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Spherically symmetric black holes in the limiting curvature theory of gravity
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In this paper we describe a model of a four-dimensional spherically symmetric black hole in a limiting
curvature theory of gravity. In this theory the Einstein-Hilbert action is modified by adding to the action
terms providing inequality constraints on chosen curvature invariants. We demonstrated that in such a
model, instead of formation of the curvature singularity, the spacetime remains regular in the black hole
interior. For black holes with gravitational radius much larger than the radius ¢ of the critical curvature the
obtained solutions describe a space exponentially expanding in one direction and periodically oscillating in

the other two (spherical) directions.
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I. INTRODUCTION

Existence of singularities in general relativity (GR) is a
well-known “headache” of this theory. According to GR
they exist both in cosmology and inside black holes.
Famous theorems proved by Penrose and Hawking [1-3]
imply that such singularities are inevitable provided physi-
cally reasonable energy conditions are satisfied. Exact
solutions of Einstein equations show that both cosmologi-
cal and black hole singularities are related to an infinite
growth of spacetime curvature. In spite of this common
property there exists an important difference between these
two types of singularities. Homogeneous isotropic uni-
verses are conformally flat, so that their Weyl tensor
vanishes. Their singularity is related to an infinite growth
of the Ricci tensor. In order to prevent its formation it is
sufficient to modify the matter stress-energy tensor.
Certainly, such a modification should violate some energy
conditions. Inside a static or stationary black hole the
singularity is related to infinite growth of the Weyl tensor,
and it cannot be prevented by simple modification of the
matter stress-energy tensor. This property makes the
problem of black hole singularities more complicated.

There is a general belief that the ultraviolet (UV)
incompleteness of GR can be cured by a properly chosen
modification of this theory. Namely, one can expect that in
such a modification the curvature invariants cannot grow
infinitely and are always less than some limiting value. This
condition was formulated by Markov [4,5] as a new
fundamental principle of theoretical physics. A natural
question is: If curvature singularities are eliminated in a
theory satisfying the limiting curvature condition, how the
spacetime properties would be modified in the domains
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with high curvature close to the critical one. There are
several publications where this question was addressed. It
was demonstrated that in cosmology the existence of the
limiting curvature opens a possibility of bouncing cosmo-
logical models [4-21]. For black holes the validity of this
principle makes it possible to form new universes in their
interior [22-25].

There exist several models which obey the limiting
curvature condition. For example, one can include in the
theory of gravity dilaton scalar fields and find their
potential which allows one to restrict curvature (see e.g.,
[19,20,26]).

Recently, the authors of the present paper proposed a new
approach in which the limiting curvature condition is
satisfied. This is achieved by adding to the Einstein-
Hilbert action of GR extra terms which provide fulfilment
of inequality constraint(s) restricting the value of chosen
curvature invariant(s). Basic mechanism of application of
such inequality constraints to classical mechanics is dis-
cussed in [27]. Limiting curvature models for 2D black holes
and for cosmology were studied in [28,29], respectively.

In the present paper we continue to study the limiting
curvature theory of gravity. Now we focus on the problem
of the interior of a four-dimensional spherically symmetric
black hole. In Sec. II we discuss spherically symmetric
metrics and their curvature invariants. In Sec. III we present
a reduced action approach. Modification of the gravita-
tional theory by including inequality constraint restricting
curvature is described in Sec. IV. Linear in curvature
invariants inequality constraints are discussed in Sec. V.
Next four sections contain derivation and analysis of
solutions describing the interior of the black hole in the
constructed limiting curvature models. Summary of results
and their discussion is the subject of Sec. X. An Appendix
collects useful formulas, which are used in the “main body”
of the paper.

© 2022 American Physical Society
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II. SPHERICALLY SYMMETRIC METRIC AND ITS
CURVATURE INVARIANTS

A. Metric

Schwarzschild metric is a spherically symmetric solution
of vacuum Einstein equations. It has a well-known form,

oM dar
ds2:—<1——>dt2+ "
r

[ + rrdw?,
.

(2.1)

where dw? = d6> + sin’0d¢> is a metric on 2D round
sphere. The existence of the Killing vector € = 0, for this
metric is a consequence of Birkhoff’s theorem. The
parameter M is the mass of a static black hole described
by metric (2.1). In the black hole’s interior, that is for
r < 2M, we write this metric in the form,

oM

2 dr? 2,202
ds :—_+fdt —I—rda), f—T— .

; (2.2)

The coordinate ¢ is still the Killing parameter, but now
(V)2 > 0, so that ¢ is a spatial coordinate. The metric
function f = —(Vr)? is positive in the black hole interior,
so that the coordinate r is a timelike coordinate. We define a
new time coordinate 7 as follows:

rdr
wm VI
Calculating this integral one finds the following relation
between 7 and r:

(2.3)

T =

(2.4)

M —
T=+/r2M —r) —|—Marcsin<

r n 1 M

7M.
Parameter 7 has a simple meaning. Namely, it is a proper
time along a world line with fixed values of (¢, 0, ¢). The
integration constant is chosen so that 7 = 0 at r = 2M. At

r = 0 one has 7 = zM. Kretschmann curvature invariant
IC = Ryp,sR™" calculated for this metric is

48M2

70

K (25)

It infinitely grows in the black hole interior in the vicinity of
a singularity at r = 0.

The existence of singularities is a well-known “illness”
of the general relativity. Our goal is to study how this
prediction is changed if one modifies the theory by
imposing the limiting curvature restriction. In such a model
the metric (2.2) remains valid until the spacetime curvature
reaches some limiting value. Later we specify its concrete
choice but at the moment we assume that this happens at
some value of the radial coordinate r = ry < 2M.

For the later time the form of the metric would be
different from (2.2). We write this metric in the following
general form:

ds®> = —b*d7* + B*dP* + a*do?, (2.6)
where a, b and B are functions of time 7. Let us make some
explanation concerning this choice. Metric (2.6) has the
Killing vector € = 0, which it inherited from (2.2) and 7 is a
spacelike coordinate. There is an ambiguity in the choice of
the time coordinate z, and the presence of the metric
coefficient b(7) reflects this. In a special gauge b(z) = 1
the coordinate 7 coincides with the proper time parameter.
At the moment we keep b(z) arbitrary. This allows one to
reduce the action of the theory to a functional depending on
three functions, b(7), a(z) and B(z), such that its variations
give a complete set of equations. After the variation one can
fix the choice of gauge.

We shall use two options:

(i) Synchronous gauge: b(z) = 1,

ds* = —d7*> + B(1)*dt* + a(r)*do’. (2.7)
(i) Radial gauge in which
1
ds? = ———dr? + 2 f(r)d? + rPde®. (2.8
i @ (23)
It is easy to see that
£ = B> =e¥f, f==(VrQ2. (2.9)

Any symmetric tensor A,, which respects the sym-
metries of the metric (2.6), that is which is invariant under
rotations, translation ¢ — ¢ + a and reflection ¢t — —t, has
the following form:

0

A = diag(A(z), )t(f), A7), A()).  (2.10)

B. Curvature invariants

The Riemann curvature tensor for the metric (2.6) has
four nonvanishing components,1

"This property is also valid for a spherically symmetric metrics
which depends on both space and time coordinates. Narlikar and
Karmarkar [30] proposed that this set of four invariants is
sufficient for the construction of all other algebraic invariants
of the curvature tensor. The metric (2.6) belongs to a wider class
of so-called warped product metrics. A discussion of the
complete set of curvature invariants which is sufficient for
construction of algebraic curvature invariants and further refer-
ences can be found in [31].
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R.p:0 = —q. (2.11)

R@&g)&l) = p. (2.12)
The hat over indices of the curvature means that the
components of this tensor are calculated in the tetrad
formed by unit vectors along the corresponding coordinate
lines. The curvature invariants (p, g, u, v) are

a* + b2 i ab
“ar o e P

aB B Bb
-4 -2 20 2.14
" uBD " T Bp BB (2.14)

A dot in these expressions means the derivative with respect
to 7. The curvature invariants in the radial gauge (2.8) are

f+1 f frrf
= , =, == 4+, 2.15
p r? 1 2r " r Jr2r ( )
/ 12 1 A 3 !,
v=fy + fy +§f +§f}/. (2.16)

Here the prime means a derivative with respect to r. Any
scalar polynomial invariant constructed from the Riemann
tensor is a polynomial of four variables (p, g, u, v). If these
variables are restricted, then the value of the corresponding
polynomials will be bounded as well. This means that the
limiting curvature condition for these curvature invariants is
valid, if for the metric under consideration the eigen values
of curvature (p, g, u, v) are bounded.

Let us note that these eigen values can be presented as
functions of curvature invariants. For example this can be
done as follows. Let us note that the Riemann tensor can be
decomposed into three irreducible terms: the Weyl tensor
Copys» the traceless Riccei tensor S,z = Ryp — %gaﬁR, and
the Ricci scalar R. As the result, the scalar polynomial
curvature invariants can be constructed solely in terms of
scalar invariants made of these irreducible parts. It is easy to
check that the nonvanishing tetrad components of the Weyl
tensor are defined by only one function C,

1 1 1
Cfngc’ C%é%az—g ; CA(}M:—EC,
1 1 )
Copor =30 Cinn=—5C Cigig==¢C,
where

C=p-q—u+w. (2.17)
Thus, any scalar invariant made of some power of the Weyl
tensor is proportional to the same power of C [see, e.g.,
Eq. (A3)]. The other necessary three relations connecting
eigen values of the Riemann tensor with scalar curvature
invariants are

R=2(p+2q+2u+w),
8 =8, = (p—v)*+2(q—u),

S = 8480850 = =3(p —v) (g — u)*. (2.18)
The Eqgs. (2.17)-(2.18) are functionally independent and
they alow one to express locally the eigen values
(p.q.u,v) in terms of C, R, S?, S°. However, we found
it easier to impose restrictions on eigen values directly.

In what follows the following simple remarks will be
useful.

(i) Let us consider a two dimensional spacetime with

metric,

dy? = —b*(7)dP + B (1)di*.  (2.19)

Its 2D curvature is @
in (2.14).

(i) Consider three-dimensional spacetime with metric,

R = 2v, where v is given

dr? = —b*(7)d7* + a(r)’de?®.  (2.20)
The Einstein tensor for it is ®G} = —diag(p, ¢, q).
where p and ¢ are given in (2.13).

Hence, if one restricts 2D curvature for metric dy2 and 3D

curvature invariants for metric dI'2 then the 4D curvature

invariants (2.11)—(2.12) will be also restricted, provided an

additional invariant u is bounded.

For the Schwarzschild metric these curvature invariants
take the form,

2M
p=v=-2qg=-"2u=—. (2.21)

3
The Ricci tensor, the traceless Ricci tensor, and the Einstein
tensor for the metric (2.6) are linear combinations of the
basic invariants (p, g, u, v). These expressions as well as
expressions for quadratic in curvature invariants are col-
lected in the Appendix.

The curvature invariants ¢ and » which enter the
expression (2.11) for the Riemann tensor contain second
derivatives of the metric functions a(z) and B(r). Using
covariant derivatives of the Riemann curvature one can
construct additional set of scalar invariants, which contain
higher derivatives of these functions. For example, one has

(2.22)

R%éfé;%ZR%&S%&%Z—L']—i—... (223)
As earlier we use the hat over indices to indicate that the
components of this tensor are calculated in the orthonormal
tetrad. The dots denote terms which contain less than three
time derivatives of the metric functions. All other compo-
nents of the covariant derivatives of the Riemann tensor
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which contain ¢ and ¥ can be obtained by permutations of
the indices in (2.22) and (2.23).

III. REDUCED ACTION

Let us consider an action,

1
S= —/d4x«/—gL(g), k = 87G. (3.1)
K
Here the Lagrangian L(g) depends on the metric g and its
derivatives. Besides this it may depend also on some other
variables which will be specified later. We use the follow-

ing notation for the variation of this action over the metric:

2 oS
V') 69(1/)’ '

We assume that the Lagrangian L is a scalar and equations
of motion for other fields which enter L are satisfied then
the following conservation law is valid:

Ta/)' —

(3.2)

T% 5 =0. (3.3)

Tensor T being calculated for the metric (2.6) has the
form (2.10). We call such a tensor a reduced one. This
reduced tensor can be obtained in a different way. Let us
substitute first the ansatz (2.6) into the Lagrangian L(g). As
the result one gets the Lagrangian as a function of b(z),
a(7), B(r) and their derivatives. Since it does not depend on
t, 0 and ¢, one can integrate the action S over these
coordinates. As a result one has

1
S=-VS§, (3.4)
K
where we defined the dimensionally reduced action,
S= /dmszﬁ(a, b,B). (3.5)

Here L(a, b, B) = L(g) computed on the metric (2.6), and
V is the volume,

V= / sin 0d0dpdr = 4x / dr. (3.6)

This (formally infinite) factor does not affect the equations
of motion derived from the action and can be omitted.
By varying the reduced action with respect to its argu-
ments b, a and B one obtains three quantities, which
coincide with the components of the reduced tensor 7,

1 68
To— % 7
" 4*BSb’ (3.7)

1 68
Th=— = 3.8
" 4*bSB’ (3:8)
1 &S
TO=T% = iy .
0 " 2abB da (39)

The relation between this reduced tensor and the stress-
energy tensor (3.2), when evaluated on the spacetime (2.6),
is 7’ E, = KT@. In what follows we shall use the approach
based on the reduced action for obtaining the gravitational
equations in our model.

For the metric (2.6) the conservation law (3.2) gives the
following relation:

0,7t — g Ti-Ti)+ 2575 T (3.10)

Thus if we know 77 and 79 components, then 7 can be
expressed in terms of them.

IV. INEQUALITY CONSTRAINTS

In a model with the limiting curvature we consider the
action (3.1) with the Lagrangian L(g) of the form,
L(g)=L,+L,. (4.1)

Here L, = %R is the Lagrangian for Einstein-Hilbert action
and L, is a part of the Lagrangian responsible for inequality
curvature constraints. In what follows we use ansatz (2.6)

for the metric, and our starting point is the following
reduced action:

S= /d’mszﬁ, (4.2)

L=Lo+ ) y(@+8). (4.3)
J
Here Eg is the reduced form of the Einstein-Hilbert action,
1
ﬁg:zR:p—i-Zq—f—Q.u—l—l). (4.4)

After integration by parts one can present this part of the
action in the form,

a* _aaB
= B|b———-2——|. 4.
s, /dr [b 4 Bb} (4.5)
Its variations give
. 1 58S,
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1 68
Gi=pen - 0T (#7)
1 oS
0 _ = —
gg_ZabB(Sa (g +u+v). (4.8)

It is easy to see that as expected the obtained expressions
coincide with the components of the reduced Einstein
tensor (see Appendix).

The action (4.2) contains also a part which is responsible
for the inequality constraints. We choose constraint func-
tions in the form,

O, =D;(p,q.u,v;Aj). (4.9)

J

Basically, ®; is a scalar invariant constructed from the
curvature tensor, and A; is a limiting value parameter for
this invariant. Each of such constraints is accompanied by a
pair of Lagrange multipliers y; and {;. By varying the
action S over these multipliers one gets relations,
®;(p.q.u, ;M) +3 =0,  x;=0. (410
The first of these relations shows that ®; <0 so that
(:f =—®;. If ®; <0 the second relation implies that
xj = 0. This function becomes nonzero only when the
first equality is saturated and the curvature invariant ®;
reaches its limiting value,
®; =0. (4.11)
We call y;(z) a control function.

When all control functions vanish, the constrains do not
contribute into the gravity equations, so that they are
identical with the equations obtained from the reduced
Einstein-Hilbert action. We call this regime subcritical.
After one of the constraints is saturated and the corre-
sponding curvature invariant reaches its critical value a
solution becomes supercritical. It follows along this con-
straint, while the gravitational equations will be modified

by adding terms dependent on y and its derivatives which
|

(i) The (z,7) equation,

can be obtained by variation over the metric of the
corresponding constraint term.

After a subcritical solution enters the supercritical regime
its behavior may be different. If at some moment of time 7,
the control function y;(z;) (with some of its derivatives)
vanishes and the other constraint functions are still non-
saturated, the solution can return to its subcritical regime. If
during the supercritical evolution along the constraint
number j the other constraint function (say with number
i # j) becomes saturated, the system can slip to it or its
motions will be restricted by both constraints simultane-
ously. These options and other properties of solutions of the
considered model with limiting curvature depend on the
number of the inequality constraints and their structure.

V. LINEAR CONSTRAINTS

In this paper we consider linear in curvature constraints.
The most general form of such a constraint is

1

O=pp—puqg+rvu+ov—-A=0, A:ﬁ'

(5.1)

Here p, g, u and v are basic curvature invariants defined in
(2.13), and p, p, v, and ¢ are dimensionless constants. Our
choice of sign for the term with the coefficient u will be
convenient in further discussions. Parameter A plays the role
of the limiting curvature value. It has dimension [length] 2.
We denote by ¢ the corresponding critical length scale.

As we already mentioned the control function y in the
subcritical regime vanishes and the gravitational equations
are identical with the standard Einstein equations. For our
problem this means that the subcritical solution coincides
with the Schwarzschild metric (2.1). Let us discuss the
form of these equations in the supercritical regime, which
corresponds to { = 0. Then the reduced Lagrangian (4.3) at
this phase is of the form,
L=(p+2q+2u+v)+(pp—puqg+vu+ov—A)y. (5.2)
Variation with respect to control function y give the
constraint (5.1), while the gravitational equations gives
the following set of equations.

a2+1+2a3 a2+1 a,+ a2+aB aB N B '+2& A (5.3)
—+— —=pl——=+—=|yr—u|— —+— —v— c— —y| — Ay. .
a? a2 aB P\Ta2T 2R 2 " aB)* aB” B Y pd v
(ii) The (z,t) equation,
a1 i a1 i a. a a® a. a a®
—2+—2+2—=p<—2+—2>)(—ﬂ—){—1/|:—)(+<—+—2))(:|+O’|:j('+4—)(+2<—+—2>)(:|—/\){. (5.4)
a a a a‘  a a a a a a a a
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(iii) The (@, 0) equation,

a+aB+B_ a. . a+a3
a aB B_pa)( aaB)(

vI[B

B B

Thus we have a set of four equations (5.1), (5.3), (5.4)
and (5.5) for three functions a(z), b(z) and y(z). However,
they are not independent. The conservation law (3.10)
establishes relation between Egs. (5.3)-(5.5). One can
reduce the total number of independent equations for three
functions a(z), b(z), ¥(z) to two in two different ways:

(i) Use besides the constraint (5.1) the first order

equation (5.3) together with one of the other two
equations, (5.4) and (5.5);
(ii)) Use Eqgs. (5.1), (5.4) and (5.5).

. a. 1 [ a. 1
[2+(1/—26)){]q+61)—6)(=—p—l/|:2)(+ (p—l—u—?))(} +o 4;){—1—2(1)—;);(],

(1 +m)a+ [1 +§<u+v>]m+1ma= - [<p+u>§+ (u+§) B = ol + = ()

2

This system of equations is written in such a form where the
terms with second derivatives stand in their left-hand side,
while the right-hand side does not contain these second
order derivatives. This set of equations can be written in a
matrix form,

where U is the following 3 x 3 matrix:

—u o 0
U=|24+w-20)y oy —c
1+ py 1+55 4

Determinant of this matrix is
detU = —olo +2u + (po —op + u> +w)y].  (5.9)

At the transition point, when y =0 and y =0, the
system of these equations is

i a _B\. i _aB B
- 2—+2— 2—+2—+-
2[)(—’—( a+ B>Z+( a+ aB+B)Z}

.+B' +B’ A
] x| Foqx—NAx

In the latter case the Eq. (5.3) should be imposed on the
initial conditions at some time 7. The conservation law
(3.10) guarantees that the system is consistent and con-
dition (5.3) is valid for any 7.

Let us consider the first option. Using the constraint
equations we write the corresponding three equations
containing second derivatives in the following form:

—uqg +ov=A-—pp—uu, (5.6)
|
(5.7)
(5.8)
| J
—uq +ov=A—-pp—uvu,
29 =0} =-p,

g+v+Ly=-u (5.10)

2
At this pointdet U = —o(6 +2u). If 6 #0and 6 + 2u # 0
relations (5.10) allow one to find second derivatives d, B, 7.
This means that at least in the vicinity of the transition point
there exists a unique regular solution.

VI. PHASE I: v < A CONSTRAINT

A. Transition between sub- and supercritical regimes

When det U # 0 the system equations (5.1), (5.4) and
(5.5) can be presented in an equivalent form resolved with
respect to the second derivatives ¢, B and j,. We call set of
equations normal. The initial conditions for this normal set
of equations are

a(zy) = ay, a(zy) = ao,
B(z9) = By, B(z) = By,
x(70) = X0 7(70) = Xo- (6.1)
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If the functions in the right-hand side of the normal
equations are regular in the vicinity of a point (6.1) then,
this set of equations has a regular unique solution.

In order to satisfy condition detU # 0 the constant ¢
which enter the linear constraint (5.1) should be nonzero.
The simplest choice which satisfies this property is

O=v-A=0. (6.2)

Let us discuss now a transition between sub- and
supercritical regimes for this choice of the constraint
function. In what follows it is very convenient to use
dimensional quantities and dimensional form of the equa-
tions. It can be done by using the fundamental length scale
¢. We denote by hat over a quantity its dimensionless form.
Thus we have

p=7"p, §="7"q, it = £2u, b= o,
21 =21 a=alt, B =B, 1=1/¢,
M=M/¢, A=7A=1 (6.3)

In these variables the constraint equation (6.5) takes a
simple form,

v=1. (6.4)

For our problem a subcritical solution coincides with

metric (2.2). We denote by 7, the time when the transition

from subcritical to supercritical regime occurs. Then (6.2)
can be written in the form,

. . . 2M
Vo = Po = —2qO = —2M0 = ? =1. (65)
0

Hence,

ay = m= (2M)'3. (6.6)

In what follows we assume that the transition to the
supercritical regime happens inside the horizon of the
black hole, so that m > 1.

Using relation,

dr
V7.

one can write the initial conditions (6.1) at the transition
point as follows:

B(zo) = \/f(ro), (6.7)

= 0. (6.9)

B. Field equations and their solutions

Starting from now we shall be working only with
dimensionless quantities. Since presence of many hats in
formulas makes them unwieldy, we adopt the following
agreement. We simply omit all the hats in the intermediate
results. One can always easily restore dimensions in the
final results by restoring the hats over all the quantities and
after this using relations (6.3).

Let us write a system of equations for the supercritical
regime. The constraint (6.4) gives

B-B=0. (6.10)
Putting p =u=v =0, 6 =1 and using (6.10) one can
write (5.8) as follows:

B
i+—a+a=0.

5 (6.11)

We denote by y; a control function associated with the
constraint » = 0. Then (5.3) gives

B.
d +Qu—-1)y, =p+2u (6.12)

Expressions for p and u which enter this equation are given
by (2.13). The set of three equations (6.10)—(6.12) with
initial conditions,

ayg = m, C'l():— m2_1’
S . 1
BO = m2 - 1, BO = Em, X1.0 = 0. (613)

The condition y;, =0 at the transition point follows
from (6.12).
A solution of (6.10) satisfying (6.13) is

1
B(7) = 5V 3m?> —4cosh(t— 79+ ¢), (6.14)
where
m
tanh ¢ = . 6.15
T (6.15)
Substituting expression for B into (6.11) one gets
i+ tanh(7)a +a =0, T=1t—17+¢. (6.16)

A solution of this equation can be written in terms of
associated Legendre functions P} (z) and Q%(z),
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a(t) = —— : [cppf(tanh 7

\/cosh(z

+Co07 (tanhf)] (6.17)

Constants Cp and C, can be fixed by the initial conditions
(6.13) and have the form,

Cp =[5 (tann )
W, /tanh’¢ — 1% °
3
— (1 - iV/3) tanh $Q'” (tanh ¢)},
Co =05 (tanh )

W, /tanh’¢ — |

— (1 —iV/3) tanh ¢P’f(tanh ¢)} :

where

w0 )

. S+ (6.18)

and I'(z) is the gamma function. Note that the solution
(6.17) is real despite of the complex parameters entering the
expression. For large m > 1 the asymptotic of Cp and C,
coefficients is

Cp = (0.40805 + 1.6113i)m + O(m™"),

Cp = (114.14 — 23.130i)m + O(m™"). (6.19)
Figure 1 shows a plot of a(z) computed for m = 1000.
Qualitatively the plots look very similar for all values of
m > 2. One can see that a(z) at this phase is a monoton-
ically decreasing function, and there always exists such a
moment of time ¢ = 7, when it vanishes. The value of z,
depends on the parameter m (6.6), but for large m,
corresponding to large black hole mass, it is almost

%o T, T

FIG. 1. Typical evolution of the scale parameter along the
primary constraint. Before the moment when a(z) vanish, the
secondary constraint enters the play to limit growing curvature
invariants.

T,— T,
120
1151 .
1.104 °
1,051 e,
1 T T T
5 10 15 20 m
FIG. 2. The dependence of 7z, on the parameter m. Its

asymptotic value at large m is 7, = 7y + 1.031.

constant. This dependence is depicted in Fig. 2. In the
limit ¢ — z, the invariants p and ¢ infinitely grow. In order
to prevent this, in what follows we shall impose an
additional constraint. We discuss a choice of this constraint
in the next section. Here we just continue our study of the
stage with one constraint v = 1.

The control function y,(z) can be found by solving
Eq. (6.12). A solution satisfying the initial condition

x1(19) =0is

Note that due to (6.13),

— =2m. 6.21
3 (621)

C. Case of large m

When the radius r, where the Schwarzschild metric
reaches the critical curvature is much larger than the critical
length # the dimensionless parameter m, (6.6), is large. In
this regime vVm?>—1=m+ O(m~"). Neglecting terms
O(m™"') in (6.13) one gets the following initial conditions:

ag = —ay = By = 2By = m. (6.22)
Let us denote
_ B
a=2  B=2 (6.23)
m m
then one has
. . B
B—-B =0, a+=a+a=20,
B
0T (2u—1)x1 = p+2u,
EIO - —CLIO - BO - ZBO - 1 (624)
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In these equations,

(6.25)

N

I
Q|
S| o

Since m is large, one can use the following approximate
expression for p = (@/a)? Thus when m is large both field
equations and initial conditions in (6.24) do not depend on
m and are universal in this sense.

Solutions for B and a are

2 1
B(r)_\/?gcosh(%), tanhqﬁ:z, T=1—1+ ¢,
e 3
[cprl (tanh7) 4+ coQ 7 (tanh %)}
a(z) = ) : (6.26)

v/cosht

Here

cp = 0.40805 + 1.6113i, co = 114.14 = 23.13i.

(6.27)

A plot of a(z) is shown by the solid line in Fig. 3. The
function a@(z) monotonically decreases starting from the
initial value a, = 1 and becomes zero at r = z,, where
7, — 79 = 1.03. The invariant ¢ evaluated on the exact
solution starts from ¢(zy) = —1/2 and then grows with
time. It vanishes at 7 ~ 7 + 0.26966 and becomes positive
for later times. In the vicinity of z, both invariants p and ¢
infinitely grow.

The approximate solution, corresponding to the linear
asymptotic of a at 7 = 7 is given by the dashed line in
Fig. 3. It has a simple form,

a= % [1 —sin <f2(r — 1) — arcsin ;)] . (6.28)

which approximates the exact solution a(z) (6.26) in the
range 7 € (10, 7o + 0.3) with the accuracy 1073, The basic

a

0.51

S ——

0 025 050 075 Hi 125 _ z,
[

FIG. 3. The exact solution a(z) (solid line) and the approximate
one (dashed line). The scale factor vanishes at the moment z,.. But
before this moment the secondary constraint changes the dy-
namics and stops the collapse of a(z).

X

0.034

0.021

0.011

0.00- T T T T T
0 0.05 0.10 0.15 0.20 0.25

T—71,

FIG. 4. The limit of large m for the control parameter y,(z). We
draw the plot in the interval 0 <7 — 17, < 0.27. For larger 7 it
continues to grow monotonically.

curvature invariants p and ¢ calculated for this solution
obey the equation,

p=2(1+gq). (6.29)
The solution (6.20) for the control function y; takes the
form,

B © B .
@ =1+= [—2+/ dr— (a* +a2)]. (6.30)
a 70 B
At the initial point both the control parameter and its
derivative vanish y,(zy) =0, y,(z9) = 0. Then it mono-

tonically grows with time. This property can be easily seen

because for 7 > 7, the functions B, B, and the integrand in
(6.30) are positive definite functions. The behavior of the
control parameter is depicted in Fig. 4. It means that the
control function y; will never vanishes again, and the
solution for the metric will evolve along this constraint till
the moment, when the conditions for the secondary con-
straint are fulfilled.

VII. PHASE II
A. Field equations

As we saw in the previous section the constraint v = 1
does not prevent growth of curvature invariants p and g. To
restrict them one needs, besides this primary constraint
v =1, to impose an additional secondary constraint.
Namely, we assume that the first supercritical phase ends
at some moment of time 7 = 7;. After this moment the
supercritical solution evolves preserving both, primary and
secondary constraints. At the second phase there exist two
control functions y; and y, associated with both con-
straints. Their evolution is determined by gravitational
equations. The initial value of the primary control function
x1 at T = 7 can be found by using solution (6.20), while
control function y, and its derivative vanish at this point.
The reduced Lagrangian for this model reads
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L=L,+ (P +E]) + 12Dy + 53,

O =v-Ay, Dy =p—pg— Ay, (7.1)
where L, is the reduced Einstein Lagrangian given by
Eq. (4.4). This Lagrangian is written in dimensional units.
Recall that starting with Sec. VI B, instead of the dimen-
sional invariants entering this expression, we use their
dimensionless versions (6.3), normalized using the funda-
mental length parameter # defined as #=> = A,, and, for
simplicity, omit “hat.” This simplification makes formulas
more transparent and should not lead to much confusion.
Final dimensional quantities can be easily restored by
multiplication to a proper power of ¢. For the
Lagrangian in dimensionless units we have to substitute
Ay = 1and Ay, = A

1. Primary constraint

This constraint » = 1 is the same as at the first phase,

B-B=0. (7.2)
Its solution, obtained for phase I,
5\/ —4cosh(r — 7y + ¢),
1
tanh¢ = — 7.3
nh )= 5 —. (7.3)

evidently satisfies the required continuity conditions
at 7 = 7.

2. Secondary constraint

For the secondary constraint at phase II we use a
constraint function which is linear in the curvature invar-
iants. We choose it in the form,

p—Hq =i (7.4)
Here, as earlier, we use dimensionless quantities normal-
ized by the length scale ¢, u € (0,1) is a dimensionless

constant and A = A,/A;. Note that at the second phase
p > 1 and g > —1/2. Therefore,

1> 145 (7.5)
2
Equation (7.4) gives the following equation:
a 1 a
S +—5—pu—=A4 7.6
a? + 2 " (7.6)

The solution for a(z) in the phase I and condition of
continuity of a(z) and a(r) at the second transition point
7 = 7, uniquely specifies the metric function a(z) during
the second phase.

3. (0.0) gravitational equation
At phase II (6, 0) equation has the form,
i aB

—+—+1
a+aB

a a

ul. a _B\. aB
- = 2—4+2— 2— 41 . (7.7
2[){2+( —t B))(z+< BT >J{z} (7.7)

For known metric functions a(z) and B(z) this is a second-
order linear ordinary differential equation for y,(z). Two
integration constants in its solution are fixed by the initial
conditions,

x2(11) = ja2(71) = 0. (7.8)

4. (z,7) gravitational equation

(z,7) gravitational equation is of the form,

M+71+2a3_ a2+1
a2 &2 aB 2T g2 )42

o (448 p
X2 2 4B X2 X2

B . a
+E X1 +2=-x| —x-
a

(S8}

—

N

(7.9)

For known functions a(z), B(z) and y,(z) this is a first-
order linear differential equation for y(z). The expression
(6.20) at 7, determines the initial conditions for y(z).
Hence, the control function y;(7) is uniquely defined at the
second phase.

Let us summarize: A set of four equations (7.2), (7.6),
(7.7) and (7.9) with the above described initial conditions
uniquely determines four functions a(z), B(z), y,(r) and
x>(7) at the phase II. Let us discuss now properties of this
solution.

VIIL. PHASE II: SOLUTION OF THE SECONDARY
CONSTRAINT

The solution of the primary constraint was already
described [see (7.3)]. In this section we discuss solutions
of the secondary constraint (7.4) at phase II. For this
purpose it is convenient to use a representation of such
solutions on two-dimensional (p, ¢) plane shown in Fig. 5.

This figure contains a set of lines connected with the
evolution of the system. A straight line ', represents a
subcritical Schwarzschild solution. On this line g = —% p.
At a point 0 where p =1 and ¢ = —1/2 the invariant v
reaches its critical value v = 1. It happens at point O where
the first phase of the supercritical solution starts. Line I’
shows p and ¢ during this phase. The second phase starts at
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A q
Lo
N
9o 2_5
U
/3
— -2
|4

FIG.5. At the beginning the system evolves along I', governed
by the pure Einstein equations. At the point O the conditions for
the primary constraint are satisfied and further evolution goes
along the line Ty till the point 1, where the secondary constraint
enters the play. After this point the system evolves along the line
I'; towards the point 2. This is the bouncing point, corresponding
to a minimal scale parameter a(z). After this bounce the system
oscillates along I', between the bouncing points 2 and 3.

point 1. At this phase the supercritical solution obeys both
constraints v = 1 and p — ug = A, and I'; is a straight line
representing this solution. This line intersects p axis at
p =A.For0 < u < 1 the line I'}, being continued to larger
value of p, crosses the line I',, where p = ¢, at the point

(8.1)

Similarly, if one continues I, to a small value of p, then for
u > 0 it intersects g-axis at ¢ = —A_ = —1/p < 0. In what
follows we impose the following restriction on the param-
eter uy, 0 < p < 1.

A. Solving secondary constraint equation

1. Function a(t) at the beginning of the second phase

To estimate the function a(z) at the second transition
point 1 for large m one can use the approximate equa-
tion (6.29). In this approximation point 1 is the intersection
of two straight lines I'; and I',. Simultaneous solution of
two equations p = 2(1 + ¢) and p — ug = 1 gives

2-4

=—0. 8.2
qi 2—u (8.2)

Using the approximate solution (6.28) one finds

3 1
4, = — . 8.3
: 22+ qi ( )
Relations (8.2) and (8.3) give
_ _ 3 2—u

a, = map, a :Em (84)

It is easy to check that a; < aq for 4 > 1 + u/2. Relation
(8.4) shows that for the parameters y and A of order of one,
the initial value of function a(z) at the beginning of the
second phase a; is large (proportional to m).

2. Solution
To solve Eq. (7.4) we denote

p=r(). y=In(d/a}), (8.5)

where a; = a(r;) Then using definitions of p and ¢ one
gets the following equation:

dp

— =qg—p. 8.6
ay 97P (8.6)
We choose the second transition point 1 to lie below I"_, so
that ‘;—5 < 0 at this point. We also assume that a; < 0, then

in the vicinity of 1 the function a decreases and p increases.
This means that a point representing the solution on (p, )
plane moves up along the line I',. Using (8.6) one gets

/p dp
y=[ —.
pn4-P

Here p; is a value of p at point 1. This relation gives

(8.7)

Ay — a\’ 2(1 =
. P:<_>, y =20 (8.8)
+ D1 ai H
One gets
a \’
p=Ay = —p)|—])- (8.9)
ay
Using the definition of p (2.13) one has
at=a’p-1. (8.10)

Thus a?>p > 1 and
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p= (8.11)
a

at the turning points where @ = 0. It is easy to check that

there exist two turning points corresponding to minimum

and maximum values of a. At the point of the minimum one

has

ay ~ \/IZ [1 +% <1 —i‘) (\/Zal)—r]. (8.12)

This expression is written in an approximation when the
quantity A, a7 is large. The maximum value of a is

1
a3~ Aa, A= (1-5{—’) g
+

(8.13)

Let us summarize. A point in (p, g) plane representing a
supercritical solution a(z) at phase Il moves up along I',.
The value of a decreases until it reaches its minimal value at
point 2 (see Fig. 5). We denote by 7, time when it happens.
Relation (8.7) shows that this point always is below the line

I', . For large ay, that is when a; > /111/ 2, point 2 is located
very close to I', . Later for 7 > 7, the point representing the
solution moves down along I'; to smaller value of p. In a
general case, the control function y,(7) cannot become zero
simultaneously with its derivative, so that this supercritical
solution a(r) always remains on the line T',. It passes
through point 1 and reaches its maximum value a,,,, at
point 3. This happens at time z3. After this, the function
a(7) decreases again. This motion is periodic, and its period
is

T = (8.14)

as da
2(13—72)—2l2 W.

The corresponding Penrose diagram of the “eternal” black
hole with the oscillating universe inside it is depicted
in Fig. 7.

It should be emphasised that in this approach we put
constraints only on the curvatures p, ¢, and v. However, the

curvature invariant u = ‘;—g is finite automatically. This is

because primary constraint guarantees that |B/B| <1,
while the finite value of p and the property, that scale
factor a never vanishes on the solution in question,
makes |a/a| < finite too.

B. Special case u=1/2

There is a special choice of the parameter 4 = 1/2, for
which Egs. (8.9)—(8.10) can be integrated analytically. For
this choice one also has

(8.15)

This relation implies, that during periodic change of the
function a(z), the curvature invariants remain in the
following intervals:

p € (0,24), q € (—22,22). (8.16)
Let us discuss this case in more detail.
Let us denote
a=aa, (8.17)
then Eq. (8.10) can be written in the form,
& = (A = p)(@ — a3) (a3 — ),
a5 = ﬁ [1 F /!l —%}. (8.18)

Here a, and a5 correspond to signs minus and plus in (8.18)
respectively. Equation (8.18) gives

a;

Vin
a da
N = / @ -G -)

This integral can be calculated exactly with the following
result:

N(a),

T—7T ——

(8.19)

M@ = ZIF@ )= F 0L (520
where
sing =% sing =, k=% (821)
as as s

Here F(¢, k) is the Legendre’s incomplete elliptic integral
of the first kind. Note that for @, < a < a3 the function
N(a) is a real. The period of oscillations is given by the
integral,

T

_5 a /as da
Vi =11 o (@ - @)@ - )
2 2
—*1{( 1—“—5). (8.22)
VAL — Pias as

Here K (k) is the Legendre’s complete elliptic integral of the
first kind.

C. Case of small u

The secondary constraint takes simpler form p = A for
1 = 0. Let us discuss properties of phase II supercritical
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FIG. 6. The potential function U(a) for small p.

solution for small values of the parameter 4. We demon-
strate that in fact the limit 4 — 0 is quite singular.

For small y line T, representing a solution on (p, q)
plane (see Fig. 5) becomes almost vertical. To mark points
on this line it is more convenient to use parameter ¢ instead
of p. This can be done by using the following relation:

Ay —p=pldy —q). (8.23)
Equation (8.10) can be written in the form,
@ =U(a),
Ula) = 2,0® = (A — q ua — % (8.24)

Here @ = a/a; and q, is the value of a(z) at the beginning
of phase two 7 = 71, while ¢, is the value of ¢ at this time.

Figure 6 shows a plot of function U(a) for small u. The
potential function U(a) has a maximum when dU/da = 0.
It happens at

1l +— 8.25
/ - (8.25)

o — [1 _a —ﬂ)ql]‘% -
24
which is for small y is very close to unity. The values a, and
a3 where U(a,3) = 0 correspond to the turning points,
where a reaches its minimum and maximum values,
respectively. For a; > 1 one can use relations (8.12)
and (8.13) to find the values of a, and az. Parameter A
which enters the latter expression is slightly larger that 1.
The function a(z) is periodic with the period,

T=2 / " da . (8.26)
a U((X)
For small y this period in dimensionless units is
T a2 In(2v2a,) (8.27)
N— ap). .
Vi ‘

Here we used the property that A, = ﬁ A.

Q

At the turning point where @ = a3 one has

1

=—. 8.28
P3 aga% ( )
Since a3 ~ 1 for large a;, one has
1
P3R— <1 (8.29)
@

The invariant ¢ at this point can be calculated either using
the relation,

1 dU
=——, 8.30
1 20 da ( )
or the secondary constraint equation which gives
p—4
q=——" 8.31
p (8.31)
One has
q=7Ay— (’1+ - ‘]1)“’7- (8-32)

At 7 =17, we have a =1 and g = ¢, as expected. For
7 > 7, the metric function a decreases, and the second term
in the right-hand side of (8.32) becomes small very fast. At
this stage g ~ 4, . After bounce the function a(r) increases
until it reaches its turning point where it has its maximal
value az. Near this turning point one has

A
Gy~ = =— (8.33)

p
Thus for large a; and small u the point (ps, ¢3) is close to
the point 4 in Fig. 5. In the limit 4 — O the invariant ¢
grows infinitely near the turning point 3. This case does not
satisfy the adopted limiting curvature condition.

IX. PHASE II: CONTROL FUNCTIONS

The dynamics of the control functions at phase II is
described by the gravity equations (7.7) and (7.9) restricted
by the constraints. The control function y, is defined by
(7.7) with the initial conditions,

xa(11) =0, Ja(11) = 0. (9.1)
The Eq. (7.7) is the second order ordinary differential
equation, therefore its solution is uniquely defined by these
initial conditions. The function B(r) is defined by the
solution of the primary constraint (6.10) and is given by
(6.14). The secondary constraint, in its turn, defines the
function a(r). Therefore we unambiguously obtain func-
tions B, a, and y,. Then their substitution into (7.9) leads to
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the first order differential equation for the control function
x1- The initial condition for this function comes from its
value at the end of the phase I y;(z = 7). Thus the whole
evolution of the system is completely fixed.

If the control parameter y, and its derivative y, vanish
simultaneously at some point, then the system would slip to
the phase I again. However, it is virtually improbable,
because the equations for the control parameters explicitly
depend on the function B(z) which grows irreversibly. So,
even if y, vanishes at some moment, in a generic case its
derivative does not vanish and the system will continue to
evolve along the secondary constraint. It means that in the
generic case the system will indefinitely stay on the
secondary constraint and it permanently oscillates between
the points 2 and 3 (see Fig. 5).

X. SUMMARY AND DISCUSSIONS

In this paper we discuss properties of black holes in the
limiting curvature theory of gravity [28,29]. Namely, we
consider four-dimensional spherically symmetric black
holes and study properties of their interior in a model,
where the curvature invariants are restricted. To satisfy the
limiting curvature condition, we modified the Einstein-
Hilbert action by adding terms which impose inequality
constraints on the curvature invariants. In a general case
each of such constraints ®; < 0 is accompanied by a pair of
the Lagrange multipliers y; and {;. A solution of the field
equations, which are derived from such an extended action,
can have different regimes. In a subcritical regime, where
all constraint functions obey conditions ®; < 0, the
control functions y; vanish, and the equations coincide
with the unmodified Einstein equations, while Lagrange
multipliers {; can be expressed in terms of solutions of
these equations. When at least one of the constrains is
saturated, the regime is changed. A corresponding control
function(s) y; becomes non-zero, while {; = 0. Such a
regime is called supercritical.

We assumed that a transition from sub- to supercritical
regimes happens inside the event horizon of the black hole
at some radius r where the spacetime curvature reaches its
critical value A = 1/£2. For r > r the solution coincides
with Schwarzschild metric and ry = Zm = £(2M/¢)'/3,
where M is the black hole mass. We assumed that the
metric for smaller radius r preserves its symmetries
inherited from the Schwarzschild metric. Namely, it is
spherically symmetric and possesses an additional Killing
vector, which is spacelike in the black hole interior. Such a
metric has four independent curvature invariants, which we
denoted by p, g, u and v. We restrict our consideration by
assuming that the constraint functions are the linear
combinations of these invariants.

Certainly, there exists an ambiguity in the choice of the
coefficients in these linear functions of the invariants and in
the number of adopted inequality constraints. In specifying
a model we use the following observations.

(i) Invariant » coincides with a half of scalar curvature
(2R of 2D slice spanned by time 7 and Killing vector
& of our 4D metric [see (2.19)]. In our previous paper
[28] we demonstrated that a restriction imposed on
(2R makes the interior of the corresponding 2D
black hole free of singularities and the correspond-
ing metric describes an expanding two-dimensional
de Sitter universe in the black interior.

(i1) Invariants p and g coincide with eigenvalues of the
Einstein tensor of 3D slice spanned by time z and two-
spheres of our 4D metric [see (2.20)]. In our previous
paper [29] we studied in detail linear (as well as more
general) constraints, which guarantee the limiting
property of corresponding curvature invariants.

In the supercritical regime with one inequality constraint
the corresponding extended action gives four equations for
three functions: a(z), B(r) and the control function y(z).
Three of them are of the second order in derivatives and one
is the first order equation. If the initial conditions satisfy
this first order equation, then it is valid for a later time, and
the system of equations is consistent. We obtained con-
ditions when three “dynamical” equations can be resolved
with respect to the second order derivatives of the field
variables. We showed that these conditions are satisfied at
the transition point between sub- and supercritical regimes
only when the constraints function contains invariant v.

Based on these observations we imposed the first
constraint of the form |v| < A. We demonstrated that the
invariants p and ¢ are not restricted for such supercritical
solution. In order to restrict these invariants, following [29]
we imposed a secondary constraint in the form
p—puqg < AN, where > 1 and u € (0,1) are dimension-
less parameters. After this secondary constraint is saturated,
the supercritical solution enters the phase II, in which both
constraints are valid. Our analysis shows that in this regime
all the curvature invariants (including ) are restricted and
the solution satisfies the limiting curvature condition.

Let us describe main qualitative properties of the
solutions for the black hole interior in this model. After
the solution enters its phase II, the metric function B(7)
continues its growth. The metric function a(z), which at
beginning of the phase II is of order of m¢#, decreases until
it reaches its minimal value a ~ . After this it increases
until it reaches its maximal value, which is slightly larger
than mZ. Study properties of solutions for control functions
associated with constraints shows that, after the solution
enters the supercritical regime, it cannot leave it. In other
words, the function a(z) is periodic. During this periodic
motion all the curvature invariants (including u) are
bounded. Let us note that similar periodic models for a
black hole interior were discussed earlier in [26,32].

The Penrose diagram of the obtained solution is pre-
sented in Fig. 7. It shows that in subcritical domain, which
includes horizon and everything behind it, the solution is
identical to that of the “eternal” Schwarzschild black hole.
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future time infinity

past time infinity

FIG. 7. The Penrose diagram for the eternal black hole with an
oscillating universe in its interior. The thin solid line marks the
boundary of region 7 = 7 corresponding to the scale factor
a = ayg, when the primary constraint starts to govern the
dynamics. The “lens” above it describes the universe with the
oscillating radius a(z). The dotted lines denote the surfaces 7 =
const which correspond to the minimal a = a,, while the dashed
lines correspond to the maximal values of radii a = a;. Vertical
ellipsis denotes an infinite set of such surfaces.

At the beginning of the supercritical domain, when curva-
ture invariants reach their limiting values, the solution
transforms to the universe with oscillating radius. The
Penrose diagram covers only (7, )-section [or (r, 7)-section
in the radial coordinates] of the spacetime. On the super-
critical stage the primary constraint leads to the solution
(7.3) for B(z). For this function the 2D metric has constant
two-dimensional scalar curvature. It means that the 2D
metric (2.19) describes 2D de Sitter geometry in global
coordinates. This property of the supercritical stage is
common both for the derived solution and the black hole
solution [28] in the 2D limiting curvature gravity. Though
during subcritical stages these solutions in (z, 7)-section are
different, their global structure is the same. Thus, this
Penrose diagram Fig. 7 in (z, t)-sector is similar to that of
the eternal 2D black hole [28] in the 2D limiting curvature
gravity.

On the other hand the section t = const, described by
the metric (2.20), corresponds to the 3D universe with the
periodically oscillating radius a(z). One can compute the
expansions 0 and ) along outgoing I* and ingoing k“
radial null geodesics [33]. It happens that during the
evolution inside the future horizon they are given by
0") = 0%) = 2a/(aB). Since the metric functions a and B
are finite in the black hole interior for our solution both
expansions are finite as well. The sign of the expansions are
defined by the sign of a. It means that inside the future
horizon the solution enters the supercritical stage with
negative expansions. After a finite proper time, the expan-
sions vanish and become positive, then they continue to

oscillate with the finite period 7" Eq. (8.14). Hence in
classification by [33] the interior of the black hole in the
limiting curvature gravity model belongs to the class of the
one-way (hidden) wormhole.

Our approach guarantees finiteness of the chosen set of
curvature invariants; in this sense it leads to regular
geometries. But as it was demonstrates by Yoshida and
Brandenberger [34] on the example of their theory with
limited curvature invariants, it does not guarantee absence
of other singularities, related with nongeometrical degrees
of freedom. Limited curvatures are achieved at the expense
of introduction of some kind of extra degrees of freedom
that may diverge on their own. This problem requires
special analysis for every particular model and is an
interesting topic for further study.

In 1990 Morgan published a paper [24], in which he
discussed a model for a black hole interior satisfying a
condition of the limiting curvature. He obtained a solution
which was quite similar to the metric proposed earlier in
[22,23], where a possibility of a new universe formation in
the black hole interior was discussed.” Morgan imposed
two constraints, which in our notations are of the form
v = p = A, and solved them for the spherically symmetric
metric. These equations were chosen “ad hoc,” and he did
not derive them from an action. This differs Morgan’s
approach from the one presented in the present paper.
Using the extended action for the inequality constraints
allows one not only to obtain the corresponding
constraint(s) in the supercritical phase, but also to keep
trace of the behavior of the control function(s) which play
the role of indicators, informing when transition between
different regimes of the solution is possible. The condition
that two phases with v = A and p = A starts simulta-
neously can be achieved in our model as well. However, as
we demonstrated, the secondary constraint of the form p =
A is rather singular. For this transition there is a jump of the
invariant ¢ at the transition point from ¢ = — %A to g = A.
Such a jump is formally allowed by equations; however it
would result in the appearance of a nonintegrable singu-
larities in invariants constructed from covariant derivatives
of the curvature, for example,

RapyseR15€ ~ 5()]2. (10.1)
This result directly follows from (2.22). This unpleasant
property is absent when p # 0.

When the parameter u in the secondary constraint
vanishes, the function a(z) after bounce still increases,
but our results show that, in a general case, it cannot slip to
the subcritical solution after this, since the required con-
ditions for the control functions are not satisfied. As a result
the exponential expansion of both functions a(z) and B(r)

A possibility of several or many new universes creation inside
a black hole was discussed in [25].
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continues forever. However, as we demonstrated, if one
slightly modified the secondary constraint and use the
secondary constraint with nonzero u instead, the behavior
of the function a(z) is very different. Namely, it always has
a second turning point where it takes maximal value. For
small u the curvature invariants near this point are large. In
this sense the choice of the constraints proposed by Morgan
is singular. Periodic property of a(z) is valid for any
u € (0,1). In order to guarantee that all the invariants are
finite and uniformly bounded, it is sufficient to take u to be
not too small. We present an explicit solution for the case
u = 1/2 which illustrates this property.

As we mentioned, we restricted ourselves by a case of
constraints that are linear in curvature invariants. It is
interesting to investigate a more general class of con-
straints. There are two interesting questions: (i) What
happens when one or both constraints are nonlinear
functions of basic invariants? (ii) Can one achieve the
limiting curvature property by imposing only one properly
chosen inequality constraint? Partial answer to the first
question is the result presented in [29]. Namely, it was
shown that one can impose a quite general nonlinear
constraint in (p,g) sector of the form ¢(p,q,A) =0,
which guarantees a similar periodic behavior of a(z) as for
the linear constraint described in this paper. For this
purpose the function ¢(p, g, A) = 0 should satisfy several
rather general conditions, discussed in this paper. The
second question at the moment is open. Another interesting
question is about stability of the proposed solutions. As
soon as we remain in the class of metrics (2.6) and for linear
constraints, the obtained solutions for the metric are stable.
The other question is about stability of the modes that may
deviate from this class of metrics. In this case one has to
impose extra constraints on curvature invariants, that
become independent on a more general class of metrics.
Then the limiting curvature solution also could be found,
and the analysis of stability has to be done in a way similar
to that of [20]. This is an interesting problem for future
analysis, but even if there appear new instabilities they will
not necessarily lead to singularities, because our limiting
curvature method provides us with the tools to tame all
kinds of singularities.

The approach presented in this paper can be used for
analysis of the contracting Kasner universe in the limiting
gravity model. One can expect that by a proper choice of
the inequality curvature constrains one can obtain regular
solutions describing bouncing anisotropic universes. This
mechanism of suppression of the anisotropy growth in a
contracting universe might be of interest in cosmological
applications.
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APPENDIX: USEFUL FORMULAS
One can check that the Ricci tensor R}, and the Einstein
tensor Gy, and the traceless part of the Ricci tensor S, =
R, — %5,‘;R for the metric (2.6) can be written as follows:
Ry = diag(2q + v.2u+v.p+q+u,p+q+u),
~Gj, = diag(p +2u.p +2q.q +u+v.q +u+v),

1.
Sy = Edlag[—p +2g—2u+ v,

-p=-2q+2u+v,p—v,p—uvl. (A1)
We denote
R*=R,R", K =RysR7". (A2)
Then one has
R=2(p+2q+2u+v),
R*=(p-v)*+2(q —u)’
+(p+2q +2u+ )
K = 4(p* +2¢* + 2u* + v?),
SuS" = (p=v)* +2(q - u)?,
8858 = =3(p — v)(q — u)?,
4
CopysCP7° = 3 (p—q—u+w)?
4
Cap’Cys7 Cop™ = gP—a-u+ v)’. (A3)

The scalar invariants of nth power in the Riemann tensor
are

n

/h/szﬂlﬂzhrz oo

R"=R

ooy

R(S s aya
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=2"(p" +2¢" + 2u" + v"). (A4)

The Kretschmann invariant is given by K = R,
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