (301) in the Lorenz gauge. While the
coordinate profile is a gauge-dependent quantity, there is
good reason to think the Lorenz-gauge profile contains a

meaningful dipole mode. As explained in Ref. [80], if the
coordinate system is centered on the moving black hole,
then the coordinates are noninertial, causing the metric at
large r to grow rather than decay. The transformation from
such a gauge to the Lorenz gauge eliminates this feature,
and in the Lorenz gauge one can identify the system’s
center of mass with the coordinate origin r = 0 (of course
keeping in mind that this is only an effective identification
because the coordinate origin is deep inside the black hole
and not a well-defined curve in the true spacetime
manifold).

Unfortunately, the Lorenz-gauge dipole leads to counter-
intuitive behavior that does not scale correctly in the
Newtonian limit. In Newtonian theory, if the black hole

moves on a trajectory Z' and the particle on a trajectory z/,

MZi+mz!
M+m

of mass is at the coordinates’ origin, then Z/ = —ez’. The
magnitude of the black hole’s displacement should then be

then the system’s center of mass is , and if the center

ren = 1/6;,Z'Z) = ery, growing linearly with the par-
ticle’s orbital radius ry. In fact, the Lorenz-gauge dipole
does encode such linear growth [81], and we can even
observe the growth in the metric perturbation on the

horizon. However, the radial profile (301) only depends

on a specific piece of this perturbation, hi&f’"% and we find
that this decays as 1/,/7 at large ro.5 We then arrive at a
puzzling conclusion. If we follow an inspiral backward in
time, such that the particle spirals outward toward greater
radii, then far from the system, in the wave zone, the metric
appears to behave as if the coordinates are centered on the
center of mass, with the black hole also spiraling outward.
But if we make a local measurement of the horizon’s
location, we find that while the particle spirals outward, the
black hole spirals inward, eventually settling precisely at
the coordinate origin.

As an alternative to the Lorenz-gauge measure of the
black hole’s center, we can follow the idea that Eq. (310) is
a gauge-fixed version of the horizon’s intrinsic metric y,p.
After eliminating y4p via a gauge choice, we have
Yag = ¥oQup = (rg)?Qup. We can then put this in the
form (310) by performing a uniform translation, by an
amount —xky;, to eliminate the dipole mode from y,. This
transformation would make the induced metric perfectly
round up to /> 1 contributions, as it should be if the
coordinates are centered on the center of the black hole. We
can then undo the translation, but now treating it exactly
rather than perturbatively, to obtain the displaced surface
(313). In that expression, xky; is given by Eq. (315) with

gl ll)z)e,[gm v 1 lm)

P = =37 Explicitly, appealing to Eq. (59) for yg ,
we see that

>The alternative formula (116) does depend on other pieces of
the dipole perturbation, but those pieces are found to precisely
cancel.
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U = 3Umax /4

v = 3Umax /4 U = Umax/2

v = Umax/4

FIG. 2. Snapshots of the event horizon in the x-y plane at four
moments of advanced time, with deformations due to a particle in
circular orbit at ry =7M and a mass ratio ¢ = 0.1. Here
Vmax = 27/, such that the four snapshots show one complete
orbital period. To make the distortion visible on the scale of the
plot, we have omitted m = 0 modes and multiplied / > 1 modes
by a factor of 200. The dotted line points toward the position of
the particle at advanced time v, while the dashed line points
toward the maximal deformation of the horizon (the “tidal
bulge”); the relative angle between them is 31.7°. The large
reference circle represents the unperturbed horizon at r = 2M.
The blue dot indicates the coordinate “center” of the black hole,
which traces out the circular trajectory of radius rgy = 0.350M
represented by the smaller reference circle.

h(llm)
r/lm = ( ;-M + r1m>e—i9mv’

where ry,, is given by Eq. (301).

We use this definition of black hole’s center in Figs. 2
and 3, which display the horizon surface (313) in the x-y
plane at several values of v and for two values of ry. In
these plots, we see two effects: the horizon is tidally
distorted by the orbiting companion, and it follows a
counterclockwise orbit around the center of mass. (We
have artificially multiplied / > 1 modes of rg by a factor of
200 to make the tidal distortion clearly visible. Other
parameters are described in the captions.)

Unfortunately, this definition of the black hole’s position
does not exhibit the expected Newtonian behavior. We find
numerically that xky, tends to — 1 ex’, at large rq rather than

(316)

v=0 U = Umax/4

FIG. 3. Snapshots of the horizon for a particle in circular orbit
at ro = 25M, with other details as described in the caption of
Fig. 2. The relative angle between the tidal bulge and the particle
location is 14.5°, and the radius of the black hole’s orbit is
'y — 1 21M .

FIG. 4. Three-dimensional visualizations of the horizon surface
at v = 0, with the same parameters as Fig. 2. Here we use the
embedding (307) rather than (313).

to xjy = —ex?t,. The linear scaling with r is correct, and it
is quite unlike the ~1/, /7, behavior of the Lorenz-gauge
coordinate position. But there is a confounding factor-of-2
disagreement. This suggests that a different definition of
xby is required. We leave investigation of this issue to
future work.

For completeness, in Fig. 4 we display complementary
three-dimensional views of the horizon. Since this figure
illustrates the shape (rather than motion) of the horizon, for
it we use the traditional embedding (307).

024048-33



RICCARDO BONETTO, ADAM POUND, and ZEYD SAM

PHYS. REV. D 105, 024048 (2022)

2. Horizon teleology

Like the black hole, the companion follows a counter-
clockwise orbit, with a trajectory x(t) = [rocos(Qt),
ro sin(Q1), 0], such that at advanced time v it is at a position

xt, = {rocos|Q(v — r§)], rosin[Q(v — rj)], 0}, (317)
where r{; is the tortoise coordinate at the particle’s location.
In each plot, the dotted line points toward this position. The
dashed line points toward the location of greatest tidal
distortion of the horizon—the tidal bulge. As we can see
from the plots, the tidal bulge consistently leads the
companion’s orbit by a constant angle, seeming to point
toward the companion’s future location.

This lead angle has been discussed many times in the
past [38,39,44,82]. It markedly contrasts with the behavior
of a fluid body. In Newtonian physics, the tidal bulge of an
inviscid fluid body points toward the companion’s instan-
taneous position. If the fluid is viscous, then the tidal bulge
lags behind the companion’s orbit. In relativistic physics,
the tidal bulge will also lag due to retardation. In no case
does the fluid body’s bulge lead the companion’s orbit.
Previous literature has offered the explanation that the tidal
lead is due to the teleological nature of the event horizon:
the horizon effectively anticipates the companion’s future
location. More mathematically, Eq. (143) tells us that the
horizon’s deformation leads the metric perturbation by a
time of order 1/x.

However, such an explanation cannot be wholly correct.
At linear order, the event horizon is indistinguishable from
the apparent horizon: their radial profiles (143) (with
n=1) and (116) are identical. Therefore the event hori-
zon’s location on a slice of constant advanced time v is
completely determined by information on that slice. This
rules out a truly teleological explanation, but it also
suggests a nonteleological one. An apparent horizon is
not pulled toward the orbiting companion; it is repelled by
it. This is because the companion pulls light rays toward
itself and hence away from the black hole, helping them to
escape. Therefore the tidal bulge of the horizon cannot be
interpreted in the same way as the tidal bulge of a fluid
body. The bulge of a fluid body is created by the companion
pulling the fluid toward itself, while the companion’s pull
on light rays has precisely the opposite effect on the black
hole’s horizon. Rather than thinking of the bulge leading
the orbit, we can think of the depression lagging the orbit
due to retardation.

Of course, this only describes the behavior of the side of
the horizon nearest the companion. But we can also explain
the behavior of the other sides. The bulge is created because
on the bulging sides of the horizon, light rays pulled toward

®Note that the displacement of the black hole from the center of
mass creates an O(ery) correction to the angle between the two
lines.

the companion fall into the hole, and the orientation of this
effect again lags the orbit due to retardation. There is a less
obvious reason why the far side of the horizon is depressed.
Naively, one would expect that since the companion pulls
light rays toward itself, it will pull them into the black hole
if they are on the far side of the hole. This would suggest
that the horizon should bulge outward on the far side, rather
than being depressed. However, it is depressed there for
the same reason that a fluid body bulges there: the
companion’s pull is weaker on the far side than at
the black hole’s “center”, meaning the companion pulls
the black hole’s center toward itself more than it pulls light
rays into the black hole.

Although these simplistic descriptions ignore the com-
plexity of field propagation in the strong gravity of the
black hole, it is clear that since the horizon is an apparent
horizon, there must be a nonteleological explanation of its
shape and orientation. This conclusion is reinforced by the
fact that similar behavior has been observed in the apparent
horizon in full numerical relativity [83].

One might wonder (a) how this is reconciled with the
teleological solution (143), and (b) whether the lead angle
is fundamentally a teleological effect that only becomes
effectively causal as a consequence of the temporal
localization of the event horizon in a binary. We believe
both questions are answered by the fact that the shape we
have plotted is an apparent horizon regardless of whether or
not it is the event horizon: the radial profile of the apparent
horizon, (116), encodes the lead angle. This tells us that the
tidal deformation at time v is determined solely by the
behavior of null vectors at time v. In the case that the event
horizon becomes temporally localized, reducing the tele-
ological solution (143) to the localized solution (159), then
it too only depends on the behavior of null vectors at time v;
the localized solution only encodes the teleological nature
of (143) in the weak sense of encoding the tangent vector to
a curve at time v (as opposed to only encoding the location
of the curve at that time). The “lead time” 1/k; is only
teleological in that same weak sense. It is simply a
statement about null tangent vectors, rather than a statement
about the far future of null curves.

Yet the teleological solution (143) does impose boundary
conditions in the future. What is their relevance? They only
serve to rule out exponentially growing solutions, which
would describe null curves that escape to inﬁnity.7 The
future boundary conditions therefore only ensure that the
null curves are marginally trapped. In other words, they
ensure that the event horizon remains close to the apparent
horizon. Rather than inferring that the apparent horizon
exhibits the event horizon’s teleological behavior, we can
infer that the event horizon, by hewing close to the apparent

"Note also that Eq. (159) is the unique solution to Eq. (135) if
we assume a two-timescale ansatz.
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horizon, exhibits the apparent horizon’s non teleological
behavior.

We also stress that the identification of the two horizons
does not depend on the localization: at linear perturbative
order, the event horizon is an apparent horizon under fairly
general conditions. In the context of a binary, the linear-
order identification only breaks down as the companion
enters into its plunge. In those final moments, teleological
effects do arise at linear order, as additional null rays join
the event horizon in anticipation of the companion’s entry
into the black hole [47-50].

To more starkly illustrate that difference between the
teleological and the nonteleological, we can consider a
thought experiment in which the companion orbits the
black hole while a pulse of null radiation approaches on a
radial trajectory. Suppose the pulse is timed such that it
strikes the companion and sends it into either a plunge or an
escape trajectory. The pulse approaches on a surface
V= Upye- FOr all v < v, the pulse is out of causal
contact with the black hole, and the apparent horizon
behaves just as we have illustrated it. But the event horizon
anticipates the pulse, and additional generators begin to
join it. Ata time o X Vpyise — Ko ! this teleological effect
becomes significant. If the pulse ultimately knocks the
companion into the black hole, then at v,, the event
horizon must already be significantly reaching out to meet
the companion’s plunge. If instead the pulse sends the
companion into an escape trajectory, then at v, the event
horizon must already be adjusting itself in a very different
way. Yet at v, the apparent horizon is identical in both
cases. Unaffected by the future events, it continues to
exhibit the same tidally deformed shape with the same
lead angle.

VIII. CONCLUSION

In this paper, motivated by the work that was necessary
in Ref. [19], we have focused on a few features of perturbed
horizons: their location and surface area, the quasilocal
mass they contain, and their scalar curvature. We have
primarily highlighted the degree to which the apparent and
event horizon differ beginning at second perturbative order.
In particular, we have established the relationships (274),
(278), (282), and (283) between the horizons’ radii,
intrinsic metrics, scalar curvatures, and surface areas, along
with the equality (286) of their Hawking masses. Although
we have not discussed the Hawking-Hayward mass Myg
[66], an immediate corollary of our results is that the two
horizons also have equal values of My through order €.

Our results have illuminated several important, but subtle
issues that arise in the study of perturbed black holes. First,
we have highlighted the fact that the apparent and event
horizons are identical at first perturbative order (except in
certain cases such as shortly before merger in a binary).
This was already known, as it is a simple consequence of

the event horizon’s expansion scalar vanishing at linear
order, but to our knowledge it has not been emphasized in
the literature. Because the event horizon is indistinguish-
able from an apparent horizon at linear order, one must be
cautious in ascribing any teleological interpretation to its
behavior at this order. In Sec. VII C we have explained how
even seemingly teleological behavior such as the “tidal
lead” in a binary is actually nonteleological in origin.

Along the same lines, in Sec. V C we have shown how, in
a small-mass-ratio binary, the event horizon of the central
black hole is effectively localized in time at all perturbative
orders. This result establishes that in the small-mass-ratio
context, teleological effects are negligible even beyond
linear order.

Another important conclusion follows from our result
that the apparent and event horizons have identical
Hawking masses through second order. The Hawking mass
of the apparent horizon grows monotonically, obeying a
physically intuitive “flux-balance” law [23], which implies
that the mass grows at the rate that energy crosses the
horizon. Our result therefore shows that the Hawking mass
of the event horizon obeys the same flux-balance law at
least through second order. Besides its intrinsic interest, this
may be useful in deriving and interpreting second-order
balance laws for small-mass-ratio inspirals, which would
relate the evolution of the companion’s orbit to (i) the
evolution of the central black hole, and (ii) the gravitational
waves emitted to infinity.

All our results have been obtained in two formulations:
in a form that does not specify a choice of gauge, and in a
gauge-fixed form. In either case, the metric-perturbation
inputs can be calculated in any gauge. If one uses the
unfixed formulas, one’s choice of gauge will influence
one’s results for the horizon area and scalar curvature, for
example. That may or may not be advantageous depending
on context; one might wish to use a gauge condition
corresponding to a specific choice of horizon foliation, for
example. On the other hand, the gauge-fixed formulation
provides invariant results carrying a specific geometric
interpretation.

From this starting point, there are many obvious follow-
ons that we leave to future work. First, one might derive
perturbative formulas for the black hole’s spin and higher
multipole moments.

Second, our results have revealed a puzzling discrepancy
between the location of the horizon and the expected
Newtonian limit. To better characterize the black hole’s
orbit around the system’s center of mass, one might derive a
perturbative formula for an invariant linear momentum
such as the Hawking momentum [84] or an analogous
orbital angular momentum.

Third, in a dynamically evolving spacetime with a two-
timescale character, can we meaningfully identify an
average horizon that only evolves on the slow timescale,
and is it precisely a Kerr horizon with slowly evolving mass
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and spin, or does it contain higher moments that deviate
from Kerr? Such a study might draw on the framework of
slowly evolving horizons in Ref. [85].

To characterize this average horizon, a critical step
would be obtaining flux-balance equations governing the
evolution of the averaged mass, spin, and higher moments.
This would involve higher-order extensions of standard
relations for the black hole’s mass and spin evolution in
terms of the shear of the horizon generators [37], as well as
equations for the higher moments that describe black hole
memory effects [52,53].

Finally, an important goal will be to numerically com-
pute these second-order effects on the horizon in realistic
binary scenarios. That programme of research was initiated
in the calculation of the apparent horizon’s irreducible mass
in Ref. [19], and more such calculations will soon be
possible. Since the event horizon begins to differ from the
apparent horizon at second order, these calculations may
also allow us to identify genuine teleological effects during
an inspiral.
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APPENDIX A: PERTURBATIVE FORMULAS
FOR CURVATURE TENSORS

In this appendix we review the derivation of perturbed
curvature tensors through second order. Because we use
these formulas for the curvature of the horizon, not solely
for the Einstein equations, we allow the background metric
to have nonvanishing Ricci curvature. Unlike in the body of

the paper, here we use the inverse of the background metric
to raise indices.
The derivation follows standard methods in Ref. [87], for

example. We consider a generic metric of the form
Yap = gg;) + hgp. The Christoffel symbols associated with

Jap and those associated with gg}} are related by

a Ore _ a
F/fy =0 pr — Cﬂr’ (A1)
where
1
;;y [h} = Eg(m(hu/i;r + hm/;/)’ - h/}}’;ﬂ)’ (AZ)

and a semicolon denotes covariant differentiation compat-
ible with gg;). In terms of this tensor, the Riemann tensors

of the two metrics are related by

R%y5 = OR%5 +2C5;  +2C5 Chye (A3)
The Ricci tensors are therefore related by
_ pl0) H v M
Ryp =R + an[/i;ﬂ] + ZCWC B (A4)

We now expand the Ricci tensor in powers of 4,4 using

g7 = gl —hP + h* P+ O[(h)}].  (AS)
The result is
Rup = RS + 6Rysh] + 8Roglh] + O[(h)Y].  (A6)
where
1 ,
ORqp = — 2 (hapy” + h}’/;(l/)’) + M) (A7)
and
5*R 5 = lh”” h lh" V(h h
afp — Z saltuvip +§ p ( uay I/Ul;ﬂ)
1
) o (hy(ap) = Pap)
1
- 5 e (2h;4(a;/})v - h(tﬁ;;w - h;w;aﬁ)’ (Ag)

where a * denotes trace reversal, as in i, := h,, — %gf,?h/.
The perturbations of the Ricci scalar are straightfor-
wardly deduced from those of the Ricci tensor. We have
R = R + R[] + &R[h] + O[(h)] (A9)

with

SRIN) = ¢ R 4lh] — K RLY).

©) a (A10)
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8 R[h) = g7 8 Raplh] = hP SR oy 1]

+ h*, kPR, (A11)
Explicitly,
SRIN) = —hRS) — e f + h* 4y, (Al2)
and
3 I ,
SRIN) = T WP g = S W by = W
= (i, 4 P = o = )
+h?, hPRY). (A13)

APPENDIX B: COUPLING OF SPHERICAL
HARMONICS

In various places in the body of the paper, we must
decompose products of angular functions into scalar
spherical harmonics. That is, for a function Z(6%) =
Xa,a, (05 4 (68), we require

Zim = / Y ZdQ. (B1)

Each of the angular functions in the integrand is itself
expressed as a sum of harmonics, leading to integrals with
the schematic form

_ . Ap-A,
Zlm = E (l/m/l)[/l/rm///Ylmyé’rf“AnXI//lm// dga <B2)

’'m!
]”IYI”
!'m’ Ap-Ay Im
where yA],__ A and A " are constructed from Y
n

through linear operations involving €5, Q4 5, 248, and D .
To evaluate such derivatives, we express the integrand in

terms of spin-weighted spherical harmonics, which are

constructed from a complex basis on S?. We define

A= l—l
" (’sin9 '

in spherical coordinates (6, ¢); the basis is then {m*, m"}.
These basis vectors have the useful properties

(B3)

QupmimP =0, (B4)
Qupmiin® =2, (B5)
mBDym” = m” cot 9, (B6)
mPDgm* = —m* cot 0, (B7)

eapm® = iQypm", (B8)

(B9)

Our definition of m?# differs by a factor of \/§ relative to
that of Ref. [88], and it is normalized on the unit sphere
rather than a sphere of radius r. In terms of m?, we define
derivative operators & and d that act on a scalar of spin-
weight s as

dv = (m*Dy — scotO)v, (B10)

dv = (m*Dy + s cotd)v. (B11)

Our definitions here differ by an overall minus sign relative

to those of Ref. [88]. A quantity v has spin-weight s if it

transforms as v — ¢**#v under the complex rotation m*

e”m™ 3o raises the spin weight by 1, while d lowers it by 1.
The spherical harmonics of spin-weight s are

—

1 ((=1)8Ym 0<s<lI,
Jyim :=_{§ ) (B12)
Ag | dlslytm, —1<s<0,
where
(1 +]s])!
Ay = 4 [ (B13)
(I=1s])!

The integral of three spin-weighted harmonics is
CUmS s = f JOmyem yemaQ.  (B14)

In the case that s = s’ + s”, the coupling constants are
given by

2 D2+ 1)(2¢" + 1
C;/ms/ i = (_1)n1+s\/( 7+ )( 7+ )( "+ )
m's'¢"m 4
Z 7 2" % i
X (s — —s”)(—m m' m//)’
(B15)

where the arrays are 3j symbols. These symbols inherit
symmetries from the 3; symbols, specifically

. /o e
Cf’rﬁ:ﬁv’l”m”s” - (_1)l+l + C;/nl’lnlisll”m”—s//’ (B16)
/g e
Cﬁ%ylx/l//m//su - (_1)l+l + C;’—rﬁ’s’l”—m”x”’ (B17)
Cff’:’fls/l//m//xl/ — C;/’zz,;;/lx//l/m/sl- (Blg)
For s = 0 and s’ = —s”, they have the special value
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(_ l)m/+s’
Var

We evaluate all integrals of the form (B2) by expressing
the integrand as a sum of terms of the form (B14). This is
straightforwardly accomplished by applying the iden-
tities (B4)-(B9) and the definitions (14)—(17). For
example, DY’ =1 (mumP* + mimP)DpY’™ together
with Egs. (B10) and (B11) leads to

C?/OO/ 1 s - 6]/1//5m/’_m//. (Blg)

1
Yim =D,y = E,11(_11%"%@‘ - Y™"m3).  (B20)

The specific integrals involved in calculating r§,2n> are

found to be

/ yimys yim'dQ = / yimxs XL dQ

= —5/1//1/1/ +Compmr—rs - (B21)
/ VIV X 40 = S Aol (B22)
/ Ylmy?Bryl”m do — / Yl’"X;}B,X’”’” dQ
*Zi/ﬂlzl Clmary s (B23)
/ yimyaB xin' o = 2/1’2/1” ~Chnarmr2 (B24)
where A :== A,(I"), A = A,(1"),
o= (=" and 6,:=0+1. (B25)

@_ 1
P —
T M
+ 16M3K) RS — 21 P 1 802R0) k) — 28 DALY —

—8MrMa, Y + 4MD,rHO DAY M2
+2mr V0,0 —2mr O DARY) 4 1200 ) DAY —

— 2D, DARY — 4b2 D, I DARSY — abin) D

+ 204K pBR) 4 2DA/

— 1603V, |

The functions appearing in the mode decomposition (117) of J3

= (1
= G Ka W — 2h;:_> hg + (ayhg —ont, =20 Vi .

2®l/ m'l"'m"

19,0,h" + 8MrVDAR) + 4m2h() DA
8M2h}) D21
r) —8M?0 hMDAr(l)
DDER) + 20ACQEPRY) DphlY) + 21y DADE A

In the calculation of le, third angular derivatives of Y
arise. These are treated in the same way, with higher-order
versions of Eq. (B20) containing spin weights up to +£3.

APPENDIX C: SECOND-ORDER EXPRESSIONS

In this appendix we compile results for various second-
order quantities.

The functions of v appearing in the mode decomposition
(96) of the second-order scalar curvature R are

By

Im —
3 R/ m'!"m" — - 6
2048M

(7re + 7. 7a)- (Cla)
e

[ —
@RI = S5eME

(7_r6 + 7 7a) (Clb)

A
2048M°
—Vo[47io, -

ORI {(//)2(# V7 + 7, 7)
W]

—12()%7." 7 } (Clc)

OR[/ m'l"'m" -

7o v 21 _ 2
oo {2 - - ) (o
where A, () is defined in Eq. (B13), A, = A,(l'), A} =
A4(1"), and ¢ and o, are defined in Eq. (B25). In these
expressions we have introduced the compact notation
7=y (), 7= 71" (1), and so on, along with
the combinations yg/o :=0,y_+io_y,, and yg/g =
o,y £ ioc_y_ (suppressing nlm labels).

The second-order term appearing in the expansion scalar
(113) is

{SMz(l —D)r® —16M30%) + 8M20,h — 8M2DAR) + amn') B R Y + amn VRl

1 1
ooy
— 4m2h{}) 9, hlV

820\, r1) — 8M(rD)2

)+ 8Mr( D2 4+ 8M29, ) DAY
—4M2D 1S DA
— 8M2r19,DAR'))
(C2)

@) are given by

(C3a)
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i/ 2//
welr,, ., = _W [_4th;@ W\ — AMRoh,_ + (") 2R,k + (4")? (h’H + rg,{;,> h - 8MH,or's)
+ 4M20+ <hl1;rr§/}3”// + h;)/rrg/lrzl/) - 4M6+r§/ >/r§//) " + 8M2 l// " <a h;e - a hre>:| (C3b)
m 1 1 1
(O TN {—ZMthhg + (2 (h; + 4Mr§,n)1,> MR ), a2 (1 = ()20, )

+ 1+ ()2 (hg + 4Mr§,1,,1,) )+ <hg + 4Mr§,1,},,> a,h! — 4M*r\),0,0,n! — Mr\) o, n!
+2M21,, [—4Mh’,j, + (2R —2r) 1+ h”] +8M3 Y o, — a2 ()2 9 h’[+} (C3c)

where p” = pu(l") = (I"+2)(I"-1), and we define Kl := hgll’m/)(v,ZM), h! = hgll”m”)(v,2M), and so on. The
combinations /g, hg/es hag/o> and h,g e are defined in terms of s and &, following the notation described below
Eq. (C1). In the gauge-fixed form of Sec. VI, these coefficients become

n i/ l// n n " n n n

@, = ﬁ Kavh’i —~ 2h;’_> g + (avhi — 2h’,j+) h’ea] : (C4a)
i BAN ()~ ny

e = A (h;+h’é + h;_hg) (Cab)

The I = 0 term in the second-order correction to the apparent horizon’s radius, (118), is

& = 2mn3 — 0,n +

Im

W%; [4/1%h§f+””>ﬁﬁum> —am2n Y a2 4 yptmED
+8M(2+ AD)|r,) P~ 8MA (|h 2 4 |p(1im |z) +16M2 A0, R - anrl)) o, R
— 8MAL," <4M2h 0im)_ a2t M ome) - age, R > +32M37)) 0,15
+16M Ry T, = 16M2 ), 0,1 " +%ﬂ§31’<|h$lm)|2+ Ih(_””’)|2> +20,|n"

Im

+16MAY (1 - Ma,)af,izﬁ”'")} . (C5)

Finally, the quantities H? and FI%ZUOO) appearing in Eq. (305) are given by

~(200) _ ,(200) . 1 . _(m) | a2 - plim
Hyy o = hyy +281”;Z: 100 +— (C 1im) gpm) +/1 (1im) Pw + 20, C 1im) Puva
(100) /_4717%: (
+ 2/128@41 1lm) pU"r + 2128 Z: llm lm)) ' (C6)
200 200) . (im) . (my 1
HS’ ) = h((’ Z |:Z: 1im) apo + 125 (1im) pd+ + 21’2 (llm)p+ + C llm ) . (C7)
All quantities here are evaluated at »r = 2M. When acting on a nonconjugated quantity, d, = —im€Q; on a conjugated

quantity, , = +im&Q. The harmonic coefficients of é’ @ are given in Sec. VI, with the mode-number replacement k — m:
@) gg'” ) is given by (208) for [ > 0 and by C 100) = =0 for [ =0;
(i) g" 1m) by Eq. (195);
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(ii1) C L Im Egs. (191) and (192) for m #0,
E)q (219) for m =0, [ > 1, by Eq. (222) for
m=0andl=1.¢ (110) does not contribute because

A =0forl=1.
The quantity pgs := hfx]; +%£§(1) Jop has tensor-harmonic

coefficients p%”) :%h(ylylm>, (fm) I%hglrlm), PET) ;hillm)’

and

(11m) r r
8rpm =0 hvll/ + C 11m) ( v _K0>arC(|1m)

1 .
— mavg(bl m)> (C8)
pUm = pltm L op2 oClim g ) (C9)

P = ni +2M?0,87,) (C10)

1lm) r
P =" oMy, - 2MPRE . (CL)

(1im)

arpglm) _ 0rh§”m) + (1 +2M3r)Cr,

—2MA2(1 4+ MO, (C12)

(1tm)>

p" = ni"™ +amc, (C13)

where, again, all quantities are evaluated at r = 2M. 0, E 1im)
and 8,{ 1) CAD be read off of Egs. (201) and (202).

[1] R. Abbott et al. (LIGO Scientific and Virgo Collaborations),
GWTC-2: Compact Binary Coalescences Observed by
LIGO and Virgo During the First Half of the Third
Observing Run, Phys. Rev. X 11, 021053 (2021).

[2] K. Akiyama et al. (Event Horizon Telescope Collaboration),
First M87 event horizon telescope results. I. The shadow of
the supermassive black hole, Astrophys. J. 875, L1 (2019).

[3] E. Berti, A. Sesana, E. Barausse, V. Cardoso, and K.
Belczynski, Spectroscopy of Kerr Black Holes with Earth-
and Space-Based Interferometers, Phys. Rev. Lett. 117,
101102 (2016).

[4] M. Maggiore et al., Science case for the Einstein telescope,
J. Cosmol. Astropart. Phys.03 (2020) 050.

[5] D. Psaltis et al. (Event Horizon Telescope Collaboration),
Gravitational Test Beyond the First Post-Newtonian Order
with the Shadow of the M87 Black Hole, Phys. Rev. Lett.
125, 141104 (2020).

[6] S.H. Volkel, E. Barausse, N. Franchini, and A.E.
Broderick, EHT tests of the strong-field regime of
General Relativity, Classical Quantum Gravity 38,
21LTO1 (2021).

[7] S.E. Gralla, A. Lupsasca, and D. P. Marrone, The shape of
the black hole photon ring: A precise test of strong-field
general relativity, Phys. Rev. D 102, 124004 (2020).

[8] V. Cardoso and P. Pani, Testing the nature of dark compact
objects: A status report, Living Rev. Relativity 22, 4 (2019).

[9] J.R. Gair, M. Vallisneri, S.L. Larson, and J. G. Baker,
Testing general relativity with low-frequency, space-based
gravitational-wave detectors, Living Rev. Relativity 16, 7
(2013).

[10] E. Barausse et al., Prospects for fundamental physics with
LISA, Gen. Relativ. Gravit. 52, 81 (2020).

[11] P. Amaro-Seoane, J. R. Gair, A. Pound, S. A. Hughes, and
C.F. Sopuerta, Research update on extreme-mass-ratio
inspirals, J. Phys. Conf. Ser. 610, 012002 (2015).

024048

[12] P. Amaro-Seoane, The gravitational capture of compact
objects by massive black holes, arXiv:2011.03059.

[13] S.R. Green, S. Hollands, and P. Zimmerman, Teukolsky
formalism for nonlinear kerr perturbations, Classical Quan-
tum Gravity 37, 075001 (2020).

[14] N. Loutrel, J. L. Ripley, E. Giorgi, and F. Pretorius, Second
order perturbations of Kerr black holes: Reconstruction of
the metric, Phys. Rev. D 103, 104017 (2021).

[15] J.L. Ripley, N. Loutrel, E. Giorgi, and F. Pretorius,
Numerical computation of second order vacuum perturba-
tions of Kerr black holes, Phys. Rev. D 103, 104018 (2021).

[16] M. Campanelli and C.O. Lousto, Second order gauge
invariant gravitational perturbations of a Kerr black hole,
Phys. Rev. D 59, 124022 (1999).

[17] L. Barack and A. Pound, Self-force and radiation reaction in
general relativity, Rep. Prog. Phys. 82, 016904 (2019).

[18] A. Pound and B. Wardell, Black hole perturbation theory
and gravitational self-force, arXiv:2101.04592.

[19] A. Pound, B. Wardell, N. Warburton, and J. Miller, Second-
Order Self-Force Calculation of Gravitational Binding Energy
in Compact Binaries, Phys. Rev. Lett. 124, 021101 (2020).

[20] S. W. Hawking, The event horizon, in Black Holes, edited
by C. DeWitt and B. S. DeWitt (Gordon and Breach, New
York, 1973), pp. 1-55.

[21] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure
of Space-Time, Cambridge Monographs on Mathematical
Physics (Cambridge University Press, Cambridge, England,
2011).

[22] S. A. Hayward, General laws of black hole dynamics, Phys.
Rev. D 49, 6467 (1994).

[23] A. Ashtekar and B. Krishnan, Isolated and dynamical
horizons and their applications, Living Rev. Relativity 7,
10 (2004).

[24] 1. Booth, Black hole boundaries, Can. J. Phys. 83, 1073
(2005).

40


https://doi.org/10.1103/PhysRevX.11.021053
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.1103/PhysRevLett.117.101102
https://doi.org/10.1103/PhysRevLett.117.101102
https://doi.org/10.1088/1475-7516/2020/03/050
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1103/PhysRevLett.125.141104
https://doi.org/10.1088/1361-6382/ac27ed
https://doi.org/10.1088/1361-6382/ac27ed
https://doi.org/10.1103/PhysRevD.102.124004
https://doi.org/10.1007/s41114-019-0020-4
https://doi.org/10.12942/lrr-2013-7
https://doi.org/10.12942/lrr-2013-7
https://doi.org/10.1007/s10714-020-02691-1
https://doi.org/10.1088/1742-6596/610/1/012002
https://arXiv.org/abs/2011.03059
https://doi.org/10.1088/1361-6382/ab7075
https://doi.org/10.1088/1361-6382/ab7075
https://doi.org/10.1103/PhysRevD.103.104017
https://doi.org/10.1103/PhysRevD.103.104018
https://doi.org/10.1103/PhysRevD.59.124022
https://doi.org/10.1088/1361-6633/aae552
https://arXiv.org/abs/2101.04592
https://doi.org/10.1103/PhysRevLett.124.021101
https://doi.org/10.1103/PhysRevD.49.6467
https://doi.org/10.1103/PhysRevD.49.6467
https://doi.org/10.12942/lrr-2004-10
https://doi.org/10.12942/lrr-2004-10
https://doi.org/10.1139/p05-063
https://doi.org/10.1139/p05-063

DEFORMED SCHWARZSCHILD HORIZONS IN SECOND-ORDER ...

PHYS. REV. D 105, 024048 (2022)

[25] E. Schnetter, B. Krishnan, and F. Beyer, Introduction to
dynamical horizons in numerical relativity, Phys. Rev. D 74,
024028 (2006).

[26] B. Krishnan, Fundamental properties and applications of
quasi-local black hole horizons, Classical Quantum Gravity
25, 114005 (2008).

[27] E. Gourgoulhon and J.L. Jaramillo, New theoretical
approaches to black holes, New Astron. Rev. 51, 791
(2008).

[28] S. A. Hayward, Dynamics of black holes, arXiv:0810.0923.

[29] R. M. Wald and V. Iyer, Trapped surfaces in the Schwarzs-
child geometry and cosmic censorship, Phys. Rev. D 44,
R3719 (1991).

[30] A. Ashtekar and G.J. Galloway, Some uniqueness results
for dynamical horizons, Adv. Theor. Math. Phys. 9, 1
(2005).

[31] M. 1. Cohen, H.P. Pfeiffer, and M. A. Scheel, Revisiting
event horizon finders, Classical Quantum Gravity 26,
035005 (2009).

[32] J. Thornburg, A fast apparent horizon finder for three-
dimensional Cartesian grids in numerical relativity,
Classical Quantum Gravity 21, 743 (2004).

[33] J. Thornburg, Event and apparent horizon finders for 3 + 1
numerical relativity, Living Rev. Relativity 10, 3 (2007).

[34] A. Bohn, L.E. Kidder, and S.A. Teukolsky, Parallel
adaptive event horizon finder for numerical relativity, Phys.
Rev. D 94, 064008 (2016).

[35] D. Pook-Kolb, O. Birnholtz, J. L. Jaramillo, B. Krishnan,
and E. Schnetter, Horizons in a binary black hole merger I:
Geometry and area increase, arXiv:2006.03939.

[36] D. Pook-Kolb, O. Birnholtz, J. L. Jaramillo, B. Krishnan,
and E. Schnetter, Horizons in a binary black hole merger II:
Fluxes, multipole moments and stability, arXiv:2006.03940.

[37] E. Poisson, Absorption of mass and angular momentum by a
black hole: Time-domain formalisms for gravitational per-
turbations, and the small-hole / slow-motion approximation,
Phys. Rev. D 70, 084044 (2004).

[38] 1. Vega, E. Poisson, and R. Massey, Intrinsic and extrinsic
geometries of a tidally deformed black hole, Classical
Quantum Gravity 28, 175006 (2011).

[39] S. O’Sullivan and S. A. Hughes, Strong-field tidal distor-
tions of rotating black holes: Formalism and results for
circular, equatorial orbits, Phys. Rev. D 90, 124039 (2014);
91, 109901(E) (2015).

[40] S. O’Sullivan and S. A. Hughes, Strong-field tidal distor-
tions of rotating black holes: II. Horizon dynamics from
eccentric and inclined orbits, Phys. Rev. D 94, 044057
(2016).

[41] R.F. Penna, S.A. Hughes, and S. O’Sullivan, Strong-
field tidal distortions of rotating black holes. III. Embed-
dings in hyperbolic three-space, Phys. Rev. D 96, 064030
(2017).

[42] S.W. Hawking and J.B. Hartle, Energy and angular
momentum flow into a black hole, Commun. Math. Phys.
27, 283 (1972).

[43] J. B. Hartle, Tidal friction in slowly rotating black holes,
Phys. Rev. D 8, 1010 (1973).

[44] J. B. Hartle, Tidal shapes and shifts on rotating black holes,
Phys. Rev. D 9, 2749 (1974).

[45] S. A. Teukolsky and W. H. Press, Perturbations of a rotating
black hole. [II—Interaction of the hole with gravitational
and electromagnet radiation, Astrophys. J. 193, 443 (1974).

[46] R. H. Price and K. S. Thorne, Membrane viewpoint on black
holes: Properties and evolution of the stretched horizon,
Phys. Rev. D 33, 915 (1986).

[47] R. Hamerly and Y. Chen, Event horizon deformations in
extreme mass-ratio black hole mergers, Phys. Rev. D 84,
124015 (2011).

[48] R. Emparan and M. Martinez, Exact event horizon of a black
hole merger, Classical Quantum Gravity 33, 155003 (2016).

[49] U. Hussain and I. Booth, Deformation of horizons during a
merger, Classical Quantum Gravity 35, 015013 (2018).

[50] R. Emparan, M. Martinez, and M. Zilhao, Black hole fusion
in the extreme mass ratio limit, Phys. Rev. D 97, 044004
(2018).

[51] V. Prasad, A. Gupta, S. Bose, B. Krishnan, and E. Schnetter,
News from Horizons in Binary Black Hole Mergers, Phys.
Rev. Lett. 125, 121101 (2020).

[52] S. W. Hawking, M. J. Perry, and A. Strominger, Soft Hair on
Black Holes, Phys. Rev. Lett. 116, 231301 (2016).

[53] A. A. Rahman and R. M. Wald, Black hole memory, Phys.
Rev. D 101, 124010 (2020).

[54] K. Martel and E. Poisson, Gravitational perturbations of the
Schwarzschild spacetime: A practical covariant and gauge-
invariant formalism, Phys. Rev. D 71, 104003 (2005).

[55] D. Brizuela, J. M. Martin-Garcia, and M. Tiglio, A complete
gauge-invariant formalism for arbitrary second-order per-
turbations of a Schwarzschild black hole, Phys. Rev. D 80,
024021 (2009).

[56] M. Bruni, S. Matarrese, S. Mollerach, and S. Sonego,
Perturbations of space-time: Gauge transformations and
gauge invariance at second order and beyond, Classical
Quantum Gravity 14, 2585 (1997).

[57] A. Pound, Gauge and motion in perturbation theory, Phys.
Rev. D 92, 044021 (2015).

[58] J. Kevorkian and J. D. Cole, Multiple Scale and Singular
Perturbation Methods (Springer, New York, 1996).

[59] J. Miller and A. Pound, Two-timescale evolution of ex-
treme-mass-ratio inspirals: Waveform generation scheme
for quasicircular orbits in Schwarzschild spacetime, Phys.
Rev. D 103, 064048 (2021).

[60] T. Hinderer and E. E. Flanagan, Two timescale analysis of
extreme mass ratio inspirals in Kerr. I. Orbital motion, Phys.
Rev. D 78, 064028 (2008).

[61] A. Ori and K. S. Thorne, The transition from inspiral to
plunge for a compact body in a circular equatorial orbit
around a massive, spinning black hole, Phys. Rev. D 62,
124022 (2000).

[62] A. Pound, Singular perturbation techniques in the gravita-
tional self-force problem, Phys. Rev. D 81, 124009 (2010).

[63] M. van de Meent, Resonantly enhanced kicks from equa-
torial small mass-ratio inspirals, Phys. Rev. D 90, 044027
(2014).

[64] D. Christodoulou, Reversible and Irreversible Transforma-
tions in Black-Hole Physics, Phys. Rev. Lett. 25, 1596
(1970).

[65] R. Penrose and R. Floyd, Extraction of rotational energy
from a black hole, Nat. Phys. Sci. 229, 177 (1971).

024048-41


https://doi.org/10.1103/PhysRevD.74.024028
https://doi.org/10.1103/PhysRevD.74.024028
https://doi.org/10.1088/0264-9381/25/11/114005
https://doi.org/10.1088/0264-9381/25/11/114005
https://doi.org/10.1016/j.newar.2008.03.026
https://doi.org/10.1016/j.newar.2008.03.026
https://arXiv.org/abs/0810.0923
https://doi.org/10.1103/PhysRevD.44.R3719
https://doi.org/10.1103/PhysRevD.44.R3719
https://doi.org/10.4310/ATMP.2005.v9.n1.a1
https://doi.org/10.4310/ATMP.2005.v9.n1.a1
https://doi.org/10.1088/0264-9381/26/3/035005
https://doi.org/10.1088/0264-9381/26/3/035005
https://doi.org/10.1088/0264-9381/21/2/026
https://doi.org/10.12942/lrr-2007-3
https://doi.org/10.1103/PhysRevD.94.064008
https://doi.org/10.1103/PhysRevD.94.064008
https://arXiv.org/abs/2006.03939
https://arXiv.org/abs/2006.03940
https://doi.org/10.1103/PhysRevD.70.084044
https://doi.org/10.1088/0264-9381/28/17/175006
https://doi.org/10.1088/0264-9381/28/17/175006
https://doi.org/10.1103/PhysRevD.90.124039
https://doi.org/10.1103/PhysRevD.91.109901
https://doi.org/10.1103/PhysRevD.94.044057
https://doi.org/10.1103/PhysRevD.94.044057
https://doi.org/10.1103/PhysRevD.96.064030
https://doi.org/10.1103/PhysRevD.96.064030
https://doi.org/10.1007/BF01645515
https://doi.org/10.1007/BF01645515
https://doi.org/10.1103/PhysRevD.8.1010
https://doi.org/10.1103/PhysRevD.9.2749
https://doi.org/10.1086/153180
https://doi.org/10.1103/PhysRevD.33.915
https://doi.org/10.1103/PhysRevD.84.124015
https://doi.org/10.1103/PhysRevD.84.124015
https://doi.org/10.1088/0264-9381/33/15/155003
https://doi.org/10.1088/1361-6382/aa9959
https://doi.org/10.1103/PhysRevD.97.044004
https://doi.org/10.1103/PhysRevD.97.044004
https://doi.org/10.1103/PhysRevLett.125.121101
https://doi.org/10.1103/PhysRevLett.125.121101
https://doi.org/10.1103/PhysRevLett.116.231301
https://doi.org/10.1103/PhysRevD.101.124010
https://doi.org/10.1103/PhysRevD.101.124010
https://doi.org/10.1103/PhysRevD.71.104003
https://doi.org/10.1103/PhysRevD.80.024021
https://doi.org/10.1103/PhysRevD.80.024021
https://doi.org/10.1088/0264-9381/14/9/014
https://doi.org/10.1088/0264-9381/14/9/014
https://doi.org/10.1103/PhysRevD.92.044021
https://doi.org/10.1103/PhysRevD.92.044021
https://doi.org/10.1103/PhysRevD.103.064048
https://doi.org/10.1103/PhysRevD.103.064048
https://doi.org/10.1103/PhysRevD.78.064028
https://doi.org/10.1103/PhysRevD.78.064028
https://doi.org/10.1103/PhysRevD.62.124022
https://doi.org/10.1103/PhysRevD.62.124022
https://doi.org/10.1103/PhysRevD.81.124009
https://doi.org/10.1103/PhysRevD.90.044027
https://doi.org/10.1103/PhysRevD.90.044027
https://doi.org/10.1103/PhysRevLett.25.1596
https://doi.org/10.1103/PhysRevLett.25.1596
https://doi.org/10.1038/physci229177a0

RICCARDO BONETTO, ADAM POUND, and ZEYD SAM

PHYS. REV. D 105, 024048 (2022)

[66] S. A. Hayward, Quasilocal gravitational energy, Phys. Rev.
D 49, 831 (1994).

[67] J.L. Jaramillo and E. Gourgoulhon, Mass and angular
momentum in general relativity, in Mass and Motion in
General Relativity. Fundamental Theories of Physics,
edited by L. Blanchet, A. Spallicci, and B. Whiting
(Springer, Dordrecht, 2011).

[68] E. Poisson, A Relativist’s Toolkit: The Mathematics
of Black-Hole Mechanics (Cambridge University Press,
Cambridge, England, 2004).

[69] L. F. Abbott and S. Deser, Charge definition in nonabelian
gauge theories, Phys. Lett. B 116B, 259 (1982).

[70] S.R. Dolan and L. Barack, Self-force via m-mode regu-
larization and 2 4 1D evolution: III. Gravitational field on
Schwarzschild spacetime, Phys. Rev. D 87, 084066 (2013).

[71] A. Taracchini, A. Buonanno, G. Khanna, and S. A. Hughes,
Small mass plunging into a Kerr black hole: Anatomy of the
inspiral-merger-ringdown waveforms, Phys. Rev. D 90,
084025 (2014).

[72] L. C. Stein and N. Warburton, Location of the last stable
orbit in Kerr spacetime, Phys. Rev. D 101, 064007 (2020).

[73] E. Berti, V. Cardoso, and A.O. Starinets, Quasinormal
modes of black holes and black branes, Classical Quantum
Gravity 26, 163001 (2009).

[74] R. H. Price, Nonspherical perturbations of relativistic gravi-
tational collapse. 1. Scalar and gravitational perturbations,
Phys. Rev. D 5, 2419 (1972).

[75] L. Barack and A. Ori, Late time decay of gravitational and
electromagnetic perturbations along the event horizon,
Phys. Rev. D 60, 124005 (1999).

[76] B. Preston and E. Poisson, A light-cone gauge for black-
hole perturbation theory, Phys. Rev. D 74, 064010 (2006).

[77] S. Akcay, N. Warburton, and L. Barack, Frequency-domain
algorithm for the Lorenz-gauge gravitational self-force,
Phys. Rev. D 88, 104009 (2013).

[78] R. Fujita, W. Hikida, and H. Tagoshi, An efficient numerical
method for computing gravitational waves induced by a
particle moving on eccentric inclined orbits around a Kerr
black hole, Prog. Theor. Phys. 121, 843 (2009).

[79] B. Wardell, A. Pound, N. Warburton, J. Miller, L.
Durkan, and A.L. Tiec, Gravitational waveforms for
compact binaries from second-order self-force theory,
arXiv:2112.12265.

[80] S. L. Detweiler and E. Poisson, Low multipole contributions
to the gravitational selfforce, Phys. Rev. D 69, 084019
(2004).

[81] A. Ori, Harmonic gauge dipole metric perturbations for
weak field circular orbits in Schwarzschild space-time,
Phys. Rev. D 70, 124027 (2004).

[82] H. Fang and G. Lovelace, Tidal coupling of a Schwarzschild
black hole and circularly orbiting moon, Phys. Rev. D 72,
124016 (2005).

[83] L. Stein (private communication).

[84] L. B. Szabados, Quasi-local energy-momentum and angular
momentum in general relativity, Living Rev. Relativity 12, 4
(2009).

[85] I. Booth and S. Fairhurst, The First Law for Slowly
Evolving Horizons, Phys. Rev. Lett. 92, 011102 (2004).

[86] The Black Hole Perturbation Toolkit is available at https://
bhptoolkit.org/toolkit.html.

[87] R. M. Wald, General Relativity (The University of Chicago
Press, Chicago and London, 1984).

[88] E. T. Newman and R. Penrose, Note on the Bondi-Metzner-
Sachs group, J. Math. Phys. (N.Y.) 7, 863 (1966).

024048-42


https://doi.org/10.1103/PhysRevD.49.831
https://doi.org/10.1103/PhysRevD.49.831
https://doi.org/10.1016/0370-2693(82)90338-0
https://doi.org/10.1103/PhysRevD.87.084066
https://doi.org/10.1103/PhysRevD.90.084025
https://doi.org/10.1103/PhysRevD.90.084025
https://doi.org/10.1103/PhysRevD.101.064007
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1103/PhysRevD.5.2419
https://doi.org/10.1103/PhysRevD.60.124005
https://doi.org/10.1103/PhysRevD.74.064010
https://doi.org/10.1103/PhysRevD.88.104009
https://doi.org/10.1143/PTP.121.843
https://arXiv.org/abs/2112.12265
https://doi.org/10.1103/PhysRevD.69.084019
https://doi.org/10.1103/PhysRevD.69.084019
https://doi.org/10.1103/PhysRevD.70.124027
https://doi.org/10.1103/PhysRevD.72.124016
https://doi.org/10.1103/PhysRevD.72.124016
https://doi.org/10.12942/lrr-2009-4
https://doi.org/10.12942/lrr-2009-4
https://doi.org/10.1103/PhysRevLett.92.011102
https://bhptoolkit.org/toolkit.html
https://bhptoolkit.org/toolkit.html
https://bhptoolkit.org/toolkit.html
https://bhptoolkit.org/toolkit.html
https://doi.org/10.1063/1.1931221

